


2.1. (a) T{z[n]) = gln]z[n]
e Stable: Let |z[n]| < M then |[T'[z[n]| < [g[n]{M. So, it is stable if |g]n]| is bounded.
* Causal: y1[n] = glnlzi{n] and y;[n] = g[njz:(n], so if z)[n] = =z2[n] for all n < ng, then
¥1[n] = y2[n) for all n < ny, and the system is causal.

¢ Linear:
T(azi[n] + bx3[n]) = gin}{az:[n] + bzz2[n]
‘ = agin]zi[n] + bgln]za(n]
= aT(z:[n]) +bT(z2ln))
So this is linear.

» Not time-invariant:

T(z[n—mno)) = gln]zin - no)
# y[n — nol = gln — nolz[n — no}

which is not TL
¢ Memoryless: yn] = T(z[n]} depends only on the n** value of z, so it is memoryless.

(b) T(z(n]) = Ti_n, =lK]
o Not Stable: fz[n]| < M = [T(z[n])| < T;_,, lzlk]l < In — nolM. Asn — 00, T — o0, so not

le.
» Not Causal: T(z[n]) depends on the future values of z{n} when 1 < ny, so this is not causal.

e Linear:
T(az;i[n] + bz2[n]) = Z azy [k] + bz, k)
k=ng
= a i 21[11-] +b z zz[n]
k=ng k=ne
p = aT(z1[n]) + bT(z2[n])
The system is linear.
s Not TL
T(aln-no)) = Y alk~nol
k=nqg
= 3 zli]
k=0
n—ng
. # yin—nd= 3 =fk
kx=rny

The system is not T1.
o Not Memoryless: Values of y{n] depend on past values for n > ny, so this is pot memoryless.
(c) T(z[n)) Toins ., 2lk]
o Stable: [T(zln])| < Ttne,. lolkll < T2, bM< J2no + 1M for [zfn]] < M, s0 it is

k=n Ry k=n-ng

s Not Causal: T(z[n]) depends on future values of z[n], so it is not causal.



¢ Linear:
n+ng

T(anln) +bzafn)) = 3 azifk] + bzolk)
t_':l:-: n4ng
= a Y mlkl+b Y zilk] = aT(zn:ln]} + T (2;[n])
) k=n—ng k=n—-ng
« TI:
n-+ng
T(zln—ng] = Z z(k — ng}
k=n-ng
= z I{k]
k=n-—rny
= yin~no]
This is TT.

e Not memoryless: The values of yin] depend on 2ng other values of z, not memoryless.
(d) T(z[n]) = z[n — no}

» Stable: |T'(z{n])| = |z{r — no)| < M if jz[n] < M, so stable.

o Causality: If ng > 0, this is causal, otherwise it is not causal.

¢ Linear:

T(az:1[n] + bza{n]) az{n — ng] + bzan ~ ne}

aT{z1[n]) + 4T (z3[n])

H

This is linear.
s TL: T(z[n - na] = z[n — np — na] = y[n — n4|. This is TL
¢ Not memoryless: Unless ng = 0, this is not memoryless.
(e) T(zfn)) = el
o Stable: |z{n]| € M, IT(z[n])| = |e*I"]| < =17l < M, this is stable.
» Causal: It doesn’t use future values of z{nj, so it cansal.
¢ Not linear:

T(azi[n] + bzafn]) = eonrimi+baainl
= g"llﬂleh:[n]

# aT(zn]) + bT(zaln])
This is not linear.
o TL: T(zfn — ng)) = e*l*~mel = yin — ny}, so this is TL
e Memoryless: y[n] depends on the n** value of z only, so it is memoryless.
{f) T(z[n]) = az[n] + b
¢ Stable: {T{zn])} = |az[n] + bl < o]M| + |b}, which is stable for finite a and b.
o Causal: This doesn’t use future values of zjn), so it is causal.

e Not linear:
T(czy[n] + dz2[n)) = aczin] + adzan] + b
# T(z1[n]) + dT(z:[n])

This is not linear.



e T T(zln —ng]) = ezfn —ngj + b=y[n —ng]. It is TL.
* Memoryless: y[n] depends on the n** value of z{n] only, so it is memoryless.
(8) T(z[n]) = z[~n]
o Stable: |[T(z[r])l < |z[~n)| < M, so0 it is stable.
» Not causal: For n < 0, it depends on the future value of zin)], so it is not causal.

s Linear:
T{ezi[n] + bz2[r]) = azi[-n]+ bz:z[-n]
= aT(z1[n]) + bT(z2[n})
This is linear.
¢ Not TIL:
T(zln-no]) = z[-n—ng
# ylr = no] = z{-n +no|
This is not TL
¢ Not memoryless: For n # 0, it depends on a value of z other than the n** value, so it is not
memoryless.

(b) T(z[n]} = z[n] + u[n + 1}
e Stable: |T(z[n]}| < M +3forn > -1 and {T(z[n])| £ M for n < ~1, so it is stable.
« Causal: Since it doesn't use future values of z[n], it is causal.

» Not linear:
T(a.t;[n] +bzafn]) = az[n]+ bza[n]+ 3uln + 1)
# aT(ziln]) +bT(zln])
This is not linear.
e Not TI:
T(z[n—ng) = z[n—-ne)+3uln+1)
= yln - no]
= z[n—ngl+3u[n—ny+1]
This is not TL

e Memoryless: y[n] depends on the n** value of z only, so this is memoryless.

2.2. For an LTI system, the output is obtained from the convolution of the input with the impulse response
of the system:

vil= 3 Akl - 4

b=—oc
(a) Since h[k) #£ 0, for (Ng < n < Ny),
N,
vinl= 3 hfkjzin — ]
k=Ny
The input, z{n] # 0, for (N> < n < N3), s0
zin—k]#0, for o <(n=Kk)< N;



Note that the micimum value of (n — k) is N2. Thus, the lower bound on n, which occurs for
k=N is
Ny=Ng+ Na.

Using a similar argument,
N; = Ny + Ns.

Therefore, the output is nonzero for

(No + N3) Sn < (N + N3).

(b} If z{n] # O, for some n, < n < {n, + N — 1), and A[n] # 0, for some n; £ n < (ny; + M — 1), the
results of part (a) imply that the output is nonzero for:

(no+m)<n<(no+m+M+N-2)

So the output sequence is M + N — 1 samples long. This is an important quality of the convolution
for finite length sequences as we shall see in Chapter 8.

2.3. We desire the step response to a system whose impulse response is
hin} = a™"u[-n], for0 <a < 1.

The convolution sum:

vl = Y hikjaln - &)

b=

The step response results when the input is the unit step:

1, forn>0
zln] = uln} = 0, forn<O

Substitution into the convolution sum yields

o0
vl= 3 o ul-kuln - &)
k=—00
Forn <0
yn] = Y, ot
Jez=--00
- z ﬂk
k=-n
T 1-a
Forn > 0:
o
yln} = E o=t




2.4. The difference equation: 3
1
yln} - gyln ~ 3] + gy[n - 2} = 2z{n — 1]

To solve, we take the Fourier transform of both sides.
Y(h) ~ TV () + LY () =2 X(e)e

The system function is given by:

H(e)

1- 3¢ 4 Jemiw
The impulse response (for z{n] = 8[n]) is the inverse Fourier transform of H(e#).

-8 8

H{ev) = + :
™) T e

Thus, ; )
hin] = —8(2)":;[:1] + 8(5)“u[n}‘ - L/ [n]
2.5. (a) The homogeneous difference equation:
yln] — Syln — 1] + 6yln - 2] = 0

Taking the Z-transform,
1-5:71+6272=0

(1-2:"H(1-32"1) =0.
The homogeneous solution is of the form
va[n] = A1(2)" + 42(3)".
{b) We take the z-transform of both sides:
Y(2)[1 -5z} +6z7% = 22" X(z)

Thus, the system function is

Yz
H(z) = f((-%
_ 2z-1
T 15z~ 4622
-2 2

+
1-2z71  1-3:-V

where the region of convergence is outside the outermost pole, because the system is causal. Hence
the ROC is jz] > 3. Taking the inverse z-transform, the impulse response is

hin] = —2(2)"uln] + 2(3)"uln).



(c) Let zjn] = u[n] (unit step), then

1
X{z) = e
and
CY{z) = X{z)-H(z)
2271
(1-z-1)(1-2z-1)(1-3z"Y)
Partial fraction expansion yields
1 4 3
Y(e) = 1=z 1-% "1-8:1
The inverse transform yields:

y[n] = uln} - 4(2)"u[n] + 3(3)"u[n].
2.6. (a) The difference equation:
yin] - %y{n -1 =z{n] +2z[n - 1]+ z[n - 2]
Taking the Fourier transform of both sides,
V()1 - 567 = X(&)1 + 267+

Hence, the frequency response is
Y (')
X{ed¥)
14 26~ 4 gmi2w

1-ie-sw

He¥) =

(b) A system with frequency response:

1-Je 3 4 g3
14 Le-iv 4 2e-itw
Y(e)

X(eiv)

H{e) =

cross mﬂtiplﬁng,
Y(e“)1+ %e”’“ + i—c"j’“’] = X(e™N1- %e'j“’ + e 33,
and the inverse transform gives
yln] + %y[n -1} + %y{n -2l = zfn] - %z[n =1+ z[n-3].
2.7. z[n} is periodic with period N if z[n] = z[n + N} for some integer N.

(a) z[n} is periodic with period 12:
I} = JTNa+N) - J(Fn+2xk)

= 2rk = %N,for integers &, N
Making k = 1 and N = 12 shows that z{n] has period 12.



(b) zin] is periodic with period 8:
ej('f-n) = ej(‘;‘-)(n+N) = cj(’f-n-i—?tk)

= 27k = af:-N,for integers k, N

= N= -g-k,for integers k, N
The smallest k for which both & and N are integers are is 3, resulting in the period N being 8.
(¢) z[n] = {sin{xn/5)}/(xn) is not periodic because the denominator term is linear in n.
(d) We will show that z[n] is not periodic. Suppose that z[n] is periodic for some period N:
ST o U FHNnHN) _ i(Fntank)
x
V2
== N = 2/2k, for some.integers k, N
There is no integer & for which NV is an integer. Hence z{n) is not periodic.

= 27k = —=N, for integers k, N

2.8. We take the Fourier transform of both hin] and z[r], and then use the fact that convolution in the time
domain is the same as multiplication in the frequency domain.

5 __

o dae

Y({&“) = H(E“)X(e!)
5 ) 1

1+ 3ev 1-leiw
3 + 2

14 3e v " 1- je-iv

H(e)

sl = 2(3)"uln] + 3(-3)"uln]
2.9. (a) First the frequency response:

Y(e) = 2e Y () 4 geTHY () = S X ()

Y{ei*)
X(eiv)
_;,_C—ij

H(e™)

- S a=jw 4 }a—2jw
1—ge % 4 Ze— 4

Now we take the inverse Fourier transform to find the impulse response:
-2 + 2
1-}e-3v " 1—fe-sv

~2(3)"ufn] + 2(3) ulr]

H(e*) =

hin]
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For the step response sin]:

sln} = i hlkluln - &}

k=
= Y A
k=—o00
BIPS SX (V7 GaR S B €77 e
= =2 1-1/3 u[n]+2-—i—__—1—/'-2—-“["]

= Lin _olyn
= (1+(3)"~ 23)")uln]
{b) The homogeneous solution yy[n] solves the difference equation when z[n] = 0. It is io the form

yaln} = 3 A(c)", where the ¢’s solve the quadratic equation

5 1
L‘z--G-C+E-—0

So for ¢ = 1/2 and ¢ = 1/3, the general form for the homogeneous solution is:
1 1.,
wln] = A (3)" + 42(3)

(¢} The total solution is the sum of the homogeneous and particular solutions, with the particular

solution being the impulse response found in part (a):

vin] yaln} + wpln]

1.. 1., 1., 1.

A;(E) +A2(§} + 2(3) u{n]+2(2) u[n]

l

Now we use the constraint y[0] = y[1] = I to solve for 4, and A:
yl] = Ai+A4A:-2+2=1

yil] = A/f2+A42/3-2/3+1=1
Al+4 =1
Ayf2+ A3 = 2/3
With 4; = 2 and 4; = —1 solving the simultaneous equations, we find that the impulse response
is
yln] = 20)" - ()" +-2(3)uln] + 2(3)"uln]
2 3 3 2
2.10. (a)
yin] = Aln]*z(n]
= z a*y[-k — 1)u[n - k]
| S
n
E ¢*, n<-1
- k=-a0
= ~1
E a", n>-~1
k=0
aﬂ
—_ < -
- i-1fa’  ~ 1
la n> -1
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(b) First, let us define v[n] = 2"u[—n - 1]. Then, from part (a), we know that

win] = ufn]+v[n] = { f:‘“' : f ::
Now,
yin] = ufn-4qfevfn]

It

win —~ 4]
2»3, n<3d
= 1, n>3

(c) Given the same definitions for v[n] and win] from part(b), we use the fact that kfn] = 2"~ 2u[—(n—
1) ~ 1] = v[n — 1] to reduce our work:

il

z{n] » hn]
zin] s vin - 1]

yin]

it

win — 1]
_ 2", n<0
1, an>0

{d) Again, we use v[n] and win] to help us.

yln] = zfn]shln)

(ufr] - ufn — 10]) » vfn]

win] — win — 19

= (2" u[—(n+1)] + u[r]) — (2" %u][~(n - 9)] + u[n - 10])
{ 2(n+l) _ 2(!&—9)' n< =2

1 _2('\-91, -1<n<8§
0, n>9

2.11. First we re-write z{n] as a sum of complex exponentials:

2j
Since complex exponentials are eigenfunctions of LTI systems,

H ejr/! ejm/i ~F e—in/4 e—jtn/l
o= EEZE - B

Evaluating the frequency response at w = +x/4:

H(ei¥) 1o = 21 = j) = 2v/2e /%
T+1j2e9F v TVF
. — et/ .
H(e %) = 28 = 2(1+4) = 2v/3ei™

14 1/2e3

We get:

2@‘1'/435'“/4 - szejr/(e—jrn/(
vn) = %

2V2sin(mm/4 - x/4).
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2.12. The difference equation:
yln) = ny{n - 1} + z{n]
Since the system is causal and satisfies initial-rest conditions, we may recursively find the response to
any input.
(2) Suppose z[n] = 4in):
yin)=0,forn<0
yloj=1
wil]=1
¥2]=2
yB8|=6
y4] = 24

y[n} = hln] = nlujn]
{b) To determine if the system is linear, consider the input:
zln] = asfn) + bdln]
performing the recursion,
yin] =0, forn <0
ylOl=a+b
y[ll=a+d
y(2] = 2(a + )
y{3] = 6(a + b)
y[4] = 24(a + &)

Because the output of the superposition of two input signals is equivalent to the superposition of
the individual outputs, the system is LINEAR.

(¢} To determine if the system is time-invariant, consider the input:
z{n] = §n —- 1)

the recursion yields
vin]=0, forn <0

y(0]=0

yiij=1

v2j=2

y3j=6

4] =24
Using hin] from part (a),

hin = 1] = (n - Dun — 1] # yln}lz(ni=sin-1)

Conclude: NOT TIME INVARIANT.
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2.13. Eigenfunctions of LTI systems are of the form a®, so functions (a), (b)?and {e) are eigenfunctions.

Notice that part (d), cos{wpn) = .5(e/“*™ + e~#e™) is a sum of two a” functions, and is therefore not
an eigenfunction itself.

2.14. (a) The information given shows that the system satisfies the eigenfunction property of exponential
sequences for LTI systems for one particular eigenfunction input. However, we do not know the
system response for any other eigenfunction. Hence, we can say that the system may be LTI, but
we cannot uniquely determine it. = (iv).

{(b) K the system were LTI, the output should be in the form of A(1/2)", since (1/2)" would have been
an eigenfunction of the system. Since this is not true, the system cannot be LTI = (i).
(c} Given the information, the system may be LTI, but does not have to be. For example, for any
input other than the given one, the system may output 0, making this system non-LTI. = (iii).
If it were LTI, its system function can be found by using the DTFT:
Y(ev)
X(ev)
1

- le—jw
1-3e

H(e™)

Mnl = (3)uln]
2.15. (a) No. Consider the following input/outputs:
zifn] = 8] = wln] = (3)"sln]
zl] =8 -1 = wln] = ()" uin]

Even though z3[n] = z;{n - 1], ofn] # wn — 1} = (})" " ufn - 1]

(b) No. Consider the input/output pair z2[n] and yz[n] above. z3[n] = 0 for n < 1, but ¥2{0) ;é 0.

(¢} Yes. Since hin] is stable and multiplication with u[n] will not cause any sequences to become
unbounded, the entire system is stable.

£.16. (a) The homogeneous solution yx[n] solves the difference equation when z{n} = 0. It is in the form
ya[r] = 3. A(c)", where the ¢'s solve the quadratic equation

1 1
2~ ZC+ § =0
So for ¢ = 1/2 and ¢ = ~1/4, the general form for the homogeneous solution is:
1 1
aln] = 41 (5)" + A= 2)"
(b) Taking the z-transform of both sides, we find that
1 -1 1 -2y
Y(z)(1 i 3’ ) =3X(z)

and therefore

Hz) = -}%
_ 3
T 1-1/4z"1 - 1/822
_ 3
T Q41742701 -1/2271)

1,2
1+1/4z1 * 1~1/2z-7
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The causal impulse response corresponds to assuming that the region of convergence extends outside

the outermost pole, making
heln] = ((~1/4)" + 2(1/2)")u[n]

The anti-causal impulse response corresponds to assuming that the region of convergence is ms:de
the innermost pole, making

hacln} = —((~1/4)" + 2(1/2)")u[-n - 1]
(¢) hcin] is absolutely summable, while h,.[n] grows without bounds.

(d)
Y(z) = X(z2)H(z)
1 1
To1=3z1 (4= i)
13 2 2/3

T+1/4z-T T 11/ T 1-1/2:-1
dial = G uln] +4ln+ DG uln + 1]+ () 0l
2.17. (a) We have

rin] = 1, for0gnsM
T 10, otherwise

Taking the Fourier transform

M
R(e“) = Y eor
n=0

1 - c‘jﬁ'(u"'l)
- e-iv

- c"J'*a (CJ.E"I:l., - e—j-!f-'-u)

h

- efw — g—iw
ek (___L_m("iﬂw))
sin(w/2) [’

fl

(b) We have
5(l+cos("" for0<n< M
otherwise

w(n] =
‘We note that, . 9
win] = rin) - 7{1 + cos( 7))

Thus,

R(e™)s 3 %(1 + nos(gg))c”"“"

ne -~

Re*)e 3 %(1 + %a"h‘ + %e-f‘ﬁ")e-i"

W(e)

"

n=—o0

R(e) » (38() + 80+ 37) + 1600 - )
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{c})
RE® )
- n
Wel® y
-\ /\/ .
-1 T

2.18. h|n] is causal if k[n] = 0 for n < 0. Hence, {a) and (b} are causal, while (c), {d), and (e} are not.
2.19. h[n] is stable if it is absolutely summable.

(a) Not stable because hln] goes to oo as n goes to co.
(b) Stable, because h{n} is non-zero only for 0 < n < 9.
(c) Stable.
-1 oo
Sinli= Y 3t = (/3 =1/2<
n n=-—oc n=}

{d)} Not stable. Notice that
]
3" sin(wn/3)| = 2v3
n=0

and summing |h[n}| over all positive n therefore grows to .
(e} Stable. Notice that [k[n]| is upperbounded by (3/4)!"!, which is absolutely summable.

(f) Stable.
2, ,~5<n<-1
h{n]:{ 1, ,0<n<4
0, ,otherwise
So 3" |h[n]| = 15.
2.20. (a) Taking the difference equation y{n] = (1/a)y[n — 1} + z[n - 1] and assuming A{0) = 0 for n < 0:

A0} = 0

Al = 1

A2} = 1/a

k@3] = (1/a)

h[ni = -(ljn)"'lu{n -1

(b} hln] is absolutely summable if [1/a] < 1 or if ja] > 1
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2.21. For an arbitrary linear system, we have

yln] = T{z[n]},
Let z2(n] =0 for all n.

vin] = T{z[n]}
For some arbitrary z,{n], we have

yi[n] = T{z:1[nl}
Using the linearity of the system:

T{z[n]+ z:1[n]} = T{z[n]}+T{z:1[n]}
= y[n]+wnn]
Since zin] is zero for all n,
T{z[n] + z1[n]} = T{z:[n]} = waln]

Hence, y[r] must also be zero for all n.

2.22. We use the graphical approach to compute the convolution:

yin] = zin]»hin]

[ -]

3 zlklAfn - K]

k=—o0

]

(@) yin] = zin] = hln]

yin) = d[n - 1} + &fn] = Aln - 1}

Ll

0 1 2 3 *®

(b) yln] = z[n] » hn]

(¢} yin] = zin] = hin]

(d) yin] = zln] « Afn]



-

2.23. The ideal delay system:

1Y e
2 -I-IP 172

yin] = T{z[n]} = zln ~ n,)

3 4 5 6 n

Using the definition of linearity:
T{az;[n] + bzz[n]} = azyin ~ n,) + bza[n — n,)
= awn[n] + by2{n]
So, the ideal delay system is LINEAR.
The moving average system:
1 &
= I e ——— —k
L e TIL
by linearity:
1 =
T{azy[n] + bz3[n]} = MMl t=§h (azi[n] + bz2[n])
1 M3 1 Mz
= —_— —_—e bz
M+ M;+1 *__g“ anlnl+ ST 1 t=§h zln]
= ay[n] + bya[n)

Conclude, the moving average is LINEAR

2.24. The response of the system to a delayed step:

Evaluating the above summation:

Forn < 4:
Forn=4:
Forn=5:
For-n=6:
Forn=T:
Forn=2§&:
Forn>9:

vin} = znjshln]

L

Y ziklhin - k)
k=—o0

> uk—4hn -k

k=—o00

vinl= Y Aln -

k=4

y[n]=0

yin] = A{0] = 1

yinl= h[l] +hl0} = 2

y(n] = A[2] + A1} + K{0] =3

y[n] = h{3} + A[2] -+ A[1] + Aj0] = 4

yin] = Al4] + A{3] + A[2] + A[1] + R[0] = 2

yin] = h{5] + h{4] + h[3] + Af2] + A[1] + A[0) = 0

17
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2.25. The output is obtaiped from the convolution sum:

]

z{n] » hin]
3" zikjhin - &

k=—o0o
oo

Y zlkluln - &]

= -0

yin}

The convolution may be broken into five regions over the range of n:

yln]=0,forrn <0

vin] = Y ot
k=0

— g{ntl)
= 1—-1—a~—-—,for0§nSN1
~a

i) = 3 ot

— glM:41})
= 1—-—10————-, for Ny <n< Ny
-a

N n

Za" + Z alk—Ha)
k=0 =Ny

1 —alMitl) 1 gl

it

yin]

1-a l1-a
- (N1+1) — (ﬂ+1)
= i-e T ot Ny S < (N + M)

N, Ny4+Ny

Eak+ Z a(l’-Nz)

k=0 =Ny
Ny
= Zak + Z Nldm
k=0 m=0
Ny
= 2 Za"
k=0

1 — g{Mi+1)
2. (____a___
1-a

yin]

), for n > (Ny + N3)

2.26. Recall that an eigenfunction of a system is an input signal which appears at the output of the syste:
scaled by a complex constant.



(a) z{n] = 5™ulr):

yin]

H

19

00

3" hikjzin - &)

kx~o0

i Alk)5Py[n - k)

b=—00

5" Z": hlkj5~*

k=—00

Becuase the summation depends on n, z[n] is NOT AN EIGENFUNCTION.

(b) z{n] = er>:
dw) = 3 ke
k==
= ef%m 3 hlkje it
k=-cw0
= eMn. f(e)
YES, EIGENFUNCTION.
(c) eJ""“+c~"2""‘:
o . o0
dn] = Y AlkeMamH 4 3 gk
k=-oc k=—-t0
o0 oo
= & Y hlkjeIek 4 en N plkjemik
k= -0 k=00

=

eV . H(e) + /%" . H(ed™)

Since the input cannot be extracted from the above expression, the sum of complex exponentials
is NOT AN EIGENFUNCTION. (Although, separately the inputs are eigenfunctions. In general,
complex exponential signals are always eigenfunctions of LTI systems.)

(d} z[n} =5™

YES, EIGENFUNCTION.
(e) z[n] = 5nei®m:

yln]

YES, EIGENFUNCTION.

y[n)

o0
= Y A8
k=—00
oo
= 5" ) Ak
= -0
@€
2 h[klﬁ{a—k)eﬂw(n-—t)
k=—00
i [--]
grefton N hlkj5mhe Ik
= -0



20

2.27. e System A:
1
=fn] = (3)"

This input is an eigenfunction of an LTI system. That is, if the system is linear, the output will
be a replica of the input, scaled by a complex constant.
Since y[n] = ()", System A is NOT LTL

¢ System B: ‘
zfn] = e™/4uln)
The Fourier transform of zin] is

X&) = i "/ Byln)e=Iom

n=-—00

- g
3 emite=bn
n=0
1
]1- e-.ﬂ”-i’) ’

The output is y(n] = 2x(nj, thus
Y{ev) = I 2

— e'j(” "“) ’
Therefore, the frequency response of the system is
Y (&)
X {ev)
= 2

H(e™)

Hence, the system is a linear amplifier. We conclude that System B is LTI, and unique.

e System C: Since z[n) = ¢/*/% is an eigenfunction of an LTI system, we would expect the output to
be given by _
yln} = yem/2,

where v is some complex constant, if System C were indeed LTI. The given output, yln} = 2¢7°/%,
indicates that this is so.
Hence, System C is LTI. However, it is not unique, since the only constraint is that

H(e*Yum1/a = 2.
2.28. z[n] is periodic with period N if z[n] = z{n + N} for some integer N.
{a) z{n] is periodic with period 5:
SR - JUEHREN) _ (3 n+2xk)
== 2rk = -2-51N,for integers k, N

Making & = 1 and N = 5 shows that z{n] has period 5.
(b) zin] is periodic with period 38. Since the sin function has period of 2x:

zfn + 38] = sin(x(n + 38)/19) = sin(’m/19 + 27) = z{n]
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{c) This is not periodic because the linear term n is not periodic.
{d) This is again not periodic. e/ is periodic over period 27, s0 we have to find k, N such that

z{n_’_ m - ei("*’“) = cj(n+2:k)

Since we can make k and N integers at the same time, z[n] is not periodic.

2.29.
K]
S
123356 T
1
) m?
"T}L|2345
() 19 ¢

Tlrz
/I
@ 1*1{
501 2
(e) I
3

2.30. (a} Since cos(xn) only takes on values of +1 or -1, this transformation outputs the current value of
z[n] multiplied by either £1. T'(z[n]) = (-1)"z]n].
o Hence, it is stable, because it doesn’t change the magnitude of 2[n] and hence satisfies bounded-
in /bounded-out stability.
o It is cansal, because each output depends only on the current value of z[n).
o It is finear. Let y;fn] = T(z1{n]) = cos(xn)z,[n], and y[n] = T(z2[n]) = cos{mn)z:|n]. Now

T(az1[n] + bx2[n]) = cos(mm)(az;[n] + bzz[n]} = ay;[r] + byzin)

o It is not time-invariant. ¥ yfr] = T(z{n}) = (-1)"z[n], then T(zjn - 1]) = (-1)"z[n - 1} #
yn -1} . :
(b) This transformation simply “samples™ z[n] at location which can be expressed as k*.
o The system is stable, since if z{n] is bounded, z|n?] is also bounded.
e It is not camsal. For example, Tz{4] = z[16].
o It is linear. Let yu{n] = T@n]) = 2{n%), and yiln] = T(z2(n]) = z2n?]. Now

T(oz:{n] + bz3[n]) = a3 [n?] + bza{n®]) = ayi[n] + Byaln]

e It is not time-invariant. If yln} = T{z[n]} = z{n?), then T(z]n - 1]) = z{n® ~ 1] # y[n — 1].
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(c) First notice that -
o0
Y éln - K] = uln]
k=0

So T(z{n]) = z[njuln]. This transformation is therefore stable, causal, linear, but not time-
invarijant.
To see that it is not time invariant, notice that T(5[n]) = é[n], but T(é[n +1]) = 0.
(d) T(z[n)) = Eiin- k]
» This is not stable. For example, T'(u[n]} = oo for all n ; 1.
o It is pot causal, since it sums forward in time.
» It is linear, since

had an oo

3 ami+bralk]=a 3 mlkl+b Y. zalk]

k=n-1 k=n~1 k=n-1

o It is time-invariant. Let .

yin] =Tl = 3 =k,
k=n-—1l
then -
Tn-no))= 3 z[k] = yln - nd]
k=n~ng-1

2.31. (a) The bomogeneous solution ya[n] solves the difference equation when z[n] = 0. It is in the form
yaln] = ¥ A(c)", where the c’s solve the guadratic equation
1 2
& + -1—-5-C - g =0

So for ¢ = 1/3 and ¢ = -2/5, the general form for the homogeneous solution is:
o) = Ay(5)" + Ax(-2)"
ya[n) = Ay 3 A

(b) We use the z-transform, and use different ROCs to generate the causal and anti-causal impulses

responses:
1 _5/11 6/11

A=-30+3271) 1-1271 142270

] = ﬁ(s)"ul wl+ (=3

ki) = ~ 2 (3)"sl=n = 1) = T2(=2)uf=n - 1]

{c) Since h¢|n] is causal, and the two exponential bases in h.[n] are both less than 1, it is absolutely
summable. h,.[n] grows without bounds as r approaches —co.

(d)

H(z)=

Y(z) = X(2)H(2)
1 1
T 1I-5 Q-0+ i)
—25/44 _ 55/12 27/20

T=1/3z-1 T T+2/551 T 1=3/5:1
sl = 23 uln] + S(-2) el + 33 uln]



2.32. We first re-write the system function H(e/*):

1+e 7% 4 4e'i‘“)

your = jx /4 | ~jw k
H{c) = &*/4.. ( T

HG(e)

Let y;{n] = z[n] » g[n], then

ejtnfz + e—jtnlz
2

G ejt/? cjtn/z +G e-j:/z e-—jamfz
I Calld kel Gl

2l = cos(3) =

Evaluating the frequency response at w = £n/2:

. - ~jix )
e—i% (1+£ 1+4'€ )___ge__.',/z
14+ 3¢9

C(e’'?)

ft

G(e %) = 8/

Therefore, . .
9'1[“} = (se-i(rnlz-:ﬁ) + Sej(—zrn/2+1r/2))/2 - SCOS(-2'-11 - _2_)

and _ _ . "
yln} = &/*y[n] = 87/ cas(n ~ 3)

2.33. Since H(e ) = H*{e?), we can apply the results of Example 2.13 from the text,
i) = 1B (¥ Y eos(Gon + T + LH(eF))

To find H(e?%'), we use the fact that H (e} is periodic over 27, s0

Therefore,
in] = cos(Con 4 T 4 27 = cos(¥n + 127y
yinj=costgn T g T3 =N 12

2.34. (a) Notice that
z[n] = zo[n — 2] + 2zp[n — 4] + zo[n - 6]

Since the system is LTI,
yinl = voln — 2] + 2y0{n — 4] + yo[n - 6],

and we get sequence shown here:
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(b} Since
yo[n] = —1zo[n + 1] + zofn — 1] = xofn] * (=d[n + 1] + 4[n - 1]},

hin] = ~6[n + 1] + 4[n — 1)
2.35. (a) Notice that z1[n] = z2{n] + z3[n + 4}, s0 if T{'} is linear,

T{z:[n]} = T{zz2|n]}+ T{zs[n +4]}
= yafn]+1an+4)

From Fig P2.4, the_a.bove equal.ify is not true. Hence, the system is NOT LINEAR.
(b) To find the impulse response of the system, we note that

8[n] = z3jn + 4]
Therefore,

T{é[n]} = wln+4
= 34[n + 6]+ 28[n + 5)

{c) Since the system is known to be time-invariant and not linear, we cannot use choices such as:
8in] = z1{n] - z2[n]

and ;
d[n) = 522[71 +1]

to determine the impulse response. With the given information, we can only use shifted inputs.
2.36. (a) Suppose we form the impulse:
éln} = %zl{n] - %Iz[ﬂ] + z3[n)
Since the system is linear,
‘ L{8lnl} = ul] - Fualn) + sl
A shifted impulse results when:

-1 = —%z;{n] + %:,m

The response to the shifted impuise
1 1
L{éln-1]} = —Eylfn] + Eyg[n}
Since,
L{é[n]} # L{s[n - 1}}
The system is NOT TIME INVARIANT.

{b) Ap impulse may be formed:
' 8[n} = %11[1:.] - -;-::z[n] + z3[n)

since the system is linear,

H

Swilnl - 53] + sl
= hin]

L{$[n]}



from the figure, L
y[n] = <8[n + 1] + 34[n] + 33[n ~ 1] + &[n — 3]
y2[n] = ~8{n + 1] + §[n] — 35[n — 1} — &[n = 3]
y3[n] = 28[n + 2] + 8[n + 1] - 34[n] + 28[n ~ 2]
Combining:
hln] = 28fn + 2]+ 8fn + 1] — 28[n] + 34[n — 1]
+24fn - 2] + &in - 3]

2.37. For an LTI system, we use the convolution equation to obtain the output:

oo

vInl= Y zln - Khlk]

k=—oa
Letn=m+ N:

o0

yim+ N} = 3 zfm+ N - k]
k=-—co

> zlim - k) + N]h{R]

k=—oc

Since z[n] is periodic, z[n] = z[n + rN] for any integer r. Hence,

oo

> z[m - KAk

k=—c0

y[m]

ylm + N]

So, the output must also be periodic with period N.

2.38. (a) The homogeneous soluticn to the second order difference equation,
3 1
vin} =~ gvln = 1) + gyln - 2] = 22[n - 1],
is obtained by setting the input {forcing term} to zero.
3 1
yln] = Zyln =1) + 2yln -2 =0
Solving,

3 ., 1 4
-2 —2z~? =0,
1 42 +8z
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(1521 - 32 =0,

and the homogeneous solution takes the form
1 1.
valn] = A1(3)" + A2( )",

for the constants A; and A;.
(b) Substituting the intial conditions,

1 1 _
ya[-1] = 441(5)-1 + Az(z) =1,

and
w[0]=A4,+A4;,=0
We have
2A1 +44;, =1
A+ A:=0
" Solving,
A =-1/2
and
Az = 1/2

(c} Homogeneous equation:
1
vln] ~yin -3+ J3ln -2 =0
Solving,
1~z 4+ i—z'z =0,

(1—%2

and the homogeneous solution takes the form

b = 4G

-3 =0,

Invoking the intial conditions, we have
wf-1]=24;=1
yp.{O] = A; =0
Evident from the above contradiction, the jnitial conditions cannot be met.
(d} The homogeneous difference equation:

1
yin) =yl - 1)+ guln -2 =0
Suppose the homogeneous solution is of the form
1 1
valn} = 41 (3)" + nBi(3)"
substituting into the difference equation:

yaln} = yafn — 1] + iyh[n -2]=0

AP +RBGN - MG - (- DEG™

1 1 n—2 _]; - E n-2 _
G+ 2in-2)B1(3) = 0
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{e) Using the solution from part (d):
1 1
waln] = 4:(5)" +nBi(3)",

and the initial conditions

wm{-1] =1
and
‘ wl0] =0,
we solve for A; and B;:
A], =0
By = ~1/2.
2.39. (a) For z;[n] = §[n],
wnol = 1
nil] = eyllj=a

For z3[n] = 8[n - 1],

wiol = 1
will = ayl0]+zz[1]]=a+1# 10

Even though z2[n} = z;[n ~ 1}, y2[r] # y2[n — 1. Hence the system is NOT TIME INVARIANT.
{b) A linear system has the property that
T{axz:1[n] + bza[n]} = aT{x:[n]} + 4T {z2[n}}}
Hence, if the input is doubled, the ontput must also double at each value of n.
Because y{0] = 1, always, the system is NOT LINEAR.

(C) Let z3 = azl[n] + ﬁtz[n].
Forn>0:

win] = zn}l+ay(n-1]
= azi[n] + Bzz[n) + a(zaln ~ 1) + ¥3{n - 2))

n~-1 n=-1

= a Z a*zi[n - k] + ﬁZa*zg[n — k)
k=0 k=0

= al(hn] » z,[n]) + Blkin] » z2[n])

= ayinl + Fylnl
Forn<O:

wih] = o (wln+ 1) - z3n))
= -a Z a*z,[n-k]- 8 Z a*zaln - k]
k=-1 =1

= oy ln]+ Byan].

Forn=0:
wn} = nfn] = win} = 0.
Conclude,
wsin] = ayi[n] + Bya[n], for all .

Therefore, the system is LINEAR. The system is still NOT TIME INVARIANT.
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2.40. For the input

cos{rnjuln]
{(=1)"u[n},

i

z{r]

the output is

vin) = 3 (i/2)*ulk}(-1)""Puln - K]

k= —o0

= ()" 3G/
k=0

(-3 (-ir*
k=0

- o (=5

For large n, (—j/2)("+1) .5 0. Thus, the steady-state response becomes
=)
W = 15

cos(7n)
1+3/2°

2.41. The input sequence,
o0
zinj= > 6[n+ 16K,

k==00

has the Fourier representation

X(e9) = i i é[n + 16k]e™7v"

n=-—0 k=—0c
1 & 2k
= % Z 5(w+-rs—.
k=—o0

Therefore, the frequency representation of the input is also a periodic impulse train. There are I6
frequency impulses in the range —7 <w < 7.

We sketch the magnitudes of X (e/*) and H{e/*):

jo
{H(¢ ,)l\j 1 .
o (Canll




29

From the sketch, we observe that the LTT system is a lowpass filter which removes all but three of the
frequency impulses. To these, it multiplies a phase factor e™73¢.

The Fourier transform of the output is

Y(¥) = a(u) + —e-’ka(u - )
+ ﬁeﬂra(w+ 16)
Thus the output sequence is
1 1 2xn  3Im
vlnj = 35 + goos(55 + -
2.42. (a) From the figure,
yin] = (zln] + zin] « b)) * ha[n]

= (zin] * (5]n] + M[n)) * haln}.
Let h[n}] be the impulse response of the overall system,
yln] = =fn] » A}
Comparing with the a.bov'e expression,

hin] (8{n] + Aa[n]) » haln]

ha {ﬂ] +h [n] * hz[ﬂ]
a"uln] + B Vujn - 1).

i

]

(b) Taking the Fourier transform of hfn] from part {(a),

o0
H(e;u) = Z h[ﬂ]e“j”"
= 2 a®unle " + 8 Z o Vy[n ~ Y)e~ivn
n=—o0 n=—co

o0 )
= T amemion 1 gY oV,
n=0 =0

where we have used £ = (n — 1) in the second sum.

. 1 Be—dw
e —
H(e®) = T ae7 @ T-ae”
1+ e~

for ja] < 1.

1 ge-i’

Note that the Fourier transform of a™u[n] is well known, and the second term of h[n] (see part (a))
is just a scaled and shifted version of a™u[n]. So, we could bave used the properties of the Fourier

transform to reduce the aigebra.
{c) We have
. : Y(e*)
b — ——
BES = 3
1+ Be~#

1}

1-qe=iv’



cross multiplying, )
Y ()1 - ae™] = X(5*)[1 + Be~]
taking the inverse Fourier transform, we have
yin] - ayln — 1] = z[n} + Bz[n - 1].
(d) From part (a):
hin] =0, forn < 0.

This implies that the system is CAUSAL.

If the system is stable, its Fourier transform exists. Therefore, the condition for sta.b:hty is the
same as the condition imposed on the frequency response of part (b). That is, STABLE, if }a| < 1.

2.43. For (-1 < a < 0), we have .
X = Tar
(a) real part of X{e?}):
Xn(e) = 3 X(E)+ X ()]
1 — acos{w)
1~ 2acos{w) + a*

{b) imaginary part:
X)(e) = %-IX(efw)—X'(a“n

—asin{w)
1 - 2acos{w) + a?

{c) magnitude:
XY = [X()X" ()}

= (l-—2acols(u)+a2)%

{(d) phase:

£X(e#) = arctan (2220

2.44. (a) X(C"")Iu=o i z[n]e"j""i.,,ﬂ
= Z z{n]

= 6

®) X Vme = 3 slleim
> =i

= 2
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(c) Because z[n] is symmetric about n = 2 this signal has linear phase.
‘ X () = A{w)e ™
A(w) is a zero phase {real) function of w. Hence,
(X(P)=~2w, -x<w<T
(d}
* 3 -
f X(e“)e 7 dw = 27 z[n]

forn=0: .
/ X(e)dw = 27z[0] = 4x

(e) Let yin] be the unknown sequence. Then

Y () X (e )

= T apeen

N

> z[-njein
3 yinjemsr

[

Hence y{n] = z[—n].

(f) We have determined that: _ .
X(e™) = Alw)e 7™

Xr(e*) Re{X(e™)}
A(w) cos(2w)

%A(w) (7 + =)

Taking the inverse transform, we have

1 i 1 1
Ea[n +2]+ Ea[n -2= -2-::[11 + 4] + Ez[n]

BT

-12
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2.45. Let z[n] = é[n], then .
. X{e“)y=1
The output of the ideal lowpass filter:
W(e™) = X (&) H (™) = H(e™)
The multiplier: ]
(-1)"w[n] = e™ 7" win]
causes a shift in the frequency domain:

W (/") = H(eil-"))

The overall output: ‘
y[n] = ¢ " win] + win]

Y(e¢) = H(e?™“~") + H(eW)

Nntingthat:
jw-ry - J 1 FEwlSw
HE™ ’"{o, Wi <3

Y(e?v) = 1, thus y[n] = &[n).

2.46. (a) We first perform a partial-fraction expansion of X (e/“):

1-a?
(1 - ae=i*}(1 — ae?v)
1 + ael*
1-~ae~dw 1 - geiw
z{n] = o u[n]+a "ul-n-1]

X (&%)

(b)

1 " o _ 10 eI+ emiv
Y _'X(e’ Jeos{w)dw = % -'X(e’ )—--——--——-2 dw

171 * ‘o fw | S el iy jo )
-] — bl - dw
2(2 -'X(e-’ ) ¢iw+21r _'X(e’ Je

i

%(:[ﬂ -1 +z{n+1j)

"

%(aln-ll + aln-HI)

2.47. (a)

yin] = z[n]+2zln-1]+z[n - 2]

z{n]  hln]

z[n] + (8{n] + 28[n — 1} + 3[n - 2})
hln] = 4[]+ 25[n—1]+4d[n -2

{b) Yes. h[n] is finite-length and absolutely summable.



(c)

H(e™) = 14275 4
s 1 _,
- —Jul f = g 1
2e - (2e’ +1+2c )
= 2¢77“(cos(w) + 1)
(d)
|H(E) = 2(cos(w) +1)
LH(EY) = —w
Magnitude 4 P Jln
4
L
-
—r T 1F
(e)
1 fu? ) Y
hinl = 5| (e
1 ) )
- H c;,(w+r eFvnd.,
2x <2x> ( )
1 } X
= — H(elw)eilw=mIng,,
2% Jeza> ¢ )
= e-jtn__l_ H(cj(”)cj""ddd
T J<22>
~1%hin]

8[n] — 24[n - 1] + djn — 2]

2.48. {a) Notice that
s[n} = 1+ cos{xn) =14 {-1)*

S(e*) = 21:26(u — k=)
k
S@? )

ZEHHHH

- 0 = X ©

(b} Since yln] = z[n]s{n],

ve) = o [ SEexEa



I T PR N
= 5 ) SE@HxE“ i

X(e7) + X (eHv="h

Y (e’“) contains copies of X{e/*) replicated at intervals of .
(¢) Since win] = yln] + (1/2)(yfn + 1] + yin - 1),

W(ev)

Y(e) + % (Y (£5%) + e (%))
Y ()1 + cos(w))

(d) The following figure shows X (e#), Y (e}, and W(e?) for a < 2 and a > 2. Notice that

oy 1’ IUiS*/ﬂa
X(© "{-o, /o< jwl 2w

So, for a > 2, Y(e'*) contains two non-overlapping replications of X (e""), whereas for a < 2,
“aliasing” occurs. When there is aliasing, W(e’®) is not at all close to X (¢’“). Hence, ¢ must be
greater than 2 for win] to be “close” to z|n].

XY, and W for a<2 X.Y,.andWiorax2
2 [
1.5 M
i £
b4
-2
0.5
4] 0
-2 [+} 2 -2 [+] 2
[ o
3 6
25 ‘
% %
= z,
1.5¢ —1
1
-2 0 2 ° -2 0 2
w0 ®
[}
10
Iy I £
: : /l
0 [+] . s
-2 o 2 -2 0 2
© ®

2.49. (a) We start by interpreting each clue.
(i) The system is causal implies
hin] =0for n < 0.
(ii) The Fourier transform is conjugate symmetric implies h{n] is real.
(iii) The DTFT of the sequence Afn + 1] is real implies h{n + 1] is even.
From the above observations, we deduce that A[n] has length 3, therefore it has finite duration.
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(b) From part (a) we know that hln] is length 3 with even symmetry around A{l]. Let A{0j = h{2}=a
and A1} = b, from (iv) and using Parseval’s theorem, we have

22 + b2 = 2.
From (v}, we also have
20 —b=0.
Solving the above equations, we get
1
Al)) = —
o= 7
2
All] = —
o V3
1
A2l = —
=7
or
1-
Al = —-—
o=
2
hll] = ——
g V3
1
A] = ——.
4= -7

2.50. (a) Carrying out the convolution sum, we get the following sequence g{n]:

4 4
L 4
33T

Tl

6 1 2 3 4 5 6 7 8 9 10
{b) Again carrying out the convolution sum, we get the following sequence r[n]:

I

4',_._“
10 Ju 112 [13 11;3415 16

7[n]

l
Ny

-8
-12
-16



{c) Let ajn] = v[-n] and bjn] = w[—n], then:

+o0
afn]sbfn) = 3 afkjbln - k]
k=w—om
+o0
= D v-kuk-n
= z virjw{~n — r] where r = —k

r=—-m
= g[-n].
We thus conclude that g[-n) = v[-n) s w[-n].

2.51. For (-1 < a < 0), we have
1
1-ae-iv

X () =

(a) real part of X (e¢):

il

Xr(e) -;--[X(eiv) + X" ()]
1 — acos(w)
1 - 2acos(w) + a?

(b) imaginary part:
) = L [X(e) - X*(ev
X)) = g [X(E) - X ()]

—a sin{w)
1 = 2acos(w) + a2

{c) mggnitude:
X)) = X)X (&)}

(1 - 2aco.:(w) +az)*

(d) phase:

LX(¥) = arctan( —asin(v) )

1-acos(w)

2.52. z{n] can be rewritten as:

zln] = cos(égn-)

= cos(T)
kb o
7 T3

We now use the fact that complex exponentials are eigenfunctions of LTI systems, we get:
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L o . emiW
o) = e 4ot

+ ¢ 3
SPF) P
7t
1

cos(5(n = 7))

h

2.53. First z[n] goes through a lowpass filter with cutoff frequency 0.5x. Since the cosine has a frequency of
0.6x, it will be filtered out. The delayed impulse will be filtered to a delayed sinc and the constant will
remain unchanged. We thus get:

sin(0.57(n — 3))

x(n - 5) +2

wln] =3

y(r] is then given by: )
_ o8in(0.57(n - 5))  sin(0.57(n — 6))
=3 — s " o6

2.54.

!

z{n]

Using the fact that complex exponentials are eigenfunctions of LTI systems, we get:

s P-4 o Pt L e b o
e_,;‘_e-' e +e_1§€ e 4

i

y[n]
e iR i IR
7 T3
. eI IR -85 it
e"’f(ej ;J + £ ;

-i% cos( T 4 27
e cos(4+24).

2.55. Since system 1 is memoryless, it is time invariant. The input, z{n)] is periodic in w, therefore win] will
also be periodic in w. As a consequence, y[n] is periodic in w and so is A.

2.56. (a)

h[n]  (e~7“*"z{n))

0

yin}

E e~ oot y[klh[n - k).

k=—o00



Let z{n] = az;[n] + bx3(n], then:

y[n] = hln] = (e77“°%(az;[n] + bz2[n)))
= +§ e~ sk (az (k] + baa[k])h[n — K
tg-';‘: +o0
= a Y e Motg(khln~kj+b Y e tzfklhln ~ K]
k= k= =00
= ay[n] + bpan]

where y3{n] and y:{n] are the responses to z;[n] and za{n] respectively. We thus conclude that
system S is linear.
(b) Let zz[n] = z[n — ny), then:

hin] « (e“°"z,[n])
-+oc
= Y iR [n — klhfk]

k= —po

yz(n)]

= S:w e~ dwein=Ezln — ng — kJh[k]
k=—a0
# yln - no).

We thus conclude that system § is not time invariant.

{c) Since the magnitude of =" is always bounded by 1 and A[n] is stable, a bounded input z{n]
will always produce a bounded input to the stable LT1 system and therefore the output y[n] will
be bounded. We thus conclude that system S is stable.

(d) We can rewrite y[n] as:

yinl = hfn]s (e~ onafn])
- +o0
= ) emintnBgin — kjalk]
keco
+o0
= ) emioneietzin — kjhk]
b=

= e Iwon 4-2& e*tz[n - K)h[k}.

k=—c0

System € should therefore be a multiplication by e~wen,
2.57. (a) H;(e’*) corresponds to a frequency shifted version of H(e’), specifically:
Hy(e¥) = H().

‘We thus have:
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iwy_J 0 , lwl <087
H““”{l . 08r<uis

This is a highpass filter,

H,y(e?¥)

1

v L}

- —08x 0 08r =
(b) Hi{e’) corresponds to a frequency modulated version of H(e?*), specifically:
H,(e™) = H(e’) » (§(w — 0.5x) + &{w + 0.57)) where |ju| < 7.
We thus have:
_ 0 , jwl<03x
Hyfe*)y=4¢ 1 , 03x<jw<0.7r
0 , 07r<jw <.

This is a bandpass filter.

Ha(e?v)

1

—r

-7 —0.7Tr ~03x 0 Q3% 07r =

—i )

(c) Hi(e’™) corresponds to a periodic convolution of Hy,(e’) with another lowpass filter, specifically:

. 1 fF ; .
Hi(e') = 5 H(e®)H, (e’ %) db
where H(e’“) is given by:
iy _ |1, jwl<01x
H(e )"{ 0, Ols<ll<x

Carrying out the convolution, we get:
01 , |w|<0lx

Hy(e)=4¢ -kl 4015 , 01xr <l <03x
0, 03x < <x.



2.58. Note that X (e) is real, and Y(e’“) is given by:

wr _ | =iX(e™) , O<w<x
Y(e’)_{+jX(ej“) , = r<w<0.

win] = z{n] + jy{n|, therefore: _ _ .
W(e') = X(e) + jY (&7¥).
Using the above, we get:

gy Xy , 0<cw<s
’”‘""{ _X(e®) . -m<w<0.
We thus conclude:

ey _ | 2X(e*) , O<w< T
Vv(e’)_{ 0, —r<w<0

W{e/v)

2

- W
-_ 0 Wy T

2.59. (a) Using the change of variable: r = —k, we can rewrite R.[n] as:

o0

Rf= Y z[-rlzln - r] = =*[-n] » 2n].

We therefore have:
gln} = 2*[-n].
(b) The Fourier transform of z*[—n] is X*{e), therefore:
R () = X*(F°) X () = [X (™).

2.60. (a) Note that z3[n] = ~ ;=3 z[n — k]. Since the system is LTI, we have:

k=4
win] = = yln — &).



2.61,

2.62.
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(b) By carrying out the convolution, we get:
-1, n=0n=2
hln]=¢ -2 , n=1
0 , ow

The system is not stable, any bounded input that excites the zero inpat response will result in an
unbounded output.

The solution to the difference equation is given by:
vIn] = Ysir[n] + yizer[n]

where y.;.{n] is the zero input response and y,,[n] is the zero state response, the response to zero initial
conditions:

Yar[n] = a(%)" where g is a constant determined by the initial condition.

Vol = (5)"uln]»2ln].

An example of a bounded input that results in an unbounded output is:
z[r] = §[n + 1].
The output is unbounded and given by:
— l n+l — _1_ 1 n

The definition of causality implies that the output of a causal LTI system may only be derived from
past and present inputs.

The convolution sum:

sl = 3 Aikjeln -
-1 [-
= Y hikjzln - K+ D _ Alkjzin — K}
B0 k=0

Note that the first summation represents a weighted sum of future values of the input. Thus, if the
system is causal,

-1
S kjzln - K] =0.
k=—oo0
This can only be guaranteed if hjk) = 0 for r < 0.
Using reverse logic, we can show that if A[n] =0 forn < 0,

o0

vin) = 3 iklzin — &)

k=0

Since the convolution sum specifies that the input is formed from past and present input values, the
system is, by definition, causal.
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2.63. The system could be LTI. A possible impulse response is:

h[n]

(81n] - 3810 = 1)+ (5)"

= G-z

2.64. Let the input be z[n] = §[n — 1), if the system is causal then the output, yin], should be zero for n < 1.

Let's evaluate y{0]:
1 +x .
yi0] = o Y{e™)dw
1 1t . )
= 5—/ e Ie=Iw/Z gy
LA
- -2
- 3
# 0.
This proves that the system is not causal. -

2.65. 1,{n] is even-symmetric around n = 1.5, furthermore since ¥ z;{n] < 0 and we want 4,(0) > 0, we
need to include a x factor in the phase. An appropriate chaice for 9, (w) is therefore:

H{w)= —g-w-&-:r bl < .

4 61(w)

NN

(U]

0 \ !'ﬂ' 2n
x
-n-f -

z3[n] is odd-symmetric around n = 3, therefore:
x

ba(w) = ~3w+ 3

jw} < 7.



/.,.,.
—
o
_

:

oo

2.66. (a)
E(e°) = H()X(e™)
F(e*) = E(e™*)
= Hi(e*)X(e™Y)
) = H(EIFE)
= Hy(e?Y)H (e7?) X (e™¥)
Y{e) = G(e™)
= Hy(e™")H ()X (),
(b} Since: _ _ '
Y{(e™) = Hi(e™*)Hi(e™) X (¢7°),
We get:

H(e™) = Hy(e7 ) Hy (™).
(¢} Taking the inverse transform of H{e?™), we get:
hin] = hy[~n] = hy[n].

2.67. (a) Using the properties of the Fourier transform and the fact that (-1)" = &7™, we get:

V(e) = X(eftrh

W(e™) = Hi(e*)V(e™)
= Hy(e)X(/+)

Y(e¥) = W( ™)

Hy(“-m)X ()

H{e?*} is thus given by:
H(e™) = H,(ei=-"),

(b)
H(e79) = Hy (S,



With the given choice of Hy(e’¢),

wy_ ] 0, o] < 7~
H(e,)_{l , r-w:r<{:;]51r.

H(ev)

1

- =+, 0 T x

2.68. If z)[n] = z;[n}, w1 [n] and wa[n] will not be necessarily equal.

wifn] = z{-n-2]
uzln] = z[-n+2)
# 22f[-n-2]

A simple counterexample is z;{n] = z3[n] = §[n]. Then:

3ln + 2]
éfn - 2).

w; [n)
waln]

2.69. (a) The overall system is not guaranteed to be an LTI system. A simple counterexample is:

wnin] = zn]
win] = zn]
yin] = minjln) = 2%n)

which is not a linear system, therefore the system is not LTI
(b)

) = Hi(eV)X ()
Ya(e) = Hy(e")X(e)
Y(¥) = V(&) Ya(e®)
Using the above relationships, we get:
iwy _ | unspecified , 0< || <06
Y(e’)—{ o, 0.6r_<_|w]5:.

2.70. The first difference:
y[r] = V(z{n]) = z{n] — z[n - 1].



{a) To determine if the system is linear:

V(az,[n] + bz2[n])

az;[r} + bz2[n] — az1[n — 1] ~ bz2[n — 1]
a(z1[n] - zy[n — 1]} + b(z2[n] — 22[n - 1]}
V(azi[r]) + V{azz[n}).

i

Therefore, the system is LINEAR.
To determine if the first difference is time invariant:

Viziln-1)) = zin-1-2z[n-2)
= y[n - 1]
The system is TIME INVARIANT.
(b) The impulse response is obtained by setting the input to z{n] = §|n],
yin] = kin] = &[n] - d[n - 1]
(¢} Taking the Fourier transform of the result of part (b}, we find that the system function is
H(e“)=1-¢e?v

Thus the magnitude of the frequency response is

|H(*)] = V(1-e)(1-e)
= /2 - 2cos(w).
e}

- - -

We calculate the phase of the frequency response:

H(e™) = (1 - cos{w)) + j sin(w)

Thus, cin(w) )
w
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4 LH (V)

L L]

I
»l

{(d) In general,

I

V(z{n]) z[n] * (§[n] — d[n - 1})

z[n] — z[n ~ 1].

So, for z[n] = fIn] « gn),

V(zin]) fin] « gln] = (8[n] — é{n - 1})
fln] = (gln])

V(f[n]) = 9ln).
Where we have used the commutivity of the convolution operator to obtain the last two equalities.
(e) We desire the inverse system, h;[n], such that

Min) + Vet = =i

The inverse system must satisfy:
hi[n)] » h[n} = §[n},
in the frequency domain, _ k
H(ev)H(eV) = 1.
Recall from part (c), _ .
H(e¥}=1=~ev.

So, .
Hie®) = 1—es’
and
hi[n] = uln}].

Hence, the unit step is the inverse system for the first difference.
2.71. For impulse response h[n], the frequency response of an LTI system is given by

HE)= 3. e

"= -0

(a) Suppose the impulse response is h*[n],

f: R*[nje=" = (f\: h[n]e'-"')

nE -0l

i

H (™).



(b) We have

H*'(e¥) = (i h[ﬂ}c_j"'")
E h*[n)em.

=00

If hin] is real,

Y hinjer

n==-o0

H(e™v).

H*(e™)

Hence, the frequency response is conjugate symmetric.

2.72. The analysis equation for the Fourier transform:

o0

X () = Z z[nje 7"

n=—-og

(a) The Fourier transform of z*[n],

f: z"[nje " = (f: z[n]e""")

= X"(e”M™).
(b} The Fourier transform of z*[—n],
o o )
Z z*|-nle”" = Z z*[l]e!
n= -0 I=—a0
o N\
= Z z[l]e""‘")
= X" ().
2.73. From property 1:
o0
X*(e ) = z z*[n]e”7vn
for z[n] real, z[n] = z*[n), so
. m .
X*(e ) = Z zfn)e 1"
= X{(e*).

Thus, the Fourier transform of a real input is conjugate symmetric.
X(e!Y) = Xp(e?) + 1 X1(e?)
X“(€) = Xle™) = i X1(e)

47



From property 7, X(e/“) = X*(e~7*) for zjn] real. Thus,
Xp(e™) + jX1(e*) = Xa(e™) — jX1(e™").

We may infer _ '
property 8: Xpg(e?) = Xg(e ™)
property 9: X (&™) = — X (e™?)

X(e) = |X(H)jed X
X*(e77) = [X(em#)led X
From property 7: . _
X(e“) = X*(e7 ).
So,

property 10: |X(&)] = | X (e~7)|
property 11: LX(e™) = -/ X(e™¥).

2.74. Theorem 1:

oD oo - -]
Z (azy[n] + bzz[n]}e~ " = 2 azinle~to" 4+ Z bxa[n)e "
n=—0o0 n=—-00 n=-—cgo
= aX(e™) + bXa(e?)
Theorem 2:
Z z[n — ngle” " = Z z[l)e—Iwlt=nd)
= — {=-0o
= glune z z{qe-—gul
{=—c0
= e X(e)
Theorem 3:
| o5 o .
z z[nledwonem I = Z z[njeilu-weln
= -0 n=—o0
= X(ej(“'“"""))
Theorem 4:
- =] ) -] .
Z z{—nle~ " = E z{fje’v*
n=—0C t=—c0
= X(e™¥)
Theorem 5:

i nzinle " = -}T::( f: :[n]e""“")

AS—00 T =00

J-(X(e))



2.75. The output of an LTI system is obtained by the convolution sum,

o0

vinl= Y =iklhin - &)
k-0
Taking the Fourier transform,
Yoy = 3 (i z[k]h[n-k]) emiom
n=-oo \k=—oo
= 3 :[k]( 3 -h[n-k}e-i”“)
k=—0c AS o0
= i z[k]c'j“"‘( i h{n—k]c’j“’("°k))
Hence,

Y{e“) = X(J”)H(ej”).
2.76. The Modulation theorem: -
Y(e) = - f X ()W (e2—9) dp
the time-domain representation,
1 /' /’ ") (w—0)y Jwn
= e—— dé dw X (&)W (e )e?
= a2 (
- _1_ " 14 jén
= 5 /-' d8 X (e?®yw[nje’
= zinlwin]
2.77. (a) The Fourier transform of y*[—n] is Y*(e/*), and X (¢’*}Y (¢’*) forms a transform pair with z[n]*

y[n]. So : | .
G(e”) = X(e™)Y" (%)

and
g[n] = z{n] + y*[-n]

form a transform pair.

()
% /_: X(H”)Y'(ej”)ej”"dau = l=z_m (z[n] «y*[-n)) e~iwn
= Y k-l
A=—00 kx-oo
forn=0: ) o
o [ XEW @ = Y alkylk

k=00



{c) Using the result from part (b):

sin(xn/4)
2mn

sin(n /6)
Stn

z[n]

v'in] =

We recognize each sequence to be a pulse in the frequency domain:

$ X(ev)
1
2
— x k4 — W
-x -3 0 3 n
$ Y(e)
1
5
—— — )
- -5 0 % x
Substituting into Eq. (P2.77-1):
o 1 t . .
Y alnly’in] = 55 ] X(E@)Y ()
n=—e0 -x
1 J,1..1 . 2n
= = [@e3)]
= 1
T 60

2.78. X(e’“) is given by:

{a)

i

zin], © even
0, n odd

% (14 ™) z{n)

ALY

]



which transforms to .
Y.(e’w) = 5 [X(e)u) +X(ej(w+sr))]

(b)

yaln] = z(2n]

%[X(ej'f') +X(,:'(§+x))]
= Y,('¥)

Yd(cj”)

Yd(ej”)

1

(c)

] yt(ﬂ] = { g,[ﬂ/:Z]v z z;;n

Y. () = X (&™)

Ye(e™)

2.79. (a)

&, (—N,~w) = Z z[n - N]z'[n-i— N]e"""‘.
Q;(Ngkl) = ( f: :[ﬂ'f'NlI.[n-N]c-jw“)'

n=-ob

91
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i (z[n + Niz*[n - Nle~#m)"
i z"{n + Njzjn - Nje"

&, (—N,-uw).

(b)

¢:(N,w) = i Aa™Nyln + Njda™ Vu[n — Nje 5"

n=-—o0
= A 2 alne—fun

oo
= A? z (azc—jw)n
n=N
2 (@%em i)V
1 - a2e~iv
, a?N el

1-a2e~iv’

(c)
(- -]
X(e.i(n+(u/2))) = ): zln}e-j(mfz)u_
= -0
m .
S 2 [njerteesan,

X (e.i(v-(«:/!)) )

Let §= 51; f:’ X (edlvHw/2))) X*(ed(e-1/2))¢i2oN gy, then:

o
5 = / i [n]e-i(--w{?)ﬂ z z-[k]ej(v-wﬂ)kej?uh’ dv

T p=—o0 k=-c0

CLE S e [ e,

n==00 k= -—oo

cuinak) 25in(w(k —n + 2N
= z Z zinjz* [kle =5 sin( (*n+2+v )]

n.-—oo k=—x0

= i zjn)z*[n ~ 2N]e""ﬁn!.£r'l
= i z[n + Njz*{n — N]e~#"
= ;:(;, l.lJ).

‘We thus conclude that:
¢, (N,w) = 2—1"- X (I eHe/ M) xo (o te/ D)) pi2oN 4y,

-



2.80.
win] = zln] + yin]
The mean of w[n}:
E{wnj}
E{z[n] + y[n]}
E{z[n]} + E{yln]}
ms +my

The variance of w[n):

ot

E{(wln} - my)*}
E{u’[n]} -mg,
E{(z[n] +y[n])*} - m,
E{z"[nl} + 2E{z[nly[n]} + E{s’n]} ~ m] — 2m.m, ~ m]
If z[n] and y|n] are uncorrelated:
ou = E{2’fn]} - mi + E{y’[n]} - m]
= a'i + af, ’

2.81. Let e[n] be a white noise sequence and E{s[n]efm]} = 0 for all n and m.

E{y[nlyin+m]} = E{s[nje[n]s[rn + m]e[n + m]}
= E{s[n)s[n + m)e[nle[n + m]}
Since s{n] is uncorrelated with efn}:
E{yinlyln+m]} = E{s[n)s{n + m]}E{e[n]e[n + m]}
= aja;48[m]

2.82. (a)

$z2[m] E(z[n}z[n + m])

E((s[r] + efn]){sin + m] + ¢[n + m]))

E(s[n}s[n + m]) + E(e[n]e[n + m]) + E(sfn)e{n + m]} + E(e[n]sfr + m])

&:slm] + dee[m] + 2E(e[n]) E(s[n]) since s{n] and e[n] are independent and stationary.

Gas[M] + Pee[m] where we assumed e[n} has zero mean.

LI T (I I |

Taking the Fourier transform of the above equation, we get:
@2 (™) = (7)) + $.. ().

(b)

E(z[nle[n + m})

E({sn] + e[n])efrn + m])

E(s[n])E(e[n]} + ¢ee[m] since s[n] and e[n] are independent and stationary.
¢,,_[m} where we assumed ¢[n] has zero mean.

ze {m}

nan

Taking the Fourier transform of the above equation, we get:
QSC(CJ-U) = QGC(C’.U)‘



(c)

¢2.fm) E(z{n]s[n + m})
E((sfn] + e[n])sfn + m])
#.sim] + E{e[n])E(s[n]) since s[n] and e[n} are independent and stationary.
¢ulm]  where we assumed efn] has zero mean.
Taking the Fourier transform of the above equation, we get:
éza(ejw) = Qu(eju)-
2.83. (Throughout this problem, we will assume |a} < 1.)

(a)

i

il

dnn[m] = him)«k[-m)}.
Taking the Fourier transform, we get:

@un(e’™)

]

H(e™)H (e )
S | 1
(1 - ae=7) (1 ~ ae?v)
1, 1 1
1-a2'l-aeiv  1-—geiv

).

Taking the Inverse Fourier transform, we gei:
aln!
1-a?’

#ua[m] =

(b} Using part (a), we get:

\H (e)? H()H* ()
H(e’)H(e™ %) since hin] is real
= dnn(e)
1 i
{1 — ae~) (1 — ge?v)
SRR NP SR N

1-a2'1-ge~3*  1-aev

]

(c) Using Parseval’s theorem:

7 [ Eera = 3 e
oo

D lafuln]

-0

+-o
Y Gel?)”
n=0

1
1-Jal*

]



2.84. The first-backward-difference system is given by:
. y[n] = z[n] — z[n - 1].
(a)

byim] = E(glnlyln +ml)
-E((z[n] — z[n - 1}){z[n + m] — z[n + m — 1]})

E(z{n]z[n + m]) = E{z[n]z{n + m - 1]) - E(z{n — I}z[n + m}}
+E(z{n - ljzin + m - 1)) '

= ¢tx{m] - ¢zz[m - 1] - ¢=‘z[m + 1] + ¢:z[m]

2¢==[m] - ¢::[m - 1] - ¢:t[m + 1]

2025[m] - o28[m — 1] — o28lm + 1).

monon

202 Syuim]

-
-

2
—o? - ol

To get the power spectrum, we take the Fourier transform of the autocorrelation function:
@, () 202 ~gle™ W — gl

202 - 202 cos(w)

202(1 - cos(w)).

) vttt oy

- - - - 1 Fy

{b) The average power of the output of the system is given by ¢,,[0]:
dwl0} = 2"':-

(¢) The noise power increased by going through the first-backward-difference system. This tells us
that the first backward difference amplifies the noise of a signal.



2.85. (a)

El{zlnlyln]} = E{z[n] i:w hn)z(n — k}}
= 5 uustetetn - )
= 3 Wl

koo

Because z[n] is a real, stationary white noise process:
$22in] = 7:5["}-
Therefore,
E{z[nly[n]} = o2 3 h{kJS(k]

k=—-og

azh{0).

It

(b) The variance of the output:
o E{(yln] - my)*}
E{y’[n]} - m].

When a zero-mean random process is input to a determistic LTI system, the output is also zero-
mean:

W W

il

z{n] = hinj

o«

3 zlkihin - &].

Ll
Taking the expected value of both sides:

vin}

]

my o= Y E{zll}hin - K]

kE—c0

0, #Hm,=0

!

my

«l
i

E{y*[n]}
= E { i him}z{n — m] i h[k]z[n-—k]}

m—00 k==-00
= z i him}h{k]E{z[n — m]z[n - k]}
m=—00 k=00
= o i i hfm]h{k]d[m — k]
ME —e0 k= —00
o2 = o f: h?m].

M=~
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2.86. Using the solution to problem 2.85:
(a)

o
a=ai 3 Kk
kxx =00
this statement is TRUE, because z{n} is a white noise sequence.
(b) Since y[n] is not a white noise sequence, this statement is FALSE.

(c) Let
hifn] = a"ufn]
hafn] = &un}
These systems are cascaded:
hln] = hyfn]+ hzin]
= Zakbn—k, n>0
£=0

_ n 1- (a/b)""‘l

= ()
win] = z{n] = hin}.

Since z{n} is zero-mean, m,, = 0 also.

7%

"

E{w?[n]}
o2y h¥k).
k=0

B

2.87. (a) x[n] is a stationary white noise process.

y[n]l = z hlkjzjn -k}, n2>0
k=00

E{yn}}

n

E{ i h[k]z[n—k]}, n2>0

k= —-oo

S hKE(zl - K]}

=—s
= { M 2:=-an h[k]’ n2 0
o, n<0

(b)
¢s-y["1:ﬂz] = E{ylnilylnl}.
= E{ > Akzlng -k 3 h[m]:[ng—m]}, n>0

k=00 me==—Q0

= i z’: h[k]h[m]E{z[n; - k]z{ﬂz - rn]}

k-0 m=—00

= 51: i hlkJh{m]dez[r1 — k,n2 — m).

k= - Mm=—00



(c) L
,.li.m;m‘ i hik)

o0

m, Z hlk]

n

E=—oo k=—umo
= m,.
n1, a;—pep z Z h{k]h[m}¢=3[n1 - k,ng - m] i Z h[k]h[m]q&,,[k,m].
k= —og m=—oo k=—00 M=—00
{d)
Ah[n] = a™u[n]
E{y[n]} = m, i a"ufn)
km—co
_ om,
= o4

2.88. (a) No, the system is not linear. In the expression of y[n|, we have nonlinear terms such as z?{n] and
divisions by z{n], z[n — 1} and z{n + 1].
(b) Yes, the system is shift invariant. If we shift the input by no, m.[n] shifts by ng as well as o[n]
and o?{n), therefore y[n] shifts by ny and the system is thus shift invariant.
{¢) If z{n] is bounded, m.[n] is bounded so is o2[n] and 03[n]. As a result, y[n] is bounded and
therefore the system is stable.

(d) No, the system is not causal. Values of the output at time n depend on values of the input at time
n + 1 (through 0Z[n] and m.[n]). Since present values of the ouput depend of future values of the
input, the system cannot be causal.

(e) When o [n] is very large, o?[n] is zero, therefore:

yin] = mq[n]
n+l

S Hr

k=n—1
which is the average of the previous, present and next value of the input.
When o2 {n] is very small (approximately zero), then:

yln] = z[n).

yin) makes sense for these extreme cases, because in very small noise power, the ouput is equal to
the input since the noise is negligible. On the other hand, in very large noise power, the input is
too noisy and so the cutput is an average of the input.

2.89. (a}
E{z|n]z[n]} = ¢.[0]-
(b)
2..() = X()X"(FV)
= W{c)H (V)W (V) H" (¥)
= Qw(e’”)lf(e’”)lz

vl —cos(w) + 1/4°



(c)
bualil = Guulnl e hln) + Hl-n]
= o2 ((%)nu{n]* (%) —nu[-n])
= a2 dpain).
2.90. (a)

$y:[n] = E{ylkjzlk - n]}

= E{ i h[r)z[k - r} i h[m]v[k-n-fTL]} '

r=—00 M= —o0

Note that ¢:,(n] = E{z{pjv[p — £}, therefore:

-]

bultl = 33 AlrfhimiE{zipiulp - (n + £ 5))

= h[-n]=*A[n] * ¢on).
3y:(e7) = [H(E ) Fa (™).
(b) No, consider z[n] white and
v[n] = —zfn]
¢zoln] = —026[n]
&, (e} = ~02.
Noting that |H{e*)|? is positive,
‘yz(eju) = _U:]H(ejw)lz
Hence, the cross power spectrum can be pegative.
2.91. (a) Since f[n] = e[n} — efn - 1), _ .
Hi(e“)=1-ev,
$;¢(e?) is given by:
®s1(c7) Hy(°) (77 )8 ()
(1-e"9)(1 - &v)a?
a2(2— ™ — e Iv)
02(2 - 2cas(w)).

™) eat— Sy v}

T S
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(b) @yslm] is the inverse Fourier transform of &;/(e™). Using part (a), we get:
&15[m] = 62(28[m] — 8[m + 1) — &fm - 1]).

()
Boele™) = Hale*)Hy(e™7)%g(’)
= [ a2-2cos(w)) , |wl<we
- 0, w<|w <.
P P ———
wal
(d)

1 * i
‘7: = 5;/_"1’99(5”)@

1 We
5 ) et do

= 2, - sinfwl)).



Solutions — Chapter 3

The 2-Transform
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3.1. (a)

—t
(b}
i -1 1 n oo
Z1-1{= —_n-1 = - = M= (2)n
[()u(n }] n;m(z)z ,,;;z
_ 2z _ 1 |2} 1
i w il gy e S A
(¢}
n )
z [(%) u{_"]] = “z_:m(zz)n =1 —1 % < %
{d)
Z[JIn]} =2=1 all z
(e)
Zpn-1))=2z""  |z|>0
{f)
Zigin+ 1] = zH 0<|zi< e
{g)
1\" 1\ 1=(2)W0
, zZ [(5) (u[r] — uln — 10])] = ; (55) =T @ izl > 0
3.2 n, 0<n<N-1 _
z[n]:{N’ N<n =n uln] - (n — Nu[n - N}
nzin] <« —z%X(z) = nun] & -—z% I _12_1 iz > 1
-1
nuln < (l——z_.z._—l)? Jz] > 1
cln-nd & X(2)2 = (n-Nufn-Ne Z bi>1
therefore -1 ~N—=1 -1(1 - z=N)
z7l—g z -z
X(z)= Q-z1F  (-z7)p



3.3. (a)
zo[n] = al™ 0<ijal<1
-1 o0
Xo(z) = Z a Pz "4 20“2"‘
A== n={
o0 oo .
= za"z" + Za“z"‘
a=1 n=0
_ az 1 z2(1-a%) 1
T leaz l-az! (l-az)z-a) Ia]<lz|<lal
XD
pole zero
T - CAnce
N roots of 1
{b)
1, 0<ngN=-1 N-1 1-2-N N
= < : = "= =
zs g: :’(_011 = X(z) ; z ST ST G #0

(c)
z.[n] = zo{n = 1) £ 23 [n] & X (2) = 271 Xo(2) - Xo(2)

_ o1y 1 N -1\?
Xo(z) =z 1(z~_l(z_1)) = o ( — ) 2#0,1

XdD




3.4. The pole-zero plot of X{z) appears below.

X{z)

/‘Nﬁt circle
N NG

N N
.Ky ’

wX
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(a) For the Fourier transform of z[n] to exist, the z-transform of z{n] must have an ROC which includes
the unit circle, therefore, |1| < {z| < [2].

Since this ROC lies outside 1, this pole contributes a right-sided sequence. Since the ROC lies

inside 2 and 3, these poles contribute left-sided sequences. The overall z[n] is therefore two-sided.
{b) Two-sided sequences have ROC’s which look like washers. There are two possibilities. The ROC’s
corresponding to these are: |} < |z{ < {2 and [2] < |z} < I3I.
(c) The ROC must be a connected region. For stability, the ROC must contain the unit circle. For

causality the ROC must be outside the outermost pole. These conditions cannot be met by any of
the possible ROC’s of this pole-zero plot.

3.5.
X(z) = (14220 +3:")(1-2z7Y)
= 2z+5-4z"1-3:72
o0
= Z zfnjz~"
AR-O00
Therefore,
3.6. (a) z[n] = 28[n + 1] + 58[n) — 4é[n — 1] - 3d[n — 2]
1 1
XE =13 >3
Partial fractions: one pole — inspection, z[n] = (~3)"u[n]
Long division:
N Pl S T
1+3z7 |1
1 +3zt
- %z’l
- %z—l %z-z
%2'2 + %z"




(b)

1 1
X@) =i b<s
Partial Fractions: one pole — inspection, zin] = —(-3)"u[-n - 1]
Long division:
2z —4z22 +8:2% + ...
17141 [ 1
1 +2z
-2
-2z -4
+ 427
+ 422 4+ 87°
l n
== z[n] = — (_E) u[—n - 1)
()
1-1z27? 1
= rrmas e 2
Partial Fractions:
-3 4 1
= hap
X() 144270 14421 Izl 2
I n n
z[n] = [-—3 (_E) +4 (_5) ]u[n]

Long division:

1
143,714 1,2 fl '
% ]
1

(d)

Partial Fractions:

+(-3-1):? + (—F + 1277 +
- .1-2-1
2
<4 %2-1 -+ %z'z
e 3
o T Yo B P T T
FI+IG TR G
= :[ﬂ] = [—3( (—Z) + (—--2-) } u,[n]
1-1z71 1
X(z) = 1= }z—’ 2] > 5
1-171 1 1
= 2z _ 1
X@) = 1-4z-2 " 1+ §27! Il > 2
1\
I{ﬂ] = (-E) u{n]
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Long division: see part (i) above.
(e)

1-az? -
X(z) == ld>1a7|

Partial Fractions:

a~1{1 - a?)
X@) ==e-yrmm

z[n) = —ad[n] — (1 = a®)a~"*)y[n]

|21 > a7}

Long division: .
-1_ - -1_ -
R e Pl 0 P
—a+z=1 l i — gz
1 - az™1

{a~! —a)z?

= zln}=—adln] - (1~ 6*)a~"*Nufn]
3.7. (a)
zln] = u[-n - 1] + (%)nu[n}
= X(z)=1::‘1+l—lz"1 %(}z|<1
H
Now to find H(z) we simply nse H(z) = Y (2)/X(z); i.e.,
Hiz) = Y(z) _ -3z (- -1 1-27t
(2} = X(z)  (1- $z7M (1 +271) —%z"‘ T1+27!

H(z) causal = ROC |z] > 1.

(b} Since one of the poles of X(z), which limited the ROC of X(z) to be less than 1, is cancelled by

the zero of H(z), the ROC of Y (z) is the region in the z-plane that satisfies the remaining two
constraints |z| > § and |z{ > 1. Hence Y(z) converges on jz| > 1.

(c)

[

1
= _3 3
Y(z)_l-%z~l+1+z-1 lzl > 1
Therefore,
viri =~} (3) i+ 3-0rutn)
3\2 3
3.8. The causal system has system function

1—z71

@ =13
and the input is z{n] = ()" ufn] + u[-r ~ 1}. Therefore the z-transform of the input is

1 1 =251 1
X(z) = - - 3 1
(Z) 1- %2-1 1—~z-1 (l - ‘%z_:)(l _ 2-1) 3 < lZ' <1




(a) hfn] causal =

(b)

_2,-1 3
Y = = 32 -<
(z) X(z)H(z) A=)+ ) y 1]
3 L
= 1§, .13

1,-1 3,-1
1-32 1+ 3z

8 [I\" 8 3\"
=55 (3) wed+ 5 (-3) wio
(¢) For hn] to be causal the ROC of H(z) must be 3 < |z| which includes the unit circle. Therefore,
" hin] absolutely summable.

Therefore the output is

3.9.
14z 2 1

(-l )1+ 120 (1-32z) (143279
(2) h{n] causal = ROC outside Jz| = 1 = |z| > }.

{b} ROC includes |z| =1 = stable.

(c)

H(z) =

) = —3(-]) v~ §@ud-n-y

b

4

- 3 3
Y@ = 1+ 2! t 1o
14zt 1
= - 2
A+ 42791 -227Y) i< Izl <
1370
x@ = Y& _0-370 o,

H(z) ~ (1-2z7Y)
2] = —@ul-n -1+ 3@ uf-n]

(d)

3.‘10. {a)

zin)

]
e
LI S T
———

E

£
2,

+
Fesiun
e
L—

]

B

B,

(G~ €)oo

The last term is finite length and converges everywhere except at z = Q.
Therefore, ROC outside largest pole -i- < lzf.
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(b)

{1, -10€n<10
z{n] = 0, otherwise

Finite Jength but has positive and negative powers at z in its X(z). Therefore the ROC is 0 <

{z] < co.
()
z{n] = 2"u[-n}= (%)_ u[-n]
z[-n) & X(1/z)
G) up) = ROCis |d>3
(-;—)“nu[—n] = ROCis |z <2
{d)

2fn] = [(i)m - (e"“)"] ufn - 1]

z[n] is right-sided, so its ROC extends outward from the outermost pole &/*/3. But since it is
non-zero at n = —1, the ROC does not include 00. So the ROCis 1 < |2] < eo.

(e}

zln] = wufn+10]— u[n + 5)
1, -10<n<—6
0, otherwise

z[n] is finite-length and has only positive powers of z in its X{z). So the ROC is |z < oo.
()

z[n] = (%) " u[n] + (2 + 3/)" %u[-n - 1)

z[n] is two-sided, with two poles. Its ROC is the ring between the two poles: % < |z| < lz—_&q!,.(’r

3 <lzl< 711—3
3.11.
o0
z[n] causal = X(z) = Z:[n]z"‘
n=0

- which means this summation will include no positive powers of z. This means that the closed form of
X (z) must converge at z = oo, i.e., z = oc must be in the ROC of X(z), or lim,; oo X(2) # o0.

(a)

N e

:—bm(l - %z'l) -

1 could be causal
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(b) o
—1\2
z;w((zz ?) =00 could not be causal
-2
(¢}
. (z=3P
—= could be causal
z-+ao(z, - %)5
(d)
(z- )¢
g = could not be causal
x—400 (z - 5)
3.12. (a)
1-1
1) =159
The pole is at -2, and the zero is at 1/2.
(b)
1- 3272

Xl = a3

The poles are at -1/2 and 2/3, and the zero is at 1/3. Since z;[n] is causal, the ROC is extends
from the outermost pole: |z] > 2/3.

xl (2

(c}

1+2z7'-2272
B =1omEn=

The poles are at 3/2 and 2/3, and the zeros are at 1 and -2. Since z3[n] is absolutely summable,
the ROC must include the unit circle: 2/3 < |z] < 3/2.

X3 (2)
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3.13.
G(z) = sin(z"")(1+3z"242z7Y)
PO S S Sl ~2 4 9,-4
= {z —T+'5—!—T)(l+3z +2z7%)

= Y glnjz"

¢{11] is stmply the coefficient in front of z~!! in this power series expansion of G(z):

1 3 2
g1} = BT +§ R TTE

3.14.
N
1- 3272
1
(=321 +1z0)
0.5 0.5
1-4z71 143271

H{z} =

Taking the inverse z-Transform:
1,1, 1, 1.,
hln} = '2'(5) uln] + 3 3) uln]

So, :
1
i A= 5 @ =5

N

A= %; ap =
3.15. Using long division, we get

H(z) = X9

Taking the inverse z-transform,

_{ ()", n=012..9
h[n]-{ 30’ otherwi

Since hln) is 0 for n < 0, the system is causal.
3.16. (a) To determine H(z), we first find X(z) and ¥ (z):

1
1- %z‘l 1-2:21
L §
_sz l
-1 Y)a-2-9 3° Izl <2

X(z)
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5 5
Y(z) = -
() 1-320 1-$z71
=8,-1 2
§z
= > =
-9 =21y 21> 3

Now

Y(z)

X(z)

1-2:"1 2

= —— z|> =
1-3z-? Izl 3

H(z)

The pole-zero plot of H(z) is plotted below.

H()

f\xwﬁ
12/3 2

(b) Taking the inverse z-transform of H(z), we get

Win = (3)"ufn] - 2" uln - 1
= () (ulnl - 3ufn - 1)
(c) Since
_Y{(z) _ 1-2:7
. H(z)-X(Z) = 1"%2_1'
we can write

Y(2)(1 - §z-1) = X(2)(1 — 2271,
whose inverse z-transform leads to

yin] ~ uin — 1} = zln] - 22fn - 1)

{d) The system is stable because the ROC includes the unit circle. It is also cansal since the impulse
response hn] = 0 for n < 0.

3.17. We solve this problem by finding the system function H(z) of the system, and then looking at the
different impuise responses which can result from our choice of the ROC.

Taking the z-transform of the difference equation, we get
Y()(1 - g:“ +2z7?) = X(2)(1 - 271,

and thus
Y(z) _ 1-2z"1
XG) - I- gt 4

H(z)



1-2z71

(1—22-3}1- %z’l)
2/3 i/3

1-2z71 " 1~ 32-2-1

If the ROC is
(a) lz] < &:
Mn] = ~32"uf-n = 1) = 3(3)"u{-n - 1]
= hl0}=
®) }<lel<2

hin] = —%2"1&[-—11— 1+ %(%)"u[n]
= Ao=3
{e} |zj > 2: . 1
hln] = 32"uln] + 3(3)"uln]
= hi0] = 1.
(d) jz] > 20r|z| < %—:

i) = Z27un) = 23 )muin -1
- h{()]:-g-
3.18. (a)
1+2¢-1432"2
HE = Gva-

1 s
= 2+ 43
1+4z7!  1-271

Taking the inverse z-transform:

1. 1., 8
A[n] = ~28[n] + 3(--2») uln] + Eu[n],
(b} We use the eigenfunction property of the input:
yin] = H(e™™*)zln],

where
L : :
x = -
H(e™?) = 2+1+%=—jl’/2+1-—e"j'/2
i -1
= 24 —d— i
1-;—: I+j
T
3t3

Putting it together, 2
J

2 2

yin] =
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3.19. The ROC(Y (z)) includes the intersection of ROC(H(z)) and ROC({X(2)).
(a) :

1

Y& = G -

The intersection of ROCs of H(z) and X(z) is |z} > 1. So the ROC of Y{z} is |z{ > 1.
(b) The ROC of Y(z) is exactly the intersection of ROCs of H{z) and X(z): § <lz| < 2.
()

1

Y& = aTnas

The ROC is |z] > §.
3.20. In both cases, the ROC of H(z) has to be chosen such that ROC(Y (2)) includes the intersection of

ROC(H(z)) and ROC(X (2)).
(a)
1- %z"
B =1
The ROC is |z > 2.
(b)
1
H(z)= e I
3.21. (a)The ROC s [z] > §.
yiln] = 0 n<0 ‘
n n
_ _ _ b _ nl - a—{n+1) _ 1- an-“-l _
yin] = Z:[k}h[n k]—Za e e e 0<n<N-1
k=0 k=0
N-1 Nl
_ _ i Wl=a¥ L 1-a”¥
vl = 3 alkbln-K=3 e*t=dt g =™, n2WN
k=0 k=0
(b)
— 1
H@) = ngo“"z-“ =i >
s 1-2-¥
X(z) = n;oz == k>0
Therefore,
' 1-z7N 1 2=V
Yi) = T—=ez)f1-2z-1) (I-azD(1-2z1) (Q-az1)(1-2z7) 1z > el
Now,

1 - T—a-7 + T:'_u _( 1 )( 1 _ a )
(I-aez (1 -2"1 l-az1 1-2z! \1-a/\1-2"1 1-az"}



3.22. (a)

(b)

3.23. (a)

7%

vin] = (l—i;) [u[a] - a"ufn] — ufn = N} — "N *1u[n - N
— an+1 _ an—N+1
SRR
0 n<0
win] = ¢ N 0<n<N-1
a™Hl (1;:'1”) a>N
vin] = Y hlkjln— 4]
k=—0c
— 1\* ,
= 3{~3 k]) [n—k]
kgun ( ( 3) UI ¢
n 1 E
= 3| --
>3 (3)
_ [$(-H™) a0
0, otherwise
Y(z) = H{z)X(z)
_ 3 1
To1+ %z‘l 1-z1
N i
- 1+~_£:z"1+l-~z"1
yln] = -3— (-%) uln] + g-u[n}
9 "
i)
n+1
- ¢ (1 -(3) ) ufo]
1-1:-2
Bz = Gz gz-l)zu y ey
= —4 5+ 2z°1
- N Py 12-2
PR SR
- I T
hin] = —4d[n]-2 (5) ulrj+7 (—) uin)
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(b)

vlin] ~ 3yl ~ 11+ 2yin ~ 2] = 2ln] ~ 32{n — 2

3.24. The plots of the sequences are shown below.

{a) Let
o
afn] = Z bn ~ 4k),
k=—o0
Then -
A(z) = Z 274
k=00
(b}
_ 11 ien n (T
bn] = 5[ +ms(-é—n)+sm(2 +21m)] u[n]
1 n x
= 5[(-1) +cos(§n)+l]u[n]
%, n=4k, k>0
= 5, n=4k+2, k20
0, otherwise
L - 3 —in - 1 _(an+2)
Bz} = 222 +Z2z
n=0 n=0
_3/241/2:72
= T lzf > 1
O08F
g’u--oo rYe
]
[ 214
ﬂ:L
R e i I e e e D
f
15 ; o ' i ' I ) 4
— L g
4
&
u-..‘ T T I..:
e B mr e s
n
3.25.
22 2?2
X(z) = (z—a)(z—~b)  z2-(a+b)z+ab

Obtain a proper fraction:



1

22— (a+biz+ab]|2?
22 —(a+b)z +ab
{a+d)z -—ab

{a + b}z — ab =1+ E+:!f;‘b (°+:.l.:—°b
(z—a)(z-b) z—a z-b
5 5 1 ( a?z-} B2 )

z—a z--b_1+a—b 1-az-' 1-bz-}

Xi(iz) = 1+

= 1+

z[n] = 4fn]+

n" bz
l — — A——— Ll 1 —
ba" u[n 1} bb u[n 1]

= 4[n)+ (a 1 b) (a"*! = " yufn - 1]

3.26. (a) z[n] is right-sided and

1-4z71
Xtz) = 14 3z71
Long division:
1 270 +3:? +
l+3z70 |1 — 1z
1 - %z'l
- %z-l
Sf g
+ 2z72
Therefore, z|n] = 2(—})"u[n] - 4[n)
(b)
3 321 4 4
X(2)= z-L-3zt T (- )1+ 47 T 3= 3271 T1- iz
Poles at 1, and —1. z|n] stable, = |z] > 1 = causal.
Therefore,
1\" 1\"
zln] = 4 (E) uln] - 4 (-z) u[n)
(e}
X(z) = Ib(1-42) |i< %
o ; -1
4z)* 1 -
= =3
=1 = e G0
Therefore,

zfn] = %(4)-*'“[-:; —1
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(d)
Jz| > (3)"t = causal

By long division:
1+ 5278 418 4 .

1-- %z‘s 1
1 - 32 -3
+ 3272
+ 1778~ }z~
+ }z78
HY, a=
— 2ln] = (3)°, n=0,3,6,
0, otherwise
3.27. (a)
1 1
X = - < |zl <2
() (1+1z-1)2(1 - 2z71)(1 - 3z71) 2 l2|
1 N 1568 2700
= —3 . 1225 _ 125 L 1725
{1+ %z"’)2 (1+ %z-l) (1-2271)  (1-3z1%)
Therefore,

1 _ n+l n
z[n] = -?;-g(n+1) (Tl) u[n+1]+(:;2 (-—l) u{n]+ (35)2 (2}"u[ n—1]- (35)2(3 Yu[-n—1]

(b)
-2 -3 ~4
- ok -1 -1 4 F4 4
X{(z)=¢" =1+2z +—2r+ T +T+...
Therefore, z[n] = -'%u{n].
(c)
X(z)= —5 =7 +2.z+1__2z_l jz} < 2

Therefore,
z{n] = &jn + 2] + 25[n + 1 ~ 2(2)"u[-n - 1]
3.28. (a)

nzn} & —z%l’(z)

z[n — ng] & z7™ X (2)

32'3 -
x = 2 = [ (5
z[n] is left-sided. Therefore, X(z) corresponds to:

zfn} = —12(n - 2) G)"_z u[-n + 1]



(b)
X(z) =sin(z) = Z (2(‘: :_) l)'zn“ ROC includes {z| = 1
Therefore,
-1
z[n) = Z (2(:: +)1), —__j§n+ 2k +1]
Which is stable.
(©) _
-2 1
X(z)= —_——:.? =z~ -1—_-—2-:7.; lz] > 1
X(z)=2"~ Z 7™
60
Therefore,

zin] =8ln+7) - i 8ln — Tk]

3.29.
X(z)=e"+e/* z#0
X(z) = z—z z ( ) z (—n)' 7+ z-—-z"" = z{n] = +5[n]
3.30.

X()=log(3~7)  li<y

(a)
= (22)F <1, ., =1/
X(z)=logl-2)= -3 8L o5 Loy T 2{2) :
ﬁz?l ! t.-;aa_t tgmt (2)
Therefore, .
z[n]:%(%) u[-n - 1]
(b)

nzfn] —z%log(l-h):-z(l _122)(—2)=z"‘ (T-:}lz?) P

(%) " den 1]

2ln] = %(%)nu[—n-—l]

nz(n]

1

2
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3.31. (a)
z[n] = &™uln] + b"uln] + u[-n - 1] {a] < I3} < ||
1 1 1
X(@) = jret e - oo <l <
_ 1-2cz7' + (bc + ac — ab)z~2
X = goama-noa-em Mk <
Poles: a, b, ¢, ‘
Zeros: z),z3,00 where 2; and z; are roots of numerator quadratic.
pole-zero plat (a) pole-zero plot ®)
NUSANN
') \ ofder
>§ b < - a
& \ \
\\ N \
(b)
zin] = nZg"u[n)
z1[n] = a"ufn] & X, (z) = I_:L— lzl > a

22[n] = nzy[n)
z[n] = nz;fn)

X(z)

z[n}

az~!

= na"fn]@X()--—iX()-—ﬁzl— |zl >a
= u | 2(z) =~z 1(z) = (1—02'1)2
d d az™!
= 2.0 — — = e Z e | ——r—
= n®a™ufn] & —z—X,(z) e ((1 —az"‘)") jzl > a

—az" 1 +az71)

(1 -az-1)3 Izl >a

%n) u[n — 1)

e (oos -]%n) (u[n] — u[n - 1) = &[n]

e (cos —l%n) ufn] — e (cos

Therefore, X(z) = 1 for all |z|.
3.32. From the pole-zero diagram

y[n]

~

z 3
X@z)= (Z~z+1(z+73) l=l> 3

= z[-n+3]=z[-(rn-3)]
=31

s Y(@)=2X(@) = (z2-zt 4+ 4)z1 + D)

8/3
zZ(2 -2z + 22)(% + z}




Poles at 0,— 3,1 j, zeros at o

z[n] causal = z[—n + 3] is left-sided = ROC is 0 < {2| < 4/3.

Y(2)
-4/3
3.33. From pole-zero diagram
22 +1
X(z) = P %
(a)
” 422 +1
yin] = (%) zpl = Y(z) = X(2z2) = v %
Zeros t%j
poles %, 00
Y2
R
Yz
\O
(b)
w[n] = cO§ (%) ;[n.] = %(ejrn/‘a’ + e-jam/z)z[ﬂ]
1 - -'/2 1 "/2 - l . 1 .
W(2) = 5X(e772) + S X(7/22) = S X(~jz) + 5 X (j2)
1(-2+1\ 1[-2+1)_ 22-1
wor=3(5:27) +: (557) = s s
poles at :_i:%j

zeros at +1

81
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3.34.

(a)

(b}

3.35.

Y(z)

yln]

"

f:’(z):‘?l

=727l 45272 1 3

h[n] stable

hin]* z[n] =

_Zn:;_)*

k= =00

k=2

—2ufn}+ 3 (

1-2z-1

~2u[n] ~ 2

H(z)

uln]

U(z)H(z)

u[n] » hln]

H(z)=-2

--gz—‘-l-z"2 =9+ 1-2z-0 1-%-2'l

= h[n] = 58[r} ~ 2*u[-n-1] -3 (%) ufn}
S hlk]
- __2ﬂ+!

1- (%)n-ﬂ.

-;—) nu[ﬂ.] — 2" tly[—n — 1]

1 1 1
1-2z1 +‘21—2z‘l +31—%z"1

@) u[-n-1]+3 (;) " uln]

— 23 - =3
. 1=z z“l(l z ) 2] > 1

1—z“= 1—2z—4
1 _ .z
1-2z-17 z2-1
iz
-z -z
z7} z—
= 1-2z-1 1-z-4 ls > 1

= u[n—l]-ié’[n-4-—4k]
F=0

izl > 1

n<0

-1 n 11— 1 n
— k pra— - — — ———————— T —
2 +5 23(2) =4-3 = 2+3(2) n>0
k=0 2

;—<lzl<2



3.36.

2[n] = ufn] & X(z) = ile—-T o] > 1

n-1 n+1
ylnj= (%) u[n+1]=4(%) uln+1) e Y(z) = ETEZ—_! Iz} > %

(a)

_Y(z)_ 4z(1-27Y) 1
X2 1L s> 3

NN
AN SN\

4z 4 1
1—1z-1 1-1 21> 3
2

H(z)

1

(b}

H(z) ;

4 (%)M-l ufn+1]-4 (-;-)nu[n]

sdln+1]-2 (%)nuln]

-1
22

hin]

{c) The ROC of H(z) includes |zj =1 = stable.
(d} From part (b) we see that hin] starts at n = -1 = not causal

3.37.

i
4

X&) =pat o

[RTTo (T

has poles at z = 1 and z = 2.

Since the unit circle is in the region of convergence X (z) and z[n] have both a causal and an anticausal
part. The causal part is “outside” the pole at . The anticausal part is “inside” the pole at 2, therefore,
z[0] is the sum of the two parts

£(0] = lim ——d— 4+ tm 45 = L 0= ]
Tamml-izl T iv0z-2 37 3
3.38.
-) -2
Y(z)= — 2 2 2 12> 1

-1+ 1-273



Therefore using a contour C that lies outside of |z| = 1 we get

_ 1 2(z +1)2"dz
= o f E-DE+DE-D

23+ 1E) | A=F+DEH 204D
G+d-1 F-Di-n 7 0-hHa+y

18 2
= -?r'— 3 +6=2

3.39. (a)

z10

X e DG+ PG DG D

Stable = ROC includes {z] = 1. Therefore, the ROC is } < |z] < 3.
(b} z[-8] = Zfresidues of X{z)z~? inside C], where C is contour in ROC (say the unit circle).

= DE-PGCT e+ NG+ D)

zZ[8| =X [rsidues of inside unit ci:cie]

First order pole at z = % is only one inside the unit circle. Therefore

3.40. (a) After writing the following equalities:

V(iz) = X(z)-W(z)

W(z) = V{(z)H(z)+ E(z}
we solve for W{z):
e solve for {z) . . . . .
@ = TEe X mrEe £@
(b)
_ _HG)
BE = G T Tean st
Hy(z) = “_;r:pz-*
1=z=

(c) H{(z) is not stable due to its pole at z =1, but H;(z) and Hy(z) are.
3.41. (a) Yes, hjn] is BIBO stable if its ROC includes the unit circle. Hence, the system is stable if rmin <1

and rp.: > 1.

(b) Let’s consider the system step by step.

(i) First, v[n} = @ "z[n). By taking the z-transform of both sides, V'(z) = X (az).

(ii) Second, vln] is fitered to get win]. So W(z) = H(z}V(z) = H(z) X (az).
(ili) Finally, yjn] = a™win]. In the z-transform domain, Y (z) = W{z/a) = H(z/a)X(z)-
In conclusion, the system is LTI, with system function G(z) = H{z/a) and g[n] = a™A{n].
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(c) The ROC of G{z) is armin < 2] < armas. We want rp, < 1/c and rpg, > 1/a for the system
to be stable. -

3.42. (a) Aln] is the response of the system when z{n] = &{n]. Hence,

10

hin] + 3 axhin - k] = &[n] + Bé[n - 1,

k=1
Further, since the system is causal, h{n] = 0 for n < 0. Therefore,
10
ol + 3 arh[-k] = Af0] = 8[0] = 1.
k=1
{b) Atn=1,
WU+ enhlo) =8+ 4l e an =2l =5 np

(c) How can we extend hin] for n > 10 and still have it compatible with the difference equation for §?
Note that the difference equation can describe systems up to order 10. If we choose

Aln] = (0.9)" cos(%n)u[n],
we only need a second order difference equation:
ay=EMm=as=0g=ar=0as =ag =a0=0.

The z-transform of hn] can be found from the z-transform table:

123
_ )
H(z) = (1 ~ 0.9e%/42-1)(1 ~ 0.9¢-1%/4z-1)

H@)

s
4
LA .

3.43. (a)
1 ] 1
X(z)-'l—%z'l-_l—iz"" §<|z|<2
6 6 3
OR v v R e r= B L L
gzt
y Y(z fi-gz-1)(1-3z-7
HG) = Xﬁ,)) = i

=3 a=2:-1]
. 1=-2"t 2] > 3
T o1 :4 P 4
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(b) -1 Il
hln] = (Z)ﬂu[n} -2 (-—) " uln — 1]
(©)

vin] = $vln = 1) = zfn] - 22[ — 1

(d) The system is stable because the ROC includes the unit circle. It is also causal since hfn] = 0 for
n <0

3.44. (a)

1

— 3
v e e

arid

The ROCis § < |z} < 2.

{b) The following figure shows the pole-zero plot of Y{z). Since X (z) has poles at 0.5 and 2, the poles
at 1 and -0.5 are due to H(z). Since H{z) is causal, its ROC is |z{ > 1. The ROC of Y(z) must
contain the intersectior of the ROC of X{z) and the ROC of H{z). Hence the ROC of Y(2) is
1<fzl<2.

Pole--pero piot of Y(z)

Imnaginary parl
[

-1 =G5 Ouﬁéﬂl 15 2
{c)

(I—z=)(+4x~1}{1~2:"1)

1
-12-T)i—2z-T)
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(1+z71)1~-43z71)
(1-z"1)}1- %z"l)
i,

= 1-‘.l—z'l + 1+«%z"1

Taking the inverse z-transform, we find
2 2.1
Bfn] = 8{n] + Sufn] ~ 5(-3)"uln]

(d) Since H{z) has a pole on the unit circle, the system is not stable.

3.45. (a)
nylnl = =i
-zé}j—diz-l = X(2)
Y = - f 21X (2)dz

(b) To apply the results of part {a), we let z{n] = ufn — 1}, and w(r) = y[r}.

z—l

W(z) = —fz"l_z_ldz

1
= —[-———z(z_l)dz
-1 1

= - —+

z z-1

= In{z)-ln(z -1}

dz

3.46. (a) Since y[n] is stable, its ROC contains the unit-circle. Hence, ¥'(z) converges for 1 < [z} < 2.
, (b) Since the ROC is a ring on the z-plane, y[n] is a two-sided sequence.
(¢} z[n] is stable, so its ROC contains the unit-circle. Also, it has a zero at oo so the ROC includes
co. ROC: || > . 7
(d) Since the ROC of z|n] includes oo, X (2} contains no positive powers of z, and so z{n] = 0 for
n < 0. Therefore z(n] is causal.

()
310] = X(z2lizeo
AQl - 2271
(1+ 32711~ ;;-l)l‘”’
= 0

* {f) H{z) has zeros at -.75 and 0, and poles at 2 and co. Its ROC is |z} < 2.



Pole-2a0 plot of H{(z)

AN

=15

-1 05 s 15 2

(g) Since the ROC of hfn] includes 0, H(z) contains no negative powers of z, which implies that
h[n] = 0 for n > 0. Therefore Aln} is anti-causal.

3.47. (a)

3.48.

X(z) = Zz[n]z'"
n=(0
X() = lim 3 zin)e™" = 2[0]
‘=o

Therefore, X (o0) = z[0] # 0 and finite by assumption. Thus, X (z) has neither a pole nor a zero
at z = oo,

(b) Suppose X (z) has finite numbers of poles and zeros in the finite z-plane. Then the most general

form for X (z} is
M
, G-

X{z)= z zZ[plz™" = Kz"-t;-}-————

n=0 H(z—dg)

K=1

where K is a constant and M and N are finite positive integers and L is a finite positive or negative
integer representing the net number of poles (L < 0) or zeros (L > 0) at z = 0. Clearly, since
X (00) = z{0] # 0 and < o0 we must have L + M = N; i.e., the total number of zeros in the finite
z-plane must equal the total number of poles in the finite z-plane.

P(z2)

Q(z)

where P(z) and Q(z) are polynomials in z. Sequence is absolutely summable = ROC contains [z] =1
and roots of Q(z) inside jz] = 1.

These conditions do not necessarily imply that z{n] is causal. A shift of a causal sequence would only
add more zeros at z = 0 to P{z). For example, consider

X{z) =

b 1
_ Z__,. 1
T S T Yor

n+1
= zin]= (%) uln + 1] = right-sided but non-causal.
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3.49.
zin] = dn)+ad(n-N) fal<1
X(z) = 1+az¥
X(z) = logX(z)=log(l +az~N)=az"N - “2"; i “3’; .
Therefore, -
tnl=Y (“12*“ a*éfn — kN]
. k=1
3.50. (a)
zln] = z[-n] = X(z}= X (;—)
Therefore,
X =0=x ()
ie., 1/zq is also a zero of X(z).
(b)
z{n] real = z[n] = z"[n] = X(z) = X*(z")
Therefore
X(20) = 0= X(z5)
i.e., 27 is also a zero and by part (a) so is 1/z;.
3.51. (a)
Ziz'lnll= 3 X'[nl™" = ( > z[n](z')"‘) = X"(z")
(b)
Zial-nll= ¥ d-nlem= Y ) = XY
(c)
ZiRefalal) = 2 [LLEZE - Lix + x0)
(d)
Z{Im{z{n]}) =2 [.’_['igj_"_['_‘l] = %[x(z) - X*(2")]
3.52.

) = (-z(n) = Xi(z)= Y (-1)z(n)z™ = X(-z)

= —00

The poles and zeros are rotated 180 degrees about the origin.



N=-1
3.53. (a) Im{X () - Zz[n] sin{rw)
Gz(w} = tan"’l ('——H-—'-—R":{{X(CJU)}}) = tanﬂ,(w) N’h—:o
Y zfn) cos(ru)
n=°
N-1 N~1
tan 8, (w) 2 z{n] cos(um) = — Z z[n} sin{nw)
n=0 n=l
N-1
tané, (w)z[0] + Y z[n)(tan 8, (w) cos(nw) + sin{nw)) = 0
n=l
N-1

tand, (wy) + — [01 Z z{n](tan 8, (wi) cos(nwy) + sin(nw;)) = 0
for N — 1 values of w; in the range § < w; < 7.
(b) z[n] = 4[n)+26[n — 1]+ 3[n - 2] = X(z} =1+ 22" +3z72

_ ~2sin(w) — 3sin(2w)
6 (w) = tan ! (l + 2 cos{w) + 360’5(2’*’))

Consider the values 8; (§) = % and 6, (2F) = 3%, which give the equations

wad, (3) + [01 [#11) (120 0. (F) cos 3 +5in 3)

+ z{2) (ta.nﬂz (-5) oos1r+sm1r)] =0
tané, (-2%) + ;15 [z[l] (ta.nﬂ, (231) c052; + sin 2?”)

+ z{2) (tanﬁ (2;)cos%+sm4;)] =9

1
+ ;-[3]-(1[1] -l4z{2]-~1) = 0
_Jﬁ+;;ﬂ(z[l]+§%+§)+z[2](§%r%§) = 0

"
=

z[0] + z{1] — z{2}

i

I
=]

z[1} 2z[0]

=
z[2] = 3z[0}
z[n] = z[0)(8[n] + 23[n — 1] + 36[n - 2])

where z[0] is undetermined.

=z{0] + 2z1] - z[2]
Therefore
3.54. z[n] = 0 for n < 0 implies:

z=00

lim X(z) = zl.;L.ngg i zn]2~" = z{0] + ‘l;lﬁ,.ln Z z{njz™" = z[0]
n=0 n=]
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For the case z[r] = 0 for n > 0,

0 o
!i_% X(z)= tim E z[n]z ™ = z{0] + P_:.%“g z[-n]z" = z[0}

3.55. (a)
cezfn) = i zlklzin + k) = f: z{—k]z{n — k] = z{—n] » z{n]
= = -0

Ceelz) = X(27 1) X(2) = X(2)X (z7)

X (z) bas ROC: rg < |z] < r; and therefore X(z~?) bas ROC: r7? < {z] < rg!. Therefore C,(z)
bas ROC: maxjr;?, 7z} < |z| < min[rg’,re]
(b) z[n} = a™u[n] is stable if |a] < 1. In this case

_ 1 -y, 1 -1
X@=opm i<l wmd XE =g EI<le”
Therefore
1 1 —az”}
Caz(2) 1-az-1-az (1-az-1){1~a"1z"})
Tt = < la~
— = I—Ir:z—l - I-ag-iz-} la] <lz; <la ll
This implies that

czzn] = i _laz [a"u[n] + a~"u[-n ~ 1]}

Thaus, in summary, the poles are at a and a™1; the zeros are at 0 and co; and the ROC of C::(2)
is {a| < Jz{ < ja7%}.

(¢) Clearly, z,[n] = z{—n] will have the same autocorrelation function. For example,

1 1

Tmaica = )

1 -
(=1 Izl < |67 = Cyyui(2) =

(d) Also, any delayed version of z{n] will have the same autocorrelation function; e.g., 23[n] = z[n—m]
implies

=™ z ™ ™
X2)= g0 <= Coult) = 7Ty

= Cyal2)
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3.56. In order to be a z-transform, X (z) must be analytic in some annular region ai the z-plane. To determine
if X(z) = z* is analytic we examine the existence of X'(z) by the Canchy Riemann conditions. If

X(z) = X(z + jy) = u(z,y) + ju(z,y)

then for the derivative to exist at z, we must have

O & g R__ 2
8z &y 8y~ Oz
In our case,
: X(z+jy)=z-y
and thus,

Bu v
5;:-—1 # 3 =
unless £ and y are zero. Thus, X'(z) exists only at z = 0. X(z)} is not apalytic anywhere. Therefore,

z[n] = hlj f X(z)z""'dz does not exist.

3.57. If X(z) has a pole at z = zo then A(z) can be expressed as a Taylor's series about z = 2.

— A" (Zo)

A(z) zO)n
where A(z) = 0. Thus
B
Res (X(s) st 2= 2] = K)o~ lemse = 10
B(z)(z ~ %)
EA (10)( — z)"ls=s0
n=l
= Blz) _ B(x)
= - 5
A(z0) +z (Zo) — zg) lemae (20)



Solutions — Chapter 4

Sampling of Continuous-Time Signals
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4.1.

4.2

4.3.

4.4.

4.5.

2.(nT)
sin (‘2«(10_0)::&)

s (37)

z[n] = cos(T7)

z{n]

fl

The discrete-time sequence

results by sampling the continuous-time signal
z(t) = cos(fle).
Since w = IT and T = 1/1000 seconds, the signal frequency could be:

n,:%-mo:zso«

or possibly: .
ﬂ,=(21r+z)-1000=22501r.

{a) Since z[n) = z.(nT), -

I = 4000mnT

3

1
T 12000
(b) No. For example, since
g T
cos(sn) = cos(—-a-n),

T can be 7/12000.
(a) Letting T = 1/100 gives
zln] = ze(nT)
1
= sin (201rn%) + ¢os (401rn—)

- () ()

(b) No, another choice is T = 11/100:

zfn] = z.(nT)
- s () + o (Weni;)
- () re (57)
m

A plot of H(e’) appears below.



) H(ejm)

]

/8 -] @
(a)
“z(t) =0, |0 > 2x-5000

The Nyquist rate is 2 times the highest frequency. = T = zig sec. This avoids all aliasing in
the C/D converter.

(b}
1 = 1okH:
F =
w = TN
x 1
8 10,000“‘
Q. = 2x-625rad/sec
J. = 625H:
(c}
il; = 20kH:z
w = T
” 1
T < How:
2, = 2x-1250rad/sec
I 1250H =
4.6. {a) The Fourier transform of the filter impulse response
. H(i0) = he(t)e ™7™ dt
iy
= / nﬂue-jmd!
[
_ 1
T a+3f

So, we take the magnitude :
. 1
1B = (75 ) -

1} 1K, (i
1/a
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(b} Sampling the filter impulse response in (a), the discrete-time fil. .r is described by
hain] = Te *"Tu[n]

[
Z T c-onT e—jwn
nx=0

T

1 —e—tTe—Jw

fl

Hy(e)

"

Taking the magnitude of this response

; T
Ha({e?)| = .
el (1 ~ 2¢—°7 cos(w) + e-2T)}

Note that the frequency response of the discrete-time filter is periodic, with period 27.

g 3

- i 1 ] 1 il 1 A /] P

o —4r -2n 0 2R am 0

{¢) The minimum occurs at w = x. The corresponding value of the frequency response magnitude is

; T
Hy(f™)| =
e (1 + 2eoT 4 ¢-2eT)}
= T
T 14 e
IHy(e i€y

[
- Ta 2 "

4.7. The continuous-time signal contains an attenuated replica of the original signal with a delay of 74.
Zc(t) = sc(t) + as.(t — 14)
(a) Taking the Fourier transform of the analog signal:

X (50) = S.(50) - (1 + ae™77¢%)

Note that X (j2) is zero for [} > x/T. Sampling the continuous-time signal yields the discret:

time sequence, z[n]. The Fourier transform of the sequence is

| xe) = & % st
T &, € T

o0
% PR J—”+:—)c”"‘*+"‘".

r=—00



(b) The desired response:
' [ 1+ae i, for [Q] < &
ay0) = { 0, othermse

Using w = fiT, we obtain a discrete-time system which simulates the above response:
H(e™)=1+ae /¥
(c) We need to take the inverse Fourier transform of the discrete-time impulse response of part (b).

] = 5‘; H()e du

= o [ Qe )i

(i) Coasider the case when 74 = T
1

hin} (e"‘“ + ae?(r=N) dy

2%
_ ll.l.'l('l‘ﬂ.) asinjr({n — 1)]
- ™ w{n-1)

%

§[n] + adln - 1}
(i) Forrg =T/2:

hn) = o [ (@ +ae D)

Ix -
_ sin(rn) asin[x(n - 3)]
T x(n - })

. . - l
= g+ 2220

2
4.8. A plot of X (1) appears below.
X (G4)
- 20t 2mx104 £

(a) For z.(t) to be recoverable from z{n], the transform of the discrete signal must have no aliasing.
When sampling, the radian frequency is related to the analog frequency by

w = QT.
No aliasing will occur if the sampling interval satisfies the Nyquist Criterion. Thus, for the band-
limited signal, z.(t), we should select T as:

1

Tsleo"




(b)

(c)

(d)
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Assuming that the system is linear and time-invariant, the convolution sum describes the input-
output relationship.
[- -]
vinj= Y azlklhin - k)
k= —c0
We are given

n

vinl = T Y =ik
kx=—o0

T z zikju{n - k]

=—o0
Hence, we may infer that the impulse response of the system
hin] =T - u[n].

We use the expression for y[n] as given and examine the limit

Jm T 3 ot

k=—cd

T- Y =k

kx=-—00

lim y[n]

R0

Recall the analysis equation for the Fourier transform:

X(e*) = z z[nle™I"

Hence, )
Jim yin] = T~ X(€*)lumo

We use the result from part (¢). Noting that

T - j2
X(e-’):TZ + 2228

=)

Thus, we have
j2mr

T- X{(e™)omo = 2 X(=5)

r=—-00

From the given information, we seek 3 value of T" such that:

> xidF = [ noea
= XA{ift)o=o

For the final equality to be true, there must be no contribution from the terms for which r # 0.
That is, we require no aliasing at 2 = 0. Since we are only interested in preserving the spectral
component at {I = 0, we may sample at a rate which is lower than the Nyquist rate. The maximum
value of T to satisfy these conditions is

1
€ msmarmicr
T"'lxlO"
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4.9. (a) Since X(e%) = X(edw=")), X (e) is periodic with period .
(b) Using the inverse DTFT,

] = = [ X()emdw
2 (Ix)

= L[ x@Ee-eende

2% Ji2x)

= = [ X(e)erndn

r (ax)

L [ x(evyeinde
2 {2x)

= (-1)"z[n).
All odd samples of z|n] = 0, because z{n] = —z[n]. Hence 2(3] = 0.
(c) Yes, y[n] contains all even samples of z{n}, and all odd samples of z{n] are 0.
slo) = { B/ e
4.10. Use z{n] = z.(nT), and simplify:
(a) z{n] = cos{2xn/3).
(b} z[n] =sin{drn/3) = - sin(27n/3)
(c) 2[n] = 2575

4.11. (a) Pick T such that
z{n] = z.{nT) = sin(10xnT) = sin(rn/4) =T =1/40

Theze are other choices. For example, by realizing that sin(xn/4) = sin{9rn/4), we find T = 9/40.
(b) Choose T" = 1/20 to make z[n] = z.(nT). This is unique.
4.12. (a) Notice first that H{e’*) = 10jw,-x Sw < 7.
{i) After sampling,

dn] = cos(pn),

vl = |H(¥ ) cos(n + CH(F))
= snos(%"wg)
= -suin(%’in)

velt) = —6rsin(6nt).

(ii) After sampling, z{n) = cos(%En) = cos(3n), so0 again, y.(t) = —6x sin(6xt).
(b) y.(t) is what you wouid expect from a differentiator in the first case but not in the second case.
This is because aliasing has occurred in the second case.
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4.13. (a)
ze(t) = sin(z0)
velt) = sin(z5(t~5))
. L4 x
= (gt - )

vin) = sin(5 - 7)
{b) We get the same result as before:
z.(8) = sin(;—ot)
ve(t) = sin({5(t-25))
- e
vin] = sn(E-7)
(¢} The sampling period T is not limited by the continuous time system h.(t).

4.14. There is no loss of information if X (e**/?) and X (e/(~/2-*)) do not overlap. This is true for (b), (d),
(e}.
4.15. The output z,[nr} = z{n] if no aliasing occurs as result of downsampling. That is, X(e’*) = 0 for
LIEE SRS A .
(a) z[n] = cos(xn/4). X () has impulses at w = +x/4, so there is no aliasing. z.[n] = z[n].
(b) z{n] = cos(7n/2). X{e’) has impulses at w = %1 /2, 50 there is aliasing. z,[r] # z[n].
(¢) A sketch of X{e’) is shown below. Clearly there will be no aliasing and z.[n] = z{n].

| .
X(el‘“ )
= =y w4 o
4.16. (a) In the frequency domain, we have
| X(e j“’) , “)-({c j“’)
T3 x3 o ~ 5w 506 ©
M_5/6_5
L =32

This is unique.
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(b) One choice is —

M_ w2 2
L 3x/4 3
However, this is not unique. We caa also write £4{n] = cos(%n), s0 another choice is
M _5%/2 10
L ~3x/a 3
4.17. (a) In the frequency domain, _
‘ wy _ J L Wl <2x/3
X(e™) = { 0, 2xf3<w|<x

After the sampling rate change,

¥ fury 4/3, itd|<1r/2
x‘(‘”"{o, rf2<|wi<x '

which leads to 4sin(rn/2)
smirn
=3

(b) Upsampling by 3 and low-pass filtering :[n] = sin(3xn/4) results in sin(rn/4). Downsampling by
5 gives us Z4[n) = sin(5xn/4) = —sin(3tn/4).

4.18. For the condition to be satisfied, we have to ensure that wo/L < min(x/L, x/M), so that the lowpass
filtering does not cut out part of the spectrum.

(3) wo/2 < 7/3 = womas = 27/3.
(B) wo/3 € 7/5 => wo,mes = 3/5.
{c) Since L > M, there is no chance of aliasing. Hence wy mar = 7-

4.19. The nyquist sampling property must be satisfied: T < x/{l.

4.20. (a) The Nyquist sampling property must be satisfied: T < x/{} == F, > 2000.
(b) We'd have to sample so that X (e’*) lies between jwj < #/2. So F, > 4000.

4.21. (a) Keeping in mind that after sampling, w = T, the Fourier transform of z{n] is

X X (e3€)

AT

%:"x ©

(b} A straight-forward application of the Nyquist criterion would lead to an incorrect conclusion that
the sampling rate is at least twice the maximum frequency of z.(t), or 201;. However, since the
spectrum is bandpass, we only need to ensure that the replications in frequency which occur as 2
result of sampling do not overlap with the original. (See the following figure of X,(jQ2).} Therefore,
we only need to ensure 2n :

2r
n:—?,-ﬁin] =T<-A_ﬂ



X6

i

Q 0 o

2z,

(c) The block diagram along with the frequency response of h(t) is shown here:

x[n}

convert
 sequence |
o1
trapulse

fier | *®
h(t)

4.22. (a)

—

=3

et

n

{b) To recover simply filter out the undesired parts of X (e/*).

x[n]

| Bandpass
Filter

x.(t)

(c)

4.23. In the frequency domain, we have

103
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XG9Q) Xel® Y G
i ¥ L T,
-ﬁfrl ﬂl -x ® o —Ifrz ﬂz

r
2(0=0, 10127
Therefore, since we are sampling this z.(t) at the Nyquist frequency z{n] will be full band and unaliased.
z[“] = z.{nT})

ye(t) is a band-limited interpolation of z{n] at a different period. Since no aliasing occurs at z[n], the
spectrur of y.(t} will be a frequency axis scaling of the spectrum of z.(t) for Ty > o or T3 < T5. As

we show in the figure,
T
yc(t) = zjc ("j‘-.;t)

4.24. The Fourier transform of y.(t) is sketched below for each case.



(a) X(e1®)
1T,

fﬁom

N KC) -ux51103 xxSx!03
1T, -
- X2 =-2t151103 2ux5:103n
©) X(e19) Y. GRQ)
1T,
N :-nx5x103 nx51103
d
@ X(e®) Y. GQ)
T, 12
- :-2315:(103 2nx$xl03
4.25. (a) z,(2) = z.(t)s(t) = X, (5) » ()
1x 6
m
—RIT =M 0
dxeio)

uT |
V\ )
2n

105
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- (b) Since Hy(e’) is an ideal lowpass filter with w, = Z, we don’t care aboat any signal aliasing that
occurs in the region § < w < x. We require:

2x x
T —-2x-10000 > o
i 8
-T— = ,—,-10000
T < T 10-%sec
: 8
Also, once all of the signal lies in the range ] < %, the filter will be ineffective, i.e., § < T{2rx10%).
So, T > 12.5usec.
(©)
o 4
= T = Qg = E
Q.
slope = x/
- 877 x 104 8x104 Tfl‘

4.26. First we show that X,(e/¥) is just a sum of shifted versions of X (e/¥):

z[n], n=Mk, k=0,%1%2
z,[n] = 0, otherwi

1 M
= (.ﬁ z almﬂf“)) z{n]
k0
- -]

X&) = Y zinjedn

n=x—go
o M=1

= z _;'?_ Z z[n]ejﬂtkn/l{)e—jwn
n =00 k=0
1 M-1 o™

i z z ,[,,le—:'lw-(z-r&/lﬂln

sl nx-o0
= L "Z-:‘ X (eflu-tantracil)
M kD

Additionally, X4(e’*) is simply X,(e?) with the frequency axis expanded by a factor of M:

i X,[Mnje~vn

= z x,[lJe—ilwiMN

[ )

= X, ,ﬂu/m)

Xu(e™)
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(a) (i) X,(e™) and X (e) are sketched below for M = 3, wy = 7/2.
Xg(ei® )

(ii) X, () and Xy(e’*) are sketched below for M = 3, wy = x/4.

Xotel® )
/R
— 1 H A ) -
—r -2n/3 ~7/4 w4 203 &
Xgei® )
/R
. - A\ L\, A\ .
-2 - . x 2n Tw

(b) From the definition of X,(e7*), we see that there will be no aliasing if the signal is bandlimited to
#/M. In this problem, M = 3. Thus the maximum value of wy is #/3.

4.27. Parseval's Theorem: o .

1 [ ‘
Y telnlf = 5 [ X
T~ -

When we upsample, the added samples are zeros, so the upsampled signal z,[n] has the same energy as

the original z{n):
S = S el

A= =00 N - 0

and by Parseval’s theorem:
-1_ ) B = ’ jor 12
3 [ X = o [ xepas
Hence the amplitude of the Fourier transform does not change.

When we downsample, the downsampled signal z4[n] has Jess energy than the original z{n] because some
samples are discarded. Hence the amplitude of the Fourier transform will change after downsampling.
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4.28. (a) Yes, the system is linear becanse each of the subblocks is linear. The C/D step is defined by
z{n} = 2.(nT), which is clearly Linear. The DT system is an LTI system. The D/C step consists
of converting the sequence to impulses and of CT LTI filtering, both of which are linear.

(b) No, the system is not time-invariant.
For example, suppose that Aln] = §n), T = 5 and z.(t) = 1 for =1 < ¢ £ 1. Such a system would
result in z(n] = &{n] and y.(t) = sinc(x/5). Now suppose we delay the input to be z.(t — 2). Now
z{n] = 0 and y.(t) = 0.

4.29. We can analyze the system in the&équency domain:

ey [y Txe g [ cio i ) 7 e )

=i

Yi(e?*) is X (€25} H, (™) downsampled by 2:

Yi(e™)

% {X(e’iﬂn)ﬂl (ejHIZ) + X(e‘”‘"’""”)ﬂ’, (ef(w-zv)/z)}
= % {X(C"")H‘(e’“ﬂ) + X(ej("_z'))ﬂl(ej(!"))}

= 3 {BmE™) + BTN x()
= Hye)X(e®)
Hyew) = 3{H(e?)+ By}

4.30.
XM =0 I} > 4000x
Y(n) = 19X (1), 1000x < [0 < 20007
Since only half the frequency band of X, (5{1) is needed, we can alias everything past {2 = 2000x. Hence,
T =1/3000s.
Now that T is set, figure out H(e’¥) band edges.

=T 2w =27-500-g% =>wu-=

wz=QzT =>wg=2ﬂ"1000'73& Dy =

4.31.
XG5 =0, 101> %

- j

t
() = f ze(r)dr = H(0) = =

In discrete-time, we want

-*SwsTx

H™) ={ (’]T otherwise



109

He 1® ¥
- i 1 ——
=2 - 3 x o
barg(tie ¥ )) o
~x = = e
-x
4.32. (a) The highest frequency is x/T = » x 10000.
f°
-1 h
I *
-~ -
£ |
i ¥
B T I YR YR
100
Shp
.

A .q:l .4:5 -ala -o:z t; 0‘2 njn ll.s o.l 1
{b) Mt Bequency (Nygquist == 1)
{¢) To filter the 60Hz out,
1 3x
wo=T= 5000 2% =35
4.33.
yin] = 2[n)

V() = X(eM)s X(e™)

therefore, Y (/) will occupy twice the frequency band that X (e) does if no aliasing occurs.
BY(e) #0, -x<w<rthen X(e™)#0, —§<w<}andsoX(j1)=0, 0] 2x(1000).
Since w = T,

v

T - 2x(1000)

= N
IA

L
4000
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4.34. (a) Since there is no aliasing involved in this process, we may choose T to be any value. Choose T = 1
for simplicity. X.(jQ) = 0,|0 > x/T. Since Y.(i00) = H.(GM)X.(39), Y(50) = 6,0 > «/T.
Therefore, there will be no aliasing problems in going from y.(t) to y[n].

Recall the relationship w = fIT. We can simply use this in our system conversion:

H(e*)
H(iQ)

e/
-T2
= 2 T=1

]

Note that the choice of T and therefore H(jQ) is not unique.
(b)

5 _ %Y L llie-3) -i(%En-$)
eos(zn 4) = 2[e’ +e ]

= %e-.i(-li)eﬂhmn + %ej(r/i) e~ i(s7/2)n

Since H(e*) is an LTI system, we can find the response to each of the two eigenfunctions separately.
1 . , _ 1. ‘ .
= 2 a=i{n/4) (5% /2) (5x/2)n 4 _ i(x/4) ~j(5%/2)) ,—F(5=x/2}n
y[n] 2° H(e-’ )e‘ +2e-’ H(c )e

Since H(e’“) is defined for 0 < || < 7 we must evaluate the frequency at the baseband, i.e.,
5x/2 = 57/2 — 27 = x /2. Therefore,

1. i , . _ .
sl = eI (esern) ernsain 4 %eﬂr/tl H (em367/2) ¢=sts/2in

= % (eHtsm/mmcxr2 .,.,’-ajusr/:)u-(a/zn) ’

-1

4.35. The frequency response H(e’*) = H.(2/T). Finding that

i 1
H.UM = Capragm v 3
H(c™) 1
{10jw)? + 4(10jw) + 3
1
-100u? + 3 + 405w

4.36. (a) Since T =w, (27-10)T=3=T=_L
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(b) The downsampler bas M = 2. Since z[n] is bandlimited to 47, there will be no aliasing. The
frequency axis simply expands by a factor of 2.
For y.(t) = z.(t) & Y.(j2) = X.(0).
Therefore QT" = 2x - 1007 = T = 5.

4.37. In both systems, the speech was filtered first so that the subsequent sampling results in no aliasing.
Therefore, going #[n} to s, [n] basically requires changing the sampling rate by a factor of 3kHz/5kHz =
3/5. This is done with the following system:

sn) ? Digital LPF| ‘ sl{n]
—ﬂ‘ 3 cutoff =x/3 - 5 [
gain=3
4.38. X.(j0) is drawn below.
X, 6Q)
T

z.(t) is sampled at sampling period T, so there is no aliasing in z{n}.

X(e 19)
T

i -x ] w
Inserting L — 1 zeros between samples compresses the frequency axs.

Vie 19 )
LT

- <L «L T ®
The filter H (e’*) removes frequency components between x/L and =.

welo )

- =L ®L

The multiplication by (—1)® shifts the center of the frequency band from 0 to .

Y{e jo )

/AN VAA
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The D/C conversion maps the range ~x to x to the range ~x/T to x/T.

4.39. (a)

Mnj=0, [nf>(RL-1)

Therefore, for causal system delay by RL ~ 1 samples.
(b) General interpolator condition:

hio] 1
RkL) = 0, k==%1,£2,...

()

(RL-1) AL-1

vinl= Y Alklvln - k] = Aojuin] + D Aln)(v[n ~ K] + vin + K))
k=~(RL-1) k=1
This requires only RL-1 multiplies, (assuming hf0] = 1.)
(d)
n+{RL-1)

yinj= 3 olklhin- 4

k=n—{RL-1)

¥ n =mL (m an integer), then we don’t bave any multiplications since h[0] = 1 and the other
non-zero samples of v{k] hit at the zeros hfn]. Otherwise the impulse response spans 2RL - 1
samples of v{n], but only 2R of these are non-zero. Therefore, there are 2R multiplies.

4.40. Split H(e’) into a lowpass and a delay.
H(e™)
Hyp(e™)

"

Hyp(ev)e v
{ 1L Wl<F

0, F<ll<n

Ll

x.(t)  em x[n] tL . Hu,(im)‘ win} e'jm v[n) ‘L i Y%
L ]
Ideal Upsampler with gain

of | instead of L

Then we analyze the system as follows:
zin] = z.(nT)} o aliasing assumed
win] = %z,(n%) rate change

v[n] = w[n—l]:%xc(n%—{-), delay at higher rate

vinl] = %3: (nT - -i-')

H

vin]
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4.41. (a) See figures below.
(b} From part(a), we see that

. . 2x . 2x
Y.(i9) = X.(5(2 ~ ) + X (@ + F))

Therefore, 2
¥e(t) = 2e.(¢) cos( 1)

X(e 1)

~x x w

Xl(e je )
T

 -Swid -3wd -xid x/4 Ivd S w

Y (e jo,
AT
o T -3%i4 w4 w4 3xd ©
Y 59
1
<3RT =T =T 3T 7]

4.42. (a) The Nyquist criterion states that z.(f) can be recovered as Jong as
2x 1
-_— —
7 22x2x(250) =T < 00
In this case, T = 1/500, so the Nyquist criterion is satisfied, and z.(t) can be recovered.

(b) Yes. A delay in time does not change the bandwidth of the signal. Hence, y,(t) has the sam
bandwidth and sarpe Nyguist sampling rate as z.(t).

(¢} Consider first the following expressions for X(e/) and Y(e?“):

X(E) = 2XG) lony = 555 Xe(500)

Yoo _ 1 _ins000y .
fY,(Jﬁ) ’n:; = 5e ¥ X(if2) loxy

= oot X(500)

eI X (etv)

¥(e)

i

I
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Hence, we let

oy k-j“v 'w' <
A )‘{ o, othermse;'

Then, in the following figure,
R(e¥) = X(&%)

Y(e™) = e #/2X(ev)
x[n] | YIRLL H winli 42 y[n]

(d) Yes, from our analysis above, _
Hy(e™) = e~/

4.43. (a) Notice first that

F.(i) Haa (§Q)e~%, |0} < 4007
X (i) = § E.(O)|Hoa(§0)]e%, 4007 < {02 < 8007
(i otherwise

For the given T = 1/800, there is no aliasing from the C/D conversion. Hence, the equivalent CT
transfer fanction H.(7¢1) can be written as

oy o | H(ENo=ar, 19 <n/T
He(9) = { 0, ¢ otherwise

Furthermore, since Y. (i) = B (if2) X (j1), the desired tranfer function is

11ad
mm = { 7 191 < 40

Combining the two previous equations, we find

o | S0Pt < a2
H“’"{O. /2% ol < x

(b) Some aliasing will occur if 27/T < 1600=. However, this is fine as long as the aliasing affects only
E. (0} and not F.(51), as we show below:
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In order for the aliasing to not affect F.(j(1), we require
2x 2x

—_— -_—
= — 8007 2 4007 = S > 12007

The minimom 3F is 1200x. For this choice, we get

efoon)® Ll < 29/3
H"’“"{n, 23<pl<w

4.44. (a) See the following figure:
Ree 1)

w3 -k w3 x3 1: SR3 . ©

(b) For this to be true, H{e’*) needs to filter out X (e’“) for x/3 < jw| < =. Hence let wy = x/3.
Furthermore, we want

1%3 = 2x(1000) => T; = 1/6000
2

(¢) Matching the following figure of S(e7) with the figure for R.(j(1), and remembering that Q = w/T,
we get Ty = (2x/3)/{2000x) = 1/3000.

S(e J“’)

-2x/3

4.45. Notice first that since z.(t) is time-limited,

10
A =/° z (t)dt = /;:z,(t)dt = X (ilaee-

To estimate X (j - 0) by DT processing, we need to sample only fast enough so that X (5 - 0) is not
aliased. Hence, we pick
2x/T =2x x10* =T = 10"*.
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The resulting spectrum satisfies

Further,

X() = £X.G-0)

o0

X(e%) = Z z[n).

Therefore, we pick hln] = Tu[n], which makes the system an accumulator. Our estimate A is the output
yin] at n = 10/(10~*) = 10, when all of the non-zero samples of zn] bave been added-np. This is
An ezact estimate given our assumption of both band- and time-limitedness. Since the assumption can
never be exactly satisfied, however, this method only gives an approximate estimate for actual signals.

The overall system is as follows:
‘fc'ﬁ)"’ cD bin] = T u[n]
T = 1710000
4.46. (a) Notice that
win] = z{3n]
win] = zZ3n+1]
win] = z3n+2),

and therefore,

wnln-2)/3), n=3k+2

woln/3], n=23k
z{n} = { nin-1)/3), n=3k+1

yin] XX___ A =y[100000]

{b) Yes. Since the bandwidth of the filters are 2x /3, there is no aliasing introduced by downsampling.

Hence to reconstruct z{n], we need the system shown in the following figure:

—
!

7L t 3

vl | ’ 3

¥y

SHdz)‘

[n].?3

3y (2)

i

H A2)

x[n)

(¢) Yes, z[n] can be reconstructed from y;{n] and ys[n] as demonstrated by the following figure:

x[n]

Hyo P | palil g, i ﬁrﬂ'—"
H,@) 7L |2 Y o $2 Y 19) H, () slo}
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In the following discussion, let z.{n] denote the even samples of z|n), and z,[n] denote the odd
samples of z{n]:

e = {0 o

Zo[n] = { :in], :::!n
In the figure, y3[n] = z[2n], and bence,
vs[n] = { ;‘[n]’ :::?
= z[n]
gx?el;u;more, it can be verified using the IDFT that the impulse response hy[n] corresponding to
4(e?¥) is

_ [ -2/(Gmn), nodd
"‘["]‘{ 0, T therwise

Notice in particular that every othier sample of the impulse response hy|n] is zero. Also, from the
form of Hy(e/*), it is clear that H(e’“)H(e’) = 1. and hence h[n] » A[n] = §[n].
Therefore,

vafn] = {g:inm. n even

wy[n), neven
0, n odd

{ (z » hy)[n), neven
0, n odd

Zo[n] * Ay[n]
where the last equality follows from the fact that hy[n] is non-zero only in the odd samples.

N[oT, sin] = vg[n] s hy[n) = z,[n) = hy[n]s hy[n] = z.[nl. and since z{n) = z,[n]+ z,|n], s[n] +v3[n] =

4.47. Sampling rapdom processes
boceo(1) = B(ae®z 0+ 7)) & Proa ) = [ % bae.(re- T dr
(a)

¢zzlm] = E(z[njz*[n + m]) = E(zc(nT)z;(nT + mT))
¢z.2.(mT), ie., sampled autocovariance

(b) Since ¢, [m] is 2 sampled ¢s,s.(7)

Pa=3 3 Pue (3+32)

Kze

{c) ¥
Pry, =0, for ] >«

then 1 v
Ppa(w) = fngz. (T) ) jw| <=
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4.48. (a)
$2.2.(r) = E(z(t)z:(t+7)
$uslm] = E(zlnlzfn +m]) = E(z(nT)zc(nT + mT))
= os.s.(mT)
(b)
1 « w 2=
Polw) = -fm‘s';m Pi.s. ( 7t

Therefore, we require that 7 > (.
(¢) For the spectrum of Fig P3.8-2 it is clear that if T = 32 then the discrete-time power spectrum
will be white, as shown in the figure above.

}Px (@)
1
r— > - —
P e Fies AN N
P A L L U A W AN
; L v .7 N7 \
’ b v < < \

’ ' L LAY LAY S
’ /N L] LAEEEN LN \
L v ’

’ ’ v N, A

~4x 2% 2n 4n W

(d) For white discrete-time signal = ¢,.[m} =0, m # 0 but ¢.;[m] = ¢, (mT). Therefore, any
analog signal whose autocorrelation function has zeros equally spaced at intervals of T will yield a
white discrete-time sequence is sampled with sampling period T'. For example, for Fig P3.8-1:

$e3.(T) = QOT = $azfm] = m’f::;n 7
. ” _ sinxm
JT—E ¢,,[m]-———-'2mlno—0, m#0

4.49. (a) Consider the following plots.

lx Ry
m

System 1: Sysiem 2:
v ./N
Y(el") we® )
2: t
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¥1(t) = w2(t): Convolution is a Linear process. Aliasing is a linear process. Periodic convolution is
equivalent to convolution followed by aliasing.
y1(t) # 27(t): System 2 at Step 1 shows X2(jf2). This is clearly not Y1 (jR2). Y1(j1) is an aliased

version of X (1)
{b) Now,

]xcon ) X(e)®)
-152n) 0 152x%) R -sE ]Im 311[4 E‘ )

IY(cJ“)
’ -Ax? -%2 0 w2 n? @

x2G ) Y 08)

i 1 i i i

om0 30em R -0 0 10y O

(c)
z(t) = Acos(30xt)

() = %A cos(30xt) + -1-44 cos(3 - 307t),
3 3 1 1
v[n] = ZAcos (Zm) + ZAcos (Zm)
vfn] = zi[n]
vin] = zn)

We can see here that sometimes aliasing won't be destructive. When aliased sections do not overlap
they cap be reconstructed.
{d) This is the inverse to part {c). Since multiplication in time corresponds to convolution in frequency,
d a signal z3(t) has at most two times the bandwidth of z(t). Therefore, z!/? will have at least } the
bandwidth of z(¢}. If we run our signal through a box that will raise it to the 1/M power, then
the sampling rate can be decreased by a factor of M.

4.50. (a)
an] = zufn)* huonlr)
heonfn] = { tl): 2]:;“5[‘-1
iwy _ Sib(wL/2) —i{L—1)w/2
(b) The impulse response hy;,[1] corresponds to the convolution of two rectangular sequences, as shown
below.
" in{P] i }
i 1 1
= 1L .
1 % L3 11 % Ll ILi *®
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Hin(e?) = nn(wL/Z))

sin(w/2)

{c) The frequency response of zero-order-hold is flatter in the region [~x/L,x/L}, but achieves less
out-of-band attenuation.

H ., &% )

N N /N
= EF fz_fm * @

TXE 1% -

4.51.

bualn] = zinl+2[-n]
$.:(e7) = X(&9)+ X ()

The bandwidth of $..(e’) is no larger than the bandwidth of X (e?). Therefore, the outputs of the
systems will be the same if Hz(e’*) is an ideal lowpass filter with a cutoff of x/L.

4.52. The idea here is to exploit the fact that every other sample supplied to A[n] in Fig 3.27-1 is zero. That
is,
0

hln} * win} = Z win ~ k}h[k]

awn] + bwn :'ii:,— cwin — 2] + duin — 3] + ew[n — 4]

_ { ax{n/2] + x{(n/2) —~ 1]+ e[(n/2) = 2], n even
T | &al(n/2) - (1/2)] + dz{(n/2) - (3/2)}, n odd

»in]

_ hi[n/2)+z[n/2}, n even

win] = { o, n odd
- { hy[0)z[n /2] + hy[1)z{(n/2) — 1] + he[2]z[(n/2) - 2], n even
0, n odd

wan] = { ; ha[n/2] s z[n/2], : o&ﬂ?
{ ha[0)z{n/2] + hz[1]z{(n/2) - 1] + h2[2)z[(n/2) ~ 2}, n even
0’ n odd
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Comparing w, [n}, un[n] with y,[n] above:

w(n] can give even samples if h;[0] = a, h1{1} = ¢, 52[2] = e. Similarly, wz[n] can give the odd samples
if hy[n] delays ws[n] by one sample, ie., h3[0] = 0, h3[1] = 0, 43[2] = 0. Thus

w;[n] =

{ hal0)zf(n - 1)/2) + Az[1)zf(n - 1)/2 - 1] + h2[2}z{(n —1)/2-2], neven
0, n odd

hf0}=b, Mafl]=d, ha2}=0

4.53. Sketches appear below.
(a) First, X (e?) is plotted.

The lowpass filter cuts off at .

—-x/2 w2 o

The downsampler expands the frequency axis. Since Ry(e’“) is bandlimited to 57, no aliasing
occurs.

xote"” )

-R R L0

The upsampler compresses the frequency axis by a factor of 2.
Gyd® )

—y 1 ] P

. -n E ©
The lowpass filter cuts off at § = Yo(e#) = Ro(e’) as sketched above.
(b) Go(e?) = } (X (e™)Bo(e™) + X (eHw+m))Hy(elw+")))
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@ Yo(e*) = 3Ho(e®) (X(e¥)Bo(e) + X(+ e+ )

V™) = FH() (XIBe) + X))
Y(e*) = Yo(e®) - Hi(e™)
= FX(E) [Be*) - B3]
+3X () [Bule™) Bl — B> M e )]

E ]

The aliasing terms always cancel. Y(¢*) is proportional s X (e™) if {Hg(c™} ~ B3(e™) is a
constant.

X(e™) = 0,%/3 < jw| € x. z|n] can be thought of as an oversaenplied sigmel  The approach is to
determine whether ng is odd or even, then sample so that ng is ssaickes, wpsaonpied amd owpass Elter.

» This recovers z{n,).
4.54. (a) In the case where n; is not known, we determine whether i i esen oo odid 28 folfiows:
Zn] = zin]- Adfx - mg)
X(e*) = X(e) - s
R Nong = Y zlnl-or
Ry = —A(-j)

If the result is real, ng is even. If the resnlt is imaginary, no i oddl

(b) U ng is even, sample £[n] so that the even-numbered sequence valmes. are set. % zexo. B ng is odd,
sample 50 the odd-numbered samples are set to zero

(c) Filter the sampled sequence with a lowpass filter with cutoff hegamss »/3. and gaine 2 Thiis an
exact procedure if ideal filters are used.

4.55. (a)

_ z1{n/2], % even
ol = {20t
31[8] = w[2u}
z2fn] = w2n+1]

- {2 [l
win)j
§o+1) ‘2 .—-th]

The system is linear, time-varying (due to downsampling}, nem-cansal (due to &x +1]), 20d stahle.
(b}

x Loy _
Te g =T~ 0 F =
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To avoid aliasing in y.(t):
Ly 2x Lx
TYT ST
= 8=
“i= L
Wx+2x = Ix
10

{¢) The Fourier transforms are sketched below.

e m m

- x ©

Afier * L /\M ___ ]Bfl‘
-x/L =/l -x/L /L ®
LAT LB/T
After LPF /}\
T |
"'-a: -x/. =x/L - -r/L nl/L T W
LBRT
After cosine _
modulation
irl J ] N -l L =1 I .
-x -, 0, x W T -R -y w, X O
LBRT
v )TN /]
: ! Lo L 1 o
- - ), ® -k -, Wy, X ©
. LB2T
- 0y - 0, ©, "
L LNY
N Lo, Lo D

{d) To generalize for M channels, we would use the same modnlators, but we would choose a larger
value of L to make room for additional spectra above the lower frequency bound. If the lower
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bound remained 2x - 10°, L would become L = 20 + M for M channels.
A branch of the TDM demultiplexing system would be:

M g M

4.56. Since we want W(e™*) to equal X{e#), then H(e’*) must compensate for the drop offs in H,.(if}).

D)
10
= Q;;T X
4.57. (a)
an
B = fepterte=3 [ ete= Lo,
= 1 _ap 4
KRS YA e
rim,n] = E(elmle[n]) = { g E:gf[’:‘]})f'(e[n]). : z :

rinm]=rln-m]= -?;J[n ~ m]

(b)

% - 120

{c) Let ey[n] be the output noise.

Z hlk]e[n — k]

E (}: hikleln — k] > Aflle[n - ) Z Z h{k}hll) E(e[n — kle[n - 1])
3 !

CHU -l]

eyin]

E(eyn])

;, = o3 W[
k

(a* + (--a)")2 = % f: (a** + 2a*(-a)* + (—a)**)

i
| -

el

(T o +E(—° ) (i’i'l?+l—4%?)

(1 -1a4) = 12(1{! a%)

The variance of z{n] is weighted similarly so the SNR does not change. SNRoy; = 1255

"
NE
8

N

—
-



{d) ftn] = zin]efn]
' E(fn]) = E(z[n]e|n]) = E(z[n})E(e[n]) = 0
03 = E(f*[n]) = E(z*[n}e*(n]) = E(z’[n]) E(¢’[n]) = olo!
r¢ln, m] = E(zin}z{m]e[n]elm]) = E(z[n]zim]) - §(¢Iﬂvl¢[m]2
Fbin-m]  e2i{n-m]

()

{f) Using the results of part {c).

= (i) = 2%

I-a¢) 1-af

Again, the variance of z{n] is weighted by the same factor, so the SNR does pot change.

12
SNROIlt = -A?.

12

4.58. First, notice that since y.{t} = z1{t)z2(¢), Y.(j1) = f;(Xl(jﬂ) * X2(58)), and so Y (j§1) = 0 for

| = 11%/2 x 10*. Hence the Nyquist rate T = 1/55000s.
Choose System A and B such that wi[n] = az,(nT) and w;(n] = bz2(nT).
For System A, we need to resampie such that

— — I ———— D —

ﬂg-:]—-‘ 1 - m pan i _:"_1 {n]

L=1]1 o . =n11 M=10
For System B, we need to resample such that

e ——

ol | o w,[n]

System C is simply the identity system.

4.59. The speech is first sampled at 44.1 kHz, and we wish to resampie it so that the sampling rate is at &

kHz There are no aliasing effects anywhere in the system. Hence
) L 41 4l

M~ 8 80
We simply make L = 441, M = 80, and w, = x/441.
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4.60. 1y, and 0, has to be chosen such that
(a) The region [ < 0, maps to ju| < x/4:
0,T=2=0,=ux

(b} No aliasing occurs in the region |{}] < 2, during sampling:

2%—0, =, = {1, = 2x(4- H4) — 447 = 308x

4.61. (a)
V(z) = Hi(2)(X(z)-Y(z))
U{z) = Ha(z){V(z) - Y(2)}
Y(z) = Ulz)+ E(2)
_ H, (z}Ha(z) 1
= TR LD O TTEGUs B P
Substituting Hy(z} = 1/{(1 — z~) and Ha(z) = z~}/(1 - z7!), we find
Hyy(2) 27t

Ho(z) = -z
Hence the difference equation is y[n] = zjn — 1] + f[n], where
fin]=eln)—2¢[n—-1]+e[n~2].

(b)
Pry(e) 07 | Hey ()2
a?|(1-e )P
ot —e )1 - &)
o2{(2 - 2cos{w))?
o7 (4sin’ (w/2))*
16072 sin*(w/2)

The total noise power o} is the autocorrelation of f[n] evaluated at 0:
a}

wow

E[(e[n] - 2¢[n - 1] + efn - 2])?]
E{e’[n]] + E[-2¢*[n — 1]] + Ele[n - 2J*)
677,

where we have used linearity of expectations, and the fact that since e[r] is white, Ele[n]efn—k]] = 0
for k#0. .

s

..;_L:u

o
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(c) Since X(e/¥) is bandlimited, z{n] » hs[n] = z{n]. Hence,
win] = y{n] » hs[n] = (zfn — 1] + f[n]) » hs[n] = z[n — 1] + gin),

where g{n] is the quantization poise in the region | < x/M.
{(d) For a small angle 7, sin z = 2. Therefore,
1 w/M
@ = - j 3 (2sinw/2) dw
2x =M

1 = /M R
~ %), Aewmte

e T |
2 5 |-*/M

_ o

T sM®

(¢) X.(if) must be sufficiently bandlimited that X(e*) = X (jQT) is zero for k| > /M. Hence
X (i) =0 for |} > »/MT.
Assuming that is satisfied, v.{n] = z[Mn ~ 1] = z.(MTn - T).
Downsampling does not change the variance of the noise, and hence o2 = o3.

PN(eju) = Pn(ejulu)
= 1602 sin*(w/2M)
)
%
-x R ©
4.62. (a) (i) The transfer function from zn} to y.[n} is
AH.,(z)= -1-7.71 =271
1+ 1+‘=r
Hence y.In] = z[n - 1}.
{ii} The transfer function from e[n} to y.[n] is
1 -
Hc'(z) = 1 + l_‘;: = l -z !
So
Fy (w) Pz(“-’)Hex(eiw)qu—ju

(1~ e )1 - &)
o2(2 ~ 2 cos{w))

(b) (i} z[n] contributes only to y;[n], but not y;{n]. Therefore

hsfn] = z[n-1]
":[n] = z[n—2}
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(ii) In part(a), the difference equation describing the sigma-delta noise-shaper is
| yin] = 3fn = 1] + efn] - eln - 1.
So here we apply the difference equation to both sigma-delta modulators:

el = efn]-eafn -1
valn] = efn-1+ern]—ezln-1]
refn] = yieln = 1] - (v2eln] — y2eln - 1))
= —e3ln] +2ez(n ~ 1) - eun ~ 2]
H.{2) = -(1-z71
P (W) = o3(2~2cosw)?



Solutions — Chapter 5

Transform Analysis of Linear Time-Invariant Systems

12
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5.1.
1, 6<n<10,
vinl = 0, otherwise

Therefore, .
Y(e) = i B2 T
sin §
This Y(e#) is full band. Therefore, since Y{e*) = X[ei*) H{e’), the only possible zjn) and u;. that
could produce y(n] is zfn] = y[n] and w, = =. '
5.2. We have y[n - 1] - Ry[n] + y[n + 1) = z[n] or z71Y(z) - Y (2) + 2Y(z) = X(2). So,

1
e

H(z)

S S—
(z-$)z-3)

-1 2
= T3, 8
-1 -3

(a)

Im

/\zero atz=e
*j‘ﬁ‘y Re 3

L (b)

Stable = ROC is % < |z| £ 3. Therefore,

n-1
M= -3 (3) wn-1- 3@ u-n
5.3.

yin-1]+ %y[ﬂ - 2] = z[n]

2"1Y(2) + %z"l’(z) =X(2)

Y(z) _ 1
X(z) i+t
F 4

H(z) =

H(z)

L

1+ %z“
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- i) 4 <z, Ajn] = (-1)"*"ujn + 1] = answer (a)

5.4.

if) § > jzl,
An] = ~ (—-;-)w ul-n—-2]
(e
-1 (—%)nu[—n- 2] = answer (d)
(a)
zin] = (%)“u[n] + @) u-n-1]
X(z) = 1_22_1 - =, %<|zl<2
il =6(3) vl -6 ( 3) vt
Yiz)= 1-;—! - 1-2:-1’ g< Izl
A= X = gj):l_ - o) = %’Z}’,‘l‘ s 2‘13 > 3
Im
/ \z: > 34
NEa
(b}
K] = (%)"u[nl -2 G)H ufn — 1]
()

_Y(z) _ 1-2:71
TX@ T 1-1

H(z)

¥(s) - %z'lY(z) = X(2) - 2:72 X {z)

ol ~ Jyin ~ 1] = 2fn] - 22fn - 1)
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(d) The ROC is outside Jz| = {-, which includes the unit circle. Therefore the system is stable. The

hin] we found in part (b) tells us the system is also causal.
5.5. ‘

viol = (3) wini+ (3) vl +u

1 1 1

Y{z) = e + = + == jzsl > 1
z|n] = u[n)
T
X(Z) = i—-—z—:r, Izl >1
_Y(z) _3- 12,14 2,2 1
H(z)= X(z) 1 ——1-f§z" + &z Il > 3

{a) Cross multiplying and equating 2! with a delay in time:
7 1 19 2
vl = Syt — 1+ yln ~ 2] = 3ala) - Faln = 1]+ 32l ~ 2

(b} Using partial fractions on H(z) we get:

1 z=! + 1 2!
1-1271 1-4z0 " 1-420 1427

hn] = (-;-)nu[n] - (%)H ufn - 1]+ (;—)“u[n] - G)Hu(n —1]+4[n)

(c) Since the ROC of H(z) includes |z| = 1 the system is stable.

1
+1, lzi>=

H(z) = 3

So,

5.6. (a)
afn) = ~3 (é) ufn] ~ 3(2ul-n - 1]
= ’% H _ 1 i :
X(z) = 1-328 *1 _;z-x “U-Lni-z9 2 <lz] <2
(b)

1-2z-2
1- L -2:7)

Y(z) = (

This has the same poles as the input, therefore the ROC is still } < Jz] < 2.
()

¥Y(z)

@) =1-2z"? & Aln] = 8[n] — dn - 2]

Hiz) =
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5.7. (a)
2n] = Suln] & X{z) = 1—_5-2-_—1- 2> 1

1\" 3\" " . .
yin] = (2 (5) +3(-2) )UIR]QY(Z) =15 +17 = >3
Y{z) _ 1~ z-1 3
X(z) (1- L0+ %z-l)’ Iz} >

H)= 1

im

12 [Re

(b)
T S S
(-t +170 -1 Q+ iz

h[n] = -g (;)nu[n] + -:; (_2)"“[“]

_Y(@) _ 1-z1
T X(z) 144130

H(z) =

{c)
H(z)

Y(z) + %z"‘Y(z) - gz"’}’(z) = X(z) - 272 X(z)
vin) + gofn = 1] = 3yln 2] = 2fn] ~ zfn - 1]
5.8. (a)
sl = Syl -U+yin-2 4z -
Y(z) = gz’lY(z) +272Y(2) + 271 X(2)
Therefore,

Y{z} _ z-! P

Hz) = X(z) 1- %z“ —z7 (=211 + 3z-1)

lzl > 2

im
1zeroalzZ=oo

-2 jﬁe

[ ¢




(b)

' _ 2=1 i A B
6 = Goar ) TGz T ar R
A= = =2
T +iY cimg O
— z*l = 2
B = mlr‘tu—z - _5

=2 [ - (-3) ]t

lz] > 2

(¢} Use ROC of § < |2z] < 2 since the ROC must include {z] = I for a stable system.

hin] = —%(2}"14[-71 -1]- ; (—%)ﬂ un]

5.9.

yin -1}~ gy[nl +yin+1) = z[n]
7Y (z) ~ gY(z) +2Y(z) = X(2)

Y(z)
X(z)

z-1
1-2z714z-2

z=1

(1~ 2-)(1 -1z
I
1-221 1- 1271

H(z) =

Im
12eroatz=o

12 /[Re 2

Three regions of convergence:
RONERS .
hin] = —§(2)"u[--n ~ 1+ g (%) u[-n -1}

(b) % < |zl <2 \ .
hin] = -3(2)"u[—ﬂ -1}~ g (%) u[n]

Includes |z]| = 1, 30 this is stable.

135
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(¢) |z| > 2:
2, 2 (1\"
h[ﬂ] = 3(2) u[ﬂ] - 5 (2) U[‘n]
ROC ontside of largest pole, so this is causal.
5.10. Figure P5.16 shows two zeras and three poles inside the unit circle. Since the number of poles must
equal the number of zeros, there must be an additional zero at z = co.
H(z) is causal, so the ROC lies outside the largest pole and includes the unit circle. Therefore, the
system is also stable.
The inverse system switches poles and zeros. The inverse system could have a ROC that includes [z] = 1,
making it stable. However, the zero at z = oo of H{z) is a pole for H;(z), so the system H;(z)} cannot
be causal.
5.11. (a) It cannot be determined. The ROC might or might not include the unit circle.
(b) It cannot be determined The ROC might or might not include z = co.

(c) False. Given that the system is causal, we know that the ROC must be cutside the outermost pole.
Since the outermost pole is outside the unit circle, tht ROC will not include the unit circle, and
thus the system is not stable.

{d) True If the system is stable, the ROC must include the unit circle. Because there are poles both
inside and outside the unit circle, any ROC including the unit circle must be a ring. A ring-shaped
ROC means that we have a two-sided system.

5.12. (a) Yes. The poles z = £5{0.9) are inside the unit circle so the system is stable.

(b) First, factor H(z) into two parts. The first should be minimum phase and therefore have all its
poles and zeros inside the unit circle. The second part should contain the remaining poles and
28105,

1402z 1-9z2
B# = e 1
orm— r— S, —
minimum phase poles & zeros

outside unit circle

Allpass systems have poles and zeros that occur in conjugate reciprocal pairs. If we include the
factor (1 — %z"") in both parts of the equation above the first part will remain minimum phase
and the second will become allpass.

(1402701 - be7?) 1-9;2
1+ 0812 1-4z-2
= Hl(z)HlP(z)

H({z) =

5.13. An aside: Technically, this problem is not well defined, since a pole/zero plot does not uniquely
determine a system. That is, many system functions can have the same pole/zero plot. For example,
consider the systems

Hz) = !
Hy(z) = 2:7}

Both of these systems have the same pole/zero plot, namely a pole at zero and a zero at infinity.
Clearly, the system H,(z) is allpass, as it passes all frequencies with unity gain (it is simply a unit
delay). However, one could ask whether H,(z) is allpass. Looking at the standard definition of an
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allpass system provided in this chapter, the answer would be no, since the system does not pass all
frequencies with unity gain.

A broader definition of an allpass system would be a system for which the system magnitude response
|H(e**)] = a, where a is & real constant. Such a system would pass all frequencies, and scale the output
by a constant factor a. In a practical setting, this definition of an allpass system is satisfactory. Under
this definition, both systems H;(z) and H;(z} would be considered allpass.

For this problem, it is assumed that none of the poles or seros shown in the pole/zero plots are scaled,
s0 this issue of using the proper definition of an allpass system does not apply. The standard definition
of an allpass system is used.

Solution:

(a) Yﬂ,ﬂleqﬂemisallpus,sinoeitisofthe.approprimfm

(b) No, the system is not allpass, since the zerc does not occur at the conjugate reciprocal location of
the pole.

(c} Yes, the system is allpass, since it is of the appropriate form.

(d) Yes, the system is allpass. This system consists of an allpass system in cascade with a pole at zero.
The pole at zero is simply a delay, and does not change the magnitude spectrum.

5.14. (a) By the symmetry of z,{n] we know it has linear phase. The symmetry is around n = 5 so the
continuous phase of X;(e’*} is arg[X,(e?*)] = —5w. Thus,

grd[X: ()] = - 2 {arglXa(e*)]} = - {-Su} = 5

4¢
3 x{n]

1 I
0% 2 3 45 6 7 8 5 n

(b) By the symmetry of z;[n] we know it bas linear phase. The symmetry is around n = 1/2 s0 we
know the phase of Xo(e’) is arg{Xs{e™| = —w/2. Thus,

gd[Xa(e)] = —% {arg[X2(e™)]) = -% {_22.’} = %

A2 e °
xz[n]
34 ¢ Q
L N I 2 ML T
-2 -1 0 1 2 3 n

$.15. (a) h[n] is symmetric about n = 1.

) H(E®) = 24¢ 7 4273
e (2™ +142e7v)
{1+ 4cosw)e i«
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Aw)=1+4cosw, a=1, =0 L
Generalized Linear phase but not Linear Phase since A(w) is not always positive.
(b) This sequence has no even or odd symmetry, so it does not possess generalized linear phase.
(c) Aln] is symmetric about n = 1.
H(e™) = 143 e bv
e (e + 347 )
(3 +2cosw)e™™
Alw)=3+2c0sw, a=1, §=0
Generalized Linear phase & Linear Phase.
(d) hin] bas even symmetry.

H(™) = 14
=072 (112 4. g=3(1/20er)

2 cos(w/2)e~ 71/

Alw) = 2e08(w/2), a =3, B=0
Generalized Linear Phase but not Linear Phase since A(w) is not always positive.
(e) Ain] has odd symmetry.
) g
e~ (e — emIv)
e~ "2 sinw
(2sinw)e~Fwti¥

H(e™)

fl

AWw)=2sipw, a=1, = %
Generalized Linear Phase but not Linear Phase since A(w) is not always positive.

5.16. The causality of the system cannot be determined from the figure. A causal system k;[n] that has a
linear phase response LH(e/¥) = —aw, is:

hin] = 4&fn]+ 25[n - 1]+ é[n - 2]
Hi(e¥) = 1427 ¢~
= eT(eM +24e77v)
= €™%(2 + 2cos{w))
|Hy ()] = 2+ 2cos(w)
LHi(eY) = -w

An example of a non-causal system with the same phase response is:

hafn] = &fn+ 1]+ d[n] + 43[n - 1) + éfn — 2] + &[n - 3]
Hy(e®) = &V +14de™ 4o iw i
= (e LY rh eI 4 eI
= e (4 +2cos(w) + 2 cos(2w))
|Ha(e?)| = 4+ 2cos(w) + 2cos(2w)
LHy(e™) = —w

Thus, both the causal sequence k;{n] and the non-causal sequence hj[n] have a linear phase response
{H{e’*) = —ow, where a= 1.
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5.17. A minimum phase system is one which has all its poles and zeros inside the unit circle. It is caunsal,
stable, and has a cansal and stable inverse.

(3) Hi(z) bas 2 zero outside the unit circle at z = 2 s0 it is not minimum phase.

(b} Hy(z) is minimum phase since its poles and zeros are inside the unit circle.

(c) Hy(z) is minimum phase since its poles and zeros are inside the unit circle.

{(d) H(z) has a sero outside the unit circle at z = oo so it is not minimum phase. Moreover, the
inverse system would not be cansal due to the pole at infinity.

5.18. A minimum phase system with an equivalent magnitude spectrum can be found by analyzing the system
function, and reflecting all poles are zeros that are outside the unit circle to their conjugate reciprocal -
locations. This will move them inside the unit circle. Then, all poles and zeros for Hpin(z) will be
inside the unit circle. Note that a scale factor may be introduced when the pole or zero is reflected
inside the unit circle.

(a) Simply reflect the zerv at z = 2 to its conjugate reciprocal location at z = 1. Then, determine the

scale factor.
Hpinfz) =2 (1—.—%3:)

1+ }z72
{b) First, simply reflect the zero at z = ~3 to its conjugate reciprocal location at z = —}. Then,
determine the scale factor. This resclts in

(1+4z)(1-427Y)
27 1+ 327%)

Hmin(z) =3

The (1 + 32z7!) terms cancel, leaving

-1z

H,..,',.(z) =3 (1

Note that the term ;1r does not affect the frequency response magnitude of the system. Con-
sequently, it can be removed. Thus, the remaining term has a zero inside the unit circle, and is
therefore minimum phase. As a result, we are left with the system

Hoialz) =3 (1 - %rl)
(c) Simply reflect the zero at 3 to its conjugate reciprocal location at 1 and reflect the pole at § to its
conjugate reciprocal location at . Then, determine the scale factor.

(1-3:"1(1-4271)
(1-32-1)°
5.19. Due to the symmetry of the impulse responses, all the systems have generalized linear phase of

arg[H{e™)} = B ~ now where n, is the point of symmetry in the impulse response graphs. The group
delay is

Hoinl(2) = %

& [Be)] = - (mu (B} =~ 8- new} =

To find each system’s group delay we need only find the point of symnmetry n, in each system’s impulse

response.
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gd[Hi(ev)] = 2 . grd [Ho(e™)] = 3
grd [Ha(e)] = 15 grd [Hy(e™)] = 3
grd [Hy(e™)] = 2 grd [Ho(e™)] = 35

5.20. (a) Yes. The system function could be a generalized linear phase system implemented by a linear
constant-coeficient differential equation (LCCDE) with real coefficients. The zeros come in a
set of four: a zero, its conjugate, and the two conjugate reciprocals. The pole-zero plot could
correspond to a Type I FIR linear phase system.

(b) No. This system function could not be a generalized linear phase system implemented by a LCCDE
with real coefficients. Since the LCCDE has real coefficients, its poles and zeros must come in
conjugate pairs. However, the zeros in this pole-zero plot do not kave corresponding conjugate
BLTO6.

(c) Yes. The system function could be a generalized linear phase system implemented by a LCCDE
with real coefficients. The pole-zero plot could correspond to a Type I FIR linear phase system.

§5.2%. hyy[n] is an ideal lowpass filter with w, = §

(a) yln] = z[n] — z[n] » hypn] = H(e/) = 1 ~ Hip(e'")
This is a highpass filter.

L S

-R -4 0 /4 T W

(b) z[n] is first modulated by x, lowpass filtered, and demodulated by x. Therefore, H,(e’”) filters
the high frequency components of X (e7¥).
This is a highpass filter.

1 e

-x -3x/4 0 3x/4 X o

(¢) hip[2n) is a downsampled version of the filter. Therefore, the frequency response will be “spread
out™ by a factor of two, with a gain of 1.
This is a lowpass filter.
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L AN I J 12 L N )
...J; -x/2 1] x/2 ' X W
(d) This system upsamples h;p[n] by a factor of two. Therefore, the frequency axis will be compressed
by a factor of two.
This is a bandstop filter.
1
— —
—x-7%/8 X8 0 w8 e % o
{¢) This system upsamples the input before passing it through hiy(n]. This effectively doubles the
frequency bandwidth of Hi,(e??).

This is a lowpass filter.

* e 12 LI B

- -nf2 0 n2 T ®
5.22.
1-a~'z7!  Y(3)
1-az! ~ X(2)
(2} Cross multiplying and taking the inverse transform

H(z)=

causal, so ROCis |z] > a

1
yin] - oyl ~ 1] = 2ln] - 22fn - 1
(b) Since H(z) is causal, we know that the ROC is |z] > a. For stability, the ROC must include the
unit circle. So, H(z) is stable for jaj < 1. . '
(9 a=} ‘
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(d)

1 g™z}
l—az—? 1-az-V'

H(z) = zZl >a

Hir] = (a)"ufn] = < (a)"uln - 1
(e) '
1—a"le~
1—-ge—v _
1-g~le=i ] =g-leiv
1-ae7 1-aem

H() = H(z)lsmem =

|B(eM)f? = H(e™)B™ () =

. 1+ & —~ 2cosw H
= [~ZTal” o"FY
B = (T E )
1(a=+1-2acosw)*
a \1l+a*-2ac08w

H

!
[- X

5.28. (a) Typel

M/2
Afw) =,Z a[n] coswn
nx0
cos0 = 1, cosx = ~1, so there are no restrictions.

Type Il
{M+1)/2 1
Alw) = n-— -
w) ; b{n]cosw ( 2)

cos0 = 1, cos (nx — §) = 0. So H(ei*) =0.

Type III:

M/2

Alw) = Z cn]sinwn

=t
sin0 = 0, sinnz =0, so H(e/®) = H(e/*) =0.
Type IV: :

{(M+1)/2 1
Alw) = ; din] sinw (n - 5)

sin0 = 0, sin (nx — §) # 0, 90 just H{e/®) = 0.

(b) Type 1 | Type I | Type Il | Type IV
Lowpass Y Y N N
Bandpass Y Y Y Y
Highpass Y N N Y
Bandstop Y N N N
Differentiator Y N N Y
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5.24. (a) Taking the z-transform of both sides and rearranging

Y() —{+:7

X(@) 1-1iz?

Since the poles and zeros {2 poles at z = £1/2, 2 zeros at z = +2} occur in conjugate reciprocal

pairs the system is allpass. This property is easy to recognize since, as in the system above,
the coefficients of the numerator and denominator z-polynomials get reversed (and in general

H(z)=

conjugated).
(b) It i B: property of allpass systems that the output energy is equal to the input energy. Here is the
proof.
N-1 L
el = Y Wil
nxl n=—oo
= l i |Y(J~)|’du (by Parseval’s Theorem)
= = |H(a~')xw-')| dw
= ;f X (|H(e™)|* = 1 since hfn] is alipass)
= Z iz[n]l {by Parseval's theorem)
N-1
= > lalnlf
n=0
= §

5.25. The statement is false. A non-causal system can indeed have a positive constant group delay. For
example, consider the non-causal system

h[n] = é[n + 1] + 4[n] + 48[n — 1] + é[n — 2] + é[n — 3]
This system has the frequency response
H(®) = &°+1+4e77 +e772 477
= e (e 4o 444 eI 47
e (4 + 2 cos(w) + 2 cos(2w))

H

|H({e™)] = 4+ 2cos(w)+ 2cos(2w)
(H(E*) = -w
grd(H(e*)] = 1

5.26. (a) A labeled pole-zero diagram appears below.

vy
NEA

aZz=w
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The table of common z-transform pairs gives us

. -1
(r" sinwpn)uin] +— 1= (2’_(::::;?: =1 Izl >
which enables us to derive A[n].
Mol = (F= ) " simoniuin]
(b} When uy =0
rz-1 rz~1
H(:) = 1—(2rcoswp)z~) + 72232 ==y fel >
Again, using a table lookup gives us
h[n] = nru[n] ' i

Im
1zeroalZ=o

Re
2ng order pole

5.27. Maldng use of some DTFT properties can aide in the solution of this probiem. First, note that
h2{n] = (-1)"Min]
hz[n] = e~i"™hy[n}
Using the DTFT property that states that modulation in the time domain corresponds to a shift in the
frequency domain, :
Hy(e™) = Hy(ef“tm)

Consequently, Hy{e') is simply H;(e’) shifted by x. The ideal low pass filter has now become the .
ideal high pass filter, as shown below.

H @)
1
~x -xf2 0 x2 W
H,(e")
1 I
—_— —

“x -2 0 n2 n o
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5.28. (a)
A
HO) = oy M2 7 Ao
Hl)=6=>A=4
(b)
4 1
Bl = (1-3z-0)(1 + §27Y)’ >3
B € < B ¢ )
To1- 3z-1 14321
12 1\
Ml = 2(3) wni+g(-3) e
(0
—1,-
z|n] = ufn] — %u[n -l X(2)= ll _2:_:. lzl>1
Y(z} = X(z2)H(z)
- 1__.5_2,-1 — 4 izl 1
T e 5;‘1)(1+§z"1)’
_ 4
T -z +3z7Y)
_ 3 1
= 1ozt 1+ 127
y[n] = 3un]+ (—%) u[n)
()
z(t) = 50 + 10 cos(20xt) + 30 cos{40xt)
T= 41-3 t=nT
zfn] = 50+ 10005%71 + 30cosxn

- 50_._5‘_1'(11'/2) +5c—f(l’}2)+15efl! + lse-jnl

Using the eigenfunction property: '
y[n] = SOH(CjO)_'_Scj(ni/?)H(eﬂll?))+5e'i{nil2)H(e—j(1/2})+lsejnrH(cjr)+lse-jnrH(¢—jr)
H(&Y) = 4

1-feiv — Le-itw
H(e®) = 6, H(e/*/M) = 7(3) -8, H(e i) = 1(8) + 51,
H(e'*) =4, H{e™i") =

yin] = 300+24\/_cos(-2-n m‘l(;))-plmcmm
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5.29.

_ 21
(1-42-1)(1-221)(1 - 42-1)
- 1 _ 28 + 48

1-1z1 1-2:71  1-4z?

H(z) =

Since we know the sequence is not stable, the ROC must not include |z} = 1, and since it is two-sided,
the ROC must be a ring. This leaves anly one possibie choice: the ROCis 2 < |z} < 4.

(a)
hln) = (%) u[n] - 28(2)"u[n] — 48(4)"u[~n — 1]
(b)
1 28
@) =1- Ix1 7 1-2z71
48
e =y
5.30. (a)

H(z) = (z+ i)a(‘z - %) = o~ (M-2) (1 _ 412—2)

z

1

1 b
(b)

zfn — (M =~ 2)} - 32{n — M]

vin] = wion]=z[2n~(M-2)] - %:[211 - M]

w(n]

Let v[n] = z[2n], :
vl = vin — (M ~2)/2] - 70in ~ (M/2)]
Therefore,

o} = bfn - (M - 2)/2) - J8n - (M/2)], M even

Glz) = 2~ (M- _ %z-u/:
5.31. (a)
22
(1-3z-1)(1-3z"1)

H(z)= stable, so the ROCis } < {2/ <3
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zln] = uln] & X(2) = i_——!zT" 21> 1

1<z <3

§ 4 !
Y(e) = X(DE() = s + oo - T
2

vink=§ (3) vl - 2@ul=n - 11 - ule

(b} ROC includes z = oo s0 Ajn] is cansal. Since both Afn] and z[n] are 0 for n < 0, we know that y[n]
Balso0forn<O

_Y(z) _ z-2

T X(@)  1-Izr-t+3?

H(z)

Y(:) - -'2{:-11'(;) + gz"Y(z) =X (2)

il = 2ln - 2]+ Zyln = 1] - Sy{n - 2
Since y{n] = 0 for n < 0, recursion can be done:
yioj =0, fi}=0, yf2]=1
()

1 z’-—-z.z+3

Hiz)= m = 32+ 5 ROC: entire z-plane

hdn] = 8fn +2] - 25[n + 1)+ 36(n]

5.32. Since H(e’*) has a zero on the unit circle, its inverse system will have a pole on the unit circle and
thus is not stable.

5.33. (a)
X(z) = S(z){(1 -e2z7%)

Hi(z)=1-e¢3z"?

There are 8 zeros at z = e~2e’¥* for k = 0,...,7 and 8 poles at the origin.

- (®)
Y(z) = Ha(2)X(2) = Hy(2)H:(2)S(2)

| 1
Hy(z)  1-e%az-3

|z] > ¢™® stable and causal, |z| < €™ not causal or stable

Hz(z) =
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(c) Only the causal h;{n] is stable, therefore only it can be used to recover sin).

e ", =0,8,16,...
hin} = { 0, otherwise

(@
s[n] = 8[n} = z[n] = &[n] — e~*24[n — 8]
zln]shaln] = On) - e~*d[n - 8]

+ e (8[n ~ 8) ~ e~*4[n - 16])
+e 1% (5[n - 16] - e **5[n - 32)) +- -

= 8]
5.34.
Mol = (3) wtei+ (3) win
(a)
1 2- 35271 1
BG)= 1-4z-! *t1z 3271 1- %z':+ §z-% t=l > 2
Since A[n}, z[n] = 0 for n < 0 we can assume initial rest conditions.
vir} = 2vln =1 - Zvin — 2] + 22fn] ~ Zaln - 1]
(b) |

hyn} = { h'[n] :f:g:

(c}

Yiz) =2

H(z)= XG) = ’goh[m]z"". N=10"+1

N-1

vin] = Y him]zln - m]
m=0

{d) For [IR, we have 4 multiplies and 3 adds per output point. This gives us a total of 4N multiplies
and 3N adds. So, IR grows with order N. ForFIR..wehaveNmnIUphsandN-laddsforthe
n'* output point, so this configuration has order N2.

5.35. (a)
20log, IH(J("s))l = oo = pole at ¢#(*/%)
201og,o | H (e?7/8))] = ~00 = sero at eil22/8)
mmawzi‘tammmﬁml

Since the impulse response is real, the poles and zeros must be in conjugate pairs. The remaining
2 zeros are at zero (the number of poles always equals the number of zeros).
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R}
N

{b) Since H(z) has poles, we kmow hfn] is IIR.

(¢} Since An] is causal and IIR, it cannot be symmetric, and thus cannot have linear phase.

(d) Since there is a pole at |z| = 1, the ROC does not include the unit circle. This means the system
is not stable, '

5.36. (a)

(1 —2z"1)(1 + $z71)(1 + 0.927Y)
{1~2-1)(140.7jz-"){1-0.Tjz"1)
1-06z"!—-2.352"2 - 09273

1-2-1 +0.49:-2 « 049273
Y(2)

X@)

H(z)

Cross multiplying and taking the inverse z-transform gives
y(n] = y[n = 1) + 0.49y([n — 2] ~ 0.49y[n — 3] = z[n] — 0.6z{n — 1] - 2.35z[n - 2} - 0.9z{n - 3}
(b}

im

Re

Note that since hjn] is causal, ROC is |z| > 1.
(¢)
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1 HE) 1 _—
20
o-.; L+ n
1]

(d) (i) The system is not stable since the ROC does not include {2z = 1.
(ii) Because A[n] is not stable, h|n] does not approach a constant as n — oo.
(i) We can see peaks at w = 5 in the graph of |H(e’*)] shown in part (c), so this is false. -
(iv) Swapping poles and zeros gives:

Im

1Y

Re

There is a ROC that includes the unit circle (0.9 < |z] < 2). Rowever, this stable system
would be two sided, so we must conclude the statement is false.

5.37.
(1-4a")1-42H0-12) 6(~4z71)(1-Lz1)1~527)
X(z)= (1-32) =5 1~ éz—l)
— Llaz=1)(1 - laz=1)(1 - Saz-
a*zin] & X{a~tz) = 6 (1 5az )8 6::")}(1 ')

Aminimmnphaseaequcehasallpoleandmmdethemtnrde_
la/2l<1 = |al<2
la/4) <1 = lal<4

Saj<1l = fa]<%

1
[6al<1l = }al<§




151
Therefore, a™z{n] is real and minimum phase iff « is real and |a] < }-
5.38. (a) The causal systems have conjugate zero pairs inside or outside the unit circle. Therefore
H(z) = (1 - o_gejo.a:z-a)(l - 0.9‘-3‘0.0-:-1)(1 - 1.256”"'2-1)(1 - 1_2&-)’0.812-—1)

Hi(z) = (0.9)%(1.25)*(1 - (10/9)e**2~1)(1 - (10/9)e™7**z7).
(1 — 0.8e™872~1)(] ~ 0.8e~0872-1)

Hys) = (0.9P(1- (10/9)*:71)(1 — (10/9)e™ #7271 )(1 ~ 1.25674727Y) .
(1 - 1.25¢= 4087 p~1) ,

Hy(z) = (1.25)3(1 - 0.9e®%"5-1)(1 — 0.9¢=70%*z1)(1 — 0.8¢7*":71).

(1 - 0.8¢~708% 1)

Ha{z) has all its zeras outside the unit circle, and is a2 maximum phase sequence. Hy(z) has all its
zeros inside the unit circle, and thus is 2 minimum phase sequence.

(b)
H(z) = 1+2.5788z7%+3.49752"2 + 2.5074z% + 1.2656z*
hln] = §[n]+ 2.57886[n — 1] + 3.49758|n — 2] + 2.50748[n ~ 3] + 1.26568[n ~ 4]
Hi{z) = 1.2656+ 2.5074z " + 3.4975z~2 + 2.5788273 4 24
hifn] = 1.26565[n}+ 2.50745[n — 1] + 3.49756{n — 2} + 2.57885[n - 3] + &{n - 4]
Hy(z) = 0.81+ 2194527 +3.3006272 + 2.8917z7% + 1.5625:™*
haln] = 0.818[n] + 2.19458[n — 1] + 3.39064[n — 2] + 2.89174[n — 3] + 1.56256(n — 4]
Hy(z) = 1.5625+2.8917z7" + 3.3906z~2 + 2.1945:™% + 0.81z*
hs[n] = 1.56254[n] + 2.89174{n — 1] + 3.39065[n — 2} + 2.19458[n - 3] + 0.814[n — 4]
(c)
n | E(n} | Ey(n) | Ez2(n)} | Es(n)
0 10| 16| 07] 24
1} 770 79| 55 108
2| 199( 201 170]| 223
3| 2621 268 253 271
4{ 278| 278 278 278
5| 278 278 278} 278
s I8 78 218
%2 “g° ‘g xe °g" G
En} 19.9 E‘[nl 201 ?
1.7 79 i
1 J 18
—_ —9
0 v 2 3 4 5 n 0 1 2 3 4 5 n
Zrs 78 7y 2T T1h
1?7
08
55
or ¥
PR - E—
0 1 2 3 4 5§ n ¢ 1 2 3 4 5 n
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The plot of E,fn] corresponds to the minimum phase sequence. -

5.39. All zeros inside the unit circle means the sequence is minimum phase. Since

M [
3 minlnl? 2 Y Iafm)?
nall =D

is true for all M, we can use M = 0 and just compute h?[0]. The largest result will be the minimum
phase sequence. )
A B|l|C|D|E F G | H
445(284](18({28118]177.7]1138|7.1

The answer iz F.

5.40.

(i) A zero phase sequence has all its poles and zeros in conjugate reciprocal pairs. Generalized
linear phase systems are zero phase systems with additional poles or zeros at z = (,00,1 or
-1.

(ii) A stable system’'s ROC includes the unit circle.

(a) The poles are not in conjugate reciprocal pairs, so this does not have zero or generalized linear
phase. H;(z) has a pole at z = 0 and perhaps z = co. Therefore, the ROC is ¢ < |2| < co, which
means the inverse is stable. If the ROC includes 2 = co, the inverse will also be causal.

(b) Since the poles are not conjugate reciprocal pairs, this does not have sero or generalized linear
phase either. H;(z) bas poles inside the unit circle, so ROC is |z| > } to match the ROC of H(z).
Therefore, the inverse is both stable and caunsal.

(c) The zeros occur in conjugate reciprocal pairs, so this is a zéro phase system. The inverse has poles
both inside and outside the unit circle. Therefore, a stable non-causal inverse exists.

(d) The zeros occur in conjugate reciprocal pairs, so this is a zero phase system. Since the poles of the
inverse system are on the unit circle a siable inverse does not exist.

5.41. Convolving two symmetric sequences yields another symmetric sequence. A symmetric sequence con-
volved with an antisymmetric sequence gives an antisymmetric sequence. If you convolve two antisym-
metric sequences, you will get a symmetric sequence.

A: hy[n]*hy[n] » hs[n] = (hy[n] * A3[n]) « hs[n)
hy[n] » hy[n] is symmetricaboutn=3, (-1<n<7)
(h1[n] * haln]) » hsln) is antisymmetricabout n =3, (-3<n<9)
Thus, system A has generalized linear phase
B: (hln] « ha[n]) + hs[n]
hy[n] & hz[n] is symmetric about n = 3, as we noted above. Adding hs[n] to this sequence will destroy
all symmtery, so this does not have generalized linear phase.
5.42. (a)

Ale™) =1, |l<~
$w) = —aw, i<
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¥w)
A(ﬂ -------- m
1
- 8 ® a s e -‘ u t m
a .............
-x 0 x o
(b)
) S T sinx(n - a
h["’]=2—’r e it dw:—-r—(n(—_-:j—)
%
a=3
—_—_— . e e
0 1 2 3 4 5 & n
as35 T
L B BN ] 0 ? 2 5 ? * & ®
o 1 L 3 4 1 6 n
a=325
. & 0 L 2 T 5 Q - & 9
LR & 3 4 é 6 n

(c) If a is an integer, then hln] is symmetric about about the point n = a. If a = ¥, where M is odd,
then Ain] is symmetric about -‘y‘, which is not a point of the sequence. For o in general, h[n] will
not be symmetric.

5.43. Type I: Symmetric, M Even, Odd Length

M
H(e™) = Y hjnjem"
()
(M-3)2 M
= Y hinle 4 3 hlnlem ™ 4 A{M/2)e M/
an0 n(M+2)/2
(ar-2)/2 (M-2)/2

Z h[ﬂ}e'j“ -+ Z h[M -— m]e"jli(“-ﬂ) + h[M/2}e"“'( M/2)
n= meg
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(M-2)/2 (M-2}/2
= —iwiM/2) z h[mlejw((lllz)-u)+ E h[m}e"“‘“"/”"‘)-i-h{M/Z]
mx0 m=0

(M-2)/2
- ,—:'-(um( ) M[m]mw((Mlz)-m)"'h{M/zl)

L]

M/2
= omiw(M/3) (Z 2h[(M/2) — n)cosum + h{M/2l)
nxl

M/2], n=0
ol = { PR ]y mm by M2

M2
H(ew) = =M/ 3™ g[n] coswm
na=l

and we have
M/2

AW) =Y aln]cos(um), =

n=x0

M
7 #=0

Type I1: Symmetric, M Odd, Even Length

M
HY) = Zh[ﬂ]c'j""
n=0

(M=-1)/2 M

Z hnje~" 4+ E h[n)e~wn
n=0 nx(M+1)/2
(M=1)/2 {M-1)/2

z hinle™#" + z h[M = m]eiw(¥—m)
n=0 maQ

{M-1)/2 (M-1)/2
= e—FelM/n) z hlm]eiv(M/2)-m) o Z Alm]e-dwtM/2)=m)
ma=0 m=0

(M=1)/2
= e-wm( ) 2h{m1cow(w/z)~m))

m=0
(M+1)/2
= e-iw(M/2) ( 3" 2h[(M +1)/2 - njcoswin ~ (1/2)))
nax]
Let _
bin)=2A[(M +1)/2-n}, n=1,...,(M+1)/2
Then (M+1)/2
H(e) = e~ ™M/ 5 bnjcosw(n ~ (1/2))
n=l
and we have

(M+1)/2

Aw)= Y Ynleosw(n-(1/2)), a=
n=l

M
T! ﬂ-o
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Type III: Antisymmetric, M Even, Odd Length

. Y
H(e™) = zh[n]ri“
(H-!)lﬂ
= y_; Anle™ 3" 4+ 04+ 2 hinje= 3"
(M+2)/2
{M-2)/2 (M=2)/2

D Mnle e 3 MM - mieioom
nul =l

(M-2)/2 - (M-2)/2
e~JelM/3} Z h[m]e:'u((l-f/z)—m) - z h{m]e-wuwz)—m)
mael m=0

(M-2)/2
e~ i (M/2) (j z: 2h[m]sinw((M/2) —M))
m=0

M/2
= i) (z 2K{(M/2) - nlsim)

=1
Let
cn]l = R{(M/2) -1}, n=1,...,M/2
Then
M2
H(eM) = e 3o(M/2 3212 3" cfn]sinem
n=l
and we have
o M T
Aw) = ngl‘-'["]sm(m), e=7, B= 3
. Type IV: Antisymmetric, M Odd, Even Length
. M s
H{e™) = ) hlple#"
n=0
(M~1)/2 _ M _
= z hlnle™ " 4 z hfn]e 7"
n=0 n=({M+1}/2
(M-1)/2 (M-1)/2 )
= Y hjnjems Y AM —memieM-m)
na=0 i)

(M-1}/2 {M-1)/2
= M [ 3 pimjetM/B-m) _ Z h[m],-w«wz)—m}
masd

(M-1)/2
= e~iwM/2) (j Z 2h[mlsinw((M/2)—m))
ma0

) (M+1)/2
= MDD F R{(M +1)/2 = nlsinw(n - (1/2))
n=x)
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Let
din} = 2A{(M +1)/2-n], n=1,...,(M+1)/2
Then
(M+1)/2
H(e¥) = M/ 3 din]sinwin - (1/2))
and we bave =
(M+1}/2 M x
Aw)= Y dnjsiswin-(1/2)), a= 5 B=3
nm]

$.44. Filter Types I and IIT cannot be highpass filters since they both must have & zero at z = 1.

Type I = Type I could be highpass:

[ - L]

Type O — Type IV can be highpass:

[T - L1

TypeIII.—rTypeUIcannotbehighpass:

-1 ]
e

-]
|

L
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5.45.
_(1-052"1){(1 +25z"1)(1 — 25271)

A& = A a1+ 08

¢-3

{a) A minimum phase system has all poles and zeros inside [z| =1
(=051 4+ 3273
() = —7 56

(1+4z°%)
(1+3z7%)

Hop(z) =

Im

k*-mx e




(b) A genera]ized linear phase system has zeros and polesat z = 1, -1,00f 0o or in conjugate reciprocal
- (1-05z7%)
(1-0.642-2)(1 + 1:-7)

Hy(z) =

Hin(z) = 1+ 1z7%)(1 + 4273)
2
Im

(172)i

Re
Q-{1/2)

4th order pole

-2

5.46. (a) Minimum phase systems have all poles and zeros inside |z} = 1. Allpass systems have pole-zero
pairs at conjugate reciprocal locations. Generalized linear phase systems have pole pairs and zero
pairs in conjugate reciprocal locations and at z = 0,1,-1 and oo. This implies that all the poles
and zeros of Hyin{z) are second-order. When the allpass filter flips a pole or zero outside the unit
circle, one is left in the conjugate reciprocal location, giving us linear phase.

{b) We know that k[n] is length 8 and therefore has 7 zeros. Since it is an even length generalized
linear phase filter with real coefficients and odd symmetry it must be a Type IV filter. It therefore
has the property that its zeros come in conjugate reciprocal pairs stated mathematically as H(z) =
H(1/z*). The zero at 2z = —2 implies a zero at z = —}, while the zero at z = 0.8¢7(*/4) implies
zeros at z = 0.8¢~H7/4) ; = 1.256¥7/0) and 7 = 1.25¢#(*/9), Because it is & IV filter, it also must
have a zero at z = 1. Putting all this together gives us

H(z) = (1+22")(1+05271)(1 - 0.8¢7(*/9z-1)(] - 0.8e~7(*/4) - 1).
(1 = 1.25&( /9 z=1)(1 — 1.25e=7(x/9)g=1)(] _ 3~1)

5.47. The input z{n] in the frequency domain Jooks like
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while the corresponding output y[n] looks like

Therefore, the filter must be

X

(10x) (eb) {10x)
5

—x . —05x-04x O  04x05% x ©
Y&
10e7110%

-.! -03x 0 0.3n ;t @
H(e!)
2¢71100

“x 0.3 0 03n x ©

In the time domain this is

_ 2s5in{0.3x(n - 10)]

hin] = x{n—10)
5.48. (a)
| Property Applies? | Comments
[ Stable No For a stable, causal system, all poles must be
inside the unit circle.
IR Yes | The system has poles at locations other than
z=0orz=0c0 .
TIR . No | FIR systems can only have poles at z = 0 or
zZ= 0.
Minimom No Minimum phase systems have all poles and zeros
Phase Jocated inside the unit circle.
Allpass No Allpass systems have poles and zeros in conjugate
reciprocal pairs.
Generalized Linear Phase No | The cansal generalized linear phase systems
presented in this chapter are FIR
Positive Group Delay for all w No This system is not in the appropriate form.
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(b)

Property Applies? | Comments ‘

Stable Yes The ROC for this system function,

}z] > 0, contains the unit circle.

(Note there is 7th order pole at z = 0).

HR No The system has poles only at z = 0.

| FIR Yes | The system has poles only at z =0,

Minimum 1 No By definition, a minimum phase system must

Phase have all its poles and seros located
inside the unit circle.

Allpass No Note that the zeros oo the unit circle will
cause the magnitude spectrum to drop rero at
certain frequencies. Clearly, this system is

' _ not allpass.

Generalized Linear Phase Yes | This is the pole/zerc piot of 8 type Il FIR

linear phase system.

Positive Group Delay for all w Yes This system is causal and linear phase.
Consequently, its group delay is a positive

constant.
()

Property Applies? | Comments

Stable Yes All poles are inside the unit circle. Since
the system is causal, the ROC includes the
unit circle.

IR Yes | The system has poles at locations other than

' z=0orz=c0,

FIR No FIR systems can only have poles at z =0 or
Z =00,

Minimum No Minimum phase systems bave all poies and zeros

Phase located inside the unit circle.

Allpass Yes The poles inside the unit circle have
corresponding zeros located at conjugate -
reciprocal Jocations.

Generalized Linear Phase No e causal generalized linear pbase systems
presented in this chapter are FIR

Positive Group Delay for all w Yes Stable allpass systems have positive group delay
for all w.

5.49. (a} Yes By the region of convergence we know there are no pales at z = co and it therefore must be
causal. Another way to see this is to use long division to write H,(z) as

1-2z"%

H{z)= =142 422427342 2> 0

(b) hy[n] is a cansal rectangular pulse of length 5. If we convolve A, [n] with another causal rectangular
pulse of length N we will get a triangular pulse of length N + 5 — 1 = N + 4. The triangular pulse
is symmetric around its apex and thus bas linear phase. To make the triangular pulse g[n] have at
jeast 9 nonzero samples we can choose N = 5 ot let hafn] = h;[n].

Prook:

G(e™) = H()Ha(e™) = Bi(e™)
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1- %73

1—edw

g—Jws/2 (ejw5/2 - e-jw-’l/?) z
e-iw/z (giw/2 — e-iwi2)

sin? (5w/2) _je,
sin’ (w/2)

{c) The required values for h;[n] can intuitively be worked out using the flip and slide idea of convo-
lution. Here is a second way to get the answer. Pick hs[n] to be the inverse system for A;[n] and
then simplify using the geometric series as follows.

i=-2z71

1-2-%

= (-2 14234270+ 4]

IS B S ST L R s S L L

Hg(z) =

This choice for hs[n] will make g[n] = §[n] for all n. However, since we only need equality for
0 < n < 19 truncating the infinite series will give us the desired result. The final answer is shown
below.

5.50. (a) This system does not necessarily have generalized linear phase. The phase response,

Gi(¢™) = tan™! (Im(H: () + Hz(e"“')))

Re(H\(e?) + Hz(ev})
is not necessarily linear. As a counter-example, consider the systems

hiln] = én]+48[n-1)

hain] = 24[n}-24[n-1]
aln] = hfn] + hafn] = 3] - 5fn - 1
Gi(€®) = 3-¢7 =3 -cosw+ jsinw
) - ()

Clearly, Gy (e’*) does not have linear phase.
(b) This system must have generalized linear phase.

Ga(e™) = Hi(e™)Ha(e™)
|Ga(e™)| = [Hu(e*)] |Hale™)|
LGa(e) = LE(e*)+ LHy(e™)

The sum of two linear phase responses is also a linear phase response.
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(c) This system does not necessarily have linear phase. Using properties . the DTFT, the circular
convolution of H;(e?*) and Hp(e’*) is related to the product of k) [n] and h;[n). Consider the
systems .

hir) = dn]+bfn-1]

hz[n] = 8&[n]+ 28{n - 1] +én ~2]
aln] = Rkinlhaln] = djn} + 26[n - 1]
Gy(e?) = 1+277 =1+2cosw— j2sinw
) = e (2552)

Clearly, Gs{¢?“) does not bave linear phase.
5.51. False. Let hln] equal

_ sinwc{n ~ 4.3

43wl < we
hinl = = - 43)

— H(ejw) = { ; ' otherwise

ek |

Proof: Although the group delay is constant ( grd [H{e’*)} = 4.3 ) the resulting M is not an integer.

hln] = =h[M -n]
H(e*) = zxedMeH(e V)
e-j4.3w - iej(M+4.3]u, le < we
M = -86

5.52. The type II FIR system H;;(z) has generalized linear phase. Therefore, it can be written in the form
Hip(¢99) = A (&70)e 7w M/?

where M is an odd integer and A.(e7“) is a real, even, periodic function of w. Note that the system
G(z) = (1 - z7!) is a type IV generalized linear phase system.

G(e™) = 1-ev
= e—ju/?(ejw/Z_e-jwlz)
= ¢ 3(2jsin(w/2))
2sin(w/2)e~7w/2+ix/2
Ao(ejw)e-jw/2+jt/2

A () = 2sin(w/2)
(G(E¥) = -§+%

The cascade of Hy;(z) with G(z) results in a generalized linear phase system H(z).

Ae(e7) Ao(e7)eIuM 2 gmdu/atini2
Alo(eju}ejuu'ﬂ-'-jl/?

H(e)

where A',(e?) is a real, odd, periodic function of w and M’ is an even integer.

Thus, the resulting system H(e*’) has the form of a type III FIR generalized linear phase system. It is
antisymmetric, bas odd length (M is even), and has generalized linear phase.
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$.53. For all of the following we know that the poles and zeros are real or occur in complex conjugate pairs
since each impulse response is real. Since they are causal we also know that none have poles at infinity.

(a) o Since hy[n] is real there are complex conjugate poles at z = 0.9¢*97/3,
o If z[n] = u|n]
H,(z)
1-z-1
We can perform a partial fraction expansion on Y(z) and find a term (1)"u[n] due to the pole
at z = 1. Since y[n| eventually decays to zero this term must be cancelled by a zero. Thus,
the filter must have a zero at z = 1.
¢ The length of the impulse response is infinite.
(b) e Linear phase and a real impulse response implies that zeros occur at conjugate reciprocal
locations so there are zeros at z = 2;,1/2;,21,1/2] where z; = 0.8¢77/4,
# Since hz[n] is both causal and linear phase it must be a Type I, II, I, or IV FIR filter.
Therefore the filter’s poles only occur at z = 0.
o Since the arg { H»(e/*)} = —2.5w we can narrow down the filter to a Type Il or Type IV filter.
This also tells us that the length of the impulse response is 6 and that there are 5 zeros. Since
the number of poles always equal the number of zeros, we have 5 poles at z = Q.
* Since 20log |H2(e?)| = —0o we must have a zero at z = 1. This narrows down the filter type
even more from a Type I or Type IV filter to just a Type IV filter.
With all the information above we can determine H,(z) completely (up to a scale factor)

Y(z) = Hi(2)X(z) =

Ha(z) = A(L = z7')(1 - 0.867" /4271 }{1 — 0.8¢~7%/4272)(1 = 1.25¢7*/4272)(1 = 1.25¢77/4271)

(¢) Since Hy(z) is allpass we know the poles and zeros occur in conjugate reciprocal locations. The
impulse response is infinite and in general looks like

(z7! — 0.8e7/4) (2~} — 0.8¢~77/4)
(1 - 0.8¢7%/4z-1)(1 — 0.8e~7/4z-1)

Hi(z) = Huﬂ(z)

5.54. (a) To be rational, X(z) must be of the form

I
(1- C*z-l)
X(Z) - hk.——l
a0 N
[ -dez™)
k=1

Because xin) is real, its zeros must appear in conjugate pairs. Consequently, there are two more
zeros, at z = 1¢71*/1, and z = 1e=7"/4, Since x[n] is zero outside 0 < n < 4, there are only four
zeros (and poles} in the system function. Therefore, the system function can be written as

X{z)= (1 _ %ej:/iz-l) (1 _ %cjlxﬂ.z—l) (1 - %c-jrliz-l) (1 _ %e-jh/{z-l)

Clearly, X(z) is rational.
(b} A sketch of the pole-zero plot for X(z) is shown below. Note that the ROC for X(z) is |z| > 0.
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4th order pole
(c) A sketch of the pole-zero plot for Y (z) is shown below. Note that the ROC for Y(z) is (2] > 3.

Im

2
X X
QVE
x x

4th order z8ro

5.55. e Since z[n] is real the poles & zeros come in complex conjugate pairs.
¢ From (1)} we know there are no poles except at zero or infinity.
¢ From (3) and the fact that z{n] is finite we know that the signal has generalized linear phase.

¢ From (3) and {4} we have a = 2. This and the fact that there are no poles in the finite plane
except the five at zero (deduced from (1) and (2})} tells us the form of X(z) must be

X(2) = z[-1]z + 2[0] + 21}z + z[2]z 72 + =[3)2™3 + z[4]z~* + Z[5)c~°

The phase changes by 7 at w = 0 and 7 so there must be a zero on the unit circle at z = £1. The
zero at z = 1 tells us ) z{n} = 0. The zero at z = —1 tells us 3" (—1)"z[n] = 0.
We can also conclude z{n] must be a Type HI filter since the Jength of z|n] is odd and there is a
zero at both z = 1. z[n] must therefore be antisymmetric around n = 2 and z[2] = 0.
¢ From (5) and Parseval’s theorem we have 3 jz{n]|* = 28.
o From (6)
1 f" >
o) = o [ Yie)dw=4

-

z[n} * u[n] [n=0 = z[-1] + z[0]

1 fd . .
yl1] 5 | Yi)d=6

-

= z[n] ¢ ur)jp=1 = z[-1} + 2{0] + z[1]

¢ The conclusion from (7) that 3" (—1)"z|n] = 0 we already derived earlier.
o Since the DTFT {z.[n]} = Re { X {e’*)} we have

z[s]+2{-5] _ 3
2 -2

z[5] = -3+z[-§
5] = -3

Summarizing the above we have the following (dependent) equations
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(1) z[-1} + 2[0} + 2[1] + 2{2) + 2[3] + z[4] + z[5] = 0 T
(2) —z[-1] + z{0] - z(1] + z[2]) ~ =[3] + z[4] — z[5) =
@) =(2] =
(@) 2l-1] = ~afs
(5) ={0] = —=l4]
(6) ={1) = -z[3}
() z[~112 + 2[0] + z[1)* + =z[2]* + =[3]? + z[4]? + z[5]* = 28
(8) z[-1] + z[0] =
(9) z[-1]+=z[0] + z[1] =6
(10} z{5) = -3

z[n] is easily obtained from solving the equations in the following order: (3),(10),(4),(8),(5),(9), and (6).

-3
5.56. (a) The LTI system S, is characterized as a lowpass filter.
The z-transform of k;[n] is found below.
) 1
vl =yl - 11+ Jyln~2) = afn]
Y(z) - Y(2)z~ + %Y(z)z'z = X(z)
Y(z) (1 -z7l4 %z") = X(z)

1 1
1-21+ ,_.-2) (1 - 12-1)2

H(z)=

This system function has a second order pole at z = 1. (There is also a second order zero at z = 0).
Evaluating this pole-zero plot on the unit circle yields a low pass filter, as the second otder pole
boosts the Iow frequencies.

Since

Hy(e¥) = Hy(—€*)
Hy(z) = Hi(-2)

If we replace all references to z in H; (z) with -z, we will get H;(z).

1
Ha(z) = yrvg—rs
W)= a7 171)2
Consequently, Hz(z) has two poles at z = —}. (There is also a second order zero at z = 0).
Evaluating this pole-zero plot on the nnit cucle yields 2 high pass filter, as the second order pole
now boosts the high frequencies.
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(b)

{e)

(d)

The LTI system S; is characterized as a highpass filter. Hy(e’) is the inverse system of Hy{e’*),
since Hy(e’*)H,(e’*) = 1. Consequently, Hy(z)H (z) = 1.

As shown in part (a), Hy(z) has a second order pole at z = }, and a second order zero at z = 0.
Thus, Hs(z) has a second order zero at z = 1, and a second order pole at z = 0. Evaluating this
pole-zero plot on the unit circle yields a high pass filter, as the second order zero attepuates the
low frequencies.

53 is a minimum phase filter, since its poles and zeros are located inside the unit circle. However,
because the zeros of S; do not occur in conjugate reciprocal pairs, §3 cannot be classified as one
of the four types of FIR filters with generalized linear phase.

First, we compute the system function H,(z)
yInl + cwyfn ~ 1]+ azyfn - 2] = Bozin]
Y(2)+ Y (2)z 4 oY (2)2™? = BoX(2)
H4 (2) - ﬁo

l+apz-l +azz72

Sy is a stable and noncausal LTI system. Therefore, its poles must be located cutside the unit
circle, and its ROC must be an interior region that includes the unit circle. We place a second
order pole at z = 2, which is the (conjugate) reciprocal location of the second order pole of H,(z)
at z = . This gives

_ B
(1 ~2z-1)
Bo
(1 —4z7! +4273)

Hy(z)

In order for _ )
|He(e™)| = |Ha (&%)

an appropriate value of £, must be found. Consider the case when z = 1. Then,
Bo 1

(1—4271 +4272) (1-z"'+1z-2)

_ﬁo___l - |_1_._
(1-4+4)] ~ |1-1+1)
Bl = 4

The values oy = —4, a2 = 4, and 5 = 4 satisfy the criteria. Note that Sy = —4 also is a valid
solution.

K hsin] = hy[n] is FIR, then the poles of H;(z} must be cancelled by teros of Hs(z). Thus, we
expect a second order zero of Hs(z) at 2 = §. Therefore, Hs(z) will have the term (1 - §271)%.
In order for the filter hs[n] to be zero phase, it must satisfy the symmetry property hsin] = hi[—n],
which means that Hy(z)} = Hg(z). For this property to be satisfied, we need two more zeros located
at z = 2. In addition, we want these zeros to correspond to a noncausal sequence. Therefore, Hs(z)
will also have the term (1 - 12)%.

Combining these two results,

Hs(z) =

]
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Taking the inverse z-transform yields

hsln] = 38ln - 2 = 8ln - 1]+ S24n) - 380+ 1+ 7 +2)

5.57. (a}
1 jwgn 1 —Juwon
z[n] = s{n]coswpn = -és[n]e’ + Es{n]c
X(ejw) = %S(ej(w—wo)) + _;_s‘(e.i(U'H-m)-)
Y(e™) = H{e™}X () = %e‘j“S(ej(“'“')) + %J*S(eﬂ“*”")

- 1 {won—ga) 4 1 ~j{won—do}

y[n] = Es[n]e’ + Es[n}e
= s{n]cos(won — ¢p)

{b) This time,

Y(e7) = H(e“) X (&) = %e’”“e"”"‘.ﬁ'(eﬂ“"““)) + %e’“e"“’"‘ S(efwres))

It

y{r] 8[n - ngl+ (%s[n}é‘"’“""“’ + -;-s[n]e'j(“°""°))

8{n — n4] = s[n]cos(won — o)
s[n — ng) cos(wgn — wong — o)

fl

Therefore, if ¢ = ¢g + wonq then
yln] = s — ng cos(won ~ ¢,)

for narrowband s[n].

(¢}

@
2
il

-j::afg[ﬂ(e’”)] = -%I-% - wng] = nq

it

Tph —éﬂw[ﬁ“ (&) = —;1;['% —wng] = % -ng

y[n) = sln — 7erlwo)] cosfwn(n — 7pn (wn)))

{d) The effect would be the same as the following: )
(i) Bandlimit interpolate the composite signal to a C-T signal with some rate T.
(i) Delay the envelope by T - 7,,, and delay the carrier by T - 7p,.
(iii) Sample to a D-T signal at rate T

5.58. (a)

m; =02 gyylm] = Tpy[m] & Tpy(z) = $4y(2)

$uylm} = ¥In] » y(-n} = z[n] » z{-n] « A{n] « h{-n]
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B, (2} = X(2)X(z V) H(2)H(27}) = 8, () H(2)H(z™?)

$aslm] = o75m] & $22(2) = o]

N M
y[n] = Ztlgy[n -k + Zbg:[n -k, =1
k=1 i=0

Y(2)= ZagY(z)z +X(z)+ Zng(z)z""

k=1

M M
1+Zbkz—k H(l -'ng-l)
H(Z) = k:1 = A k:l
I—Zmz"‘ H(l-dgz_l)
k=1 k=1
So,
M M
(1 + zbhf*) (l + Z bgz*)
Tyy(2) = &:.(2)H(2)H(z™) = 22— kel
£ )
k=1 k=1
Or equivalently,
M
M-z -az)
Ty (7) = 420222
[0 -dez")1 - di2)
k=1

(b} To “whiten” the signal y[n] we need a system:
oL
HU(Z)HW(Z )_ H(Z)H(Z_I)
Therefore,

N
[]0 - dez")(1 - di2)

Ho(2)Ho(z ™) = 222

H(l-c,,z Ha- qz}

The poles of Hy(z) are the zeros of H(z) andthemosofE.(z) are the poles of H(z). We must
now decide which N of the 2N zeros of H.(z)Hw(z7') to associate with H,(z). The remaining
N zeros and M poles will be reciprocals and will be associated with H_(z~!). In order for H,(z]
to be stable, we must chose all its poles inside the unit circle. Thus for a pair c;,c; > we chose the
one which is inside the unit circle.
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{c)} There is no real constraint on the zeros of Hy(z), so we can select either d; or d;'. Thus, it is not

unique.
5.59. (a)
M-1 —w M
;i - 1—e"v
H(e“) = S e """=—1—_e—_,-;-
n=0

H(e"")—————-——ﬁh.[n] 26[11 kM) - §n — kM — 1]

-1 -1 -1

hi[n] bas infinite length, so we can never get a result without infinite sums. Therefore, it is not 2
teal time filter. We can use the transform approach but we must have all the input data available
to do tkis.

(b} The proposed system is a windowed version of k;[n]:
hy[n] * ha{n] = hifn]p|n]
Where
n] = 1, 0<n<gM
PI"I =1 0, otherwise
z[n] * h[n] ¢ h;[n]p[n] = w(n]
Therefore, if z{n] is shorter than gM points, we can recover it by looking at win] in the range

0<n<ghM-1.
{c)
,(Z) = ——'z—- = ‘!l(z)Hg(z)
g 1—z-9M
hin) =3 bln — kM) & Hi(2) = T
£=0
Thus, o
1 1-2"
Balz) = H(z)1—z—M
Note that
1-z-M
1—z—oM

has M zeros and ¢M paoles. SmceHz(z)zscausa.l there are no poles at z = co. If H(z) has P

poles and Z zeros:
Z+M<P4+qM
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5.60. {a)

1 az—-1 a-2z"!
H =r—-= =
(2) =2 a a az™!

Im
1poleatz=«

N
A

H(&) = % ~ 1 = cosw + jsinw~ —

arg[H(e™)) = tan™} (;%‘E—)

(b)

fm

a |Re

z 1
—a 1-az!

G(z) = -

1 1
ae—i  1-—acosw+ jesinw

G(e¥) = T

arglG(e)] = -tan”? (Iﬂ,)

— acosw
tan™ (a:a:i:“i 1)
arg{H(e™)]

5.61. (a) Because h;[n}, hy[n] are minimum phase sequences, all poles and 2eros of their transforms must
be inside the unit circle.

h;[ﬂ] * h-_-[n] & (Z)Hz(z)
Since Hy(z) and H;(z) have all their poles and zeros intide the unit circle, their product will also.
(b)

hy[n] + hafn) & Hy(2) + Ha{z)

ni[n] = (%) yjn] +— -1—_—-2:2—_—! = Xi(2)
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z2[n] =2 (l)nu[n] — = X1(z)

2

1-4z27?
Both of these are minimum phase, with a zero at z = 0 and a pole at z = 1.

3
X1() + Xal2) = T
2

This is minimum phase, with the same pole and zero as X, (z) and Xz(z).
z)[n}=6 ! “u[n}4_..;_—6—-=X1(2)
2 1-4§z?

Zzin] = -6 (%) uln] +— -1—:-%-%_—1 = X»(z)

Xi(z)hasapoleat 2=} and azeroat 2 =0. Xz(z) hasapoleat 2= { and azeroat z = 0.

-1
F4
Xi1(z) + Xaof2) =
1( ) 2( ) (1 _ %%__;)(] - %z—l)
This has zeros at z = 0,00 and poles at z = §, 1. Therefore, it is not minimum phase.
5.62. (a)

o} =3 (%) ujn) + 3(2)"u[-n - 1
: s
R@) = 1- 1z'1 1 —;z"
’ —2z71
T - na-2Y)
1

. ROC: 1<z <2
(1-1"1)(1 -1z} :

Im

1zematz=w

(b)
r{n] = h[n] * h[~n]) & R(z) = H(z)H(z™*)

: 1
R(z) =
() Q-1izN(1-12)
We have two choices from H(z). Since k[n] is minimum phase we need the one which has the pole
at z'= }, which is inside the unit circle.

+1
-1y

hin] = & (%)" uin]

H(z) = ROC: |z] > %
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5.63. (a) Maximum phase systems are of the form

M

H(z-c;)

H@) =52,  |alidl>1

H(’- —di)
k=1

Since the poles are outside the unit circle, the only stable system will have a ROC of |z| < min |di]|-
This implies the poles will all contribute to the h[n] with terms of the form —(di)*u[~n - 1), which
are anticausal. The 2eros are all positive powers of z, which means they are shifting to left, and
h[n] is still anticausal.

(b)

M

Hupin(z) = hminm] H(l - Ckz-l)
k=1
-1 .ll T
Homos (2) = hm{OIH(l ~exz )H (;—_—c;z—.;)
=1
A z-—! -
a0 = 11 ({=25%)

{¢)

Hynoo(2)

pmot [l -7 [T (£55)

hmm[o] H(z—l - c;)

k=]

M
5 M 0] [L 1 - c22)

k=1
= Z-HH,.“',.(Z-:)

M

Hpos(2) = 27 Y Hpin(27)
hm[ﬂ] = {ﬂ M] * hm-n[_ﬂ] hﬂun -n+ MI
5.64. (a) We desire [H(z)H.(z)] = 1, where H.(z) is stable and causal and H(z) is not minimum phase.

| |{Hap(z) Hmin(2}He(2)] = 1
Since ngp(z)i = 1, we want
{Hmin(2)}Hc ()} = 1

This means we have 1

Hpmin{z)

which will be stable and causal since all the zeros of Hmin(z), which become the poles of H.(z),
are inside the unit circle.

B.(z) =

s R YR P e T T T
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(b} Since
He(s) = g—rs
We have
G(z) = Hop(z)
(c)

H(z) = (1-0.8e73z71)(1 — 0.8~ 73"2-1)(1 — 1.26777271)(1 — 1.2¢7107%, 1)

Hoin(2) = (144)(1 — 0.86703%271)(1 — 0.8e=993% z-1)(1 — (5/6)™" 27 1)(1 — (5/6)e~107%,~1)
1

Helz) = i so i) (i = 08e- R30I = (5/6)eP 7 7=1) 0 < B/6)eF72T)
- _ (271 = (5/6)e= 0T ) (272 — (5/6)e7°7)
0) = Hal?) = - Gerem 7)1 - (5/6)e 077 )
(o] (o)
Re
O O
4th order pole
Im Im
S H m”( 2= G2
Re Re
X x
o}
4th order zero
5.65.
H(z) = Hmin(z);:_::;:‘%, lal < 1
Thus,
1
Jim Hoin(z) = lim ~=7 H(z)
hminl0] = ——h[O]

Therefore, |Amin[0}] > |A[0}f since jo| < 1. This process can be repeated if more than one allpass system
is cascaded. In each case, the factor for each will be larger than unity in the limit.

5.66. (a) We use the allpass principle and place a pole at z = 2, and a zero at z = ;.-.

= Zx

HE) = Hunlo)irty
Q(z)(z —zk)
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(b)
H(z) = Q(2)z"} - 2}Q(2)
An] = gfn — 1] - z;g[n]
- Hpmin(z) = @Q(z) — z,,Q(z)z'l
hmin[n) = gln] — zagln ~ 1)
{c)
€ = ) |hminlmi® = 3 Am]l?
m=0 m=0
= 3 (lglm]l? - zeqlm ~ 1ig"[m] — ziq"{m — 1lglm] + |z PPlglm ~ 1])
m=0
= > (lelm = 1)* = ziq"[m ~ 1jgim] — zeqlm — 1lg"[m] + |z:*lglm]!*)
m=0
= (1~|zf) Y (lglm]® - lgfm - 1]1%)
m=0
= (1 - |z[)gn)i?
(d)
e=(1-|z*)lgln]|* 20 Vn since |z} < 1
Then n .
Y thmalm]? - 3 (Am] >0
ma=0 m=0
Y mIE <Y hminlmi? Vn
m=0 m=0

5.67. (a} z[n] is real, minimum phase and z{n] = 0 for n < 0. Consider the system:

x[n}

Sni— Hp(z) —» Hy(z —»wm

z[n] is the impulse response of 2 minimum phase system. yfn] is the impulse response of a system ,
which has the same frequency response magnitude as that of z[n] but it is not minimum phase. |
Therefore, the equation applies.

3 2 3 ik
k:_-o

£=0
Since hgy(n] is causal and zfn] is causal, y[n] is also causal, and these sums are mearningful.
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(b) As discussed in the book, the group delay for a rational allpass system is always positive. That is,
grd{Hop(e™)] 2 0

Therefore, filtering a signal z{n] by such a system will delay the energy in the output y[n]. If we
require that z{n] is causal, then yn] will be causal as well, and the equation

D lzlkl? 2 ) wlkl?
k=0 k=D
applies to the system.
5.68. (a)
gin] = zin] s hln]
rin] = gl-n]ehln]

s{n] = r{—n] = gln] » h{-n] = z[n] « (A[n] » A]-n])
hifn] = Aln)xh[-n] .
Hy(e) = H(&Y)H' (&)= |H(e)

Since H,(e’™) is real, it is zero phase.

(b}

gln] = zin]=hin]
rfn] = z[-n]=xhfn]

yln} = gin] + r[—n] = zin} + Aln] + zln] « [-n] = z{n] « (Aln] + A{-n]}

hafn] = A&[n]+ A[-n]
Hx(e™) = H(e™)+ H ()
= 2Re{H(e)}

H,(e?*) is real, so it is also zero phase.
[Ha(e™)| = 2{H (&)] cos (LH (€*))

(c)

el -eeee IH,(e")
H, (&)1 '
1 ...... 3”’4
0 x/4 w X @
. _{2 .....................
(4] =/4 /4 r ©

In general, method A is preferabie since method B causes a magnitude distortion which is & function
of the (possibly non-linear) phase of A[n].
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5.69. False. Consider

1 1

H(z)= : =
(2) (1-Fz-1)(1-22"1)  1-%2-14272

This system function has poles at z = 1/2 and z = 2. However, as the following shows it is a genera.li.ied
linear phase filter.

1
1-Se—iw 4 e—i2
eju
e — 2 4 eI

(7emems)
COSW-§

5.70. (a) Since A[n] is a real causal linear phase filter the zeros must occur in sets of 4. Thus, if z is a zero
of H(z) then z7,1/2z; and 1/2] must also be zeros. We can use this to find 4 zeros of H{z) from
the given information.

(™)

z;, magnitude = 0.5, angle = 153 degrees
z;, rmoagnitude = 0.5, angle = 207 degrees
1/z;, magnitude = 2, angle = 207 degrees
1/z], magnitude =2, angle = 153 degrees

(b) There are 24 zeros so the length of Afn| is 25. Since it is a linear phase filter it has a delay of
(L ~1)/2=(25-1)}/2 =12 samples. That corresponds to a time delay of

ms
(0.5 sample) (12 samples) = 6 ms

(¢) The zero locations used to create thé following plot were estimated from the figure using a ruler
and a protractor.

Estimate of Continuous-Time Magnitude Response

0

- 20

2 Zero Locations (C):

g 40 (0.0444)/T

2 (0.128)/T

é. -60 (0.244)/T

= -80

_1m i - It 1 4 I

0 0.2 0.4 0.6 0.8 1

Q*'Th

5.71. (a) There are many possible solutions to this problem. The idea behind any solution is to have Afn]
be an upsampled (by a factor of 2) version of g[n]. That is,

_f ginf2l, n=0,22,%4,..
hin] = { 0, otherurise
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Thus, h[r] will process only the even-indexed samples. One suc_. system would be described by

hfn] = 1+46[n-2]
gln] = 1+é6n-1}
H(z) = 1+:7

G(z) = 14271

(b) As in part a, there are many possible solutions to this problem. The idea behind any solution is
to choose an A[r] that cannot be an upsampled (by a factor of 2) version of g[n]. Clearly, choosing
hin} to filter odd-indexed samples satisfies this criterion. One such Afn] would be

hln] = 1+48n-1]+4én-2]
Hiz) = 14z 422

(¢) In general, the odd-indexed samples of A[n] must be zero, in order for a g{n] to be found for which

r{n] = y[n]. Thus, there must not be any odd powers of z~! in H(z).

(d) For the conditions determined in part c, g[n] is a2 downsampled (by a factor of 2) version of k[n].
That is,

g[n] = h{2n]

5.72. (a) No. You cannot uniquely recover Afn] from e i)

emlll = Al A
Cun(e™) = H(*)H(e ™) = |H(e)]
Ca(z) = H(:)H"(1/z")

Causality and stability put restrictions on the poles of H(2) (they must be inside the unit circle)
but not its zeros. We know the zeros of Cp,(z) in general occur in sets of 4. Here is why. A
complex conjugate pair of zeros occur in H(z) due to the fact that hln] is real. These 2 zeros and
their conjugate reciprocals occur in Cp,(z) due to the formula above for a total of 4. Thus, H(z)
is not uniquely determined since we do not know which 2 out of these 4 zeros to factor into H(z).
This is illustrated with a simple example below.

¢ @ _|m o1z
021
Re
021'
4th order pole o1z

Let the above be the pole-zero diagram for Cas(z) and
Hi(z) = (1-227") (1~ 227"

Hy(z) = (l - -:—lz"") (l - :"!f—z_l)

Cia(2) = Hi(2)H (1/2°) = Hx{z}H;{1/z")
we cannot determine whether h;[n] or ha[n] generated cax[f].

Since
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(b) Yes. The poles of Cpu(z) must occur in sets of 4 for the same reasons outlined above for the zeros.
However, since the poles of A{n] must be inside the unit circle to be causal and stable we do not
have any ambiguity in determining which poles to group into h{n]. We always choose the complex
conjugate poles inside the unit circle. Here is an example

Copld _|im X1p,”
XP1

Re
Xp1‘

4th order zero Xip,

Let the above be the zero/pole diagram for Cys(z). Then, if hin] is to be real, causal, and stable

H(z) must equal

1

H(z)=

(1 -pz )1 - piz7?)

5.73. As shown in the book, the most general form of the system function of an allpass system with a

real-valued impulse response is

2 =)

- ek)

|z] € R

mn:ﬁ - dy
pasier 1=—dypz—?

H L (1- ez 1) (1 —epz7Y)’

where R; is the ROC which includes the unit circle. Correspondingly, the associated inverse system is

1

H.-(z) = H—(z)—

1)1 - eg2)

it

k=1

l—dgz H(l—-e;z

(z71 - )z ~es)

T 2Nz =d) 15 2z ez = ¢})
- H (z g)H(Z r—elz~e}

k=1

M,
z—dk

“l-eg)(z7 —er)

— ll—dgz

= H(l/z),

which in the time domain is

hiln} =

5.74. We can model g[r] as

|zl €

(z—ex){z —e})
H (

1—epz}{l ~ exz)

e

R,

h{—n]

gin] = z[n] + adln — no)

Now send the corrupted signal g{n] through a highpass filter Aspr[n] with a cutofl of w, = x/2.
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12¢
Pppy 1]

eee ¢ -5 | -1 1313

-7 4 -3 )

sinin
hapsln] = (—1)"";:"‘

The highpass filter completely filters out the lowpass signal z{n]. The output y[n] is

i

(z[n] + ad[n — na]) * hapr(n]
ahips{n — nol

_1)tn—no iR 5 (7 ~ n0)
a(=1) m{n - ng)

yln]

y{n] looks similar to the picture of hyps[n] above except that it is scaled by o and shifted to ng. Thus,
a = 2y[no]
© z[n] = g[n] - 2y[no}é[n — no]
(a) When ny is odd, y[n] = 0 at all odd values of n except n = ny. This leads to a procedure to find
z{n] from g(n):
» Filter g[n] with the highpass filter described above.
e Find the only nonzero value at an odd index in the output y[n}. This value is y[no).
* z[n] = g[n] — 2y(no}é[n — no]
(b) The only time three consecutive nonzero samples occur in y[n] is at n = ng. The procedure to find
z[n] is
s Filter g[n] with the highpass filter described above.
¢ Look for three consecutive nonzero output samples. The middle value is y[ng)-
¢ z{n] = g{n] — 2y[no)é[n ~ no}
5.75. Looking at the z-transform of the FIR filter,

H(z) Z hinjz~"
n=0

N-1
Z A[N-1-n]z""
a=0

Substituting m = N — 1 — n into the summation gives

H(z) = Z h[m]gm-N+

m=N-1
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N-1
= z Am]z™z N+
m=0

N-1

= N Z h(m):™
m=0

e z—N+1H(z—l)

Thus, for such a filter,
H(1/z)=2N"2H(z)

If 2o is a zero of H(z), then H{z) =0, and

H(1/20) = 29 "' H(zo) = 0

Consequently, even-symmetric linear phase FIR filters have zeros that are reciprocal images.

O
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Solutions — Chapter 6

Structures for Discrete-Time Systems
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6.1. We proceed by obtaining the transfer functions for each of the networks. For network 1,
Y(z) = 2rcos8z71Y(2) - r2272Y (2) + X(2)

or
Y{z) _ 1

X(z)  1-2rcosfz~!4r2z-2
For network 2, define W(z) as in the figure below:

Hy(z) =

w(z)

z{n]

L -1

rcosf
—rsin§ J

¢ rsinf

rcosé

then
W(z) = X(2) — rsin827'Y(2) + rcos6z" W (z)

and
Y{z) = rsin8z7'W{z) + rcosﬂz'”’(;)
Eliminate W(z) to get
Y{z) _ rsinfz!
X(z)  1-2rcos@z~!+4riz-2

Hence the two networks have the same poles.

Hy(z) =

6.2. The only input to the y[n] node is a unity branch connection from the z[n} node. The rest of the network
does not affect the input-output relationship. The difference equation is y[n] = zn].

6.3.
24 1z71

H(z) = ———b—u——
(z) 1+ 3z-1-35-2

System (d) is recognizable as a transposed direct form II implementation of H{z).
6.4. (a) From the flow graph, we have:

Y(3) = 2X(3) + (3X(2)~ {¥ () + §Y ()2
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That is: 1 3 1
Y{z)(1+ Iz-1 - Ez_z) =X(z)(2+ Zz").
The system function is thus given by:

_Y() _ 2+41x70
T X(2) T 1+t 1,7

H(z)
(b) To get the difference equation, we just inverse Z—transform the equation in a. We get:
1 3 1
vinl + Zyin ~ 1] = Zyin — 2] = 2z[n] + 22{n - 1}.
4 8 4
6.5. The flow graph for this system is drawn below.

win}

-8
zin] y(n)]

win] = z[n] + 3wln - 1] + win - 2}
yln] = win] + yln - 1} + 2y[n - 2]
(b)
W(z) = X(z)+ 327 1W(2) + 27*W(2)
Y(z) = W(z) + z7'Y(z) + 227%Y (2)

H(z)

1
{(1—2z-1—2z-2)(1 — 3z~ ~ z-2?)
1
1—-42-1 47273+ 2z

{¢) Adds and multiplies are circled above: 4 real adds and 2 real multiplies per output point.

(d) It is not possible to reduce the number of storage registers. Note that iroplementing H(z} above
in the canonical direct form II (minimum storage registers) also requires 4 registers.

6.6. The impulse responses of each system are shown below.




6.7. We have
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Tl L atln

—1 -2
o]
- 12"

1 3

H(z) =

Therefore the direct form II is given by:

—1/4

z[n] @ - > i —1:- S ﬂy[n’]
14 i

6.8. By looking at the graph, we get:

yln] =2y[n — 2]+ 3zin -1} +zfn - 2].

6.9. The signal flow graph for the system is:

z(n]
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(a) First we need to determine the transfer function. We have

wifn] = zn] —win] + duyn — 1]

we[n] = wifn]
wiln] = waln-1)
we[n] = 2wsn]
= wn(n]+ z{n — 1) + w[n].

y(n)

Taking the Z—transform of the above equations, rearranging and substituting terms, we get:

1+3z-1 4272823
Hz) = 1+2-1—-82~2

The difference equation is thus given by:

y[n] + y[n - 1] - 8y{n — 2] = z[n] + 3zjn — 1] + z[n — 2] — 8z[n - 3].
The impulse response is the response to an impulse, th;refore:

hin] + hln — 1] — 8h[n — 2] = d[n] + 38[n — 1} + &{n — 2} — 85[n - 3]
From the above equation, we have:

Al =1
h[1] =3-h0}=2.

(b) From part (a) we have:
y[n] + yin — 1] - 8yfn — 2] = z[n] + 3z[n — 1} + z[n ~ 2] — 82z[n - 3].
6.10. (a)
win] = syinl+ 2l

v[n] = %y[n] +2z[n] + w[n - 1)
yln] = v[n-1]+znl

{b) Using the Z—transform of the difference equations in part (a}, we get the transfer function:

_Y(z)  1+2:71 4272
T X(z)  1-dav- Ll

H(z)

We can rewrite it as :

@41+ z7Y)

B(z) = Q+i-0)1-2-1)

We thus get the following cascade form:

zin] o

L

-1/2
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(c) The system function has poles at z = —} and z = 1. Since the second pole is on the unit circle,
the system is not stable.

6.11. (a) H(z) can be rewritten as:

271 —6z"2 4 8277

H(z) = 1- %z"
We thus get the following direct from II fiow graph :
z[n] ———aoVln]
-1
—

(b) To get the transposed form, we just reverse the arrows and exchange the input and the ouput. The
graph can then be redrawn as:

zjn) vin]

;:In] -1 wq {ﬂ] 2
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We thus have the following relationships:

wifn] = —z{n] + wy[n] + wn)

w2ln] = z[n — 1] + 2un[n]

wln] = wafn—1]+y[n—1]
¥ln] = 2unn].

Z —transforming the above equations and rearranging and grouping terms, we get:

Y(z) _-2+6z71+2:77

Hiz)= X(z) 1-8z-1

Taking the inverse Z—transform, we get the following difference equation:

yln] — 8y[n — 1] = —22{n] + 6z[n - 1] + 2z[n ~ 2].
6.13.
1-3z72
1-4z-1—§z7%

H{z) =

The direct form I implementation is:

—a V1]

z[n] @— Tﬁ j ,—7 .

-

1/4

6.14.

The direct form [T implementation is:

z{n] o— ————¢————o ¥I"
1z 4
1/2 5/6
- * —t 7
L. |
1/2 L 1/6
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6.15.

1= 271412

B@) = o1
+z7 + 32

To get the transposed direct form I implementation, we first get the direct form II:

z[n] | > . T—.—-o y[n]

z-l f 3

-1 ~7/6
— - 4
z7 )

-1/2 1/6
- — L

Now, we reverse the arrows and exchange the role of the input and the ouput to get the transposed

direct form II:
zn] g— > ———9— o v[n)
271 v
&
-7/6 -1
- j il
Lz-—l ¥
l 1/6 -1
> -& $

6.16. (a) We just reverse the arrows and reverse the role of the input and the output, we get:

zin] gu-—s s — > — —o y[n]
4 z-1y 4
-2
L L—o———#
J‘ z=9 )
1/4 3
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(b) The original system is the cascade of two transposed direct form II structures, therefore the system
function is given by:

27t 4+ 3272

“1=

The transposed graph, on the other hand, is the cascade of two direct form II structures, therefore

the system function is given by:

B@) = (1 -3

1-22"1 43272
1-14z-2

H(z) =1~ 327 )

This confirms that both graphs have the same system function H(z).
6.17.
v Yl 2
H{z) =1 32 +6z +2z7°
{a) Direct form implementation of this system:

E3L0) P — > —

»> - o yin]

(b) Transposed direct form implementation of the system:

21 21 2=1
- > — y[n]
J 1/6 I -1/3 l |
z[n] g8 »

6.18. The flow graph is just a cascade of two transposed direct form I structures, the system function is
thus giver by:

l+§z'1-%z"){ 1
1442713221 —az"?

H(z) = ( ).

Which can be rewritten as:
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___+aha-fh
2O = = B -ey

In order to implement this system function with a second-order direct form II glgna.l flow graph, a
pole-zero cancellation has to occur, this happensifa = 2, a = -2 ora = 0. If a = §, the overall system
function is: : L4957}
+ 2z
BE) = i
If a = -2, the overall system function is:

1- %z‘l

H(Z) = w-
And finally if o = 0, the overall system function is:

(42701 - 227
Bz = 1+ 3271 - 3272 7

6.19. Using partial fraction expansion, the system function can be rewritten as:

—8 1
H(z)= 11

+ +9.
- sz—l 1+ %Z'l

Now we can draw the flow graph that implements this system as a parallel combination of first-order
transposed direct form II sections:

9
* - -»
k J
&
* -8
z[n] g— > > > *~—— o vin]
z-l
13
r
b
o—> > — y'
z=1
—2/3

6.20. The transfer function can be rewritten as:
(Q+2z714 %z"’)

o) = GrTa -+ 9

which can be implemented as the following cascade of second-order transposed direct form II sections:
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z{n] . 99— »— 99— ——» .y["]
] z-l | Z-l | 1
5/2
o——»i--—o 1 .___--—-gl
4 z-li 1_1“ [
L 5/4 L -1/4 4 -1

6.21.
1 _Y{(z)
1—edwoz=1 " X(z)

hin] = e™"u[n] «— H(z) =
So yln] = e?**y[n — 1] + z[n]. Let yln] = y:[n] + juiln]. Then y.{n] + jyiln] = (coswo + 5 sinwo)(y-(n -
1) + jyi[n = 1]) + z[n]. Separate the real and imaginary parts:

yeln] = z[n]+ coswoyr[n — 1] - sinwoyiln ~ 1)
viln] = sinwoyr[n — 1] + coswoyi[n — 1]

2ln) yeln]
*— '
yiln]
. J

6.22.
(1+:z1)2
{1- }z")(l - %z")

1+2z7? 14271
H(z) = (1__ %z_,) (1_ %z_,).

- H{z)=




z{n} vin)
o— + - > -9
z=1
1/4 1/2 i
142z 14271
o= (2£2) (2£)
z[n] y(n]
z™} z7!
12 ] 1/4 .
Plus 12 systems of this form:
y[n]
—9

z(n]
& > - > >
z-1 I ' 2! z~1 z—}
1/4

1/2

with the three types of lst-order systems taken in various orders.

6.23. Causal LTI system with system function:

1-371
H(z)= i
(Z) (! - %Z-l + %2—2)(1 + %z-l)
(a) (i} Direct form I
1-4z-1
H P
) 1-421 4 £272+ La(-3)
S0

1 1 5 1
bO-—lsbl—"ga-nda1—z,ag——-i-z'as__.i.i

193
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(ii) Direct form IL

z[n] yin]
> > — —i
z™1 4 z?
{
-1/5 V2R
—a
‘ -5/24 | 2~
| S
-1/12
*r——r—p— > —
z[n] vin]
-1
L 1/4 -1/5
2-1
1 -s/24

(iii) Cascade form using first and second order direct form II sections.
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boz=l:blﬂ=oab22

-1/4 -1/5

~1/3

(iv) Parallel form using first and second order direct form II sections.
We can rewrite the trapsfer function as:

27 o _ 36 ,-1
H(Z): 125 125 125 .
1,1 - 1=l _ 1,2
1+ 3z 1-3z 3%
So -
¢ =5 .en=0,
= 38 = 36 d
£O2"’125 ,312——125,311

=1 = - - _1
apy=-—-g,0n=0,a2=3,anp=—3.
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27/125

|

-1/4

z[n] , [n]
0—0—-—4 0—-——ﬁ——y0

(v) Transposed direct form II
We take the direct form I derived in part (ii) and reverse the arrows as well as exchange the
input and output. Then redrawing the flow graph, we get:

w;[n]

-1/12

(b) To get the difference equation for the flow graph of part (v) in (a), we first define the intermediate
variables: wy([n] , w,[n] and ws[n] . We have:
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M win] = s+ wala - 1
(@) waln] = gyl +usln = 1] - g2l
(9 wsn] = —pevln) - vl = 1
@ el = wila)

Combining the above equations, we get:
1 5 . - 1 TS S
o) = 3vln — 11+ ppuin = 2+ oyln = 3 = =in] - 22l - 1]

Taking the Z-transform of this equation and combining terms, we get the following transfer func-
tion:

—1
1 £z

H(z)zl__ 1

1,14 3,-2, 1.-3
g +24z +122

which is equal to the initial transfer function.

6.24. (a)
BE) ==
vin] z[n]
*— -~
2=1
a
yln) = z[n] + oyl - 1)
Hr(z) = 7oy = H(3)
()
1+ 171
1?(z)==ij7§;:T
yin] zjn]

T

1/2 1/4
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y[n] = z[n] + i-z[n - 1]+ %y[ﬂ -1

1,-1
Hr(z) = :—‘_‘;Z—_ = H(2)

(c)

H(z)=a+bz ' +cz7?

yin] z! 27!
[ -+ - —
a b ¢
z{n}
-— - .
y[n] = az(n] + bz[n — 1} + ezn — 2}
Hr(z)=a+bz"  +cz7% = H(z)
(d)
rsinfz!
H(z}= 1—=2rcosfz—! 4 r2z-2
y(n]
[ -t 4 -
L1
4
rcosé

win]

—rsin# Y

1 rsin &
reosé zin]
— —

21
u[n]




= X427
rcosfV — rsinfY
rsindV +rcos@z=*W
7w

= Hy(z)

rsingz™!

1-2rcosfz1 +r22-2
= H{z).-

N

fi

XN ¥ o«
I}

6.25. (a)

H(z)

1 1- 321
1-z7V [1- 321+ 222
9.1 9,2 1,-3_ 1_—4
2+ g% FFgE A G+ gz
1-alz-ty 2z-2_ 2273

®)
yln] =
+ Hyn-1-3uin -2+ Jyln -3

(¢) Use Direct Form II:

2
*— —r + - ]
z[n] vln}
| B
[ r 3
11/8 9/8
e
Yy -1
1 -s5/4 9/8 |
[ - > ®
z~1 {
7/8 11/8
- >
2-1

6.26. (a) We can rearrange H(z) this way:

(1+271) {1+271p
1-3277427% 1427141272

H(z) = (142712

+1+2:"1 4+ 2-2]

2z{n] + gz[n -1} + gz[n -2+ -%lz[ﬂ -3+ gx[n - 4)

1

1- 21 +%z“2-

0.2

199
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yin)

The solution is not unique; the order of the denominator 2nd-order sections may be rearranged.

(b)

uln] = zin]+2zfn~1)+2z{n -2+ %u[n -1)-u[n-2]

v[n] = un]-vjn-1]- %U[ﬂ -2
wln] = vln}+2vfn— 1]+ vn-2]
yin] = win]+2wn-1j+uwn-2+2yr-1]- %y[n -2

6.27. (a) H{e™) = H(eMlw*m),

Hy(ev)

4 I
¥ } >

- x
L 0 E] r o

(b) For Hy(z) = H{—z), replace each z~! by —z~!. Alternatively, replace each coefficient of an
odd-delayed variable by its negative.
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(c)
- —— ¢
z[n] ! 1 yin}
4 z-
k -1 2
————1
4 17 'y
2 -1
9 ———9¢
B
3 &
-2 1
? - ——
1.
1 -2
———
6.28.
y(n]
.
{a)
vinl = zin]+ abwin] + bwin - 1] + abyn]
wn] = -yln).
Eliminate w[n]: .
y[n] = z[n] - abyln] ~ by[n - 1] + aby[n]
yin] = z[n]-dyin-1]
So:
1
B& = o

(b)
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z[r] yn]

6.29. (a)
y[n]
—o
{b) From
N2 abt — gNa+1
oot
k=N, —a
it follows that ,
z a"z"ﬂ - 11— asz': .
= l-a:z
{c)
zn] z-¢
z-! 1 —a®
—_
a

y[n]

(d) (i) (c) has the most storage: 9 vs. 7.
(ii) (a) has the most arithmetic: 7 adds + 7 multiplies per sample, vs. 2 multiplies + 2 adds per
sample.

6.30.
(a)
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[ X153 T . ‘ ° 1
(b)
14
1 2n
H = - pkll S -n
(Z) 15;[14—605(15(11 no))]z
1 i 1 & 1[ 350 &
DL D D1 0 Lt R s -] Flas
- ll-z'"’ +llc-ji-§-no[1_,(cj§-§z-—:)15]
15 1-‘2_1 152 l_ejﬁz_l
llciﬁﬂou - (e=i%E z-1)15)
152 1-— etz
— l _ =15 1 %C_’-ﬁn‘“
= 15(1 z )[l—z‘l + 1-c-’ﬁ‘z'1+
estine
1—emifiz-1|’
(c)

H(E®) = e ™ [

H(e) = 1

sin((15w)/2) _ 1e~7%sin((15w)/2) 1 &/ sin((15)/2)
sin(w/2) 2 sin((w-3£)/2)  2sin((w+ (2«)/_15)/2)}‘

When np = 15/2, .

H(&) =

_ emilsw 1 le-ie it
15 1—eF ' 1-eBies - eilei

1 |ei% (1 - e-jISu) %e_,--_-szvps) (1 _ e_jISw)
1_5' oF —eI% = o3 S 8T _ c_j.-:z-na) -



L e |
e’-nd-sz'(l!) - c,‘,—-ﬂ:rllﬂ
_ 1 [e-wf(efw'f —emi¥)

15 2jsin§
JemivTeit (e ¥ _ omiw)
2jsin (w—p;tl.’a!)

le~iwTeitk (eI ¥w — g~i¥w)
2J sin (w+!2l’£15!)
™7 | sin(15w/2) _ Le=77% sin(15w/2) _
15 | sin(w/2) gy (-»_-ez_aa)

L1e7 % sin(15w/2)
sin (w+12;[15!)

o

srepteptee .

When ny =0,
H(e®) e~ 7 | 5in(15w/2) = 1e7I 1% sin(15w/2)
15 | sin(w/2) sin (ﬂ;_/m)
1e718 sin(15w/2)
sin (u+gz;gxsl)
. Bt =
.Jr-

The system will have generalized linear phase if the impulse response has even symmetry (note it
cannot have odd symmetry), or alternatively, if the frequency response can be expressed as:

H(e) = e/ 4 (&)
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where A,(e’*) is a real, even, periodic function in w. We thus conclude that the system will have
generalized linear phase for ng = 32k, where k is an odd integer.

(d) Rewrite H(z) as

- rng wng) ,—1
H(z):l-z ' 1 +°°5215 —cos (3 + 34) _
| 15 {1-z-1 1-2cosdzz-1 427
—r ’ R SRR

 } |
g B
L
-1
-
where a = cos(21ng /15), B = — cos{2x(ng + 1)/15), and ¥ = 2cos(2x/15).
6.31. (a)
G uln]
zﬁ] 1+r o " :[n]
r -1
l-r
O z=
uln] = Gzin]+wn-1)
wln] = —rufn]-(1-rlyin 1]
yin] = (+r)ufn]-ryln-1)
(b)

U(z) = GX(z}+z7'W(2)
W(z) —ru(z) - (1 - r)z"1¥(2)
Y(z) = (14r)U(2)-rz"tY(2).
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Solve for U/(z} in terms of X(z) and ¥(z):
' _GX(z) -1~ r)z=2Y ()

U(z) 1+rz-?
Then -
Y = (4 {FEAL0Z YO iy

Y(z)(1+r27Y) = G(lr +1)X(2) - (1 = r)z72Y (2) —rz7 1Y (2) - r?27%Y(2) :
Y()(1+2r272 +272) = G(1 + 1) X(2)

G(l+r)
14 2rz-1 4 2-2°

From the quadratic formula, the poles are at (—r + jv/1-r2)~? and (—r — jv1-r2)"L The'
magnitude of each pole is 1. The angles are

et (F5F) i wn (55).

H]_(Z) =

T
respectively.
{€) Ulz)=z"HGCX(2) + W(z2)), W(z) = =rU(2) = (1 =) (2}, and Y {2) = 2~} ({1 +r)U(z) — rY (2))
fead to G(1 +r)z~?
B = T 7 = )
6.32. (a)
‘nn] = (Q+r)nin]+rz(n}
win] = —rzin]+ (1 —r)z2n]
(b) |
whl = Q+a)mlnl+dnln] @=r=4d

y2{n} (1 + cd)z2[n] + abziin] (c=d=-1).
(c)
wln] = (A +e)zin]+ezan] (e=71)
win] = efznin]+(1+ef)zn] (f=-1).

(d} B and C preferred over A:

(i) coeflicient quantization. If r is smail, 1+ r may not be precisely representable even in floating
point. Also, network A has 4 multipliers that must be quantized, while B and C have only 1

(ii) computational complexity. Networks B and C require fewer multiplications per output sample.
6.33.

z ! - 0.54

B = Tose

(a)
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z[n) yin]

cdz"! +d

H(z) = 1-— b2

so set b =0.54, ¢ = ~1.852, and d = —0.54.

(b) With quantized coefficients b, ¢, and d, & # 1 and d # —b in general, so the resulting system would
not be allpass.

(c)

-1

*— > . —
z[n) L J yn]
54 z~t
-1

{d) Yes, since there is only one “0.34" to guantize.

©
He = (22) (=)

Cascading two sections like (c) gives

w(n] z-!

gENgESRD

win - 1) -1

The first delay in the second section bas output win — 1] so we can combine with the second delay
of the first section-

*—r > > > -
z[n)
P z™} b z-1
_..
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(f) Yes, same reason as part (d).

6.34. (a) We have:

w[n) w3n]

. 2 yin]
v v -1
z[n]
wy(n] waln]
First, we find the system function, we have:
(M) wafr] = zin}+wain-1)
(2) w2[r] = z{n]+wsin 1]
(3) w3ln] = 2wi|n]+wen-1)
(4) vin] = wsln]
(5) wefr] = -ylr] - wain]

Taking the Z-transform of the above equations and combining terms, we get:
-z YY(2)+ 27 (z) = 2+ 27 1) X{2).
The system function is thus given by:

_ Yz 24z

Hz) = X(z) 14z71-2z72

Since the system function is second order (highest order term is z=2 ), we should be able to im-
plement this system using only 2 delays, this can be done with a direct form I implementation.
Therefore, the minimum number of delays required to implement an equivalent system is 2.

r

{b) Now we have:

wil il i
zin} z-1 z-1 yin]
-1
wa(n] ~1 wyfn)

Let’s find the transfer function, we have:
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(1) waln] = z{n)+wsfn-1

(2) wa[n] = z[n]+wsfn—1]
(3) wa[n] = 2w;n]

(4) waln} = —wsln-1]-y[n]
(5) ws[n] = wln]+wln -1

€) yln] = wsln]

Taking the Z-transform of the above equafions and combining terms, we get:

(1-z%@+2Y)
1-22-2

A4z () = X(2).

The system function is thus given by:

Y(z) _ 201 +2-0)(1 -2
X(z) ~ 1-2z-2 ’

H(z)=

Since the transfer function is not the same as the one in part a, we conclude that system B does not
represent the same input-output relationship as system A. This should not be surprising since in
systern B we added two unidirectional wires and therefore changed the input-output relationship.
6.35.
-1_1

H(z) - -iz__l—s'

327!
{a) Direct form I:

zln] g— N . . —o ¥[n]

4

From the graph above, it is clear that 2 delays and 2 multipliers are needed.
(b)

(- %z'l Y (z) = (-% +27)X(2)

Inverse Z-transforming, we get:

vl = 39in = 1) = —32ln] + 2l 1]
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1
vin] = 3(sfn - 1] - sfa]) + 3l - 1]
Which can be implemented with the following flow diagram:

2l] @—s e . ol

1/3

-1 z-!

(©

27— % z-1 -2
HG) = (o o

).

This can be implemented as the cascade of the flow graph in part (b} with the following Sow graph:

-1

z{n) ¢ . —e ¥in]
J: J

-1
However the above flow graph can be redrawn as:

-1

z[n] g—

- , o ¥[n

Now cascading the above flow graph with the one from part (b) and grouping the delay element

we get the following system with two multipliers and three delays:
Z_l
—e Vin]

z{n} g—




2n

6.36. (a) Transpose = reverse arrows direction and reverse the input/output, we get:

wy(n]

yln)

zin]

2 w[n] wain] z

(b} From part {a), we have:
(D wifn] = 2z{n] + wln]
(2) wa[n] = z{n] + wifn -~ 1]
(3) wsln] = ~331n] + 241 ~ 1
(4) yin] = waln] + yln - 1

Taking the Z-transform of the above equations, substituting and rearranging terms, we get:

(1- %z'l - 2:73Y(z) = (2271 + 1) X (2).

Finally, inverse Z -transforming, we get the following difference equation:

vin] - -;—y[n ~1] - 2yjn - 2] = zfn] + 2z[n ~ 1].

{c) From part (b}, the system function is given by:

142271
H [ —
2 1-4z-1~2z-2

It has poles at
z—-——s-—andz —-——i—-
1-+v33 1+V33

which are outside the unit circle, therefore the system is NOT BIBQ stable.

(d)
v[2] = z[2] + 22{1] + 3y[1] + 2¢[0]
{0 ==[0] = 1
yill=z(1} + 2z{0l + Ju0) = § +2+ 1 =3
Therefore,

1 3 19
y[?]—z+l+§+2--7.

6.37. (a)
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)

1/N
z{n] @— . > —& s

-2z

HN -1]

-1

IN-1

{b) Note that the z;’s are the zeros of (1 — z~¥). Then write H(z) over a common denominator:

Mol -z T B M1 - e~
M (- zez?)
N=-1

vy N—1
E H—Ilrk—] II (1-zz71).

k=0 im0
itk

H{z) =

yln]

Therefore, H(z} is the sutn of polynomials in z~? with degree < N — 1. Hence, the system impulse

response has length < N.
(c)

1-zz? 1—z2-1

z-! [(1-2-”)——-—#["3”‘(] = %'513-1[1—;"}.2-1 [____1 ]
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= B 1) - sn - D » cFuln)
- ["] (zPufn] - 22~Nufn - V]
i f"i zp{ufn] — uln — NT}.

ﬂ—N

: = N
h[n] = (ﬁ 2 H[k}e’i‘r‘"‘) {u[n] — u[n = N)).
k=0

{d) Note that, since (1~ z;V} =0,

H(zm) = (1 - Z—N)E{m]/NI

1-—zp2-t
20 = =M E )N }zs
'f;'{l - Zmz o=z
NzzN-1H[m}/N
Zmzm
= Himjz7N
= ﬁ'[m].
() If hln} is real, |H(e?)| = |H(e/@®™%)|, and LH(e?) = — LH(ef?"~¥)). H(ei?**/N) = A[k] =
|H{k)le?®1¥, so (Hik]| = |H[N — k]| and 8]k = —8{N — k], k=0,1,...,N - 1.

i

ff?[o]/N+§‘ BN | HIN/AN | "z‘:‘ ag/N |

1—-z-1 1=zpz=d 1= 2pspz-1 1-— 2,271
—1 k N/2 tq--n “

. _ g-—l
[ g0/ o NN S BRN HRKN Z H[N - /N p]/N

1-2z-1 1+2-1 1—2z2-! 1—zy_pz-?

H(z) (1-z")

]

= (1-z7V)

k=1

[ fjo)/N L BN | %:l ( AK/N_ BN - k]/N)]

- _ _-N
= (1-277) 1-21 1421 1-221 1—2z_,2z7}

k=]

[B[0)/N  AIN/2/N
1= z! 1422

= (1- z'N)

Z H{k](l —zp 2" )+ H[N - k}(1 - z,27%)
N (1= zpz~ 1)1 — z_p2z7Y)

-~y | BN  HIN/2)/N
- - [ LI 1r+/21_/1
2’ 2|A[k] cos(lk]) — 27" cos(B[k] — 2xk/N)
Qe N 1-2cos gzl 4 2-2

And since H[0) = H(1), H[N/2] = H(-1),

H{(1))N H
Hz) = (1- "")[ (1)/_1 + 1(+lz)-/fv
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'}i‘ 2/H (e? ¥ | _ cos[@(2xk/N)] - 272 cos[f(2mk/N} — 27k/N]

= N 1~ 2cos(2xk/N)z—! + 272

If A[14] = O,then H[16 — 14) = H[2] = 0 also.

Hio)/16
*— > - —§ > > > —
z[n] yin]
L]
—z16 21
4 A
b -1
g
s
where o = cos(8(1]), a@ = — cos(§[1] - (27/16)), B = 2cos(2#/16), and 7 = ~1.
6.38. (a)
2=1 z-1
zfn] * " > Tt
k(0] h{1] h[2] h[10]

— - M:1 __._._yTﬂ]

M{N + 1) multiplies per output sample; M N adds per output sample.
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®)

-1 z-i

O ‘I . T T

M:1 M:1 M:1

k0] I A1) i h[lﬂ
. e

N + 1 multiplies per output sample; N adds per output sample. The number of computations has
been reduced by a factor of M in both adds and multiplies.

(c}

N

-1

1/

The total computation can not be reduced because to compute the value of any given output
sampie, the previous output value must be known.
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(d)
(i)

& —fpr. > > . M: 1 > —
2-1] l z-l
1

(i)

/8
> - M:1 L, o
z—l
175 ] %78
L & =t A > o - M: 1 ——
z-1 z=1
[ 172 778

(iv)

(iii)

-1

L]

%78 172

Ouly direct form II (ii) can be implemented more efficiently by commuting operations with the
downsamplers.

6.39. Since each section is 3.4cm loag, it takes
3.4cm
=10"*
343 10° e

to traverse one section. Since the sampling rate is 20kHz (T, = 0.5 - 10 *sec), it takes two sampling
intervals to traverse a section. The entire system is livear and so the forward going and backward going
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waves add at a boundary. Let
' o = A, - A
kn = An+ A

{(from A; into A,); then ay, = ~a,; and we get:

z~2 14+a 2? 1+ asz; z

l—an z

6.40. (a) For rounding:

Pele)
/A
-Aj2 Af2 e
'y 214
m, = —1-f ede = le =0
A :!e A 2 _-_!_A_

(b) For truncation:
PE(e) i

1/A
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_1 ., 87 _ 1% At a?
af—A.-[—er &*T‘a—a]_‘f T- 1

6.41. Since the system is linear, y|n] is the sum of the outputs due to z;[n] and z;[n]. Therefore

o« ed

vinl = 3 miEsiln-k+ Y holklzaln - &
k= =00 k==
= wnln]+pln]

The correlation between y, [n] and y,[n} is

E{ f: hl[[]zglm-—(]- i hz[k]:z[ﬂ.-k]}

{==00 k= -0

E{n[m]y2[n]}

o

> Y mlghkE{z:Im — fzaln - K]}

{==o0 k=0

I z)in} and z2[n] are uncorrelated, E{z;[m — f]z,[n — k|} = 0; bence, E{x1{my2[n]} = 0. Therefore,
v1{n] and y;[n} are uncorrelated.

6.42. (a) The linear noise model for each system is drawn below.



z{n] bo vin]
- »> i ()
e
(%) (26)
a b
Ca
y[n]
- . ()
(20%)
()

zln} by
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yln]

b a

{b) Clearly (a) and (c) are different. Thus the answer is either (a} and (b} or {b) and {c). If we take

{b) apart, we get
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We see that the noise all goes through the poles. Note that the 1o” source sees a system function
(1 — 6z=1)~! while the 20 source sees z~!/(1 — az~!). However, the delay (z7') does not affect
the average power. Hence, the answer is {b) and (c).

(c) For network (c),

o0 n 302
=362nz=:o(a y= 1—q?’

or using the frequency domain formula,

dz
o = 21|'ij az"l' -az"z—
= 21r_1 f {z- a)(l —az)
3
= o=
For network (a),
byt byz!
B(z) = l-az"?

hin] = bodle] + (bo + 2)a"uln]
e Time domain calculation:
a? = 27 +¢° Z h?[n)
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bl P 2n
26° + &* b§+(bo+-;) Y a

=
e
= 240 (3 sl hl),

¢ Frequency domain calculation:
2 | f -1y 42
Ea Kn = e H{(z)}H(z )

z (residms of w_—llumde unit cu:cle)

H(H(z™) _ (o+bz W ho+bz)z
z - (z=a)(1-az) =z

(boz + b1)(bo + &y 2)

z{z—a)(1-az) ~

=bibo
a
(o + b1 )(bo + bya) _ b%a + bfa + bybg + by boa®

a{l — a?) - a{l — a?)

residue (z =0} =

residue (z = a} =

2 2
fﬂ(z)ﬂ(z"l) % _ Wa+bta+ b;boa-i(-lblbzg) byby + biboa
B2 + 5% + 2bgbia
1-a?

(abo + b,)?

1-a?

]

n

b2+
6.43. (a)

y[n]=lyfﬂ—1]+5, n20

yln] = 22( )i 1—"1—(3)”1

For large n, yin} = (1/2)/(3/4) = 2/3.

(b) Working from the difference equation and quantizating after multiplication, it is easy to see that,
in the quantized case, y[0] = 1/2 and y[n] = 5/8 for n > 1. In the unquantized case, the output
monotonically approaches 2/3.

85
Tz
3

36
2048

y|r] unquantized .

e @

el caien

v f——— e

~ e
a3
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6.44.

y[n] quantized

Ensmmemme FV' ™)
ot et onjen
W 0 o
w e mitn
o 0 anr
A

(¢) The system diagram is direct form II:

» 14275«
H(e®)= 5
1
- 3
X = e

1
Y(e'V) = H(e) X (V) = T= 1l
which implies that y[n] = (1/2)(1/4)", which approaches 0 as n grows large.
To find the quantized output (working from the difference equation): y{0] = 1/2, y[1] = 1/8 and
ylri=0forn>2.

1
2 ) 1
]
iz o & .
[ ] 2018 y[r] unquantized
, I I n
0 1 2 3 4 5
;i
[ } y[n] quantized
@ -8 o —- n
0 1 2 3 4 5

(a) To check for stability, we look at the poles location. The poles are located at
z 7= 0.52 + 0.84;j and z =~ 0.52 - 0.84;.

Note that
{2 ~ 0976 < 1.

The poles are inside the unit circle, therefore the system function is stable.
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(b} If the coefficients are rounded to the nearest tenth, we have
1.04 —» 1.0 and 0.98 —+ 1.0.

Now the poles are at

Lo 1=3v8 L _1-3V8
2 2
Note that now,
|z =1.

The poles are on the unit circle, therefore the system is not stable.

6.45. The flow graphs for networks 1 and 2 respectively are:

z-! z-! 27! z=1 ! z=! ’
o7
yin]

wifn] = z{n] — a®z[n - 8}
wzn] = ayin — 1} + wy[n]
vin] = waln]

z{n]

(a) For Network 1, we have:

Taking the Z—transform of the above equations and combining terms, we get:
Y()(1-az"t) = (1-a2"%)X(2)

That is:
1-qa%z~*

1—-az-1’

H(z) =

For Network 2, we have:

yin] = zin] + azfn - 1] +6%z{n - 2]+ .. + 6"z[n - 7).
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Taking the Z~transform, we get:
Y(z)=(1+az"t+a%27 2+ .. +a"27 )X (2).

Sa: .

1-az"
1—az-1’

HzZ)=1+az  +a?z 2+ .. +ad’27 "=

(b) Network 1:

Network 2:

(c) The nodes are circled on the figures in part (b).

(d) In order to avoid overflow in the system, each node in the network must be constrained to have
a magnitude less than 1. That is if ws[n] denotes the value of the kth node variable and hi{n|
denotes the impulse response from the input z{n] to the node variable wy[n] , a sufficient condition

for [ue(n)] < 1is )

z <S5 T
mes 2::-—» 'h’*[m}l

In this problem, we need to make sure overflow does not occur in each node, i.e. we need to take
the tighter bound ob Zms.. For network 1, the impulse response from un(n] to y(r] is a™ufn},
therefore the condition to avoid overfiow from that node to the output is

Where we assumed that |a| < 1. The transfer function from z{n] to w,{n] is 1 — a®z~*, therefore
to avoid overflow at that node we need:

w;[n] < ZTmaz{l— a!) <1-laj.
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We thus conclude that to avoid overfiow in network 1, we need:

Now, for network 2, the transfer function from input to output is given by &[] +ad{n ~ 1} +a24[n -
2] + ... + a’8[n — 7], therefore to avoid overflow, we need:

1
maz < l1+al+a?+...+]a|""

I

{e) For network 1, the total noise power is li_";lhl For network 2, the total noise power is 7¢2. For
network 1 to have less noise power than network 2, we need

207
1_—lal<7af.

That is:
la] < 2
7

The largest value of |a| such that the noise in network 1 is less than network 2 is therefore 3.



Solutions ~ Chapter 7

Filter Design Techniques
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7.1. Using the partial fraction technique, we see

Ho(s) = s+a _ 0.5 + 0.5
e (s+aP+5# s+a+jb s+a-jb

Now we can use the Laplace transform pair

1
—ﬁ! t
u(t) +—— TTa

to get
heft) = 3 (€74 + e=e=4) o 1)

(a) Therefore,

hy [ﬂI - hc(nT) = % [e-(n+jb)n?" + e-(c—jb)nT] u[n]
0.5 05 —oT
H(z) = 1 - e—{o+i0)Tz-1 + 1 — ¢—(e~30)T z—1" l21> ™
(b) Since
se(t) = / he(r)dr —p =2 “s) = Sc(s)
we get
B s+a _A Az A;
Sc(s) = s(s+a+jb)(s+a~jb) s * s+a+jb * s+a—jb

where

a A = — 0.5
a? + 92’ 2T Tatjb

A1=

Though the system hy[n] is related by step invariance to A.(t), the signal s3[n] is related to s.(t) by
impulse invariance. Therefore, we know the poles of the partial fraction expansion of 5.(s) above
must transform as z; = 7, and we can find

Ay A, A
Sz(z) - ]-z-1 + ] — e—(a+50)T -1 + 1 — o—(a—3b)T -1

Now, since the relationship between the step response and the impulse response is

sa[n] = Z hafk) = E hafklufn ~ k] = hsin] * uln]

k= —-00 k=—-o0

Ste) = 722

We can finally solve for H.(z)

Haz) = So(z)(1-z71)

1-271 - 1-z2 —aT
= Athy o YR e > e

where A4, and A; are as given above.
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(<)

n n
1 ; .
= == ~{a+jb)iT | ,—(c—jb)kT
sifn] = Zhlik]-zz(e S+INT 4 ¢ )
k=-o0 k=0
1 [1 = e={e+®)n+1T 3 _ ,—ta—idti{n+1)T
T2 [ T e@tmT T {_e—taitim | ¥"
= [B1 + Bze—(a+:'b)Tn + B;e—(a-—jb)Tn] u[ﬂ}
where
1-e*TcosbT e—(o+i0T
Bl = 1 26—‘T — N B: = ———TT
- ¢osbT + e~2T 1 — e—(a+i®)
iFrom this we can see that
By B, B;
SI(Z) = 1350 + 1= e"(“*‘fb)“rz"l + 1= e—(a-T =1
# S52(z)

since the partial fraction constants are different. Therefore, s1[n] # s2[n], the two step responses
are not equal.

Taking the inverse z-transform of Hz(z)
hafn] = Adn] + Ay [e-(°+fm”"u[u] - em(eriTinlyin — )]
+ A3 [e‘(""""r"u[n] — e~ (o= Tn=1)y[p _ 1]]
where A; and A, are as defined earlier. By comparing hy[r] and hz[n] one sees that hy[n] # hz[n].

The overall idea this problem illustrates is that a filter designed with impulse invariance is different
from a fiter designed with step invariance.

7.2. Recall that ! = w/Ty.

(2)

Then
0.80125 < |H(GQY <1, 0< I < 0.2x/T;
|H(jQ)| < 0.17783, 0.37/T; < || < « /Ty

The plot of the tolerance scheme is

IHGER) |

T Ty i g
] e

0.8N25 Tmrm—sr

0.17783 +
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{b) Asin the book’s example, since the Butterworth frequency response is monotonic, we can solve

1 ‘nEy2
= {0.89125)

1+ ( 0.2 )
N.Ta

— = (017783)
14 ( 0.3x )
0.7y
to get 1.7y = 0.70474 and N = 5.8858. Rounding up to N = 6 yields .7y = 0.7032 to meet the
specifications.

(c) We see that the poles of the magnitude-squared function are again evenly distributed around a
circle of radins 0.7032. Therefore, H.(s) is formed from the left hali-plane poles of the magnitude-
squared function, and the result is the same for any value of T4. Correspondingly, H{z) does not
depend on Ty,

|He(70.2x/Ta)[* =

NH(i0.37/Ta) =

7.3. We are given the digital filter constraints

1-6, < |H(eY) <146, 0<jw| Swp
|H{e¥)| < &2, wy S| <

and the analog filter constraints

1-8 SJH (GO <1, 8<IQI<N,

| (7)) < &, 2, 219
{a) If we divide the digital frequency specifications by (1 + 4,} we get

R 1-4

1= = 133,
s 2%
b = 1+4
: _ &
62 - 14 61

61 = —-élT
2-45
24,
& = 2-4,

In the example, we were given

5, = 1-0.89125=0.10875

4 = 0.17783

Plugging in these values into the equations for J; and 42, we find

61 = 0-0575
& = 0.1881
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The filter H'(z) satisfies the discrete-time filter specifications where H'(z) = (1 + 8)H(z) and
H(z) is the filter designed in the example. Thus,
0.2871 — 0.44662-1 —2.1428 + 1.1455z?
1< 1297114 0.6040:-2 T 1= 1.0691z—1 + 0.3699: 2
1.8557 — 0.63032"
1-0.9972z-1 + 0.25702 -=]
0.3036 — 0.47237-1 ~2.2660 + 1.2114z~1
1-1.2971z-1 7 0.6949-% T 1= 1.0691z-7 + 0.36992-2
1.9624 — 0.66652 " '
1 - 0997221 + 0257072

(c) Foliowing the same procedure used in part (b) we find

0.0007378(1 + 2~1)%
{1~ 1.2686z-1 + 0.7051z-2)(1 — 1.0106z-1 + 0.35832-3)

H'(z)

]

1.0575 [

+

H'(z)

1.0575 [

1
X T-09044z-1 + 0.2155z-=]
0.0007802(1 + z~1)*
(1— 1.26862-1 + 0.7051z-%)(1 — 1.01062-1 + 0.35837-7)
1
X 1770.9044z-1 + 0.21552-2

7.4. (a) In the impulse invariance design, the poles transform as z; = £**T4 and we have the relationship

1 Ta
s+a 1~ e—aTez-1

Therefore,

2T 1Ts
s+01 s+0.2
1 0.5

37015702

The above solution is not unique due to the periodicity of z = ¢™. A more genera! answer is
2/Ty _ 1/Ty

s+ (01+5%) s+ (02+5%)

He(s) =

Hc(s) =

where k and ! are integers.
(b) Using the inverse relationship for the bilinear transform,
= 1+ (Td / 2)5
T 1~ (T4f2)s

we get
2 1
H(s) -
1 - e~03 ﬁ_:.) 1 — 0% ('E%)
2{(s+1) {s+1)

s(Q+e )+ (1-¢92%) s(l+e 044 (1= e~0.4)

o) () o) ()

Since the bilinear transform does not introduce any ambiguity, the representation is unique.

1




7.5. (a) We must use the minimum specifications!

§ = 00
Aw 0.057x
A = -20log,d=40

A-8
M+1= 2.285Aw

B = 0.5842(A — 21)°* + 0.07886(A — 21) = 3.395
{b) Since it is a linear phase filter with order 90, it has a delay of 90/2 = 45 samples.
(€)

+1=90.2-91

H (&)

1

“x —0825n -03r O  03n 0625n _—

_ sin(.6257(n — 45)) — sin(.3x{n — 45))
- n(n — 45)

haln]

7.6. (a) The Kaiser formulas say that a discontinuity of height 1 produces a peak error of é. If a filter has
a discontinuity of a different height the peak error should be scaled appropriately. This filter can
be thought of as the sum of two filters. This first is a lowpass filter with a discontinuity of 1 and
a peak error of §. The second is a highpass filter with a discontinuity of 2 and a peak error of 24.
In the region 0.37 < |jw| € 0.475#, the two peak errors add but must be less or equal to than 0.06.

d4+2 < 006
fpax = 0.02

A = ~2010g(0.02) = 33.9704
B = 0.5842(33.9794 — 21)%* + 0.07886(33.9794 — 21) = 2.65

(b) The transition width can be

Lw = 03r-02x or Hw = 0.5257 — 04757
= 0.1rrad = {.057 rad
We must choose the smallest transition width 50 Awnay = 0.057 rad. The corresponding value of
Mis
339794 -8
M= _“-'_—2.285(0.05#) =7238-73

7.7. Using the relation w = QT, the passband cutoff frequency, w)p, and the stopband cutoff frequency, w,,
are found to be

wp, = 2x(1000)107*
= 0.2xrad
w, = 2=(1100)107*

0.22x rad
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Therefore, the specifications for the discrete-time frequency response Hy{e*) are
0.99 < [Hy(e™)| <101, 0% [w]<0.20x
|Ha(e™)| <001, O2x<fw|<m

7.8. Optimal Type I filters must have either L + 2 or L + 3 alternations. The filter is 9 samples long so its
order is 8 and L = M/2 = 4. Thus, to be optimal, the filter must have either 6 or 7 alternations.

Filter 1: 6 alternations - Filter 2: 7 alternations
Meets optimal conditions Meets optimal conditions
7.9. Using the relation w = QT, the cutoff frequency w, for the resulting discrete-time filter is
we = QT
= {2r(1000)][0.0002]
= 0.4r rad

7.10. Using the bilinear transform frequency mapping equation,
w, = 2tan”! (%)

27(2000)(0.4 x 10-3))
2

= 2tan™? (
0.7589 rad

7.11. Using the relation w = QT,
w,
Q = _f‘s
/4
0.0001
2500%

2x(1250) %

7.12. Using the bilinear transform frequency mapping equation,
2 We
o = g (3)

2 x/2
g.001 =° (T)
rad

= 2000 —
5

= 2x(3183) %

7.13. Using the relation w = QT
we
Q.

2x/5
2x(4000)

= 50us

This value of T is unique. Although one can find other values of T that wiil alias the continuous-time
frequency {1, = 2x(4000) rad/s to the discrete-time frequency w. = 2x/5 rad, the resulting aliased filter
will not be the ideal lowpass filter.



7.14. Using the bilinear transform frequency mapping equation,

Q2 = -?—tan(w°+2'k), k an integer
T 2
2 w,
= g (3)
_ 2 3x/5\ _
T—21r(300)m( 2 )~1.46ms

The only ambiguity in the above is the periodicity in «. However, the periodicity of the tangent function
"cancels” the ambiguity and so T is unigue.

7.15. This filter requires a maximal passband error of §, = 0.05, and a maximal stopband error of 4, = 0.1.
Converting these values to dB gives
dp=-26dB
. és =-20dB
This requires a window with a peak approximation error less than -26 dB. Looking in Table 7.1, the
Hanning, Hamming, and Blackman windows meet this criterion.

Next, the minimum length L required for each of these filters can be found using the "approximate
width of mainlobe” column in the table since the mainlobe width is about equal to the transition width.
Note that the actual length of the filteris L = M + 1.

Hanning:
01r =
M =

ErI¥

Hamming:

0ixr =

gxig

Blackman:

Olr = —

M = 120

7.16. Since filters designed by the window method inherently have §; = 4, we must use the smaller value for
é.

§ = 002
A = —20i0g;,(0.02) = 33.9794
B = 0.5842(33.9794 — 21)°* + 0.07886(33.9794 — 21) = 2.65
_ A-8  339794-8
T 2285Aw  2.285(0.65x — 0.63r)

7.17. Using the relation w = (17T, the specifications which should be used to design the prototype continuous-
time filter are

M = 180.95 — 181

-0.02< H(j?) <0.02, 0 < Q| < 2x(20)
0.95 < H(GR) < 1.05,  2x(30} < |3 < 2x(70)
—0.001 < H(3?) <0.001,  2x(75) < | < 27(100)
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7.18.

7.19.

7.20.

7.21.

Note: Typically, a continuous-time filter's passband tolerance is between 1 and 1 — &; since historically
most continuous-time filter approximation methods were developed for passive systems which have a
gain less than one. If necessary, specifications using this convention can be obtained from the above
specifications by scaling the magnitude response by 11z.

Using the bilinear transform frequency mapping equation,
2 Wy 2 0.27 rad
= = —) = = .7126) —
Q, Tta.n(z) 2x10_3ta.n( Z ) 2x(51 ) .
_ 2. qwy 2 037 _ rad
% = zan(P)=53 10-3“”( 2 ) = 2810959 =5

Thus, the specifications which should be used to design the prototype continuous-time filter are

|H(8)] < 0.04, 91| < 2x{51.7126)
0.995 < |H.(ij0)] < 1.005, || > 2x(81.0935)
Note: Typically, a continuous-time filter’s passband tolerance is between 1 and 1 — 4, since historically

most continuous-time filter approximation methods were developed for passive systems which have a
gain less than one. If necessary, specifications using this convention can be obtained from the above

specifications by scaling the magnitude response by 13-
Using the relation w = QT,

2IEe

/4
2=(300)
417 s

This choice of T is unique. It is possible to find other values of T that alias one of the given continuous-
time band edges to its corresponding discrete-time band edge. However, this is the only value of T that
maps both band edges correctly.

True. The bilinear transform is & frequency mapping. The value of H(s) for a particular value of §
gets mapped to H(e’¥) at a particular value of w according to the mapping

5= 2 f1-e
- Ta \l+4edv ’ _
The continuous frequency axis gets warped onto the discrete-time frequency axis, but the magnitude
values do not change. ¥f H(s) is constant for all s, then H(e’*) must also be constant.

{a) Using the bilinear transform frequency mapping equation,
2 wp
Q, = i_: tan (T)
we bave
2 T
L = gw(3)
- 2
Qp
(b)
wp = 2tan~? (QET‘)



A
e aee e
[+
P
0
0
Td
(¢}
w, = 2tan™? (Q'Td)
2
Wy = 2tan~! (ind)
2
Aw = Wy —wp = 2 tan-l (Q:Td - t.a.n_i (ind)
2 2
&
[T
Aw
0 [\ =%
0
Td

7.22. (a) Applying the bilinear transform yields
H(Z) = Hg(s) L=ﬁ(:_.-1)

14z~
T 142!
- Z(Es). e

which has the impulse response
hin] = -7-:21 (u[n] + u[n — 1])

237
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{b) The difference equation is
vl = 32 (el + 2l ~ 1) + [ - 1)

This system is not implementable since it has a pole on the unit circle and is therefore not stable.

(c) Since this system is not stable, it does not strictly have a frequency response. However, if we ignore
this mathematical subtlety we get

; Ty {1+
e = 3 (1x)
T (e‘w/z e )

2 \eiw/2  p=juw/2
— Td
= 3 cot{w/2)
and since the Laplace transform evaluated along the 5§ axis is the continous-time Fourier transform
we also have )
ITH_ (2}
-1 W - Q
ZH ()
2
. R ; r
- 0 Do -x 0 L Q
ey’ )| E——— /2

In general, we see that we will not be able to approximate the high frequencies, but we can
approximate the lower frequencies if we choose Ty = 4/~.

(d) Applying the bilinear transform yields
G(z) = H.(s) Ig+(l—s'l)

d L1dz=T
2 [1-2z1

which has the impulse response

oin] = -,".’:[(—nw[n]-(-n"-*u[n—11]
2

7 [2(-1)"ufn] = 8l
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(¢) This system does not strictly have a frequency response either, due to the pole on the unit circle.
However, ignoring this fact again we get

oy 2 [l—ei
o) = % [rew]
2 (ejwfz - e—jw/!)

T Ty \ iz peiui2
= X
= 7 tan(w/2)
GUiQ) = j0
1G9 ! : 166!
.?’Tsl w2
-n 0 nr2 x @ -n 0 w2 = 9
£G{eY) £G ()
®2 p———— /2
-1 -
: o T @ 0 T Q
/2 ——] w2

Again, we see that we will not be abie to approximate the high frequencies, but we can approximate
the lower frequencies if we choose Ty = 4/x.

(f) If the same value of T is used for each bilinear transform, then the two systems are inverses of
each other, since then

H(E) G ) = 1

7.23. We start with |H (7Q)|,

FH,GQ) |
1 10n

-10n 0 10x Q
(a} By impulse invariance we scale the frequency axis by Ty to get

- = . 2%k
e =| 5 A (i i)
k=~ d 4
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{H (&)

10

L 1

- . =0.1z 0.1n X

Then, to get the overall system response we scale the frequency axis by T and bandlimit the result
according to the equation

vt _ J (T, 10 < %
lHe&H(Jn)f - { 0’ |ﬂ| > %
IH .ﬂ!(p)i
10%
-1000x 0 1000% o}

(b) Using the frequency mapping relationships of the bilinear transform,

@ = gu(3),

w = 2tan”! (-%),

2
we get
-~ tan (£} 1, < 2tan~!(107) = 0.98
) = { han (@b Ll < Banm10m = 088
ERCHY
1 10m
- o 0 . O

Then, to get the overall system response we scale the frequency axis by T and bandlimit the result
according to the equation

) Hy(e*T), 19 < §
il = { JEE 1<
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Hgy G2

-8800n 0 9800

7.24. (a) Expanding the sum to see things more clearly, we get

Hs) = Z(s oy +G<(s)
- Ay A
= Rt T ey YO

" Now multiplying both sides by (s — 5g)" we get
(s — s0) He(s) = Ar(s — 50)"™" + Aa(s — 80)" " + - + Ar + (s — 50)"Ge(s)
Evaluating both sides of the equal sign at s = s gives us
A, = (8 — 30) He(s) li=so
Note that (s — so)"Ge(s) = 0 when s = 3 because G(s) has at most one pole at s = so.

Similarly, by taking the first derivative and evaluating at s = so we get

S == 2 l(s = 50 Ge(s)

= (r=1)A(s— 502+ (r—2Az(s—50)" 2+~ + Ay +0+ % [{s — 50)"G(:

2 l(s ~ so) Buls)

Ay = %[(s—so)'ﬂc(s)] lomes

This idea can be continued. By taking the (r — k)-th derivative and evaluating at s = so we get
the the general form

a2 (e = 5o Bl hmss)

{b) Using the following transform pair from a lookup table,

we get
LY {H.(5)}

" {Er‘f—r ,,G,(,)}

z A (k e"‘u(t) + ge(2)

-
s

S
n

0
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7.25. (a) Answer: Only the bilinear transform design will guarantee that a minimum phase discrete-time
filter is created from a minimum phase continuous-time filter. For the following explanations
remember that a discrete-time minimum phase system bas all its poles and zeros inside the
unit circle.

Impulse Invariance: Impulse invariance maps left-half s-plane poles to the interior of the z-plane

unit circle. However, left-half s-plane zeros will not necessarily be mapped inside the z-plane
unit circle. Consider:

N N
z A H(s - 55)

N Ak k=l :;lk
H.(s) = 23-—53= N’
= Its -0
=1
N N
S TA [ - e
N k=1 Fml
_ TaA: sk
H(Z) - ; 1= e'*T‘z"‘ - N
=] H (1 _cl(sz-l)
=1

I we define Poly,(z) = []’, (1 — e* Tz}, we cap note that all the roots of Poly,(z) are
T

inside the unmit circle. Since the numerator of H(z) is a sum of 4,Poly,{z) terms, we see
that there are no guarantess that the roots of the numerator polynomial are inside the unit
circle. In other words, the sum of minimum phase filters is not necessarily minimum phase.
By considering the specific example of
s+ 10
(s+1)s+2)
and using T = 1, we can show that a minimum phase filter is transformed into a non-minimum
phase discrete time filter.
Bilinear Transform: The bilinear transform maps a pole or zero at 5 = $¢ to a pole or zero
(respectively) at zp = ::' :: Thus,

H.(s) =

1+ 50
1—-%.-80

|20l =

Since H.(s) is minimum phase, all the poles of H.(s) are located in the left half of the s-plane.
Therefore, a pole 55 = ¢ + Q2 must have ¢ < 0. Using the relation for s;, we get

(1+ Iz o) + (1"-z 2)2
(- Zop+(§ny
<1
Thus, all poles and zeros will be inside the z-plane unit circle and the discrete-time filter will
. be minimum phase as well.
{b) Answer: Ouly the bilinear transform design will result in an allpass filter.
Impulse Invariance: In the impulse invariance design we have
; = w. 2nk
e = 3 & (i(5+ %))

k=—co

{zo}

The aliasing terms can destroy the allpass nature of the continuocus-time filter.
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Bilinear Transform: The bilinear transform only warps the requency axis. The magnitude
response is not affected. Therefore, an allpass filter will map to an a.llpa.ss fitter.

(¢} Answer: Quly the bilinear transform will guarantee
H(e™)|u=0 = He(i)]a=0

Impulse Invariance: Since impulse invariance may result in aliasing, we see that

H(e) = H (50}
if and only if
He= S A ( 2"") = H.(j0)
or equivalently
= 27k
2 ()=
kx0

which is generally not the case.
Bilinear Transform: Since, under the bilinear transformation, ! = 0 maps tow =0,

H{e'®) = H.(50)
for all H.(s).
(d) Answer: Only the bilinear transform design is guaranteed to create a bandstop filter from a
bandstop filter.

If H.(s} is a bandstop filter, the bilinear transform will preserve this because it just warps the
frequency axis; however aliasing (in the impulse invariance technique) can fill in the stop band.
{e) Answer: The property holds under the bilinear transform, but not under impulse invariance.
Impulse Invariance: Impulse invariance may result in aliasing. Since the order of aliasing and
multiplication are not interchangeable, the desired identity does not hold. Consider H,, (s) =
H,,(s) =272,
Bilinear Transform: By the bilinear transform,

2 f1-271
(z (r55))
_ 2 f1-2z7} 2 f1=-z71
= & (5 (7)) (£ (7))

Hy(2)Ha(z)

H(z)

(f) Answer: The property holds for both impulse invariance and the bilinear transform.
Impulse Invariance: .

me = 3 5 (5+5)

CF () £ ()

Hy(e™) + Hy(e™)
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Bilinear Transform:

Hixy

) _1
r (3 (:222)) - (36550

= Hi(z) + Hy(2)

(g) Answer: Qnly the bilinear transform will result in the desired relationship
Impulse Invariance: By impulse invariance

o

: fw 2%k
k;_:mﬂq (J (5": M2 ))

me) = 3 (5 7))

We can clearly see that due to the aliasing, the phase relationship is not guaranteed to be
maintained.

Hy (¢°)

i
™
!‘.!:

Bilinear Transform: By the bilinear transform,

H., (J% tan(w/z))
., (i wntu/2)

Hy(e™*)

Hy(e)

therefore,

O<w<r

H(e) He (-frl tan(w/2)) _f e,
" _xcw<0

Bxe) " g, (i an(w/2)
7.26. (a) Since

re= T n(i(5+ %))
H(e) lomo= He(39) foco,
H(E)lumo = é@ # (i (5 + 2"‘)) oo = He(i)lao

Z H.:( 21rk)

l--u

and we desire

we see that

requires

(b) Since the bilinear transform maps {? = 0 to w = 0, the condition will hold for any choice of H.(jQ)-
7.27. )



(a)

kin] = h[2n]
H(e™) = 3 h2njen
= Y hnle’¥
n eéven
- 3 %[h{n}+(-1)“h[n]]cf"*=

= SH(ET)+ 3 H (¢F)
H, (")

1/2

(b}

Ha(e)

> Anf2emen
i even
o0

z h{n)e~ 72"

nE=—0oc

H(e™)

H, (&

1

a8
{c)

-8 0 n/8 8 n o

Hy(e) = H ()

H,(e")
—— 1 —
E— w7 0 wWh T r w

245
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7.28. (a} We have

1-21
1421
1—e™5v
14w

eIwi2 _ g=w/?

n =

eiw/2 4 g—3w/2
o
! = tan (-2—)

0 =tan (“B)  w, =2tan"}(8)

(b)

14271
1-2"1

1+ e™3v
1—e-iv
piwf2 4 p—ju/2

i

etw/2 _ g=jw/2 .
W

2 = -et(3)

- w(37)

Q,:tan( 3 ) — wp, =7+ 2tan” ()

()

(d)
Ha(2) = Hy(z)s=-:

The even powers of z do not get changed by this transformation, while the coefficients of the odd
powers of z change sign.
Thus, replace A,C,2 with —A,-C, -2.

7.29. (a) Substituting Z = &/® and z = ¢/* we get,
e = i

(b)
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H (")
¢ ec > . ec >
+ A
-R -;/2 0 2 n

(c)
ko] +— H(e®)
hifn] «— H(aﬂw“))

In the frequency domain, we first shift by » and then we upsample by 2. In the time domain, we
can write that as

_ | (-1y*2h[n/2], for n even
han] = { 0, for n odd

(d) In general, a filter

bo+ bzl 3 bz 2 4o by 2¥ f by M
ag+arz 4 agz 24 +ay_zV -1 +anyz—¥
will transform under H,(z) = H{-2?) to

Bo=brz7 3t bor o — by M2 b2
ag— 61272+ a2z 4 4 - —ay_122V -2 4 gnzIN

H{z)=

H(z) =

where we are assuming here that M and N are even. All the delay terms increase by a factor of
two, and the sign of the coefficient in front of any odd delay term is negated.
The given difference equations therefore become

gln] = z{njt+aigln—2)-bf[n—4]
fln] = <axgln—2]-bf[n~2]
yin] = afln]+cagln -2

To avoid any possible confusion please note that the b; and o, in these difference equations are
not the same b; and a; shown above for the general case.

7.30. We are given *
H(z) = Hc(s) I:=ﬂ[£]

4"

where a is a nonzero integer and 5 is a real number.

(a) It is true for § > 0.

Proof:
1—2z"°
s =8 [1+z‘°]
s+sz27* = B-fz"°
s§=8 = Pz %-—g2""

B—s = z7%(8+s)
27 = B-s
B+s
B+s

~
|
A=Y
1
™
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The poles s; of a stable, causal, continuous-time filter satisfy the condition Re {s} < 0. We want
these poles to map to the points z; in the z-plane such that {2} < 1. With a > 0 it is also true
that if |z,{ < 1 then |z§| < 1. Letting s; = ¢ + jw we see that

lzx] < 1

skl < 1
B+eo+30 < f-0-jiN
B+o)+0 < (B~ +0°

208 < -208

But since the continuous-time filter is stable we have Re{ss} < 0 or ¢ < 0. That leads to
-B<8

This can only be true if 5 > 0.
{b) It is true for B < 0. The proof is similar to the last proof except now we bave |29 > 1.

(¢} We have
2 = 1+s
1-3 =302
2% = 1
Iz = 1

Hence, the j0! axis of the s-plane is mapped to the unit circle of z-plazne.

(d) First, find the mapping between {2 and w.

1-e 2
i
e+ eI
tan(w)

w = tan”}(N)

i =

e
!

Therefore, )
» n 3r
1- 6 <1H(e™)| < 1+ 46y, {IwiSz}U{T<]w|<ﬂ}

Note that the highpass region 37 /4 < |w| < = is included because tan{w) is periodic with period
.

7.31. (a)

ey

1+ 2zt o=t
3 = —rz=
1-21

L]
-

Now,' we evaluate the above expressions along the jQ axis of the s-plane

iN+1
-1
2l = 1
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(b) We want to show |2] < 1if Re{s} < 0.

o+ §t+1
o+ j-1

o o eIV
A% Jecipse®

Therefore, if |z] < 1

(c+1P+2 < (e~102+02
¢ < =-0a

it must also be true that o < 0. We have just shown that the left-half s-plane maps to the interior
of the z-plane unit circle. Thus, any pole of H.(s) inside the Jeft-half s-plane will get mapped to

a pole inside the z-plane unit circle.
(c) We have the relationship

it

el

12,
i1
1925,

Therefore, the constraints are

0.95 < |H. (7€)} < 1.05,

7.32. (a) By using Parseval’s theorem,

]

where

hln},

14 e v

1- e

eI/ 4 gmrw/2
eIz — g—Jw/?
= - cot{w/2)

|cot(n/6){ = V3
{cot(x/2) =0
= Jeot(x/4)| =1

0<0 <1
V3 <9

1 * w2
5;[_!!2(8 WP

a0

S lelnl?

a=—0c

n<0,

e[n] = { hgln] - hin], 6<n< M,

haln},

n>M

(b} Since we only have control over efn] for 0 < m < M, we get that ¢ is minimized if h{n] = h4ln}

for0<n< M.
(c)

which is a rectangular window.
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7.33. (a)
By(e?) = [1 - 2u(w)]e’™/2-™) for—x<w<m

|Ha(e™)l =1, Vw

oy f-Tw, —x<w<0
ZHd(el)-{..-g——rw, O<w<n
£H (e
M m
n
= 0 B )

""ﬂ-————..__________

(b) A Hilbert transformer of this nature requires the filter to bave a zero at 2 = 0 which introduces the
180° phase difference at that point. A zerc at z = 0 means that the sum of the filter coefficients
equals zero. Thus, only Types III and IV fulfill the requirements.

(c)

It

Hy(e??)
hd[ﬂ] = 5:!-;/.“ e f2~wr) gung, , 2%'[ efn/2—wr) gwn g,
- 0

[1 - 2u{w)jeitn/z=un)

- E’f_ eju(n—‘r)dw - S’i[’ ejw(n-r)dw
ir . 2n o
N
0, n=r7
S 2 -
- { %W' ner
o, n=r

For the windowed FIR system to be linear phase it must be antisymmetric about 4. Since the
ideal Hilbert transformer hgln] is symmetric about n = 7 we should choose 7 = .

(d) The delay is M/2 = 21/2 = 10.5 samples. It is therefore a Type IV system. Notice the mandatory
zero at w = 0.

H{)!

erlh comen R LAt
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(e) The delay is M/2 = 20/2 = 10 samples. It is therefore a Type II system. Notice the mandatory
zeros at w = @ and «.

IHE)!

0% n
®

7.34. (a) It is well known that convolving two rectangular windows results in a triangular window. Specifi-
cally, to get the (M +1) point Bartlett window for M even, we can convolve the following rectangular

windows.
/.2 = M _
rl{n] = { p i n—O,...,z 1

0, otherwise
rafn] = m[n-1)
Using the known transform of a rectangular window we have

oy 2 sinfwM/4) i, M_
Wg, () = [f\; sin(w/2) ersv(¥-4)

oy 2 sin{wM/4) ~jw(¥+1)
Wrl™) = V3% w2 ©
WR: (éw)wﬂz (e’w)
2 (sin (@M/9\? 2
M\ sin(w/2)
Note: The Bartlett window as defined in the text is zero at n = 0 and n = M. These points are
included in the M + 1 points.
For M odd, the Bartlett window is the convolution of

/2 _ M-
fs[ﬂ] - { i n—O,...,—T

0, otherwise

{ \/%, n=1,..., 1

i

Wa(e™)

Tr¢in
s} 0, otherwise

In the frequency domain we have

Wa(e¥) = \/%sin(w(M-l-l)H)e,_m(n_‘-l)

sin{w/2)

oy 2 sin(w(M ~1)/4) _; (22
Wrie™) = yx sin(w/2) e sl
Wa(e™) = Wa,(e™)Wg, (™)

2 (sinfw(M +1)/2]\ (sinfw(M - 1)/2\ .y
M( sin(w/2) )( sin(w/2) )° e
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(b)

wln] = [A + Beos (27’"‘) +Ceos (4-;7")] wgln)

Wie) = {2,Aa(w)+3,[a(u+2ﬁ”) +J(w—%)]+0w[6(w+;—;)+6( -%)”

{Sm(w(M + 1)/2)) —juﬂ/?}
2r sin(w/2)

where ® denotes periodic convolution.
(¢) For the Hanning window 4 = 0.5, B = =0.5, and C = 0.

[0.5 — 0.5c0s (gg)] welr]

osaie) 0o 1o+ ) +5(+- )

0.5Wr(e™) — 0.25 [Wa(ew+ 8) + Wa(e!~ )]

YHanning["}

WHa.nning ()

where sin(w(M +1)/2))
b w -—JuH 2
Wr(e™) = sin(w/2) g

Below is a normalized sketch of the magnitude response in dB.

Normalized Magnitude plot in dB

0
0 © %
7.35. (a) The delay is =~ = 24.
(b)
IH, (™)
1
12 12
-R -06r -03x Y 0.3n 0.6m X e

This can be viewed as the sum of two lowpass filters, one of which has been shifted in frequency
{modulation ip time-domain) to w = . The linear phase factor adds a delay.

sin{0.3x(n — 24)) n—z435i0(0.47(n ~ 24))
haln] = x(n - 24) ( -1 x(n - 249)
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{c) To find the ripple values, which are all the same in this case since it is a Kaiser window design, we
first need to determine A. Since we kmow 3 and A are related by

0.1102(4 — 8.7), A>50
B=368={ 05842(4 —21)°% +0.07886(A-21), 21<A<50
0, A<2

we can solve for A in the following manner:
1. We know £ = 3.68. Therefore, from the formulas above, we see that A > 21.
2. If we assume A > 50 we find,
3.68 0.1102(A - 8.7)
A = 421

But, this contradicts our assumption that A > 50. Thus, 21 < A <€ 50.

3. With 21 < A < 50 we find,
3.68 0.5842(A — 21)%* + 0.07886(A - 21)
A = 424256

With A, we can now calculate 4.

§ = 1074/%
10-42.4256/20

0.0076

The discontinuity of 1 in the first passband creates a ripple of 4. The discontinuity of 1/2 in the
second passband creates a ripple of §/2. The total ripple is 34/2 = 0.0114 and we therefore have

& =8 =8, =00114
Now using the relationship between M, A, and Aw

A-8
M 2.285Aw
424256~ §

Putting it all together with the information about H,{e/) we arrive at our final answer.
0.9886 < [H(¢7*)] € 1.0114, 0<w < 0.257
IH(e’)| < 0.0114, 0.357 <w < 0.557
0.4886 < |H(e?Y)] < 0.5114, 0657 <w<T

I HE) |
p—— 28,
0.5 - : 253 * Wm
: 52 .
0 ! 1) T T Q
0 0.25n 0.35n 0.55r 0.65n n
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7.36. (a) Since H(e/®) # 0 and H(e'*) # 0, this must be a Type I filter.
(b) With the weighting in the stopband equal to 1, the weighting in the passband is £.

W(w)
1.6

o

0 0.4n 0.58x 4 w

()
E{w)l

TN W\ :
4 N/* L N

(d) Ap optimal (in the Parks-McClellan sense) Type I lowpass filter can have either L+2o0r L+ 3
alternations. The second case is true only when an alternation occurs at all band edges. Since this
filter does not have an alternation at w = x it should only have L + 2 alternations. From the figure,
we see that there are 7 alternations so L = 5. Thus, the filter length is 2L + 1 = 11 samples long.

(e} Since the filter is 11 samples long, it has a delay of 5 samples.

(f) Note the zeroes off the unit circle are implied by the dips in the frequency response at the indicated

frequencies.
Im o
o
o JRe
o}

10th order pole

7.37. (a) The most straightforward way to find hgfn] is to recognize that Hy(e#*) is simply the (periodic)
convolution of two ideal lowpass filters with cutoff frequency w, = x/4. That is, -

. 1 r* . ]
Bie™) =5 | Hipg(”)Hips ()8

where

; 1, <z
moer={ 4 ML
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Therefore, in the time domain, Ag[n] is (hips[n])?, or S

hafn] = (sin(rn/4))2

xn
sin®(7n/4)
xird

(b) h[n] must have even symmetry around (N — 1)/2. h[n] is a type-1 FIR generalized linear phase
system, since N is an odd integer, and H(e/“) # 0 for w = 0. Type-l FIR generalized linear phase
systems have even symmetry around (N — 1)/2.

(c) Shifting the filter h4fn] by (N — 1)/2 and applying a rectangular window will result in a causal
h[n] that minimizes the integral squared error ¢. Conseguently,

in? [X(n — M=1
- e 2

w(n)

where
_[1, 0<n<N-1
win] 0, otherwise

(d) The integral squared error ¢
€= —-—/ ]A(e"")-Hd(e"")| duw

can be reformulated, using Parseval’s theorem, to

o0

€= Z lafn] — aln]|®
—oo
Since
= [ hdn], -Eft <n< 82
ain] {0, otherwise
—(N-1}/2-1 (N-1}/2 oo 2
e = Y lan]-hfn)’+ 3" lafn]-hafnlP+ D faln] - halnll
e —(N-1)/2 (N=-1)/2+1
—{N=-1)/2-1 o=
= S bl +0o+ S thafn)?
—o0 (N-1)/2+1
By symmetry,
— 2
e=2 ) lhn]l
(N-1}/2+1

7.38. (a) A Type-I lowpass filter that is optimal in the Parks-McClellan can have either L + 2 or L +3
alternations. The second case is true only when an alternation occurs at all band edges. Since this
filter does not have an alternation at w = 0 it only has L + 2 alternations. From the figure we see
there are 9 alternations so L = 7. Thus, M = 2L = 2(7) = 14.
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(b) We have
hyp[ﬂ] = —-cf"‘h;,p[n]
Hyp(e™) = —Hpp(ew—™)
= A (")) il K
= A (eI K
= B.(e)e ¥
where

B, (™) = A ()
The fact that M = 14 is used to simplify the exponential term in the third line above.
(c)

B,(¢")

143, |
1-5, f

2
| n—ms n—mp

(d) The assertion is correct. The original amplitude function was optimal in the Parks-McClellan
sense. The method used to create the new filter did not change the filter length, transition width,
or relative ripple sizes. All it did was slide the frequency response along the frequency axis creating
a new error function E'{w) = E(w — x). Since translation does not change the Chebyshev error
(max |E{(w)|) the new filter is still optimal.

7.39. For this filter, N = 3, s0 the polynomial order L is
N-1

L= =1

- 2

Note that h{n] must be a type-I FIR generalized linear phase filter, since it consists of three samples,
and H(e’“) # 0 for w = 0. k[n] can therefore be written in the form

hin] = aédin] + d[n ~ 1] + ad[n — 2]
Taking the DTFT of both sides gives

H(e™) = a+be ™ +ae™ %

= e (ee’ + b+ ae™I)

e (b + 2a cos w)
A(&“) = b+2cosw
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7.41.
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The filter must have at least L + 2 = 3 alternations, but no more than L + 3 = 4 alternations to satisfy
the alternation theorem, and therefore be optimal in the minimax sense. Four alternations can be
obtained if all four band edges are alternation frequencies such that the frequency response overshoots

at w = 0, undershoots at w = §, overshoots at w = %, and undershoots at w = 7.

Let the error in the passband and the stopband be 4, and &,. Then,

M) lma = 144,
A(e’”) lo=xss = 1=
A(e”w) ]w=l[2 = 6
A() lo=x = -4
Using A{e’) = b+ 2acosw,
A@) |lu=o = b+2a
A(cj:u) iw=r/3 = b+a
A(CJW) !w=212 = b
A(e?) L= = b-2a

Solving these systems of equations for a and b gives

a =

| s ol w2

b =

Thus, the optimal (i the minimax sense) causal 3-point lowpass filter with the desired passband and
stopband edge frequencies is

hn) = gé[n] + 28—+ gafn 9

True. Since filter C is a stable ITR filter it has poles in the left balf plane. The bilinear transform maps
the left half plane to the inside of the unit circle. Thus, the discrete filter B has to have poles and is
therefore an IIR filter.

No. The resulting discrete-time filter would not have a constant group delay. The bilinear trans-
formation maps the entire {1 axis in the s-plane to one revolution of the unit circle in the z-plane.
Consequently, the linear phase of the continuous-time filter will get nonlinearly warped via the bili-
nar transform, resulting in a nonlinear phase for the discrete-time filter. Thus, the group delay of the
discrete-time filter will not be a constant. :

7.42. (a) Using the fact that H.(s) = ¥=2 and cross multiplying we get

_Yd(s) _ A
B =57 = 53¢
(s+aYels) = AX.(s)
gy% + Cyc(t) = Azc(t)
(b)
B o (Azet) - cvelt)) lemnr
t=nT

= Az:(nT) - cy(nT)

Ye(rT) — yo(nT -~ T} Az (nT) — cy(nT)

T ~
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(c)
ool o afn) - cyfe)
Al = (47 )= ol -1
‘AX(z) = (c + -11-_-‘) Y{z) - %Y(Z)Z_l
_Y@y A
H(Z)" X(z) = C+’1r__%z_1
@ '
A
Hes)| 1_.m1 = 5+°.—=‘—'F’-
= A
=T
= H(z)
(e} First solve for z
1-2z27t
s = T
z 1-sT
and then substitute s = ¢ + ;11 to get
1
T iTEe+ar
- 1 een~ (8E)
V1 -oy +(@1)
If we let § = tan™! (%) we se¢ that
1 - cos{8)
Ja-op+@ry? 177
- 2(1 = & e

and thus the s-plane maps to the z-plane in the following manner

[2(1 (e +¢-:')] o

z

= _L_ _1
M=0)  2Al-0)
! 1 jzun=(£12)

21-0) 2(1 o)
To find where the j{ axis of the s-plane maps, we let s = ji}, i.e., ¢ = 0 and find

=%+ 1 2uamriam)



259

Therefore, the j{)-axis maps to a circle of radius 1/2 that is centered at 1/2 in the z-plane. We
also see that the region o < 0, i.e., the left half of the s-plane, maps to the interior of this circle.

If the continuous-time system is stable, its poles are in the left half s-plane. As shown above, these
. poles map to the interior of the unit circle and so the discrete-time system will also be stable. The
stability is independent of T. .
Since the jQ)-axis does not map to the unit circle, the discrete-time frequency response will not be
a faithful reproduction of the continuous-time frequency response. As T gets smaller, i.e., as we
oversample more, a larger portion of the jQ1-axis gets mapped to the region close to the unit circle
at w = 0. Although the frequency range becomes more compressed the shape of the two responses
will look more similar. Thus, as T decreases we improve our approximation.

(f} Substituting for the first derivative in the differential equation obtained in part (a) we get

Ye(nT +T) = yc(nT) + ey (nT) = Az.(nT)

T
y_ﬂ____[n+1T]‘—y[n} +cyln] = Azin]
_Y@e) A
HE) = 3 = s = Hee) s
_ z-1
$ T
z = 14T
1+0+;0T

To find where the j§I axis of the s-plane maps, we let 5 = j{, i.e., 0 = 0 and find
z=1+;0T

Therefore, the j$-axis lies on the line Re{z} = 1. We also see that the region o < 0, i.e., the left
half of the s=plane, maps to the left of this line,
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If the continuous-time system is stable, its poles are in the left half s-plane. As shown above, these
poles can map to a point outside the unit circle and so the discrete-time system will not necessarily
be stable. There are cases where varying T can turn an unstable system into a stable system, but
it is not true for the general case.

Since the j{l-axis does not map to the unit circle, the discrete-time frequency response will not be
a faithful reproduction of the continuous-time frequency response. However, as T gets smaller our
approximation gets better for the same reasons outlined for the first backward difference.

7.43. (a} Just doing the integration reveals

7.44,

{b)

(c)

(d)

aT
[ i@t w T =T) = 0l)eFor +velaT - T) = elal)
aT-T

Using the area in the trapezoidal region to replace the integral above, we get
a7
ye(nT) = f V. (r)dr + ye{nT - T)
nT-T
. . T
= [yc (nT)+ ¥, (nT - T)] 2 + y(nT - T)
Solving for ¥, (nT) in the differential equation we get

Y. (nT) = Az (nT) - cy.(nT)

Substituting this into the answer from part (a) yields
T
yc(nT) = [Az.(nT) — cyc(nT) + Az (T — T) - cy(nT - T)] 7 +y.A(nT -T)
The difference equation is

vin] = (Azln] =~ cyln) + Azl ~ 1] = eyl — 1) 3 +yln — 1

y[n] (1 + c%) ~yfr-1] (1 - c%) = A% {(z[n] + zln - 1))
Therefore,
Y(z) [1 + c%] -Y(z)z! [1 - c'-'-g-] = A%—X(z) [1+271)
H(z) = Y(z) A%(l +z7)

= = R |
X(z) 1+4cl-zr42-1c2

A

H(s} i,=;[ﬁ;;.]_ T s+c =4 [i25t]
_ ZAQ +2-1)
T o 1-rl+el(1+4z7Y)
= H(z}

¢ = H(GYHA(-i9)
®(z) H(z)H(z™")
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(a} (i) Since H.(s) has poles at 53, H.(—s) has poies at —s;.
(ii) The material in this chapter shows that under impulse invariance

A TaAx
S8 1—enTiz-1’

Thus, going from step 1 to step 2 means that the autocorrelation of the discrete-time system
is a sampled version of the autocorrelation of the continuous-time system.
(iii} Since @(z) = H(z)H(2") we can choose the poles and zeros of H(z) to be all the poles inside
the unit circle, and that choice leaves all the poles and zeros outside the unit circle for H(z*?).
Consider the following example using hc(t) = e~ u(t).

$(z)

if a > 0, then

Hc(s)=£-‘; and Ho(-s)= _s:_a
¢.(s) = H:(’)Hc("'sj
1 1 ]
- [s+a] [—s+a
_ e
T s+a s-a
T./2a Taf2a

1-e-@Tiz-1 1 — eoTaz-1

T (1o e -1 p oo

2a (1 —e~aTiz1)(] - eoTez-1)

Ta (e—ﬂTd - eaT‘) 21

2a (1 — e=oTez=1)(1 — £2Tez-1)

2‘1 L{Td - e—c‘I“) 21

2a(l - e"“Tiz—l)(l - e“'nz)e"nz"l
'Z‘i (1 — c-zdn)

2a (1 - e-oTaz=1)(] - ¢~cTuz)

T 20Ty 1 T 20Ty ____1____
[ 2= "’"’(T_—c—*&r;x“)] [\/“zi‘“" ’ ”(1_e-cnz)]
) = /321 - e=3T4) (¢==7)" ufr]

{b) Since |H.(jR)[?> = &.(j(?) and #(e’) = H(e™)H(e ) = [H(e?)[?, we see that since ¢[m] =

Td¢c (de)i

Therefore, if $.(j{?) = 0 for |} > ., then $(e?*) = &, (J-F‘-) and [H (&%) =~ IH: (J' i";)

o £ o(33)

2

(c) No. We could always cascade H(z) with an allpass filter. The new filter is different, but has the
same autocorrelation.
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7-45. (a) Since the two flow diagrams are equivalent we have

zi-a 1-az

-] -
= = 1-az! z-a
z-o
Z =
l-az

H(z) = Hip(Z) 22 gz = Hip (11——:;)

(b) Let Z = ¢3® and z = ¢, Then
-l

g1 - Fl-e
T l=az™!

it - E-a

1-ae-sw
e —ae P = g
e *(1l+ae ) = ¢ 1a

e—j“" = fiti

1+ ae=J¢

e a1+ ae
1+ae-# 1+ ae?
e 4 20 4 aPel?
1+ 2acos8 + o?

Using Euler’s formula,

cos@— jsinf + 2a + a® cosé + ja®siné
1+2acosf +a?

2a + (1 + 2®) cos 8 + j{(a® — 1) siné)

e~

= 1+ 2acosb +a?
Noting that —w = tan™! [ﬂw}’m . ].
o = gt [ (02 -D)sine
- 2a + (1 + a?)cosd
= tapt |G - a®)siné
w = 20+ (14 a?) cosé

This relationship is plotted in the figure below for a = 0,+0.5.

Warping of the frequency scale, LPF to LPF
w
k.
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Although a warping of the frequency scale is evident in the figure, (except when o = 0, which
corresponds to Z~! = z~!), if the original system has a piecewiseconstant lowpass frequency
response with cutoff frequency 6,, then the transformed system will likewise have a similar lowpass
response with cutoff frequency w, determined by the choice of a.

a1 (1 - o®)sin(éy) ]
Wp =R | (1 ¥ o) cos(3,)
(©)
x{n) yin]
xin) > > > y{n]
1 H(z) -1
Hb(Z} A - Z- 2_1

——dy -1
0.9 2

N 0.9

Looking at the flow graph for H(z) we see a feedback loop with no delay. This effectively makes
the current output, y[n], a function of itself. Hence, there is no computable difference equation.

{(d) Yes, the flow graph manipulation would lead to a computable difference equation. The flowgraph
of an FIR filter has a path without delays leading from input to output, but this does not present
any problems in terms of computation. Below is an example.

H (2D b
I
b, ] +— yin]
x[n] > > > yin)
'y 1 Hz) -1 -1
b

The transformation would destroy the linear phase of the FIR filter since the mapping between 8

and w is nonlinear. The only exception is the special case when a =0, i.e., when & = w.

Since there are feedback terms in the transformed filter, it must be an IIR filter. It therefore has

an infinitely long impulse response. ‘
{e) Since the two flow diagrams are equivalent we have

-1
-12 & _Z_ll—az

-] — =
2 - 1—az-! z—a
zZ—O
2 = l-az
z-a
H(:) = Hip(Dlgmsgog, = Hip (112 )
Letting Z = ¢/ and 2 = ¢/ we have,
. . ot —
= owElC
1-—aev

. o _ — ge—iv
e,,,e’ @ 1-ae .
l—qevw 1-qe~¥
eju‘jw -2a+ azc—ju
1 -2acosw+ a?

!
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Using Euler’s formula,
o o(1+0?)cosw— 20+ j(1 - a?) sinw
h=e 1-2acosw+ o
Noting that § = v + tan™* [f2{3],
_ o] (1-e®)sinw ]
f=w+tan {(i+a’)mw-2a

F -2n

We see from the plot of w versus # that a lowpass filter will not always transform into a lowpass
filter. Take, for example, the case when the original lowpass filter has a cutoff of § = 7 /2. With
a = 0 it would trapsform into an allpass filter.

7.46. (a) Since

(2={n] — Aln] « z{n]) « A[n]
(2h[n] - hin} » hln]) » zin)

]

yln]

]

the new transfer function is
gln] = 2hin] — h{n} + hln]
(i) It is FIR since the convolution of two finite length sequences results in a finite length sequence.
(ii) Note that the term h[n] » h[n] is symmetric since it is the convolution of two symmetric
sequences. Therefore, gln] must be symmetric since it is the difference of two symmetric
sequences. .
(b) The frequency response for G(e?*) is

G(e™) = 2H(e?*) — H(e?)H(e™)



1 zaz-ag "
G(e") G
1-8-;’ '252'3:
1-8 : ;”’ 146‘ -62 eol“’) 62
H; H(

As shown above, if the passband of H(e/) is the region {1 —4§;,1+4;], then the passband of G(e?*)
is in the region (1 — f,1] which is a smaller band. However, the stop band gets bigger since it

. maps to [-24; — 82,28, — &2).

(c)

Thus,

= (1-8)

1

-25, — 5_3
252 - 53

IO I . - N
]

If §, « 1 and 6, < 1 then,
Maximurm passband approximation error = 0
Maximum stopband approximation error =~ 24
Since

(3=[n] — 2z[n] + h{n]) « hln] + hin]
(3h[n] = h[n] - 2k(n] = An] = A[n]} = z[n}]

1}

yin]

the new transfer function is

hsharp{n] = 3hln] * hin] — 2h{n] » hn] + A[n]
and so
Hshup(e"") = 3H(e™)? - 2H(eM*)?
The new tolerance specifications can be found in a similar manner to the last section. We get,

= 1-35-2
1
0

343 + 253

i~ oW TN
non

Ké «1and §; €1 then,

Maximum passband approximation error =

0
Maximmum stopband approximation error 0
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{d} The order of the impulse response h[n] is M. Since it is linear phase it must therefore have a delay
of 4 samples. To convert the two systems we must add a delay in the lower leg of each network
to match the delay that was added by the first filter.

xn) hin) =N hin] il

222102

i hn) e hin) hin)  |—yinl

32-0&2

The restrictions on the filter that carry over from part (a) are that it have

(i) Even symmetry

(ii) Odd Length
Hence, Type I FIR filters can be used.

The length of h{n] is 2L + 1. Since the term that is longest in the twicing system’s impulse response
is the A[n] = h[n] term, the length of g[n] is 4L + 1. Since the term that is longest in the sharpening
system’s impulse response is the Afn] * hin] « h[n] term, the length of hsharp["] is6L+1.

7.47. We know that any system whose frequency response is of the form

L
A(e) =Y au(cos(w))*
k=0

can have at most L — 1 local maxima and minima in the open interval 0 < w < 7 since it is in the form
of a polynomial of degree L.

If we include all endpoints of the approximation region
{0 < |l S wp} J{ws < o} < 7}

then we see we can have at most L + 3 alternation frequencies.

H the transition band has two of the local minima or maxima of A.{e’*), then only L — 3 can be in the
approximation bands. Even with all four endpoints of the approximation region as alternation points,
we can only have a maximum of L+ 1 alternation points. This does not satisfy the optimality condition
of the Alternation Theorem which requires at jeast [ +2 alternation points. It follows that the transition
band cannct have more than two local minima or maxima of A,(e’“) either.

If the transition band only has one of the local minima or maxima of A, (e#), then the error will not
alternate between w, and w, and they cannot both be alternation frequencies. In this case, only L -2
of the local minima or maxima of A.(e?) are in the appraximation bands. If we add the maximum of
three band edges to the total count of alternation frequencies we get L + 1, which is again too low.

- Therefore, the transition band cannot have any local minima or maxima and must be monotonic.

7.48. (a) A.(¢’”) bas 7 alternations of the error. If the approximation bands are of equal length and the
weighting function is unity in both bands, why would the stopband have 1 extra alternation than
the passband? The answer is that, if it were an optimal filter, it would not. The optimal filter for
this set of specifications should have the same number of alternations in each band and therefore
requires an even number of alternations. Since the optimal approximation is unique, the one shown
in the figure cannot be optimal.

T T B S
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{b) A polynomial of degree L can have at most L — 1 local minima or maxima in an open interval.
Since A.(e’*) has three local extrema in the interval from 0 < w < 7, we know [ > 4.
Note that the optimal filter is half wave anti-symmetric if you lower its frequency response by one
half, i.e.,
Ahw(cjw) = ~Apy (ej(r—u))

where Anw(e?) = Hop(e’) — 1/2. Another way of saying this is to say that the optimal filter is
anti-symmetric around w = /2 after lowering the response by 1/2. This property holds because the
optimal filter has symmetric bands with the same number of alternations. Plugging in A, (/) =
Hopt(e7) ~ 1/2 into the above expression gives

Hop(e¥)=1/2 = - [H,,,, (e - 1/2]
Hope(6) = =Hop (979} +1
hegln] = ~(~1)"hope(—n] + 6]

This condition implies that
hope[-n}, n odd
hop[n] = < 0, neven,n #0
0.5, n=4_

A sample plot of hoyn] appears below, for L = 6.

Note that because h,p[n] = O for n even, n # 0, a plot of k,e[r] for L = 5 would have the same
nonzero samples, and therefore be equivalent. So the optimal filter with L = 6 is really the same
filter as the case of L = 5, just as the optimal filter with L = 4 is the same filter as the case with
L=3.

We know the filter non-optimal filter has 7 alternations. The optimal filter should be able to meet
the same specifications, but with a lower order. From part {a), we know the number of alternations
must be even. Thus, the optimal filter for these specifications will have 6 alternations.

An optimal lowpass filter has either L + 2 or L + 3 alternations which means L = 4 or L = 3.
However, we showed above that these are really the same filter. Since the optimal filter has L = 4,
the filter shown in the problem cannot have L = 4.

Putting it all together we find L > 4 for the filter shown in the figure.
7.49. (a)

+H(ET) Ho R B, (79)

{ 280 () g (oi7) =1% | 0y <

Heg(1Q)

= Qr
0, otherwise
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(b) The delay of the linear phase system is 51/2 = 25.5 samples since it is a linear phase system of
order 51. Therefore, the total delay is
HiT) B
v, -
Delay = 25.5T + 0.5T
= 26T
= 26ms

{¢) H(e"™7) should cancel the effects of Ho(j9). However, to cancel the effects of the delay introduced
by Hp(j{2) would require a noncausal filter which is not practical in this sitvation. Using the
relation w = QT

i - , lw| <0.2x
He)={ (g) '
0, O4x < | <x

To obtain equiripple behavior in Hog{jN), we need to weight the error so that the ripples grow

with Hi(e’“). Then when we multiply by Ho(jQ) the ripples will be decreased to an equal size.

Therefore, we need )
sin (¥
WM:{ 2L el <oor

2

1, Odx <l <
Wiw)
11—
0 : : :
0 02n 0.4n T
H(E™) .
1 H(e™)
00 0zx 0.4n o 0 02x  ©

(d) If H.(jf?) is also sloping across the band, |?] < x/T, we would combine its effects with those of
Ho(j41) and compensate as in part {c), i.e.,

3 1
Hale®) = { O AT T
0, 04x Slwj< =

This would take care of the distortion due to |H,(i2)| but not of any phase distortion. The
weighting function will change in a similar manner.



7.50. (a) To avoid aliasing, we require

Mo, < =
M < I
Wy
So the maximum allowable decimation factor is
T
Mmax = o
(b)
Ve
1
0 " # :
0 0.9n/100 #/100 n
Y{e™)
1100
0 ) b4
(c)
v,(€)
11
0 : Al L
0 0.97/100 ® v n
51
w (e
1/50
0 — A=
0 0.45n 50w x

$1

269
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V)
1/50
0 J i
0 0.45n Q.5x n ®
Y(e")
1/100 -
00 0.9 n @

{d) After the first decimation by 50 is performed, W, (e’) should lock like the following:

W, (")
1/50

% 0.45x  S0o_, % 2r-50w_ 1.6 2x

Since we allow aliasing to occur in the transition bands, we have
50w,, < 1.55x
w,, < 0031w
(e) Using 6, = 0.01, §, = 0.001, Aw = 0.001x we get

—1010g,4(0.01 x 0.001) — 13

N 2.324(0.0017)

+1

~ 5069

In general, the number of multiplies required to compute a single output sample is just N. For
a linear phase filter, however, the symmetry in the coefficients allow us to cut the number of
multiplies (roughly) in half if implementing the filter with a difference equation. The following
is an example of bow this is accomplished using the simple Type I linear phase filter A[n} =
0.256[n] + &[n — 1] + 0.254[n — 2].

y[n] = 0.25z[n] +z{n — 1] + 0.25z{n - 2] (2 multiplies)
= z[rn-1]+025(z[n)+z{n-2]) (1 multiply)
The procedure is similar for the other types of linear phase filters.
Thus, we need 2535 multiplies to compute each sample of the output.
(f) We have

—101og,4(0.01 x 0.001) — 13
2.324(0.031x — 0.0097)

N +1
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~ 232
—10log;4(0.01 x 0.001) — 13
= +1
N 2.324(0.57 — 0.457)
~ 103

K we again use linear phase filters we find
116 multiplies to get each sample of v, [n]
0 multiplies to get each sample of w;[n] from v;{n]
52 multiplies to get each sample of vz[n] from w,|n]
0  multiplies to get each sample of y{n] from v;{n]

The total number of multiplies is 168.

(g) We have
—1010g,(0.005 x 0.001) ~ 13
= 1
N 2.324(0.0227) *
~ 251 .
_ —10log;,(0.005 x 0.001) — 13
N = 2.324(0.057) +1
~ 111

Therefore, we have a total of 126 + 56 = 182 multiplies per output point.

(h) No. Since §; < 1 we bave 62 < §, which means the stopband ripple is getting smaller. Thus, we
could actually increase the specifications.

{i) Performing a similar analysis op the other possibilities yields

M; | M, | Multiplies per output
50 | 2 182
27 4 156
2010 5 172
10 | 10 291
5 | 20 557
4 | 25 693
2 15 1375
Thus, the choice My = 25 and M; = 4 yields the minimum number of multiplications for this
example.
7.51. (a)

hifn] = hn]+ &é[n -~ ng)

Hi(e?) = H(e)+ &eIvmo
A(e¥)e™ 9 ¢ §remIomo
= [Ac(e) + &) ewme
\-—.—/
Ha{e¥)

H

H;(e') is real since A,(e?™) is real and &, is real. It is nonnegative since A, (¢/~) > -4,. Note
that H3(e’) is an even function of w and is a zero-phase filter.

(b) Hi(e’) is a zero-phase filter with real coefficients. Thus, a zero at z; implies there must also be
zeros at z;, 1/z;, and 1/2;. In addition, a zero or the unit circle must be a double zero because
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7.52.

(c)

(d)

(a)

both its value and its derivative is zero. Note that this last property is true for H3(e/“) but not
for A.(e?). We can write H3(z) as

Hi(z} = Ha(2)Hz(1/2)

where H3(z) contains all the complex conjugate zero pairs inside the unit circle and H,(1/z)
contains the corresponding complex conjugate zero pairs outside the unit circle. We factor one of
the double zeros on the unit circle and its complex conjugate zero into Hz(z). The other pair on
the unit circle goes into Hy(1/z).

Since Hi(z) has its zeros on or inside the unit circle it is minimum phase (we allow minimum
phase systems to have zeros on the unit circle in this problem). Since the zeros occur in complex
conjugate pairs, Az[n] is real.

Hy(e™)H3(e™)
02
A (e7Y) + 62
az

IHmiﬂ (er)lz

where ¢ = YIthtSdvI=htd  gince 1 - § < A{e™) < 1+ & in the passband and -§; <
A.(e’) < 8 in the st.opband we have

__._._."l'a 5 +35; < |Hmin ()] < ___.___"‘1""; 31"'3;, w € passband

0 < |Hminle™)] < \/1—%, w € stopband

1. V1+é; +62_ \/1—61 +62]
2

Therefore,

§ = -
_ 1-b b= /l -6 +62
- 1448 - 146 + 62
. _ [ 2%
2 = Y1z 52
The original filter hfn] has order M. Therefore, hy[n] also has order M, but A;[n] has order M/2
due to the spectral factorization. Since hpin[n] has the same order as hyin] we find that the length
of hmin[n] is M/2 + 1.

No. If we remove the linear phase constraint, then the zeros of H3(z) are not distributed in
conjugate reciprocal quads. It then becomes impossible to express

Hy(z) = Ha(2)Ha{z7)

where H;(z) is 2 minimum phase filter.
No. It will not work with a Type II linear phase filter. In this case ny = A/2 is not an integer.

M
H(e) = Zh[n]e""""
n=0
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(M-1)/2 M _
= ) hfnjein Z hin]e=7v"
n=q n=(M+1)/2
(M-1)/2 (M-1)/2
= Y hnle®m+ 3 AM - mlemiMeiom
n=0 m=0
(M-1)/2 (M-1}/2

- ‘e—jclllz z: h[n]ch(Mfz—n) + Z ﬂ]e—Ju(Mlz-n)

(M-1)/2

= e iuM/2 z 2h[n} cosw(M/2 - n)
n=0

{(M+1)/2

= e~iuM/2 z 2h[MEL - ) coswin ~ §)
Then
{M+1)/2
H(ev) = e~uM/2 z bjn] coswin - 1/2)
n=1

where b[n] = 2R[(M +1)/2 ~n]forn=1,...,(M +1)/2.
(b) Using the trigonometric identity

cosacosf = 1cos(cr-i—ﬁ)-i- -;-oos(a—ﬁ)

2
we get
= s 1 H!-—l 1 1 ."‘1—_:' 1
cos(w/2) 3_ bin]coswn = 5 Y Binjcoswin+ §) + 3 3" bnjcosw(n - 1)
n=0 n=0
1. 51 =. s
= 3 > bfn — lcosw(n - 3) + 3 _lb[n}cosw(n -2}
%B[O]cosw/i’- 51 cos /2
2‘.;.

= 2Z(b{n]+b[n 1) coswin ~ §) + }{0] cosw/2 - b4 coswM/

Since this last expression must equal

iy
Y binjcosw(n - })
n=1

we can just match up the multipliers in front of the cosine terms of the two expressions. We get
bl1] + 25[0}

2 ) 1

binl = ﬁ‘l_'.*%:_ﬂ, 2<ng ¥

b
=2 - Mil
2 3

n=1
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(¢) Consider

. . =~ 1
W(w) [Ho(&*) - A(e)] = W) |Ha(e™) - bln]cosw (n - E)

L n=1

=
Ww) | Ha(e™) = cos(w/2) > Bin] coswn]
! n=0

N D 1
= W(w) |Ha(e™) =Y bin]coswn
. L n=0

where we have defined

I= #
7 ) - Hd(eju)
Hole™) = oo

Wiw) = W{w)cos(w/2)
We also see that :
zin {max(2} = gin {mas}

(d}) Type I filters:

M
H(e*) = 3 hinjemin
n=_0

Mj2-1 M

= z hinle™ " + 0+ z h[n)e 7"
n=0 n=M/2+1
M/j2-1 Mfi2-1
= Z hinje~?"" ~ z h[m]e'j”(u"“)
n=0 m=0
M/f2-1
= emiwM/2 hlnl {e=3w(n—M/2) _ giwin=M/2)
5 )
M/2-1
= M2 ¥ (—2j)hn]sinw(n — M/2)
n=0
M2
= M2 25h[M/2 — m]sinwm
m=l
Then
M2
H(e) = e7“M/2 3" cfn]sinwn
nxl

where c[n] = 2jA{M/2 - n]forn=1,...,M/2.
If we follow a similar analysis as the one io part (b) we get
M- 1 L 2 1 M-
sinw ) &fn)coswn = 3 > én]sinwin +1) - 2 > &nlsinwin - 1)
n=0 n=0

n=0
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1 ¥ - N 1 ¥ .
E;c[n—-l]smwn—izan]mm

In a manner similar to that of part (¢) we can find

Type IV filters:

Then

H(e™)

n=1
+ %E[O] sinw + %a[%}sian/z
1 ¥ ) I | T
= 3 3 (@n - 1} - @n)) sinwm + se0)sinw + 53] sinwM/2
n=1
2&[0] _ E[I] =1
2 ¥
cn] = i’l:_}z];al]’ 2<n< M)
g% -1
_3_2...__, n= %
- M
L = 5" 1
© ey Ha(e?)
Hoe®) = sin w
Ww) = Ww)sinw
F F
u .
= E hinje—7vn
n=0
(M-1)/2 M ]
= Z h{n]e~“" 4+ Z hinje~ 1"
n=0 n=(M+1}/2
(M=1)/2 (M-1)/2 .
= Z hinje=9v" - Z him]e (M -m)
na=0 m=0
(M-1}/2 )
= e—juM/? h[ﬂ} e—jw(n—.&l/!) - eju(n—H/?)
Y hini
(M-1)/2

M2 N (~2j)hin]sinw(n ~ M/2)
n=0

{M+1)/2
e~ eMZ 3" 25h[(M +1)/2 - m]sinw(m ~ 1/2)

m=1

{M+1)/2
H(e*)=e M2 3" dn}sinw(n - 1/2)

nxl
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where d[n] = 2/A{(M + 1)/2-n]forn=1,...,(M + 1)/2. We cav. find

7.53. (a) The flow graph for A.(z) looks like

xn]

xn]

«n]

-
do-dn
2
din] = ¢ "'lg'dl"], 2<n< ML
(271
\ 22 ; n= Ml
= M-1
L = 3
oo Hy(e™)
Ha? -
Ha(e™) = sinw/2
Ww) = Ww)sinw/2
F F
0.5(z+z7") 0.5(z+z"") > o 0.5(z+27")
Ya, T3, Y2: T - it
> > > - > —5 yin)
{b) The filter length is 2L + 1. The causal version of the flow graph looks like
0.5(1427%) 0.5(i+279 3 0.5(1+27%
fao !rl‘ !raz \fal_‘ Va\.
-t -1 -1
—Z,L z> ? l: > yn}
(c) The flow graph for B.(z) looks like
a, a
n‘I ci .
— 0.5(z+z7") P~ —— 05(z+27") P
vao Val "al.-l ral
> > - > > y"in]

The filter length is still 2L + 1. The modified fiow graph looks like
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Ez ao‘z
) > N y
o, _)J °,
| > 0.5{(1+27%) > 0.5(1427%) -
L ao \r31 VHL-! w%
z-‘l z-1
> > > >yTn)
(d) Because Z = &/ and z = ¢/ we have
e 4 =9 & 4 e~
—_—— = + —
) Op + [ > ]
cosf = ag+a;cosw
cosé —
cosw = = %0
a
cosf — cosfd —
w = cos™? (——-—g—aﬂ), for ]——-—mﬂISI
ay g

(e)
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Aa(eie) \ = ‘T n°=0_.
g "1 S
< s |
IS %

s . o5 »
B_(e*)

°lo AN

The picture above shows the mapping for ag somewhere between 0 and 1. The top right plot is
the mapping of ‘
cosf = ag + (1 —ag}cosw

We see that as oy increases, the transformation pushes the new passband further towards x. The
new filter is not generally an optimal filter since we lose ripples or alternations while keeping L
fixed. {Note that some of the original filter does not map anywhere in the new filter).

(f) In a similar manner, this choice of ag will canse the new passband to decrease with decreasing ay.
7.54. (a) Let Dy(z) be the z-transform of A®){z[n]}. Then
Dofz) = Z {A“{z[n]}} = X(z)

Dy (2) Z{aYzn)}} = 2 - 27N X(2)
Dy(2) Z{&*{z[n]}} = G- 7)*X(2)

I

i

D,.(z) = Z{at{z[n]}} = (z - z7) X(2)
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(b) By taking the transform of both sides of the continuous-time differential equation one gets (assum-
ing initial rest conditions)

N M
Z a,s*Y(s) = z b.s"X(s)
k=0 r=0
Solving for H.(s)

M
S b

_Yl) _ i
B =X~ m
ars

k=0 *

Similarly,
N M
Saz =Y (@) =) bz~ 27 X(2)
k=0 r=0

Z
be(z =278
Ha(z) = Yt))z ';“

Zak(z ~z )k
k=0

HC(S)I.I::—:"

=>m(z)=z-z""

{c) First, map the continuous-time cutoff frequency into discrete-time and then make the sketch.

s=z-z"}
A= — g
Ju _ g=iw
n=’———j" = 2sin{w) = 1

€
it
IR ]

H(e™)

-.1t -6 0 w6 T o

7.55. (a) Using DTFT properties,
hijn] = hi-n]
He®) = He™)

Since H(e’*} is symmetric about w = 0, H(e~#*) = H(e'). Thus, H, (/) = H(e™™) = H(&).
H(e’*) is optimal in the minimax sense, so H;(e’¥) is optimal in minimax sense as well.
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(b)

(<)

(d)

fury o 11 USUSWP
H‘(a)’{o, w, Sw<r

W(e™) = { /b, DSws

W, SwsTr
Using DTFT properties,
halnl = (~1)"hin]
= (77)"Aln]
Hy(e™) = H(SWH)

Hy(e*) is a high pass filter obtained by shifting H{e’“) by = along the frequency axis. H(e’*)
satisfies the alternation thereom, and is therefore optimnal in the minimax sense.

P e

jwy - § L 0w r—w,
w"’”‘{&,/&;, T—wp Swsn

Using DTFT properties,

h3[n)
Hy(e)

hin] * h[n]
H(e7*)H (e™)

In the passband, Hy(e’*} alternates about 1 + & with a maximal error of 26. In the stopband,
H;(e’*) alternates about 62 /2 with a maximal error of 63 /2. At first glance, it may appear that
Hj(e™) is optimal. However, this is not the case. Counting alternations, we find that the original
filter H(e’*) has § alternations.

We know that since H(e’/*) is optimal, it must have at least L + 2 alternations. It is also possible
that H{e’*) has L + 3 alternations, if it corresponds to the extraripple case. So L is either 5 or §
for this filter. Consequently, the filter length of Afn], denoted as N, is either 11 or 13.

i

i

The filter h3[n] is the convolution of two length N sequences. Therefore, the length of A3[n), de-
noted as N', is 2N — 1. Since N is either 11 or 13, N’ must be either 21 or 25. It follows that
the polynomial order for hy[n], denoted as L', is either 10 or 12. For h;in] to be optimal in the
minimax sense, it must have at least L' + 2 alternations. Thus, h3[n] most exhibit at least 12 alter-
nations, for the non-extraripple case, or at least 14 alternations in the extraripple case to be optimal.

A simple counting of the alternations in H3{e’”) reveals that there are 11 alternations, consisting
of the 8 alternations that were in H{e’) plus 3 where H(e’“) = 0. These are too few to satisfy
either the non-extraripple case or the extraripple case. As a result, this filter is not optimal in the

hyfn]
Hy(e™)

h{n) - K&n]
H(e*) - K

This filter is simply H(e’“) shifted down by K along the H¢(e’“) axis. Consequently, this filter
satisfies the alternation theorem, and is optimal in the minimax sense.
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fwy I—K: GSWSWP
H“a"{—m wiSwST

fury 62/61i OSWSW
W(cw)-{l u,<w$':’

(e) hsin] is hin] upsampled by a factor of 2. In the frequency domain, upsampling by a factor of 2 will
cause the frequency axis to get scaled by a factor of 1/2. Consequently, Hs(e’) will be a bandstop
filter that satisfies the alternation theorem, with twice as many alternations as H(e“). This filter
is optimal in the minimax sense.

11 0 S w S “"P/2
Hy(e?) = { 0, w/2<wsT-w,/2
1, T—wpf/2Swsn

_ 82/81, O<Sw<Lwp/2
W(e)=4¢ 1, we/2<w <X - w,/2
82/8,, Am—wpf2Cwsn

7.56. We have ar odd length causal linear phase filter with values from n = 0,...,24. It must therefore be
either a Type I or Type I filter. .

{a)} True We know either

Type ] Type I
hlm] = h[24 ~m] or hjm]= —h{24 - m]

for —oo < m < oo since the filter has linear phase. Substituting m = n + 12 we get
hln+12) = A[12-1n] or Ah[n+12]= —A[12-n}

(b) False. Since the filter is linear phase it either has zeros both inside and outside the unit circle or
it has zeros only on the unit circle.
If the filter has zeros both inside and outside the unit circle, its inverse has poles both inside and
outside the unit circle. The only region of convergence that would correspond to a stable inverse
would be the ring that includes the unit circle. The inverse would therefore be two-sided and not
causal.

If the filter only has zeros on the unit circle, its inverse has poles on the unit circle and is therefore
unstable.

(¢} Insufficient Information. If it is 2 Type [1 ﬁ.lter it would have a zero at z = —1 but if it is a2 Type
I filter this is not necessarily true.

(d) True. To minimize the maximum weighted approximation error is the goal of the Parks-McClellan
algorithm.
(¢) True The filter is FIR so there are no feedback paths in the signal flow graph.
(f} True. The filter has linear phase and
arg [H(e)] = 8- 12w
where 3 = 0,7 for a Type I filter or 8 = x/2, 3:/2 for a Type III filter. The group delay is
gd[H(™)] = - {“8 [E{*)]}

==12
> 0
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7.57.

(a) The desired tolerance scheme is

{b)

1 (or f) orf) 0Sigwm
Wwy=¢ £ (or1) (o) wrSiw]<ws
%: (or ﬁ) forl) we<wisr

{¢) From the Alternation Theorem, the minimum number of alternations is L + 2.

(d) The trigonometric polynomial (of degree L} can have at most L — 1 points of local minima or
maxima in the open interval between 0 and ». If these are all alternation points and, in addition,
all the band edges are alternation points, we find the maximum number of alternations is

L=-146=L+5

{e) If M = 14, then L. = M/2= 7. The maximum number of alternations is therefore 7+ 5 = 12.

Typical E{w) looks like :

E{w) 5

-3

{f) As will be shown in part (g), the 3 band case can have maxima and minima in the transition
regions. It follows that we do not have to have an extremal frequency at w,. Therefore, if we
started with an optimal maxima! ripple filter and just slid w over we may move a local minimum
or maximum into the transition region, but there will still be enough alternations left to satisfy
the alternation theorem. Thus, the maximum approximation error does not have to decrease.

&) (i)

(i)

If a point in the transition region has a local minimum or maximum then there is the possibility
that the surrounding points of maximum error do not alternate. Thus, we might lower the
number of alternations by two. However, if we started with L 4+ § alternations this reduction
does not drop the number of alternations below the lower limit of L + 2 set by the Alternation
Theorem. Therefore, local maxima and minima of A.{e’*) can occur in the transition regions.
Note that this is not true in the 2 band case.

If a point in the approximation bands is a local minimum or maximum, the surrounding points
of maximum error do not alternate. Thus, a local minimum or maximum in the appraximation
bands implies that the total number of alternations is reduced by two. However, if we started
with L + 5 alternations this reduction does not drop the number of alternations below the
lower limit of L + 2 set by the Alternation Theorem. Therefore, we can have a local maximum
or minimum in the approximation bands. Note that in the 2-band case we drop from L+ 3 to
L + 1 which violates the Alternation Theorem.



7.58. (a) In order for condition 3 to hold, G(z~}) must be an allpass system, since

(k)

G(z™Y)
G(e™v)
|G(e-jw)| ele(e”"‘)

Z—l
-j8

i

[ 4

Clearly, {G(e":"’)| must equal unity to map the unit circle of the Z-plane onto the unit circle of
the z-plane. :

Consider one allpass term in the product, and note that ¢y is real.

-1

S el
2 - 1~ agz“
The inside of the unit circle of the Z-plane is
0<|2] <«

Or equivalently, :
1<|Z7 <o

Substituting the allpass term for 2! gives

27l -y
1 < |/
1"0);2"1
(1-eez™)1~-axz™?) < 7' —a)(z" ! —ays)
l—apz ' —apzm  +adz et < ol et -z 4 0
(1-0)) < z 2 Y1-4ad)
If (1 - af) <0, then
1 > z7i!
1
1 —3
2l
2l > 1

The inside of the unit circle of the Z-plane maps to the outside of the unit circle of the z-plane.
This is not the desired result. However, if (1 — a2) > 0, then

< -1}
<

1

1
1 ——
|z|?

iz] < 1

The inside of the unit circle of the Z-plane maps to the inside of the unit circle of the z-plane. This
is the desired result. Thus, for condition 2 to be satisfied,
1-a; > 0
Iagl2 < 1
la] < 1

This condition holds for the general case as well since the general case is just a product of the
simpler allpass terms.
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(¢) First, it is shown that G(z™!) produces the desired mapping for some value of a. Starting with

G(z™),
7-1 = zl-a
1-az!
X -
e . & T
. 1-aqe-v
eI _gemilemiv = 7Y _ g
e (1l+ae™®) = e +a
)
v 4o
1+ ae~#?

e +a 1+ae
1+ae# 1+ae
e 4+ 20 + ae??
1+ 2acosd + a?

Using Euler’s formula,

cosf — jsinf + 2a + a® cosf + ja® sinf
1+2acos8 +a®
2a + (1 + a®}cos8 + j[(o® — 1) sin 6 .

1+ 2acosf +o®
Noting that ~w = tan™? [%‘H'],

-t

tan-! [ (a® = 1)sind ]

2a+(1+a?)cosé
(1-a?)siné
2a + (1 + a?) cosé

E
\

-

This relationship is plotted in the figure below for different values of a. Although a warping of the
frequency scale is evident in the figure, (except when a = 0, which corresponds to Z=! = z71), if
the original system has a piecewise-constant lowpass frequency response with cutoff frequency 6,
then the transformed system will likewise have a similar lowpass response with cutoff frequency w,
determined by the choice of a.

Warping of the frequency scaie, LPF to LPF
@
X
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Next, an equation for a is found in terms of 8, and w,. Starting with G(271),

7-1 = z7l-a
T 1-az?
ity = M -a
1 - ae=iwr
e-j‘r — ae‘j”e"i“’p - e-j"’r —a

e~ _ omdwr o afe " +er) _ 1)

e".?"r — g~y

e I0+e,) -1
eI Oy +p)/2 (g 30305 )/2 _ gil8y=uy)/2)
e 3{8s+uy) 2 (g=3lbp+up)/2 — 38y +up)/2)
—2j sin[(6, — wp)/2]

—27 sin[{fp + wp)/2)

sin[(8, — wp)/2]

sin[(6, + wp) /2]

a =

(d) Using the equation for w found in part ¢, with 8, = #/2,

-1 [1 —a’]
wp = tan

2a
(1)

o 1-(—0.2579)2]
wp = | 6.2679)
_, { 0.9282
= ten 1(-0.53.58)
= 2x/3
(i)
o L[1-(F
wp, = tan l[ 20) ]
tan™" (o)
n/2

I

(idi)

- 2
v, = tan-t ]! (0.4142)]

2(0.4142)

tan~! (1)
= =/4
(e) The first-order allpass system
z ' +a
1+ az-?

satisfies the criteria that the unit circle in the Z-plane maps to the unit circle in the z-plane, and
that & = 0 maps to w = #. Next, o is found in terms of 8, and wj.

G(z7l)y=-

27 b o

z7 — e
14 az-1
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e"jer
_e_jer —_ ae"j("‘p"’o)
a—(l + e_j(“'+',])

[

{f) First, an equation for w is found in

Z—l

¢

—e~18 _ ge—itw+)

e~ 71 + ae™)

—g—iw

e—ilw—m)

Therefore,

-+ T

e~ 4o
1+ e
e 4 a
—e— i _ g=Fup

e 10 4 o—dws
T 14 e il

=30 +8,)/2 (=il =wp+0p)/2 4 g=3lwr=-83)/2)
T e s+, )2 (ilwr +85)/2 4 g=3(er+4,)/2)
- cos{(w, — 8,)/2)

cosl(wp + 65) /2]

terms of # and a.

il

2 lt+a
“1+az-!
e 4 a
1+ aeiv
e +a
—emi® _ o
e~ 4 o
1+ ae~?®
e tra 1+ae’
1+ae-# 1+ae?
e~ 4 20 + a?e’?
1+ 2acosf + a?
cosf — jsinf + 2a + o cosf + jolsiné
1+ 2acos6 +a?
cos 8 + 2a + a® cosb + j(—sind + o? sinb)
1+ 2acos8+ a?

tan~!

(o® - 1)siné

2a+(1 +crz)cos€]
(1-a?)sind ] r

2a+ (1 +a?}cosd

|

Note that this lowpass to highpass expression is the similar to the lowpass to lowpass expression
for w found in part (¢). The only difference is the additive = term, which shifts the lowpass filter
into a highpass filter. The frequency warping is plotted below. '
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Warping of the frequency scale, LPF to HPF
(]

2n

In2

0 2 n O

For 8, = = /2, this becomes

w=tan"! [-(1;—:22]+1r

(i)
1- (—-0.2579)’]
2(—0.2679)

= tan-! ( 0.9282 ) ‘o
~0.5358
= 2x/3+x
5x/3

wp = ta.n'l[

The right edge of the Jow pass filter gets warped to 57/3, which is equivalent to —n /3. The
frequency response of this filter appears below.

- -x/3 ¢ 3 X @
(i)
— (0)?
o = o5
= tan~!(o0) 4+«
x/2+4+x
= 3x/2

it

The right edge of the low pass filter gets warped to 3x/2, which is equivalent to ~7/2. The
frequency response of this filter appears below.
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1
-In -x/2 0 x/2 T

(i)

o ag1 [L204142)

wp = 8T oloaidn) | T

R (0.8284 r

- 0.8284

= wlé+n

5w /4

The right edge of the low pass filter gets warped to 57/4, which is equivalent to —3%/4. The
frequency response of this filter appears below.




Solutions — Chapter 8

The Discrete-Time Fourier Transform

289
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8.1. We sample a periodic continuous-time signal with a sampling rate:

(a)

(b}

The sampled signal is given by:
z[n] = z.(nT)

Expressed as a Discrete Fourier Series:

z[n] = E': ape 40

k=9

We note that, in accordance with the discussion of Section 8.1, the sampled signa! is represented
by the summation of harmonically-relaied complex exponentials. The fundamental frequency of
this set of exponentials is 2z /N, where N = 6.

Therefore, the sequence z[n] is periodic with period 6.

For any bandlimited continuous-time signal, the Nyquist Criterion may be stated from Eq. (4.14b)

as:
F822FN$

where F, is the sampling rate (Hz), and Fy corresponds to the highest frequency component in
the signal (also Hz).

As evident by the finite Fourier series representation of z.(t), this continuous-time signal is, indeed,
bandlimited with a maximum frequency of F, = &y Hz.

Therfore, by sampling at a rate of F, = iy Hz, the Nyquist Criterion is violated, and aliasing
results.

We use the analysis equation of Eq. (8.11):

_ N-1 e
XK = Y 3nleIwr
. n=0

From part (a), Z[n] is periodic with N = 6.
Substitution yields:

XK = i ( 29: amc"a'z""‘) e~i%kn

n=0 \m=-9
5 9

Z z a"‘ejﬂljﬁ)(m-k)n

n=0m=-9

We reverse the order of the summations, and use the orthogonality relationship from Example 8.1:
} 9 o
XK1=6 ) am 3y &lm-k+rN]
m=-9 P00
Taking the infinite summation to the outside, we recognize tke convalution between a,, and shifted
impulses {Recall a, = 0 for |m| > 9). Thus,

X[k] =6 i [

r=-—00

Note that from X[k], the aliasing is apparent. *
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8.2. (a) Using the analysis equation of Eq. (8.11)

N-1
X[k} = zinjwin
n=0
Since Z[n] is also periodic with period 3N,
A IN-1
XM = 3 EnlWiR
n=0
N-1 ZN~-1 3N-1
= Yanwin+ Y Wi+ 3 #HnWiR
n=0 n=N n=2N

Performing a change of variables in the second and third summations of X[k},

N-1 N-1 N=}
Xalk]= 3 2nWif + Wall 3 zln + NIWER + WIRY 3 2[n + 2NIWSR
n=0 n=0 n=0

Since Z[n] is periodic with period N, and W7 = W;.vs)n,

N-1 .
Xalk] = (1 + 78] 4 ¢~} T gy
n=0

f

(1 +emim(3) 4 e"'z‘(?)) X[k)

_ | 3X[k/3}, k=3t
a, otherwise

{b) Using N = 2 and #[r] as ir Fig P8.2-1:

N-1
Xk = 2 FHn)Win
n=0
1 .
= z :E[n]e"’:f"‘“‘
n=°
= Z[0] + Z[1je~I"F
= 14 2(—1)h
_ 3, k=0
Tl -1 k=1
Observe, from Fig. P8.2-1, that Z[n)] is also periodic with period 3N = 6:
) IN-1
X3k = z Z[n]W3n
n=0
s
= zi[n]c" §in
n=0

= (1+e ¥ pei¥1+2(-1h
= (1+e ¥ 4 e I¥5 X [k/3)

9, k=0
= { -3 k=3

0, k=1,24,5
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8.3. (2) The DFS coefficients will be real if #{n] is even. Only signal B can be even (i.e., Zp[n] = z5{-n};
if the origin is selected as the midpoint of either the nonzero block, or the zero block).
{b) The DFS coefficients will be imaginary if Z{n) is even. None of the sequences in Fig P8.3-1 can be
odd.
{c) We use the analysis equation, Eq. (8.11) and the closed form expression for a geometric series.
Assuming unit amplitudes and discarding DFS points which are zero:

i

3
X alk] Yo eidrn
n=0
1-—e5‘:’"‘
ey
_{_13k
= 1—‘.&-:0,1::12,:}:4,...
1-el%

2
Xplk] = 3 ei¥rn
ﬂ=0

] — ei%3k
T 1-el%t
3
Xclk] = YWY reifkn
n=0 n=4
3
— Z (ej%lm _ ej%k(nﬂ))
n_—-o
_ jrk 1- e
= (1 - CJ ) 1— ej%k
= 0, k=+24,...

8.4. A periodic sequence is constructed from the sequence:

z{n] = a"uln] , la] < 1

as follows:
#n)= Y zln+ 1N}, el <1
(a) The Fourier transform of z{n]:
. m .

X(ev)y = z z[nje~ "
n=—o0
o o

= Eaneija
n=xl
1

Toaew: ll<!

(b) The DFS of Z[n}):



N—-1 oo
= E Z z{n + rNJWR"
=0 r=-o0
N~-1 o
= 3 Y o™ Mun+rNIWR
n=0 r=—o0
N-1 ao
- z Zan+er§n
na=0 r=0
Rearranging the summations gives:
_ 00 N-1
X[kl = zarN a"W,f,"
r=0 n=0_

N —j2nk

- zarN ( -aa:—jlﬁ*-“) lal <1
= -

— AN =i2xk
1-a%e )’|°I<1

|
(=)
’; -
E 4
P

1-ae i
X = oy - ol <1
{¢) Comparing the results of part {a) and part (b):
x (k] = X(e w)!u.—.zrk/N'
8.5. (a)
zln] = d[n]

N=-1
Xkl = Y Wi, 0<k<(N-1)
“=o

= 1
(b)

afn] = dfn-ndl, 0<no<(N-1)

N~1

Y dn-nWit, 0Sk<(N-1)
n-‘—-O

= Wgr

1, neven
0, nodd
N-1
S anwre, o<k<(N-1)

n=0
{N/2}-1

E w:rkn

n=0
1-¢
1 — e—I(xk/N)

{ N/2, k=0,N/2

X[k

()

It

z{n]

X[¥]

]

il

-j2xk

X[k
(&l 0, otherwise



(d)

zfn] = {

L, 0<n<{(N/2)-1)
0, N2<a<{N-1)

N-1

X[k}

"

S aawit, 0<k<(N-1)

=l
(N/2}-1

> wi

n=0

X[k)

il

(e

z{n)

X{x)

X[K]

8.6. Consider the finite-length sequence

z{n} =

{(a} The Fourier transform of z{n):

X(&¥) =
X(e*) =
X(*) =
(b} N-potnt DFT:
X[ =

1 - e—J2xk)/N

N/2, k=0
2

T ey Fodd

0, keven, 0 <k <(N-1)

@, 0<n<(N-1)

a
0, otherwise
1

= Y a"Wy, 0Sk<(N-1)

1- aNe-jZ:rk
1 — ge—3(2xk}/N
1-aV
1 — ge—1{2nx)}/N

efvon, 0<n<(N-1)
0, otherwise

oo

Z z[n]e~ "

n=-0c

N-1

Z cjwone—jum
n=0
i- e-—j(w-wo)N

= e-Flw—wol
e ilw—wo)(N/2) (sin {w - wo)(Nﬂ)l)

e=Hw=wo)/2 sin [(w — wp) /2]
emilw—woX(N-1)/3) (sm [(w — wo)(N/ 2)])
sin [(w - wo)/2]
N-1
Y alnWh, 0<k<(N-1)

=0

295
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- N-=1 )
= Y eerwhr
n=0
1 — e—{{2%k/N)~wo )N
1= e—3{Z=k/N)—wa}

= e —uwg ) [yt sm[( ) ]
(35t -wo)( 55 )m[(;ﬂ_ wo)/2]

Note that X{k] = X (e®)|u=(2rsy/w
(c) Suppose wy = (27kg)}/N, where ko is an integer:
1 — e—ilk—ko)2x

Xk = 1 — e-i(k—ka)(2m)/ N

o gmian/NHE-r(N-1y/2)__SinT(k =~ ko)
sin(x(k — ko)/N)

8.7. We have a six-point uniform sequence, 2[n), which is nonzero for 0 < n < 5. We sample the Z-transform
of z[n] at four equally-spaced points on the unit circle.

X[k] = X(Z)!z=¢(2-hlﬂ

We seek the sequence z;[n] which is the inverse DFT of X[k]. Recall the definition of the Z-transform:

[=-]

X(z)= E z{n]z ™"

n==—00
Since z[n] is zero for all n outside 0 < n < 5, we may replace the infinite summation with a finite
summation. Furthermore, after substituting z = e/(2*%¥/4) we obtain

5
XK =3 anwi, 0<k<4
n=0

Note that we have taken a 4-point DFT, as specified by the sampling of the Z-transform; however, the
original sequence was of length 6. As a result, we can expect some aliasing when we return to the time
domain via the inverse DFT.

Performing the DFT,
Xk =WkE+Wh+WE+WH+Wwwd o0<k<d

Taking the inverse DFT by inspection, we note that there are six impulses (one for each value of n
above). However,
= WP and Wit = W,

so two points are aliased. The resulting time-domain signal is

Iy [n]

- f———
N pe——
w e
L%
o
o

3
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8.8. Fourier transform of z{n} = (1/2)"u{n}:

oo
X)) = Y zinjen
n=-o00
o0 n
Elye
n=0
!
T o 1-lew

Now, sample the frequency spectra of z{n}:
Yk} = X(cj“)lw=21k/1f.h 0<k<9

‘We have the 10-pt DFT:
1
1~ Le-itank/r0)”
9

= Z y[n]W{g

a=0

Y{] 0<k<9

l: n NN
l DFT 1-— (5)
2 N-pt } - %e-j(zu/N)
So, we may infer:
(3"
[ I 1- (%)10

8.9. Given a 20-pt finite-duration sequence z|nj:

(2} We wish to obtain X (e’“)|,—qs/5 using the smallest DFT possible. A possible size of the DFT is
evident by the periodicity of /|, =4s/5- Suppose we choose the size of the DFT to be M = §.
The data sequence is 20 points long, so we use the time-aliasing technique derived in the previous

problem. Specifically, we alias z{n] as:
oS

zifn] = z z[n + 5r)

r=—oo
This aliased version of z[n] is periodic with period 5 now. The 5-pt DFT is computed. The desired
value occurs at a frequency corresponding to:
2rk 4

N 5

For N =5, k = 2, so the desired value may be obtained as X [k]|x=;.

(b) Next, we wish to obtain X (/)| =10x/37-
The smallest DFT is of size L = 27. Since the DFT is larger than the data block size, we pad z(n}

with 7 zeros as follows:
zjn], 0<n<19
Iz[ﬂ] =

0, 20<n<2
We take the 27-pt DFT, and the desired value corresponds to X[k] evaluated at ¥ = 5.
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8.10. From Fig P8.10-1, the two 8-pt sequences are related through a circular shift. Specifically,
z2[n] = 21{((n — 4))s]

From property 5 in Table 8.2,
DFT{z;{((n - 4))s]} = Wi* Xy [#]

Thus,
Xo[k} = WX\ [k
eIt X, [k]
X[k = (-1)*X[k)

8.11. We wish to perform the circular convolution between two 6-pt sequences. Since z2[n] is just a shifted
impulse, the circular-convolution coincides with a circular shift of z;{n] by two points.

vin) = 2[nf@eln]
= z,[nk6)(n - 2]
= x1[({n - 2))s]
6
; 4 [n]
3 y
I 111
& ? T - n
106 1 2 3 4 5 6 7
8.12. (a)
z[n]:ms(lz'-‘), 0<n<3

transforms to s .
n
X[k] =} cos()We™, 0K k<3
n=0
The cosine term contributes only two non-zero values to the summation, giving:

X[k = 1-e7™, 0<kg3
= 1-Wt

(b)
hln]=2", 0<n<3

H[.

3
S rwE, 0<k<3
n=0

= 142WE+4W3 + 8W"
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(c) Remember, circular convolution equals linear convolution plus aliasing. Weneed N > 34+4-1=4%
to avoid aliasing. Since N = 4,we expect to get aliasing here. First, find y[n] = z[n] * A[n]:

6

] yin] = z[n] + Aln}
*—o n

3

- 0
o 8

o M

|
)

For this problem, aliasing means the last three points {n = 4, 5,6) will wrap-around on top of the
first three points, giving y(n] = z[nY@hin):

6
I yn] = z[nkDhA(n)
3

(d} Using the DFT values we calculated in parts (a) and (b}:

Y[k] = X[Kk|HK]
= 1+ 2W)+4aWRE 4 8WJE - W2k — 2Wk — awst - sW*

Since Wik = W* and Wp* = Wf
Y[k} = -3-6WE+3w2+6W3, o0<k<3

Taking the inverse DFT:
yln)=-35[n]—65[n-1}+38[n-2]+6§[n-3], 0<n<3 -
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8.18. Using the properties of the DFT, we get y[n] = z[((n ~ 2))s], that is y{n] is equa.l to z{n] circularly

shifted by 2. We get:
2 2
‘ y[n]
] I 1 1
-8 T T ® n
0 1 2 3 4 5

8.14. r3[n] is the linear convolution of z;[n] and z»[n] time-aliased to N = 8. Carrying out the 8-point
circular convolution, we get:

il

We thus conclude z3{2] =

8.15. y|n) is the linear convolution of z,{n] and z,[n] time-aliased to N = 4. Carrying out the 4-point circular
convolution, we get:

1 2a+1 a 2+e
yn]

-* - » n
-1 0 1 2 4 5
Matching the above sequence to the one given, we get a = —1, whxch is unique.

8.16. X,[k] is the 4-point DFT of z[n] and z,[n] is the 4-point inverse DFT of X[k], therefore z;[n] is z[n]
time aliased to N = 4. In other words, z,[n} is one period of £[n] = z[((n)),]. We thus have:

4=b+1.
Therefore, b = 3. This is clearly unique.

8.17. Looking at the sequences, we see that x;[n] * z2[n} is non-zero for 1 < n < 8. The smallest N such that
z,[n) @ig [n] = z,[n] * z2[r] is therefore N = 9.
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8.18. Taking the inverse DFT of X [k] and using the properties of the DFT, we get:
2y {n] = z[((n + 3))s].

Therefore:
0] = 3] = ¢

We thus conclude that ¢ = 2.

8.19. z;(n} and z[n] are related by a circular shift as can be seen from the plots. Using the properties of the
DFT and the relationship between X [k] and X[k, we have:

z1[n] = 2[((n - m))s)-
m = 2 works, clearly this choice is not unique, any m = 2 + 6l , where [ is an integer, would work.
8.20.
X\ [k] = X[k]eti(2rk2/N),
Using the properties of the DFT, we get:
z1[n] = z{((n + 2))n]}-

From the figures, we conclude that:
N=5

This choice of N is unique.
8.21. (a) We seek a sequence y;[n] such that
Y[k} = Xa[k] Xa[k)

From the discussion of Section 8.2.5, §[n] is the result of the periodic convolution between Z,[n]

and iz[ﬂ]. N
-1

filn] = Y #1mlzafn - m]
m=0
Since #;[n] is a periodic impulse, shifted by two, the resultant sequence will be a shifted (by two} .
replica of Z){n].

6 6
5 ) -
2 I 2 I 2 1 |
[g0 IT?E ITrL .
“10 1 2 3 4 56 7 8 9 1011 12 13 14 15

Using the analysis equation of Eq. (8.11), we may rigorously derive §, [n]:

X = D #nwsn
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= 6+ 5SWE + 4WP 4 3W 4 oWt + Wt
6
X = Y sHmwi
n=l

= W,zk
X\ [K) X2 [k]
= 6W3t 4 SW3* + AW 4 WPk 4 2WFr + WSt
Noting that W7 = /¥ (T8 = 1 = WP, we use the synthesis equation of Eq. (8.12) to construct
$1{n]. The result is identical to the sequence depicted above.
(b) The DFS of the signal illustrated in Fig. P8.21-2.is given by:

YilK]

[ 1
Xk} = > zmwrn
n=0

1+ Wi

Therefore:

Xy (K] X5 (k)

X\ (k) + Wi X, (K]

Since the DFS is linear, the inverse DFS of ¥,[k] is given by:
$2n] = &1[n] + £1[n ~ 4).

Yalk]

il

8.22. For a finite-length sequence z[n], with length equal to N, the periodic repetition of z[—n] is represented
by
z{{(-nn] = z{{{-n+IN))n], & integer
where the right side is justified since z[n] {and z[—n]) is periodic with period N.
The above statement holds true for any choice of £. Therefore, for £ = 1:

={((=n)}a] = 2{((-n + N))n]

8.23. We have z[n|for 0 < n < P,
We desire to compute X{z)|,o.-j2=+/~) using one N-pt DFT.

(a) Suppose N > P (the DFT size is larger than the data segment). The technique used in this case
is often referred to as zero-padding. By appending zeros to a small data block, a larger DFT may
be used. Thus the frequency spectra may be more finely sampled. It is a common misconception
to believe that zero-padding enhances spectral resolution. The addition of a larger block of data
to a larger DFT would enhance this quality.

So, we append N, = N — P zeros to the end of the sequence as follows:

ll]_ z[n], OSﬂS(P—l)
M=o, P<n<w

) — o NptDFT |, X (Q<k<N)
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(b) Suppose N > P, consider taking a DFT which is smaller than the data block. Of course, some
aliasing is expected. Perhaps we could introduce time aliasing to offset the effects.
Consider the N-pt inverse DFT of X [k],

N=
z[n] = % zlxmw,;'m, 0<n<(N-1)
k=0

Suppose X [k] was obtained as the result of an infinite summation of complex exponents:

::[n] = %E (f: =[m]e—j(2Ik/N}m) WEh

k=0 \m=0
Rearrange to get:

z[n} = i z{m] (% Nz-le-i(h/m(m-nu)
k=0

M =0

Using the orthogonality relationship of Example 8.1:

zZn] = Y zfm] Y dm-n+rN]
zZn] = ) z{n—rN]

So, we should alias z[n] as above. Then we take the N-pt DFT to get X{k].

8.24. No. Recal] that the DFT merely samples the frequency spectra. Therefore, the fact the Im{X[k}} = 0
for 0 < k < (N — 1) does not guarantee that the imaginary part of the continuous frequency spectra is
also zero. :

For example, consider a signal which consists of an impulse centered at n = 1.
znj=dn-1, 0<n<1

The Fourier transform is:

e v

il

X (&)
Re{X (™)} cos(w)
Im{X(e*)} = -sinw)

Note that neither is zero for all 0 < w < 2. Now, suppose we take the 2-pt DFT:
X[k] = W§, 0<k<1

1, k=0
-1, k=1
So, Im{X{k]} =0, V. However, Im{X(¢/*)} #0.
Note also that the size of the DFT plays a large role. For instance, consider taking the 3-pt DFT of

zZln] = 4r-1, 0<n<2
X[kl = W 0<k<?2
1, =0

e~ H3 ) k=
I koo
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Now, Im{X[k]} #0,for k=1or k= 2.

8.25. Both sequences z|n] and y[n] are of finite-length (N = 4).

Hence, no aliasing takes place. From Section 8.6.2, multiplication of the DFT of a sequence by a complex
exponential corresponds to a circular shift of the time-domain sequence.

Given Y[k] = W}t X[k], we have
vin} = z{((n ~ 3))]

We use the technique suggested in problem 8.28. That is, we temporarily extend the sequence such that
a periodic sequence with period 4 is formed.

1

1 1
3/4 3/4 )
I 1/2 1/4} 1/2 1/4] T 1/2 » £[n)
* J ! n
3 4 8§ 6 7

-4 3—2-1 2

Now, we shift by three {to the right}, and set all values outside 0 < n < 3 to zero.

/
I 1/21/4I y(n)
——— T -—0— n
-2-10 1 2 3 4 5

8.26. (a) When multiplying the DFT of a sequence by a compiex exponential, the time-domain signal
undergoes a circular shift.
For this case,
Y[k] = W X[k], 0<k<5

Therefore,
gln]=2{((n-4))s], 0<n<H

4
3

2 I yin}
—— T T;l—& I—H n
-1 0

1 2 3 4 56 7

(b) There are two ways to approach this problt;.m. First, we attempt a solution by brute force.
X[kl = 4+3WF+2WE W,  Wh=e7C /6 and0<k <5
Wikl = Re{X[K]}

3 (XK + X&)

]

% (4+3WF +2W2 + W3 + 4+ 3W5 + 202 4 wit)



(c)

Notice that
Wh = -iCTR/N)
Wh_ik = cj(z:t[N) - e—j(2r/N)(N-k) - Wﬁl—k

WK = 4+ g [we + wet] + [was + we] + % [Wo* +we |, o0<kss

So,
wln] = 44[n}+ g (J[n -1} +8n- 5]) +8n -2} + 8[n - 4
+3 (80 -3+ 6in - 3)
wln] = 45[ﬂ]+§6[n—1]+5[n—2]+6[n-3]+6[n—4]+gé[n—S], 0<n<s
Sketching win}:
4
I 3/2 4 1 1 32 win]
o1 leeet . .
-10 1 2 3 4 56 7

As an alternate approach, suppose we use the properties of the DFT as listed in Table 8.2.

Wik] = Re{X[k]}
X[K) + X*[k]
2
5 IDFT{X[K]} + 5 IDFT{X"[x]}
(aln} +="(((-nD)n))

wln]

LT R L)

For 0 < n < N — 1 and z[n] real:

win] = % z[n] + z[N - n])

[

3
2 T zZ[N —n],for N=6

R AU 20 N R

4
-10 1 2 3 4 56 7

So, we observe that w(n] results as above.
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The DFT is decimated by two. By taking alternate points of the DFT output, we have half as
many points. The influence of this action in the time domain is, as expected, the appearance of
aliasing. For the case of decimation by two, we shali find that an additional replica of x[n] surfaces,

since the sequence is now periodic with period 3.



From part (b):
_ X[k =4+3WE+2w2 + W2, 0<k<5
Let Q[k] = X[2k],
QF) =4+ 3W§ +2WF + W3k, 0<kg2
Noting that W3k = WP+

q{n]5= 58[n] +38fn—~1)+28[n-2], 0<ng2

gfn]

n

-10 1 2 3 4 5

8.27. (a) The linear convolution, z,[n] * z;[n] is a sequence of length 100 + 10 - 1 = 109.

9 10 10 9
L L
8 8
7 ? ¢ 7 z1[n) * 3[n]
6 6
5 5
4

4
3 3
2 2
-2 ’ T s T ? & n
-10 1 2 3 4 56 7 8 9 99 100 101 102 103 104 105 106 107 108 108

{b) The circular convolution, z,{n] 2 [n], can be obtained by aliasing the first 9 points of the linear
convolution above:

10 10 10 10 10 10 10 10 10 10 10

n

6 1 2 3 4 5 67 8 9 99

{c) Since N > 109, the circular convolution zl[n}g{n] will be equivalent to the linear convolution
of part {a).
8.28. We may approach this problem in two ways. First, the notion of modulo arithmetic may be simplified
if we utilize the implied periodic extension. That is, we redraw the original signal as if it were periodic
with period N = 4. A few periods are sufficient:

i
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To obtain z,[n] = z[({n — 2))4], we shift by two (to the right) and only keep those points which lie in
the original domain of the signal (ie. 0 <n < 3):

. 3
I 1 [ﬂ]
T >—8 n
¢ 1 2 3 45

-2 -1

To obtain z5[n] = z[((—n)}4), we fold the pseudo-pericdic version of z[n] over the origin (time-reversal),
and again we set all points outside 0 < n < 3 equal to zero. Hence,

4
3

I zafn]
I *—r— n
-2-10 1 2

Note that z[{(0})4] = 2[0], etc.

In the second approach, we work with the given signal. The signal is confined to
0 < n < 3; therefore, the circular nature must be maintained by picturing the signal on the circumfer-

ence of a cylinder.

8.29. Circular convolution equals linear convolution plus aliasing. First, we find y[n] = z1[n] » z2[n]:

8
,

6 6
5 .
I 4 l 4 y[n]
3 3
t] 3 5 6

1 2 4 7

o @

o e -

Note that y[n] is a ten point sequence (N =6 +5—1).
{2) For N = 6, the last four non-zero point (6 < n < 9) will alias to the first four points, giving us
wnin] = z;[n]@zz[n]
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10

6

. )
6 nin
| !

I —— n
-1 0 1 2 3 4 5 6 7

{(b) For N = 10,N > 6+ 5 — 1, so no aliasing occurs, and circular convolution is identical to linear
convolution.

8.30. We have a finite length sequence, whose 64-pt DFT contains only one nonzero point (for & = 32).

{a) Using the synthesis equation Eq. (8.68):

N-1
zjn) = % S XMW, 0<n<(N-1)
=

Substitution yields:

i

zn) %X[sz}w,;“"

- 1 izeom
¢

f

1 fEn
e
d) = g(-1% 0<a<(N-1)

The answer is unique because we have taken the 64-pt DFT of a 64-pt sequence.
{b) The sequence length is now N = 192,

191

— 1 —kn
z[n] = -@prc]w,,, ,0<n <191
k=0
-1 <n<
2fn] = a-1D 0<n<63
0 64 < n <191

This solution is not unique. By taking only 64 spectral samples, z[n] will be aliased in time.
As an alternate sequence, consider

#fn] = % (%) (-1)", O0<n<1dl

8.31. We have a 10-point sequence, z[n]. We want a modified sequence, z;{n}, such that the 10-pt. DFT of

z,[n] corresponds to
' Xifk} = X (2)lz2 g estaerrrorecersen
Recall the definition of the Z-transform of z{n}:

oo

X(z)= Y z[nlz™"

= -0



Since z[n] is of finite duration (N = 10), we assume:

{ nonzero, 0<n <9
zin] =

0, otherwise
Therefore,
8
X(z) = Z z[n]z™"
n=0

Substituting in z = JeI(2r¥/103+(x/10));

9 -n
1., -
X(Z)I,; Jeslant 10) 4 /20) = Z z[n] (Ecﬂ(3li/10)+( /10)])
n=0

We seek the signal z;{n], whose 10-pt. DFT is equivalent to the above expression. Recall the analysis
equation for the DFT:

9
Xk = nnWfr, 0<k<9
n=_(

Since WEr = ¢=7(27/100%n by comparison

zy[n] = z[n] (%e"('/w)) -

8.32. We have a finite-length sequence, z|n] with NV = 8. Suppose we interpolate by a factor of two.: That
is, we wish to double the size of z[n] by inserting zeros at all odd values of n for 0 < n < 15.

Mathematically,
z[n/2], neven, 0<n<15
yln] = /2]
0, n odd,

The 16-pt. DFT of y[n]:

15
Y] = 3 slnWi, 0<k<1s
n=0

T

Y zinjwiE

n=0

"

Recall, wlzskn = ej(2l/16)(2k)n = e-j(Zl/S)kn = Wstn'

T
Ykl = > z[a]WE, 0<k<15
”=°

Therefore, the 16-pt. DFT of the interpolated signal contains two copies of the 8-pt. DFT of z[n]. This
is expected since Y[k] is now pericdic with period 8 (see problem 8.1). Therefore, the correct choice is
C.

As a quick check, Y[0] = X[0)].
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8.33. (a) Since

z{n],

ra[n] = ¢ —zln - N},

0,

If X{k] is known, z2[n] can be constructed by :

X{k] N-pt IDFT ) —

|

Scale by -1

Shift by N

1

0<n<N-1
N<n<2N-1
otherwise

{ concatenste [——e] 2Vt DFT p— ol

(b) To obtain X[k] from X,{k], we might try to take the inverse DFT {2N-pt) of X;[k], then take the

N-pt DFT of z;[n] to get X[k].

However, the above approach is highly inefficient. A more reasonable approach may be achieved if

we examine the DFT analysis equations involved. First,

2N -1
Xy [¥]

n=0
N-1
= Z zln)|Win
n{
N-1

= 3 z[Rwin

n=0

X, {k]

> nnWiR,

0<k<(2N-1)

0<k<(N-1)

X[k/2, 0<k<(N-1)

Thus, an easier way to obtain X[k] from X, [k] is simply to decimate X [k] by two.

Xi[k] e * 2

. XK




8.34. (a) The DFT of the even part of a real sequence:
If z{r] is of length N, then z.[n] is of length 2N —1:

::[n] = El’i%{g-_ﬂ' (-N-!-I)SHS(N—])
‘ 0 otherwise
N-1
Xelkl = ,,=_Z~+, (M) Win_,, (-N+1)<k<(N-1)
o N-1
= 3 z[;nlwzkﬁ_l_'_ > z_gﬂwk _
a=—N+1 n=0
Iﬁf- m= -—n,
=zl N 20 e
X[k = 2 S WD > Win_,

XK :rgz[n] cos ( ks )

Recall Nt
X[k =Y zlnWk, 0<k<(N-1)
n=0
and

Re{X[k]} = = z[n] cos (21rkn)

. n=0
So: DFT{z.[n]} # Re{X[k]}
(b)
Re(xg)y = XEIXH
1 = kn 1 = —kn
= 3 zn]Wit + - zo:[n]WN

(z{n] + [N - n)WR"

LA

aghlitg

Re{X[K]} = DFT {%(z[n] +2[N - n])}

8.35. From condition 1, we can determine that the sequence is of finite length {N = 5). Given:
X(e#“) = 1+ Ajcosw+ Azcos2w
= 1+ %l(ef” +e7 ) 4 %i(eﬁv + e~I)
From the Fourier analysis equation, we can see by matching terms that:

z[n] = §[n] + —‘4?2-‘-(6[11 -1 +dn+1}}+ 523(6[,1 — 2]+ 8[n+2))

31
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Condition 2 yields one of the values for the amplitude constants of condition 1. Since z{n] « §[n - 3] =
z[n = 3] = § for n = 2, we know z{-1] = 5, and also that z{1] = z[~1] = 5. Knowing both these values
tells us that 4; = 10.

For condition 3, we perform a circular convolution between z{((n ~3))g] and win], a three-point sequence.
For this case, linear convolution is the same as circular convolution since N =8> 6 +3 - 1.

We know z[({n - 3))s] = z[n — 3], and convolving this with w[n] from Fig P8.35-1 gives:

22
sz A+ 15
5,42 A 413
+ Az
R |
0 i 2 3 4 5 6 7 &

For n = 2,w(n] » z[n — 3} = 11 50 A; = 6. Thus, z[2] = z[-2] = 3, and we have fully specified z[nj:

-3 -2 -1 0 1 2 3
8.36. We have the finite-length sequence:

z{n] = 28ln] + 8[n — 1] + 8[n - 3]

{i) Suppose we perform the 5-pt DFT:
Xkj=2+WE+ W, 0<k<S

where Wi = e=3(3),
(ii) Now, we square the DFT of z[n}:

X2k}

2+ 2WE + 2w

+2WE+ W+ W
+IWIE L WE LW, 0<k<sS

Y]

Using the fact W* = WP = 1 and W* = W}
Yk} =3+5WF+ W2 4w + Wi, 0<k<s
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(a) By inspection,
yln) =3[n]+58n - 1)+ 6fn - 2] + 48[n - 3] + é[n—4], 0<n<S§

(b) This procedure performs the autocorrelation of a real sequence. Using the properties of the DFT,
an alternative method may be achieved with convolution:

yin] = IDFT{X’[k]} = z[n] + z{n]

The IDFT and DFT suggest that the convolution is circular. Hence, to ensure there is no aliasing, the
size of the DFT must be N > 2M — 1 where M is the length of z{n]. Since M =3, N > 5.

8.37. (a)

@aifnj=z[N~-1-n), 0<ng(N-1)

N-1
Gilk]=3 zIN-1-nWf", 0<k<(N-1)
n=0

letmm=N-1-n,

= E(N-1

Gilt] = Y afmiwyN ™
m=0
N-1
W:,(N_” z z{m]WN'k'“

m=0

Using W,’:. = e—j(2wk/N)’WI‘:'(N-1) = Wh-,k = eil2xk/N)

Gllk] = ej(?rk/N)NEIzIm}ej(zrkm/N)
m=0
= IO X () umianisny
Gilk] = Hifk]

(b)
geln)=(-1)"z[n], 0<n<(N-1)

z

GalK] (-1z[n)Wir, 6<kS(N-1)

i

x

s iy

1yg

z
-

z[n]W}: g

it

= X WNomzequs gy
Galk] = Hylk]
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()

z{n), 0<n<g(N-1)
sfn]=¢ z[n-N}, N<n<(2N-1)
0, otherwise
2N~1
Gslk] = Y zn]WiR, O0<k<(N-))
n=0
N-1 . 2N=1
= > 2n|Wik + }: z[n — NIW;%
ﬂ=o
N-1 N-—l
= 3 anwit+ Z amiwyy ™
o
= Z z{n] (1 + W) W3R
n=0
N=-1
= (1 + w}:"f”) 3 Wi
n=0
= (14 DY) X (@ Nom(ar/m
Gslk] = Hslk]

(d)

] = zinj+zin+ N/2], 0<n<(N/2-1)
) otherwise

Nf2-]
Gk = }: (::[n] +z[n+ = ]) WN/:* 0<k<(N-1)
n=0
Nj2-1 Niz—1
= Z z[n]Wp7, + z zln + N/2]W,
=0 n=0
N/2-1 N-1
= 3 WL+ Y zlmwyn N
n=0 m=N/2
N-1
= Z z[ﬂ]Wf;k"
n=0
= X(e’“)lw=(4rl’/ﬂ)
Gu[k] = Hglk]

(e)

zfn}, 0<n<(N-1)
gln]=¢ 0, Ng<n<(2N-1)
0, otherwise



IN-1

Gslk) = 3 zlnlWiE, 0<k<(N-1)
n=0 .
N-1

= 3 =W

nael
= X(™)um(rr/n)
- Gslk] = Hz[K]

()

geln] = { z[n/2), neven, 0<n < (2N -1}

0, n odd
2N-1
Gelkl = > z[n/2Wiy, 0<k<(N-1)
Nt
= 3 zin]W}
n=0
X(ejw)lw=(2:k/.~)
Gs[k] = Hl{k]

(g)
ginl=2[2n), 0<n<(N/2-1)

#£-1
Gi[k} = z z{2niW, /2, 0<k<(N=-1)
n=0
N-=-1
= Dz 1(——-———“"” )w:,ﬂ
n=0
= 1+ w2
= z z[n] (.._..__—-.;' ) “}ﬁﬂ
n=0
IN =~ R{k+N/2)
= -2-Z:cln](W + Wy )
= l [X(e’(z'/N)) + X(ej(zr/N)(k+N/2])}
Grlk] = Hslk]

8.38. From Table 8.2, the N-pt DFT of an N-pt sequence will be real-valued if
z[n] = z[((-n)}n}
For 0 < n < (N - 1), this may be stated as,
zfn]l =z[N -n}, 0<n<(N-1)

315
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For this case, N = 10, and

z[l] = z[9]
z{2) z(8]

The Fourier transform of z[n] displays generalized linear phase (see Section 5.7.2). This implies that for
zn] £0,0<n < (N -1)
z[n]=2z({N-1-n]

For N =10,
z{0] = =[9]
z(1] = z{8}

z[2] = z[7]

To satify both conditions, z{n] must be a constant for0 < n < 9.

8.39. We have two 100-pt sequences which are nonzero for the interval 0 < n < 99.

If z,{n] is nonzero for 10 < n < 39 only, the linear convolution
z1[n] * z2[n]

is a sequence of length 40 + 100 — 1 = 139, which is nonzero for the range 10 < n < 139.

A 100-pt circular convolution is equivalent to the linear convolution with the first 40 points aliased by
the values in the range 100 < n < 139.

Therefore, the 100-pt circular convolution will be equivalent to the linear convolution only in the range
40<n <99

8.40. (a) Since zjn] is 50 points long, and h[r] is 10 points long, the linear convolution y{n] = z[n] * A[n]
must be 50 + 10 ~ 1 = 59 pts long.

(b) Circular convolution = linear convolutin + aliasing.
If we let y[n] = z[n] » hn], a more mathematical statement of the above is given by

zl))@hla}= Y ylh+rN], 0<n<(N-1)

r=—coo

For N = 50, .
’ z[n]@n[n] =yln]+yin+50}, 0<n<49

We are given: z{n] @[ﬂ] =10
Hence,
y[n]+y[n+50]=10, 0<n<49
Also, y[n] =5, 0<n<4.
Using the above information:
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n=0 y[0]+y[50] = 10
: yls0] = 5
n=4 yld]+y54] = 10

vis4] = 5
n=35 y[s]+y55] = 10
: yss) = ?
n=8 y8+y[58 = 10

y[s8] = 7
n=9 = 10
;:=49 y[49) = 10

To conclude, we can determine y{n] for 9 < n < 55 only. (Note that y{n] for 0 < n < 4 is given.)
, , 1 n
¢ 9 30 39

10 19

8.41. We have

(a} The linear convolution z[n] * y[r] is a 40 + 20 — 1 = 59 point sequence:

n
10 28 40 58

Thus, z{r] * y[n] = w{n] is nonzero for 10 < n < 28 and 40 <n < 58.
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(b) The 40-pt circluar convolution can be obtained by aliasing the linear convolution. Specificaily, we
alias the points in the range 40 < n < 58 to the range 0 < n < 18.
Since w[n] = z{n] « y[n] is zero for 0 < n < 9, the circular convolution gln] = 3{"]["} consists
of only the (aliased) values:
wn] =zfn]*y[n), 40<n<49

Also, the points of g[n] for 18 < n < 39 will be equivalent to the points of w(n] in this range.
To conclude,
w(n] = gn], 18<n <39
wn+40] = g[n], 0<n<9
8.42. (a) The two sequences are related by the circular shift:
han] = by[((n + 4))s]
Thus,
Holk] = Wit H, [k]
and
|Ha (K] = (W ** Hy{k]t = | [&]]
So, yes the magnitudes of the 8-pt DFTs are equal.
(b} hi[n] is nearly like (sinz)/z.
Since Halk] = e/** H;[k], hi[n] is a better lowpass filter.

8.43. (a) Overlap add:
If we divide the input into sections of length L, each section will have an output length:

L+100-1=L+99

Thus, the required length is
L =256 - 99 =157
If we had 63 sections, 63 x 157 = 9891, there will be a remainder of 109 points. Hence, we must
pad the remaining data to 256 and use another DFT.
Therefore, we require 64 DFTs and 64 IDFTs. Since h[n] also requires a DFT, the total:

65 DFTs and 64 IDFTs

(b) Overlap save:
We require 99 zeros to be padded in from of the sequence. The first 99 points of the output of
each section will be discarded. Thus the length after padding is 10099 points. The length of each
section overlap is 256 — 98 = 157 = L.
We require 65 x 157 = 10205 to get all 10099 points. Because h[n] also requires a DFT:

66 DFTs and 65 IDFTs

(c) Ignoring the transients at the beginning and end of the direct comvolution, each output point
requires 100 multiplies and 99 adds.
overlap add:
# mult 129{1024) 132096

#add = 129(2048) = 264192



319

overlap save:
134144

268288

# mult 131(1024)
#add = 131(2048)

I

direct convolution:
# mult 100(10000) = 1000000

#add = 09(10000) = 990000

8.44. First we need to compute the values Q[0] and Q[3}:

Q) = Xi(1) = X1(¢7*)w=o
= Yabl=1oT
n=0 4
_ 4
T3

QB = Xi(-1)=Xy(e™|ums
= 2 alj-y”
n=0

|
XYY

One possibility for Q[k], the six-point DFT, is:
4 4
Q) = 36[k] + 56{1: - 3].

We then find g[n], for 0 < n < 6:

dn = 23 Q¥

14 4
= —(—+—-

55 S0
= S0+

otherwise it’s 0. Here’s a sketch of gin]:

4/9  4/9  4/9
g[n]

— il p—n. T
01 2 3 4 5
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8.45. We have:
4
DFT;{z;[n]} = X,[k] = E:zln}e-j‘,‘kn_
°

Then:

i

Xa[k]

-2 =

z2[0]

3

Re{X,[k]} , since z,{0] is real.

~3[

&
>
k=0
[ 1
D (Re{X;[k]} + jIm{Xa[k]})
k=0 .
[}
2
k==0
.

= gfo
To determine the relationship between zz(1] and g[1], we first note that since z;[n] is real:
X(ef®) = X*(e~ ).
Therefore:
X[k} = X*[N~k,k=0,..6.
We thus have:

€
i) = 23 Re{Xall}W;*
k=0

€

1 Xofk] + X3[k)

—_ _7_§ 2{]2 2[}W7k
k=0

L] [
1 Z Xz[k] -k, 1 Xg[N -k
= =Y 228k oy Iy,
7 = 2 7 = 2
1 1o
= 522[1] + '1'2 Z Xz[k]W-,*
k=0

6
- sl
= goelll+ g 3 XaliW;

= 3@l +z:06)
= %(32{1]4-0)

= %22[1}.

8.46. (i) This corresponds to z;{n] = z;{((—n))~}, where N = 5. Note that this is only true for z2[n]-

(ii) X;(e’*) has linear phase corresponds to z;[n] having some internal symmetry, this is only true for
51 [ﬂ}
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(iii) The DFT has linear phase corresponds to ;[n] (the periodic sequence obtained from z;{n}) being
symmetric, this is true for z,{n] and z;[n] only.

8.47. (a)
1 ixma“i*’ =1 ZT: X{ee ¥* = 2{1)
8 k=0 - .8- k=0 B ‘
(b)
V[k] = X(z)lz=2e‘" 2ebgw,
- ..Z z[n]z-nlx=2r"‘l!‘.lg’
n=3
= Z Ilﬂ}z_ﬂ]z:'.’z” gty
n=0
n=8§ '
= Z z[n)(2¢’% )”"e'ﬂi’k"
uyr
n=g
=3 vfnle~7 iR,
n=0

We thus conclude that )
v[n] = z[n](2e7%)7",

(c)
13
wln] = ZZW[J:]W:"“
k=0

3
= % S (X[ + X[k + 4])eTs 4n
k=0

3 3
- 412 X[KJeri5kn 4 % 3 X[k + gJets ¥
k=0

k=0

3 7
= 3 X[t R4 2T Xk ¥R
k=0 k=4

T
1 S3x
— ZE :X[k]e+11rk2n
k=0

= 2z[2n]

We thus conclude that
win] = 2z[2n].

(d) Note that Yk} can be written as:

Yik] X{k]) + (1) X (k]

X[k} + Wt X [k].
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Using the DFT properties, we thus conclude that
y[n] = zi{n} + z{((n — 4))s)-

8.48. (a) No. x{n) only has N degrees of freedom and we have M > N constraints which can only be satisfied
if z[n] = 0. Specifically, we want

- X(/%) = DFTu{zln]} =0

Since M > N, there is po aliasing and x|n] can be expressed as:
1 M1
— kn - -
zln] = 17 ,{2 XKWE ,n=0,.. . M~-1

Where X[k] is the M-point DFT of z[n), since X{k] = 0, we thus conclude that z[n] = 0, and
therefore the answer is NO.

(b) Here, we only need to make sure that when time-aliased to M samples, z{n] is all zeros. For
example, let
z[n] = é{nj - §[n — 2]

then,
X(&¥)=1-e"%w,

Let M = 2, then we have

X(e¥% = 1-1=0
X% = 1-1=0

8.49. z;3{n] is z;[n] time aliased to have only N samples. Since

ziln} = (3)"uin),

4r _ :
o[ A 20

We get:
0 , otherwise
8.50. (a) Let n=0,...,7, we can write z{n] as:
I[ﬂ] = 1+ %{8*“4-3'1’%“) - %(eji‘ln +c-,‘li:n)
| = .l_zl"“ }.'ﬁ'—n'z’_l'zl-_ﬁ_l.ii._ns
= 1+ 26’ + 26" 4¢J 48"
= %(8 + 49 4 47 FnT _ 033 _ 0¥ ns)

7
- 1 e
k=0

We thus get the following plot for Xg[k]:
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o

Xs(k]

(b) Now let n =0, ...,15, we can write v[n] as:

Wil = 14 e eI - (¥ e
= | ST RCINND ST "PYVRLNY UPF TRV I TN

— -i-lé-(16+Sejﬁ"2 +8ej§-{-n14 _4ej§-;ns . 48%’“0}

1 1§ .
= -I—BZVm[k]e’ "

=0

We thus get the following plot for Vig(k}:

16
’ Vis[k]
. k

0 1

(c)

Xkl = X()logps 0< k<15

where X (e/*) is the Fourier transform of z{n].
Note that z[n] can be expressed as:
z[n] = y{njw(n]

where: 1

vin)=1+ cos(zrjr-—) -3 005(3—:“-)
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and w(n] is an eight-point rectangular window.
| X16[k]| will therefore have as its even points the sequence | Xg[k]| .The odd points will correspond

to the bandlimited interpolation between the even-point samples. The values that we can find
exactly by inspection are thus:

(XKl = I Xslk/2)]  £=0,2,4,..,14.

8
'y | X16[k]}
)
i 4 4
2 2
: ° o °
: : 9 T ° ° T 9 : : k
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

8.51. We wish to verify the identity of Eq. (8.7):

— 0, otherwise

.LNZ—ICJ”&"(*-")"={ 1, k—r=mN, m: integer
N

{a) For k—r=mN,

ejig.(g_r)u = ejﬁ(mN)n
cj!rmn
(l)mﬂ
Since m and n are integers; )
SWl-rin _ 1 fork—r=mN
So,
— c-’ Flh-r)n - 1
N n=0 N n=0
= 1,fork-r=mN
(b)

N~} g2
1 pun _ 1 eI ¥V

This closed form solution is indeterminate for { = mN only.
For the case when { = mN, we use L'Hdpital's Rule to find:

. ] = ed2xi l:_jgrejz:l]
T—ow < | T
R T L
= N
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{c) For the case when k —r £ mN:

¥ Nf S 1= 0D
1-efkik-r)
=0

Note that the denominator is nonzero, while the numerator will always be zero for k — r # mN.

8.52. (a) We know from Eq. (8.11) that if Z;[n] = Z[n — m], we have:

N-1
Xi[k} = Z Eln - m)WE"
n=0

If we substitute r = n — m into this equation, we get:

N—=1=m
Z i[r}W;(r-\l—m)
re=m
N-l-m
Wi S EAWl

r==m

X[k

"

(b} We can decompose the summation from part (a} into

X[k = Wi [ -z E[rlWN + Z E[r]W,

f=m=rm

Using the fact that Z[r] and WS’ are periodic with period N:

-1 -1

S oanwi = Yz + MY

r=-—m r=-m

Substituting L =r + N

-1 N-1
D HIWE = Y HOWRY
r=-—rm d=N-m

(c) Using the result from part (b):

L

Nam=1
X1k wi E FHWE + Z :l:[r}W"'J
=N-m
N-1

Wam 3 Wy
r=0

= WErX[k

H

Hence, if £, [n} = E{n — m], then X, [k] = Wi™X[k].
8.53. (a) 1. The DFS of #*[n] is given by:
| N-1 N-1 -
Y EWE (}: itnlW;'"')
n=0 n=0
X*[-K

It
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2. The DFS of £*[-n];

N-1 0 *
S #-nlWg = S :E[l]W,‘G’)
n=0 = N1
= X[
3. The DFS of Re{i[n]}:
s i[ﬁ] + 2*[n] /o0y . 3
S S Ewh = o (W X0-H)
= XK
4. The DFS of jIm{z[n]}:
N-1 . . )
> ﬂ'ﬂ-;iﬂwg,ﬂ = %(Ji’[k} - X*[-K))
= Xolk]
(b) Consider Z[n] real:
1. o
Re{X[k]} = 5.&’;."'_[.’51

From part (a), if Z[n] is real,

DFS {i[n]} = DFS {z"[z}}
DFS {#[-n]} = DFS {z"[-n]}
So,
XE) = X[k
X[-K = X°[¥)
Re{)'r{k}} = ﬂ’.‘l%.x_["_ﬂ
= Re{X[-K]}
(i.e. the real part of X{k] is even.)
2,
mizpy = X
_ XK= X[-K]
= ‘—’_5‘"——‘
= Im{X[-k]}

{i.e., the imaginary part of X[k] is odd.)

3. _
XN = XRIX-[K)
VX ~RIX[-K]

= |X[-H]|
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(i.e., the magnitude of X|k) is even)
4,

LXK

ctan (zm{{’r[kn)
Re{X{k]}
Im{.’? [=k]}
aretan (ne{fr[—kl} )
—LX[-k]

(i.e., the angle of X{k] is odd.)

8.54. 1. Let z{n] (0 < n < N — 1) be one period of the periodic sequence Z{n]. The Fourier transform of this

periodic sequence can be expressed as:

o
X(e)y= Y zinje i
nE—0o0
Recall the synthesis equation, Eq. (8.12):
1 N=1 .
EHn}= & Y XKWt
k=0

Substitution yields:

) N-1
Xy =Y (-ﬁr— 3 f({k]W;"“) e~

n=—ao k=0

Rearranging the summations and combining terms:
o N-1 1
X)) =3 Xl (N

k=0
The infinite summation is recognized as an impulse at w = (2rk/N}:
N-1

- 1 - 2nk
X(e) = = 3 Xk ( - __)

N~ N

2. Since z[n] corresponds to one period of Z[n], we must apply a rectangular window (unit amplitude
and length N) to the periodic sequence. Thus, to extract one peried from Z[n):

i ej(zi‘-'-w)n)

n=—0og

z[n) = {njwin]

win] = {

The window has a Fourier transform:
- -]

z wln)e~ "

S =00

N-1
- T
n=0

where,
1, 0<n<{N-1)
0, otherwise

W(e*) =

1- e-—ij
) I

e""j“’g cJ'F - e‘j'fl
ei% &% - e-i¥

o252 S (W)
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3. Since z[n] = Z{n]w{n], the Fourier transform of z[n] can be represented by the periodic convolution
(see Eq. (8.28)).

X(e¥) = _/ do— Nz-:l,!([k]J (a_ 3%’5) .__[_H%‘__)f)l =i (EF Hw—0)

Integration over —x < 8 < * reduces to the summation {note the impulse train):

Xy = % sﬂﬂ[(Nt-’ —2xk)/2] _i(252)(o-3t)
=3 LA

Hence, the Fourier transform is obtained from the DFS via an interpolation formula.
8.55. The N-point DFT of the N-pt sequence, z[n] is given by

X{k) z[pWy*, 0<k<(N-1)

X0 z{n]

N-1
2
n=3
N-1
)D
nx=0

(a) Suppose z[n] = —z[N — 1 ~n]. For N even, all elements of z[r] will cancel with an antisymmetric
component. For N odd, all elements have a counterpart with opposite sign. However, z[(N —1)/2]
must also be zero.

Therefore, for z{n] = —z{N -1 - n)}, X[0] =

{b) Suppose z[n] = z[N — 1 -n] and N even.

s
=

N-1

= 3 afn)(-1)"

= z{0]~z[1] +z2) - z[3] +--- + Z[N - 2] -~ z{N - 1]

X[N/2)

Since z{n] = z[N — 1 — ], then

z[0] z[N - 1]
z[l] = z[N-2]

Therefore, X[N/2]= 0.

8.56. (a) The conjugate-symmetric part of a sequence:
1 .
zfn] = 3 (z{n] +1z [—-n])
The periodic conjugate-symmetric part:

zuln] = 3 (<l@)n] + 2°[(-nin]) . 0Sm < (N~ 1)



Note that:

z[((n})w]
z*[((-n))n]

zin}, 0<n<g<(N-1)
2*[-n + N] + z°[0)4[n] — z"{0}8{n - N]

Substituting into z.p[n]:

zepln] = % [2in) + 2" [-n + N1+ 2°[0}8]n) - 2°[0)8[n - N]], 0 <m<(N-1)

Since,
zdn) = -;- (zln) + 2°[-n})
= % (z[n] +z'[0]6[n]) , 0<ng({N-1)
and z.[n - N] = % (z{n — N+ z*[N - n])
= %(-:'[0}6[ﬂ-N]+:'[N—ﬂ]) 0<n<(N-1)

We can combine to get:
Zepin] = zefn) + 2 [n-N] 0<n<(N-1)
The periodic conjugate-antisymmetric part is given as
Zop[n] = (zofn] + 2o~ N}), 0<n<(N-1)
Recall that the odd part can be expressed as
2] = 5 (eln] - =" [n))

So,
(:[n - N]-z°[N - n])

B -

Tn— N}j=
For0<n<(N—1)

(:[n] ~2'[0ln]). 0<n<N-1

z,[n)

zZfn—- N} =

[ IR ST

(::[0]6[11 - N]-2z'[N - n})
From the definition of z,p[n]:

zol) = 3 (NN -2 [(-Da]), 0SS (N-1)

= % (z[n] - £°[0]8[r] + z°[0}6in — N] ~ z°[N - n]) , 0<n<(N

Recognizing the expressions for z,[n] and z,[n — N} in Zpn], we have

Zopln] =zo[n] +z,ln - N], 0<n<{N-1)
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(b) z{n] is a sequence of length N; however,
z1[n], 0<n< N/2
zin] =
0, N2<n<N-1

The even part: (assume N is even) *

z[n} = z*{0}éIn]
5 + - 0<n<N/2

Zefn] = L[;f.]., ~Nf2<n<-1

0, otherwise

From part (a):
Tep[n] = ze[n] +z[n-N], 0<n<(N-1)

Because z[n] = 0 for jn| > N/2,

Zep[n] = Ze[n], 0<n<(N/2-1)
Also, since z.[n] = z_[-n],

Ze[n] = z:,[—n], ~N/2<n<-1
To conclude:
( Zep[n], O0<n<N/2

?-L[n] n=N/2
=¢[n]=={ 7 /
zof-n], -N/2<n<-1

%ﬂ, n=—N/2
.

8.57.

N-1 N=1

2 lzn)l? = Y zinje"in]
=

i

From the synthesis equation:
N-1
1 -
sl = & 3 XWH
k=0

Hence,

1 N=1
o= 3 X THWA
k=0

substituting:

N-1 N-1 1 N-1
Tt = =g X'(k\W:s"\
n=0 k=0

n=0



N-1

n=0

lN—l
= = X°[k) X[k
N & XX

N-1
3 1zln)?
n=0

8.58. (a) This statement is TRUE:

X[k =
Alk] =
‘Y =
{b} This statement is FALSE:

Suppose z[n] = §[n] + 34[n — 1],

X[k]
Expressed in the form

Xk}
Alk]
and ¥

The Fourier transform of z[n] is X(e/*) =
X{e™) = B(w)elav,

8.59. We desire 128 samples of X (/)Y (e/*).

1 N=-1 )
¥ 2 XKl
¥

X(e’.w)iw=2tk]N
27k (22 /N}ka
B ( i )a

()

2ra

—

N

1 _..;
= 1+ EC-J’L

1
1+ "2-(—1)

I

= Alk)e™,
- 1 k
= 1+2( 1)
=0

/)

1 N-1 7
¥ 2 X (Z fnlWA"
k=0
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1+ e/, which cannot be expressed in the form

Since z{n} and y[n] are 256 points long, the linear convolution, z[n] * y[n], will be 512 peints long.
We are given a 128-pt DFT only. Therefore, we must time-alias to get 128 samples. The most efficient

implementation is:

dl— 1 [
I

yln} —— I

Total cost = 110.

| ——- R, [k]
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8.60. Ideally, the inverse system would be:
Hi(z)=z-bz"}

Hence,
X(z) = (z - b2"1)¥Y(2)

and
zinj=yin+1]-byln~1, -co<n<oo

I we use an N-pt block of y[n):
y[n]: 0<n<N,

then .
VIK = (Wi* ~sWh)Y K]

and

v[n} = yl((n + 1))n] - byl((n — 1))~]

Because the shift is circular, the points at n = 0 and n = (N — 1) will not be correct. Therefore, only
the points in the range 1 < n < (N — 2) are valid.

8.61. (a)

N-1
z zln)eI@</NMn - <k < (N -1)
n=0
N-1 ]
XM[k] = z z["]e-;(ZIt/N+*x/N)n

n=0

N-i

= Z :[n}e-—j(rn/N)c—j&t/N}kn

n=0

X[k}

So, a[n] = z[nje~FtTn/N),
(b)
N-1
Z zlnjedFn/N) =@ /MN-Bn g <k < (N = 1)
n=0

N-1
= 3 afnjeitrmiN) e/

XulN ~ k]

L

N-1
}: zfnjetxn/N) g=i(2x /NHN-k=1)n

XN = (k +1)]

= E z{n]c—j(tn/N)e-j(zth)(N-l)nej(zt/N)kn
n=0

= Z 31“] i (rn/N) ej[z: /N)kn

i

= Xjik]

Xulk) = X3 [N = (k+1)],for 0 < k < (N —1) and z|n] real.



333

G{k] _ R[k/2], k even
“ 1 BRIV - (k+1))/2), kodd

where we note that
RN = (k +1))/2) = X3[N = (k+1)]
for k odd.
(ii)
Rkl = Xp[2k]
(N/2)=-1
= Z I[n}e-i(‘ltk/NHIN n
n=0
N-1 A
= Y zfnjemseniM) (%)
ﬂ‘—"O
(N/2)~1 . N=1 .
= Z z[n]e""”"/N]e""(aﬂ"f?) + Z z[n]e-j(rn/N)c-:(%ﬁ';")
n=0 n=N/2
(N/2)-1 )
Z (z[n]e‘j("/’v) +z[n + N/2]c“5('“/N)e~J('/2)) eI (%)

n=0

r[n] = (I[n] —jz[n + N/z})e*-j(‘lﬂ/h'), 0<n< ("2{— - 1)

(d)
X lk]

Xsu[ﬂ}

X m[k] X2p (k)
N-1

3" nilrleamlltn = £))x)

r=0

From part (a):
21,\{[11] = zi[n]e-j('“/N)
Zaln] = zafnjei TN
ng[n] = zain]e--ﬂ’“/”}

N-1
z3fn} = NN g fras((n - r))w]eTHT/NNUR= Y nctr]
=0
N-1
= Z 31[?}:2[((11 - r))ng_j(’/N)“(“-'))N-—(n—r)]
r=0

Since,

n-r, n2r

((n—r)n = {

N+na-r, n<r

_ 0, n>r
((n—rn—(n-r) = {N‘ "2
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then
e~ Se === = sgnln — o] = { S e
-1, n<r
and
N-1
3 = Z zy[rjz2{({n — r))n)sgnin — 7]
r=0
(e} Suppose, that for n > N/2:
le[n] = n [nle‘j('”/n) =0
Zamfn] = 22[1‘1]8-5('"/”) =0

then the modified circular convolution is equivalent to the modified linear convolution:

z1a[n) @kaueln] = z100[n] » Zan[n]

(i.e. no aliasing occurs.)

z3m(n] = zimin] = zomn]
N-1
= 3 nulrleanln - 7]
r=0
Thus,
. N-l . .
zfn] = &M S gz (n - rlemirm N gmsten/Kia=r)
r=0
N-1 _
= z z,{r]zz(n — rle~Hx/N)n=r}
r=0
So,
N-1 ‘
zafn) = 3 mafrlasn - rle M) = gy fn) « 2]n]
r=0

8.62. (a) We wish to compute z[n]@‘l{n] :

let z,[n]
z2{n]
h1 [ﬂ]
hz [n]

zfn], 0<n <3l
zfn+32], 0<n<30
hin), 0<n<3l
hln+32], 0<n<30

z[n) * h{n] = zIn]+ hyjn] + zi[n] + Azn] « 8[n — 32] + z2[n] = hy[n] « Jin ~ 32}
+ z2[r] * hz[n] » 8[n — 32] = é[n - 32]

zi(n] * fn] = 2,[n]64)
zin) * haln] = z:[n}64)
z3[n] « hy[n) =z;{n}
za[n) s hafn] = z2[n}64)

win]
2in]
wsln)
waln]
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We can compute each of the above circular convolutions with two 64-pt DFTs and one 64-pt inverse
DFT.

!

z[n] * hin|
a[n] + geln — 32] + yaln — 32] + wi[n — 64]

y(n]

So
z[n}€3hin] = yin] +yin + 63, 0<n<62
The total computational cost is 12 DFTs of size N = 64.
(b) Using two 128-pt DFTs and ope 128-pt inverse DFT:

vl = 2[n) (28] = el » hin)
The 63-pt circular convolution:

z[n)63N[n] = yin] + yln +63], 0<n<62
{c) Using the 64-pt DFT method of part (a):
#mult = 4(12)(64 log,(64)) = 18432

Using 128-pt DFTs:
#mult = 4(3)(128 log,(128)) = 10752

Direct convolution: o

#mult =2 n — 63 = 3969

n=1

8.63. From each circular convolution, the first 49 points will be incorrect. Therefore, we get 51 good points
and the input must be overlapped by 100 — 51 = 49 points.

(a) V=49
{(b) M =51
(c) The points extracted correspond to the range 49 < n < 99.

Distorting filter: h[n] = §[n] — 44[n — ng)
8.64. (a) The Z-transform of h[n]

E R[r)z"™

n= -

H(z) = 1—-;—2“""

H(z)

The N-pt DFT of hln}: (N = 4no)

4n0—1
HK = Y hnWi™, 0<k<(dno-1)
n=0
1
= 1- EW::
Hk] = 1- %e-"('/”*
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(b)
1 1\ "™ .
Hi(z) = m, Iz] > (-2-) for causality
00 1 ning
hi[n] = 5 [n — kno)
20)
The filter is TR.
(c}
0 R p— 0<k < (no—1)

Hlk] ~ 1 -e3tr/a’
The impulse response, g{n}, is just Ai[n] time-aliased by 4ng points:

gln] = (”i%*‘fé‘é )6[n]+( ;2+ ! +---)6[n—no]
+ (%+6%+TIH+---)6[n—2nol+(%+i%-§+2—oi—8+---)6{n—3no]
oln] = 3581n] + Tebn = o] + ~réln — 2no] + 1=8ln ~ 3na]
(d) Indeed,

GlklH[k]=1, 0<k<(4no—1)

However, this relationship is only true at 4ny distinct frequencies. This fact does not imply that
for all w:

G(e™)H{e*) =1
(e)

yin] = glnjsh[n]
= $200n] + fbln - no] + ~5bln ~ 2na] + 8n = 3nd) = = fn = o

4 2 : 1
—EJ[n - 2ng) - Eé[ﬂ = 3ng) - BJ[n - 4ny)

vl = 2dln] - 5:8ln - dna)

8.65. (a) We start by computing X[k + N}:

Xulk+N]) = 2 Z{n)Hn[n(k + N)]

n=0
N-1

- és[n](cos(z—-—"(“"; ") 4 s 22k 3 2 0),
phinty - 2xnk

= ;zin](cos( )+ sin())
N~}

= Y Z[n]Hn[nk]
n=0
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We thus conclude that the DHS coefficients form a sequence that is also periodic with period N.
{b) We have:

N—-1 N~1

¥ Z(Z Z[m|Hn[mk]) H y[nk]
k=0 m=0

l N-~-1 N=-

N Z: Z{m) z Hy[mk]|Hn[nk}

k=0

1 N-
¥ 2 ulk|Hwnk]

1
= ﬁz{n]N

= E[n].

Where we have used the fact that 31 ' Hy[mk)Hn[nk] = N only if {((m))n = ((n))n, otherwise
it's 0.
This completes the derivation of the DHS synthesis formula.

(c) We have:
Bnle+ N = oo 4 s R
= cos(%?-’- + 2x) +s‘m(§£ +2n)
= cos(-z-;f) +s (2_'2)
= Hpyla].
And:
Hyla+b) = cos(zr(?v-'- b)) sin( 2’(‘;\;" b))

(Cxle]Cn[b] — SwlalSn(b]) + (Snia]Cw(b] + Cw(alSn[b])
Cn[BH(Cn[a] + Snla]) + Sn[b)(—Sw[a] + Crla])

Cn[B)(Cnla] + Snla]) + Snib}(Sn]-a] + Cn{-a))
Cn[bHwnia] + Sn[plHN|[—a)

CnlelHn[b] + Sn[a)Hn{-b] ( since Hyja + b} = Hn[b+a])

o non

Where we have used trigonometric properties.

(d} We have:
N—1
DHS(n—nd) = 3 {n - nolHnlnk]
n=0
N-1-no

Y #n)Hy[(n + no)k]

n=—ng
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N-1-ng

= Y Z[n|(HnInk|Cninok] + Hn[-nk|Sn(nok])
N—l—mns N-l=np

= Cn[nok} 3 zfn]Hn[nk]+ Sninok] _Z £[n)H n{—nk)
Nt Ner

= Cnlnok] Y Z{n]Hnlnk] + Sn[nok] D Z[n]Hn[-nk]
n=0 n=0

= Cnlnok)Xplk] + Snlnok) X -k

Where we have used the periodicity of Hy[nk] and Z[n].

{e) We have:
N-1
DHT{#[n]} = DHT{)  zi[mlz[((n - m))n]}
Nt Ny
Xuslk] = 3°(Y mafmlzal{(n - m))n])Hn[nk]
n=0 m=0
N-1 N-1
= z z,{m] Z z2{((n — m))N]HnInk]
m=0 n=G
N-1
= z 31[m]DHT{32{((ﬂ - m))N]}
N-1
= > zi[mNXu[KICn[mE] + Xn2{((~k))n)Sn[mk]) (using P8.65-7)
N-1 ' N-1
= > nimXua[KIOn[mK] + 3 z1(m]X 2| ((~K))n]Sn[mE)
m=0 m=0
N1
_ Z:; 22l Xl (HN [mk] +2HN[-mk} )
N1
+ 3 malm)Xaal(- k) 2R Nl mb),
m=0
= %an[kl(xmlk] +Xm[((~F)wn]) + %Xm{((-k))ul(Xm[kl = Xai[{((-K)n])
= %Xm{k](xuzikl + Xu2[((—F))N]) + %Xml((—k))r-f](xxz[k] = Xual((-K))w))

This is the desired convolution property.

- (f) Since the DFT of z[n] is given by:

4

X[k = z[n]e=7 ¥

(3¢

-

-1
2l (cos(~ 2

{ng

) + jsin(-220)



N=1

= 3 alnl(cos(—

n=0

) — jsin(

N-1

= 3 z{n)(Cwlkn] - jSn{kn])

n=0

2xkn 21rlm

)

then:
N=-1 1
> z[n)Cnlkn] = 2 (X[&] + X[((=&)x])
N-1
Y slriSwlkn] = - (XK - X[(~6)x)
= J
We thus get:
N-1
Xulk] = Y z[n{(Cn[kn] + Snlkn))
n=0
= SR+ Xk = 5 (XK -

This allows us to obtain X y[k] from X [k]

X{{(=k)N])

= (5 AW+ G+ X))

(g) We have:
N=1
Xulk] = Y z[n)(Cwlkn] + Snlkn])
n=0
Therefore:
N~=1 1
2 zln)Cnlkn) = S (Xulkl+ Xal((-k)n])
n=0
N=1 1
2 zlnlSwlkn] = Z(Xalk - Xg[((-F)N))
=
We thus get:

z

X k]

i{nghg gk

:c[n]e"’ 5

=[ﬂ](C~[kﬂ] iSnlkn])
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3OX+ Xal((-B)]) = 53 (Xulk) ~ Xall(-R)In)

(3~ DXul¥ + G + D Xnl(-R)]
This allows us to obtain X[k] from Xy[k].
8.66. (a) The DTFT is given by:

X(e) + X (e N
X(e)(1 +e77eN)

X(e™)

nn

The DFT is just samples of the DTFT:

]

XK = X()gmgy

- X(ejmrkzh’)(l_._ (_l)i)

Therefore:

2X{3] , keven

X = { 0 , koad

(b) The original system computes the following:

RIEHRK = { 2X[31H {"g ’ ::‘:‘
We thus want:
X[KIGIK] = 2X[KH[2K) k=0,..N-1
G| = 2H[2K)
2N-1
= 2 z hin)e=i "5 k=0,.,.N-1
ginl = 2(h[n]+hln + N])

System A time aliases and muitiplies by 2.

For system B, we need:

_ Wi%] . keven
W - { 0 , kodd
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Thus:

wn) , 0<n<N-1
yln] = { wn-N] , N<n<2N-1
0 , otherwise

System B regenerates the 2N —point sequence by repeating w|n|.
8.67. (a) We have:

1, jwi<d

0 , otherwise

|H(e™) = {

Since h[n] is FIR, we assume it is non-zero over 0 < n < N. The phase of H(e“) should be set

such that h[n] is symmetric about the center of its range, i.e. §. Therefore, the phase of H{e’*)

should be ¢/, So one possible H{k] may be:

eWmEE | 0<k< MN
Hk} = 0 , otherwise
dFE | AN -H <k<aN

that is:

S, o<k
Hik) = 0 , otherwise
etF | AN- L <k<aN

(b) System A needs to perform the following operations:

XkH'K , 0<k<d
Y2[k] = 0 , otherwise
X[k-3NH'k-3N] , 4N-¥ <k<4N
Where H'[k] is the N —point DFT of hfn].

(c) 1t is cheaper to implement N-point DFTs than 4N —point DFTs, therefore the implementation in
Figure P8.67-2 is usually preferable to the one in Figure P8.67-1. :

8.68. Substituting the expression for X, [k] from equation (8.164) into equation (8.165), we get:

2N-3

. 1 .
Il{"] = m z: Xllk]e;z-tn/(zx-z)
k=0
1 N-1 2N-~3

I 2( 2 Xcllk]ejzrkn/(zN-&} + E XcllzN -2 k]ejztku/(ZN-z))
T k=0

k=N
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Note that:
2N-3 N2
z XN — 2 — k]eftnim/GN=-2) Z Xc1[,}e;zf(zn-z-r)n/(zn—z)
=N =
N-2
= Zxcl[k]c-jzrkn/ﬂh'-z)
k=1
therefore:
1 N-1 N=2
nin] = T 2(2 Xl{k]emkn/(2N~2) 4 Z X€Hkjemizkn/aN~2))
=33
N-2
- 2N z(xclio +X°‘[N - I]CJZIH + Z Xd[k](ejztkn/(zﬂ-z} +=—J:nn/(:y_z)))
k=1
= (X [0] + XN = 1} T XR]2.c08 (2 y)
= 3 N 3 [ Jer=" + ; (k]2 cos(7—7
and:
z[n] = =] forn=0,1,..,N-1
1 N
= —"(E&[k]X“{k]c'»‘(N 0<n<N-1

where alk] is given by:
, k=0and N-1
, 1<k<N-2

—

alk] = {

This completes the derivation.
8.69.

v[n] = z3[2n)
therefore, for k = 0,1,....N-1:
1
Vik] = E(X:[k] + Xafk + N}).
Using equation {8.168), we have:

VI = (Xl + Xalk + N]
= B Re(X[kje I H} + T Re{ X [k + Nje~i 5™}
= W Re(X[Kle~ith) 4 I Re{ X[k + Nje™ i T e~78)
= W Re{X[kle TP} + jel B Re{—~j X[k + N]e~i 1}
= H(Re{X[Ke ) + ;Im{X[k + Nle 7 ¥).



Using the above expression, we get: -

2Re{e= 3 Vik]}

Furthermore, we have:

and:

From the results above, we conclude, for £ = 0,1, ...,

2Re{e~i 1% &1 5% (Re{X [kle~75H} + jIm{X[k + NleT7$% })}
2Re{X [kle~75¥}
X[k where we used equation {8.170).

2Re{e~ I H VK]}

N1
2Re{e” 7 ¥ ufnle %%}
n=d

N-1
- 2&{2 vlnje~ U (n+ )}
n=0
N-1
= 2 E Re{vnje 7R+ 1Ny
n=0
N-1
= 2 Z vfn] cos(%(n + %))

= 2 z v[n] co

1rk(4n + 1)

2Re{e™ % VIK)} 2Re{ X [kle~7T¥}

2N -1
= 2Re{ Z zlnle~ R eI 8}
=
= 2Re{)_ zlnle~?In(In+1]}
N-1"=n
= 2 }: Re{x[n]e"'ﬁ(z"‘”)}
n=0
= 2 z 2{n) cos wk(?n + 1))

N-1:

2Re{ e RV}
2 z vfn] cos wk(4n wk{dn +1)

N-—l

2 Z z([n] cos

X3[k]

ey |

'xk(2n 7k(2n +1)

—N )

8.70. Substituting the expression for X:[k] from equation (8.174) into equation (8.175), we get:



2N -1 .
1
z2[n] = v Z X3 [k]er2=in/(2N)
k=0

N-1 2N-1

1 } ] .
- ﬁ_ﬁ(x‘ﬂ[o]*' Z xcz[k]cyrh/(zh'}cj!zkn/(zﬂ') - 2 Xcﬂ[zN _k]ejrk/(zN)ejzwkn/(zN))
k=1 k=N+1
N=-1 2N -]
= (xc!{ol + Z Xczlk]cwkﬁn-}-l)/(ZN) Z Xd[zN _ t]e:'l'*(z'l‘bl)/(?”))
E=N+1
N-1 N-1
= (Xd[(’]-{- 2 Xc?[k]ejrk(an—l)/{ZN) Z x&{k]ejt(ZNq)(zﬂ-ﬂ)/(?N))
k=1
N— ) N=1 ]
= a_ﬁ(xczfol_'_ z Xd[k]cjlk(ZR-Pl)/{ZN) + Z Xcz[k]e—Jl'k(h-P!)’(zN])
k=1 k=1
N—1
= (X52[0]+ E Xczik](e_;tk(2n+l)/(2N) +e-—:ﬁ:(2n+1)/(2N)))
h-—l
- L T X cos(2E D)
k=1
Furthermore:
zin] = z3fn| forn=0,1,.. N -1
N-1
2k *k(2n + 1) N
NZﬁk]X cos(—5 ) 0<n<N-1
where k] is given by:
L k=0
kj=4 2 °
Alk] {1 , 1<k<N-1

This completes the derivation.

8.71. First we derive Parseval’s theorem for the DFT.
Let z[n] be an N point sequence and define y[n] as follows:

yin] = zIn}® 2" [((-n))w)-
Using the properties of the DFT, we have:
Yk = X Ik]X [k} = | X[k]I*.

"Note that:

yl0) = I=ln)l?

and using the DFT synthesis equation, we get:

s,
y0) = % >_ YKL
T k=0



Parseval's Theorem for the DFT is therefore:

N-1
Yt = 5 T I

(2) Note that:
N-1 N-1

S xeEE =Y Xk
n=0 n=0
and, using equation (8.164):
2N-2 N=1
Y xkE =23 XK - |.1(=*[o]t2 (XN - 1.
=0 n=0

Using the DFT properties:

;W
zafnlf* = 1 [k
2 tmblf =gw 3 g5

and, using equation (8.161):

2N-3 N~-1
S imfRl =2 lzlnlf - l=l0]® - =N - 1)
n=0 n=0

We thus conciude:

N=-1

w30 :t: XM = X0 = XN = ) = 2 3 el = (=0 ~ eIV~ P

(k) Using equation (8.171),
Z X[k = Z X2[k]I%.

Note that, using equation (8.167):

2N-1

Z [ Xa{k)? =2 Z | X [k} - 1X[0)2,

and, using equation (8.166):
2N-1

Z za[n}l? = 2 Z fzfnlf?.

Using the DFT properties:
2N-1 2N -1

)zl = Z | X2[k][*.
n=0
We thus conclude:

N-1 N-1

(2 Z [X[E)P - 1X[0)%) = 2 2 |zin}f2.

M5
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8.1. There are several possible approaches to this problem. Two are prﬁeﬁted below.

Solution #1: Use the program to compute the DFT of X[k], yielding the sequence g{n}.

N-1
gln) =3 Xikle 2=
k=0

Then, compute
1
sn) = Sol((N —))x)
forn=0,...,N — 1. We demonstrate that this solution produces the inverse DFT below.

zla) = al(N = n))]

1 N-1 . N

_N'_ z: X[kle—ﬂwk(N——n)/
k=0

N-=1

Z X{k]ejzrkn/h"

k=0

1
N
Solution #2: Take the complex conjugate of X[k], and then compute its DFT using the program,

yielding the sequence f[n].
N-1

fin) = 3 X"[gjemsreen¥
k=0
Then, compute

1.
zln] = 5 f7in]
We demonstrate that this solution produces the inverse DFT below.

o) = 5

1 N-1 ]
= -ﬁ Z x[k]e_jzrkn/N’

k=0

9.2. (a) The "gain” along the emphasized path is —W3.
(b) In geperal, there is only one path between each input sample and each output sample.
{¢) z[0] to X{2]: The gain is 1.
2(1] to X{2]: The gain is W3.
z{2] to X[2): The gain is ~W§ = -1.
z[3} to X[2): The gain is -WEW§H = -WZ.
z{4] to X[2): The gain is W = 1.
z{5} to X{2]: The gain is W W3 = W3.
z[6] to X{2]: The gain is ~-WWE = ~1.
#{7] to X[2]: The gain is —-WRWEWZ = —W}, as in Part (a).
Now
7
S zlmwin
n=0
= z[0] + 2{1JW3 + z[2]W3 + [3|W§ + z{4]W] + 2([5)W° + z|6)W,°
+ z{7|Wt
= 2{0] + 2[1IW + 2l2)(-1) + 318~ WE) + =[4](1) + =(5]W}
+ z[6](=1) + 2[T)(-W2)

Xi2
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Each input sample contributes the proper amount to the output DFT sample.
9.3. (a) The input should be placed into A[r] in bit-reversed order.

Al)] = =z{0]
Al = z[4
A2l = z[2)
A[3) = z[]
Al4] = zl1]
A5] = z[9]
Ale] = z[3)
Al = =7

The output should then be extracted from D[r] in sequential order.
X[k]=Dik), k=0,...,7
{b) First, we find the DFT of (-Wyx )" for N = 8.

7

Y o (-wy)wpt

n=0

7
S nrwpwpt
n=0

X[k]

T
= D WIrwewt

n=0
7
= E W:(i—:’)
n=0
1 - W3
1-w;3
= 88k-3]

A sketch of Dir] wis provided below.

B
——

- © -t -~ 4
o 1 2 3 4 5 6 7 T
| {¢) First, the array Dir] is expressed in terms of Cir].
D[o) = cC[o]+CJ4]
D[] = Cj+C5|W,
D2l = cCp2l+Clelws
D3} = Cp|+CMws
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D[4 = Clo]-C4]

D[s] = Cf1)-Ci5|Ws
Dg] = C[2)-Cle]wg
bir) = cp-clwg

Solving this system of equations for C[r] gives
| Clo) = (D) +D[4))/2

Cly} = (D[] +Dis)/2
C2l = (D[2)+Dl6))/2
C[3] = (D[3j+D[7))/2
Cl4) = (D[o] - Di4))/2
Cls] = (Dl - Dshwy'/2
Cl6] = (D[2)- DiEYW;*/2

C{7] = (D3] - DITHW; /2
forr =0,1,..,7. A sketch of Cft] is provided beiow.

1

o O P o
- <

o 1+ 2 38 4 5§ & 7 T

9.4. (a) In any stage, N/2 butterflies must be computed. In the mth stage, there are 2™~} different
coefficients.
{b} Looking at figure §.10, we notice that the coeflicients are

1st stage: WY
2nd stage: WP, W}
3rd stage:  WQ, W3, W2, W7
Here we have listed the different coefficients only. The values above correspond to the impulse

response
hin) = Wi uln]

which can be generated by the recursion
yin] = Wimyln - 1] + zin}

Using this recursion, we only generate a sequence of length L = 2™~1, which consists of the different
coefficients. Then, the remaining & — L coefficients are found by repeating these L coefficients.
(c) The difference equation from Part (b) is periodic, since
hir) Wik uln]

= e—jh'ajz" u{u]

]

has a period R = 2™. Thus, the frequency of this oscillator is
27

W = e—

m
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9.5.

9.6.

9.7.

9.8.

9.9,

Multiplying out the terms, we find that
{A-B)D+{(C-D)A=AD~BD+ AC~ AD=AC-BD =X

(A-B)D+(C+D)B=AD-BD+BC+BD=AD+BC=Y
Thus, the algorithm is verified.

Answer §

Decimation in Time: The figure is the basic butterfly with r = 2.

Decimation in Frequency: The figure is the end of one butterfly and the start of a second with r = 2.
The figure corresponds to the flow graph of a second-order recursive system implementing Goertzel’s

algorithm. This system finds X[k] for k = 7, which corresponds to a frequency of

14x _ T

“=3 =1

This is an application of the causal version of the chirp transform with

N = 20 The length of z[n]
M = 10 The number of desired samples
wo = 3 The starting frequency
Aw = ZX The frequency spacing between samples
We therefore have )

y[n+19] = X (&™), n=0,...,9
for wn, = wp + nAw or _

y[n] = X(e7“*), n=19,...,28

for wy = wy + (n — 19)Aw.
In this problem, we are using butterfly low graphs to compute a DFT. These computations are done in

place, in an array of registers. An example flow graph for a N = 8, {or v = log, 8 = 3), decimation-in-
time DFT is provided below.



(a)

{

Al1} -Lﬂ‘ > _—

A2] »
w

A[3] ~—3 < —p A3}

Ald] *—>
w?

Al5] o—s"

AlE] » ¢ Al6]
v

A7} ot —» A[7]

The difference between {; and £, can be found by using the figure above. For example, in the first
stage, the array elements A{4] and A[5] comprise a butterfly. Thus, {; —f, = 5~ 4 = 1. This
difference of 1 holds for all the other butterflies in the first stage. Looking at the other stages, we
find

stagem=1 4 -f=1

stagem=2: L ~-fy=2

stagem=3: -4 =4
From this we find that the difference, in general, is

& =Ly =2m"L, form=1,...,v

Again looking at the figure, we notice that for stage 1, there are 4 butterflies with the same twiddle
factor. The &; for these butterflies are 0, 2, 4, and 6, which we see differ by 2. For stage 2, there are
two butterflies with the same twiddle factor. Consider the butterflies with the Wy twiddle factor.
The ¢, for these two butterflies are 0 and 4, which differ by 4. Note that in the last stage, there
are no butterflies with the same twiddle factor, as the four twiddle factors are unique. Thus, we
found

stagem=1 Al=2

stagem =2: Al =4

stagem = 3: p/a
From this, we can generalize the result

Aby =27, form=1,...,u—-1
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9.10. This is an application of the causal version of the chirp transform with

N = 12 The length of z{n)
M = 5 The number of desired samples
wop = 22 The starting frequency
Aw = % The distance in frequency between samples

Letting W = e~ 38w wo must have
rin] = e~wonn’/2 = o=iling—itin’/3

9.11. Reversing the bits (denoted by —) gives

4] 0000 — 0000 = ©
1 = 0001 - 1000 = 8
2 = 0010 —- 0100 = 4
3 = 0011 - 1100 = 12
4 = 0100 - 0010 = 2
5 = 0101 - 1010 = 10
6 = 0110 — 0110 = 6
7 = 011 = 1110 = 14
8 = 1000 — 0001 = 1
9 = 1001 = 1001 =

16 = 1010 = 0101 = 5
11 = 101} - 1101 = 13
12 = 1100 — 0011 = 3
13 = 1101 - 1011 = 11
14 = 1110 = 011} = 7
15 = 1111 = 1111 = 15

The new sample order is 0, 8§, 4, 12, 2, 10, 6, 14, 1, 9, §, 13, 3, 11, 7, 15.

9.12. False It is possible by rearranging the order in which the nodes appear in the signa! fow graph.
However, the computation cannot be carried out in-place.

9.13. Only the m = 1 stage will have this form. No other stage of a N = 16 radix-2 decimation-in-frequency
FFT will have a Wy term raised to an odd power.

9.14. The possible values of r for each of the four stages are

m=1, r=0

m=2, r=04

m=J, r=0,2,4,6

m=4, r=40,1,23456,7
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9.15. Plugging in some values of N for the two programs, we find

N Program A Program B

2 4 20
4 16 30
8 64 240
16 256 640
32 1024 1600
64 4096 3840

Thus, we see that a sequence with length N = 64 is the shortest sequence for which Program B runs
faster than Program A.

9.16. The possible values for r for each of the four stages are

m=1, r=0

m=2, r=40,4

m=3, r=40,24,6

m=4 +=0,1,2,3,456,7

where W}, is the twiddle factor for each stage. Since the particular butterfly shown has r = 2, the stages
which have this butterfly are
m=3,4

9.17. The FFT is a decimation-in-time algorithm, since the decimation-in-frequency algorithm has only W,
terms in the last stage.

9.18. If the N; = 1021 point DFT was calculated using the convolution sum directly it would take N7
multiplications. If the No = 1024 point DFT was calculated using the FFT it would take N;log, N,
multiplications. Assuming that the number of multiplications is proportional to the calculation time
the ratio of the two times is

A 2

Nalog, N; ~ 10241og, 1024 ~ (018~ 100

which would explain the results.

9.19. X (e’**/®) corresponds to the k = 3 index of a length N = 8 DFT. Using the flow graph of the
second-order recursive system for Goertzel's algorithm,

a = 2cos (-2%;‘-:—)

= %cos (2:8(3))
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9.20. First, we derive a relationship between the X)(e’*) and X(e/*) using the shift and time reversal
properties of the DTFT.

ryin] = z{32-n)
X() = X(eH)e

Looking at the figure we see that calculating y(32] is just an application of the Goertzel algorithm with
k =7 and N = 32. Therefore,

¥[32] = X,[7]
= Xy
= X(e )c'-’-"mlw:{_;
= X(eiH)eitipm
= X (c'jﬁ)
Note that if we put z[n] through the system directly, we would be evaluating X {z) at the conjugate

location or the unit circle, i.e., at w = +7x/16.
8.21. (a) Assume z{n] =0, for n < 0 and n > N — 1. From the figure, we see that
veln] = zln] + Wiyeln - 1]
Starting with n = 0, and iterating this recursive equation, we find

wl0] = z[0]
ve(l] = z[i] + Wkz[0)
w2 = z[2]+ Whz{l] + Wi z[0]

wN] = z{NJ+Wha[N = 1]+--- + Wi "Vz1]) + WiV (0]

N-1
= 0+ Y WM 9z
=0

N-1

= 3 witaly
=0
N-1

= 3 st

=0
= X[N-#

{b) Using the figure, we find the system function Yi(z).

w-k -1
1- 2z-1 cos(l,,—) +z=2
W-—k ~1
(1- W'* “H(1-Whz-1)
X(z)
1-Whz-t

Yi(z) = X(2)

= X{(z)

Therefore, yafn] = z[n] + Wkyiln — 1]. This is the same difference equation as in part (a).
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9.22. The flow graph for 16 point radix-2 decimation-in-time FFT algorithm is shown below.
0] ¢ X[0]

ot > NN\ T/LQ\ ;
e > N NXX W

3
-
S

X{1] o—r—a . — e ;-'fsmxm
49}-“ﬁeﬁ>__< , \/\ /vf:s/)OOOmm,
SRR GRNV/Y//(\W
T T KN
NP0 CV/AN Y/

—

To determine the number of real multiplications and additions reguired to implement the flow graph,
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9.23.

consider the number of real muitiplications and additions introduced by each of the coefficients W

Wy,

W :
Wi :
WE -
Wi -
Wi
Wi -
Wi, :

0 real multiplications + 0 rea! additions
0 rea! multiplications -+ 0 real additions
2 real multiplications + 2 real additions
2 real multiplications + 2 real additions
4 real multiplications + 2 real additions
4 real multiplications + 2 real additions
4 real multiplications + 2 real additions
4 real multiplications + 2 real additions

(W =1)
(W,“,(a + 3b) = b —aj)
(Wiia+jb) = La+b)+iL(b~a)
similarly

The contribution of all the Wy 's on the flow graph is 28 real multiplications and 20 real additions. The
butterflies contribute 0 real multiplications and 32 real additions per stage. Since there are four stages,
the butterflies contribute 0 real multiplications and 128 real additions. In total, 28 real multiplications
and 148 real additions are required to implement the fiow graph.

(a) Setting up the butterfly’s system of equations in matrix form gives

A o R
W5 -W5 || Xm-ild] Xmiq)

Solving for

gives

]
Xm—l(‘ﬂ

=l
Xm-1lq)

T

which is consistent with Figure P9.6-2.
(b} The flow graph appears below.

Iy ] [ Xmlp) ]
"%WN_'. Xm[Q]



(c) The modification is made by removing all factors of 1/2, changing all W;" to W}, and relabeling

the input and the output, as shown in the flow graph below.

X{0] o—n S—— S —p X0}

v

o4 X1}

H2] xz2)

wo
{6} o

; ‘ j ’A‘A’
‘VJ)&A

» X[6]

><w':/\w:/ N\

A1 X{4]

5] s}

%

{(d) Yes. In general, for each decimation-in-time FFT algorithm there exists a decimation-in-frequency
FFT algorithm that corresponds to interchanging the input and output and reversing the direction

of all the arrows in the flow graph.
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9.24. (a) Using the figure, it is observed that each output Y[k] is a scaled version of X {k]. The scaling
factor is W{k], which is found to be

k =01 2 3 4 5 6 7
1 GGG ¢ G 6 ¢

Wik =

Using this Wik}, Y[k] = W[k) X [k].
{b) W{k] = GP*|, where p[k] = the number of ones in the binary representation of index k.
{c) A procedure for finding Z[n] is as follows.
step 1: Form W'[k] = 1/WT[k].
step 2: Take the inverse DFT of W'[k], yielding w’{n]
step 3: Let £[n] be the circular convolution of z[n] and w'[n].
If [n] is input to the modified FFT algorithm, then the output will be X[k], as shown below.

Yk] Wk X[]
WK XKW (k]

X[k

9.25. Let z; be the z-plane locations of the 25 points uniformly spaced on an arc of a circle of radius 0.5
from —x /6 to 2x /3. Then _
zp = 0.5e7wotkA) k201,24

where
_ m
“° = 7%
57
s = (%) (=)
_ o«
144
From the definition of the z-transform,
N1
X(z) = z z[n}z "
n=0
Plugging in z;, and setting W = =78,
N-3 .
X(z) = Y z[n}(0.5) e Temwnt
n=0

This is similar to the expression for X (e’*) using the chirp transform algorithm. The only difference is
the {(0.5)™" term. Setting ‘ ,

gln] = 2[n}(0.5) e~ FerW /2
we get

- N-\
X(a) = WE Y ginjw(k-n'2
n=l

using the result of the chirp transform algorithm. A procedure for computing X (z) at the points z; is
then



e Multiply the sequence x[n] by the sequence (0.5)~"e=werWn"/2 to form gn}.
e Convolve g{n] with the sequence W-""/2.
e Muitiply this result by the sequence Wn'/2 to form X ().

A block diagram of this system appears below.

) 2
x{n]——-(?g[Ll w2 ——(‘?———» X(z,)

. 2 2
(:5) MW w2
9.26.
2N-1
Y] = 3 yinjemtiiien

n=0
N-1 IN=-3

= Z e IR /NIN® i (23 /N (k)2 z e—ita/NIn® = j(2x /N )(k/2}n
n=0 n=N
Nl N-1

= Z eI R/NIR? = i(2a /W) (R/2)n Z eI R/NYI+N)? —5(2n/N)(E/2)(i+N)
n=0 1=0
N=1 N-1

= z e Ja/NIR® o= i(2x/N) K/ |  ~ixk Z e~ HH/NVPH2NI+N?) = (23 /N )(E/2)!
n=l) i=0
N-1 N-1

= Z eI ININ? g=i2m[NYES2n 4 (_ 1)k Z e IINWE o= 5(2m [Nk /2)1
n=0 ' =0

N-1
= (1+(~-1)% Z e J(x/NIn —j(2x [N} (k/2)n
n=0
2X{k/2], keven
0, k odd
Thus,
Yk = IV Ne /eI =NV /4 b ayen
0, k odd
9.27. Let _
y[n] = c-;z:n/u?:[n]
Then 7 ) )
Y(ev) = X (St

Let y'n] = Yo y[n +256m], 0<n <255, and let Y'[k] be the 256 point DFT of y'[n]. Then

Yk =X (ef&wiﬁ))

See problem 9.30 for a more in-depth analysis of this technique.

361
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9.28. (a) The problem states that the effective frequency spacing, Af, should be 50 Hz or less. This
constrains N such that

1
= —<
Af 5 S50
1
N2 %7
> 200

Since the sequence length L is 500, and N must be a power of 2, we might conclude that the
minimum value for N is 512 for computing the desired samples of the z-transform.

However, we can compute the samples with N equal to 256 by using time aliasing. In this technique,
we would zero pad z{n] to a length of 512, then form the 256 point sequence

z[n] + z[n + 256), 0<n <255
vin] = :
0: otherwise

We could then compute 256 samples of the z-transform of y[n]. The effective frequency spacing of
these samples would be 1/(NT) = 39 Hz which is lower than the 50 Hz specification.

Note that these samples also correspond to the even-indexed samples of a length 512 sampled
z-transform of z{n]. Problem 9.30 discusses this technique of time aliasing in more detail.

(b) Let
yln] = (1.25)"z[n]
Thex, using the modulation property of the z-transform, Y (z) = X (0.8z) and so Y[k] = X (0.8¢7271/¥),
9.29. (a) We offer two solutions to this problem.
Solution #1: Looking at the DFT of the sequence, we find

N-1
X[k] = Zsln}e—jhkn/h‘

n=0
(N/2)-1 N-1

= Z 3[ﬂ]e_j2'*ﬂ/~+ E :[n]e-erkﬂ/N
n=0 n=N/2
{(N/2)=1 (N/2)-1 .

= Z :[n]e"’z"""m+ Z z[r+(N/2)]e-j21k[r+(N/2)]/N
n=0 r=0
(N/2)-1

= Y it - (-1
na=

= 0, keven

Solution #2: Alternatively, we can use the circular shift property of the DFT to find
Xk = =X[k]e 7 3E)

(-1 X[k]

()" X[k

When £ is even, we have X{k] = —X[k] which can only be true if X[k] = 0.



{(b) Evaluating the DFT at the odd-indexed samples gives us

N-1
X[2k+1) = z,{n]e~:‘(z./y)(zt+1)n
nw=l
N/2-1 Ne1
= Z z[nje=32xn/N g=i2zkn/(N/2) Z z{nlc—jzsmlﬂc—jzrkn/(h‘/z)
n=0 n=N/2
Nfz-1
= DFTpp {,[n]c—:‘(z-/mn} + 3 sl + (N/2)]e= T2 UHNI/N o= g2etl (N2 (N72)
i=0
Niz-1
= DFTN/2 {;[n]e-jﬂt/N)n}+(_1)(_1) 2 z[I]e-jztI/Ne-ﬂtH/(N/Z)
=0

= DFTN/g {h[ﬂ]e-j(zt/N)n}

for k=0,...,N/2 ~ 1. Thus, we can compute the odd-indexed DFT values using one N/2 point
DFT plus a small amount of extra computation.

9.30. (a) Note that we can write the even-indexed values of X [k] as X [2k] for k = 0,...,(N/2) — 1. From
the definition of the DFT, we find

N=-1
2 z[n]e—ﬂt(zk)n/N
n=={
N/2-1
S pesebme
n=0
Nj2-1
+ z zin + (N/2)]e“jl_'5f&5k"e’jr'%(‘v/2)k
n=0
Nj2-1

= T (zln] + zln + (N/2))e I T
n=0

X|[2K)

= YR

Thus, the algorithm produces the desired results.
(b) Taking the M-point DFT Y{k], we find

M~1 oo

Yk = E z z[n + rM]e-32mkn/M
a=0 r=—o0
o M=1
= E 2 z[n +rm¢'53'*("+rll)/u SI2x(rd)E/M
rewon =0
Let | = n+rM. This gives
w .,
Y[k] = Z z[f|e=T2mki/M
I=—o0

= X(ejzl'klu)

Thus, the result from Part (a) is a special case of this result if we let M = N/2. In Part (a), there
are only two r terms for which y([n] is nonzero in the rangen =0,...,(N/2) - 1.
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(¢} We can write the odd-indexed values of X[k] as X[2k + 1) for k = 0,...,(N/2) — 1. From the
definition of the DFT, we find

N-1
X[2k+1] = 3 zln]estrG+n/N
n=l
N-1 _
= Z zjn]e~327n/N g=i22(2k)n/N
=0
(N/2)=1 (N/2)-1
= Y znje P NeIWEmE L Y a[n + (N/2)]e AR HNNN IR k(N2
n=0 ] n=0
(N/2)-1 ‘
S [ln) - aln + (Nj2)pe-i¥] s cbren

n=0

(z[n] - zln + (N/2)])e=33=/Nin 0 <n < (N/2) -1
y[n] = -
0, otherwise

Then Y([k] = X[2k + 1]. Thus, The algorithm for computing the odd-indexed DFT values is as
follows. '

step 1: Form the sequence

< { (1= st (VDm0 (72) <1
Y=, otherwise

step 2: Compute the N/2 point DFT of y{n], yielding the sequence Y[k].
step 3: The odd-indexed values of X[k] are then X[k] = Y{{k - 1)/2], k=1,3,...,.N -1

9.31. (a) Since z{n] is real, z[n] = z*[n], and X[k] is conjugate symmetric.
N-1 .

Y 2t [n]eiFin

n=0

(E z[n)ei Fin~i RN ") .
n=0
= X'[N-§

X[k]

1

i

Hence, Xg{k] = Xg[N — k] and X;[k] = - X/[N — k).

{b) In Part (a) it was shown that the DFT of a real sequence z[n] consists of a real part that has even
symmetry, and an imaginary part that has odd symmetry. We use this fact in the DFT of the
sequence g{n] below.

Glk] X [k] + j Xa[k]

(Xa1zr(k} + i Xro1[k]) + H(X2pr[k] + j X20:[k])

Xazr[k] ~ Xao1{k] +7 (X101[k] + Xapalk])

In these expressions, the subscripts "E” and O™ denote even and odd symmetry, respectively, and
the subscripts "R” and "I” denote real and imaginary parts, respectively.

t

L]




Therefore, the even and real part of Gfk] is
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Gerlk] = Xienlk]

the odd and real part of G[k] is

Gorlk] = ~Xz0:[k]

the even and imaginary part of G[¥] is

GErlk] = Xaerlk]

and the odd and imaginary part of G{k] is

Goilk) = X101k}

Having established these relationships, it is easy to come up with expressions for X;{k] and X [£].

XI[.’F} =

X[k

X1erlk] + 1 X101[K)
Gerlk] + jGorlk]
Xagrlk] + i Xs01[k]
Grik]) - iGorlk]

{(c) An N = 2¥ point FFT requires (N/2)log, N complex multiplications and N log, N complex addi-
tions. This is equivalent to 2N log, N real multiplications and 3V log, NV real additions.

(i} The two N-point FFTs, X, [k] and X,[k], require a total of 4N log, N real multiplications and

6N log, N real additions.

(i) Computing the N-point FFT, G{k], requires 2N log, N real multiplications and 3N log, N real
additions. Then, the computation of Ggrlk], Gg:lk], Gorlk], and Gorlk] from G[k] requires
approximately 4V real multiplications and 4N real additions. Then, the formation of X;[k] and
X2[k] from Ggrlk], Gerlk], Goi{k], and Gor[k] requires no real additions or multiplications.
So this technique requires a total of approximately 2N log, N + 4N real multiplications and

3Niog; N + 4N real additions.
(d) Starting with

X[k] =

N-1

Z zlnle—j3rkn/N

n=0

and separating z[n] into its even and odd numbered parts, we get

X[k} = 2 z[n]e~S2"En/N o Z z[n]e=izrkn/N

n even

n odd

Substituting n = 2£ for n even, and n = 2L + 1 for n odd, gives

(N/2)-1 (N/2)-1
Xk = Z 2[2f)e=F M/ NI Z 2[2f 4 e~ I2TRAVIN
=0 =0
{N/2)—1 (N/2)-1

=0

S a[2fe SR/ o mWIN S ging ) -iaeRt/ NI

£=0

Xy[k] + e=32=4/N X[k, 0<k<¥
Xy[k ~ (N/2)] - e PN Xk - (N/2)}, £ <k<N

{(¢) The algorithm is then



step 1: Form the sequence g[n] = z[2n] + jz[2n + 1], which has length N/2.
step 2: Compute G[k], the N/2 point DFT of g[n].
step 3: Separate G{k] into the four parts, for k=1,...,(N/2) -1

Gonlk = 3(Galkl - Gal(N/2)- K)
Gerlk]
Gorlk] = 3(Grlk] - GH{(N/2) - K)

3(GrlK]+ Gal(N/2) = K)

Gerlk]l = 3(Grlk)+ Gil(N/2) = &)
which each have length N/2.
step 4: Form
Xi[k] = Ggalk]+jGorlF]
X)'[k] = e I N(Gg, (k] - jGorlk])

which each have length N/2.
step 5: Then, form

X{k] = Xy [k} + X2'[K), 0<k< %

step 6: Finally, form

XH=X(N-K, T <k<N
Adding up the computational requirements for each step of the algorithm gives (approximately)
step 1: 0 real multiplications and 0 real additions.
step 2: 24 log, & real multiplications and 35 log; & real additions.
step 3: 2NV real multiplications and 2/ real additions.
step 4: 2N real multiplications and N real additions.
step 5: 0 real multiplications and N real additions.
step 6: { real multiplications and 0 real additions.
In total, approximately N log, % <+ 4N real multiplications and %N log, % + 4N real additions are
required by this technique.
The number of real multiplications and real additions required if X {k] is computed using one N-
point FFT computation with the imaginary part set to zero is 2N log, N real multiplications and
3N log, N real additions.

9.32. (a) The length of the sequenceis L4+ P - 1.

{b) In evaluating y|n] using the convolution sum, each nonzero value of A[n] is muitiplied once with
every nonzero value of z{n]. This can be seen graphically using the flip and slide view of convolution.
The total number of real multiplies is therefore LP.

{c) To compute y[r] = h[n] » 2[n] using the DFT, we use the procedure described below.
step 1: Compute N point DFTs of z{n] and hfn).
step 2: Muitiply them together to get Y{k] = H[k]X[k].
step 3: Compute the inverse DFT to get yn].
Since y[r] has length L + P — 1, N must be greater than or equal to L + P — 1 so the circular
convolution implied by step 2 is equivalent to linear convolution.
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(d) For these signals, N is large enough so that circular convolution of z[n] and h[n] and the linear con-
volution of z{n] and A[n] produce the same result. Counting the number of complex multiplications

for the procedure in part (b) we get

DFT of z[n] (N/2)log; N

DFT of h[n} (N/2)log NV

Y[k} = X[k]H[k] N

Inverse DFT of Y[k] (N/2)log, N
(3N/2)loga N + N

Since there are 4 real multiplications for every complex multiplication we see that the procedure
takes 6N log, N + 4N real multiplications. Using the answer from part (a), we see that the direct
method requires (N/2)(N/2) = N?/4 real multiplications.

The following table shows that the smallest N = 2" for which the FFT method requires fewer
multiplications than the direct method is 256.

N | Direct Method | FFT method |
2 1 20

4 4 64

8 16 176

16 64 48

32 256 1088

64 1024 2560

128 4096 5888
256| 16384 13312

complex multiplications are:
L point FFT of input:
Multiplication of filter and section DFT: L =2
L point inverse FFT:
Total per section:

Therefore,

(L/2)dog, L =v2v/2

(L/2)log, L = v2¥ /2

2%(v+1)

Complex Multiplications _ 2°(v + 1)

Cutput Sample

—-P+1

Note we assume here that H[k] has been precalculated.

9.33. (a) For each L point section, P -1 saﬁ:pls are discarded, leaving L — P + 1 output samples. The

{b) The figure below plots the number of complex multiplications per sample versus ». For v = 12,
the number of multiplies per sample reaches a minimum of 14.8. In comparison, direct evaluation
of the convolution sum would require 500 compiex multiplications per output sample.
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Although v = 9 is the first valid choice for overlap-save method, it is not plotted since the value is

so large (in the hundreds) it woald obscure the graph.

(c)

veo ¥ — P41

2(v+ 1)

= v

v+1

v—om].‘.;g_".'ﬂ

Thus, for P = 500 the direct method will be more efficient for v > 500.

(d) We want

Plugging in P = L/2 = 2"~} gives

2*(v + 1)
2=-P4+1—

2(v

+1)

<P

— <2,
2v_2v-1+1 —2

As seen in the table below, the FFT will require fewer complex multiplications than the direct
method when v = 5 or P = 2% = 16.

|| Overlap/Save Direcﬂ
1 2 1
2 4 2
3 6.4 4
4 8.9 3
5 11.3 16

9.34. This problem asks that we find eight equally spaced inverse DFT coefficients using the chirp transform
_algorithm. The book derives the algorithm for the forward DFT. However, with some minor tweaking,
it is easy to formulate an inverse DFT. First, we start with the inverse DFT relation

1 N-1
¥ 2 X[k
k=0

z[n]

:[I'Ig]

1 N-1 ]
ﬁ zAx[k]cJZl'ﬂpﬁfN
k=0
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Next, we define

An = 1
n: = ng+{An

where £ = 0,...,7. Substituting this into the equation above gives
1 Nt o~
= - Xk ejZIngk/Nejl‘rtAﬂk
dnd = § 3 XM

Defining

W= e—ﬂwAﬂ(N

we find

N-1
_ 1 j2enek /N gar=L£k
zlnd = + S X[kjerrmmet/N
k=0
Using the relation
1
= 51 + ¥ - (k- O]

we get
N-—
_ 1 j2xngk /N 117 —82/2 & 2grk—)22
z{n,}--ﬁg X[kJe?mrek/ Ny 12— 12y
Let
Gk} = X[klesnak/N -+ /2
Then,

N-1
= —W-/? rk—2)%/2
zlne = Nw (Z‘, Glk)W )
From this equation, it is clear that the inverse DFT tan be computed using the chirp transform algorithm
All we need to do is replace n by &, change the sign of each of the exporential terms, and divide by a
factor of N. Therefore,

m;[k] = ej?tkng/ﬁw—kzﬂ
mz[k] = “r—kzﬂ
h[k] = Jivwk’ﬂ

Using this system with o = 1020, and £ == 0,...,7 will result in a sequence y{n] which will contain the
desired samples where

y[0] = =z[1020]

vy} = zf1021)
yl2] = z[1022)
¥[3] = z1023]
vld] = z{0]
vls] = =[]
yl6) = z{2]
w7l = z{3]
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9.35. First note that

otherwise

{ z[n), L <n<il+127,
Ig[ﬂ] =

0,

o,

Using the above we can implement the system with the following block d;a.gram

otherwise

{ z[n+il}, 0<n<127,

Shift
ol =% oy il "o FFT-1
Multiply 256- ——
win] = ufn}-uln-128) —p| pt
FFT-1
h[n] ———P»
fel 256-pt

Multiply [

IFFT-2
256-pt

yiln]

The FFT size was chosen as the next power of 2 higher than the length of the linear convolution. This
insures the circular convoiutior implied by multiplying DFTs corresponds to linear convolution as well.

Neopw = N,_. + Ny -1

Nepr

= 256

12864641
191

9.36. (a) The flow graph of a decimation-in-frequency radix-2 FFT algorithm for N = 16 is shown below.
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(¢) The pruned butterflies can be used in (v — u) stages. For simplicity, assume that N/2 complex

multiplies are required in each unpruned stage. Counting all W5 terms gives

Number of multiplications = (Unpruned multiplications) + (Pruned multiplications)

y=4

= --+E2“
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2 D
= #'?+Z2 -1
. k=0
1_2u—y+1
= I it I Nalii S |
B2+ 132
pe2vl vl L9

9.37. (a) Starting with the equation

firl=z[In+1]—z[2n-1] + Q, n=0,1,...,—gr——1,

where
2 £
Q = ﬁ z ::[2n+ 1],

n=0
we note that z[2n + 1) = hjn], and z[2n — 1] = A[n = 1] for n = 0,1,..., § — 1. We then get

finl=hln] - Aln-1]+@Q, n=0,1,...,%—1.

Taking the N/2 point DFT of both sides gives

F-1
HIK - WE, HK+Q Y Wi,

n=0

Flx)

B[R~ W3 + Q41K

Flo} =

Therefore,
X[k]
X[0]
XN/

G[k] + W Hk]

G[o) + BI0] = G[0] + F|0]
GIN/2] + Wy *HIN/2)
Glo) + Wh/? H{0]

Gl0) — H[0] = G[o] - Fo]

(b) The equation,
FiK) = H{kI(1 ~ W3 + 5Q8l¥
for k& # 0 becomes
Flk) Hik)(1 ~ Wi
HEWx(WR* - W)
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9.38,

(c)

(d)

(a)

So
Fik)

WhHWS' - W})

Hik]) =
Therefore,

i

X([k] Glk] + WE H[k)

Fik]
Gk} + —————
= _i__Fi¥
= Gl 2 sin(27k/N)
Clearly, we need to compute X[0} and X[N/2| with a separate formula since the sin{2xk/N) = 0
for k = 0 and k = N/2.
For each stage of the FFT, the equations
.4 (1) G[0] + Fl0]

X[N/2] = G[o]- F(0]
require 2 real additions each, since the values G[0] and F[0] may be complex. We therefore require
a total of 4 real additions to implement these two equations per stage.

For a single stage, the equation

_ 1. Fik]

requires (N — 2}/2 multiplications of the purely imaginary “twiddle factor” terms by the complex
coefficents of F(k} for k # 0, N/2. The number of multiplications were balved using the symmetry
sin(2m{k + N/2)/N) = —sin(2xk/N) and the fact that F[k] is periodic with period N/2. Since
multiplying a complex number by a purely imaginary number takes 2 real multiplies, we see that
the equation requires a total of (V — 2) real multiplies per stage.

We alsc need (N — 2} complex additions to add the G[k] and modified F[k] terms for k # 0, N/2.
Since a complex addition requires two real additions, we see that the equation takes a total of
2(N - 2) real additions per stage.

Putting this all together with the fact that there are log, N stages gives us the totals

Real Multiplications = (N - 2)log, N
Real Additions = 2Nlog, N

Note that this is approximately half the computation of that of the standard FFT.

The division by sin(2xk/N) for k near 0 and N/2 can cause X [k] to get quite large at these values
of k. Imagine a signal z,[n), and signal zz[n] formed from z;|n] by adding a small amount of white
noise. Using this FFT algorithm, the two FFTs X,[k] and X;{k] can vary greatly at such values
of k.

N-1
3 alnmWike
n=0
(N/2)-1
“go (r[ﬂIng“ + 3[", + (N/2)]W:,H“+(N/=”)
{N/2)-1
S (zln] +zin + N/ WEE
n=_0

X [24]



(b}

(c)
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In the derivation above, we used the fact that WY = 1. Since W*" = W%,  X[2k] has been
expressed as an N/2 point DFT of the sequence z{n] + z[n + (N/2)}, n =0,1,...,(N/2) - 1.

N-1
X[k+1] = 3 zinjwietn
n=0
{N/4)-1
= Y (cIWEWE +zfn + (N W OWRITOD)
n=0
+ :[ﬂ + (le)]W;+(Nfz)w;*(ﬂ'i'(N/?)) +zin+ (3N/4)]w;+(3"'/4)W;'k(ﬂ+(31"'/‘|)))
(N/4)-1

> {tzln) - z{n + (N/2)]) ~ j(zln + (N/4)) - z[n + BN/ IWRWAE
n=0

In the derivation above, we used the fact that W)/* = —j, W5 "/* = 5, W/ = =1, and WEN = 1.
Since W™ = Wﬁ,’}v X[4k + 1] bas been expressed as a N/4 point DFT. But we need to maltiply
the sequence (z{n] — zfn + (N/2)]) - j(z[n + (N/4)] — z[n + (3N/4)]) by the twiddle factor W,
0 < n<(N/4) -1 before we compute the N/4 point DFT.

The other odd-indexed terms can be shown in the same way to be

(N/4)-1

X@k+3] = > {(zln] - zin+ (N/2))

n=o .
+ j{z[n + (N/D)] — z{n + BN/QNIWIWE" k=0,1,...,(N/4) - 1.

Parts (a) and (b) show that we can replace the computation of an N point DFT with the compu-
tation of one N/2 point DFT, two N/4 point DFTs, and some extra complex arithmetic.

Assume N = 16 and define
gln] = zn]+z[n+(N/2)), n=0,1,...,(N/2)-1
Aln] = z{nl-2zn+(N/2)], n=0,1,...,(N/4) -1
f2n] = zin+ (N/4)]~z[n+ (3N/4)], n=0,1,...,(N/4)-1

A diagram for computing the values of X[k] looks like:
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0]

x0] « —-

A/

o\ ///

NV e

ol5]
x5]
ol6}
6]
g7
X7
110
(0] “ﬁs

«{10]

oiije

1N

/RS
W/ER\SIANE
[ v/ X

x15] & aeT

4-point DFT

If we carry on applying the splii-radix principle, we get the next diagram:

x0]

Xe)

X4]

X2

X2

X[10]

X6

X4

i)

X9

X15]

x13)

X3

X(11]

xs5]



(d)

B AN A=
NN
M\W// A
&\\////

Wi/
L7

+ « X1}

SRR “
(9] ] < —e X9
4101-/:::::\;1. % . X[5)
411] //M\X :‘6 . n131
AN
“.'?5 - X[11}

<
b=

/AN L
/RS XA .
lﬁsl./ \ / \ /\ ﬂ>< %« xrs

-1 - -1 -1

AL

The flow diagram for the regular radix-2 decimation-in-frequency algorithm is shown in the next
figure for N = 16. Not counting trivial multiplications by W§, we find that there are 17 complex
multiplications total. Of these 17 complex multiplications, 7 are multiplications by W = —j.
Since a muitiplication by —j can be done with zero real multiplications, and a complex muitipli-
cation requires 4 real multiplications, we find that the total number of real multiplications for the
decimation-in-frequency algorithm to be (10)(4) =

Taking a look at the split-radix algorithm, we find again that there are 17 complex multiplications.
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9.39.

In this case, however, 9 of these are by Wi = —j. Thus, it takes a total of {8)(4) = 32 real
multiplications to implement this flow graph.

NN N>

R/A\V/AD-C-CTN
R\ AN 4

w
«3 > » P — ey LI > 2 o X[12)

4}

-+ + ~——e X2|

S/ JANN w;><>< e

-1 -1 -1
w
8] - R ro——a e N et x1)
y \ / \/ >< ” .
K(9]- o - e + ——a X[9)

e +—e XI5}

l/:.:\\\m': X/ /\ >
WAV .
RN
VARV YATD-E

-1 ) -1 -t -1

{

(a) Noting that

+ ... izl <1



379

- i 2-—3:‘ 2-5-’ ) 2:-7;'
. é,-arctan(2)-2-—3+5—-7+--.
we notice that, to first order, the #; and 8, differ by a factor of 2. -(Note that these formulae are
in radians). This approximate factor of 2 for sucessive §; is confirmed by looking at some values
of ;: 8y = 45°, #;, = 26.6°, 8 = 14.0°, 8; = 7.1°. So we have a set of angles whose values are
decreasing by about a factor of 2.

You can add and subtract these §; angles to form any angle 0 < 8 < x/2. The error is bound by
8ar = arctan(2~¥), the angle that would be included next in the sum. If the ertor were greater
than 8y, then one of the o, terms must have been incorrect. The inclusion of the Mth term must
bring the sum closer to 6.

(b) An algorithm to compute §; is described below.

ag = +1
-0=a08°
fori=1ltoM-1
if (@ > 6)
Ctg‘—_—l
else
a; = +1
endif
b=ab;+8
end for

Using this algorithm, the sequence a, is found to be

110 1|2)3] 4| 5[6|7( & 9| 10
a, [T -1{1|1]~-1|-2{2{)|~-1]-1]-1

(c) Note that (X + jY)(1 + jo;27°') = (X - 0;Y27*) + j(Y + a; X27°). Hence, the recursion is simply
multiplying by M complex numbers of the form (1 + ja,2'}. These can be represented in polar
form:

(1+je27%) = /14 2-%igie: aretan(a™)
= G.'cja""'

Multiplication of polar numbers produces a sum of the phases, «.4,.
M-
6= aib;
=0
(d) Multiplication of polar numbers produces a product of the magnitudes, G,.

M-1
Gy = H Vv1+2-%
i=0

9.40. (a) Starting with the definition of the DFT,

N=1
XK = 3 znjwit

nz=0



N-1

X3k} = Y anwirt
n=0
Nf3-1 2Nf3-1 N-1
= 3 ZmWit+ T anWit+ Y sla]WR
n=0 a=N/3 n=2N/3

Substituting m = n- N/3 into the second summation, and m = n—2N/3 into the third summation

gives
N/3-1 N/3-1 Nf3-%
X3k = Y anWirt+ 3 zfm+ NSWESWEE+ S zim + 2N/3IWImEWEYE
n=0 m=0 m=0
N/3-1

Y (z[n] + z[n + N/3) + z[n + 2N/3) W3R
=

Nf3-1
> (zln] + zln + N/3) + z[n + 2N/ WRE
=

Define the sequence
x1[n] = z[n] + z[n + N/3] + z{n + 2N/3}
The 3-point DFT of z;[n] is X, [k] = X(3k].

(b) This part is similar to part (a). First, z;]n] is found. Starting again with the definition of the
DFT,

N-
X[k} = Z z[n]| W
n=0
N-1
XBk+1] = Y afn]WgtHY
n=l
N/3-1 IN/3=1
= 2 :[n]W"(““)+ E n]W"m“)+ Z z[n]W"mH)

n=0 n=N/3 n=2N/3

Substituting m = n— N/3 into the second summation, and m = n—2N/3 into the third summation
gives

Nf3=1 N/3=-1
X[Bk+1] = z zin]W!’:r(Sk+1) + z z{m + N/S]W},"‘"'N/"'““"").
n=0 m=0
Nf3-1
+ 5 zim+ 2Ngw NG
m=0 .
N/ji-1 Nj3-1
= 2 z[n]w;(lk-i-l) + 2 zim + N/3]WL"(“+”W{}'*W£/3
n=0 m=l)
Nf1-1
+ Y zim+ 2NBWR R IWINEWINS
m=0
N/3=1

= ) (zln]+aln+ N/BWY +zln + 2N/3W 3 Pyw R
n=0



Define the sequence
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N N/3 IN/3\ prn vrkn
Y (zln} + a[n + N/3WR" + zln + 2N/3Wx T YWE Wi,
n=0

z2fn] = (z[n] + = + N/3AIWL + zin + INSIWE Y Wh

The 3-point DFT of z2[n] is Xa[k] = X {3k + 1. Next, z3[n] is found in a similar manner. Starting
with the definition of the DFT, '

X[ =

X[Bk+2] =

L

N-1

> 2w

n=0

N1

n=_0

N/3-1 2Nf3-1 N-1

z z(nIW;(3k+2)+ Z z[n]W;[Gk-l'z)_‘_ Z I[ﬂ]w;(3k+2)
n=0 n=N/3 n=2N/3

Substituting m = n— N/3 into the second summation, and m = n—~2N/§ into the third summation

gives

X[3k + 2]

Define the sequence

N/3=1 N/3=1
Z z{ﬂ}w;(3h+2)+ Z :[m_é_N/aijmd-N,’S}(Ek-rZ)
n=0 m=0"
N/3-1
+ Z I[m+2N/3]W}"m+2N/3}(3k+2)
m=0
N/3-1 Nf3=-1
Z z[ﬂ]W;(3k+2, + Z z{m+N/3}W;rn(3k+2]WNNkw:rN/3
n=0 m=0

N/3=1
+ 5 zlm+ N W AW
m=0
N/3-1

Z (z[nl+z[n+ N /3]W;N/3 +z[n+2N /3}“’,‘,,”’3)14’;(3“'2’
n=0
N/3-1
S (aln]+zfn+ N/3WE + 2fn + 2N/ W PYWE WG

n=0

z3[n] = (zfn] + z[n + NWE* + z[n + 2N /AW YW iR

The 3-point DFT of z3[n] is X3[k] = X[3k +2].
(¢) To draw the radix-3 butterfly, it helps to derive the output of the butterfly first. From the definition

of the DFT,
X (k]

x[o]
X(1]
X{2]

2
Y zlmwyt
n=0
z[0] + zf1] + z[2]
2{0] + z[1]W] + z[2]W?
= z[0] + z[1]W3 + z[2}W}§ = z[0] + {1)W7 + z[2]W}

The butterfly for the 3 point DFT is drawn below.
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!m - ‘[Q’
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m=1

(d) Using the results from parts {a) and (b), the flow graph is drawn below.
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(e} The system consisting entirely of N = 3 DFTs is drawn below.

N=3DFT e X
—— X8
e X1
N=3DFT L e X4
—— X[7]
f——— X2
N= 3 DFT

f—r—a X[5].

——a X8}
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(f)

0] « i e X0
1 N=3 N=3 |
1] DFT orr [ X
2} e X6
x{3] e | ]}
4] o N=3 N=3

4 DFT orr [ W
(] —— X7
6} e X2]

N=3 N=3 | .
A7 DFT DFT X

W, xpe
8] o e G e X8)
A direct implementation of the 9 point DFT equation requires 9> = 81 complex multiplications.
The system in part (e), in constrast, requires 4 complex multiplications for each 3 point DFT, and
an additional 4 from the twiddle factors, if we do not count the trival W} multiplications. In total,
the system in part (e) requires 28 complex multiplications. In general, a radix-3 FFT of a sequence
of length N = 3" requires approzimately
e e _ complex multiplications /N 3-pt DFTs

Number of complex multiplications = (4 3pt DFT ) (? W (v stages) +

( N twiddle factors
stage with twiddle factors

) (v - 1 stages with twiddle factors)



Replacing v with logy N, and simplifying this formula gives
Number of complex multiplications = ;N log, N - N

Note that this formula for a radix-3 FFT is of the form Nlog; N. The constant multiplier, £, is
significantly larger than that of a radix-2 FFT. This is because a radix-2 butterfly has no complex
multiplications, while in part (c} we found that a radix-3 butterfly has 4 complex multiplications.
Also note that this formula is an upper bound, since some of the N twiddle factors in the v — 1
stages will be trivial. However, the formula is a good estimate.

9.41. (a)

N-1

Xk} k(6] ) (z[njh"[n])h[k — ]

N=-1
e—jrk’/N z z{n] e—jrn’/N’ ejt(t’—-'&tﬂ-{»n’)/h’

a=0)

N-i

z zfn]e~i2rmE/N

nel

(b)

N-1
X{k+ N =h'[k+N] > _ zln]h*[n}alk + N - n]
n=0

h'[k+N] = e Im(k+ N) /N
e—jw(k’+2&N+N’}/N

c-jx&’/ne-jfn

R*[kje=7"N

X[k + N] h*[kle=T*N Nf z[n]h*[n]hlk — nje’™N
n=0

X[kl

{c) From the figure

e [ ] %

xm—?—l hik] —(?—»y[k]

Y k]
we define the signals z,{k] and z,[k] to be

nll = zfRhe
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o] = Y mihk-4
t=~00
N-1
= zlfle=IwCIN gx(k—O7IN

kelo,...,.2N - 1]

Therefore,
ylk] = f;'[k]:n[k] ke[N,...,2N 1]
N-1
= N Y affle s NN k€N,...,2N - 1]
f2=0
N-1 )
= Z :me‘ﬂtktlﬂ kelN,...,2N - 1]
L=d)
X{k + N kel0,...,N -1
X[k}
(d)
- IN-1 R
H(z} = z TN =k
k=0
M-12M-1
= z z ITATHM [N, —(r+LM)
r=0 =0
M-12M-1 , . »
= E z TN 2Rl IM Gl v M
r=0 =0
M1 . ra M —1 . 2
= 2 ejﬂ' /Nz—r Z (e,,::r/uz_u),(_l)t
r=0 L =0
M1 . M1
= ST Y (e’z"/*“z-“)t(__l)z]
r=0 L 1=0
Mol "
= Z PE i IN = Z (___cj?trjuz_u)t}
r=0 L (=0
M-1 - s Cangt
i
r=0 1 4 ef2xr/M
M-1 - i
= Z eitr’/ﬂz_, 1 .—2 20
r=0 .1 4 ei(2x/M)r g=M

(e) The flow graph for the system,

3 2047 Mol gereinr?/M
Hz)=(1-273"") g [ o=

is drawn below.
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(I} Complex multiplications: Since we are only interested in y[k] for k= N, N +1,...,2N -1 we
do not need to calculate the cotnplex multiplications on the output side of each parallel branch

until k¥ > N. Thus,

We are including the multiplication of -1 and 1 from the first branch here for simplicity.

Direct evaluation requires N = M* complex multiplications.

Operation Complex Multiplications
21 (k] = z[k}h* [k} N
Poles of H{z) for k=0,...,.N =1 NM
Poles and branch exponentials of H(z) for k= N,...,2N -1 INM
y{k] = zo[k]A*[K] N
=3MN + 2N
= 3M% 4+ 2M?

Note that since we are only interested in y[k] for k = N, N +1,... 2N -1, the initial delay of
2M? is unneccessary; we have obtained all interesting output before the first delayed sample

appears.



Complex additions: The complex additions on the output side of each pa.raJJeI branch do not
need t.o be computed until £ > N. Thus,

Operation Complex Additions
Poles of H(z) for k=0,...,N -1 NM
Poles and branch exponentials of H(z) for k= N,...,2N - 1 2INM
=3MN
=3M?

Direct evaluation requires N(N — 1) = M?(M? - 1) complex additions.

9.42. (a) We separate the system function H(z) into two pieces; one corresponding to hg[n] = Re{h[n]}
and another corresponding to A;[n] = Im{h[n]}.

_ 1-Wkz-!
Bz = 1 - 2cos(2xkfN)z-1 + 2~2
_ -1
Hr(z) = 1 — cos(2xk/N)z

1 - Zcos(2xk/N)z—1 + 2-2

haln] = cos(2zkn/N)ufn]

_ sin(2xk/N)z~}

Hi(z) = 1 - 2cos{2xk/Njz=} + 272
heln] = sin(2xkn/N)u|n]

Since z[n] is real, the real and imaginary parts of X[k} = y:[{N] are computed using the followmg

flowgraph.
xr] = > > > ’ > Re{X[k]}
L 1,1 3
z ;P,, .
ZGosmk
> = 1 > <+ Im{X]k]}
] o J
|
e, 2 e,
- 0 = 20N
{b)
Re{X[k]} = Re{wn:(N]}
Im{X[k]} = Im{s|N]}

Since the output of interest is the Nth sample, we need only consider the variance at time N.
The noise ¢;[n] is input to both hg[n] and h;[n]. Using the techniques from chapter 6, we find the
variance of the noise is

”R[N] + 0"1 Z hR["]

n=0
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Let § = 2rk/N.

N
2 kaln)

"
10>
&,
$

(ejan +e—j0n)2

|

]

(7™ 4 2 4 e7%27)

H
] -

> 19+ 19

e;ze(N-H) 1 — e—F28(N+1)
. +2N+1)+ —:F}?e"'—)

Q+2(N+1)+1)

[ SR

vz
+
fa—y

Similarly, N _ h¥{n] = N/2.
Therefore,

-2B
2 (1+(N/2)+1)

2—28
2 (N+4)/2

-28

okln] =

aifn] = =51+ (N/2))

2—28

(N+2)/2

9.43.

N-1 N=-1
X[k} = 3 z[n] cos(2xkn/N) = § > zin]sin(2xkn/N).
n=0 a=0

_For k # 0, there are N — 1 multiplies in the computation of the real part and the imaginary part:
% =_(N -1)o? = o3,
where ¢ = 2728//12. For k = 0 there are no multiplies, and therefore o} = 0 = o7.

a§=a§={ 0 k=0

(N=1)o? k#0

9.44. (a)

(X1 [gIWh! = [ Xm—1[gllWE] = | Xm-ag]|
Xanlpll S X lplf + Xmonlall < 3+ 5 = 1

implies that {Re{Xm[p]}| < I and |Im{X,[p]}{ < 1. A similar argument holds for | Xmlg]]-



390
(b)

The conditions are not sufficient to guarantee that overflow cannot occur.
(Re{Xm[p]H < [Re{Xau[plH+ |Re{W}Xm-1[g]}
27T
: +\ (——) Re{Xm-1[al} -sm( N )Im{Xm—xl*ﬂ}l

1A

Consider the worst case, when r = 3N/8. Then,

Re(Xnlpl} < -+] fae{xm-1(q1}+ Jsim(X -1[q1}|

+— g1

1A
[ X1

Sl

Therefore, overflow can occur.

9.45. (a) First, note that each stage has N/2 butterflies. In the first stage, all the multiplications are

(b)

Wg = +1. In the second stage, half are +1 and the other half are W"“ = —j. Successive stages
have balf the number of the previous stage. In general,

Number of +1 multiplications in stage m = -é}-:-, m=1,...,v

and
Number of —j multiplications in stage m = 0 m=1
J P ‘ stage m = Ni2™ m=2,...,v

If we assume that all the +1 and —; multiplications are done noiselessly, then the noise variance
will be different at each output node. This is easily seen by looking at Figure 9.10, where we see
for example that X {0] will be noise-free, while X[1] will not be noise-free. Thus, a poise analysis
would be required for each output node separately. A somewhat simpler approach would be to
assume that since the first two stages consist of only +1 and —j; multiplications, these two stages
can be performed noiselessly. Each output node is connected to all N/2 butterflies in the first stage
and to N/4 butterflies in the second stage. Thus, if the first two stages are performed noiselessly,
a better estimate of the numnber of independent noise sources contributing to the output is

Note that all the odd indexed outputs will have exactly (N/4) — 1 of these noise sources, while
the even indexed outputs will have less. In fact, X(0], X[N/4], X[N/2], X[3N/4] will be noiseless.
X[N/8], X[3N/8], X{5N/8], and X[7N/8] will have one noise source. It is possible to continue this
analysis for all X[k], but clearly, a complicated formula would be required to describe the number
of noise sources for all even k. We have shown that

Number of noise sources = (N/4)~1, k odd
Number of noise sources < (N/4)-1, k even

Thus, the number of noise sources is upper bounded (N/4) ~ 1. Using this bound, we can get a
TR TPOTRERNE SO, wisk ey

ENFKA < (- Dob

1A

A

%0‘3 for large N
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When the scaling is done at the input, an upper bound on the noise-to-signal ratio is found to be

EWFIRP) < §ob _ 3o o NVP2727
fiXkE T T 4 B 4

This equation is similar to Eq. 9.65, but scaled by ;. This implies that Eq. 9.65 is about 1 bit too
pessimistic. However, note that the N? dependence is still present.

Another approach to this noise analysis is to compute the average noise at the output by using the
average number of noisy butterflies connected to an output node. This style of analysis is used in
Weinstein.

{¢) Now assume as before that the first two stages are noiseless. Thus, equation 9.67 would not include
the first two stages.

v-1

i
0.28 Z 2(u—m)(§)2v-2m-—2

m=2

E[IF[K]?]

IA

v=1 1

= 0_% z{ﬁ)v-—m—Z

m=2
v-3

= 233 ()

k=0

= 203 (I_:@l:)

-]
= 430~
= 4ohi-3)

Thus,

EGFIRIY
E1X[R1)

BN
12(N - 4)0}

12N¢a

IA

N

9.46. The butterfly for decimation-in-frequency is drawn below.

X, [P] > . , . X Ip]
X . - - > — X
el 7 Jal
where
Xmlp] = Xem-alp] + Xm-1ld}
Xalg) = (Xm-slp] = XmalgDWE

The statistical model is drawn below.
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xm-1lp] . > o

—e X_Ip]

L 4

—e X fal

X fdle » + '
m-1 w(
N a[ré. qj

As in a decimation-in-time FFT, each output node connects to N — 1 butterflies in a decimation-in-
frequency FFT, each of which introduces a noise source whose variance is

Eliefm, g} = 03 = 3277
Thus the output noise propagated through the Sowgraph is
EYF(EW) = (N - 1)op

since each poise source propagates along a unity gain path to the output nodes.

Thus, the results for the decimation-in-frequency FFT are identical to thase for the decimation-in-time
FFT. This is true for both cases of scaling either at the input of the FFT by 1/N, or at the input of
each stage of the FFT by 1/2.

9.47. Recall the following symmetry properties of the DFT:
z[n] real <= X[k}]= X"[N -k
zlaj=z"[N-n] <<= Im{X{k]}=0
z[n] = =z*[N -n] <= Re{X[k]}=0
Thus, z{n] real and even <= X{k] real and even; and x[n] real and odd <= X{k] imaginary and odd.
(a)
wnln] = zi[n] + 23]n}
zy[n] is real and even; z3{n] is real and odd.
Yy[k] = Re{¥i (]} + FIm{Yi[K]} = X, [K] + Xs[k]

Re{Yi[k]} is real and even; jIm{Y;[k]} is imaginary and odd; X;[k] is real and even; X;[k] is
imaginary and odd. It follows that
Xy [k}
Xalk)

Re{Y:[£]}
Fim{Y; (K]}

it

(b)

ys[n] = wiln] + j1nin]
Yalk] Yilk] + jYz1k] = Re{Y1[k]} + jIm{Y1[k]}] + j[Re{Y2(K]} + jIm{Y2[K]}]
Re{Y:[k]} - Im{Y3[k]} +j[Re{Y3[k]} + Im{¥1[K]}]
real odd even odd
[Ev{Re{Y3[k]}} + Od{Re{Y3[k]}}] + J{Ev{Im{Y;[k]}} + Od{Im{Y3{k]}}]

Y3l
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Thus we have

Re{Yi[k]} = Ev{Re{Ya[k}}}
Re{Y2[k]} = Ev{Im{YV3[k]}}
Im{Vi[k]} = Od{Im{Y3[*]}}
Im{Y2[*]} = -Od{Re{}s[]}}

and so
Vil = 3Re{%:fk]} + Re(Hi[N - K}
+LMm{Ya{4]} - In{ [V - K]}
GiH = m{KK])} + In{hIN - K}
~J[Re{¥s{K]} - Re{WA[N ~ K]}
and from part (a)
XM = F[Re(Ya[k]} + Re{Vs[N - &]}]
XK = SIm{Vk]} + In{BIN - k)]
Xk = Zfm{¥i[k)) - Im{xsN - K}

XK = ZLiRe{Yslk]) - Re{Xa[N - K]}

uzfn] = z3[((n + 1)) ] = 23[((n - D))~]
w{((N = n))n] = z3[((N —n + 1))n] - z3[((N —n - 1))N]
Since z3[n] = z3[((N - n))¥],
y3[((N — n}}n] = 23{((n = D))N] = 23[{(n + 1)}n] = —u3[n]

For n = 0, we have u3[0] = —u3{0], which is only satisfied for u,[0] = 0.
{d) Using the circular shift property of the DFT we have

U;,{k] Xalk]ej(Z'I/N}k - Xs[k]e-—j(Z!/N)k

27 sin{2xk/N)X;3k]

nn

{e) From part {(a}, since u;fn] is antisymmetric,
X[k} = Re{Y[k]}
Uslk] = jIm{Y; [k}}

and so

x,(k]=_?£.%;_¥ k;eo,-{;

Note that X3[0] cannot be recovered using this technique, and if N is even, neither can X;3[N/2].
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(f) In part (b) replace X3 and X, with Us and U; and use the result of (d) to give

Xk

STRe(VA(k]} + Re{¥3[N — k)]
SUm{Y3[k]} + Im{¥5[N — K]}
Xslk] = iﬂm{}’s[k]} ~ Im{Y3[N — k]})/sin(2xk/N), k#O0,N/2

Xa[k]

XdK] = —3[Re{V[k]} - Re{Vs{N - K]})/sin(2xk/N), k#0,N/2
9.48. First, we find an expression for samples of the system function H(z).

M -
bz
H(z)= __Zﬂ;v.._.._._‘
1= Y1002

M .
Efzo boe Jiwkr /N

H(eerk/N) = % —n
1= Loy are™72rt

Now assume N, M < 511. Let b[n] = b, and
a[n]={ Lo m=0
n e

Let Bk], A[k] be the 512 pt DFTs of b[n], and a[n]. Then

H(efzuwsu) = %%

8.49. (a) It is interesting to note that (linear) convolution and polynomial multiplication are the same
operation. Many mathematical software tools, like Matiab, perform polynomial multiplication
using convolution. Here, we replace

L-1 ) M-1 )
plz} = aiz', gz} =) biet
=0 =0

with
M-1

L1
il =Y a:bln — i, gln}= 3 bidfn — i
=0 =10

Then,
r[n] = pin] * gin].

The coefficients in r[n] will be identically equal to those of r(z). We can compute rn] with circular

convolution, instead of linear convolution, by zero padding p(n] and ¢[n] to a length N = L+ M ~1.

This zero padding ensures that linear convolution and circular convolution will give the same result.
(b) We can implement the circular convolution of p{n] and ¢[n] using the following procedure.

step 1: Take the DFTs of p{n] and g[n] using the FFT program. This gives P{k] and Q[k].

step 2: Muitiply to get R[k] = P{k]Qlk).

step 3: Take the inverse DFT of R[k] using the FFT program. This gives r{n].
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Here, we assumed that the FFT program also computes inverse DFTs. If not, it is a relatively
simple matter to modify the input to the program so that its output is an inverse DFT. (See
problem 9.1).

While it may seem that this procedure is more work, for long sequences, it is actually more efficient.
The direct computation of r{n] requires approximately (L + M)? real multiplications, since a; and
b; are real. Assuming that 2 length L + M FFT computation takes [(L + M)/2]log,(L + M)
complex multiplications, we count the complex multiplications required iv the procedure described
above to be

Operation Complex Multiplications
FFTs of p{n] and q[n] | 2{(L + M)/2)logy(L + M) = (L + M)log,(L + M)
R{k] = P[k])Q[] L+ M
Inverse FFT of R[k) {(L + M)/2}logy (L + M)

= [3(L + M)/2)logy (L + M) + (L + M)

Since a complex multiplication is computed using 4 real multiplications, the number of real multi-
plications required by this technique is 6(L + M) log, (L + M) + 4(L + M). Plugging in some values
for (L + M)} =2, we find

L+ M Direct FFT

2 4 20
4 16 64
8 64 176

16 256 448
32 1024 1088
64 4096 2560

Thus, for (L + M) > 64, the FFT approach is more efficient.
(¢) The binary integers u and v have corresponding decimal values, which are

Ydecimal = E““?

"'decima.l = Z v.-2*

Note the resemblance to p(z) and ¢(z) of part (a). We form the signals

L=y

3 uibln - 4]

=0

M-1

Z vid[n - 4}

izt

and use the procedure described in part (b). This computes the product u - v in binary. For
L = 8000 and M = 1000, this procedure requires approximately

# real multiplications = 6(8000 + 1000) log, (8000 + 1000) + 4(8000 + 1000)
7.45 x 10° '

uln]

I

v[n]

In contrast, the direct computatian requries 8.1 x 107 real multiplications.
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{d) For the (forward and inverse) FFTs, the mean-square value of the output noise is (L + M)o}.
While 0}, will be small, as there are 16 bits, the noise can be significant, since L + M is a large
number.

9.50. () Using the definition of the discrete Hartley transform we get

Hyla+ N] = Cnl[a+ N}+ Snyfe+ N|

cos(2ra/N + 2x) + sin{2na/N + 27)
cos(2xa/N) + sin(2xa/N})

Cnla] + Snia)

= Hyle]

Hyla+ b Cwnla+b) + Snia +b)
cos(2wa/N + 2xb/N) + sin(2xa/N + 2xb/N)
cos(2xa/N) cos(2xb/N) — sin(2xa/N) sin(2xb/N)

+ sin{2xa/N} cos(2xb/N) + cos(2xa/N) sin(2xb/N)

]

Grouping the terms in the last equation one way gives us
Hyla+b = [cos(2na/N) + sin(2xa/N)] cos(2xb/N)
+ [cos(—2xa [N} + sin{—2na/N)] sin{2xb/N)
= Hy{alCn[b] + HN[—_a]SN[b]
while grouping the terms another way gives us
Hyla+d) = [cos(2xb/N) + sin(2xb/N)] cos(2xa/N)
+ [cos(—2xb/N) + sin{—2xb/N)] sin(2ra/N)
= Hn[b]CN[a] + Hn[—b]SN[a]

(b} To obtain a fast algorithm for computation of the discrete Hartley transform, we can proceed as
in the decimation-in-time FFT algorithm; i.e.,

(N/2)-1 (N/2)=-1
Xulk] = Y zlerlHn[2rkl+ Y z[2r + 11HN[(2r + 1)k]
r=0 r=0
(N/2)-1 (N/f2)~1
= Y zlrHw[erkl+ Y z[2r + 1HN[2rKICN(K]
r=0 r=0
{N/2)-1
+ Y afer+ YHN[(-2rk)N]SnIk]
r=0

Now since Hy[2rk] = Hyysirk], we have

(N/2)-1 (N/3)-1
Z 2[2r) Hnpalrk} + z z{2r + 1 Hp palrk]C k]
r=0 =0
(N/2)-1
+ Y zl2r + 0)Hypl((-rk)np)Snlk]
r=0

Flk} + GFICn[k] + G{((~k)) w2} Snk)

Xa [k]
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where
(N/2)-1

Fli|= Y z{2riHnplrk)
=0
is the N/2-point DHT of the even-indexed points and

(N/2)—1

GlKl= Y z(2r + 1JHnplrk
rae

is the N/2-point DHT of the odd-indexed points. As in the derivation of the decimation-in-time
FFT algorithm, we can contirue to divide the sequences in half if N is 2 power of 2. Thus the
indexing will be exactly the same except that we have to access G[({—k))n/2] as well as G[k] and
Flk); i-e., the “butterfly” is slightly more complicated. The fast Hartley transtorm will require
N iog, N operations as in the case of the DFT, but the multiplies and adds will be rea! instead of

complex.
9.51. (a)

1 1 0 0 06 0 0 0 ] 10 0 0 060 0 0 ]
1 -10 06 0 0 ¢ © 61 0 0 00 0 O
001 10 0 0 0 0 0 W 60 0 O
0 0 1 -1 0 0 0 O 00 0 W2oo 0 ©

F, = T =
0 6 00 1 1 0 O 00 6 6 10 0 0
0 ¢ 0 0 1 -10 ¢ 006 0 0 01! 0 O
6 0 0 0 0 0 1 1 00 06 0 00 W2 o0°
0 0 0 0 0 0 1 -1 |00 0 0 00 0 W]
(101 000 0 0] [1 000 0 0 0 O
61 0 1 006 0 O 01900 0 0 0 O
10-10 00 ¢ O 00610 0 0 0 O
61 0 -100 0 0 0001 0 o0 0 O

F; = T; =
00 0 0 10 1 ¢ 0000 W 0 0 0
00 0 0 01 0 1 0000 0 W 0 0
00 0 0 10 -1 0 000CO0 0 0 W 0
00 0 0 01 0 -1] Locoo 6 0 0 W]
1 000 1 ¢ 0 0]
01006 0 1 0 0
0010 0 0 1 0
00010 0 0 1

Fy =
1000 -1 ¢ 0 0
01000 -1 0 0
00190 06 0 -1 9
o001 0 0 0 -1

(b)
Q¥ = PITIFITIFY
F)T;F2T5F3
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9.52.

where = denotes conjugation. Drawing the Bow graph, we get

X Pt o), > 0]

i \ /
2] - > e ¥i2]

i3]

A3

x4] vi4]

«5] ¥is!

yisi

7] Wl

This structure is the decimation in frequency FFT with the twiddle factors conjugated and therefore
calculates
N -IDFT{z[n]}

Knowing that Q calculates the DFT and 4Q calculates the IDFT, we should realize that cas-
cading the two should just return the original signal. More formally we have

FEF, =21 FHF, =21 FHF;=2

T{'T[ =1 T-sz =1

f

/N) (FF TP TYF]) (FsT:F, T/ F,)

(1/N)(NT)
=1

(1/N)Q¥Q

where N = 8 in this case.

(a) First, we derive the circular convolution property of the DFT. We start with the circular convo-

lution of z{n} and h[n].
N-1

y[n] = ) zimlkl((n — m))n}
m=0
Taking the DFT of both sides gives
N-1N-1
33 zimal((n ~ mp)niwe
n=0 m=0
N-1 N-1

> =m} Y Al((n ~ m)wiw™
n=0

me=0

Yk

"
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Using the circular shift property of the DFT,
N-1
YR = Y alm]HEWR
m=0

N-1
= HKY zimwgt

m=0
= H[kIX[k)
Next, the orthogonality of the basis vectors is shown to be a necessary requirement for the circular
convolution property. We start again with the circular convolution of z{n] and Af{n)

N-1

yin) = 3 z[mAf((n - m))n]

m=0

Substituting the inverse DFT for z[m} and h[{{n — m))~] gives

bl N-1
yin] = NZ ( Z X[kl]W‘“""") ( Z sz]w-*z((n-m)}n)

m=0 t.—ﬂ kp=0
N=-3 1 N-— i N=-1 —ka(m=mm)
= 2 (F Z Xk Wy 1"') ( S HikajWy
m=0 k=0 k:-—O
N-1 N=-1
= Wz Z > (X (ki JH (ko)W 52" E W"‘""W"’"‘)
ky=0 ka=0

With orthogonal basis vectors,
N-1
. N, k=0
z wit =
= 0, k#0

so the right-most summation becomes

Nal N-1 (hamiy)
W;k;mw;;m e WNz_ 1im
Z 2
= Né[kl - kz]
Therefore,
1 N-1 N=-1
yin] = (X)W 5" N[k, = k2])
=0 k=0
1 —kun
= % z X[k Hlk)W5*
ky=0
N-1
= 3 z[mh((n - m))x]
m=0

Therefore, the circular convolution property holds as long as the basis vectors are orthogonal.

((if“')) = ((1+4 +16" +64%))
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((4))sr
((85))7
{(4369))17
((266305)):7

{(:)7%
((57thr
((801))r7

E = 0: (1+14+1+1))y7
E =1: ((1+4+16+64))h7
k = 2: ((1+ 16+ 256+ 4096))7
k = 3: ((1+64+4096+ 262144})7
The relation holds for P=17, N =4, and Wy = 4.
(c} :
3
X[k = ((Z:[n}f‘*))
n=0 17
= ((1-1+2-4*+3-16* +0-645));7
= ((1+2-4+3-16%);,
Using this formula for X [k],
Xlg] = (1+2+3)hs =
X[1] = ((1+2-443-16)):7 =
X[2) = ((1+2-16+4+3-256)h; =
X3 = {(1+2-64+3-4096)7 =

Hlk)

Using this formula for H[k],

H[0]
Hi
H[2)
A[3]

"

B nou

(Z)),

((3-1+1-4*+0-16*+0-
({3 + 47

((3+ 1)h»
({3 + 4))17

((3 -+ 16))11
((3 +64) h-

Multiplying terms Y [k] = X[k]|H{k] gives

(d) By trying out different values,

Yol
Y1
Y2
Y

nononn

N—l
Wit

howonon

{(24))17
((42)h7
(4

((112))r

nwn

((12417))17

(4 h
(e
(197
{(6T)h7

13
13

nnnu

10

64%))17

[| I B

16

o n

~N N D

Euwonon

o QO -

(N7 Ny = (W Wi = (13- O = ()7 =1
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it

y[n) ((13 i Y[k 13*‘*) )
k=0 17

((13{7-31+8-13" + 4. 169" + 10- 2197 17

Using this formula for ﬁ[n],

vio] = ((Q3[7+8+4+10)) = ((37)hs
yiI] = ((13(7-1+8-13+4-169+10-2197)h7 = ((295841)),,
y[2] = ((13[7-1+8-169+ 428561 + 10 - 4826809)));7 = ((628988009));
y[3] = ((13[7-1+8-2197 + 4 -4826809 + 10 - 10604499373)));z = ((1378836141137))7
Performing manual convolution y[n] = z{n] * k[n) gives -
yo] = 3
vil] = 7
v2l = 1
y3] = 3

The results agree.
9.53. (a) The tables below list the values for n and k obtained with the index maps.

na ky
lo]1]2 0

n 0lo':i2 ky 0f0[2]4

1[3]4]5 1{1{3(5

As shown, the index maps only producen=@,...,5and k=0,...,5.
(b} Making the substitution we get

X[#}

X{ky + 2ka)

5
= Z :{n] We(k; +2k2)n
1

n=0

2

Z 2 2[3111+n2]W6(k'+2k=)(3"’+"3)
n:=‘0fll=0

i

() Expanding out the Wy terms we get
Ws(h-iziz)ﬂﬂ:‘i'ﬂ:) = Wghnx W:"z"h W:xnz W:k:ﬂ:

king kinzqrrkang
Wz WG Ws

(d) Grouping the terms we get

X[ks + 2kp) = f: [(i z[3n; + nalWy 1m) We ln’] W

n2=0 ny =0

The interpretation of this equation is as follows

401

11
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(i) Let G[ky,nz) be the N = 2 point DFTs of the inner parenthesis; i.e.,

1
0<k <1,
G‘k' - 3 + Wh’“, - -
(k1,12 ME z[3n; + na)W; {05%52.

This calculates 3 DFTs, one for each column of the index map associated with n. Since the
DFT size is 2, we can perform these with simple butterflies and use no multiplications.

(i) Let G[k;,nz] be the set of 3 column DFTs multiplied by the twiddle factors.

0<k<l,

G 3 = Wk 3 '

(iii) The outer sum calculates two N = 3 point DFTs, one for each of the two values of k;.

0<k L1,
0<k <2

2
X[ky +2k2) = Y Glky,mo]Wso™,

ﬂ3=o

(e} The signal low graph looks like

Gl0.0]

![01‘—\ > 4
Glo1

«1} > .1 >
\></ 02

e

x2) «

G[1,0]
X3} ¢ > = X1)

-1 /
af1.1] '
x4 4 > > R
-1 W, ‘ w2
G6i12) / i N

5 =N X351
w; Wy

N;
+

™

{5}

L4

-1

The only complex multiplies are due to the twiddie factors. Therefore, there are 16 complex
multiplies. The direct implementation requires N2 = 62 = 36 complex multiplies {a little less if
you do not count multiplies by 1 or -1).



(f) The alternate index map can be found be reversing the roles of nandk; e,

n=n;+2n;, - forn,=0,1;n2 =0,1,2
k =3k + k2 fork; =0,1; k2 =0,1,2
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10.1. (a) Using the relation

2=k
=57
we find that the index k = 150 in X {k] corresponds to a continuons time frequency of
2x(150)

fiso = T3060)(10-%)
2x(1500) rad/s

(b) For this part, it is important to realize that the k = 800 index corresponds to a negative continuous-
time frequency. Since the DFT is periodic in k with period N,
2x (800 — 1000)
1000(10-*)
~2x(2000) rad/s

Qa0

10.2. Using the relation
27k

NT -

k
ft—ﬁ

we find that the equivalent analog spacing between frequencies is
1
NT
Thus, in addition to the constraint that N is a power of 2, there are two conditions which must be met:

=
or

Af =

# > 10,000Hz (to avoid aliasing)
wr < 5Hz (given)
These conditions can be expressed in the form

10,000 < 2 < 5N

T
The minimal N = 2* that satisfies the relationship is
N =2048

for which

10,000 Hz < % < 10,240 Hz
Thus, Fm'm = 10,000 HZ, and Fmax = 10, 240 Hz.

10.3. (a) The length of a window is
samples

L = (16,000 ) (20 x 1072 sec)

= 320 samples

(b} The frame rote is the number of frames of data processed per second, or equivalently, the num-
ber of DFT computations done per second. Since the window is advanced 40 samples between
computations of the DFT, the frame rate is

frame rate = (16,000 samplﬁ) (1 frame proo&sed)
sec 40 samples
= 400 frames

Sec
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(c) The most straightforward solation to this problem is to say that since the window length L is 320,
we need N > L in order to do the DFT. Therefore, a value of N = 512 meets the criteriaof N > L,
N =2". However, since the windows overlap, we can find a smaller N.

Since the window advances 40 samples between computations, we really only need 40 valid samples
for each DFT in order to reconstruct the original input signal. If we time alias the windowed data,
we can use 2 smaller DFT length than the window length. With N = 256, 64 samples will be time
aliased, and remaining 192 samples will be valid. However, with N = 128, all the samples will be
aliased. Therefore, the minimum size of N is 256.

{d) Using the relation

1
Al =77
the frequency spacing for N = 512 is
16,000 _
Af = TR 31.25 Hz
and for N = 256 is
16,000
Af = 256 = 62.5 Hz

10.4. (a) Since z[n}] is real, X[k} must be conjugate symmetric.
X[k} = X*[((-k))N)
We can use this conjugate symmetry property to find X[k] for k = 200.

X[((-kNN] = X°[K]
X[((~800))1000) = (1+437)°
X[200) = 1—3j

(b) Since an N-point DFT is periodic in k with period N, we know that
X[800j=1+j3

implies that
X{~200]=1+3j

Using the relation

we find
Q _ —27(200)
T30 7 {1000)(1/20,000)
= —2r{4000) rad/s
Q _ 2x(200)
2007 {1000)(1/20, 000)
= 2x{4000) rad/s

Consequently,
. l1+;
X Q) lam—2xta000) = 20,000
, 1-j
XCU ﬂ) lﬂ:2t(4ﬂl‘l) = 20, 000

Note that both expressions for X {j ) have been multiplied by the sampling period T = 1/20, 000
because sampling the continuous-time signal z.(t) involves multiplication by 1/7.



10.5. (a) After windowing, we have
zin] = cos{{lyTn)
— % [ejﬂoTn + e-—jﬂng]

.;. [t cenn iR E]
forn=0,...,.N~1 and z[n] = 0 outside this range. Using the DFT properties we get
N N
XK = Sk - EETNN]+ Sk + XTI

If we choose 2
n
T= Nk

then N N
Xk = Eé[k — ko] + ?J[Ic — (N - ko)},

“which is nonzero for X[ko) and X{N — ko), but zero everywhere else.
(b} No, the choice for T is not unique since we can choose the integer kg.
10.6. Since z{n] is real, X [k] must be conjugate symmetric.
X[k] X*[((=k))n]
X{((~k))n] X*[]

i

Therefore,
X[({(~900)})1000] = (1)
X[100) 1
X{((—420))1000) ()"
X[580] = 5
Note that the £ = 900 and &k = 580 corrsﬁond to negative frequencies of Q. Since the DFT is periodic
in k& with period N, we use k = 900 — 1000 = —100 and k = 580 — 1000 = —420, respectively, in the
equations below.

Starting with

we find

0 _ 2x(—100)
—100 = {3000)(1/10, 000}
= =2x(1000) rad/s

Qe = 2x(100)
100 = {1000)(1/10,000)
= 2x(1000) rad/s

Q _ 2x(—420)
—420 = 12000)(1/10,000)
= -—2x(4200) rad/s

2x(420)
Lo = [560)(1/10,000)
= 2x(4200) rad/s
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Consequently,
Xe(i ) |ae-2eo00) = 10,1000
Xe(3 ) [az2nao00) = 10,1000
Xc(j M la=-20a200) = 2,'_?"".00
X ) |o=zeazony = 2,_%_-.00

Note that all expressions for X, (5 Q) have been multiplied by the sampling period T = 1/10, 000 because
sampling the continuous-time signal z.(t) involves multiplication by 1/T.
10.7. The Hamming window’s mainiobe is Awm = 2% radians wide. We want

n
e T

LA
L-1 100
L > 801
Because the window length is constrained to be a power of 2, we see that

Linin = 1024

IA

1A

10.8. All windows expect the Blackman satisfy the criteric. Using the table, and noting that the window
length N = M + 1, we find

Rectanguiar:

Awmj =

Bartlett, Hanning, Hamming:

Avpy = %r
_ 8
~ 9255
x x
= —
38T S 25 ™

The resolution of the Bartlett, Hanning, and Hamming windows satisfies the criteria.
Blackman: '

L
M
12x

255
x .
= —— g — rad
TR
The Blackman window does not have a frequency resolution of at least » /25 radians. Therefore,

this window does not satisfy the criteria.

Awm; =
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10.9. The rectangular window’s mainlobe is

radians wide. The difference in frequency between each cosine must be greater than this amount to be
resolved. If they are not separated enough, the mainlobes from each cosine will overlap too much and
only a single peak will be seen. The separation of the cosines for each signal is

. x 17 x
Aor = I~ | &
r 21x 5x
Ao = |36 |" %
x  21x 5x
Awa = Z——-—_

Clearly, the cosines in z;[n] are too closely spaced in frequency to produce distinct peaks.

In z;3[n), we have a small amplitude cosine which will be obscurred by the large sidelobes from the
rectangular window. The peak will therefore not be visible.

The only signal from which we would expect to see two distinct peaks is z2{n).

10.10. The equivalent continuous-time frequency spacing is

1
Af=F7

Thus, to satisfy the criterion that the frequency spacing between consecutive DFT samples is 1 Hz or

less we must have
Af
1
NT
T

1A

1

1

1
N
1
024 °*°
However, we must also satisfy the Sampling Theorem to avoid aliasing. We therefore have the addition
restriction that,

IA

v

T >

> 200Hz

I T

Putting the two constraints together we find

1 1
—_— T <€ ——
1024 — Ts
Tmin 1024

10.11. The equivalent frequency spacing is
AQ 2x 2x

= ﬁ = W-_— 15.34 rad/s
or

A
Af=S-=24H2
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10.12. The equivalent frequency spacing is
1

NT
Thus, the minimum DFT length N such that adjacent samples of X[k} correspond to a frequency SPaﬂ-ﬂg
of 5 Hz or less in the original continuous-time signal is

Af =

Af <5
1
NT
N

IA
]

Y

RS
5T
8000

et

5
1600 samples

W v

10.13. Since w(r] is the rectangunlar window and we are using N = 36 we have

15
X K = Z z[r R + m]e~3(3x/36)km
m=0
= DFT{z[rR +n]}
Because z(n] is zero outside the range 0 < n < 71, X,[k] will be zero except when r =0 orr =1
When r = 0, the 36 points in the sum of the DFT only include the section
eild5)3n 4 o—i(35)3n
2
of z{n]. Therefore, we can use the properties of the DFT to find

B[k - 3))ss) + FE[((K + 3))36]
185[k — 3] + 188k ~ 33]

cos{mn f6) =

Xolk}

When r = 1, the 36 points in the sum of the DFT only include the section

JRTE - STLMPRNTE - ST
cos(rn/2) = 2

of z[r]. Therefore, we can use the properties of the DFT to find

Z[((Kk —~ 9))s6) + FS{((k +9))3e]
= 188[k — 9] + 188[k — 27]

X[k

i

Putting it all together we get

18(8[k — 3] + 48[k —33)), r=0
X,[K = { 18(8[k-9]+8[k-27), r=1
0, otherwise

10.14. The signals za[n], z3]n], and zs[n] could be z[n], as described below.
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Looking at the figure, it is clear that there are two nonzero DFT coefficients at k = 8, and k = 186.
These correspond to frequencies

(27)(8)
128

= -g- rad
_  (2x)(16)
w2 = Ty3g
x
= -4" rad

Also notice that the magnitude of the DFT coefficient at £ = 16 is about 3 times that of the DFT
coefficient at k = 8.

z1[n}: The second cosine term has a frequency of .26x rad, which is neither = /8 rad or 1r/4 rad.
Consequently, z,{n] is not consistent with the information shown in the figure.

z2[n]: This signal is consistent with the information shown in the figure. The peaks occur at the
correct locations, and are scaled properly.

T3[n): This signal is consistent with the information shown in the figure. The peaks occur at the
correct locations, and are scaled properly.

z4{n): This signal has a cosine term with frequency /16 rad, which is neither x/8 rad or x/4 rad.
Consequently, z4[n] is not consistent with the information shown in the figure.

zs[n]: This signal has sinusoids with the correct frequencies, but the scale factors on the two terms
are not consistent with the information shown in the figure.

z¢[n): This signal is consistent with the information shown in the figure. Note that phase infor-
mation is not represented in the DFT magnitude plot.

10.15. The instantapeous frequency of the chirp signal is

u.'[n] =g + An

This describes a line with siope A and intercept wy. Thus,

10.16. Using

- NT

and assuming no aliasing occured when the continuous-time signal was sampled, we find that the fre-
quency spacing between spectral samples is

or

1
(1024)(1/10, 000)
9.77 Hz

Af

Al =2xAf =614 rad/s

10.17. We should choose Method 2.
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Method 1: This doubles the number of samples we take of the frequency variable, but does not change
the frequency resolution. The size of the main lobe from the window remains the same.

Method 2: This improves the frequency resolution since the main lobe from the window gets smaller.

Method 3: This increases the time resolution (the ability to distinguish events in time), but does not
affect the frequency resolution.

Method 4: This will decrease the frequency resolution since the main lobe from the window increases.
This is a strange thing to do since there are samples of x[n] that do not get used in the transform.

Method 5: This will only improve the resolution if we can ignore any problems due to sidelobe leakage.
For example, changing to a rectangular window will improve our ability to resolve two equal
amplitude sinusoids. In most cases, however, we need to worry about sidelobe levels. A large
sidelobe might mask the presence of a low amplitude signal. Since we do not know ahead of time

the nature of the signal we are trying to analyze, changing to a rectangular window may actually
make things worse. Thus, in general, changing to a rectangular window will not necessarily increase
the frequency resolution. ’

10.18. No, the peaks will not have the same beight. The peaks in Vz{e/) will be larger than those in V; (7).

First, note that the Fourier transform of the rectangular window has a higher peak than that of the
Hamming window. If this is not obvious, consider Figure 7.21, and recall that the Fourier transform of
an L-point window wn}], evaluated at DC (w = 0), is

L=1

W(e®) =3 win)

n=>0

Let the rectangular window be wg[n], and the Hamming window be wx[n]. It is clear from the figure
(where M = L+1) that

L-1 L-1
E wg(n] > Z wg[n)
n=0 n=0
Therefore,
Wr(e™) > Wr(e™)
Thus, the Fourier transform of the rectangular window has a higher peak than that of the Hamming
window.

Now recall that the multiplication of two signals in the time domain corresponds to a periodic convolution
in the frequency domain. So in the frequency domain, V;{e/“) is the convolution of two scaled impulses
from the sinusoid, with the Fourier transform of the L-point Hamming window, Wy (e?“}). This results
in two scaled copies of W (e*), centered at the frequencies of the sinusoid. Similarly, V2(2’*) consists
of two scaled copies of Wgr(e/), also centered at the frequencies of the sinusoid. The scale factor is the
same in both cases, resulting from the Fourier transform of the sinusoid.

Since the peaks of the Fourier transform of the rectangular window are higher than those of the Hamming
window, the peaks in Vz{e’) will be larger than those in V¥;(e'“).

10.19. Using the approximation given in the chapter
24x(Ag +12)

I=—5x,  *!
we find for A, = 30 dB and Ay = § rad,
24x(30 + 12)
kil bl P |
L 155(x/40) +

t

261.1 -» 262
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10.20. (a) The best sidelobe attenuation expected under these constraints is

24n(Aq + 12)
155Am;
24x (A, +12)
312 155(x/100)

L =~ +1

+1

(b) The two sinusoidal components are separated by at least x /50 radians. Since the largest allowable
mainlobe width is /100 radians, we know that the peak of the DFT magnitude of the weaker
sinusoidal component will not be located in the mainlobe of the DFT magnitude of the stronger
sinusoidal component. Thus, we only need to consider the sidelobe height of the stronger compo-
nent.

Converting 21 dB attenuation back from 4B gives

—21dB = 20log,ym
m = 0.0891

Since the amplitude of the stronger sinusoidal component is 1, the amplitude of the weaker sinu-
soidal component must be greater than 0.0891 in order for the weaker sinusoidal component to be
seen over the sidelobe of the stronger sinusoidal component.

10.21. We Lave

vn] = cos(2mn/5)uwin|
cj2'“/5 + e-;’zsm/s
- | J wtn
2
VieY) = %W(ej(u-zr/ﬂ)+%w(ej(u+2:/5))

The rectangular window’s transform is

Wie) = Sl

In order to label V{e?*) correctly, we must find the mainjobe height, strongest sidelobe height, and the
first nulls of W(e/™).

Mainlobe Height of W{e’“): The peak height is at w = 0 for which we can use I’hopital’s rule to find

cos(16w) =32

W{e'%) = 32 =
L cos(w/2) |,
Strongest Sidelobe height of W(e“): The strongest sidelobe height for the rectangular window is

13 dB below the main peak height. Therefore, since 13 dB = 0.2239 we have

Strongest Sidelobe height = 0.2239(32) = 7.2

First Nulls of W(e’”): The first nulls can be found be noting that W(e’*) = 0 when sin{16w) = 0

Thus, the first nulls occur at

2=
w=t—

32
Therefore, [V (e} looks like
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16+

| —2x/5 + 2nf32

~2x/5 - 2232
3.6 -

- -27/5 0 2n/5 X o

Note that the numbers used above for the heights are not exact because we are adding two copies of
W(e’™} to get V(e’“) and the exact values for the heights will depend on relative phase and location of
the two copies. However, they are a very good approximation and the error is small.

1€.22. The ‘instantaneous frequency’ of z[n), denoted as Aln], can be determined by taking the derivative
with respect to n of the argument of the cosine term. This gives

= [ e ()

" T n
= 1+ 5 (3500)
A 1 1
R T

Once A[r]/2x is known, it is simple to sketch the spectrogram, shown below.

0_5 T Y T — T T T
045+ p
04f B

0.35+ . -

0.15

0.1

0.05

2000 4000 6000 8000 10000 12000 14000 16000
Sample number (n)
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Here, we see a cosine plot shifted up the frequency (\/27) axis by a constant. As is customary in a
spectrogram, only the frequencies 0 < A/2x < 0.5 are plotted.

10.23. In this problem, we relate the DFT X{k] of a discrete-time signal z{n] to the continuous-time Fourier
transform X (7§} of the continuous-time signal z.{t). Since z|n] is obtained by sampling z.(t),

zfn] = a:._.(nT)
o+ B n ()

Over one period, assuming no aliasing, this is

oy 1 LW
X(e) = z X (JT) for—r<w<m
which is equivalent to
X(e) = *X:(1%), for0<w<n
¥X(je5E), forrSw<2x
Since the DFT is a sampled version of X (e*),
XH = X*)omguasn for0<k<N-1
we find
X[k = X (i%%) for0<k< &
- I.X(z'“‘ N)) for£<k<N—1

Breaking up the DFT mt.o two terms like this is necessary to relate the negative frequencies of X (j§3)
to the proper indicies § < k < N —1in X[k].

Method 1: Using the above equation for X[k), and plugging in values of N = 4000, and T = 25us, we
find
40,000X, (527 -10- k), for 0 < k < 1999
X;[k =

40,000X, (§2x - 10 - (k — 4000)), for 2000 < k < 3999

Therefore, we see this does not provide the desired samples. A sketch is provided below, for a
triangular-shaped X (541).

X G 0)

y

— }-Af=10Hz Q
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. Method 2: This time we plug in values of N = 4000, and T = 50us to find
20,000X, (72r - 5- k), for 0 < k <1999

X;lk]) = .
20,000X, (727 -5 - (k — 4000)), for 2000 < k < 3999
Therefore, we see this does provide the desired samples. A sketch is provided below.

X )
—‘ l—' Aft=5Hz . Q
Method 3: Noting that z3{n] = za{r] + z3 [n — §], we get
Xa[k] = Xa[k] + (~1)* X5{k)
X[ = 2X, [k}, fork e\;ven
0, otherwise
40,000X, (j2r-5-k}, for k even, and 0 < k < 1999
Xslk} = { 40,000X, (527 -5- (k — 4000)), for k even, and 2000 < k < 3999

0, otherwise

This system provides the desired samples only for & an even integer. A sketch is provided below.

X0 9)

I

¢
o]

- At=;Hz‘
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10.24. (a) In this problem, we relate the DFT X (k] of a discrete-time signal z[n] to the continuous-time
Fourier tranform X.(j{) of the continuous-time signal z.{t). Since z{n] is obtained by samphng

z(t),
z[n) = z.(nT)
21rr)

P TR

X(e)

Over one period, assuming no aliasing, this is

; 1 W
Wy — : -l W<
X(e -—TXC(JT—-) for —r<w<nr
which is equivalent to
X (j% for0<w<n

Xy =
(™) {TX(“’"') for ¥ <w < 27

Since the DFT is a sampled version of X (e/¢),
Xk = X)), oppisn for0<k<N-1

we find
X (i%%), for0<ck<¥

ix
X[k} =
W { px (2%, for kN -1
Breaking up the DFT into two terms like this is necessary to relate the negative frequencies of
(70) to the proper indicies £ < k < N -1 in X[k]

The effective frequency spacing is
2x

27
(1000)(1/20,000)
2n(20) rad/s

Next, we determine if the designer’s assertion that
Y[k] = aX (j2n - 10- k)

is correct. To understand the effect of each step in the procedure, it helps to draw some frequency
domain plots. Assume the spectrum of the original signal z(¢} looks like

(b)
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X6

Q
=-21{10000) 2n{10000)

Sampling this continuous-time signal will produce the discrete-time signal zjn], with a spectrum

— X&) |
©  X[k] = Samples of X(¢'®)

1711

Next, we form
X[k}, 0<k <250
Wkl=< o0, 251 < kK < 749
X[k]), 750< k<999

and find w(n] as the inverse DFT of Wik].
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Wik]
1Te, o
% &
?oo
9 7
250 500 750 g9 K

Before going on, we should plot the Fourier transform, W (e}, of w{n]. It will look like

wie

)
1T
\L/\MK ®
2r

L

W (e’) goes through the DFT points and therefore is equal to samples of X.(j§) at these points
for 0 < k < 250 and 750 < k < 999, but it is not equal to X (1) between those frequencies.
Furthermore, W(e?) = 0 at the DFT frequencies for 251 < & < 749, but it is not zero between
those frequencies; i.e. we can not do ideal lowpass filtering using the DFT.
Now we define

wiZn), 0<n <499

yin] =
0, 500 < n <999

and let Y[k] be the DFT of y[n). First note that Y (e) is
Y(e¥) = SW(EM/?) + sW(ele2)7)

which looks like
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Y(e)
1#2T)
[
x 2n 3= 4x
Y[k} is equal to samples of the Y (e/*)
Yik] = Y(Cj”)bnzum

W (#Y) g (¥ (5)

Now putting all that we know together, we see that for £k = 0,1,..., 500, Y[k] is related to X (1)
as follows.

X (j27-10- k), k even, k # 500

Yik] = ¢ $Xc(j27-10-k), k = 500

FFW (7N} & LW (e#**-NYN) [ odd
In other words, the even indexed DFT samples are not aliased, but the odd indexed values (and
k = 500} are aliased. The designer’s assertion is not correct.

10.25. (a) Starting with definition of the time-dependent Fourier transform,

Yin, A} = Z yn + mlwm]e~IA™
we plug in N
yin+m)=> " hlkjzln + m - k]
k=0
to get
] M
Yi,) = Y 3 hiklzin +m - kjufmle=m
m=—00 k=0
M oo
= Z hk] 2 z{n + m — kjw[m]e~7*™
k=0 m=—00

i hk)X [n — k, A)
k=0
= hin]s X[n,})

where the convolution is for the variable n.



{b) Starting with
Yin,A) = e 7*¥]n, )

we find

¥in, %)

M
g™ 7An LE hik) X {n - k, A)]

=0

M
e~irn LZ ke’ >+ X [n — k, ,\)]

=0

Il

M
D" hikle=* Xin - k,3)
k=0

I the window is long compared to M, then a small time shift in X{n, \) won't radically alter the
spectrum, and ) i
- Xn—k ) = X[, N

Consequently,

M
Y[n,A) = Y hlkle**X[n, )
k=0

4

H(&)X[nA)

10.26. Plugging in the relation for ¢,,[m] into the equation for I{w) gives

L-1

1 = |
.L—U E Z: U[ﬂ]t'[ﬂ. + m]] g dum

ma~{L-1) n=0

I{w)

1 Lt L-1 _
= I7 Z v[n) Z v[n + mle”?™
=0

m==(L~1)
Let £ = n + m in the second summation. This gives

1 L-1 n+{l-1) _
I Seln] Y fflemiviem
n=0 t=n—{L-1)
n+{L-1)

L-1
= flﬁ‘;v[n]ej“’“ S vfflet

t=n~(L-1)

I{w)

Note that for all values of 0 < n < L =1, the second summation will be over ail non-zero values of v{f]
in the range 0 < £ < L — 1. As a result,

1 L-1 . L-1 )
IHw) = 0 ngov[n]c""" g y[fje~I=t

1 =g juw
= gV EVE)
1 fw
= v

Note that in this analysis, we have assumed that v{n] is a real sequence.
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10.27. (a} Since z[n] has length L, the aperiodic function, ¢;;[m], will be 2L ~ 1 points long. Therefore,
in order for the aperiodic correlation function to equal the periodic correlation fuction, &:.{m], for
0 < m < L - 1, we require that the inverse DFT is not time aliased. So, the minimum inverse
DFT length N ;. is
Npin =2L -1

(b) If we require M points to be unaliased, we can have L — M aliased points. Therefore, for &;.[m] =
¢az[m] for 0 < m < M - 1, the minimum inverse DFT length Npip is

Npin = 2L-1-(L- M)
= L+M-1

10.28. (a) Let
wrlm] = ﬁ(uw - ufn — M])

be a scaled rectangular pulse. Then we can write the aperiodic autocorrelation as,

wgim] = 2 wg[rjwaln + m]

= Z wrlk — mjwrlk]
k=—co

= Y walkwal-(m &)
k=-00
= wgim]s wg[-m)]

The convolution above is the triangular signal described by the symmetric Bartiett window formula.
This is shown graphically below for a few critical cases of m.

Consider m = —(M —1). This is first value of n for which the two signals overlap.

m = —{M - 1) case

o wK] 12
* wlk+(M-1)]

T
k=—(M-1)

At m =0, all non-.mo samples overiap.



m=0case

0 wolk] M-"Zl T ¢
* wlk]

=

k=0
Consider m = (M — 1). This is last value of m for which the two signals overlap.

m=(M- 1) case

0 wiik] M“’**C)(?(fO*TT**

* W [k—(M-1)]

k=M-1
The final result of the aperiodic autocorrelation is

wglm]

1¢

=
m=—(M-1)

g (1

Stated mathematically, this is

1-im|/M, |mj<M-1
0, otherwise

wg[m] = {

(b) The transform of the causal scaled rectangular pulse wgin] is

Wa(e™) = 1 sin(wM/i’)c-,...(u-z)/z

VM sin(w/2)
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From part (a), we know that the Bartlett window can be found by convolving wr{m] with wg[-m).
In the freq_uency domain, we therefore have,

Wa(e™) Wg(e™)Wr(e™)
[71-; sin(wM/?) e-jw(]l—l)/?] [\/1__ sin(z““‘; ; )2) ,::'ww-xm]
M s 2 in{—w
1 si.n:l:.:://ﬂ 2 ue
M [ sin(w/2)

{c) The power spectrum, defined as the Fourier transform of the aperiodic autocorrelation sequence,
is always nonnegative. Thus, any window that can be represented as an aperiodic autocorrelation
sequence will have a nonnegative Fourier transform. So to generate other finite-length window se-
quences, win], that have nonnegative Fourier transforms, simply take the aperiodic autocorrelation
of an input sequence, zin].

win] = z z{m}z[r + m)

RS = 00

The signal w{n] will have a ponnegative Fourier transform.

10.29. (a) Rectangular: The Fourier transform of the rectangular window is given by
Moy

We(e™)= 3 (e
m=—(M-1)
letn=m+(M-1) Then,m=n~{M - 1), and
2(M—1)
Wg(e™) = Z e~ Jwln—(M-1)]
n=0

2(M—1)
= cjw(u—l) z e—jn.m
n=0

Using the relation :
M-l M

1-—
gﬂ;:": l—aa

we find

_ 1 — e—swl2(M-1)+1]
cjw(ﬂ—l)

Wa(e™) —

_ ejw(M—l) 1~ e-—-jw(zu-l)
1~ esw
I (M-1) _ g—jwM
1—edw
emIu/2 [ (M=1/2) _ g=uwM-1/2)]
e~7i{eiZ — g—3ul3]
SIw(M=1/2) _ g~juwl(M-1{2}

plwfd _ g=~ju /2
2j sinfw(M ~ 3)]
2; sin(w /2)
_ sinfw(M - 3)]
~ sin(w/2)
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or ‘

sin{w-———-”;"‘]
sin{w/2)

where 2M - 1 is the window length. A sketch of Wg(e?*) appears below.

Wr(e™™) =

W (e
2M-1

N LN
%7 <F
-2n/(2M-1) 2xn/(2M-1)
Bartlett (triangular): Wg{e") is the Fourier transform of a triangular signal,

"ol

T1Y

ejTT |1 L1 TTT?%.“

-{M-1) 0 M-1
which is the convolution of a rectangular signal,
x{m}

o?oooooqqroqw"z

m
~(M-1)2 0 (M-1)2

with itself. That is, wg[m] = z{m] « z[m].
Above, we found the Fourier tranform of a rectangular window, as

sinfuw2M=1)
sin{w /2)

where 2M — 1 was the length of the window. We can use this result to find the Fourier
transform of z{m]. The signal z[m] is similar to the rectangular window, the difference being

Wr(ev) =
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that it is scaled by —i= and has a length 2#-1 + 1 = M. Therefore,

1 sin{wM/2)
VM sin(w/2)

The time domain convolution, wg{m] = z{m|+z[m] corresponds to a multiplication, Wg(e*) =
[X{e’)]? in the frequency domam As a result,

X(&¥) =

Ws(e) = [x(*)’
_ 1 sin(uM/z)]’
M | sin(w/2)
A sketch of W(e#“) appears below. .

A/\Am

—zﬂM ‘ 21u'M
Hanning/Hamming: Starting with
wrlm] = (a+Bcosfrm/(M ~1)]}wrim]
( 3e,tm/(u 1)+g _,..-m/(u-x)) R[m}

wWH [m] =
We take the Fourier transform to find

Wy(e™)

aWR(eju)+ g (Wﬂ(cj[u—tl(u—l)])+Wn(cj[w+1/(u—1)]))

sinfw (M - 1)] | 8 [sinl(w - 555)(M - 1))
sin(w/2) 2 sinf(w- g5)/2

B [ﬁn{(w T M - %)1]
2

+ sin(w + g1 )/2]

A sketch of Wy (ef) appears below.

- 0 R
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(b) Rectangular: The approximate taiplobe width, and the approximate variance ratio, F, for the
rectangular window are found below for large M.
In part (a), we found the Fourier transform of the rectangular window as

sinfw(M - 1))

A7)
The numerator becomes zero when the argument of its sine term equals xn.
(M - 1)w
— =
2rn
YT M-

Plugging in n = 1 gives us half the mainiobe bandwidth.

) . _ 2x
-2-Ma.mlobe bandwidth = M —1
. . 4r
Mainiobe bandwidth = -2—[4.—_—1
Mainlobe bandwidth = -i—;-
1 (M-1)
F = = Z w?[m]
Q m=—(M-1)
1
= —=2M-1
Q( )
~ M
]

Bartlett (triangular): The approximate mainlobe width, and the approximate variance ratio,
F, for the Bartlett window are found below for large M.

In part (a), we found the Fourier transform of the Bartlett window as

oy 1 [sin(wM/2)}?
W)= ey
The numerator becomes zero when the argument of its sine term equals xn.
Mo
2
_ %mn
Y =

Plugging in n = 1 gives us half the mainfobe bandwidtk.
%Mainlobe bandwidth =

x|§ IV

Mainiobe bandwidth =

Te compute F, we use the relations

Em MM -1)

mz=} 2

M-1
2 _ MM-1)(2M~1)
" e




_ M -1)M  2AM - )M(2M - 1) ]
- -t oy
=~ 2M-2M+-2-£-‘—

. 2M

TR

Hanning /Hamming: We can approximate the mainlobe bandwidth by analyzing the Fourier
transform derived in Part (a). Looking at one of the tertns from this expression,

sin{(w - A5 )(M — %)]]
]

2 |7 sinf(w - gg)/2

we note that the numerator is zero whenever the its argument equals ™, or

(- =) (-3) = =

W =

nr x
M-(/2) ' M-1
nr T
MM
w(n+1)

M

n

H

So the mainlobe bandwidth for this term is

x

M
27

M
Note that the peak value for this term occurs at a frequency w =~ x /M.

-;—Ma.in.lobe bandwidth

n

Mainlobe bandwidth =

A similar analysis can be applied to the other terms in Fourier transform denved in Part (a).
The mainlobe bandwidth for the term

8 [snl(w + Z5)(M - })]
2 | sinllw + w72

is also 2x /M. Note that the peak value for this term occurs at a frequency w =~ —r/M.

Finally, the mainlobe bandwidth for the term
sinfw (M — )]
sin(w/2)



is also 27 /M. Note that the peak value for this term occurs at a frequency w = 0.

A sample plot of these three terms, for § = 2a and large M is shown below.

w
=% (4] n
-2 M /M 2nM
Thus, for large M, the mainlobe bandwidth is bounded by
2x . ) 4%
o < Mainlobe bandwidth < M
Therefore, a reasonable approximation for the mainlobe bandwidth is .
. . 3
Mainiobe bandwidth =~ W
1 M m 2
F = 6 (a + S cos (ﬂ_l))
m=—{M-1] -
1 M-1 \ M-1 m \ M-1 [ *m
= ] Z a’ +2af Z cos(M_l)+[3 Z cos (M—l)
m=—{M-1) m=-{M-1) m=-({M-1)
Using the relation 1 :
1
20 =2 4=
cos’ = 3 + 2 cos 26
we get
F = <= a? + 2af €os ( )
Q m=-(M—1) m=—(M-1) M-1
52 M-1 ﬁg M-l 2rm
+T 2 W+5 3 es{pg—)|
m={M-1) m=—(M-1)
Noting that

i
I
.

T ()
cm ——
m=—(M—1) M-1

M1 2

> (i) =

m=—{M-1}
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we conclude
1 82 al
F = 6[(2M—1)a’-2a6+-2-(2M-1)+ 2]
- ¥ (e8)

10.30. (a} Using the definition of the time-dependent Fourier transform we find

13
X[0,k = Z:[m]e—j(zr/ﬂkm

m=0
€ 13
= z z[m]e=i@w/Mkm o Z z[ljeiCe/MH
m=0 =7

6 6
= Z Z{m)e= I/ NEm z z{m + T)e~ S/ TIEm gmi2xk
m=0 m=0
6
= Z (z[m] + z[m + 7))e3/T}m
m=0

Xmj [
oo

By plotting z{m]

H—0- - &

-1 0 1 2 3 4 5 6
we see that z[m] + z{m + 7] = 1 for 0 < m < 6. Thus,

6
z (I)G-j(i’:ﬁ)km
m=0

DFT{1}
75[k)

X[0, K

{b) If we follow the same procedure we used in part (a) we find

13
X[n,k = Z z{n + m]e=7@7/T)km

m=0
s 13
= Y zin+mle @™ L8 " g 4 fJemi2n /NN
m=0 =7
s
= Y (#ln+m] +z[n +m + 7))eICn/Tem
m=D

Withn > 0 we havezjn+m]+zjn+m+ 7} =1for 0 <m <6, and 50

Xn, k] = DFT{1}
78]k}



Therefore, for 0 < n < o0 we have

6 6
D X[k = Y 78K
k=0 k=0
= 7

- 10.31. (a) Sampling the continuous-time input signal

(b)

(c)

z(t) = IOx/8N0%
with a sampling period T' = 10™* yields a discrete-time signal
zin] = z{nT) = &>™/®

In order for X,,[k] to be nonzero at exactly one value of k, it is necessary for the frequency of the
complex exponential of z{n} to correspond to that of a DFT coefficent, wy = 2xk/N. Thus,

3= 2%k

s N
16k
3
The smallest value of k for whick N is an integer is k = 3. Thus, the smallest value of N such that
X {k] is nonzero at exactly one value of k is

N =

N=16

The rectangular windows, w;[n] and w»[r], differ only in their lengths. w,[n| has length 32, and
wz[n] has length 8. Recall that compared to that of a longer window, the Fourier transform of a
shorter window has a larger mainiobe width and higher sidelobes. Since the DFT is a sampled
version of the Fourier transform, we might try to look for these features in the two plots. We notice
that the second plot, Figure P10.31-3, appears to have a larger mainlobe width and higher sidelobes.
As a result, we conclude that Figure P10.31-2 corresponds to w;|n], and P10.31-3 corresponds to
i [ﬂ]

A simple technique to estimate the value of wy is to find the value of k at which the peak of | X [k}|

occurs. Then, the estimate, is
. 2%k
WEN

The corresponding value of {)g is
o = 27k
T NT
This estimate is not exact, since the peak of the Fourier transform magnitude | X, (e’*)] might
occur between two values of the DFT magnitude | X[k]|, as shown below.

DTFT: IX_ (™)
o DFT: 1 k)
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(d)

The maximum possible error, Qmax error, of the frequency estimate is one half of the frequency
resolution of the DFT.

12

Qmax error = 3WT
m

NT
For the system parameters of N = 32, and 7 = 10~4, this is
ﬂma,x SITOI = 982 rad/s
To develop a procedure to get an exact estimate of (I, it helps to derive X [k). First, let’s find
the Fourier transform of z,{n] = z{n]w|n], where w[n] is an N-point rectangular window.

X {¢)

N-1
z cjwone—jun
n=0

N-1
= E e ilw—woln
n=0

Let o' = w —wy. Then,

. N—l -
Xa(e®) = 3 eion
n=0

1- e—jw‘N
1—e—dw
(9 NI2 _ =5 N2y =i’ N/2
(e—jw‘ﬂ - e-ju'/?)e—jw‘ﬁ
Sn(/N/2) _juriroay
sin(u’ /2)
Sil_ll(w - wo}N/ 2]e—j(w—w)(N—1)/2
sin[{w — wo}/2]

Note that X,(e’“) bas generalized linear phase. Having established this equation for X (e’),
we now find Xy[k]. Recall that X, [k] is simply the Fourier transform X, (e’“) evaluated at the
frequencies w = 27k /N, for k=0,...,N - 1. Thus,

X,k = s:?l{l([%;:k/;\;\r ‘_“:c)’;‘;é:]*l,~:‘(2-t/~-uo)w—n/z

Note that the phase of X, [k], using the above equation, is

_(2rk/N-;Jp)(N -1) tmr
where the mr term comes from th_e fact that the tenn

in{(2xk/N ~ wp)N/2]
sinf(2xk/N - wp)/2]

can change sign {i.e. become negative or positive), and thereby offset the phase by » radians. In
addition, this term accounts for wrapping the phase, so that the phase stays in the range [-x, 7).

tXy [k} =
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Re-expressing the equation for £X,[k], we find
_2AlXy[k] —mn)  2xk
“=""NZ1 N
Let Xy, {k} be the DFT of the 32-point sequence z,,,[n] = z{n]w: [n], and let X2y, [k] be the DFT of
the 8-point sequence 23, [n] = z[nJw;[r]. Note that the kth DFT coefficient of Xa,[k] corresponds

to Xi,[4k). Thus, we can relate the 8 DFT coeffients of Xz,,[k] to 8 of the DFT coefficients in
Xywlk]. Using the k = Oth DFT coefficient for simplicity, we find

2L Xu1[0] = ma)  2(£Xw2[0] - p7)

32-1 - 8-~1
L X1 {0) — mx _ L X 2[0) ~ pr
15.5 - 3.5

A solution that satisfies these equations, with m and p integers, will yield a precise estimate of
wp. We can accelerate solving these equations by determining which values of m and p to check.
This is done by looking at the peak of |X,[k]| in a procedure similar to Part (¢). Suppose that
the indices for two largest values of |X,,[k]| are km:n and kpaz. Then, we know that the peak of
{.X (e2¢}] will occur in the range
27kmin < < 2rkmaz

N SY=TR

By re-expressing the equation for ZX,[k], we see that

il

i = 2 [2Xebomin] + (2522 — ) (¥ = )

1

Mimas é [21)(.,1[1:,“,] + (2”;'““’ -oo) (N - 1)]

In these equations, ay is the estimate found in Part (¢). So we would lock for values of m ip the
range {|Mmin], [Mmaz]]. Similar expressions hold for p.

Once wy is known, we cab find {1y using the relation 2 = wp/T.
10.32. For each part, we use the definition of the time-dependent Fourier transform,

Xin,A) = i zin + mjwmle= 2™,
(a) Linearity': using z{n] = az;[n] + bz2{n)],

X,y = i z{n + mw[m]e 7™

TM==—00

= i (az1[n + m] + bz;[n + m]) wim]e~32™

m=—00

a i ) [n + mjw[m]e=3*™ + b _i z2[n + mluwlmje~I*™

= aXyn,A) +bXz[n, A)

N

(b} Shifting: using y[n] = z[r — ng],
Y[n,A) = z yin + mjw[mje=iAm

m= =00
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= _Z z[n —ng + m]w[m]e—j‘\m

= Xn-ng )
{c) Modulation: using y[n} = ewonz|n],

yin+m] = &+ Mzin 4 m)
Y[n,2} = i yin + mjuw[m]e~ ™

m=—00

00
= Z gheelniml oty £ mlwimle= A"
m=—od
hiacd . -
= Z e7onz[n + mjwimle A~
bt -

7" X [n, X — wy)

(d} Conjugate Symmetry: for z[n] and win] real,

X[n,A) = z zin + m}w[m]e'j)‘m

) .

S zln+ mjuwfm]e*™
[X[n, -2
= X*[n.-})

10.33. (a) We are given that ¢.(7} = £ {z.(t)z.(t + 7)}. Since z|n} = z.(nT),

¢m] = £ {z[n)z[n +ml]}
= E{z.(nT)z(nT + mT)}
= ¢(mT}

(b) P(w) and P.(Q) are the transforms of ¢{m] and ¢.(7) respectively. Since ¢{r) is a sampled version
of ¢.(7), P(w) and F.(§2) are related by

Plo) = Z P, (u 21rk)

t—-oa

{¢) The condition is that no aliasing occurs when sampling. Thus, we require that Pc(ﬂ) = 0 for
{2 > ¥ so that

Pw)=2P.(5). ol < #
10.34. In this problem, we are given

» z[n| = Acos(uon + &) + ejn]
¢ 8 is a uniform random variabie on 0 to 2x
& ¢[n] is an independent, zero mean random variable
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(a) Computing the autocorrelation function,

& {z[n]z[n + m]}
£ {(A cos(won + 8) + fn]) (A cos{wo(n + m) + 8) + ¢[n + m]}}
£ { A® cos(won + 8) cos{wo(n + m) + 8)}
+ £ {Ae[n] cos{wo{n + m) + 8)} + £ {Ae[n + m] cos(won + 8)}
+ £ {e[n]e[n + m]} _
AE {cos(won + 8) cos{wo(n + m) + 8)}
+ AZ {e]n]} £ {cos(wo{n + m) + 8)} + AE {e[n + m]} £ {cos(won + 6)}
+ £ {e|[n]e[n + m]}

Gex [m]

First, note that

cos(a) cos(b) = % cosa +B) + % cos(a — b)

Therefore, the first term can be re-expressed as
A% {% cos (2uon + wom +26) + 3 cos(wom)}

Next, note that
Ef{en]} =0

As a result, the two middle terms drop out. Finally, note that since e{n] is a sequence of zero-mean
variables that are uncorrelated with each other,

£ {e[n]efn + m]} = o25{m], where ¢? = £ {e?n}}

Putting this together, we get

bz:[m] = A*E {% c0s (2won + wom + 26) + %cos(wom)} + o28[m]

Since ;- f:' cos(2uwon + wom + 26)d8 = 0, we have

Az
$z:[m) = by cos(wom) + crf&[m]

(b} Since the Fourier transform of cos(wom) is #8{w ~ wg) + ®(w + wy) for jw| <,

fur Azt 2
€2 (07) = Poalw) = - [6(w = wo) + 8(w + wy)] + o7

10.35. (a) Plugging in the equation

1K) = Ien) = 7 VIR

into the relation

var{l(w)] = P, {w)

we find that
i) = Piw)
wr fiVIHP] = L2PL()
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This equation can be used to find the approximate variance of | X [k]|?>. We substitute the signal
X[k for VK], the DFT length N for L, and use the power spectrum

Peo(w) =03
This gives
var [| X[k]|*] = N}
{b) The cross—correlation is found below.

N-1 N-1

E{XIHX[} = 3 3 Efelnlelna} Wy wi™
ny =0 nz=0
N-=1 N-1

= z z: 0’:6[111 - ﬂz]W:,“‘ W;mi

n;l=0 n3=0

N=1
- T
x
n=0

_ 21l- wi¢
S v
Na?5lk - r]

Note that the cross-correlation is zero everywhere except when k = r. This is what one would
expect for white noise, since samples for which k # r are compietely uncorrelated.

10.36. (a) The length of the data record is

20, 000 samples

@ = 10 seconds- second

Q = 200,000 samples

{b) To achieve a 10 Hz or less spacing between samples of the power spectrum, we require
R

NT

N

10 Hz

IA

v

v v
sy
(=]

()

= 97.66 segments

If we zero-pad the last segment so that it contains 2048 samples, we will have K = 98 segments.

(d) The key to reducing the variance is to use more segments. Two methods are discussed below.
Note that in both methods, we want the segments to be length L = 2048 5o that we maintain the

frequency spacing.
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(i) Decreasing the length of the segments to j-th their length, and then zero-padding them to
L = 2048 samples will increase X by a factor of 10. Accordingly, the variance will decrease by
a factor of 10. However, the frequency resolution will be reduced.

(ii) If we increase the data record to 2,000,000 samples, we can keep the window length the same
and increase K by a factor of 10. '

10.37. (a) Taking the expected value of

(b)

¢im] = 51_; _: T{w)e ™ dw

gives
£{@m]} = 5{51; _: T(w)ef"'"dw}
- 51;’[_:5{7@)}9"'"@

Using the relation
L (w8
£ {I(w)} = LU ‘[-' P,,(G)wa(e" )d9

we find

c@my = 5 [ [hjw " PeaCunlee0)dd] e

1
2xLU P" (©) [

cw(ei‘“-’))ei”'“du] dé

-

Substituting v’ =w ~ & in the inner integral vields

s L 3 L '
£{¢[m]} = 5I0 - P..(8) [5; j;’-‘ Cowle™ )ej(u +o)mdw] dé
= 5oz | PO | " el 5 |
T 2xLU 32 el

Note we can change the limits of integration of the inner integral to be [—n, 7] because we are
integrating over the whole period. Doing this gives

E{dm]} = '2"}'11,7 _/: P (6)™ [—1- _: c.,,(e’"')ei”""w] b

= 21rLU[ Pes 6)e7"" {cuctml} d8

= fpceelm) [,_,-, [_ ) P,,(o)e"“de]

= sgcoulmidestm]

Bl = 1 3 Termemsn
el N ~



By applying the sampling theorem to Fourier transforms, we see that

3?{"ﬂ] = Z .zzslm +TN]

r=—0

EGm)} = 3 £{Fulm+rN])

1 o0
= 15 .-Z-:m Cowlm + rN]¢zz[m + rN)
which is a time aliased version of £ {,.[m]}.
(¢} N should be chosen so that no time aliasing occurs. Since ¢,,[m] is 2L — 1 points long, we should
choose N > 2L.
10.38. (a) For0<m< M,

Q-m-1

Z z[njz[n + m)

n=0

M-1 2M-1 KM-1

[Z z[njzln + m] + Z zinlzln +m]+ ...+ z z{n]z[n + m]]

n=0 =M n=(K-1)M

é:z [m]

I
|-

O] =

O]~

M=-1
[Z z[n]z{n + m)
n=0

- M-1
l.'-:{n+1\4(]:[11-l—)\r!«l-m]+...-i— Z :[n+(K—1)M]z[n+{K—I)M+m]]
=0

4

+

I i

"
O -
g

M-
Zz{n-HM]zn+zM+m]
n=>0

...

T

]
O] =
EM

-

cifm]

where
M-1

cilm] = Ez[n+t‘)r{}z{n+z‘M+m] for0<m<M-1
n=0
{b) We can rewrite the expression for c;[m] from part (a) as

M-1

E z{n + iMz{n + iM + m]

nx=0

M- N-1

= z z2in +iMz[n +iM + m] + Z 0-z[n+:iM +m)
n=0 n M
N-1

= Z zi[nlyi[n + m)

n=0

f

&fm)

2l = zin+iM], 0<n<M-1
0, M<n<N-1
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and
yi[n] = zfn + M) foro<n<N-1

Thus, the correlations c;{m] can be obtained by computing N-point linear correlations. Next, we
show that for N > 2M — 1, circular correlation is equivalent to linear correlation.

Note that the circular correlation of z;n} with y;[n],

N-1
Eyzlm] = Z zi{nlyi[((n + m))n]

n=0

can be expressed as

Ealm] = &y[-m]
N-1

= 5 zl((n - m))nluiln)
n:._-qo
N-1

= z zi[{({m — n)}~]yiln]

n=0
where 2'[n] = z[~n). Note that this is a circular convolution of z;[-n] with y,{n]. Thus, we have
expressed the circular correlation of z;[n] with yi[n] as a circular convolution of z;[—n] with yi[n].
Now recall from chapter 8 that the circular convolution of two M point signals is equivalent to
their linear convolution when N > 2M — 1. Since we can express the circular correlation in terms
of a circular convolution, this result applies to circular correlation as well. Therefore, we see that
N >2M-1,
&[m] = &[m] for0<m<M~1
Thus, the minimum value of N is 2M — 1.
(c}) A procedure for computing ¢.;[m] is described below.
step 1: Compute X;[k] and Y;[k], which are the N > 2M — 1 point DFTs of z;[n] and yi[n)].
step 2: Maultiply X;[k] and Y;*[k] point by point, yielding C;[k] = Ci[k] = X:[k]Y;"[k]-
step 3: Repeat the above two steps for all data (K times}, then compute

K-1
é,,[k]:é—ZC,[k] for 0S k< N-1
=0

step 4: Take the N point inverse DFT of i,,[k] to get $,,[m.].

Assuming that a radix-2 FFT, requiring ¥ log, N complex multiplications is used to compute the
forward and inverse DFTS, the number of complex multiplications is

2-Zlog, N-K =KNlog, N, forstepl

KN, for step 2
N, for divide by Q operation in step 3
Zlog, N for step 4

So the total number of complex multiplications is (K + $)Niog, N + (K + 1)N.

(d) The procedure developed in part (c} would compute the cross-correlation estimate $:, without any
major modifications. All we need to do is redefine y;[n] as

wln)=yln+iM], 0<n<N-1



and z;[n} is the same as it was before, namely

zidn] = zZln+iM], 0<n<M-1
0, M<n<N-1

Note that for m < 0, @zy[m] = ¢ya[—m].
{e) For N = 2M,

vi[n] = z[n+iM), for0<n<2M -1

2ln + iM)(uln] — uln — M]) + zln + iM)(uln — M] - uln - 2M])

z[n + iM](un] - uln — M]) + z[n ~ M + (i + 1)M](u{n - M] - u[n - 2M))
= zin] + zi41[n - M]

Taking the DFT of this expression yields
Yi[k) = Xilk] + (-1)* X, [&]

A procedure for computing @, for 0 < m < M — 1 is described below.
step 1: Compute the N point DFT X;[k] fori =0,1,...,K.
step 2: Compute Yi[k] = X;[k] + (-1)* X [k] fori=0,1,... . K - L
step 3: Let Ay[k] = 0 and compute
As[k] = A [k]) + X[k (K], i=1,...,K-1

step 4: Define V[k] = Ax_,[k]. Compute v[m], the N point inverse DFT of V[k].
step 5: Compute . ‘

- 1

$zz[m} = a”[m]

Assuming that a radix-2 FFT, requiring & ¥ log, N complex multiplications is used to compube the
forward and inverse DFTs, the pumber of complex multiplications is

(K+1)&1og, N, for step 1

0, for step 2
{K -1)N, for step 3
-‘;'-iogzN, for step 4
N, for the divide by Q in step 5

So the total number of complex multiplications is ££2N log, N + K N. Note that for large N and
K, this procedure requires roughly half the number of complex multiplications as the procedure
described in part {c).

10.39. (a) Using the relations,

dnm] = o j_ " X NEeAma
X[n,A) = i z[n + mjwim]e=2™d)

m=—o0
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we find

dn,m] = [X[n, A)2ei™ dx

1 t 8
).

= «31; / " X{n, ) X[n, ~N)ePmax
51;[1 i z[n+[]w[!,]e“i“) ( i z[n +r]w[r]ej;\r) C”md)\

== r=—0o0

= T ¥ cn+tullelnsruid (5 [ eererma)

{=—0p r=—oo -r

= z f: z{n + ljuw{ljz[n + rjwr) (2% f" e—IA(=t+7) gAm d,\)

Py -
Using the Fourier transform relation,
8[n — ng) «— ™™
we find e o
drm)= 3" 3 zin+fuiljzin + rjwlrldim — i + 7]
I=—co =00

The éfm — ! + 7] term is zero everwhere except when m — ! + r = 0. Therefore, we can replace the
two sums of [ and r with one sum over r, by substituting { = m +r.

cn,m] = _Z z{n + m + rjw{m + rjz|n + rjw|r]
E z[n + rlw(r)z(n + m + rjwjm + 1

r=—co

(b) First, note that

n

1 Xin, X[n,-2)X[n, X)

= |X[n, -3
Starting with the definition of c[n, m],
dn,m] = ’2'1}' (X n, M) 2 ™dr
cn, -m) = L f i [Xn, M)W e~ iAmdx
] 2*’ —_ ]

we substitute M’ = —A to get

-
dn-ml =~ [ Xn-3)F e max
-

—_ - * -\ 2 XM gyr
= 5/ Xb-afema

= 5 [ IXln )P ¥ max
= cn,m]



Thus, the time-dependent autocorrelation function is an even function ¢f m for n fixed. Next, we
use this fact to obtain the equivalent expression for ¢[n, m).

en,m] = ;m z[n + rhwlrjz{m + n + rjwlm + r]
= fizh+qwm4-m+n+dwkm+d
Substituting r' = n + r gives T
- Hg;mzlr’lw[r‘ - sl - mjul(r’ - m) -]
= #im z{r'jz[r’ — mlwlr’ - nlw]—(m +n - )]
= r'im zir'jz[r' — m)hmin — )

where
ki) = wf-rluf—(m + 1))
(c) To compute ¢[n,m] by causal operations, we see that
bonlr} = wl-rlul(m + )]
requires that wir] must be zero for
-r < 0
r >0
and wir] must be zero for
—(m+1) < 0
m+r > 0
r > -m

Thus, wir] must be zero for r > min(0, —m). I m is positive, then w[r] must be zero for r > 0.
This is equivalent to the requirement that w{—r] must be zero for r < 0.

(d) Plugging in
_Ja, r20
wkﬂ"{m r<o
into Aglr] = w—rjw[—(m +r})}, we find

hmir] = {

Taking the z-transform of this expression gives

g¥tm e >0,r> -m

0, otherwise

Y hmirle"

- 2 a¥rtm T
rxl)

a™ 2 (a‘.'z—-l)'

i

Hn(z)

n
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Again we have assumed that m is positive. If || > a2, then

Hole) =
hmlr] = a™é[r]) + a*hnfr — 1)
Using this in the equation for ¢jn, m) gives
eln,m] = Z z[riz[r — m]hnn — 7]
= Z zfr]z[r = m] (¢™8[n - r] + Zhmin — r — 1))
= a™z[n)z[n - m] + a® 2 z[rlz[r — m}knin - r — 1]

= a™z|njzin —m]+a’cfn — 1,m)

A block diagram of this system appears below.

am

£r > ¢[n,m]

x{n] '

{e) Next, consider the system

ra", >0
wl=rl= 0 r<0

hm[r) {ra"u[r]} {(r + m}a"™u[r + m]}

= a™r’e® +a™mra®* r>tr>-m
To get the z-transform H,,(z), recall the z-transform property: rzir] & —z%ﬂ. Using this
property, we find

2 a?z-1
ra*Tulr] < A=y
2,-1 2,-1
2,2r e’z (1+6%°z71)
e’ ufr] <= A= a1y

Agair we have assumed that m is positive. Thus,
a?z (1 + a’z")] a2z
miZ <~ T 1+ m|_ @2
¢ [ (1-a2z71)3 ma [(1 - nzz'l)ﬁ]
a™+22-1(1 4+ a®271) + ma™(a?271)(1 - a?z7?)
(1 - 422-1)3

Hu(z)

I
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a™*t2z=1(1 + a?z~! + m - ma?z™1)
Q- afz-1y
a™*2(1 4+ m)z! + a™ (1l - m)z~?
1—3a%z71 +3a42-% — af2—3

Cross-multiplying and taking the inverse z-transform gives

hmlr] = 36*hm[r = 1) + 36*hm[r — 2] — @®hnfr — 3] = a™*2(1 + m)d[r - 1] + a™*(1 ~ m)d[r - 2)
hmlr} = 3a®hylr - 1] — 3a*hnmfr = 2] + a®hnlr — 3] + a™*23(1 + m)d{r — 1] + a™ (1 - m)sfr - 2)
Using this relation for Anfr] in

cn,m] = Z z{r]|zfr — mlhp[n -7}
we get
gn,m] = i zfrlzfr ~ m] (36%hm[n — r — 1) — 3a*hm[n — r = 2] + a®hp[n - r - 3])

+ i z[rlzlr - m] (@™**(1 + m)é[n — r — Y + a™ (1 - m)§[n - r - 2])
= 3a2;{n -1,m]- Sa‘c[n-— 2,m] + ac[n — 3, m]
+a™*(1 + m)zfn - 1)z[n ~ 1 — m] + a™ (1 ~ m)z[n - 2jz[n ~ 2 — m)

A block diagram of this system appears below.

= A ik n
x{n] > X > A > v > > ¢{n,m)
~ty ' f <+ -1
b4 4 2 Z
a™2me1)z ™ ¥ 3a
N v
r ~
N -1 A _33‘ ¥ z—1
z Q
> X —>-
=1 N -t
2z med 1 6 FJ
a (1-m)z""¥ 3 a
— —t
B ~

rd

10.40. (a) Looking at the figure, we see that

X = {(elrde) ol
= [ Z z[n_..m]e"j-\(ﬂ"m)ho[m} Pzt
= 5 efn - mihdmlem

Let m' = —m. Then,

NI e ——

m’ =00



(b)

4“7

z z{n + m'Jho[—m']e~ I

m'=—00
= X[n,A)
if ho[-m] = w[m]. Next, we show that for A fixed, X[n, 1) behaves as a linear, time-invariant
system.
Linear: Inputting the signal az,[n] + bz2[n} into the system yields

oo

Z (azi[n + m] + bxz[n + m)) ho[..m]e-iim =
i a:n[n + m]ho[-m]c'.iAm -+ f: b-'l!z[ﬂ + m}ho[—m]e*jlm = GX1{‘n, 4\) + ng[ﬂ, .\)

The system is linear.
Time invariant: Shifting the input z[r] by an amount [ yields
m 1
E z{n + m + lJhol-mle™*™ = X[n +1,))
AT =00
which is the output shifted by ! samples. The system is time-invariant.

Next, we find the impulse response and frequency response of the system. To find the impulse
response, denoted as h(n], we let z[n] = 4[n].

Z d[n + mjw[m]e=I*™

m=—co
w[-n}e’ "
-— ho[ﬂ}ej'\n
Taking the DTFT gives the frequency response, denoted as H(e/“).
H(e™) = Hy(e!v—)

Aln]

We find S(e7*) to be

(z[nle™") + w[~n]

X (eH+0) w(e=i)

s[n}
S(e?)

S(e*) = X (@) Holel)

Note that most typical window sequences are lowpass in nature, and are centered around a fre-
quency of w = 0. Since Ho(e"") = W(e7“) is the Fourier transform of a window wh:ch is lJowpass
in nature, the s:gna.l S(e?*) is also lowpass.

The signal s{n] = X[n, X) is multiplied by a complex exponential ¢3*". This modulation shifts the
frequency response of S(e?*) so that it is centered at w = A
hin} sinje’*»
H{*) = § (a'(w-*’)

Since S{e’) is lowpass filter centered at w = 0, the overall system is a bandpass filter centered at
w= A
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{c) First, it is shown that the individual outputs yi[n] are samples (in the A dimension) of the time-

dependent Fourier transform.

L]

Z z[n + mjwlm]e=iem™
M= -0

o0
= z z[n + mjw[m]e~3xtm/N

R =00

viln]

]

X[n, A”A:zttﬂv
Next, it is shown that the overall cutput is y[n] = Nw{0]z{n].

N=1
wnl = Y winl

k=0
N-1 oo
= z Z z[n + mjwlm]e~I2xkm/N
k=0 m=-x
oo N-1 *

= 2 z z[n + mjw|m)e72"Em/N

m=—o0 k=0

oo N-1
= z z{n + mjw(m)] z e~ Jirkm/N
m=--0s k=0
Néjm]
=  Nuwl0]z[n]

{d} Consider a single channel,

decimator expander

5
>

x{n] hainl In 1R g inl

e"'i lk n e' lk n
In the frequency domain, the input to the decimator is
X (e#et2)) Hofe™)
so the output of the decimator is
R-1
1 i ((w~—2xl)/ R4+ ot =T R
% Y x (e:u )/ R+ .1) H, (,ﬂ )/ )
=0
The output of the expander is

% Z X (e.i(w-a. —211/8)) H, (cj(u-zrllﬂ))

rd

AL
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The output Yi(e/) is then

R-1
) 1 ) ) )
A (w=2Ax) {w—2xI/R) {w=2.=2xl/R)
}i(e’)—RZGg(e-' *)X(e"" )Hg(e’ & )
=0
The overall system output is formed by summing these terms over k.

Y(e'v)

I

N-1 )

pIR ACH!

k=0
R—-1N-1

- 3EEa () o)

I=0 k=0

To cancel the aliasing, we rewrite the equation as follows:

Y{&v) = X (e"“)% :\f H, (,i(u—a\s)) Go (ej(w--\.))
k=0

R-1

+ Z X (e.f(u-—zrt/m) }l_zﬂz-lgo (ej(u-xs)) Hy (ei(w-x,, —2:1/3))
k=0 ’

i=1

LN —

Aliasing 6omponent

Therefore, we require the following relations to be satisfied so that y[n) = z{n]:
N1
> Go (M) By (He-M-aR) = 0, Ve, andi=1...,R-1
= =) o)
(FEN Y w—Ai
g Ho (/=2 G (e
(e) Yes, it is possible. G,{e?) = N Hy(e?) will yield exact reconstruction.

{f) See chapter 7 in “Multirate Digital Signal Processing” by Crochiere and Rabiner, 1983.
{g} Once again, we consider a single channel,

R, Vo

decimator expander

xin] holnl—— | R I gginl wdnl

eiAD PN

From Part {a}, we know that the output of the filter hg[n] is

X[ﬂ., A} = i z{mlhofn ~ m}e*-jh.m

m=—00
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or, using Ax = 27k /N,

X[n, k] = _Z z[mho[n — mle= 2= /N

Therefore, the output of the decimator is

X’[Rn,f:]: f: z[m)ho(Rn — m)e—33"m/N

Recall that in general, the output of an expander with expansion factor R is

zfn]= Y <lf6fn - ¢R)

d=—o0
This relation is given in chapter 3. Therefore, the output of the expander is
= -
S~ X[Re,k)d[n - ¢R)
-0

This signal is then convolved witk go[n], giving

i i X[RL, k)d[m — tR]go[n — m] = i X{RL, k|go[n — ¢R|

M=—00 {= o0 t=wo0

Therefore,

viin] i %[n — LR] ( i z[m)ho[RI — m]e—jzrkm/N) eirmkn/N

f=—o m=— o0

N-1 e o
yln] = z Z go[n — £R) ( Z 3fm]hoIRl—m]e’j2"‘mfN) pi2xkn/N

k=0 {00 m=—o0
N-1 o oo
= E z goln — €R) z z{m]ho[RI — m]e~F3km-m)/N
k=0 I=—coc m=—co
oo oo N-1
= Z Z go[n — LR)ho[RI — m]z[m] Z ei2xkn—m)/N
t=—om=~00 k=0

Now recall that 373 e#2**(n=mVN = N§[((n — m))n], by considering it as a Fourier series ex-
pansion, or as an inverse DFT of Ne~72*™&/N  Thys,

N-1 oo
Y PN = N N Sn-m - rN]
k=0

re=-—00

where r is an integer. Therefore,

i i go[n — LR}ho[LR — m]z[m]N i &fn — m — rN}

yin] =
{=—tom=—0c0 r=—o0
= N Y > oln—£RtR~n +rNlzln - rN]

N i‘ z[n = rN] fj goln - CRJRO[ER + +N = p)

r=—00 I= -
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Therefore, if we want y[n] = z{n], we require

i goln — LR[LR + +N — n} = &[r}

L= 00

for all values n.

(h) Intuitively, we see that it is possible since we are keeping the necessary number of samples. If
go[n] = &[n}] find that

i 8in — LR)o[R+ N —n] = hkolrN]
t=—x0 '

= bjr]

since hofrN] is zero for all values of r, except r = 0, where it is equal to 1. Thus, the condition
derived in Part (g) is satisfied.

{i) See Rabiner and Crochiere or Portnoff. (Hint: consider an overlap and add FFT algorithm.)
10.41. Note that Aln] is real in this problem.

(a) First, we express y[n] as the convolution of Aln] and z{n].

-]

vinl= 3 hlkjz(n — K]

k=—o0
The autocorrelation of y[n] is then

$yylm] £ {y[n + mjy[n}}

£ { i hik)z[n + m — k] f: hiljz[n - l]}

k=00 Ix=—pc

o

i Z R{KRIE {z[r + m — k]z[n - 1]}

k=wool=—0c
oo o

Y D Akl +m - &

k=—-xi=—0

[

Since z{n] is white noise, it has the autocorrelation function
¢zl +m—k] =28l + m - k]

Substituting this into the expression for ¢, [m)] gives

bl = 2 S 3 AL+ m - &)

k=—m lz~o0

= a2 i A{l + mikll)

= =00
Note that .
Gyylm] = ol z kit — m]a[l]

is also a correct answer, since ¢y, [m] = ¢y [-m].
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(b) Taking the DTFT of ¢,,{m] will give the power density spectrum &, (w).

Ba) = 3 {ai > h[t+m}hm}e"'""“

mz=—o0 lazwoo
= o2 i h[l] i Rl + m)e o™
== m=—-00

Substituting k = ! + m into the second summation gives

23 MY M

I=—o0 [ ]

= 23 e

l==e k=

= o2 f: h[—{]e~! i hikje3«*
Iz—oo k=—o0

= clH'(7)H ()

= ol |H(E)|

24y (w)

oo

ke

{¢) This problem can be approached either in the time domain or the z-transform domain.

Time domain: Since all the a;’s are zero for a MA process,

. -
yin] = Ebg::[n -k
k=0
s0 gj[n] is nonzero for 0 < n < M. Note that the autocorrelation sequence,

buiml= 3 yin+ miyir]

n=—0o0
can be re-written as a convolution
bniml= 3 glm —nlyln]
= -0

where g[r] = y[-n]. Therefore,
éysin] = y[-n] + yin]
Since y[—n} is nonzero for —M < n < 0, and y[n] is nonzero for 0 < n < M, we see that their
convolution ¢y, {m] is nonzero only in the interval [m} < M.
Z-transform domain: Note that
$,(2) = L H(2)H" (2)

If all the a;’s = 0, then

n
X
"

M
z bgz-k
k=0

M

M
8,(z) = Y bzt Bis
k=0

L=0
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The relation for $,,(z) above is found by multiplying two polynomials in z. The highest power
of z in $,,(z) is zM which arises from the multiplication of the k = 0 and [ = M coefficients.
The smallest power of z in &,,(z) is z~™ which arises from the multiplication of the k = M
and | = 0 coefficents. Thus, ¢, [m] is nonzero only in the interval [m|{ < M.

(d) For an AR process,
bo

1~ 2::1 apz™t
by

H:;l(l —axz7l)

H(z) =

Since
@y, (2) = cZH(z)H (2)
B

nf=1 (1 - axz=1)(1 ~ a}z)

Thus, the poles for $,,(z) come in conjugate reciprocal pairs. A sample pole-zero diagram appears
below.

®y,(2) =

Nth order zero
Nth order zero at z =«

X X

By performing a partial fraction expansion on ¢,,(z) we find that each pole pair contributes a
sequence of the form Azal™!

A"

and therefore
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{(e) For an AR process, with by = I,

which means that

Y(z) _ 1
XE)  1-Th, e

H(z)=

N
¥l =) ayln - K + zin]
=1

The autocorrelation function is then

¢nlm] =

Form =0,

The ¢,[0} term is
¢4(0]

byy[-m]
£ {y[n - mjy[n}}

N
£ {y[n -m] E aryin — k] + :{n]) }

=1

N
Z a;€ {y[n — mlyn - ]} + £ {y[n — m|z{n]}

k=1

N
z aidyylm — k] + ¢y [—m]

k=1

N
Z Grdyy[m — k] + ¢zy[m]

k=1

N
 Sl0} =) andyy[—K] + 62, 10]
k=1

£ {z[nly[n}
£ {z[n] S ayln -k + z[n]) }

=1

it

N
Z aif {z[njyin ~ K]} + £ {z(n}z[r]}

k=1

N
> ot {z[nlyln ~ K} + 0F

k=1

Note that z{n] is uncorrelated with the y[n — &}, for £ = 1,..., N. Therefore,

Thus,

ézy [0l = ‘73

N
dnlll = D abyl-k+o2
=1

N
z a.,,¢,,[k] + 0’3

k=1
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since ¢yy[k] = ¢y [—k]. Form > 1,

N
z idyylm — k] + ¢y [m]

=1

N
Z a;,¢,,[m - k]
k=1

byylm]

since ¢, [(m] is zero for all m > 1.
(f) By symmetry of the autocorrelation sequence, we know that

trlm — k] = by lk - m]
Syyllm — k(]

Thus, )
N

za"‘ﬁ“’"m ~ k] = Zﬁk%y[m - k)
=1

k=1
Using the result from part (e}, we get

N
S ardylim - k] = ¢yyfm)

k=1
form=1,2,...,N.
10.42. (a) Sampling z.{t) we get
z(nT)

) i (1)"=I (2% 7160k
—_— - eJ E 3 i3
16 . 2

Define the periodic sequence X[k} to be
[~] T 1 Mkj @

i

z[n}

1”2

/4

AV?TT TT‘P,.-. ..... ?lT_ TT

— ceooToor

-16 -4 0 4 16.

Then we see that we can write z[n] in terms of X[k]:

4
:{n] 116_ Z X(k]ejﬂ‘l/lﬂ)kn
k=—4
1 7
el Xk cj(z:/ls)tu
5,2,

IDFS{X[k]}
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However, since the petiod we use in the sum of the IDFS is unimport.ani we can also write
1 &
= 1 j(2x /16)kn
z{n] 6 Z X[k)e
k=0
= IDFS{X[k))
= IDFT{Xy[ki}
where Xofk] is the period of X [k] starting at zero, i.e.,

X[k}, £=0,...,15
0, otherwise

Xo{k} = {

Using this information we can now find Gk]

Gltl = DFT{gln}
DFT{z[n}(uln] - ufn - 16])}

= DFT{z[n}}
= DFT{IDFT{Xo[k]}}
Xolk]
Thus, Gik] looks like
®1 Gl4
152 1‘4r2
14 1/4
LTy XANN

60 1 2 3 4 5 6 7 8 9% 10 11 12 13 14 15
(b) We want to find a sequence Q[k] such that

gln] = az. (ﬂ)
32
a o 1\ j(2w/22)k
w2, (a) ¢

We can apply the same idea as we did in part (a}, except now the DFS and DFT size should be
32 instead of 16. Going through the same steps will lead us to the sequence Q[k] that looks like:

) (4L
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{Here we have assumed o = 1). We see that we can interpolate in the time domain by zeto padding
in the middle of the DFT samples.

10.43. (a) Using the relation,

N5, O0<k<N/2
fi=9 n N
N /2<k<N

where N is the DFT length and T is the sampling period, the continuous-time frequencies corre-
sponding to the DFT indices & = 32 and & = 231 are

fo = 32
2 = [256)(1/20,000)

= 2500 Hz
231 — 256

fst = (55670, 000)
= -—1953 Hz

(b) Since ,
Z[n] = z{njwrln]

the DTFT of £(n] is simply the periodic convolution of X (¢} with Wg(e).

X(@) =5 [ X(EWr(d )b

-

{c) Multiplcation in the time domain corresponds to periodic convolution in the frequency domain, as
shown in part {b). To evaluate this periodic convolution at the frequency ws; = 27(32)/L, (where
L = N = 256) corresponding to the k = 32 DFT coefficient, we first shift the window W,,,(e/*)
0 wyz. Then, we multiply the shifted window with X (e/*), and integrate the result. In order for

Xaug[32] = aX[31] + X[32] + o X[33]

we must therefore have

L, w=0
Wag(€)=¢ a, w=22r/L
0, 2xk/L, fork=2,3,...,.L -2

Note that we are only specifying W,,e(e?) at the DFT frequencies w = 2xk/L,fork =0,...,L~1.
(d) Note that the L point DFT of a rectangular window of length L is

Wr(k]

L-1
Z(l)e—jzrk/.[,
n=0

1~ e-jztk

i~ e—j‘ltkL

= Li[K}

Weeg(e7*) is only specified at DFT frequencies w = 2xk/L, and it can take on other values between
these frequencies. Therefore, the DTFT of W,,,(¢’“) can be written in terms of Wg(e’*) and two
shifted versions of Wg(e/v).

& j " 1 i a o2
Woug(e¥) = EWR (eJ(w+2 IL)) + ZWR(C'W) + EWR (eJ(U 2 /L})
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(¢) Taking the inverse DTFT of Wayy(e") gives woygin].

a - 1 a n
Wangln] = T urlnle jzmn/L +-£wg[n] ""f‘"“["]ejh /L

1o 32

A sketch of wayy[n] is provided below.

w__[n]
27256} vy
17256
0 . 4 . L n
0 64 128 192 256

10.44. (a) After the lowpass filter, the highest frequency in the signal is Aw. To avoid aliasing in the
downsampler we must have

AwM
M

IA A

tA
= 2|=ps

Mmax=2

-
g

(b) The fourier transform of z;fn} looks like

X(e)

- -3/6 0 ﬂe x @

s0 M = 6 is the largest A/ we can use that avoids aliasing. With this choice of M the fourier
transform of z,[n] looks like
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X (€)

Z

-n 0 T

Taking the DFT of =.[n] gives us N samples of X;(e’) spaced 2x/N apart in frequency. By
examining the figures above we see that these samples correspond to the desired samples of X (e’*)
which will be spaced 2Aw/N apart inside the region ~Aw < w < Aw.

Note that after downsampling the endpoints of the region alias. Therefore, we cannot trust the
values our new DFT provides at those points. However, the way the problem is set up we already
know the values at the endpoints from the original DFT.

(¢} The system pin] periodically replicates Xy[n] to create XN In]. Then, the upsampler inserts M —1
zeros in betweeen each sample of Xx{n]. Thus, the samples k. — ko and k. + ka which border
the zoom region in the original DFT map to M (k. — ka) and M (k. + ka). The system h[n] then
interpolates between the nonzero points filling in the “missing” samples. Since the linear phase
filter is length 513 it adds a delay of M/2 = 512/2 = 256 samples s0 the desired samples of XNM [n]
now lie in the region

Mk~ ka) +256 <n< Mk +ka)+256
K-Ky <n< K+kh

where
K. = Mk +256
ka = Mka
(d) A typical sketch of X (e/¥) and X n{k] look like.
X(e")

-



“ Lo ¢

0 k.-k, k. k+K, N-1 kK
After periodically replicating and upsampling by M we have a signal that looks like
l -)iN[n] after upsampling
@ @

M-1 zeros

'9691699-

M(N=1) "

Favel

LOSC-00a-8 2o
0 M kc-kA) Mk_ M(k,,

)

Filtering by h[n] then interpolates between the samples. Xy [n] is shown below if we assume that
h[n] is the ideal zero phase filter. The points with an x correspond to the interpolated points.

% X;N[n] ' . o Q
o mterpotaied points .
0 Mik—k,) Mk_M(k_+k,) M(N-1) "

Thus, we need to extract the points

M(k.~ka) Sn< Mk +ka)
kl—khn Sn< ki+ki



where

kl
ka

Mk,
Mka
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Solutions - Chapter 11

Discrete Hilbert Transforms
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11.1. Using the fact that z.[n] is the inverse transform of Re we get
Re{X(e™)} = 2-ae™ —ae~3*
Z[n] = 25[n] - adln+ 1} - adln - 1]
Since z[n] is causal, we can recover it from z.[n)
zin] = 2z.[n]uln] — z.[0}¢[n] = 26{n] — 2adn — 1]
This implies that
zofr] = FZ20 _ ogfn 41) - abfn - 1
and since jIm{X(e’*)} is the transform of z,[n] we find
Im{X(¢*)} = 2asinw

11.2. Taking the inverse transform of Re{X(e?*)} = 5/4 — cosw, we get
5 1 1
Ig[ﬂl = ZJ{ﬂ] - 56[1! + 1] - Ea[ﬂ - 1]
Since z{n] is causal, we can recover it from z.[n)
2] = 2zc[njuln] ~ 2.{0)d(n) = 34[n] ~ 8l - 1],

11.3. Note that

2 - cosw
4

(o-t) (-2

X ()X ()

X (&)

If X(e™) = (1~ 3e™ ™) we get
z[n] = 8fn] - %6[11 1

but this does not satisfy the conditions on z[n] given in the problem statement.
However, if we let X (/) = (1 — 3¢™7)e~ we get

=fn] = 8 — 1] - -;—6[11 -2
which satisfies all the constraints. The idea behind this choice is that cascading a signal with an allpass
system does not change the magnitude squared response.
Another choice that works is X (e) = 1(1 - 2¢73)e™7* for which we get

z[n] = %J[n -1} = é[n-2]

The idea behind this choice was to flip the zero to its reciprocal location outside the unit circle. This
has the same magnitude squared response up to a scaling factor; hence, the 1 term.
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11.4. Take the DTFT of z.[n] to get

2eln] = 38ln] - 280 +2] - 78ln — 2

. 1 1
| X(e#) = 5 = 3 cos2.
where X, {e¥) = }[X(e?) + X*(e)] is the conjugate symmetric part of X (¢/¥). Since X(e’) = 0 for
—% < w < 0 we have

i 2X,(e™), 0<w<*
X(e™) { 0, otherwise
_ I-cos2w, O<wn
- 0, otherwise
Thus,
i l-cos2w, O0<wan
Re{X()} ={ 0, otEe:Jwise
and

Im{X ()} = 0.

About Notation: Xpg(e?*) with a capital R is the real part of X (e’*). X, (¢’*) with a small r is the
conjugate symmetric part of X (e’“) which is complex-valued in general.

11.5. The Hilbert transform can be viewed as a filter with frequency response

wy _ | =34 O0<w<,
B ={ ;5 15usn,

(a) First, take the transform of z.[n]
X (e™) = x8{w — wy) + 7é(w + wo).

Now, filter with H{e’“} and take the inverse transform to get z;{n]

X&) = H(E)XA(e™)
= —jaé(w - wo) + jrd{w + wo)
ziln] = sinwgn

{(b) Similarly, z;{n} = — cosuwon.
(¢} z.[n] is the ideal low pass filter

z.n] =

sin{w;n) H{ 1, ol Sw
n

0, we < ,WI _<_ x
After filtering with the Hilbert tranformer we get
) -3 0Sw<luw
Xi(e)=¢ 5 -—weSwso
0, wllsn
Taking the inverse transform yields

1 . 1 p 1-coswen
:I:"[ﬂ]=§';f ’eimd“’-'g—;_/: J'-'"'"dw:-——-'-;l-—c-
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11.6. Using Euler’s identity,
iXi(e™) = j(2sinw — 3sindw)

ejw - c—jw ej‘lw - e-jiu
2(557) -3 ()

R Pt PR WU PR g W
= 2e’ +eY —e + g€

Since z,[n] is the inverse transform of j X;{e/) we get
zoln] = —gé{n +4)+0n+1)-dn—1+ g&[n ~ 4

Because z{n] is real and causal we can recover most of x[n), i.e.,

2z, [njuln] + z[0)8[n]
z[0}4[n] - 24[n — 1] + 38[n — 4]

]

z[n)

The extra information given to us allows us to find z[0],

X(CJU} [u:ﬂ

oc

T zfnle©

n=—-0oc

= z[U]—2+3

6

Plugging this into our equation for z{n] we find
z[n] = 58[n] - 28[n — 1] + 34[n ~ 4]

11.7. {(2) Given the imaginary part of X (¢’), we can take the inverse DTFT to find the odd part of z[n],

denoted z,(n].
Im{X(e*)} = sinw+2sin2w
= Low_ Loy lonw Los
2 23 3
O I S e
J s} 2j b
z[n] = DFT![iIm{X(e™}}]

DFT! [c"’“’ + -;-e""' - -;-e""" - e"”"’]

in+2)+ 38n +1] - %J[n - 1)~ b[n — 2]
Using the formula z{n] = 2z,[njufn] + z{05[n], we find
| _ 2[n] = ~8fn — 1] - 26{n — 2] + [0}l
Any z[0] will result in a correct solution to this problem. Setting z[0] = 0 gives the result
2] = —3ln — 1] - 26[n - 2]



468
(b) No, the answer to part (a) is not unique, since any choice for z[0] will result in a correct solution.
11.8. Using Euler’s identity and the fact that z,[n] is the inverse transform of j X (e’*} we find
iXi(e™) = 3jsin2w
i _ it
NESE
%m==%mwm-m-m

Because z[n] is real and causal we can recover all of z[n| except at n =0,

z[n] = 2z,[n}un] + z[0)3[n]
= —348[n - 2] + z[0}é[n]
Therefore,
_ z[n] + z[-n]
z.[n] = — =
(—38[n — 2} + z[0]8[n]) + (—38[n + 2] + z[0}3[n])

2
3 3
-—56[71 + 2] + z[0)8[n] - Eé[ﬂ - 2]

1

Using the fact that Xg(e’) is the transform of z.[n] we find

Xr(e™) = -geﬂw +2{0] - ge-m
' z[0] — 3cos2w

Thus, Xzs(e’) and X p3{e’™) are possible if z[0] = —1 and z[0] = 0 respectively.

11.9. (a) Given the imaginary part of X (e/“), we can take the inverse DTFT to find the odd part of z[n],
denoted z,[n].

Im{X(c¥)} = 3sinw+sindw
= 3 ge_3 s, g1
= 23'61 2_1" +2jc’ 2jc
o X 3w 3 o1 s
= 2ij + 2J.e’ 2je 2J_e
zofn] = DFT [iTm {X(¢)}]
= R LR JEPE. SO W Jprtp
= DFT™ [2cj + 2e"" 2e 2c

= 3431+ Jotn+ 1]~ 36n -1~ 6n - 3
Using the formula z|n] = 2z,]{nju[r] + z[0)é[n], we find
z[n] = -3l — 1] - én — 3] + z[0}5]n]
Taking the DTFT of z[n] gives
X(&) = =3e7H — e 4 1[0
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Evaluating this at w = x gives

X()] oy = —379* — e~ 1 2f0] = 3

w==T
34+1+2z[06) = 3
zf0] = -1
Therefore,
z[n] = ~34[n — 1} ~ d[n — 3] - [n}
(b) Yes, the answer to part (a) is unique. The specification of X (e’“) at w = 7 allowed us to find a

unique z{n].

11.10. Factoring the magnitude squared response we get

et = deme _ -amos}  (L-fe)i )
S+dcosw lI+4cosw+4d (1+2e77w)(1 + 209v)

.

(1-3z7)(1-2)
(14 22-1){1 + 2z)
H(z)H"(1/z")

|H{z)?

fl

Since h[n] is stable and causal and has a stable and causal inverse, it must be a minimum phase system.
It therefore has all its poles and zeros inside the unit circle which allows us to uniquely identify H(z)
from [H(z){2.

— 1,1
1-3z

Be) = 142z
= 1. (1_%"-1)
2 144271

_ 1—1 2 1
= 37 (1+1+%z_1). 2| > 3

hin] = —8fn - 1] + (-1) ")
2 2
11.11. Note that z;[n] can be written as
zi[n) = —48[n + 3] + 46[n — 3]
Taking the DTFT of z;[n] gives

47 4 4o~
—4(25 sin 3w)
= —§8jsindw

X&)

]

Since X(e’*) = 0 for —x < w < 0, we can find X(¢’™) using the relation

2JXS(CJU)| 6 < w
0, -T S w

x
0

A A

X(&%) = {



470

Thus,

o 16sin3w, O
X(a)={0,5“' i

Therefore, the real part of X (e/) is

IA A
EE
AN
(=0 |

X, (e*) % [X () + X*(e~5))

8sin 3w, 0 < w < «x
—8sin3w, —* €< w < 0

11.12. (a) Factoring the magnitude squared response we get

o = 22 ew=1-2 1. _1—5~)(_l'«=)
HE)? = F-Zesw=1 scosw+9-(1 3 1- 3¢
= H(e™)H" ()

Thus, one choice for H(e’) and hln] is

H(e)=1- %e"j"’

hin] = 8[n] - %5[11 -1

(b) No. We can find a new system by taking the zero from the original system and flipping it to its
reciprocal location. This only changes the magnitude squared response by a scaling factor. If we
compensate for the scaling factor the two magnitude squared responses will be the same. Thus, we
find

H(e™) %(1 — 3emi)
M| = %J[n.} - 36n - 1]

satisifies the given conditions.

11.13. Expressing Xz{e’*) in terms of complex exponentials gives

Xr(e€¥) = 1+ cosw+sinw — sin2w
1. 1 _, 1 . 1 : 1 . 1 _.
= 14— Zeiw P Rl —Jw__ejzw o a—Jw
+2c’ +2e +2, 21,:_ % +2j¢
1 o, 1 | R 1 _. 1 _, )
= e e ) — 1 e L =W i |
2j¢J +2e-’ +2j + +2e 2je +2jc

Taking the inverse DTFT of Xg(e?*) gives the conjugate-symmetric part of z[n], denoted as z, [n].
1 1 1 1 1 1
z.[n] = —2—jé[n +2] + 56[n+ 1]+ 2—J,6[n+ 1} + djn} + 55[1: -1}~ 2—jJ[n -1+ 2—J,6[n -2]

Using the relation z[n] = 2z.[n}u[n] - z.[0]6[n],
z{n] = éfn] + 6ln — 1] + jé{n — 1} — jé[n — 2}
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We then find the conjugate-antisymmetric part, z,fn} as
zoli] = 3 (zln) = 2" [~n])

= % (8[n] + 8[n — 1]+ jb[n — 1) - jb[n — 2] — é[n] ~ 8[-n — 1] + jé[-n ~ 1] - j§[-n - 2))

= %(6{n-1]+jﬂn—1]-—j5[n—2] 8n + 1) + jd[n + 1) — jén +2))

= ~3 0+~ 8n 1)+ @+ 1+ 8fn - 1) ~ £ (Gln +2)+ 8 - 2)
Taking the DTFT of z,[n] gives j X1(7*).

KiE®) = ~3 (- e )+ L(e g o) L (02 4 )
= —jsinw+ jeosw — jcos2w
So i
Xi(e’”) = —sinw + cosw — cos 2w
11.14. First note that,

{a) The inverse transform of Xg(e’“) is z.[n], the even part of z[n]. This is true for any sequence
whether it is causal, anticausal, or neither.

{b} 7 X(e?) is the transform of z,]n}, the odd part of z[n]. This is true for any sequence whether it
is causal, anticausal, or neither.

{c) For an anticausal sequence
z[n] = 2z.[nju[-n] — z.10}é[n)

Using Euler's identity and (a),
) oo 1 k
Xa(e®) = Y (3) oosth)
k=0
I
2

= 1+ i(%)t(e""”+e""“’)

k=1

]

oo k
Sl +2Y (%) (5l + K] + 8[n — K])

k=1

Z.[n)

Using (c) and then taking the odd part we get,
z{n] = 2z.[n]u[-n] - z.[0)¢[n]

= &n)+ g (%)k 5ln + &)

z[n] — z[—n]
2

%i( ) (8fn + K — 8n — K])

k=1

zo[n] =
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Now taking the DTFT and using (b),

[T
™s

iXi(e™) = G)k (e — ¢ h)

"
1

1

)* sin(kw)

()

= {1

xi@) = 3 (1) i)

k=0

»
fl
-

1

LN
[Ms
™

k

= j sin(kw)

M8
[ -2 N

»*
[
e

Thus,

11.15. Given X;(e?), we can take the inverse DTFT of j X;(e’“) to find the odd part of z[n], denoted z,{n}.

Im {X ()} sinw

1 ., 1 _.

= ——- — —

2 %

z.[n] = DFT! [jIm {X(e™*)}]
= DFT [%a‘w - %e"""]
= 3éln+1]-38ln 1]

Using the formula z{n] = 2z,[n]u[n] + 2[0]5[n],
z[n] = —4[n — 1] + 2[0]4[n]

Since
[~ =]
2 zfn] =3
ne=—oo
-1+z[0] = 3
z[0] = 4
Therefore,

z{n] = 4é[n] — 3frn — 1]
11.16. Using Euler’s identity and the fact that z.[n] is the inverse transform of Xp(e’*) we have

Xn(eju) 2 - 4cos{3w)
= 2-2( 477

—26[n + 3] + 28[n] — 28[n — 3]

i

z,.(n}
Since z[n] is real and causal, it is fully determined by its even part z.[n],

2z.[n]uln] ~ z.[0}d[n]
48{n} — 45[n ~ 3] — 248[n]
28[n] — 4d[n ~ 3]

z[n]
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Using this information in the second condition we find

X(&Nomx = Z zin)e’™

==
o0

= 3 zni-1"

nz=-—to
= 2+4
# 7
Thus, there is no real, causal sequence that satisfies both conditions.

11.17. There is more than one way to solve this probiem. Two solutions are presented below.

Solution 1: Yes, it is possible to determine zn] uniquely. Note that X[k], the 2 point DFT of a real
signal z[n), is also real, as demonstrated below.

1
X[k = 2 :[n]e"'z’"‘”"’
n=0
1
XK = 3 zfnj(-1™
n=o
Thus,
X{o} = z{o] +z[1]
X{1] = z{0] - z{1]
Clearly, if z[n] is real, then X{k] is real. Therefore, we can conclude that the imaginary part X[k
is zero.

Therefore, the inverse DFT of Xz[k] is z{n], computed below.

zln] = %gxn[klaﬁ'"m

o) = %gxntkl(—nﬂ*

2l0] = 3(Xalo}+ Xxl1)

z[1] ; ;(IXRIOI-XRIU)
=3

Thus,
z{n] = —§[n] + 34[n - 1]

Solution 2: Start by making the assumption that X{k] is complex, i.e., X;[£] is nonzero and Xg[k] =
248[k] — 48[k — 1). Then, because z.p[n] is the inverse DFT of X p[k] we find

Xn[Kletnsr2

b |

Zpln] =

Xg[k)(-1)*

- It~

b
B -
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and
zold] = 3(Xal0] + Xall)
= -1
zoll] = 3(Xal0] - Xall)
Zep[n] = —d[n] + 38[n — 1]
Because z{n] is real and causal, we can determine it from z.,[n]
Zep[n], n=20
2z,,[n], O0<n<N/2
TpiNf2), n=N/2

0, otherwise

z[n]

With N = 2 we bave
z[n} = —4[n] + 34[n - 1]
If we began by making the assumption that X[k] was real, i.e., X;[k] = 0 and X[k} = Xglk] =
28[k] ~ 46{k — 1] than by taking the inverse transform we find that
z(n] = zpfn] = —4[k] + 35[k - 1]
This is the same answer we got before. Since there was no ambiguities in our determination of

z{n], we conclude that z{n] can be uniquely determined.

The next problem shows that when N > 2, we cannot necessarily uniquely determine z[n] from
X gk} unless we make additional assumptions about z[n] such as periodic causality. When N > 2
the two assumptions we used above leads to two different sequences with the same Xpg[k].

11.18. Sequence 1: For k = 0,1, 2 we have
Xr([k] = 98[K] + 63[k — 1] + 68[((k + 1))a]
and Xg[k] = O for any other k. Using the DFT properties and taking the inverse DF'T we find for
n=123
2t = 342 (8(2‘/3)“ + e“m'/”“)
3 + 4cos(27n/3)
78[n] + 8[n — 1} + 8fn — 2]
If we let z[n] = z.,[n] we have the desired sequence.

Sequence 2: If we assume z[n] is periodically causal, we can use the iollowmg property to solve for
z{nj from z.,[n}:

Zepl0], n=0
zln]={ 2z4n], O<n< ¥
0, otherwise
Note that this is only true for odd N. For even N, we would also need to handle the n = N/2
point as shown in the chapter. We have

THl0], n=0
z[n] = { 2z¢pfn), n=1
0, otherwise

78{n] + 26[n = 1]
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11.19. Given the real part of X[k}, we can take the inverse DFT to find the even periodic part of z[n],

denoted z;[n].

Using the inverse DFT relation,
N-1

Zepln] = .;7 Y Xglwn
k=0

we find
2pll) = ((@+142+1)=2
1 . . 1
zpll] = 2(4+J_“‘2-J)—2
alll = U-1+2-1)=1
1 X L1
o8] = JU-7-2+4j)=3
Thus,

zepln] = 20[n] + %E[n - 1]+ 6n - 2] + 280 - 3
Next, we can relate the odd periodic and even periodic parts of z[n} using

Zpln), 0<n< N/2
Zopin] =< —Zin}, Nf2<n<N-1
0, otherwise

Performing this operation gives . _ .
Zop[n] = -2-6[11 -1]- Eé[n -3]

Taking the DFT of z,,{n] yields jX;[k]. Using the DFT relation,

N=-1
iXi[k) =Y zop[n)Wmt

we find
ixio) = (0+5+o-%)=o
ixll] = (0-§+0—%)=_3'
iX:/? = (0+-;-+0-~21-)=o
X3 = (0+%+0+%)=1
Thus,

iXilk) = -5k - 1] + jélk - 3]
11.20. As the following shows, the second condition implies z{0] = 1.

=0) = %ixme'ﬂ'/"**
k=0

=zl

X1k

It
"M
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This condition eliminates all choices except z3{n] and z3{n).
The odd periodic parts of zz[n] and z3[n] for n = 0,...,5 are

z2[n] — z3[((—n))s]

Zopa[n] = 2
= 3(6ln =4~ 5+ )el) - 3 Gl - 51 - 6l((n + SNel)
Zomln] = z3[n] — z3[((—n))s]

2
= 30 =1)=dl(tn + D)el) - 3 (6ln - 2 - 8l((n + D))

For n < 0 or n > 5, these sequences are zero. Since the transform of Zop(n] is jX:[k] we find for

k=0,....5
. o 2 -iexe)ak _ j(2x/6)akY _ 2 [ —i(2x/8)5k _ _s(2x/6)5k
iXnlk = 3 (e eir/onk) _ 2 (e emieist )
= —g jsin(4xk/3) + ;1 sin(5k/3)
.2
= J—‘/_ué (—atk — 2] + &[k — 4])
1 , . 1 ; i
. = = fo-ilexse)k _ _i(2x/6)kY _ 2 [ o—J(29/6)2k _ j(2x/6)2k
J-Xfalk} T3 (e e ) 3 (C ¢ )

= -Zjsin(ak/3) + g jsin(2xk/3)

.2
i (—d[k — 2] + 5[k — 4])
Thus, both z2[n] and z3[n] are consistent with the information given.

11.21. ({a} Method 1:
We are given

Xg(pe”) = Ulp,w)
= 1+p lacosw
Since %% = %% we have,
w o —ap~ ! cosw
&U - p
V = —ap~lsinw+ K(p)
Since%%:—%% we have,
t’.‘ 34
;p"zsinw+K‘(p)1=ap"2sinw
Thus,
K@ =0
K{pp) = C
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Since z[r] is real V(p,w) is an odd function of w. Hence, V(p,0) = 0, implying that C = 0.
Therefore, ’

X (pe’*) Ulp,w) + iV (p,w)

1+p lacosw — jplasinw
1+ ap~}{cosw ~ jsinw)
1+ap~le”?v

X(z) = l14az7?

(b) Method 2: Since Xg(e) is the transform of z.[n] we have
Xp(@”) = 1+acosw
= 1+ %c"“ + %e"'“’
zfn] = d&n)+ %6[11 +1]+ %é{n -1
Because z[n] is real and causal, we can recover z,[n] from z.[n] as follows

Zen], n>0
zo[n] = { 0, n=0

—zZn), n<0

o [¢
= —EJ{H + l} + Eé[ﬂ - 11

Thus,

i

z.[r] + z,[n)
é[n] + ad[n — 1]

z{n]

It

X(z) = l+az!
Note that we could have obtained z[n] directly from z.[n] as follows

2z.1n]uln) — £.[0]5[n]
(25[n] + adin + 1] + adln - 1]}uln] — &fn)
d[n) + adin — 1)

z(n]

11.22. Taking the z-transform of un{n] we get

2 2z~N/2 -
Unle) = 1= 1++ N2

1= 2z-N/2 4 ;=3 _ p=1-N/2

= .« £

1-2z"1

 Sampling this we find

Unik) = Un(e***/¥)
1~ (_l)t + e—jz:t/N - e—eri/N(_l)k
= 1 — e~J3xk/N
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When £ is even but & # 0 we see that Un[k] = 0. For k odd, we get

24 zc-erh/N
=7
zc—jtk/N(ejl'ka + e-—jrk/N)

e—ITk/N (¢Fsk/N _ o—juk/N)
~2j cot(xk/N)

Unlk] =

When k = 0 we get 0/0 which, if the function was continuous, you would use ’'Hopital’s rule. In this
case the function is discrete so that is not available to us. One route to the answer is to use the definition
of the DFS

N
Unlo) = ZﬁN[n]e_"’ﬂ"*"
k=0

N

= EﬂN[n]
k=0

= N

k=0

Putting it all together gives us the desired answer

) N, k=0,
Unlk] = =2jcot{xk/N), k odd,
0, keven, k#0

11.23. (a) Because z.p[n] is the inverse DFT of Xg[k] we haveforn=0,..., N—-land k=0,...,.N-1

Xty = XHEXH
ch[n] = :["]"'I-;(("ﬂ))N]

or equivalently, if we periodically extend these sequences with period N

E(n] + z[-n]
2

z, [n] =

Note that since the signal is real £*[—n} = Z[—n].
The first period of Z[n]iszerofromn =M ton =N —1. If N = 2(M — 1} there is no overlap of
Z[n] and Z[-n] except at n = 0 and n = N/2. We can therefore recover Z[n] from Z.[n] with the

following:
2z.[n), n=1,... Nf2-1
Zn]=4 Z[n], n=0,N/2
0, n=M, .. N-1

If we tried to make N any smaller, the overlap of Z[n] and Z[—n) would prevent the recovery of z{n).
Consequently, the smallest value of N we can use to recover X[k] from Xgfk] is N = 2{M - 1).
(b) BN =2(M ~1),
2z,n] n=1,...,N/2-1

z{n] = zeplnjunin) = { Zepln}, n=0,N/2
0, otherwise
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where

1, n=0,N/2
0, otherwise
= 2uln] - 2uln — N/2] — 8[n] + é[n — N/2}

Taking the DFT of zjn] we find

2, n=12... ,N/2-1
un[n] = {

X[k} = Xrlk] ® Unik]
where )
Unlll = DFT{2uln]- 2uln ~ N/2| - 8[n] + {n — N/2]}

1~ (__l)k + e-—jz:l:/N - e-jz:l:/N(_l)l: _
e , k=0, ,N-1

Unl[k]

N, k=0,

—2jcot(sk N}, 0<k <N -1, kodd
0, otherwise

11.24. We are given

Hr(e¥) = Hsn(e’-”)fﬂon(e_"'“')
Hi(e) = Hgei(e*)+ Hor(e*)
hefn] —— H () = Ha(e?v) +jHa(e-f"’)
hiln] +— H{e") = Hc(e™) + jHp(e)
where h,{n], hi[n], Hr(e’), Hi{e’), Hen(e’™), Hor(e), HEi(e?), and Ho{e') are real.
Begin by breaking H(e’”) into its real and imaginary parts Hg(e’) and Hj(e’*)
H(e”) = Ha(e*)+jBi(e*) | |
[Her(e) + Hor(e¥)] + jlHer(e“) + Hor(e™))
Now solve for the conjugate symmetric and conjugate antisymmetric parts of H{e’}
H(e#) + H*(e™5)

nu

He®) = :
- {Her(e) + Hor(e?)] + j[HEr(e?*) + Hor(e?¥))
2
N [Her{e?”) ~ Hor(e’)) — jlHei(e?*) — Hor(e?™))
2
= Hga(e") + jHor(e)
Hev) = HE -;"(e""‘)
_ [Her(e™) + Hor(e™)] + jlHE1(e’) + Hor(e”)]
2j
_ [Her(e?) — Hor(¢?*)] — i{HEr (7)) — Hor{e™)]
2j

= Hgi(e™) - jHor(e™)

Thus, . )
Ha(e™) = Hen{e?)  He(e) = Hgi(e™)
Hp(e/v) = Hor(e’)  Hp(e™) = —Hor(e™)
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11.25. (a) By inspection, )
H(e™) = j@H (et ) - 1)
oy 1 - jH(eiw—¥))
Hyle) =220

(b) Find hn]:
Taking the inverse DTFT of H(e') yields

M) = 5 [273/3" by ) — 8]n]]
= j [2 cos(xn/2)hypn] - j28in(rn/2)hpln) - &[n]]
= 2sin(xn/2)h,ln]
The simplification in the last step used the fact that hy,[n] = S2(21/2) is zero for even n and equals
1/2 for n=0.
Find hy[n] :

Taking the inverse DTFT of Hlp(ef“) yields

i - =i

= 38} - 30)™hln]

Using the fact that Afn] is zero for n = 0 and n even we can reduce this to

i) = = ) 4 5ln]

(¢) The linear phase causes a delay of ng = M/2 in the responses. If ny is not an integer, then we
interpret Ay, [n] and Afn] as

sin(x(n — n4)/2)

hlP{ﬂ —nd = x(n —ng)
. 2
Mp-nd = 22 (zfrf’i - :)4)12)

Then,

An] = hn—ngwin)
= 2sin(n(n - n4)/2) hp[n — najuw|n]

= 2sin(x{n — ng)/2) ﬁlp[n']

where h{n] and falp{n] are the causal FIR approximations to kin] and h]p[n]. Similarly,

. _ M.&[ﬂ] + .1_5[,, ~nduln), M even
hlp[n] = . 2 . 2
sin(x(n — ng)/2)Aln], M odd

(d) The lowpass filter corresponding to the first filter in the example looks like
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IHlp(e"")l

1.2

1

0.8
06t
0.4}
0.2}

0 o

0 0.2n 0.2n 0.6n 0.8r x
w

M=18,f=2.629

The lowpass filter corresponding to the second filter in the example looks like

IHb(ei"’)l
1.2y

08
0.6
0.4
0.2

T

M=17, 8 =244

T

A\

L4

0 0.2n 0.2n 0.6n 0.8n X
@

11.26. (a) The example shown here samples at the Nyquist rate of T = 7/({}, + A1} as in the chapter’s
example, but the bandpass signal is such that AQ/(Q, + AQ) = 3/5. Then, 2x/(AQT) = 10/3.



482

1+ S, (i)
N \ .
rd
0 ~/Q+a0 Q
[ [ [
T ;
T S,(e'"’)
-
1 lr N lr N ,
-2 ~/ ,-K \~ / ,3'[ 2n w
2T+ s(e")
2/(3T), _
\ ¥ G
] L . t e
-6x R AN SN én . @

{b) If 2xf(AQT) = M + ¢, where M is an integer and ¢ some fraction, then using the Nyquist rate of
2r/T = 2(02. + AQ) will force decimation by M. As just shown, this choice for T causes Sz(e’*)
to have intervals of zero. Instead, choose T such that 2x/(AQT) is the next highest integer

2x
m-—“‘l'l.

Then decimating by (M + 1) produces the desired resuit.
11.27. Yes, it is possible to always uniquely recover the system input from the system output. Although
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Y (e/“} contains roughly half the frequency spectrum as X (e}, we can reconstruct X (/) from Y (¢7“).
We can accomplish this by recognizing that since z[n] is real, X (¢’*) must be conjugate symmetric.

The output of the system, yin], has a Fourier transform Y (¢7*) that is the product of X(¢/*) and
H{e?). Therefore, Y{e’*) will correspond to

oy X(e;w)’ ¢ Swern
Y(e) = { 0, otherwise
At first glance, it may seem like X (%) = Y (e/*) + Y*(e=?). This is close to the right answer, but it
doesn’t take into consideration the fact that ¥ (e’“) is non-zero at w = 0 and w = . Thus, the solution
X{(e¥) = Y(e) + Y"(e™7), will be incorrect at w = 0§ and w = «, since Y (e’*) and Y*(e/*) will
overlap at these frequencies. It is necessary to pay special attention to these frequencies to get the right

answer. Let
wy ) O w=lw=~
2(e) = { Y(e’), otherwise

Alternatively, we can express Z(e’) with the constants a and & defined as

e = Y o o= Y uin
b= Y, = 3 uinal(-1)"

Z(e) = Y(&*) - ab(w) ~ bS(w — 7)
We can construct a conjugate symmetric X (e’) from Y (e/¥) and Z(e’) as
X(&¢) =Y (&) + Z°(e”¥)

In the time domain, this is
z[n] = y[n] + z"[n]

Or, since
—yp- 2 -
z[n] - y{ﬂ] - 2,“. 21[
a -1

zln] = yln] +y7[n) - 5= ~ =5
11.28. Since H(z) corresponds to a real anticausal sequence hfn], F(z) = H(1/z) corresponds to a real,
stable, causal sequence f[r]. We can apply the equation developed in the book for causal sequences to
F(z).

|z 2 1.

3 —

Fo = 5 § P (£22) 2

where v = ¢’® is the integration variable; i.e., the closed contour C is the unit circle of the v-plane. Now

find H(z)
H(z) = F(1/z)
_ 1 oy (2 4v) d
= s fme) (SR L s

where Hg(v) = Re{H(¢*)}.
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11.29. {(a) We have
H{z[n]} = z[n] » kln]
H{H{=z[n]}} = z[n] * h{n] * h[n]

We need to show that Afn]+h[n] = —é[n]. Alternatively, we need to show that H(e?)H (e/v) = -1,
which is easily seen from

_ jwy _ | —7 O0<w<rw
H(e)—{j ~-T<w<0

(b) In Parseval’s theorem,
3 b 1 * fury v [ 5
S flnle [ﬂl=§j:’F(e’ )G (7) du

n=—-00

Let fin] = #{z[n]} and g*[n] = z[n]. Then

S Helnllatn) = o [ H()X ()X () d

n=-—00

where
-j O<w<r

H(ew)={j ~m<w<0

but the integral = 0 since the integrand is an odd function over the symmetric interval.
{c) Since H{z[n]} = z[n] * k[n]

(zln] = y[n]) + A[n]
(z{n] + Afn]) = y(n}
z{n] * (yin] » hin])

by the commutativity and associativity of convolution.

H{z[n] = y[n]}

nw

11.30.

hln]
z,[n} zi[n]

hin} is an ideal Hilbert Transformer:
2 '_*'ﬂ?_&, n#0

h[ﬂ.l = 6’ n= 0
H(C’U) - -3, O<<w<x
- i —H<w<0
{a) In the frequency domain,
q’::s;(ejw) = IH(Cjw)lzﬁs—z-(cjw)
= Qz.z. (e_yw)

Therefore, ¢z.-z.[m] = ¢z.s'[m]‘
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(b} The cross-correlation between input and output is just the confol:ltion of ¢s...[m] and hfm],

$s.2.lm} = i h{k]@s.s. [m — K]

b=—oo

The following shows that it is an odd function of m:

> hiklgeoe[-m - K}
kz—-c0

= . E h[-q¢:,:.!"’m+q

==
)

= z h[—!]d:,_,,[m-— f

{==—o0
oo

= - Z h{l¢:, . m - 4

I=—o0

¢3—'i {_m]

= -'¢2-za [m]

since h{ﬂ] = -h[-—ﬂ.] and ¢’r:-[m] = ¢:..s—["m]'

(c) Starting from the definition of the autocorrelation and using the linearity of the expectation oper-
ator we get

$ezlm] = Efzinlz*n +m]]

£[(ze[n] + sziln])(zs[n + m] - jziln + m])
bz.2,1m] + Bzix.[m] + j{@s.2. [m] = ¢2.2,[m))
= z.2.[m] - 2j¢s.2.[m]

The last line was found using the results from parts {(a) and (b).
(d)} Taking the transform of both sides of the equality from part (¢) we find

P lw) = 2§:.:'(ejw) - 2.7.6:'8&(‘50)
28,2, (") — FH(E) ;2. (%))
2§:,:, (e,w)[l - JH(CJU )]

Since
. - 0, 0<w<nx
1-jH(E") = {2, —-T<w<0

we get o o
R <Cw<ry
Pz:(w) = { 4":..:,(3"”): A cw<l

11.31. (a) As shown in the figure below, the system recomstructs the original bandpass signal. As in the
example, T = x/{Q, + &Af)) and M = 5.
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o

. ]\“’“’

i [\eﬂ)
1 Y6 = 5,6)
—QC-AQ £, Q~w- 5c+mﬂ

(b) In the frequency domain
5 ¥ <wen

Hy(e) ={ 0, otherwise

Note that H;(e’*) = 5G(e’(w—4*/5)), where

oy 1, wi< ¥
G(e*) = {0. other:ise



sin{wn/5)
gln] ~—
We can therefore write h;[n] as
hn) = 552EM g
n
_ 5cos(*Zn)sin(¥n)  _5sin(‘En)sin(fn)
B J+J N ™ b
bri[n] hiifn]

(¢) Using the information from part (b) we find

vin] = gein} s hiln]
(¥re[n] + J¥ieIn]) * (hriln] + jhis[n])

yrln]
We can now redraw the figure using only real operations:

(reln] * hriln] = pieln] = Auln]) +3(vie[n] * hriln] + vreln] * hisln])

— vy

YNl t hfn]
M > b
Y, in} ylni | Converer
A\-1
Yl ———x M n]
4 yInl "
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(d} From comparing the top and bottom figures in the answer to part (a), it is evident that the desired

complex system response is given by:
wyv_ ] 1, —x<w<D
H(e )_{0, 0<w<n

11.32. (a) We know
X(z) = log[X(z)]

When X {(z) bas a zero or a pole, the term log{X (z)} goes to negative infinity or infinity respectively.

Therefore, X {z) has a pole at these locations.

If #{n] is causal, X (z) has a region of convergence that is the outside of a circle correspondmg to its
largest pole. However, we require the region of convergence to include the unit circle, i.e., X {e?*)

is defined. These two conditions imply that the poles of X (z) must be inside the unit cm:le

But the pole locations for X(z) correspond to the pole and zero locations for X (z). We conclude

the poles and zeros of X(z} must be inside the unit circle, i.e., z[n] must be minimum phase.

(b) This argument is similar to the last, but in reverse. Start with the fact that z[n] is minimum phase
and must have its poles and zeros inside the unit circle. Then, as shown in part {a), the poles of
X(z) must also be inside the unit circle. Because the region of convergence must include the unit

circle, we know it lies outside the circle defined by its largest poie. Thus, #{n] must be causal.

(c)

]'[(1 - oz 1)['[(1 bez)

X(z) = log |42

1'[(1 - caz")H(x —dy32)

k=1 k=1
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M; M,
= log(A)+ > log(l—aiz™!)+ ) log(l - biz)
k=1 - k=1

N| N.
- ZIog(l -z ) - Elog(l —diz)
k=1 =1

{d) Using the power series expansion
o0 :n
log(l-2z)=-) —
n=1

we find
man
log{l - az-!} = _E:_ -n
og(l - az"!) » ﬂz , lz| > |of

log(1 ~ Bz)

i

- -]
fo -
_Z?zn, Iz|>iﬁ 1I
n=l

=1 —_n
= T = >
n
n=-oo
From the equations above we can identify the following z-transform pairs

n

—%u[n-l] — logll-az"h), |z > la

-1

Elufn-1] — lg-82), |l > 187

We can now take the inverse transform of X (z).

( log(A), n=0
M . N
—Zﬂ‘-+ _cg’ n>0
il = ¢ SI* =

n
L k=1 k=1

(e} From the results of part (d), we see if £[n] is causal, all the b, and d; terms must be zero. But the
expression for X{z) shows these terms correspond to the zeros and poles outside the unit circle.
We conclude that all the zeros and poles of X (z) are inside the unit circle, i.e., z[n] is a minimum
phase sequence.
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