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Preface

The addition of this Solutions Manual to “A Primer for the Mathematics of
Financial Engineering” offers the reader the opportunity to undertake rig-
orous self-study of the mathematical topics presented in the Math Primer,
with the goal of achieving a deeper understanding of the financial applications
therein.

Every exercise from the Math Primer is solved in detail in the Solutions
Manual.

Over 50 new exercises are included, and complete solutions to these supple-
mental exercises are provided. Many of these exercises are quite challenging
and offer insight that promises to be most useful in further financial engi-
neering studies as well as job interviews.

Using the Solution Manual as a companion to the Math Primer, the reader
will be able to not only bridge any gaps in knowledge but will also glean a
more advanced perspective on financial applications by studying the supple-
mental exercises and their solutions.

The Solutions Manual will be an important resource for prospective financial
engineering graduate students. Studying the material from the Math Primer
in tandem with the Solutions Manual would provide the solid mathematical
background required for successful graduate studies.

The author has been the Director of the Baruch College MFE Program! since
its inception in 2002. Over 90 percent of the graduates of the Baruch MFE
Program are currently employed in the financial industry.

“A Primer for the Mathematics of Financial Engineering” and this Solutions
Manual are the first books to appear in the Financial Engineering Advanced
Background Series. Books on Numerical Linear Algebra, on Probability, and
on Differential Equations for financial engineering applications are forthcom-
ing.

Dan Stefanica

New York, 2008

!Baruch MFE Program web page: http://www.baruch.cuny.edu/math/masters.html
QuantNetwork student forum web page: http://www.quantnet.org/forum/index.php
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Chapter 0

Mathematical preliminaries.

0.1 Solutions to Chapter 0 Exercises

Problem 1: Let f: R — R be an odd function.
(1) Show that zf(z) is an even function and z%f(z) is an odd function.

(ii) Show that the function g; : R — R given by ¢;(z) = f(2?) is an even
function and that the function g : R — R given by go(z) = f(z°) is an odd
function.

(iii) Let h : R — R be defined as h(z) = z' f(z), where 7 and j are positive
integers. When is h(z) an odd function?

Solution: Since f(z) is an odd function, it follows that

f(=z) = —f(z), VzER (1)
(i) Let fi(z) = zf(z) and fo(z) = 22f(z). Using (1), we find that
fil=2) = —zf(-2) = zf(z) = filz), VzeR (2)

fo=z) = (=2)’f(-z) = —2*f(2) = - folz), YzER.  (3)

We conclude from (2) that fi(z) is an even function, and, from (3), f2(z) is
an odd function.

(ii) From (1), it follows that
g(=z) = f((-2)") = f(z*) = @(z), YeeR (4)
al=z) = [((=2))) = f(=2%) = —f(z%) = —@l2), VzeR(5)

We conclude from (4) that g;(z) is an even function, and, from (5), that g»(z)
is an odd function.

(iii) If j is a positive integer, it follows from (1) that

F((=2)) = (-1)f(z), YeeR (6)
1



2 MATHEMATICAL PRELIMINARIES

Then, using (6), we find that
h(-2) = (-a)f ((-a¥) = (D' (1 f(e)) = (~1)*af())
= (=1)"h(z), Yz €R.

Therefore, if 1 + j is an even integer, the function h(z) is an even function,
and, if ¢ + j is an odd integer, the function h(z) is an odd function. O

Problem 2: Let S(n,2) =Y, k* and S(n,3) = > 7, k%
(i) Let T'(n,2,z) = Y _;_; k* z*. Use the recursion formula

T(n,2,2) = = +-(T(r,1,)) ")
and the fact that
z— (n+ 1)z 4 ngnt?
1 =
T(n,1,z) e (8)

to show that

T+ 562 _ (TL 4 1)2$n+1 + (27’L2 +9n — 1)$n+2 _ n2xn+3

T(n,2,z) = =2y

(il) Note that S(n,2) = T(n, 2,1). Use 'Hépital’s rule to evaluate T'(n, 2, 1),
and conclude that S(n,2) = Q(LI)G(M

(ili) Compute T(n, 3, z) = Y r_; k* z* using the recursion formula

d
=z E(T(n,?,x)).

(iv) Note that S(n,3) = T(n, 3, 1). Use 'Hépital’s rule to evaluate T'(n, 3, 1),
2
and conclude that S(n,3) = ("(—"——;1)> .

T(n,3,z)

Solution: (i) The result follows from (7) and (8) by using Quotient Rule to
differentiate T'(n, 1,x).

(ii) It is easy to see that T(n 2,1) =31, k* = S(n, 2). By using 'Hépital’s
rule we find that T'(n, 2, z) is equal to

. z+2?— (n+ 1%+ (2n% + 2n — 1)z"F2 — p2gntd

lim

z—1 (1 — 1,‘)3

. 142z~ (n+1)32"+ (2n? + 2n — 1)(n + 2)z™" — n?(n + 3)z"*2
= lim 5

z—1 —3(1 - CL‘)




0.1. SOLUTIONS TO CHAPTER 0 EXERCISES 3

2~ (n+1)3nz" ! + (20 +2n — D(n +2)(n + 1)z" >
_ —n%(n + 3)(n + 2)z"*!
= 6(1—z)
< —(m+13n(n - D22+ (2n? 4+ 2n — 1)(n + 2)(n + nz"! >
_ —n?(n+3)(n +2)(n +1)z"
= 6
< ~(n+13nn-1)+2n2+2n-1)(n+2)(n+ n >

—n?(n+3)(n+2)(n+1)
6
n(n+1) (—(n+1D*n— 1)+ (2n*+2n — 1)(n+2) — n(n + 3)(n +2))

6
n{n+1)(2n +1)
6

Therefore,
n(n+1)(2n+ 1)
6

(iii) Finding the value of T'(n, 3, z) requires using Quotient Rule to differen-
tiate T'(n, 2, z).

(iv) The solution follows similarly to that from part (ii), albeit with more
complicated computations. [

S(n,2) =

Problem 3: Compute S(n,4) = Y_;_, k* using the recursion formula

i—1 .
S(n,i) = iil <(n+1)i+l—1 - Z(ZT) S(n,j)) (9)

j=0

for i = 4, given that

S(n,0) = n; S(n,1) = . S(ng) = Mo+

e
S(n,3) = <”—("+—1)>2

2

Solution: For i = 4, the recursion formula (9) becomes

3
S(n,4) = §<<n+1>5—1—2<§) s<n,j>)

§=0



4 MATHEMATICAL PRELIMINARIES

= % ((n+1)° = 1-8(n,0) = 5S(n, 1) — 10S(n,2) — 10S(n, 3))

n(n+1)(6n® 4+ 9n2+n —1)
N 30 - H

Problem 4: It is easy to see that the sequence (25 )1 given by z, = > ;_, k?
satisfies the recursion

Tni = zp+ (n+1)2, Ya>1, (10)

with 71 = 1.
(i) By substituting n + 1 for n in (10), obtain that

Tnia = Znp1 + (n+2)% (11)
Subtract (10) from (11) to find that
T2 = 2Tpi1 —ZTn+20n+3, YV 2>1, (12)

with z; = 1 and 2, = 5.
(ii) Similarly, show that

Tnyz = 3Tpyo — 3Tpp1 + T +2, V> 1, (13)

with ;1 = 1, 22 = 5, and z3 = 14.
(iii) Prove that the sequence (z,,),>1 satisfies the linear recursion

ZTpta — A2ptg +62pyo —42p1 +2, = 0, YV 2 1.

Solve this recursion and show that

_nn+1)(2n+1)

Ty = 6 , Yn>1.

Conclude that

S(n,2) = Zk2 _ n(n+1)(2n+1), Va1,
k=1

6

Solution: From (11), we obtain that the first terms of the sequence (z,)n>1
are r; = 1, zo = 5, 3 = 14, 24 = 30.
(i) The recursion (12) follows immediately by subtracting (10) from (11).
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(ii) We substitute n + 1 for n in (12) and obtain that
Tnyg = 2Tpio— Tny1 +2(n+ 1)+ 3. (14)
By subtracting (12) from (14), we find that

Tnys = 3Tpy2 —3Tpp1 +2p+2, V2> 1

(iii) We substitute n+ 1 for n in (13) and obtain that
Tnad = 3Tny1 — 3Tpyz +Tny1 +2, Vo> 1. (15)
By subtracting (13) from (15), we find that
Tpad — 4Tpy3 +6Tpp — 4T+, = 0, V2> 1, (16)
The characteristic polynomial associated to the recursion (16) is
P(2) = ' — 4284627 —d2+1 = (z—1)%

The polynomial P(z) has root A = 1 with multiplicity 4. We conclude that
the there exist constants C;, ¢ = 1 : 4, such that

Zn = Cy+ Con+Csn®+Cyn®, Vn>1.

Since 1 = 1, 2o = 5, z3 = 14, 24 = 30, it follows that Cy, Cy, Cs and Cy
satisfy the following linear system

111 1 Cy 1
12 4 8 o3 I -
139 27 G| T | u
14 16 64 Cy 30

We obtain that C7 =0, Cp = é, Cs = % and Cy = z and therefore

1

3
2

+%+ _ n(n+1)6(2n+1)’ Vn>1 O

Tn =

>3
w|3,

Problem 5: Find the general form of the sequence (z,),>0 satisfying the
linear recursion

Tpyg = 2Tp1 + I, VR 20,
withzg =1, 2y = -1, and z, = 1.
First Solution: By direct computation, we obtain z3 = —1, 24 = 1, 25 = —1,

ze = 1. It is natural to conjecture that z, = (—1)" for any positive integer
n. This can be easily checked by induction.



6 MATHEMATICAL PRELIMINARIES

Second Solution: Alternatively, we note that the sequence (z,)n>o satisfies
the linear recursion z,.3 — 22,41 — z, = 0, with characteristic polynomial

P(z) = 2—2:4+1 = (z+1)(2*—2-1).

The roots of P(z) are —1, 1—%@, and 1—_—2@ Therefore, there exist constants
C1, C,, and Cj such that

n n
1 _
z, = Ci(—1)" + C’2< +\/§) + Csq <1 \/5) , Vn>0.

2 2

By solving the 3 x 3 linear system for C;, Cs, and Cs obtained by requiring
that zg =1, z; = —~1, and 3 = 1 we find that C; =1, C; =0, and C3 = 0.
We conclude that

z, = ()" Vn>0 0O

Problem 6: The sequence (zn)n>0 satisfies the recursion
Tpyr = 3Ty +2, YR >0, (17)

(i) Show that the sequence (z,)n>o satisfies the linear recursion

Tpyo = 4Tp1 — 324, Y20,

with zp = 1 and z; = 5.
(ii) Find the general formula for z,, n > 0.

Solution: (i) Let n =0 in (17) to find that z; = 5. By substituting n + 1 for
n in (17), it follows that

Tpie = 3Tpy1 +2. (18)
We subtract (17) from (18) and obtain that
Tpio —4Cpi1+ 32, = 0, V>0 (19)
(ii) The characteristic polynomial of the linear recursion (19) is
Plz) = 22 —424+3 = (¢ —1)(z—3),
which has roots 1 and 3. Thus,
z, = C1+C3", Vn>0.
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Since g = 1 and z; = 5, we obtain that C; = —1 and C3 = 2 and therefore

T, = 2:-3"-1, Yyn>0 0O

Problem 7: The sequence (z,)n>o satisfies the recursion
Tpy1 = 3Tp+n+2, Yn >0, (20)

with Tg = 1.
(i) Show that the sequence (z,)n>0 satisfies the linear recursion

Tnyz = 5Tpyo — TTny1 +3Tn, VR 20,

with 2o = 1, 21 = 5, and z, = 18.
(i) Find the general formula for z,, n > 0.

Solution: (i) The first three terms of the sequence can be computed from
(20) and are zy =1, ; = 5, and z, = 18.
By substituting n + 1 for n in (20) we obtain that

Tpyz = 3Tpri+n+3, V>0 (21)
Subtract (20) from (21) to find that
Tpez = 4zp41 — 3z, +1, Yn>0. (22)
Substitute n + 1 for n in (22) to obtain that
Tpys = 4Tpp—32py1+1, V0 >0. (23)
Subtract (22) from (23) to find that
Tnts = DTpio — TTpey +3z,, V> 0. (24)
(ii) The characteristic polynomial of the linear recursion (24) is
P(z) = 2-522472-3 = (z2—1)%(z - 3).
Therefore, there exist constants C}, Co, Cs3 such that
zp, = 13" + Con + C3, Vn>0.

Since 2o = 1, #; = 5, and x; = 18, we find that C;, = %, Cp=-2 Cy=—
We conclude that
2 _9o2n—5

Ty, = — 7 Vn>0 0O
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Problem 8: Let P(z) = Zf:o a;2* be the characteristic polynomial corre-

sponding to the linear recursion

k
Zaian =0, Yn>0.

=0

(25)

Assume that A is a root of multiplicity 2 of P(z). Show that the sequence

(yn)nZO given by
= Cn\*, n>0,

where C is an arbitrary constant, satisfies the recursion (25).

Solution: Note that A is a root of multiplicity 2 of P(z) if and only if P())

and P'(A\) =0, where
k
= Ziaizi_l
=1

Then, for any n > 0,

k k
Z Ailnti = Z a;C(n + 1) A
i=0

=0

k k
= C’nZaMnH + CZ’LCL;/\TL_H
=0 =0
k ‘ k '
= C’n)\“Zai/V + CA““ZmZ-A’—l
=0 i=1
= CnpA"P()\) + CX"MP'(X)
= 0.

In other words, the sequence (y,)n>0 satisfies the recursion (25).

Problem 9: Let n > 0. Show that

O(z™) +0(z") = O(z™), as z —0;
o(z™) +o(z") = o(z"), as z—0.

Solution: Let fi(z) = O(z") and fo(z) = O(2") as « — 0. Then,

< 00

z
< oo and limsup Ml
2—0 zn

lim sup
z—0

=0
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It is easy to see that

lim sup Mnh—(m)_ < limsup fl( )‘ + lim sup f2 (:c)‘ < 09,
z—0 z z—0 z—0
and therefore, by definition, fi(z) + fo(z) = O(z") as z — 0.
Let g1(z) = o(z") and g2(x) = o(z") as z — 0. Then,
lim 22| Z0 and lim gi(m—)l =0,
z—0| z" z—0|
We note that
lim a(z) + 92(z) < lim alz) + lim ga(z) = 0,
z—0 xn z—0} N z—=0| "

and therefore, by definition, g1(z) + g2(z) = o(z") as z — 0. O

Problem 10: Prove that

n
Zk2 = O(n®), as n— oo;

n
Zk2 = % + 0(n?%), as n— oo,

i.e., show that

2 hi K
limsup === < o
n—C n3
and that
Sha -
limsupA—3 < ©00.
n—x n?

Similarly, prove that
n
ZkS = O(n'), as n— oo;
n
Zka = — + O(n®), as n— oo
Solution: Recall that

ZkQ _ n(n+1)(2n+1) and ik:, _ n’(n+1)°
6 —




10
Then,
noo12
lim 2 =1
n—00 n
'fl 2_nd
lim == 3
n—oo ’n2
n 3
lim &=L k
n—0o0 n
n 3  nt
lim &k=t !
n—o0 ’n3

We conclude that

n
> -
k=1

= n
E :k2 =
k=1

n
> -
k=1

i n
§ :k3 =
k=1

MATHEMATICAL PRELIMINARIES

lim n(n+1)(2n+1) _ 1

e 67 g < o
i 3nf+n 1 .
oo 6n2 2 < o0
n?(n+ 1) 1
7}_}()0 o = < 00;
. 2n+1 1
lim = - < 0.
n—o0 n 2
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0.2 Supplemental Exercises

1. Let a > 0 be a positive number. Compute

\/a+\/a+\/m

2. Let a > 0 be a positive number. Compute

a+

3. (i) Find z > 0 such that

(ii) Find the largest possible value of z > 0 with such that there exists
a number b > 0 with

I--.
= = b

Also, what is the largest possible value of b7

0.3 Solutions to Supplemental Exercises

Problem 1: Let a > 0 be a positive number. Compute

\/a+\/a+\/m

Solution: If we know that the limit of \/ a++va++va+...exists, and denote
that limit by [, then it follows that ! must satisfy

[ = \/a+ a+va+... = Va+l, (28)

which can be solved for { to obtain that

14+ 4
| = +_212‘ (29)



12 MATHEMATICAL PRELIMINARIES

We now show that, for any a > 0, the limit of \/;—{- va++/a—+... does

exist, which is equivalent to proving that the sequence (z,)n>0 is convergent,
where zo = 1/a and

Tntl = Va—+Z, Yn>0.

We will how that the sequence (z,)n>0 is bounded from above and is
increasing.
Let [ be given by (29), ie., let | = X1tk

(1) The sequence (,)n>0 is bounded from above by I.
Note that zo = v/a < I. If we assume that z, < [, then

Tntl = Va+z, < Va+l = I,

since [ is the positive solution of (28), and therefore | = v/a + . Thus, by
induction, we find that z, <[ for all n > 0.

(il) The sequence (Z,)n>0 is increasing.
It is easy to see that

Tn < Tpy1 <= Tn <Vat T, <= €2 —2,—a<0,
since z, > 0. Note that
<xn_1+\/W) <xn_1—M)
2 2
= (z,—1) <xn+—\/?——ai>
< 0,

22— 2 —a =

since z, < [ and z, > 0 for all » > 0. We conclude that z, < z,4; for all
n > 0.

We showed that the sequence (z,)n>0 is increasing and bounded from
above. We conclude that the sequence is convergent. Therefore, the limit
| = lim,_,00 Tp satisfies the equation [ = v/a + [ and is given by (29), i.e.,

1++/1+4a 0
—

lim z, =
n—oo

Problem 2: Let a > 0 be a positive number. Compute

1
T (30)
a+ o

a-+
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Solution: If we know that the continuous fraction (30) has a limit [, then [
must satisfy

l=a+%<:>l2—al—1=0, (31)

and therefore

2
I = ﬁ%ﬁ (32)

To show that the continuous fraction (30) does have a limit, we must
prove that the sequence (z,)n>0 is convergent, where zo = a and

1
Tppn = a+—, Yn>0
Tn

The first few terms of the sequence (z,),>0 are

a?+1 a® + 2a a*+3a?+1
=& ni=T s T BT T e o

We note that the terms of the sequence are alternatively larger and smaller
than the value of [ given by (32), i.e.,

To< T2 < | < z3< 71.

Based on this observation, we conjecture that the subsequence (z2,)n>0
made of the even terms of the sequence (z,)n>0 is increasing and has limit
equal to [, and that the subsequence (Zont+1)n>0 made of the odd terms of
(zn)n>0 is decreasing and has limit equal to .

To show this, let (y,)n>0 be the sequence given by the recursion

1 (@®+ Dy, +a
a+§1n— ayn, + 1

Ynt1 = @+ , VYn>0, (33)

with yo = a. Note that y, = zo, for all n > 0.
Assume that y, < [, where [ is given by (32). Recall from (31) that

P—al—1=0 (34)
and that
2 a1 — (t_&_ ‘/“2+4) (t_ﬂ—___ ‘/“2+4)
2 2

(t—1) (t + —”‘”4‘“) . (35)

2
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We will show that, for all n > 0, Y1 > v, and ype1 < L.
Note that, by definition (33), y, > 0 for all n > 0. Then, from (33), it is
easy to see that

Ynt1 > Un <= (@ + Dyn+a> a0y +y, < a(yZ — ay, — 1) < 0. (36)
From (35), and using the assumption that y, < I, it follows that

\/a2+4—a>
_ < 0.

- (37)

YVe—ayn—1 = (yo — 1) (yn+

From (36) and (37), we conclude that, if y, < I, then yp,+1 > yn, for any
n > 0.
From (33), we also find that

l—a

Y1 <l <= (@ +Dyp+a<alyp+1 <= yp< ——— =
a?—al+1

I (38)

the last equality can be derived as follows:
[—a
a2 —al+1

where the last equality is the same as (34).
We conclude from (38) that, if yn, < [, then y,41 <1 for alin > 0.

=l < l-a=dl-a?+l < a(l®*-al-1) =0,

In other words, we showed by induction that the sequence (yn)n>0 given
by the recursion (33) with yy = a is increasing and bounded from above by
l. Therefore, the sequence (y,)n>0 is convergent. Denote by 1 = lim,—,c0 Yn
the limit of the sequence (y,)n>0. From (33) and using (35), we obtain that

2
poltbhtae e 1y—o

al1+1
vat+4 - a>

= a(l1 — l) (ll + 5
Since l; > 0, it follows that l; =1, i.e., that lim, .oy, = I.

Recall that y, = x5, for all n > 0. We showed that the subsequence made
of the even terms of (z,)n>0 is increasing and converges to the limit [ given
by (32), i.e., that

lim Top = l. (39)

n—oco
Similarly, we define the sequence (zp)n>0 by the recursion
(a®+ Dz, +a

_wrlmte o5y
#ntl am+1 -
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with 2 = “2:1. It is easy to see that z, = zop41 for all n > 0.

As expected, the sequence (2,)n>0 is decreasing and has limit equal to [.
The proof follows by induction: assuming that z, > [, we show that 2,41 < z,
and 2,41 > [. This proof is very similar to that given above for the sequence

(yn)n>o and is left to the reader as an exercise. We conclude that

lim zony1 = L. (40)
n—x
From (39) and (40), we find that
a+va®+4

nlgrgc z, =1 = 5 . O
Problem 3: (i) Find z > 0 such that
= =2 (41)

(i) Find the largest possible value of z > 0 with such that there exists a
number b > 0 with

= = b (42)
Also, what is the largest possible value of b7

Solution: (i) If there exists z such that (41) holds true, then z? = 2 and
therefore z = /2. We are left with proving that

NG,

Consider the sequence (2,)n>0 With 2o = v/2 and satisfying the following
recursion:

Top1 = V2" = 252 ¥ >0.

It is easy to see by induction that the sequence is increasing and bounded
from above by 2, since

Tnp1 > Tn <= 250250012 ey oo S po

Tn1 <2 &= 22 <2 = 1,/2<1 <= z,<2.
We conclude that the sequence (x,),>0 is convergent. If [ = lim, ., T,, then

[ = 21/2,

which is equivalent to
M= 212, (43)



16 MATHEMATICAL PRELIMINARIES

Let f:(0,00) — (0,00) be given by
f) = Yt = exp (ln(t)).

13

Then fey — Lo (ln(t))‘

2 t
Note that the function f(t) is increasing for ¢t < e and decreasing for t > e.
Therefore, there will be two values of ¢ such that (43) is satisfied, i.e., such
that ¢/t = 21/2, one value being equal to 2, and the other one greater than
e. Since =, < 2 for all n > 0 and I = lim,,_, Tp, wWe conclude that [ = 2, and
therefore that = = /2 is the solution to (41).

(ii) If there exists a number b > 0 such that

¥ =0

for a given z > 0, then z° = b and therefore z = b/%. Recall from part (i)
that the function f(t) = t'/* has an absolute maximum at ¢ = e. We conclude

that

z = b < maxtl/t = eY/¢ =~ 1.4447,
>0

and that the largest value of b such that the limit (42) existsisb=e. [



Chapter 1

Calculus review. Plain vanilla options.

1.1 Solutions to Chapter 1 Exercises

Problem 1: Compute [ In(z) dz.
Solution: Using integration by parts, we find that

/ln(:z:) dr = /(w)’ln(z) dz = zln(z) - /x(ln(x))’ dz

zln(z)—/l dz = zln(z)—-z+C. O

1

Problem 2: Compute [ -2~ dz by using the substitution u = In(z).

zln(x)

Solution: Let v = In(z). Then du = d?z and therefore

/_1_ dz = /%du = () = Wn(ln(z))+C. O

z In(z)

Problem 3: Show that (tanz) = 1/(cosz)? and

1
/1+$2 dr = arctan(z) + C.

Solution: Using the Quotient Rule, we find that

i ! : / o ,
(tanz) = sinz)" _ (sinz) cosz —sinz(cos z)
cosz (cos z)?
_ (cosz)® + (sinz)? 1
- (cosz)? "~ (cosz)?’

17

(1.1)
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To prove that [ dz = arctan(z), we will show that

(arctan(z)) = %x—z
Let f(z) =tanz. Then arctan(z) = f~'(z). Recall that
1
-1
7@ =
and note that f'(z) = (tanz) = coslz)z’ cf. (1.1). Therefore,
(arctan(z))’ = (cos(f}(x)))? = (cos(arctan(z)))?. (1.2)
Let a = arctan(z). Then tan(a) = z. It is easy to see that
1
L @)
since (sin(a))? + (cos(a))? = 1. Thus,
(cos(arctan(z)))? = (cos(a))? = ﬁi (1.3)
From (1.2) and (1.3), we conclude that
1
(arctan(z)) = poRE

and therefore that
1
dr = arctan(z) + C.
/ 1+ 22 (=)

We note that the antiderivative of a rational function is often computed
using the substitution z = tan ().

For example, to compute [ H_—lxz-dx using the substitution x = tan (%),
note that p .

de = o (ta,n (2)) dz = Wdz
Then

1 L 1
/1+x2 = /H(tan @ Ao ()7

o ) L,
(sin(a))? + (cos(a))? 2(005 (2))?

=/ dz —arcta,n(x) + C 0O
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Problem 4: Use I’Hopital’s rule to show that the following two Taylor ap-
proximations hold when z is close to 0:

Vi4z = 1+ g;
2

x
T~ 1 —.
e +x+2

In other words, show that the following limits exist and are constant:

2
V1 — (142 et — (1+x+m—>
i YIEE = (48) 4 2/

z—0 x? z—0 3

Solution: The numerator and denominator of each limit are differentiated
until a finite limit is computed. L’Hépital’s rule can then be applied sequen-
tially to obtain the value of the initial limit:

1 1 1
. Vlit+z — (1 + %) . 2J/itz 2 . T i(l+z)e 1
lim = Jim2¥——" = lim————— = —_,
70 2 z—0 2r z—0 2 8

‘We conclude that
Vitz =1+ 2 + O(z?), as z —0.

2
Similarly,
2
hmem—(l—i—x+%> hmm = 1i et -1 _ li e_m _l
z—0 z3 z—0 32 o0 6r a0 6 6

and therefore

z ‘Tz ‘Tz 3
e — 1+x+7 =1+x+—2——|—0(:c) as z—0. 0O

Problem 5: Use the definition e = limg_, (1 + %)m of e to show that

1 , ( 1)3r
- = lim[1—-—=] .
e T T

]_-———: — =

z z —Z 14+ L7

Solution: Note that
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Then,
1 x
(1) - 2oy
. 1 1 1
=zh_ff§o R S I S
(1+5) L=
since
lim 1+ =1
z—00 z—1
and

1 z—1 1 T
lim <1+ ) = lim <1+ ) =e O
T—00 r—1 2—00

Problem 6: Let K, T, o and r be positive constants, and define the function
g:R—>Ras

2

1 O
g(z) = Wor /0 e 7 dy,
where b(z) = (ln (£) + (r + %2) T) / (a T). Compute ¢'(z).

Solution: Recall that

d b(z) , ,
dz ( /a(m) fy) dy ) = f(b(z))t'(z) - f(a(z))d'(z).

Therefore,
1 _ee? 1 (b(z))2> 1
Nz2) = —¢e 2z -V(z) = ex (—
g(z) = (z) o €XP 5 p—
2
1 (ln (£) + (r + g;) T)
= ———exp | — 5 O
zov 2nT 20%T

Problem 7: Let f(z) be a continuous function. Show that

hm——/ f(z)dz = f(a), YaeR.
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Solution: Let F(z) = [ f(z) dz be the antiderivative of f(z). From the
Fundamental Theorem of Calculus, it follows that

1 feth Fla+h)— F(a—h)
— f(z) dz = .

2h Jop ) 2h

Using 'Hopital’s rule and the fact that F'(z) = f(z), we find that

.1 . Fla+h)-Fla—h)
_- dr =
Hm oh /(L_h f(z) do = lim oh
_ o fat )+ fa= )
h—0 2
= fla),
since f(z) is a continuous function.
Note: Let F(t fo (z) dz. The central finite difference approximation of
F'(a) is
F h)—F(a—h
F'(a) = (at )2h (a=h) + O(r?), (1.4)

as h — 0 (if F®)(¢) = f"(t) is continuous). Since F'(a) = f(a), formula (1.4)
can be written as

a+h
fla) = % /G_h f(z)dz + O(h?). O

Problem 8: Let f : R — R given by

n
= Zcie_yt",
i=1
where ¢; and t;, ¢ = 1 : n, are positive constants. Compute f'(y) and f"(y).

Solution: Note that
(e—yt;‘)’ — C%(e—yti) — _tie—yti;
(e—yti)” = diy(—tie‘yt") = tle Vi,

Then,
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Note: The function f(y) represents the price of a bond with cash flows ¢; paid
at time ¢; as a function of the yield y of the bond. When scaled appropriately,
the first and second derivatives of f(y) with respect to y give the duration
and convexity of the bond, respectively.

Problem 9: Let f : R? — R given by f(z) = 222 — 17, + 3zp23 — 23, where
z = (x1, T2, 23).

(i) Compute the gradient and Hessian of the function f(z) at the point a =
(1,—1,0), i.e., compute Df(1,~1,0) and D?f(1,~1,0).

(ii) Show that

f&) = J(@)+Df(@) @~ ) +5 (2= &) Df(a) (w—a). (19

Here, z, a, and z — a are 3 X 1 column vectors, i.e,,

T1 1 .'131—].
T = T2 |, a = -11]; z—a = zo+1 .
T3 0 3

Note: Formula (1.5) is the quadratic Taylor approximation of f(z) around
the point a. Since f(z) is a second order polynomial, the quadratic Taylor
approximation of f(z) is exact.

Solution: (1) Recall that

Df@) = (F20) =@ 2L)

= (4z1 — a9, —w1+3w3, 3zy — 213);
2;]:(.’17) Bizgzl(w) B:Z:gzl (.’I)) 4 -1 0
D*f(z) = %lam( z) 3—4(90) Wa%a%(w) = (—1 0 3
2L(7) $2h(@) Zh) 0 32
Then,
Df(a) = Df(1,-1,0) = (5, =1, —=3); (1.7)

0
D*f(a) = D?f(1,-1,0) = (—1 0 3). (1.8)
3 -2
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(ii) We substitute the values from (1.6), (1.7) and (1.8) for f(a), D f(a)
and D?f(a), respectively, in the expression f(a) + Df(a) (z —a) + 3 (z —
a)t D*f(a) (z — a) and obtain that

f(a) + Df(a) (@~ a) + 5 (- a) D*f(@) ()

£L‘1—1

=3+ (5,-1,-3)| z2+1

Z3
1 4 -1 O 1 —1
+=(z1 —lzg+1,23)| =1 0 3 zo+1
2 0 3 -2 3

- + (51‘1—1‘2—3113—6)

3
+ (2x% — bz — x1T9 + T2 + 3z9x3 + 313 — x§ + 3)
= 2z% — 7179 + 307y — T3

= f(z). O

Problem 10: Let

]. J'2
u(x,t) = e, for t>0, z€R.
(2,%) vt
Compute % and %, and show that
ou  Bu
ot  Ox?’

Note: This exercise shows that the function u(z,t) is a solution of the heat
equation. In fact, u(z,t) is the fundamental solution of the heat equation,
and is used in the PDE derivation of the Black—Scholes formula for pricing
European plain vanilla options.

Also, note that u(z,t) is the same as the density function of a normal
variable with mean 0 and variance 2¢.

Solution: By direct computation and using the Product Rule, we find that

ou 1 gp 1 2 1 2 z? 1
— = ——t ——— e 4 —— e & - -3
ot 2 VA Vdrt 4 t

= - e 4 e 4 1.9
2t\/Ant 4t \/dnt (19)
Ou T 1 2

oz 2t ‘ VArt
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A% 1 s 4 z? 1 e (1.10)
—_— = —_—— t —_— e t .
Ox? 2t/4mt 482 \Jdri

From (1.9) and (1.10), we conclude that

8% ou
2~ o1 O

Problem 11: Consider a portfolio with the following positions:
e long one call option with strike K; = 30;

e short two call options with strike K; = 35;

¢ long one call option with strike K3 = 40.

All options are on the same underlying asset and have maturity 7. Draw
the payoff diagram at maturity of the portfolio, i.e., plot the value of the
portfolio V(T') at maturity as a function of S(T'), the price of the underlying
asset at time 7'

Note: This is a butterfly spread. A trader takes a long position in a butterfly

spread if the price of the underlying asset at maturity is expected to be in
the K; < S(T) < Kj range.

Solution: A butterfly spread is an options portfolio made of a long position
in one call option with strike K}, a long position in a call option with strike
K3, and a short position in two calls with strike equal to the average of the
strikes K; and Kj, i.e., with strike Ky = %&; all options have the same
maturity and have the same underlying asset.

The payoff at maturity of a butterfly spread is always nonnegative, and
it is positive if the price of the underlying asset at maturity is between the
strikes K; and Ks, i.e., if K) < §(T) < Kj.

For our particular example, the values of the three call options at maturity
are, respectively,

Ci(T) = max(S(T) — Ki1,0) = max(S(T) — 30,0);
Co(T) = max(S(T) — K,0) = max(S(T) — 35,0);
Cs(T) = max(S(T) — K3,0) = max(S(T) — 40,0)

and the value of the portfolio at maturity is
V(T) = Cy(T) —2Cy(T) + C3(T).

Depending on the values of the spot S(T') of the underlying asset at
maturity, the value V(T') of the portfolio at time T is given below:
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S(T) <3030 < S(T) <3535 < S(T) <4040 < S(T)
CU{T) 0 S(T) = 30 S(T)—30 | S(T) =30
Co(T) 0 0 S(TY—35 | S(T)— 35|
Cs(T) 0 0 0 S(T)— 40
V(T) 0 S(T) — 30 0 —3(7) 0

Problem 12: Draw the payoff diagram at maturity of a bull spread with a
long position in a call with strike 30 and short a call with strike 35, and of a
bear spread with long a put of strike 20 and short a put of strike 15.

Solution: The payoff of the bull spread at maturity T is
VI(T) = max(S(T)~-30,0) — max(S(T) — 35,0).

Depending on the value of the spot price S(T'), the value of the bull spread
at maturity T is

30 < S(T) < 35| 35 < S(7)
S{T) — 30 5

S(T) < 30
0

W(T)

The value of the bear spread at maturity 7T is
Vo(T) = max(20 — S(T),0) — max(15 — S(T),0),

which can be written in terms of the value of S(T') as

S(T) <15
Vi(T) 5

15 < 5(T) <20]20 < S(T)
20 — S(T) 0

A trader takes a long position in a bull spread if the underlying asset is
expected to appreciate in value, and takes a long position in a bear spread if
the value of the underlying asset is expected to depreciate. 0O

Problem 13: Which of the following two portfolios would you rather hold:
e Portfolio 1: Long one call option with strike K = X — 5 and long one call
option with strike K = X + 5;
e Portfolio 2: Long two call options with strike K = X7

(All options are on the same asset and have the same maturity.)

Solution: Note that being long Portfolio 1 and short Portfolio 2 is equivalent
to being long a butterfly spread, and therefore will always have positive (or
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rather nonnegative) payoff at maturity. Therefore, if you are to assume a
position in either one of the portfolios (not to purchase the portfolios), you
are better off owning Portfolio 1, since its payoff at maturity will always be
at least as big as the payoff of Portfolio 2.

More precisely, note that

V(T) = WA(T) - Va(T)
= max(S(T) — (X — 5),0) + max(S(T) — (X + 5),0)
— 2max(S(T) — X, 0).

The value of the portfolio at time T is detailed below:

V(T)
ST)<X -5 0
X-5<SM<X|S8(T)—(X-5)
X<SMT)<X+5|(X+5-5T)
X +5< S(T) 0

Problem 14: Call options with strikes 100, 120, and 130 on the same under-
lying asset and with the same maturity are trading for 8, 5, and 3, respectively
(there is no bid-ask spread). Is there an arbitrage opportunity present? If
yes, how can you make a riskless profit?

Solution: For an arbitrage opportunity to be present, there must be a port-
folio made of the three options with nonnegative payoff at maturity and with
a negative cost of setting up.

Let K; = 100 < Kp = 120 < K3 = 130 be the strikes of the options.
Denote by z1,z2,z3 the options positions (which can be either negative or
positive) at time 0. Then, at time 0, the portfolio is worth

V(O) = wlcl(()) + :E2C’2(0) + xgcg(())

At maturity T, the value of the portfolio will be

V(T) = :Elcl(T) + wzcz(T) + wgcg(T)
= zymax(S(T) — Ki,0) + zpmax(S(T) — K3,0)
+ zgmax(S(T) — K3, 0),
respectively.

Depending on the value S(T') of the underlying asset at maturity, the
value V(T') of the portfolio is as follows:
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v(T)
S(T) < K1 0
K <SZT) < Ky $1S(T§—$1K1
K, < SYT) < K3 (iEl + £E2)S(T) — 11 K1 — z2,K5

K; < S(TT (£E1 + z2 + $3)S(T) — 1K) — 120Ks — 13 K5

Note that V(7T is nonnegative when S(T) < K only if a long position is
taken in the option with strike K7, i.e., if z; > 0. The payoff V(T') decreases
when K, < S(T) < K3, accounting for the short position in the two call
options with strike Kj, and then increases when S(T) > Kj.

We conclude that V(T') > 0 for any value of S(T) if and only if z; > 0,
if the value of the portfolio when S(T) = K3 is nonnegative, i.e., if (z; +
$2)K3 — 11Ky — 290K, > 0, and if 1 + zo + 23 > 0.

Thus, an arbitrage exists if and only if the values C1(0), C2(0), C5(0) are
such that we can find z1, z2, and z3 with the following properties:

z1C1(0) + 22C(0) + 23C3(0) < 0,
Ty > 0

(£E1 + £E2)K3 - K — 1Ky > 0
Ty +xo+x23 > 0.

For C1(0) =8, C(0) =5, C4(0) = 3 and K; = 100, K, = 120, K3 = 130,
the problem becomes finding z; > 0, and z9 and 3 such that

8z1 +5z9 + 323 < 0 (111)
30z; + 10z, > 0O, (1.12)
1+ 220+ 13 > 0. (1.13)

(For these option prices, arbitrage will be possible since the middle option is
overpriced relative to the other two options.)

The easiest way to find values of z;, z2, and z3 satisfying the constraints
above is to note that arbitrage can occur for a portfolio with long positions in
the options with lowest and highest strikes, and with a short position in the
option with middle strike (note the similarity to butterfly spreads). Then,
choosing z3 = —z; — z2 would be optimal; cf. (1.13). The constraints (1.11)
and (1.12) become

51+ 222 < 0
3z1+1z, > 0.

These constraints are satisfied, e.g., for z; = 1 and zo = —3, which
corresponds to 3 = 2.
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Buying one option with strike 100, selling three options with strike 120,
and buying two options with strike 130 will generate a positive cash flow of
$1, and will result in a portfolio that will not lose money, regardless of the
value of the underlying asset at the maturity of the options. O

Problem 15: A stock with spot price 40 pays dividends continuously at a
rate of 3%. The four months at-the-money put and call options on this asset
are trading at $2 and $4, respectively. The risk-free rate is constant and
equal to 5% for all times. Show that the Put-Call parity is not satisfied and
explain how would you take advantage of this arbitrage opportunity.

Solution: The following values are given: S = 40; K = 40; T =1/3; r = 0.05;
qg=003 P=2C=4
The Put—Call parity is not satisfied, since

P+Se ™ - C = 39.5821 > 39.3389 = Ke '~ (1.14)

Therefore, a riskless profit can be obtained by “buying low and selling
high”, i.e., by selling the portfolio on the left hand side of (1.14) and buying
the portfolio on the right hand side of (1.14) (which is cash only). The riskless
profit at maturity will be the future value at time 7" of the mispricing from
the Put—Call parity, i.e.,

(39.5821 — 39.3389)e™ = 0.2473. (1.15)

To show this, start with no money and sell one put option, short e~
shares, and buy one call option. This will generate the following cash amount:

P+ 8Se ¥ —C = 39.5821,

since shorting the shares means that e~% shares are borrowed and sold on the
market for cash. (The short will be closed at maturity T by buying shares on
the market and returning them to the borrower; see below for more details.)
At time 0O, the portfolio consists of the following positions:
o short one put option with strike K and maturity T;
o short e~% shares;
e long one call option with strike K and maturity T;
e cash: +8$39.5821.
The initial value of the portfolio is zero, since no money were invested:

V(0) = — P(0) - S(0)e ™ +C(0) +39.5821 = 0.

Note that by shorting the shares you are responsible for paying the accrued
dividends. Assume that the dividend payments are financed by shorting
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more shares of the underlying asset and using the cash proceeds to make the
dividend payments. Then, the short position in e~9T shares at time 0 will
become a short position in one share® at time 7.

The value of the portfolio at maturity is

V(T) = —P(T) - S(T)+C(T) + 39.5821e"".
Recall from the proof of the Put—-Call parity that
P(T)+S(T)-C(T) = max(K—-S5(T),0)+5(T) —max(S(T)~-K,0) = K,

regardless of the value S(T') of the underlying asset at maturity.
Therefore,

V(T) = —(P(T)+ S(T) — C(T)) + 39.5821¢'”
= —K +395821e’T = —40+402473 = 0.2473.

This value represents the risk—free profit made by exploiting the discrep-
ancy from the Put—Call parity, and is the same as the future value at time T
of the mispricing from the Put—Call parity; cf. (1.15). O

Problem 16: The bid and ask prices for a six months European call option
with strike 40 on a non-dividend-paying stock with spot price 42 are $5
and $5.5, respectively. The bid and ask prices for a six months European
put option with strike 40 on the same underlying asset are $2.75 and $3.25,
respectively. Assume that the risk free rate is equal to 0. Is there an arbitrage
opportunity present?

Solution: For 7 = 0, the Put—Call parity becomes P + S — C = K, which in
this case can be written as C — P = 2.

Thus, an arbitrage occurs if C — P can be “bought” for less than $2 (i.e.,
if a call option is bought and a put option is sold for less than $2), or if C — P
can be “sold” for more than $2 (i.e., if a call option can be sold and a put
option can be bought for more than $2).

From the bid and ask prices, we find that the call can be bought for $5.5
and the put can be sold for $2.75. Then, C — P can be “bought” for $5.5-
$2.75=$2.75, which is more than $2. Therefore, no risk-free profit can be
achieved this way.

Also, a call can be sold for $5 and a put can be bought for $3.25. There-
fore, C — P can be “sold” for $5-$3.25=$1.75, which is less than $2. Again,
no risk-free profit can be achieved. [

IThis is similar to converting a long position in e~97 shares at time 0 into a long position
in one share at time T, through continuous purchases of (fractions of) shares using the
dividend payments, which is a more intuitive process.
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Problem 17: You expect that an asset with spot price $35 will trade in
the $40-$45 range in one year. One year at-the—money calls on the asset
can be bought for $4. To act on the expected stock price appreciation, you
decide to either buy the asset, or to buy ATM calls. Which strategy is better,
depending on where the asset price will be in a year?

Solution: For every $1000 invested, the payoff in one year of the first strategy,
i.e., of buying the asset, is
1000
T = —8(T
where S(T) is the spot price of the asset in one year.
For every $1000 invested, the payoff in one year of the second strategy,
i.e., of investing everything in buying call options, is

W(T) — R max(S(T) - 35,0) = { ¢ Q)3 £ 2 08

It is easy to see that, if S(T") is less than $35, than the calls expire worth-
less and the speculative strategy of investing everything in call options will
lose all the money invested in it, while the first strategy of buying the asset
will not lose all its value. However, investing everything in the call options
is very profitable if the asset appreciates in value, i.e., is S(T') is significantly
larger than $35. The breakeven point of the two strategies, i.e., the spot price
at maturity of the underlying asset where both strategies have the same payoff
is $39.5161, since

%OS(T) _ 1—(1109(5(7*) _ 35) «= S(T) = 39.5161,

If the price of the asset will, indeed, be in the $40-$45 range in one year,

then buying the call options is the more profitable strategy. T

Problem 18: The risk free rate is 8% compounded continuously and the
dividend yield of a stock index is 3%. The index is at 12,000 and the futures
price of a contract deliverable in three months is 12,100. Is there an arbitrage
opportunity, and how do you take advantage of it?

Solution: The arbitrage—free futures price of the futures contract is
12000¢"9T = 12000e%®-003)/4 — 12150.94 > 12100.

Therefore, the futures contract is underpriced and should be bought while
hedged statically by shorting e~%7 = 0.9925 units of index for each futures
contract that is sold.
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At maturity, the asset is bought for 12100 and the short is closed (the
dividends paid on the short position increase the size of the short position
to 1 unit of the index). The realized gain is the interest accrued on the cash
resulting from the short position minus 12100, i.e.,

0 08/4 (¢7003/412000) — 12100 = 150.94. O
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1.2 Supplemental Exercises

1. Compute
/w”ln(w) dz.
2. Compute
/w”ez dz.
3. Compute
/(ln(w))” dz.
4. Show that
1 z 1 z+1
(1+-> < e < (1+—> , Ve>1
z z
5. Let

flz) = . 1% exp (— (mz_af)Z)

Assume that g : R — R is a continuous function which is uniformly
bounded, i.e., there exists a constant C such that |g(z)| < C for all
z € R. Then, show that

ti [~ f(@)ale) ds = o(u.

6. Let

n ¢
9W) = D A
— (1 +y)k

Compute ¢'(y).

7. A derivative security pays a cash amount c¢ if the spot price of the
underlying asset at maturity is between K and Ko, where 0 < K; < K,
and expires worthless otherwise. How do you synthesize this derivative
security (i.e., how do you recreate its payoff almost exactly) using plain
vanilla call options?
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8.

10.

Create a portfolio with the following payoff at time T

28(T), if 0 < S(T) < 20
V(T) = { 60—35(T), if 20 < S(T) < 40;
S(T)—20, if 40 < S(T),

where S(T) is the spot price at time T of a given asset. Use plain
vanilla options with maturity T" as well as cash positions and positions
in the asset itself. Assume, for simplicity, that the asset does not pay
dividends and that interest rates are zero.

. Call options on the same underlying asset and with the same maturity,

with strikes K; < K3 < K3, are trading for Cp, C; and Cj, respectively
(no Bid-Ask spread), with C; > Cz > Cj. Find necessary and sufficient
conditions on the prices Cy, C2 and Cj such that no-arbitrage exists
corresponding to a portfolio made of positions in the three options.

Denote by Cyy and Cpgr, and by Pyg and Py, respectively, the bid
and ask prices for a plain vanilla European call and for a plain vanilla
European put option, both with the same strike K and maturity 7', and
on the same underlying asset with spot price S and paying dividends
continuously at rate ¢. Assume that the risk—free interest rates are con-
stant equal to r. Find necessary and sufficient no—arbitrage conditions
for Chia, Casky Pria, and Py

1.3 Solutions to Supplemental Exercises

Problem 1: Compute

/z" In(z) dz.

Solution: If n # —1, we use integration by parts and find that

zn+1 1 1
/z"ln(z) dr = ——) In(z) — — ] . - dz
n+l] n+1
_z n(z)  «z L c
n+1 (n+1)2
For n = —1, we obtain that

/lﬂff—) dz = (In(z))> + C. O
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/ z"e® dz.

Solution: For every integer n > 0, define the function f,(z) as

Problem 2: Compute

falz) = /z"em dz.
By using integration by parts, it is easy to see that
folz) = /z"em dz = z2"e® — n/z”“lem dz = z"€® — nfp1(z), Vn > 1.

Since fo(z) = €*, the following general formula can be obtained by induction:

noLk
/z"em de = fu(z) = nl (Z%(—m—k) e +C, Vn>1 O

k=0

Problem 3: Compute

/ (In(2))" da.
Solution: For every integer n > 0, let

fulz) = /(ln(z))n dz.

By using integration by parts, it is easy to see that, for any n > 1,

/ (In(2))" dz = z(in(z)) —n / (In(2))™" da,

and therefore

Since fo(z) = =, the following general formula can be obtained by induction:

= (=1)"*nl k
/(ln(z))n dr = fu(z) = zZ——k'—(ln(z)) + C, Vn>1 0O

k=0
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Problem 4: Show that

1 z 1 z+1
(1+;) <e< (1+;) , Yz >1 (1.16)

Solution: Note that (1.16) is equivalent to

1 1
< In (1+—) < = Vz>1 (1.17)
z+1 z z
ket 1 1 1\ 1
f(x):——ln(l+—), g(z) = 1n(1+;)—x+1
Then,
1 1 1
! = —— B e ——— O
f(=) x2+x(a¢+1) z?(z + 1) <
1 1 1
/ = — = — O
90 = e ) T E T st S

We conclude that both f(z) and g(z) are decreasing functions. Since

lim f(z) = lim g(z) = O,

T—0C

it follows that f(z) > 0 and g(z) > 0 for all z > 0, and therefore

1 1 1
- > ln(1+—) > ——, Yz>0,
T T z+1

which is what we wanted to show; cf. (1.17). O

Problem 5: Let

f(z) =

1 T —p)?
exp [~ E BN
o\ 2w 202
Assume that g : R — R is a continuous function which is uniformly bounded?,
i.e., there exists a constant C such that |g(z)| < C for all z € R. Then, show
that
o
i [ f(2)g(e) de = o(n)
oN\O J e
2The uniform boundedness condition was chosen for simplicity, and it can be relaxed,
e.g., to functions which have polynomial growth at infinity.
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Solution: Using the change of variables y = *-£, we find that

[t i = —= [" o) e (—““’”2) d

o0 oV 2r J- 202
1 o 2
= \/—5—;/ glp+oy) e T dy. (1.18)
—00
Recall that
1 2
27T_/ ehdy = 1, (1.19)
\ —00
1 12

since, e.g., the function —=e™7 is the probability density function of the
standard normal variable. From (1.18) and (1.19) we obtain that

o)~ [ @) ds = o= [~ () - slurov) ¥ dy. (120)

Our goal is to show that the right hand side of (1.20) goes to 0 as o \, 0.
Since g(z) is a continuous function, it follows that, for any ¢ > 0, there
exists ;(€) > 0 such that

lg(w) — g(z)l <€, Y|z —pf <dile). (1.21)

Using the fact that the integral (1.19) exists and is finite, we obtain that,
for any € > 0, there exists dz(e) > 0 such that

1 —62 yz oo ﬁ
\/77?/ e T dy + E 5()6_2 dy < e (1.22)
—0C 2\ €

Since |g(z)| < C for all z € R, it follows from (1.22) that

1 —8(€) 2
\/—57;/ lg(k) — g(p+oy)| e77 dy
—0C

1 /°° 2
+ == g(w) —glp+oy)l e7 dy < 2Ce. 1.23
o L 1909 = (s o) (129

It is easy to see that, if o < 5

(s + o) — pl = aly] < 6:(6) 5'2@{‘) <89, Yy e -0 (). (120

Then, from (1.21) and (1.24) we find that
lg(u) — 9(u+ o)l < & Vy€[=ba(e), 2(e)]; (1.25)
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and therefore

—glp+oy) e T dy < e (1.26)

E/—éz() g()

From (1.20), (1.23), and (1.26), it follows that, for any € > 0, there exist
81 (€) > 0 and 62(¢) > 0 such that, if 0 < %(%, then

\gm - [ tta) do

We conclude, by definition, that

\/% / " \ol) — g+ oy) % dy
< (2C +1)e.

lim / ) f(z)g(z) dz = g(p). O

oNO

Problem 6: Let

Compute ¢'(y).

Solution:

Problem 7: A derivative security pays a cash amount c if the spot price
of the underlying asset at maturity is between K3 and K5, where 0 < Kj <
K>, and expires worthless otherwise. How do you synthesize this derivative
security (i.e., how do you recreate its payoff almost exactly) using plain vanilla
call options?

Solution: The payoff of the derivative security is
0, if S(T) < Ky,

V(T) = ¢, if K1 < S(T) < Ky;
0, if Kz < S(T).

Since V(T') is discontinuous, it cannot be replicated exactly using call options,
whose payoffs are continuous.
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We approximate the payoff V(T') of the derivative security by the following
payoft

0, if S(T) < K, — ¢
c(S(T)— (K1 —¢))/e, if K1 —e<S(T) < Ky
Vi(T) = c, if K1 <S(T) < Ky (1.27)
c—c(S(T)— Ky)fe, if Ko <S(T)< K;+e¢
0, if Ky +e < S(T).

Note that V(T) = V.(T') unless the value S(T) of the underlying asset at
maturity is either between K7 — € and Kj, or between K and Kj + €.

The payoff V.(T) can be realized by going long c/e bull spreads with
strikes K; — ¢ and Kj, and shorting ¢/e bull spreads with strikes K and
K + €. In other words, the payoff V/(T') of the given derivative security can
be synthesized by taking the following positions:

e long c/e calls with strike K; — ¢;
e short ¢/e calls with strike K7,
e short ¢/e calls with strike Kj;

e long c/e calls with strike Kj + €.
It is easy to see that the payoff V,(T) is the same as in (1.27):

Ve(T)
STy < K —¢ 0
K —e< S <K, SST) = (K= 9))
Ki<ST <Ky, | S(M)—-(Ki—¢)—iST)-Ki))=c
K, <ST)<K;+e c—4(8(T) - Ky)
K, +e< S(T) c—S(S(T) —Ky) +¢(S(T) — (K3 +€)) =0

Problem 8: Create a portfolio with the following payoff at time T

{ 28(T), if 0 < S(T) < 20;
V(T) = { 60—S(T), if 20 < S(T) < 40; (1.28)
S(T)—20, if 40 < S(T),

where S(T') is the spot price at time T of a given asset. Use plain vanilla
options with maturity T as well as cash positions and positions in the asset
itself. Assume, for simplicity, that the asset does not pay dividends and that
interest rates are zero.

Solution: Using plain vanilla options, cash, and the underlying asset the
payoff V(T') can be replicated in different ways.
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One way is to use the underlying asset, calls with strike 20, and calls with
strike 40.

First of all, a portfolio with a long position in two units of the underlying
asset has value 25(T) at maturity, when S(T") < 20.

To replicate the payoff 60 — S(T') of the portfolio when 20 < S(T') < 40,
note that

60 — S(T) = 2S(T)+60 —3S(T) = 28(T) — 3(S(T) — 20).

This is equivalent to a long position in two units of the underlying asset and
a short position in three calls with strike 20.

To replicate the payoff S(T) — 20 of the portfolio when 40 < S(T'), note
that

S(T)—20 = 60—S(T) + 25(T)—80 = 2S(T) — 3(S(T)—20) + 2(S(T)—40).

This is equivalent to a long position in two units of the underlying asset, a
short position in three calls with strike 20, and a long position in two calls
with strike 40.

Summarizing, the replicating portfolio is made of

e long two units of the asset; _
e short 3 call options with strike K" = 20 on the asset;
e long 2 call options with strike K = 40 on the asset.

We check that the payoff of this portfolio at maturity, i.e.,
Vi(T) = 28(T) — 3max(S(T) — 20,0) + 2 max(S(T") — 40,0) (1.29)
is the same as the payoff from (1.28):

Vi(T)
S(T) < 20 25(T)

20 < S(TY < 40| 25(T) = 3(S(T) — 20) = 60— S(T)
40< S(T) 60— S(T) + 2(S(T) —40) = S(T) —20

As a consequence of the Put-Call parity, it follows that the payoff V(T
from (1.28) can also be synthesized using put options. If the asset does not
pay dividends and if interest rates are zero, then, from the Put—Call parity,
it follows that

¢ =P+S-K

Denote by Cyp and Pap, and by Cyg and Py, the values of the call and put
options with strikes 20 and 40, respectively.
Then, the replicating portfolio with payoff at maturity given by (1.29)
can be written as
V = 25— 3Cy + 2Cy. (1.30)
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To synthesize a short position in three calls with strike 20, note that
—3Cy = — 3Py — 35+ 60, (131)

which is equivalent to taking a short position in three units of the underlying
asset, taking a short position in three put options with strike 20, and being
a long $60.

Similarly, to synthesize a long position in two calls with strike 40, note
that

2Cy = 2Py + 25 — 80, (1.32)
which is equivalent to a borrowing $80, taking a long position in two units

of the underlying asset, and taking a long position in two put options with
strike 40.

Using (1.31) and (1.32), we obtain that the payoff at maturity given by
(1.29) can be replicated using the following portfolio consisting of put options,
cash, and the underlying asset:

V = 25 —3Cy% + 2Cy
= 25 -3Py—35+60-+2Py+25—-80
— S — 3Py + 2Py — 20. (1.33)

The positions of the replicating portfolio (1.33) can be summarized as follows:

e long one unit of the asset;

e short $20 cash;

e short 3 put options with strike K = 20 on the asset;
e long 2 put options with strike K = 40 on the asset.

We check that the payoff of this portfolio at maturity, i.e.,
Vo(T) = S(T)—20 — 3max(20 — S(T),0) + 2max(40 — S(T),0)

is the same as the payoff from (1.28):

V(T
ST <20 | S(T)— 20— 3(20 — S(Tjj(+)2(40 —5(M) = 25(7)
20 < S(T) < 40 S(T) = 20 + 2(40 — S(T)) = 60 = S(T)
40 < 5(T) S(T) — 20

If the asset pays dividends continuously at rate ¢ and if interest rates are
constant and equal to r, in order to obtain the same payoffs at maturity, the
asset positions in the two portfolios must be adjusted as follows:

The first replicating portfolio will be made of the following positions:
o long 2¢~% units of the asset;
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e short 3 call options with strike K = 20 on the asset;
e long 2 call options with strike K = 40 on the asset.

The second replicating portfolio will be made of the following positions:
o long e~97 units of the asset;
o short $20e™"7 cash;
e short 3 put options with strike K = 20 on the asset;
o long 2 put options with strike K = 40 on the asset.

Note that any piecewise linear payoff of a single asset can be synthesized,
in theory, by using plain vanilla options, cash and asset positions. [

Problem 9: Call options on the same underlying asset and with the same
maturity, with strikes K; < Ky < Kj, are trading for C;, Cy; and Cs, re-
spectively (no Bid-Ask spread), with C; > Cy; > C3. Find necessary and
sufficient conditions on the prices Cj, Cy and Cj such that no—arbitrage ex-
ists corresponding to a portfolio made of positions in the three options.

Solution: An arbitrage exists if and only if a no—cost portfolio can be set up
with non—negative payoff at maturity regardless of the price of the underlying
asset at maturity, and such that the probability of a strictly positive payoff
is greater than 0.

Consider a portfolio made of positions in the three options with value 0
at inception, and let z; > 0 be the size of the portfolio position in the option
with strike K, for i = 1: 3. Let S = S(T) be the value of the underlying
asset at maturity. For no-arbitrage to occur, there are three possibilities:

Portfolio 1: Long the K;j-option, short the Ky—option, long the K3—option.
Arbitrage exists if we can find z; >0, 1 =1: 3, such that
1:C, — 29Cy + 23C5 = 0 (1.34)
z1(S — Ky) —z2(S — Kg) +23(S—K3) > 0, VS>0. (1.35)

We note that (1.35) holds if and only if the following two conditions are
satisfied:

Ty — 29 +1z3 > 0 (136)
231(K3 - Kl) - IE2(K3 - KQ) > 0. (137)
We solve (1.34) for z3 and obtain
C C
T3 = zgé - zl?;' (1.38)

Since we assumed that z3 > 0, the following condition must also be satisfied:
z C
2,

e > G (1.39)
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Recall that €y > Cy > Cs. Using the value of z3 from (1.38), it follows
that (1.36) and (1.37) hold true if and only if

I Cl - C3

w2 e (1.40)
L2 K; — Ki

= < —=—. .

5 = R K, (1.41)

Also, note that if (1.40) holds true, then (1.39) is satisfied as well, since
C1— Cs S Ch
Cy—Cj Cy

We conclude that arbitrage happens if and only if we can find z; > 0 and
z3 > 0 such that (1.40) and (1.41) are simultaneously satisfied. Therefore,
no—arbitrage exists if and only if

Ks — K < C1—Cs
Ks — K> Cy—Cy’

(1.42)

Portfolio 2: Long the Kj—option, short the Ks—option, short the K3;—option.
Arbitrage exists if we can find z; > 0, i = 1: 3, such that

xlCl — :L‘QCQ - 51:303 = 0; (143)

:L‘l(S - Kl) - :L‘Q(S - KQ) - :L‘3(S - K3) Z 0, VS Z 0. (144)

The inequality (1.44) holds if and only if the following two conditions are
satisfied:
T —T3—x3 > 0 (1.45)

:L‘1(K3 - Kl) — fL‘Q(Kg — KQ) Z 0. (146)

However, (1.43) and (1.45) cannot be simultaneously satisfied. Since C; >
Cy > (s, it is easy to see that

C: C
Ty = :L‘Q——2-—-:L‘3—3 < 9+ Z3.
Gy Gy

In other words, no arbitrage can be obtained by being long the option
with strike K7 and short the options with strikes K5 and Kj.

Portfolio 3. Long the Ki—option, long the Ky—option, short the Ks—option.
Arbitrage exists if we can find z; > 0, i = 1: 3, such that

2107 + 2205 — 23C3 = 0 (147)
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21(S — K1)+ 22(S — K) —z3(S—K3) > 0, VS=>0. (1.48)
The inequality (1.48) holds if and only if
T+ 32 —x23 > 0. (1.49)
It is easy to see that (1.47) and (1.49) cannot be simultaneously satisfied:
3 = 1‘1—@4—1‘29’—2 > 11+ 22
Cs Cs ’

since C; > Cy > Cj.
Therefore, no arbitrage can be obtained by being long the options with
strikes K; and K, and short the option with strike Kj.
We conclude that (1.42), i.e.,
K3y — Ky < C1 =Gy
Ky — K C,—Cy
is the only condition required for no—arbitrage. O

Problem 10: Denote by Cyg and Cygr, and by Py and Py, respectively,
the bid and ask prices for a plain vanilla European call and for a plain vanilla
European put option, both with the same strike K and maturity 7', and on the
same underlying asset with spot price S and paying dividends continuously
at rate g. Assume that the risk-free interest rates are constant equal to 7.
Find necessary and sufficient no—arbitrage conditions for Chig, Cyst, Phig, and
Pask~

Solution: Recall the Put—Call parity
C—P = e —Ke™T,
where the right hand represents the value of a forward contract on the un-

derlying asset with strike K.
An arbitrage would exist

o either if the purchase price of a long call short put portfolio, i.e., Cyst. — Biid
were less than the value Se™9F — Ke™"7 of the forward contract, i.e., if

Cask — Pria < Se~dF — Ke_TT;
o or if the selling price of a long call short put portfolio, i.e., Cpiq — Pyst, were
greater than the value Se™% — Ke~"T of the forward contract, i.e., if
Chid — Pagie > Se™ T — Ke™'T.
We conclude that there is no—arbitrage directly following from the Put-
Call parity if and only if
Cask — Pria < Se™ — KeT < Chig — P O






Chapter 2

Improper integrals. Numerical integration.
Interest rates. Bonds.

2.1 Solutions to Chapter 2 Exercises

Problem 1: Compute the integral of the function f(z,y) = z* — 2y on the
region bounded by the parabola y = (z + 1)? and the line y = 5z — 1.

Solution: We first identify the integration domain D. Note that (z + 1)? =
5r—1lifandonlyifz =1l andz =2, and that (z+1)2 < 5z—1ifl <z < 2.
Therefore,

D= {(z,9)|1<z<2and (z+ 1) <y<5z—1}.
Then,

2 5z 1
//f(w,y)dwdy = / ( (z —2y)dy> dz
D 1 (z+1)?
2
52; 1
/1 (z?y — y?) x+1 )dm

= /Qw (br—1—(z+ 1)) — (57— 1)* = (z + 1))dz
1

Ii

- /2 5z —1— (z+1)%)(z? — (52 — 1+ (z + 1)?)) dz
1

=/ —z2 43z — 2)(— 7m)dw=—£ O

Problem 2: Let f : (0,00) — R denote the Gamma function, i.e., let

flo) = /0DC 7! e7® dz.

45
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(i) Show that f(c) is well defined for any o > 0, i.e., show that both

1 1
/ 2% le®dr = lim [ z% e dx
0 N0 g
and
00 t
2 le®dr = lim %7t e 4y
1 im0 g

exist and are finite.

(ii) Prove, using integration by parts, that f(a) = (o — 1) f(a— 1) for any
a > 1. Show that f(1) =1 and conclude that, for any n > 1 positive integer,
)

Solution:
(i) Let o > 0. Intuitively, note that, as z N\, 0, the function z*!e~® is on
the order of z%71, since lim,\ge™® = 1. Since

1 all

. _ ) 1 . , 1
lim 2% ldr = lim =] = = lim(1—t%) = =,
A N0 o |, o t\D o
it follows that
1 1
/ 2 le®dr = lim [ z* e dx
0 N0t

exists and is finite.

In a similar intuitive way, note that, as * — oo, the function z% le~?
is on the order of e™*, since the exponential function dominates any power
function at infinity. Since

t

lim [ e®de = lim(1—¢7?) = 1,
t—oo Jq t—o0
it follows that
o] t
/ *te?dr = lim [ 2%t e dx (2.1)
1 t—o0 1

exists and is finite.

Making these intuitive arguments precise is somewhat more subtle. We
include a mathematically rigorous arguments for, e.g., showing that the in-
tegral in (2.1) exists and is finite.

By definition, we need to prove that, for any ¢ > 0, there exists n(e) > 0
such that

[o.0]
/ e dr < ¢, Vs>n(e) (2.2)
8



2.1. SOLUTIONS TO CHAPTER 2 EXERCISES 47

Note that there exists NV > 0 such that

> te® < 72 V>N, (2.3)
since
lim 27! e%/?2 = 0.
T—k

—z/2

Also, since lim,_, € = 0, it follows that, for any ¢ > 0, there exists

m(e) > 0 such that

262 < e (2.4)

Choose n(€) = max(m(e, N)). From (2.3) and (2.4) we obtain that
e < e Vo> n(e); (2.5)
272 < ¢ (2.6)

We can then use (2.5) and (2.6) to show that, for any s > n(e),

o t
/ 2% Ve ®dr = lim | 2% 'e % dz
S

o fo

¢
< tlim et dz = tlim <—26_t/2 + 26_3/2)
—C s e

= 2% < 2e7MI2 < ¢
which is what we wanted to show; cf. (2.2).
(ii) It is easy to see that
oxc t
(1) = / edr = lim [ e dz = lim (-e"+1) = L
0 -

t—ox 0

Assume that o > 1. By integration by parts, we find that

oxc t
fla) = / 2 le®de = lim [ 2%' e ®dx
0

t—oc 0

t
= lim [(—x“‘l e ) 225 + (a—1) / 22 e dx}
0

t—oc
¢
(@—1) lim [ 2% %2e% de

I

t—oc 0
= (a - l)f(a— 1)7
since
limz*!e™® = limz®! =0, for a>1;
2N\0 2\,0
t(!—-l
lim t* ' et = lim — = 0.

t—oc t—x g
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For any positive integer n > 1, we find that f(n) = (n—1)f(n—1). Since
f(1) =1, it follows by induction that f(n) = (n—-1)! O

Problem 3: Compute an approximate value of f13 'z e ®dz using the Mid-
point rule, the Trapezoidal rule, and Simpson’s rule. Start with n = 4 inter-
vals, and double the number of intervals until two consecutive approximations
are within 107 of each other.

Solution: The approximate values of the integral found using the Midpoint,

Trapezoidal, and Simpson’s rules can be found in the table below:

No. Intervals | Midpoint Rule | Trapezoidal Rule | Simpson’s Rule

4 0.40715731 0.41075744 0.40835735
8 0.40807542 0.40895737 0.40836940
16 0.40829709 0.40851639 0.40837019
32 0.40835199 0.40840674 0.40837024
64 (0.40836569 0.40837937 0.40837024
128 0.40836911 0.40837253

256 (0.40836996 (0.40837082

512 0.40837018 0.40837039

1024 0.40837023 0.40837028

The approximate value of the integral is 0.408370, and is obtained for a
256 intervals partition using the Midpoint rule, for a 512 intervals partition
using the Trapezoidal rule, and for a 16 intervals partition using Simpson’s
rule. [

Problem 4: Let f : R — R given by f(z) cidk

= 1
(i) Use Midpoint rule with tol = 107 to compute an approximation of

1 1502
I = /Of(:z:)d:vz /0 T

(ii) Show that f™)(z) is not bounded on the interval (0, 1).
(iii) Apply Simpson’s rule with n = 2%, k = 2 : 8, intervals to compute the
integral I. Conclude that Simpson’s rule converges.

Solution:
(i) The approximate value of the integral is 0.179171, and is obtained for a
partition of the interval [0, 1] using 512 intervals:
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No. Intervals | Midpoint Rule

4 0.17715737

8 0.17867774
16 0.17904866
32 0.17914062
64 0.17916354
128 0.17916926
256 0.17917070
512 0.17917105

(ii) Without computing f(z), note that the denominator 1 + z? of f(z)
is bounded away from 0, and that the fourth derivative of the numerator of
f(x) is on the order of 2732, which is not defined at 0, and is unbounded in
the limit as =z ™\ 0.

(ili) Using Simpson’s rule, the following approximate values of the integral
are obtained:

No. Intervals | Simpson’s Rule

4 0.179155099725056

8 0.179169815603871
16 0.179171055067087
32 0.179171162051226
64 0.179171171372681
128 0.179171172188741
256 0.179171172260393

The approximate value of the integral is 0.17917117, and is obtained for
a partition of the interval [0, 1) using 64 intervals. O

Problem 5: Let K, T, ¢ and r be positive constants. Define the function
g R—Ras

where b(z) = (1n (&) + (r + ";) T) / (aﬁ). Compute ¢'(z).

Solution: Recall that

b(t)
d%( /_OC f(z) dac) = f(6@)Y(2).
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Therefore,

gz) = —=t(z)e

1
B zoV 27T

Problem 6: Let h(z) be a continuous function such that [° |zh(z)|dz
exists. Define g(t) by

g(t) = /too(:c —t)h(z) dz,

and show that
g't) = h(t). O

Solution: Recall that, if a(t) and b(t) are differentiable functions and if f(z,t)
is a continuous function such that %%(:c, t) exists and is continuous, then

d b(t) B o0 f / /
i ( /a(t) f(z,t) dm) = /a(t) —B?(QM) dz + F(b(E), OV () — Fa(t), D' (2).

A similar result can be derived for improper integrals, i.e.,

%( /a:f(m,t) dm) - L:g—f(m,t) o — fa),0)d). (@7

For our problem,

a(t) =t and f(z,t)=(z—t)h(z), (2.8)
where h(z) is continuous. Then, & (z,t) = —h(z) is continuous. Note that
fla(®),) = f(t,t) = (E=1h() = 0. (2.9)

From (2.7-2.9), we conclude that

gt = %( /too(m—t)h(m) dm) = —/tooh(:c) dz.

%( /: £(3) d:v) = — Falt) ¢(8),

Since
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it follows that
g"(t) = hd),

which is what we wanted to show.

Problem 7: The continuously compounded 6-month, 12-month, 18-month,
and 24-month zero rates are 5%, 5.25%, 5.35%, and 5.5%, respectively. Find
the price of a two year semiannual coupon bond with coupon rate 5%.

Solution. The value B of the semiannual coupon bond is

B = 9 100 (00505 .g 100 eTOL 9 100 e~ 7(0:1:5)1.5
2 2 2

+ <100 + %100) e (022,

where C = 0.05, and r(0,0.5) = 0.05, 7(0,1) = 0.0525, r(0,1.5) = 0.0535,
r(0,2) = 0.055.

The data below refers to the pseudocode from Table 2.5 of [2] for com-
puting the bond price given the zero rate curve.
Input: n =4

t_cash flow = [0.51 1.5 2]; v_cash flow = [2.5 2.5 2.5 102.5].
The discount factors are
disc = [0.97530991 0.94885432 0.92288560 0.89583414],
and the price of the bond is B = 98.940623. O

Problem 8: The continuously compounded 6-month, 12-month, 18-month,
and 24-month zero rates are 5%, 5.25%, 5.35%, and 5.5%, respectively. What
is the par yield for a 2-year semiannual coupon bond?

Solution: Par yield is the coupon rate C that makes the value of the bond
equal to its face value. For a 2-year semiannual coupon bond, the par yield
can be found by solving

100 = %100 e T(0.0.505

o Q

100 C_T(O’l) + g 100 e—r(071.5)1.5
2
C
+ <100 + 5 100 e 7022,

Thus,
2( 1— e—r(0,2)2)

¢ = e—7(0.05)05  g-r(0.1) 4 g-r(0.LE)L5 | g-r(0,2)2°
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For the zero rates given in this problem, the corresponding value of the par
yield is C = 0.05566075, i.e., 5.566075%. O

Problem 9: Assume that the continuously compounded instantaneous in-
terest rate curve has the form

r(t) = 0.05 + 0.005In(1+¢), V> 0.

(i) Find the corresponding zero rate curve;

(i1) Compute the 6-month, 12-month, 18-month, and 24-month discount fac-
tors;

(iii) Find the price of a two year semiannual coupon bond with coupon rate

5%.

Solution:
(i) Recall that the zero rate curve 7(0,t) can be obtained from the instanta-
neous interest rate curve r(t) as follows:

¢
r(0,t) = % /07‘(7’) dr, Yt>0.

Then,
¢
r(0,t) = / 0.05 + 0.0051n(1 +7) dr
0

(0.05¢ + 0.005 ( (1+¢)In(l+¢)—1t)

1
i
1
i
0 ln(lt-i- t)'

045 + 0.005(1+1)

(ii) The 6-month, 12-month, 18-month, and 24-month discount factors are,
respectively,

dise(1) = e 0005 — (,97478242;
disc(2) = O = 0.94939392;
disc(3) = e TOLILS = (92408277,
disc(4) = e 0% = (.89899376.

(iii) The price of the two year semiannual coupon bond with 5% coupon rate
is

B = 0_05100 -r(0,0.5)0.5 + 035 100 e —r(0,1) +

100 e —r(0,1.5)1.5
2

0.05
2
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+ (100 + g 100) g T(0:2)2

= 2.5disc(1) + 2.5disc(2) + 2.5 disc(3) + 102.5 disc(4)
99.267508. O

Problem 10: The yield of a semiannual coupon bond with 6% coupon rate
and 30 months to maturity is 9%. What are the price, duration and convexity
of the bond?

Solution: The price, duration, and convexity of the bond can be obtained
from the yield y of the bond as follows:

4 .
5
E 3 exp (—%y) + 103 exp (—§y> ; (2.10)
i=1
4 . ,
1 3i ) 5 5
E — —= 103 = —= ; .
D B <‘_ 5 exp( 2y> + 103 2exp( 2y>> ; (2.11)
4 .
1 9 1 25 5
= (> = -2 103 Zexp [ —2y ) | . .
C 5 ( 1 exp( 2y> -+ 103 1 exp( 2y>> (2.12)

i=1

B

The data below refers to the pseudocode from Table 2.7 of (2] for computing
the price, duration and convexity of a bond given the yield of the bond.
Input: n =5; y = 0.09;

t_cash flow =[0.51 1.5 2 2.5]; v_cash flow =3 3 3 3 103].

Output: bond price B = 92.983915, bond duration D = 2.352418, and bond
convexity C = 5.736739. O

Problem 11: The yield of a 14 months quarterly coupon bond with 8%
coupon rate is 7%. Compute the price, duration, and convexity of the bond.

Solution: The quarterly bond will pay a cash flow of 1.75 in 2, 5, 8, and 11
months, and will pay 101.75 at maturity in 14 months. The formulas for the
price, duration, and convexity of the bond in terms of the yield y of the bond
are similar to those from (2.10-2.12). For example, the price of the bond can
be computed as follows:

2 5
B = 175 exp (—Ey> + 1.75 exp (—1—2y> + 1.75 exp (—%y>

11
+1.75 exp (—Ey> + 101.75 exp (—%y) .
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The data below refers to the pseudocode from Table 2.7 of [2] for computing
the price, duration and convexity of a bond given the yield of the bond.
Input: n =5; y = 0.07;

2 5 811 14
cashflow = | 2 2 8 L) o ch flow — .
t_cash_flow [12 5 13 12], v_cash_flow = [2 2 2 2 102]

Output: bond price B = 101.704888, bond duration D = 1.118911, and bond
convexity C' = 1.285705. O

Problem 12: Compute the price, duration and convexity of a two year
semiannual coupon bond with face value 100 and coupon rate 8%, if the zero
rate curve is given by 7(0,¢) = 0.05+ 0.011n (1 + £).

Solution: The data below refers to the pseudocode from Table 2.5 of [2] for
computing the price of a bond given the zero rate curve.
Input: n = 4; zero rate r(0,t) = 0.05+ 0.011n (1 + £);

t_cashflow = [0.51 1.5 2]; v_cash_flow=[4 4 4 104].
Discount factors:
disc = [0.97422235 0.94738033 0.91998838 0.89238025].

Output: Bond price B = 104.173911.

Note: To compute the duration and convexity of the bond, the yield would
have to be known. The yield can be computed, e.g., by using Newton’s
method, which is discussed in Chapter 8. We obtain that the yield of the
bond is 0.056792, i.e., 5.6792%, and the duration and convexity of the bond
are D = 1.8901 and C = 3.6895, respectively. U

Problem 13: If the coupon rate of a bond goes up, what can be said about
the value of the bond and its duration? Give a financial argument. Check
your answer mathematically, i.e., by computing g—‘g— and g—g, and showing that

these functions are either always positive or always negative.

Solution: If the coupon rate goes up, the coupon payments increase and
therefore the value of the bond increases.

The duration of the bond is the time weighted average of the cash flows,
discounted with respect to the yield of the bond. If the coupon rate increases,
the duration of the bond decreases. This is due to the fact that the earlier
cash flows equal to the coupon payments become a higher fraction of the
payment made at maturity, which is equal to the face value of the bond plus
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a coupon payment, i.e., =5 increases as ¢ increases, where c is one coupon

7 100+c
payment. U

Problem 14: By how much would the price of a ten year zero-coupon bond
change if the yield increases by ten basis points? (One percentage point is
equal to 100 basis points. Thus, 10 basis points is equal to 0.001.)

Solution: The duration of a zero—coupon bond is equal to the maturity of the
bond, i.e.,, D =T = 10. For small changes Ay in the yield, the percentage
change in the value of a bond can be estimated as follows:

A_BB ~ —AyD = —0001-10 = —0.01.

We conclude that the price of the bond decreases by 1%. O

Problem 15: A five year bond with duration 3% years is worth 102. Find
an approximate price of the bond if the yield decreases by fifty basis points.

Solution: Note that, since the yield of the bond decreases, the value of the
bond must increase.

Recall that the percentage change in the price of the bond can be approx-
imated by the duration of the bond multiplied by the parallel shift in the
yield curve, with opposite sign, i.e.,

AB
B
For B =102, D = 3.5 and Ay = —0.005 (since 1% = 100 bp), we find that

AB ~ —Ay D B = 1.785.
The new value of the bond is

Bpew = B+ AB = 103.75. O

~ — Ay D.

Problem 16: Establish the following relationship between duration and
convexity:

8D
= D* - =
C 59

Solution: Recall that
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Therefore, 5
B
— — DB. .
3 (2.13)
Using Product Rule to differentiate (2.13) with respect to y, we find that
5°B oD OB oD
— = ——B - D— = ~-—— B — D(-D
012 Ay Ay Ay b (=DB)
oD oD
= -B— + BD* = B (D*--—=
5y " ( ay)
We conclude that
1 9°B oD
= = D* -
C B 37 O
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2.2 Supplemental Exercises

1. Assume that the continuously compounded instantaneous rate curve
r(t) is given by
0.05

1+exp(—(1+1¢)2)

r(t) =

(i) Use Simpson’s Rule to compute the 1-year and 2-year discount fac-
tors with six decimal digits accuracy, and compute the 3—year discount
factor with eight decimal digits accuracy.

(ii) Find the value of a three year yearly coupon bond with coupon rate
5% (and face value 100).

2. Consider a six months plain vanilla European put option with strike 50
on a lognormally distributed underlying asset paying dividends contin-
uously at 2%. Assume that interest rates are constant at 4%.

Use risk—neutral valuation to write the value of the put as an integral
over a finite interval. Find the value of the put option with six decimal
digits accuracy using the Midpoint Rule and using Simpson’s Rule.
Also, compute the Black-Scholes value Ppg of the put and report the
approximation errors of the numerical integration approximations at
each step.

3. The prices of three call options with strikes 45, 50, and 55, on the
same underlying asset and with the same maturity, are $4, $6, and $9,
respectively. Create a butterfly spread by going long a 45—call and a
55—call, and shorting two 50-calls. What are the payoff and the P&L
at maturity of the butterfly spread? When would the butterfly spread
be profitable? Assume, for simplicity, that interest rates are zero.

4. Dollar duration is defined as

and measures by how much the value of a bond portfolio changes for a
small parallel shift in the yield curve.

Similarly, dollar convexity is defined as
5°B

C$:8—y2.
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Note that, unlike classical duration and convexity, which can only be
computed for individual bonds, dollar duration and dollar convexity can
be estimated for any bond portfolio, assuming all bond yields change
by the same amount. In particular, for a bond with value B, duration
D, and convexity C, the dollar duration and the dollar convexity can
be computed as

D$ = BD and C$ = BC.

You invest $1 million in a bond with duration 3.2 and convexity 16 and
$2.5 million in a bond with duration 4 and convexity 24.

(i) What are the dollar duration and dollar convexity of your portfolio?

(ii) If the yield goes up by ten basis points, find new approximate values
for each of the bonds. What is the new value of the portfolio?

(iii) You can buy or sell two other bonds, one with duration 1.6 and
convexity 12 and another one with duration 3.2 and convexity 20. What
positions could you take in these bonds to immunize your portfolio (i.e.,
to obtain a portfolio with zero dollar duration and dollar convexity)?

2.3 Solutions to Supplemental Exercises

Problem 1: Assume that the continuously compounded instantaneous rate
curve r(t) is given by

0.05
1 +exp(—(1+1)%)

r(t) =

Use Simpson’s Rule to compute the 1-year and 2-year discount factors with
six decimal digits accuracy, and compute the 3-year discount factor with
eight decimal digits accuracy.

(ii) Find the value of a three year yearly coupon bond with coupon rate 5%
(and face value 100).

Solution: (i) Recall that the discount factor corresponding to time ¢ is

exp (- /0 ") dT) .

Using Simpson’s Rule, we obtain that the 1-year, 2-year, and 3—year discount
factors are

disc(1) = 0.956595; disc(2) = 0.910128; disc(3) = 0.86574100.
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(i) The value of the three year yearly coupon bond is
B = 5disc(1) + 5 disc(2) + 105 disc(3) = 100.236424. O

Problem 2: Consider a six months plain vanilla European put option with
strike 50 on a lognormally distributed underlying asset paying dividends con-
tinuously at 2%. Assume that interest rates are constant at 4%.

Use risk—neutral valuation to write the value of the put as an integral
over a finite interval. Find the value of the put option with six decimal digits
accuracy using the Midpoint Rule and using Simpson’s Rule. Also, compute
the Black-Scholes value Pgg of the put and report the approximation errors
of the numerical integration approximations at each step.

Solution: If the underlying asset follows a lognormal distribution, the value
S(T) of the underlying asset at maturity is a lognormal variable given by

In(S(T)) = In(S(0)) + <r—q— %2> T + oVTZ,

where ¢ is the volatility of the underlying asset. Then, the probability density
function h(y) of S(T) is

hy) = m exp | — 557 , (2.14)

if y >0, and h(y) =0if y <O0.
Using risk-neutral valuation, we find that the value of the put is given by

P = e TEgyimax(K — S(T),0)]
K
= o [ (K- pht) dy, (2.15)
0

where h(y) is given by (2.14).

The Black-Scholes value of the put is Pgg = 4.863603. To compute a
numerical approximation of the integral (2.15), we start with a partition
of the interval [0, K] into 4 intervals, and double the numbers of intervals
up to 8192 intervals. We report the Midpoint Rule and Simpson’s Rule
approximations to (2.15) and the corresponding approximation errors to the
Black—Scholes value Pgg in the table below:

We first note that the approximation error does not go below 6 - 1075,
This is due to the fact that the Black—Scholes value of the put, which is given
by

Pps = Ke " TIN(—dy) — Se” TN (—dy),
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No. Intervals | Midpoint Rule | Error | Simpson’s Rule| Error
4 5.075832 0.212228 4,855908 0.007696
8 4.922961 0.059357 4.863955 0.000351
16 4.878220 0.014616 4.863631 0.000027
32 4.867248 0.003644 4.863611 0.000007
64 4.864518 0.000914 4.863610 0.000006

128 4,863837 0.000233 4.863610 0.000006
256 4.863666 0.000020 4.863609 0.000006
512 4.863624 0.000009 4.863609 0.000006
1024 4.863613 0.000006 4.863609 0.000006
2048 4.863610 0.000006 4.863609 0.000006
4096 4.863610 0.000006 4.863609 0.000006
8192 4.863610 0.000006 4.863609 0.000006

is computed using numerical approximations to estimate the terms N(—d;)
and N(—dj). The approximation error of these approximations is on the
order of 1077, Using numerical integration, the real value of the put option
is computed, but the error of the Black—Scholes value will propagate to the
approximation errors of the numerical integration.

If we consider that convergence is achieved when the error is less than
1075, then convergence is achieved for 512 intervals for the Midpoint Rule
and for 32 intervals for Simpson’s Rule. This was to be expected given the
quadratic convergence of the Midpoint Rule and the fourth order convergence
of Simpson’s Rule. [

Problem 3: The prices of three call options with strikes 45, 50, and 55, on
the same underlying asset and with the same maturity, are $4, $6, and $9,
respectively. Create a butterfly spread by going long a 45—call and a 55—call,
and shorting two 50—calls. What are the payoff and the P&L at maturity
of the butterfly spread? When would the butterfly spread be profitable?
Assume, for simplicity, that interest rates are zero.

Solution: The payoff V(T) of the butterfly spread at maturity is

0, if S(T) < 45;
S(T) - 45, if 45 < S(T) < 50,
55— S(T), if 50 < S(T) < 55

0, if 55 < S(T).

v(T) =

The cost to set up the butterfly spread is
$4 — $12 + $9 = 81.
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The P&L at maturity is equal to the payoff V(T') minus the future value of
$1, the setup cost. Since interest rates are zero, the future value of $1 is $1,
and we conclude that
~1,  if S(T) < 45
S(T) - 46, if 45 < S(T)
54~ S(T), if 50 < S(T)
~1, " if 55 < S(T)

The butterfly spread will be profitable if 46 < S(T') < 54, i.e., if the spot
price at maturity of the underlying asset will be between $46 and $54.
If r # 0, it follows similarly that the butterfly spread is profitable if

45+e¢T < S(T) < 55—-€T. O

P&L(T) =

Problem 4: You invest $1 million in a bond with duration 3.2 and convexity
16 and $2.5 million in a bond with duration 4 and convexity 24.

(i) What are the dollar duration and dollar convexity of your portfolio?

(it) If the yield goes up by ten basis points, find new approximate values for
each of the bonds. What is the new value of the portfolio?

(iii) You can buy or sell two other bonds, one with duration 1.6 and convexity
12 and another one with duration 3.2 and convexity 20. What positions could
you take in these bonds to immunize your portfolio (i.e., to obtain a portfolio
with zero dollar duration and dollar convexity)?

Solution: Recall that the dollar duration and the dollar convexity of a position
of size B in a bond with duration D and convexity C are

Ds=BD and Cs= BC.

(i) The value, duration and convexity of the two bond positions are
B; =1,000,000; D, =3.2; C, = 16;
Bs =2,500,000; Dy =4; Cy = 24.

Denote by B = B; + B; the value of the bond portfolio. The dollar
duration and dollar convexity of the portfolio are

D. = 9B _ 98B 9B
ST oy T T oy oy
= BiDy + ByD, = $13,200,000.
B  8°B B
Cy = -

Oy? Oy? + Oy?
= BiC; + ByC,; = §76,000,000.
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(i) Using dollar duration and dollar convexity, the approximate formula

AB
B

for the change in the value of a bond can be written as

Q

— DAy + %C(Ay)z.

1
AB ~ - DyAy + 5C$(Ay)2. (2.16)

Formula (2.16) also holds for bond portfolios, since the dollar duration and
the dollar convexity of a bond portfolio are equal to the sum of the dollar
durations and of the dollar convexities of the bonds making up the portfolio,
respectively.

Using (2.16), we find that the new value of the bond portfolio is

Bnpew = B+ AB = $3,500,000 — $13,200 4+ $38 = $3,486,838.

(iii) Let Bz and By be the value of the positions taken in the bond with
duration D3 = 1.6 and convexity C3 = 12 and in the bond with duration
D4 = 3.2 and convexity Cy = 20, respectively.

If I1 = B + B3 + By denotes the value of the new portfolio, then

Ds(H) = D$(B) + D$(B3> + D$(B4>
= $13.2mil + D3Bs + DyBy;

Cs(TI) = Dg(B) + Ds(Bs) + Dg(By)
= $76mil + C3Bs + CyBs.

Then, Dg(IT) = 0 and Cg(II) = 0 if and only if

0,
0

(|

{ $13.2mil + 1.6B; + 3.2B, (2.17)

$76mil + 1285 + 20By ,
The system (2.17) has solution Bz = $3.25mil and By = —5.75mil

We conclude that, to immunize your portfolio, one should buy $3.25 mil-
lion worth of the bond with duration 1.6 and convexity 12 and sell $5.75
million worth of the bond with duration 3.2 and convexity 20. O
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Probability concepts. Black—Scholes formula.
Greeks and Hedging.

3.1 Solutions to Chapter 3 Exercises

Problem 1: Let k be a positive integer with 2 < k < 12. You throw two
fair dice. If the sum of the dice is k, you win w(k), or lose 1 otherwise. Find
the smallest value of w(k) thats makes the game worth playing.

Solution: Consider the probability space S of all possible outcomes of throw-
ing of the two dice, i.e.,

S = {(z,y)|z=1:6, y=1:6}.

Here, x and y denote the outcomes of the first and second die, respectively.
Since the dice are assumed to be fair and the tosses are assumed to be inde-
pendent of each other, every outcome (z,y) has probability % of occurring.
Formally, the discrete probability function P : S — [0,1] is

1
P('Tay) = %)

Let k be a fixed positive integer with 2 < k < 12. The value X of your
winning (or losses) is the random variable X : § — R given by

X(z,y) = {w(k>, Frty=k

-1, else.

V (z,y) € S.

If2 <k <7, then z +y = k if and only if
(z,y)e {(17k_1)a (Qak_Q)a"-a (k_lal)}

In other words, z + y = k for exactly k — 1 of the total of 36 outcomes from

S. Then,
Zsz y=36ZXzy

(z.y)eS (z,y)€S

63



64 CHAPTER 3. PROBABILITY. BLACK-SCHOLES FORMULA.
k-1 36— (k—1)  wE)(k—1)—37T+k
= g wk) + 36 (D = 36

The game is worth playing if E[X] > 0. From (3.1), it follows that the
game should be played if

(3.1)

w(k) >

k
<k<T.
P for2<k<7

If 8 <k <12, then z +y =k if and only if

(z,y) € {(6,k—6), (5,k—05),..., (k—6,6)}.
In other words, z + y = k exactly 13 — k times. Then,

1 13-k 36— (13— k&
X = = Y Xy = B + B2U32H
36 36 36
(zy)es
_ w(k)(13—k)— 23—k
B 36 ‘ (32)
From (3.2), it follows that the game is worth playing if F[X] > 0, i.e., if
23+ k
> <k<12.
w(k) > 3% for 8 <k <12

The values of w(k) for k =2 : 12 are as follows:
w(2) =w(12) =35, w(3) =w(11) =17; w(4) = w(10) = 11;
w) =w®) =8 w6)=w8) =62 w@)=5 0

Problem 2: A coin lands heads with probability p and tails with probability

1 — p. Let X be the number of times you must flip the coin until it lands
heads. What are E[X] and var(X)?

Solution: If the first coin toss is heads (which happens with probability p),
then X = 1. If the first coin toss is tails (which happens with probability
1 — p), then the coin tossing process resets and the number of steps before
the coin lands heads will be 1 plus the expected number of coin tosses until
the coin lands heads. In other words,

EX] =p-1+(1-p)-(1+E[X]) = 1+(1-pE[X]

‘We conclude that

BlX] = %.



3.1. SOLUTIONS TO CHAPTER 3 EXERCISES 65

Another way of computing F[X] is as follows: The coin will first land
heads in the k-th toss, which corresponds to X = k, for a coin toss sequence
of T T... T H, ie., the first £k — 1 tosses are tails, followed by heads once.
This coin toss sequence occurs with probability P(T)*"!P(H) = (1 — p)*~!p.
Then,

e ¢} n
— _ _ _P ok
EX] = Y k(1 1_pnanochk(1 )" (3.3)
k=1 k=1
Recall that
z— (n+ 1)z + nznt?
T(n,1,z) = ka = e . (3.4)

By letting z = 1 — pin (3.4), we find that

n+2

Zk1—p)k - 1' (n+1)(;2—p)”+1+n(1;2p)

From (3.3) and (3.5) and since 0 < 1 — p < 1, we conclude that

(3.5)

n

1—
lim k(1 —p) = L. 2p = 1
—pnﬂxk ! l-p p p

ElX] =

Similarly,

o n

EX = Y K @1-pt'p =

k=1 k=

Since

n
T(n,2,z) = Zkz "

T+ 22— (n 4+ 1)22™* + (2n® + 2n — 1)z 2 — p2gn+3
(1-z)® ’

we find that

B’ = ;7 lim Y K(1-p)f = lfpggn;T(n,z,1—p)
p l-p+(1-p?® 2-p
1-p P P
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Therefore,

var(X) = E[XY - (B[X])® = “—=-= = . O

Problem 3: Over each of three consecutive time intervals of length 7 = 1/12,
the price of a stock with spot price Sy = 40 at time ¢ = 0 will either go up
by a factor v = 1.05 with probability p = 0.6, or down by a factor d = 0.96
with probability 1 — p = 0.4. Compute the expected value and the variance
of the stock price at time T’ = 37, i.e., compute E[Sr] and var(St).

Solution: The probability space S is the set of all different paths that the
stock could follow three consecutive time intervals, i.e.,

= {UUU,UUD,UDU,UDD, DUU,DUD,DDU,DDD},
where U represents an “up” move and D represents a “down” move.
The value Sp of the stock at time T is a random variable defined on S,
and is given by
Sp(UUU) = Spu®;  Sp(DDD) = Spd?;
Sr(UUD) = Sp(UDU) = Sp(DUU) = Syu?d;
Sr(UDD) = Sp(DUD) = Sp(DDU) = Spud®.
Note that
PUUU)=p%  P(DDD)=(1-p)*
P(UUD) = P(UDU) = P(DUU) = p*(1 — p);
P(UDD) = P(DUD) = P(DDU) = p(1 — p)*.
We conclude that

E[Sr] = Sou®-p®+ 3Spu’d-p*(1 —p) + 3Soud® - p(1 — p)*
+ Sod® - (1= p)?
= 41.7036;

E[(Sr)’] = (Sou®)’ - p°+ 3(Sou’d)®  p*(1 —p) + 3(Soud?)? - p(1 — p)?
+ (Sod®)? - (1 —p)® = 1749.0762;
var(Sr) = E[(Sr)*] - (B[Sr])* = 9.8835. O

Problem 4: The density function of the exponential random variable X
with parameter oo > 0 is

ae ™ if z2>0;

f(”)={ 0, if z<0
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(i) Show that the function f(z) is indeed a density function. It is clear
that f(z) >0, for any = € R. Prove that

/j:cf(:r) dz = L

(i) Show that the expected value and the variance of the exponential
random variable X are E[X] = 1 and var(X) = 4.
(iii) Show that the cumulative density of X is

l—e™@ if 2 >0
F(z) = { 0, otherwise

(iv) Show that
PX >t) = / flz)dz = e, Vit>0.
t

Note: this result is used to show that the exponential variable is memoryless,
le, P(X>t+s| X >t) = P(X >s).

Solution: (i) It is easy to see that

o o t
/ flz)dz = / ae®dr = lim [ ae* dz
—oc 0

t—oc fo
T - z=t . —aty __
= tll)no]c (™), = tll,l?c(l —e ) =1

(ii) By integration by parts we find that

_ ze ¥ 1 _ e T eTO%
/a:e‘md:z:=— +— [ edz = — -3
a a a a
2 _—oz
_ T°e 2 _
2e ™ dr = — +— [ ze7*® dzx
a a
z2eF  2peT0T  Qem0F
a a? od
Then,
oc oC t
E[X] = / zf(z) dz = a/ ze * dr = alim ze * dx
— 0 —0C 0
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t

E[X? = / 2?f(z) dz = a/ ?e™® dzr = olim | z% % dz
-0 0

t—o0 0
—_ _ _ t
) $2€ azr Qre— T De—ax
= alim [ — — —

t—00 o o? ol 0
. tlemat  Qpemat  ggTat 2
= alim | - — — + =
t—00 a o ad ol
2
=

Therefore,
2
var(X) = E[X? — (E[X])? = = — <1> - L

(iii) If < 0, then F(z) = [*_ f(s)
If z > 0, then

z T
= [ 5o ds = /0 @t ds = () = 1o e

(iv) If t > 0, then

P(X>t) = 1-PX<t) =1- f(z) dz
—00
t
= 1—/0 ae ®dr = 1-— (—e“m)zJ
= e (3.6)
Recall that the conditional probability of A given B is
P(AN B)
= =~ 7/ 3.7

Let s,t > 0. Then, from (3.6) and (3.7), we find that

P(X>t+s|X>t) = P(X2t+s)N(X>t) _ P(X>t+s)

P(X >1t) P(X >t)

— = e = P(X>s). O

Problem 5: Show that

/f(z Ydz < (/ 2(z) dz>% </ab92(:c) dz)é,
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for any two continuous functions f,g: R — R.

Solution: Let a € R be an arbitrary real number. Note that

b b
/ (F(&) + ag(z)ds = / (F(2) + 207 (2)g(2) + *¢*(z)) da

= o /ab ¢*(z)dz + 2a /abf(a:)g(a:)dx +/ab fA(z)dz

>0, VYaeR.

Recall that a quadratic polynomial P(z) = Az®+ Bz + C is nonnegative
for all real values of z if and only if P(z) has at most one real double root,
which happens if and only if B2 —4AC < 0.

For our problem, it follows that

/a (a:)da:+2a/f ) dz + /abfz(a:)dxzo, VaeR

if and only if

(2/abf(a:)g(a:) da:)2 - 4(/abf2(a:) da:) (/abgz(z) da:) < 0,

which is equivalent to
b 3
/f Ydz < (/f da:) (/ gz(a:)da:) a
a

Problem 6: Use the Black—Scholes formula to price both a put and a call
option with strike 45 expiring in six months on an underlying asset with spot
price 50 and volatility 20% paying dividends continuously at 2%, if interest
rates are constant at 6%.

Solution: Input for the Black—Scholes formula:
S=50; K=45 T—t=0.5; 0 =0.2; ¢ =0.02; r = 0.06.

The Black—Scholes price of the call is C = 6.508363 and the price of the put
is P=0.675920. O

Problem 7: What is the value of a European Put option with strike K = 07
What is the value of a European Call option with strike K = 0? How do you
hedge a short position in such a call option?
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Solution: A put option with strike 0 will never be exercised, since it would
mean selling the underlying asset for the price K = 0. The price of the put
option is 0.

A call with strike 0 will always be exercised, since it gives the right to
buy one unit of the underlying asset at zero cost. The value of the call at
maturity is V(T) = S(T), and therefore V(0) = e797.5(0). This can be seen
by building a portfolio with a long position on the call option and a short
position of e~ shares, or by using risk-neutral pricing;

V(0) = e TErn[S(T)] = e . 9T5(0) = e 975(0).

A short position in the call option is hedged (statically) by buying one
share of the underlying asset. [J

Problem 8: Use formula p(C) = K(T — t)e "T"9N(dy) for p(C) and the
Put-Call parity to show that

p(P) = — K(T —t)e " TIN(—dy).

Solution: Recall that

aC oP
pO) = 5~ and p(P) = -

By differentiating the Put—Call parity formula
P + S T8 _ 0 = Ke(T-0
with respect to r, we find that
p(P) = p(C) = — K(T —t)e.
Therefore,
p(P) = p(C) — K(T —t)e ™™™
= K(T—-t)e ™ T IN(dy) — K(T —t)e"TY

= —K(T —t)e T (1 - N(dp))
= —K(T —t)e " TIN(—dp),

since 1 — N(dz) = N(—dz). O

Problem 9: The sensitivity of the vega of a portfolio with respect to volatil-
ity and to the price of the underlying asset are often important to estimate,
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e.g., for pricing volatility swaps. These two Greeks are called volga and vanna
and are defined as follows:

volga(V) = __8(ve§(a;(V)) and vanna(V) = ___8(ve§Z(V))‘
It is easy to see that
2 2
volga(V) = % and vanna(V) = 8—(98—%.

The name volga is the short for “volatility gamma”. Also, vanna can be
interpreted as the rate of change of the Delta with respect to the volatility
of the underlying asset, i.e.,

(i) Compute the volga and vanna for a plain vanilla European call option on
an asset paying dividends continuously at the rate q.

(if) Use the Put-Call parity to compute the volga and vanna for a plain
vanilla European put option.

Solution: (i) Recall that

vega(C) = Se 1T-0T —¢

A(C) = e 1 TUN(dy),

where

; In(2) + (r—q—l—gz—?)(T—t)

b ovT —t

s
_ (@) +r—-)(T-1) L oVT—t
ovT —t 2

Then,

] C 2
volga(C) = __(veg:( ) = — SemalT-Y) T_t_\/12_7r— d1e_%l%;
vanna(C) = 43(%570)) = e_Q(T't)N'(dl) % = ¢ 0T ——12#(3"%l ((99(571
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Note that
oy W) +r-—9@T-1) VTt
oo 02T — t 2
0.2
B In($) + (r—q—T)(T—t)
B o2\/T — ¢t
__ &
B o

‘We conclude that

volga(C) = Se‘q(T—t) T _¢ 1 e__%i dldg; (38)
Ve o]
vanna(C) = — e 4T 1 e_ﬂj dy (3.9)
Vor c’ .

(ii) By differentiating the Put-Call parity P + Se~%T~%) — ¢ = Ke (Tt
with respect to o, we find that

vega(P) = % = —g—g— = vega(C).
Therefore,
volga(P) = 3(vegi(P)) = a(vegi(C)) = volga(C);
vanna(P) = 3(ve§g(P)) = 3(ve§g(0)) = vanna(C),

where volga(C) and vanna(C) are given by (3.8) and (3.9), respectively. O

Problem 10: Show that an ATM call on an underlying asset paying divi-
dends continuously at rate ¢ is worth more than an ATM put with the same
maturity if and only if ¢ < r, where r is the constant risk free rate. Use the
Put—Call parity, and then use the Black—Scholes formula to prove this result.

Solution: For at—the-money options, i.e., with S = K, the Put-Call parity
can be written as

C—P = 89T _ [T = [ aT~t) _ fo—r(T~)
— KeT(T-1) (e(r—q)(T—t) _ 1) .

Therefore, C > P if and only if e~9T % > 1, which is equivalent to 7 > g.
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Alternatively, the Black—Scholes formulas for at—-the-money options can
be written as

C = KeTIN(d) — Ke " TN (dy);
P = KeTON(—dy) — Ke " TIN(~dy).

where

d1=<r_q+3> T—1 and d2=<r_q—5> T—1.
o 2 o

Then

C>P — TN — e T IN(dy) > e "TIN(=dp) — e TN (=dy)
— e TN(dy) + N(—dy)) > e T(N(dy) + N(—dy))
— 9TV > e~ (T
<~ r>gq,

since N(dl) + N(——dl) = N(d2) + N(—dz) =1. 0O

Problem 11: (i) Show that the Theta of a plain vanilla European call option
on a non—dividend—-paying asset is always negative.

(ii) For long dated (i.e., with T — ¢ large) ATM calls on an underlying asset
paying dividends continuously at a rate equal to the constant risk—free rate,
i.e., with ¢ = r, show that the Theta may be positive.

Solution: (i) Recall that

—g(T-¢)
2y/27(T —t)

S-S

+ ¢Se” M T-IN(dy)) — rKe " THUN(dy).

For a non—dividend—paying asset, i.e., for ¢ = 0, we find that
So 4

0C) = ——27 % _ rKeTTUN(dy) < 0.
© 2/2m(T — 1) e ()

(ii) If ¢ = r, the Theta of an ATM call (i.e., with S = K) is

Koe T &
O(C) = ——2° 7 + rKe"™TON(d) — rKe"TON
N D) (d) = rke ()

= KeI <r(N(d1)—N(d2)) - —U—e_E;))
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where T
d1=0—_—t and dzz—a -t
2 2
Note that
lim dy =00 and lim dy = —o00.
(T—t)—o0 (T'—t)—o0
Then,
di) =
- htniooN( 1)=1 and (Tlltnioo N(dy) =0
and therefore
lm  { r(N(dy) — N () 74
im r — - ———————e 3 = oo.
(T—t)o0 ' 2T o an(T = 1)

We conclude that, for T' — ¢ large enough,

e(C) = Ke - (T(N(dﬂ—N(dz)) - NTE’T_—Eﬁ

will be positive. We note that the positive value of ©(C') is nonetheless small,
since lim(7_400 ©(C) =0. O

Problem 12: Show that the price of a plain vanilla European call option is
a convex function of the strike of the option, i.e., show that

e
oxz 2

Solution: Recall that

§e~4T) N'(dy) = KeT9 N'(dy).
By differentiating the Black—Scholes formula

C = Se M T-IN(dy) — Ke " T"IN(dy)

with respect to K, we obtain that

ocC dd, ad (T~
a—K — Se —q(T— tN/(d )aK — Ke —r(T~ tN/(d )81(2' . (T t)N(dg)
ddy 9d
_ —q(T—t) pp! 1 2 —r(T—t)N d
Se~ T N'(dy) <8K 8K> (d2)

= —eTTIN(dy), (3.10)
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since d = dy + o+/T — t and therefore

o _ o
0K 0K’
By differentiating (3.10) with respect to K, we find that
820 —_ (T—t) ! 8d2 — (T—t) 1 :‘i 8d2
— _eT ——= = e —. 3.11
IR ¢ N{d2) 7 ¢ 7 ek G
Note that
S a?
. In(Z) + (r—q——;)(T—t)
2T oVl —1t
() n(s) + (r—q- %) (T - 1)
T o/T—t ovT —1 '
Then
dds 1
= 3.12
0K oKT—1 (312)

and, from (3.11) and (3.12), we conclude that

820 1 —r(T—-t) 6__:3

= e
OK?2  ¢K+\/2n(T —t)

>0 0O

Problem 13: Compute the Gamma of ATM call options with maturities of
fifteen days, three months, and one year, respectively, on a non-dividend—
paying underlying asset with spot price 50 and volatility 30%. Assume that
interest rates are constant at 5%. What can you infer about the hedging of
ATM options with different maturities?

Solution: The input in the Black—Scholes formula for the Gamma of the call
isS=K=50,0=0.3,r=005 ¢g=0. For T =1/24 (assuming a 30 days
per month count), T = 1/4, and T = 1, the following values of the Gamma
of the ATM call are obtained:

I(15days) = 0.057664; I'(3months) = 0.052530; I'(lyear) = 0.025296.

We note that Gamma decreases as the maturity of the options increases.
This can be seen by plotting the Delta of a call option as a function of spot
price, and noticing that the slope of the Delta around the at-the-money point
is steeper for shorter maturities. The cost of Delta—hedging ATM options
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may be higher for short dated options, since small changes in the price of
the underlying asset lead to higher changes in the Delta of the option, and
therefore may require more often hedge rebalancing. O

Problem 14: (i) The vega of a plain vanilla European call or put is positive,
since

2
vega(C) = vega(P) = Se 9 T0/T ¢ Le_%l. (3.13)
Van

Can you give a financial explanation for this?

(if) Compute the vega of ATM Call options with maturities of fifteen days,
three months, and one year, respectively, on a non—dividend-paying under-
lying asset with spot price 50 and volatility 30%. For simplicity, assume zero
interest rates, i.e.,, r =0.

(iii) If r = ¢ = 0, the vega of ATM call and put options is
1 4
e,
Vor

where d; = 2=, Compute the dependence of vega(C) on time to maturity
T-t,ie,

vega(C) = vega(P) = SVT —t

9 (vega(C))
AT —t)

and explain the results from part (ii) of the problem.

Solution: (i) The fact the vega of a plain vanilla European call or put is
positive means that, all other things being equal, options on underlying assets
with higher volatility are more valuable (or more expensive, depending on
whether you have a long or short options position). This could be understood
as follows: the higher the volatility of the underlying asset, the higher the
risk associated with writing options on the asset. Therefore, the premium
charged for selling the option will be higher.

If you have a long position in either put or call options you are essentially
“long volatility”.
(ii) The input in the Black—Scholes formula for the Gamma of the call is
S=K=50,0=03,r=q¢g=0. For T =1/24, T =1/4, and T = 1, the
following values of the vega of the ATM call are obtained:

vega(15days) = 4.069779;
vega(3months) = 9.945546;
vega(lyear) = 19.723967.
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(iii) For clarity, let 7 =T —¢t. For r = ¢ = 0, we obtain from (3.13) that

2 2,
vega(C) = S\/;—e_g21 = ?/\2/_::6_95_,

since, for an ATM option with r =¢ =0,

; 1n(%)+<r—q+%2>r o7
1 = .

o7 2
By direct computation, we find that
O(vega(C)) _ S o _ 025\/7?6_%1
or N 8v2rm

S < 0'2T> o
— (1l -— e T,
2v/2nT 4
For ¢ = 0.3 and for time to maturity less than one year, ie., for 7 < 1,

we find that

ot

1-— > 0.9775
4 z 0 '

and therefore p c
(vegal©) |
or
We conclude that, for options with moderately large time to maturity, the
vega is increasing as time to maturity increases. Therefore we expect that

vega(lyear) > vega(3months) > vega(1l5days),

which is what we previously obtained by direct computation. [

Problem 15: Assume that interest rates are constant and equal to r. Show
that, unless the price C of a call option with strike K and maturity T on a
non—dividend paying asset with spot price S satisfies the inequality

SeT —Ke' < C < Se %, (3.14)

arbitrage opportunities arise.
Show that the value P of the corresponding put option must satisfy the
following no—-arbitrage condition:

Ke™—Se < P < Ke'7. (3.15)
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Solution: One way to prove these bounds on the prices of European options
is by using the Put—Call parity, i.e, P+ Se™9T — C = Ke™'7T.
To establish the bounds (3.14) on the price of the call, note that

C =Se T _Ke™ + P (3.16)

The payoff of the put at time T is max(K — S(T"),0) which is less than the
strike K. The value P of the put at time 0 cannot be more than Ke "7, the
present value at time 0 of K at time 7. Also, the value P of the put option
must be greater than 0. Thus,

0 < P < Ke'T, (3.17)
and, from (3.16) and (3.17), we obtain that
SerT —Ke™ < Se T —Ke™ + P =C < Se™T.
To establish the bounds (3.15) on the price of the put, note that
P = KT —SeT + C. (3.18)

The payoff of the call at time T is max(S(T) — K, 0) which is less than S(T).
The value C of the call at time 0 cannot be more than Se™97, the present
value at time 0 of one unit of the underlying asset at time 7', if the dividends
paid by the asset at rate g are continuously reinvested in the asset. Also, the
value C of the call option must be greater than 0. Thus,

0<C < Se?, (3.19)
From (3.18) and (3.19) it follows that

Ke™T—Ge T < P < Ke 7T,

A more insightful way to prove these bounds is to use arbitrage arguments
and the Law of One Price.

Consider a portfolio made of a short position in one call option with strike
K and maturity T and a long position in e~¢7 units of the underlying asset.
The value of at time 0 of this portfolio is

V(0) = Se @ —C.

If the dividends received on the long asset position are invested continuously
in buying more units of the underlying asset, the size of the asset position at
time 7" will be 1 unit of the asset. Thus,

V(T) = S(T)-C(T) = S(T) — max(S(T) - K,0) < K,



3.1. SOLUTIONS TO CHAPTER 3 EXERCISES 79

since, if S(T') > K, then V(T) = S(T)— (S(T)—K) = K, and, if S(T) < K,
then V(T) = S(T) < K.
From the Generalized Law of One Price we conclude that

V() = Se? —C < Ke ™™,

and therefore Se~%7 — Ke™ T < C, which is the left inequality from (3.14).
All the other inequalities can be proved similarly:

o To establish that C < Se™9T, show that the payoff at maturity T of a
portfolio made of a long position in e~97 units of the underlying asset at time
0 and a short position in the call option is nonnegative for any possible values
of S(T);

e To establish that Ke™ "7 — Se~97 < P, show that the payoff at maturity T
of a portfolio made of a long position in e~% units of the underlying asset
at time 0 and a long position in the put option is greater than K for any
possible values of S(T");

e To establish that P < Ke™"7, show that the payoff at maturity T of a
portfolio made of a short position in the put option and a long cash position
of Ke™'T at time 0 is nonnegative for any possible values of S(T"). O

Problem 16: A portfolio containing derivative securities on only one asset
has Delta 5000 and Gamma —200. A call on the asset with A(C) = 0.4
and ['(C) = 0.05, and a put on the same asset, with A(P) = —0.5 and
I'(P) = 0.07 are currently traded. How do you make the portfolio Delta—
neutral and Gamma—neutral?

Solution: Take positions of size x; and x5, respectively, in the call and put
options specified above. The value IT of the new portfolio is Il = V + 2,C +
2o P, where V' is the value of the original portfolio. This portfolio will be
Delta— and Gamma-neutral, provided that z; and z, are chosen such that

A(I) = A(V) +21A(C) + 22A(P) = 5000 + 0.4z, — 0.5z, = O

bl

I(II) = I(V)4+zI(C) + z[(P) = — 200+ 0.05z; +0.07z, = 0.
The solution of this linear system is
250,000
T =— 5’3 = —4716.98 and z; = 330,000 = 6226.42.

To make the initial portfolio as close to Delta~ and Gamma-neutral as
possible by only trading in the given call and put options, 4717 calls must
be sold and 6226 put options must be bought. The Delta and Gamma. of the
new portfolio are

A(T) = A(V) —47T17TA(C) + 6226A(P) = 0.2;
T(II) = T(V)+47170(C) + 62261(P) = - 0.03.



80 CHAPTER 3. PROBABILITY. BLACK-SCHOLES FORMULA.

To understand how well balanced the hedged portfolio II is, recall that the
initial portfolio had A(V) = 5000 and I'(V) = —200. O

Problem 17: You are long 1000 call options with strike 90 and three months
to maturity. Assume that the underlying asset has a lognormal distribution
with drift 4 = 0.08 and volatility ¢ = 0.2, and that the spot price of the
agset is 92. The risk-free rate is 7 = 0.05. What Delta-hedging position do
you need to take?

Solution: A long call position is Delta—hedged by a short position in the
underlying asset. Delta—hedging the long position in 1000 calls is done by
shorting

1000A(C) = 1000e™'N(d)) = 653.50

units of the underlying asset, where
n(£) + (r—q+%2>T
dy = ,
1 oV/T

with $ =92, K =90, T =1/4,0 =02, r=0.05,¢=0.
Note that, for Delta—hedging purposes, it is not necessary to know the
drift p of the underlying asset, since A(C) does not depend on p. (I

Problem 18: You buy 1000 six months ATM Call options on a non-
dividend-paying asset with spot price 100, following a lognormal process
with volatility 30%. Assume the interest rates are constant at 5%.

(1) How much money do you pay for the options?
(i1) What Delta~hedging position do you have to take?

(iii) On the next trading day, the asset opens at 98. What is the value of
your position (the option and shares position)?

(iv) Had you not Delta~hedged, how much would you have lost due to the
increase in the price of the asset?

Solution: (i) Using the Black-Scholes formula with input S, = K = 100,
T =1/2, 6 =0.3, r =0.05, ¢ =0, we find that the value of one call option
is C; = 9.634870. Therefore, $9,634.87 must be paid for 1000 calls.

(i) The Delta~hedging position for long 1000 calls is short
1000A(C) = 1000e™T N(d;) = 588.59

units of the underlying. Therefore, 589 units of the underlying must be
shorted.
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(iii) The new spot price and maturity of the option are S; = 98 and T, =
125/252 (there are 252 trading days in one year). The value of the call option
is $8.453134 and the value of the portfolio is

1000C; — 5895, = — 49268.87.

(iv) If the long call position is not Delta~hedged, the loss incurred due to the
decrease in the spot price of the underlying asset is

1000(C, — C) = — $1181.74.
For the Delta—hedged portfolio, the loss incurred is
(1000C; — 589S5) — (1000C; — 5895;) = — $3.74.

As expected, this loss is much smaller than the loss incurred if the options
positions is not hedged (“naked”). O3
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Supplemental Exercises

What is the expected number of coin tosses of a fair coin in order to
get two heads in a row? What if the coin is biased and the probability
of getting heads is p?

What is the expected number of tosses in order to get k heads in a row
for a biased coin with probability of getting heads equal to p?

Calculate the mean and variance of the uniform distribution on the
interval [a,b).

Let X be a normally distributed random variable with mean y and
standard deviation o > 0. Compute E[ |X| ] and E[X?.

Compute the expected value and variance of the Poisson distribution,

i.e., of a random variable X taking only positive integer values with

probabilities

e ANk
k!

where A > 0 is a fixed positive number.

P(X=k) = , VE>0,

Show that the values of a plain vanilla put option and of a plain vanilla
call option with the same maturity and strike, and on the same under-
lying asset, are equal if and only if the strike is equal to the forward
price.

You hold a portfolio made of a long position in 1000 put options with
strike price 25 and maturity of six months, on a non—dividend-paying
stock with lognormal distribution with volatility 30%, a long position
in 400 shares of the same stock, which has spot price $20, and $10,000
in cash. Assume that the risk-free rate is constant at 4%.

(1) How much is the portfolio worth?

(ii) How do you adjust the stock position to make the portfolio Delta~
neutral?

(ii) A month later, the spot price of the underlying asset is $24. What
is new value of your portfolio, and how do you adjust the stock position
to make the portfolio Delta—neutral?
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8. You hold a portfolio with A(IT) = 300, I'(II) = 100, and vega(Il) = 89.
You can trade in the underlying asset, in a call option with

A(C)=0.2; T(C)=0.1 vega(C)=0.1,
and in a put option with
A(P)=-0.8 T(P)=0.3; vega(P)=0.2

What trades do you make to obtain a A-, I'-; and vega—neutral port-
folio?

3.3 Solutions to Supplemental Exercises

Problem 1: What is the expected number of coin tosses of a fair coin in
order to get two heads in a row? What if the coin is biased and the prohability
of getting heads is p7
Solution: If p is the probability of the coin toss resulting in heads, then the
probability of the coin toss resulting in tails is 1 — p.

The outcomes of the first two tosses are as follows:

o If the first toss is tails, which happens with probability 1 — p, then the
process resets and the expected number of tosses increases by 1.

o If the first toss is heads, and if the second toss is also heads, which hap-
pens with probability p?, then two consecutive heads were obtained after two
tosses.

o If the first toss is heads, and if the second toss is tails, which happens
with probability p(1 — p), then the process resets and the expected number
of tosses increases by 2.

If E[X] denotes the expected number of tosses in order to get two heads
in a row, we conclude that

E[X] = (1—p)(1+ E[X]) + 20"+ p(1 - p)(2+ E[X]). (3.20)
We solve (3.20) for E[X] and obtain that

1+p
p2

EX] =

For an unbiased coin, i.e., for p = %, we find that E[X] = 6, and therefore
the expected number of coin tosses to obtain two heads in a row is 6. O
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Problem 2: What is the expected number of tosses in order to get n heads
in a row for a biased coin with probability of getting heads equal to p?

Solution: The probability that the first n throws are all heads is p". If the
first k& throws are heads and the (k + 1)-th throw is tails, which happens
with probability p*(1 — p), then the process resets after the k + 1 steps; here,
k=0:(n—1). Then, if z(n) denotes the expected number of tosses in order
to get n heads in a row, it follows that

z(n) = np" + Zp (1= p)(k +1+2z(n))

=np" + (1-p <Zp —i—ka) + z(n)(1— )Zpk.

k=0
Recall that

n—1 . 1
p —

Then, we find that

n

~1
k=1

(1-p)y?

1— (n+1)p" +np™t?

z(n) = np" + + z(n)(1 - p")

1-p
1—p"
= 1— o
=2+ e -,
and therefore o — |
p(1-p)

We conclude that the expected number of tosses in order to get n heads in

a row for a biased coin with probability of getting heads equal to p is (lp;)

If the coin were unbiased, i.e., for p = 2, the expected number of tosses in
order to get n heads in a row is ontl 2. O

Problem 3: Calculate the mean and variance of the uniform distribution on
the interval [a,b].

Solution: The probability density function of the umform distribution U on
the interval [a, b] is the constant function f(z) = 5%, for all z € [a,b]. Then,

1 b b+a

b
E[U]z/mf(m)dmzmamdmz 5
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b+a\?
U —
(v-5)
! /” __braN 1 1/ b+a\[
 b—al, 2 " b—a 3 2
(b~ a)?

= .0
12

var(U) = E[(U—E[U])Z] - E

Problem 4: Let X be a normally distributed random variable with mean
and standard deviation o > 0. Compute E[ |X|] and E[X?].

Solution: We compute E[ |X| ] in terms of the cumulative distribution

1 to.
N(t) = E / C—Tz dz
—oC

of the standard normal variable Z.
Note that X = p+ 0Z. Then,

1 * 2
ELXI) = o= [ wvode ¥ a
-
1 —u/o
= \/—?/ —(p+oz) e 2dz+—/ (u+oz)e” T dz
T J-x ulo
1 —ulo 22 wle 22
= —,u\/—T_/ _'dz————/ ze" 7 dz
T J-x

71, v
J— e 7 dz + ——/ ze"T dz.
2 —ufo 2 ujo

It is easy to see that

1 —pjo 22 U i
B = () =)
5 /_oc e 7 dz N . 1-N 5)
TFetan (7 - ()
ze 2 z = —e 2 = —expl|l——=]:;
_x z=—2¢ 202

22 1 wlo 2 i
T d = —— L dy = N(—),

vV 27r /u/a g 27]‘/— € y a

~
wN

o @)
/ ze" 2 dz = (—e‘é)
—-ufo
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We conclude that

E[X]] = —-/.L(].—N(g)) + %exp(—%)
N (£) + —exp 2#_)

(0 (2) 1) + yZow ()

One way to compute F[X?] would be to compute the following integral:

E[X?Y = El(u+02)} \/_/ (u+o0z)2 e 7 F dz.

While this would provide the correct result, an easier way is to recall that
var(X) = E[X? — (E[X]).
Since E[X] = u and var(X) = o2, we conclude that

E[X? = var(X)+ (BE[X])? = p?+o%

Problem 5: Compute the expected value and variance of the Poisson distri-
bution, i.e., of a random variable X taking only positive integer values with
probabilities

e ANk

Kl 7

P(X =k) = Vk>0,

where )\ > 0 is a fixed positive number.

Solution: We show that F[X] = X and var(X) = A
By definition,

00 00 6_)‘)\ _ 00 }\k 1
= Y PX=k)k = > = ’\AZ . (3.21)
o—1

Recall that the Taylor expansion of the function * is

o0 tk
t — J——
& = Zk!'

k=0
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Then, it follows that

S oy = @ 322)
= e 3.22
—_1) :
 (k—1)!
x  yk-2
A by
= e’ 3.23
2 k-2 ~ ° (3:23)
k=2
From (3.21) and (3.22), we find that E[X] = X
Similarly,
X =Mk x k
o B 2 e,y kX
Elx% = S PX=k-k =) k= Z(k—l)!
k=0 k=1 k=1
(k= 1)F e N
B ; (k- 1)! g(k—l)'
X \k-2 x 2k-1
—A)2 -A
= e "X — ey —
k;(k—Q)! k;(k—l)!
= A4 )\,

where (3.22) and (3.23) were used for the last equality.
We conclude that

var(X) = E[X%) — (E[X])*=X. O

Problem 6: Show that the values of a plain vanilla put option and of a
plain vanilla call option with the same maturity and strike, and on the same

underlying asset, are equal if and only if the strike is equal to the forward
price.

Solution: Recall that the forward price is F' = Se~(r=a)T,
From the Put—Call parity, we know that

C—P = Se? - Ke™. (3.24)

If a call and a put with the same strike K have the same value, ie., if C = P
in (3.24), then Se~9" = Ke™'T. Thus,

K = SeoT,

i.e., the strike of the options is equal to the forward price. 0O
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Problem 7: You hold a portfolio made of a long position in 1000 put options
with strike price 25 and maturity of six months, on a non-dividend—paying
stock with lognormal distribution with volatility 30%, a long position in 400
shares of the same stock, which has spot price $20, and $10,000 in cash.
Assume that the risk-free rate is constant at 4%.

(i) How much is the portfolio worth?
(ii) How do you adjust the stock position to make the portfolio Delta—neutral?

(iii) A month later, the spot price of the underlying asset is $24. What is new
value of your portfolio, and how do you adjust the stock position to make the
portfolio Delta—neutral?

Solution: (1) The value of the portfolio is
1000P(0) + 4005(0) -+ 10000 = 22927,
where S(0) = 20 is the spot price of the underlying asset and the value

P(0) = 4.9273 of the put option is obtained using the Black-Scholes formula.

(ii) The Delta of the put option position is —1000N(—d;) = —803. (Here
and in the rest of the problem, the values of Delta are rounded to the nearest
integer.) The Delta of the portfolio is

—803 4400 = — 403

To obtain a Delta—neutral portfolio, 403 shares must be purchased for $8,060.
The Delta—neutral portfolio will be made of a long position in 1000 put op-
tions a long position in 803 shares of the underlying stock, and $1,940 in
cash.

(iii) A month later, the spot price of the underlying asset is S (1—12) = 24 and
the put options have five months left until maturity. The Black—Scholes value
of the put option is P () = 2.1818. The cash position has accrued interest

and its current value is 1940 exp (%%4) = 1946. The portfolio is worth

1 1
1000P <E> + 8038 <E> + 1946 = 23400.

The new Delta of the portfolio is
—1000N(—d;) + 803 = 292.
To make the portfolio Delta—neutral, you should sell 292 shares. O

Problem 8: You hold a portfolio with A(II) = 300, I'(II) = 100 and
vega(Il) = 89. You can trade in the underlying asset, in a call option with

A(C)=02; T(C)=0.1;, vega(C)=0.1,
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and in a put option with
A(P)=-08; T(P)=03; vega(P)=0.2.

What trades do you make to obtain a A—, I'-, and vega—neutral portfolio?

Solution: You can make the portfolio I'- and vega— neutral by taking posi-
tions in the call and put option, respectively. By trading in the underlying
asset, the ' and vega of the portfolio would not change, and the portfolio
can be made A-neutral.

Formally, let z1, zo, and z3 be the positions in the underlying asset, the
call option, and the put option, respectively. The value of the new portfolio
is Upew =+ 218 + 22C + 23 P and therefore

A(Tew) = AM) + z1 + 22A(C) + z3A(P);
[(Mhew) = T(II) + 22I(C) + 23T(P);
vega(Ilne,) = vega(ll) + zovega(C) + z3vega(P).

Then, A(Ilyey,) = T'(Tlpey) = vega(Ilyew) = 0 if and only if

z1 +0.2z9 — 0.823 = —300;
0.1:82 +0.3£L‘3 = —100;
0.1z9 + 0.2z = -89,

The solution (rounded to the nearest integer) is z; = —254, o = —670,
z3 = —110. In other words, to make the portfolio A-, I'- and vega— neutral,
one must short 254 units of the underlying asset and sell 670 call options and
110 put options. [






Chapter 4

Lognormal random variables. Risk—neutral
pricing.

4.1 Solutions to Chapter 4 Exercises

Problem 1: Let X; = Z and X; = —Z be two independent random vari-
ables, where Z is the standard normal variable. Show that X; + X, is a
normal variable of mean 0 and variance 2, i.e., X; + X, = v/22.

Solution: Recall that if X; and X, are independent normal random variables
with mean and variance u; and o?, and u; and 0%, respectively, then X + X5
is a normal variable with mean u; + up and variance o? + 0%, and

Xi+X2 = mtp + (Jol+olZ

For Xy = Z and Xo = —Z7 , it follows that uy = gy =0 and 0y =02 = 1. We
conclude that
EX)=m+p2=0 and var(X)=0%+0s =2,

and therefore

X = X1+X, = V2Z. O

Problem 2: Assume that the normal random variables X, X3, ..., X,
of mean p and variance o are uncorrelated, i.e, cov(X;, X;) = 0, for all
1 < i# j <n. (This happens, e.g., if X1, X, ..., X, are independent.) If
Sp = % Z?zl X is the average of the variables X;, ¢ = 1 : n, show that

0.2

E[S,] = p and var(S,) = —.
n
Solution: Recall that, for ¢; € R,
n n
Zcin} = > GE[Xi);
i=1 i=1

91

E
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n n
var (Zcin) = Zc?var(Xi) + 2 Z cicieov( X, Xj).

i=1 i=1 1<i<j<n
Therefore,
Bis) = B2k = LY Eg = Lo =
v g l —nizl PR
1 ¢ 1< 2
var(S,) = var EZXi = 3. V&I‘(Xﬂ#-ﬁ Z cov(X;, X;)
i=1 i=1 1<i<j<n

1 n
= ﬁ ZV&I‘(XZ‘) = 'TL—2 cnot = ;‘,
i=1
since cov(X;, X;) =0forall1<i#£j5j<n O

Problem 3: Assume we have a one period binomial model for the evolution
of the price of an underlying asset between time ¢ and time ¢ + §#:

If S(t) is the price of the asset at time ¢, then the price S(t +6t) of the asset
at time t + 4t will be either S(t)u, with (risk-neutral) probability p, or S(t)d,
with probability 1 — p. Assume that v > 1 and d < 1.

Show that

Egrn[S(t + 6t)) (v + (1 —p)d) S(t); (4.1)
Ern[S2(t +6t)] = (pu® + (1 —p)d®) S%(t). (4.2)

Solution: We can regard S(t + 6t) as a random variable over the probability
space {U, D} of the possible moves of the price of the asset from time ¢ to time
t + 0t endowed with the risk-neutral probability function P : {U, D} — [0, 1]
with P(U) = pand P(D) =1 — p. Then S(t + 6t) is given by

S(t+68)(U) = S(tyu; S(t+6t)(D) = S(t)d.

Then, by definition,

Il

Egn[S(t+6t)) = P(U)- S(t+68t)({U) + P(D)- S(t+ 6t)(D)
(pu+ (1 - p)d) S(t);
PU) - (St+6t)(U))* + P(D)- (S(t + 6t)(D))?

(pu® + (1~ p)d®) S%(¢). O

Il

Egn[S%(t + 6t)]

|
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Problem 4: If the price S(t) of a non-dividend paying asset has lognormal
distribution with drift r and volatility o, show that

Ern[S(t+6t)] = e™S(t); (4.3)
Ern[S3(t +6t)] = er+otg2(y), (4.4)

Solution 1: If the price S(t) of the non—d1v1dend paying asset has lognormal

distribution with drift r and volatility o, then tJ“t‘)St) is a lognormal variable

given by
S(t+6t)\ o?
In (W) = (T‘ - —2—> &3 + U\/Cs—tZ

Recall that, if ln(Y) u+0oZis a lognormal random variable with
parameters a.nd 7, the expected value and variance of Y are

+ _2
€Xp 5
“ 9 ’

exp (.‘Zp + 52) (652 - 1) .

E[Y]

var(Y)

2

IfY = i(;er)&l’ then p = (r - "7) 6t and & = 0v/6t and therefore

EF%J - exp<<r—”—2> S5t + (a\/ﬁ)2> = e (45)

var <S—(ES?T&)> - exp( <r——> 8t + (ov/5%) > ( 5t)2—1>(4.6)

— 62r6t 602& _ 1) . (47)

Note that,
[ (t+9t) ] - sgt)  E[S(t + 60)] (4.8)
( ” & > _ 5—2‘1(5 var (S(¢ + 6t)). (4.9)

From (4.5) and (4.8), and from (4.7) and (4.9), respectively, we conclude that

E[S(t+4dt)] = e™S(t);
var (S(t 4 4t)) = ¥’ (e”z‘st - 1) S2(¢). (4.10)
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Note that

var (S(t + 6t)) = E[S*(t+dt)] — (E[S(t+ 6t)])*
= E[S*(t+t)] — e¥*S%(t). (4.11)

From (4.10) and (4.11) it follows that
E[S*(t+ 6t)] = var (S(t+ 6t)) + e¥¥%5%(t) = 2o+t g2y,
which is what we wanted to show.

Solution 2: Note that S(¢ + dt) can be written as a function of the standard
normal variable Z as follows:

2
St +6t) = S(t) exp ((r - %) it + o\ﬂ%Z) :
Then,
1 oo o? 2
E[S(t+dt)] = —\/2—7/_005@) exp ((r— ?> 8t + o6t x) e 7 dzx
00 2 2
= S(t) \/%/_ooexp (rét—a—;—t—i-o\/c%x—%—) dz

= S(t)e \/—12:/00 €Xp (—@)—Z) dx

= S(t)e \/—12:7r/ e”'T dy
= S(t)e,

where we used the substitution y = z — 0/t and the fact that
1 / 2
— e dy = 1,
vV 27T —00 4
L%

since ol is the density function of the standard normal variable.
Similarly, we obtain that

1 o0 0'2 z2
2 — 2 - —7
E[S*(t+4t)] = m/_wS(t)exp@(r 2)5t+2o\/<%x) e 7 dzx
00 2
= \/—%_w /_oo S2(t) exp (27‘& — 025t + 206t = — %) dx
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o ) 2
= S%t) #/ exp (27"&-%—02& - (i—gﬂ> d

2 2r+02) T — 2‘7\/_)2
= S%(t)el \/%/ ( 5 )

— Sz(t) 2r+a e~ 5 ds

.

= Sz(t)e(z”" »at.

the substitution s = z — 20/6t was used above. [

Problem 5: The results of the previous two exercises can be used to calibrate
a binomial tree model to a lognormally distributed process. This means
finding the up and down factors u and d, and the risk—neutral probability p
(of going up) such that the values of Ery[S(t+6t)] and Ery[S%(t+6t)] given
by (4.1) and (4.2) coincide with the values (4.3) and (4.4) for the lognormal
model.

In other words, we are looking for u, d, and p such that

pu + 1—p)d = & (4.12)

pu2 + (1 _ p)dZ _ e(2r+02)6t. (413)

Since there are two constraints and three unknowns, the solution will not be

unique.
(i) Show that (4.12-4.13) are equivalent to
er&t —d

= ; 4.14

P u—d’ (4.14)

(erat _ d) (u . er&t) _ leJt (ea25t _ 1>. (4.15)

(ii) Derive the Cox-Ross—Rubinstein parametrization for a binomial tree, by
solving (4.14-4.15) with the additional condition that

ud = 1.

Show that the solution can be written as

er&t_d
p = ou = A+VAT—1;, d = A-+A2-1,
u—d

where

S
Il

(e"‘” + e(”"z)ét) ) (4.16)

N~
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Solution: (i) Formula (4.14) can be obtained by solving the linear equation
(4.12) for p.
To obtain (4.15), we first square formula (4.12) to obtain

p*u? + 2p(1 - pJud + (1 - p)?d? = €™
and subtract this from (4.13). We find that
p(1 —ppu’ —2p(1 — plud + p(1 — p)d* = @r+oD% _ et
which can be written as
p(l—p)(u—d)? = ¥ (7" —1). (4.17)
Using formula (4.14) for p, it is easy to see that

o (enst _ d) (u _ enst)
pl-p) = (a— ) : (4.18)

From (4.17) and (4.18), we conclude that
(erét . d) (‘lL _ erét) = glrét (eUZJt _ 1)
(i) By multiplying out (4.15) and using the fact that ud = 1, we obtain that
uet — 1 — g2t + de™t = e(2r+02)6t _ g2rét (419)
After canceling out the term —e*%, we divide (4.19) by € and obtain
w4d— e Tt — e(r+02)6t

which can be written as
u+ 1o <e_“5t + e(”"z)‘”) = u+ L 2A = 0
U U

cf. (4.16) for the definition of A.
In other words, u is a solution of the quadratic equation

u? —2Au+1=0, (4.20)
which has two solutions, A+ v/ A2 -1 and A — v A% —1. Since v > 1, we

conclude that
u=A+A2-1;
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the other solution of the quadratic equation (4.20) corresponds to the value
of d, since

1 1 f—
U A+vVAT-1

Problem 6: Show that the series > .-, % is convergent, while the series
Yooy 1and YR, k—lnl(—k) are divergent, i.e., equal to 0.

Note: It is known that e
k=1

72
2 6

?T",_.

and

. 1
i (34 - e ) o
where v = 0.57721 is called Euler’s constant.

Solution: Since all the terms of the series Y ;- 7z are positive, it is enough
to show that the partial sums
>
2
=k

are uniformly bounded, in order to conclude that the series is convergent.
This can be seen as follows:

"1 "1 " 1 1 1
§—=1+§—§1+§——=1+§ —_ =
2 2 _ _
k=1 k k=2 k k=2 k(k 1) k=2 k 1 k

1
=1+<1——> <2 Y a>2
n

To show that the series ZiC:l % is divergent, we will prove that

1 1
In(n) + — < };E < In(n) +1, Vna>1 (4.21)
The integral of the function f(z) = 1 over the interval [1,n] can be

approximated from above and below as follows: Note that

n1 n-1 k+11
~dz = = dz.
[ = [ L

k=1
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Since f(z) = ¢ is a decreasing function, it is easy to see that
1 1
— - v k+1).
i < f@ <4 Yaelk b+l
Then,
n n—1 k+1 1 n-1 k+1 1
/ —dz = / —dz > / p 1da:
Lz Pl k=1 vk +
n—1 n
1 1
=Y — = 14+ Y = (4.22)
el Pl
n n=1 k41 n=l ok
/ld:cz / ldm<2/ %da:
1z P I k=1
n—1 n
1 1 1
= = + Z (4.23)
k=1 n k=1

The inequality (4.21) follows from (4.22) and (4.23), since

"1
/1 Eda: = In(n).

In a similar fashion, by considering the integral of -4~ ) over the interval
(2, n], we can show that

= 1
In(ln(n)) — In(In(2)) + < ; RO Vn>2 (424

Z —klrik < In(In(n)) — In(In(2)) + %1(7), Vn>2, (4.25)

and conclude that the series Y oo, kln( is divergent.
For example, (4.24) can be proved as follows:

n 1 n—l k+1 1 n—1 k+1 1 n—1 1
———dz = / ———dz < / dz = ,
/2 zIn(z) ; r  zln(z) ; r kln(k) k:len(k)
which is equivalent to
"o 1 1
4.26
/2 z1n(z) de + nln(n) < kIn(k) (4.26)
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Since
|
/2 ST % = () —Infla(2), (4.27)
we conclude from (4.26) and (4.27) that
1 ~ 1
In(In(n)) — In(ln(2)) + < ,
( nln(n) “ kln(k)

which is the same as (4.24). O

Problem 7: Find the radius of convergence R of the power series

k=2
and investigate what happens at the points z where |z| = R.
Solution: Tt is easy to see that

00
zk

k
= > (4.28)
k() &

with ag = g k > 2. Note that

/ 1 \VE
. 1k 1 _
o = i () = 429)
Recall that, if limy_.o |ax|'/* exists, the radius of convergence of the series
> re, akzt is given by
1
R= ———. 4.30
lirnk:—»oo |a'k|1/k ( )
From (4.29) and (4.30) the radius of convergence of the series (4.28) is R =1
We conclude that the series is convergent if |z| < 1, and not convergent if
|z| > 1.
If z = —1, the series becomes > o, é%(% Since the terms ,g—l_nl(% have
alternating signs and decrease in absolute value to 0, the series is convergent.
If z = 1, the series becomes ) o, kai(Ty which was shown to be divergent

in Problem 6 of this chapter. O

Problem 8: Consider a put option with strike 55 and maturity 4 months
on a non—dividend paying asset with spot price 60 which follows a lognormal
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model with drift 4 = 0.1 and volatility ¢ = 0.3. Assume that the risk-free
rate is constant equal to 0.05.

(i) Find the probability that the put will expire in the money.

(ii) Find the risk—neutral probability that the put will expire in the money.
(ili) Compute N(—dy).

Solution: (i) The probability that the put option will expire in the money

is equal to the probability that the spot price at maturity is lower than the
strike price, i.e., to P(S(T) < K). Recall that

1n<%((%)2) = (u—q—%z)T + oVTZ.
Then,

P(S(T) < K) = P (% < 3%) =P (ln (i((i))) < (%))
( :

ovT

For $ =60, K =55 T =1/3, p=0.1,¢g=0, ¢ = 0.3, and r = 0.05, we
obtain that the probability that the put will expire in the money is 0.271525,
ie., 27.1525%.

(ii) The risk-neutral probability that the put option will expire in the money
1s obtained just like the probability that the put expires in the money, by
substituting the risk—-free rate r for p, i.e.,

Pan(S(T) < K) = P|Z < i (5f) _U(1~ﬁ—q~§)T

0.304331 = 30.43%. (4.31)

1n($)+(r—q—";)T
dy = T .

Il

(iii) Recall that

(4.32)
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Then, dy = 0.511983, and
N(—dy) = 0.304331,

which is the same as the risk-neutral probability that the put option will
expire in the money; cf. (4.31).
To understand this result, note that

Ppy(S(T)<K) = P| Z < _ln(s—}?) +U(T\/:T:q_02—2)T = N(—d2);

cf. (4.31) and (4.32). 0O

Problem 9: (i) Consider an at-the-money call on a non—dividend paying
asset; assume the Black-Scholes framework. Show that the Delta of the option
is always greater than 0.5.

(ii) If the underlying asset pays dividends at the continuous rate ¢, when is
the Delta of an at-the-money call less than 0.57

Note: For most cases, the Delta of an at-the-money call option is close to 0.5.

Solution: (i) Recall that the Delta of a call option is given by

1n(—1%)+(r—q+£23)T
ovT

A(C) = eTN(d,) = e¥N

For an at—-the-money call on a non—dividend paying asset, ie., for K = S
and ¢ = 0, we find that

(r+§)ﬁ

ag

A(C) = N(dy) = N > N(0) = 0.5.

(i) If the underlying asset pays dividends at the continuous rate g, the Delta

of an ATM call is
(’r —q+ 923) VT

ag

AIC) = e?N(d) = e?N

For a fixed risk—free rate r and fixed maturity T', we conclude that A(C) < 0.5
if and only if the dividend yield ¢ and the volatility o of the underlying asset
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satisfy the following condition:

N ((T_HG;) ﬁ) < 0.5¢e7,

(o)

This happens, for example, if r = ¢ and T is large enough, since

m N (“f) =1 and Jim05e7 = co. O

T—xc —00

Problem 10: Use risk—neutral pricing to price a supershare, i.e., an option
that pays (max(S(T) — K,0))? at the maturity of the option. In other words,
compute
V(0) = e Ern[(max(S(T) - K,0))",

where the expected value is computed with respect to the risk-neutral dis-
tribution of the price S(T) of the underlying asset at maturity T, which is
assumed to follow a lognormal process with drift » and volatility o. Assume
that the underlying asset pays no dividends, i.e., ¢ = 0.

Solution: Recall that
2

S(T) = S(0) exp <<r - %—) T+ m/TZ>

and note that

=

S(T) » K < zzln(gl‘{_">-<r_§>T —d

Then,

V() = e-TT-\/IT_ﬂ _: (S(O)exp <<r -~ %2> T+ m/Tz) - K>2 &% do

1 2
= K2e'rT——/ e % dx
Vo J_g,

— 2KS(0 )\/_T_T _2exp<<r—z2—>T+a\/T$—%2> dz

—rT

T

2

/_Zexp< r—a2)T+2m/_x——> dv  (4.33)

+ §%(0)%

s"]
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When pricing a plain vanilla call using risk-neutrality, we proved that
—rT o2 \/__ x?
Cps(0) = ex r—— |T+ovVTz——|dz
B
o0 2

1
— Ke —T_ = e~ 7d
V2T ?

S(O)N(dy) — Ke"TN(dg).

In other words, we showed that

o0 12
e_'T\/—;_; e zdr = e "TN(dy); (4.34)
—rT 00 2 2
f/z_ﬂ ) exp ((r - %) T+oVTz — %) dr = N(dy) (4.35)
—k2

From (4.33), (4.34), and (4.35), we conclude that
V(0) = K% TN(d) — 2KS(0)N(d1)

—rT fpoo 2
+SZ(O)\/2—71- , exp ((27‘ — 0T + 20Tz — %) dz.(4.36)

The integral from (4.36) is computed by completing the square as follows:

S%(0 )\/—;_Z exp ((27‘ — )T+ 20VTax — %2) dx
= 540 )\/_;_i exp (_(x_—?;@i + (2r+ 02)T> dzx

_ 2 r+¢72 I—QU\/—) x
= S0 )T\/Q—W/dg ( ) )d

2
= 52(0)eroT / exp (—y—) dy
( ) V 27 d2+20\/—— 2
= 5%0)e" T N(dy + 20VT); (4.37)

we used the substitution ¥ = z — 20v/T and the fact that

o) b= () & - v

From (4.36) and (4.37), we conclude that
V(0) = K2 N(dy) — 2KS(0)N(ds) + S2(0)e" TN (dp+20VT). O
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Problem 11: If the price of an asset follows a normal process, ie., dS =
pdt + od X, then

S(tz) = S(tl) + ,LL(tQ—tl) + oty —t1 Z, YO <t <ty

Assume that the risk free rate is constant and equal to 7.

(1) Use risk neutrality to find the value of a call option with strike K and
maturity 7'

(i) Use the Put—Call parity to find the value of a put option with strike K
and maturity 7', if the underlying asset follows a normal process as above.

Solution: (i) Using risk-neutral pricing, it follows that
C(0) = e T Erymax(S(T) — K,0)],

where the expected value is computed with respect to S(7") given by

S(T) = S(0)+ 7T +oVT Z. (4.38)
Note that
. K -50)-rT
STY>K f Z>——~2———— = (.
@) T
Then,
Cc0) = e \/%/ O)+7‘T+a\/_a:— ) e_% dz
x 2 1 ¢
= (S(0)+rT) e"T—/ ez dr — Ke_TT—/ -7
(50 var Vor Jy
—rT
+ U\/_/ re” 2dz
Note that
x x ¢ 22 2N\ |t 2
/ a:e_;da: = lim a:e_Tda: = lim (—e"T) = e_gz‘,
t—oc t—oc d
e?da:=1—— ‘Td—l—NdzN—
\/%/ \/27/ e rax (@) (=d),

where N(t) is the cumulative distribution of the standard normal variable.
We conclude that

—rTo.\/_

C(0) = (S(0)+rT)e ™" N(~d) — KeTN(~d) + =

£ (4.39)
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(ii) Regardless of the model used for describing the evolution of the price of
the underlying asset, the Put—Call parity says that a portfolio made of a long
position in a plain vanilla European call option and a short position in a plain
vanilla European put option on the same asset and with the same strike and
maturity as the call option has the same payoff at maturity as a long position
in a unit of the underlying asset and a short cash position equal to the strike
of the options. Using risk—neutral pricing, this can be written as

C(0) — P(0) = e TErn[S(T) — K] = e (S(0) +rT — K), (4.40)

since Ern[S(T)] = S(0) + rT; cf. (4.38).
From (4.39) and (4.40), we obtain that
P(0) = C(0) — (S(0)+rT)e™" + KeT
= Ke7T(1 = N(=d)) — (S(0)+rT)e"T(1 — N(~d))
e—rTO.\/T —%
+ ——m e
—rT 2
Ke ™ TN(d) — (S(0) +rT)e " TN(d) + %e-‘%,

since 1 — N(—d) = N(d). O
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4.2 Supplemental Exercises

1. Show that the sequence

T, = (Z%) — In(n)

k=1
is convergent to a limit between 0 and 1.
Note: The limit of this sequence is v = 0.57721, the Euler’s constant.

2. Assume that an asset with spot price 50 paying dividends continuously
at rate ¢ = 0.02 has lognormal distribution with mean p = 0.08 and
volatility ¢ = 0.3. Assume that the risk—free rates are constant and
equal to 7 = 0.05.

(1) Find 95% and 99% confidence intervals for the spot price of the asset
in 15 days, 1 month, 2 months, 6 months, and 1 year.

(ii) Find 95% and 99% risk-neutral confidence intervals for the spot
price of the asset in 15 days, 1 month, 2 months, 6 months, and 1 year,
i.e., assuming that the drift of the asset is equal to the risk—free rate.

3. If you play (American)!

roulette 100 times, betting $100 on black each time, what is the prob-
ability of winning at least $1000, and what is the probability of losing
at least $10007

4. Use risk—neutral pricing to find the value of an option on a non-
dividend-paying asset with lognormal distribution if the payoff of the
option at maturity is equal to max((S(T))* — K,0). Here, « > 0 is a
fixed constant.

5. Find a binomial tree parametrization for a risk-neutral probability (of

going up or down) equal to . In other words, find the up and down

factors u and d such that
o+ (1-p)d = &%
m2 + (1 . p)d2 — e(2r+a2)<§t)
ifp= %

! American roulette has 18 red slots, 18 black slots, and two green slots (correspond-
ing to 0 and 00). European roulette, also called French roulette, has only one green slot
corresponding to 0.
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4.3 Solutions to Supplemental Exercises

Problem 1: Show that the sequence
|
Ty, = <Z E) — In{n)
k=1
is convergent to a limit between 0 and 1.

Solution: Recall from (4.21) that

v

1
In( =
n(n - Z < Inn) +1, V n 1,

which can be written as
1
- <z <1l ¥Yn>1
n
It is easy to see that
1
Tnpl = Tn = g = In(n + 1) + In(n).

Therefore, z,+1 < z, if and only if

<la(n+1)—1In(n) = In (” + 1) .

n

n+1
This is equivalent to 1 < (n+1)In ("TH), and therefore to

1n+1 1n+1
< () - ()
n n

which holds for any n > 1, from the definition of e.

We showed that the sequence (Z,)n=1.00 is decreasing and bounded from
below by 0 and from above by 1, The sequence is therefore convergent to a
limit between 0 and 1. O

Problem 2: Assume that an asset with spot price 50 paying dividends
continuously at rate ¢ = 0.02 has lognormal distribution with mean p = 0.08
and volatility o = 0.3. Assume that the risk—free rates are constant and equal
to r = 0.05.

(i) Find 95% and 99% confidence intervals for the spot price of the asset in
15 days, 1 month, 2 months, 6 months, and 1 year.
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(ii) Find 95% and 99% risk-neutral confidence intervals for the spot price of
the asset in 15 days, 1 month, 2 months, 6 months, and 1 year, i.e., assuming
that the drift of the asset is equal to the risk—free rate.

Solution: If the asset has lognormal distribution, then

2
S(0) exp <<p—q— %—) t+0\/ZZ>
= 50 exp(0.015¢ + 0.3/t Z).

Recall that the 95% and 99% confidence intervals for the standard normal
distribution Z are [—1.95996,1.95996] and [—2.57583,2.57583], i.e.,

P(—1.95996 < Z < 1.95996) = 0.95; P(—2.57583 < Z < 2.57583) = 0.99.
Therefore, the 95% and 99% confidence intervals for S(t) are
(50 exp(0.015¢ — 0.3v/2 - 1.95996), 50 exp(0.015¢ + 0.3v/% - 1.95996)];

(50 exp(0.015¢ — 0.3v/% - 2.57583), 50 exp(0.015¢ + 0.3v/% - 2.57583)),

respectively.
The risk—neutral confidence intervals for the spot price of the asset are
found by substituting the risk—free rate r for p in (4.41) to obtain

Srn() = 50 exp(—0.015¢ + 0.3v/Z).
Therefore, the 95% and 99% confidence intervals of Sgy(t) are
(50 exp(—0.015¢ — 0.3v/% - 1.95996), 50 exp(—0.015¢ + 0.3v/% - 1.95996)]

[50 exp(—0.015¢ — 0.3v/% - 2.57583), 50 exp(—0.015¢ + 0.3v/% - 2.57583)],

respectively.
Fort e {ﬁ, 11—2, %, %, 1}, we obtain the following confidence intervals:

S@) = (4.41)

t 95% CI S(t) | 99% CI 5(¢) | 95% CI Spy(t) | 99% CI Spn(t)
15 days | [43.36, 57.76] | [41.45, 60.43] | [43.28, 57.66] | [41.36, 60.30
T month | [42.25, 59.32] | [40.05, 62.57) | [42.14, 59.18] | [39.96, 64.41
2 months | [39.43, 63.72] | [36.56, 68.70] | [39.23, 63.41] | [36.36, 68.37
6 months | |32.25, 75.35] | |29.17, 86.99] | |32.74, 75.21] | [28.73, 85.70
Tyear |[28.20, 91.38] | [23.44,100.90] | [27.36, 88.68] | [22.75,106.65

Problem 3: If you play (American) roulette 100 times, betting $100 on
black each time, what is the probability of winning at least $1000, and what
is the probability of losing at least $10007
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Solution: Recall that an American roulette has 18 red slots, 18 black slots,
and two green slots. Therefore, every time you bet on black, you win $100
with probability % and lose $100 with probability %. In other words, if W;
is the value of the winnings in the i-th round of playing, then

W — —100, with probability 39
v 100, with probability 5.

Note that
10 9 100
= E[W,] = —(-10 —100 = — —;
# Wi = {5(=100) + {5100 19’
600+/10
o = std(W;) = E[(W)? — (E[W;])? = T

Let W = 211201 W; be the total value of the winnings after betting 100
times. Since every bet is independent of any other bet, it follows that W is
the sum of 100 independent identically distributed random variables. From
the Central Limit Theorem we find that

10000 60001
- + \/_OZ.

W = 0cZ =
100p + 100 10 1

The probability of winning at least $1000 can be approximated as follows:

19 19
= P(Z>1.5284) = 0.0632.

10000 6000/
P(W >1000) ~ P (— | S000V10 1000)

The probability of losing at least $1000 can be approximated as follows:

19 19
= P(Z < —04743) = 0.3176.

10000 60004/10
P(W < —1000) ~ P (— + Vio, —1000)

We conclude that the probability of winning at least $1000 is approximately
6%, and the probability of losing at least $1000 is approximately 32%. O

Problem 4: Use risk-neutral pricing to find the value of an option on a
non-dividend—paying asset with lognormal distribution if the payoff of the
option at maturity is equal to max((S(T))* — K, 0). Here, a > 0 is a fixed
constant.
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Solution: Using risk—neutral pricing, we find that the value of the option is
V(0) = e77 Ernmax((S(T))* - K,0)],
where

S(T) = S(0)exp <<r - 3;) T+ aﬁz> . (4.42)

Note that (S(T))* > K is equivalent to S(T) > K'/*. Using (4.42), we find
that

S(T)> KMo = Z > o <I§Z{’;) _ <T*072) T

VT "
Then,
el > o’ 22
V() = 7). <(S(0))°‘exp <a <r - 3> T+ aaﬁx) - K) e 7 dz.
Recall from (4.34) that
—rT pox
f/% B eFdr = e TN (a).
Therefore,
0))e o 2 2
V() = (i% /_a exp <(a - 1)rT - gg—T +aoVTz — %) dz
— Ke " N(a).

By completing the square for the argument of the exponential function
under the integral sign we obtain that

2 2
\/2_/ exp<a—1)rT—(—liT+aa\/7_“x—:—E2—> dz
T J-a
aoc? a?o? .’L‘-—ao'\/_)Q
RV
(= Dr 2T+ ) _QW/_aexp( 5

2

Y
— exp(~L) d
V27r/a+aaf Xp( 2) v

(
( )7)

— exp ((a—l) (r+—“—2> T) —= / " (-%) dy
( )7)

N(a+ aoVT);
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note that the change of variables y = & — aov/T was used above.
We conclude that

2

V(0) = (S(0))%xp <(a ~1) <’r + C%') T) N(a+aoVT) — Ke"TN(a),

1n<;(1%)+<r——%2) T
= T . O

where

Problem 5: Find a binomial tree parametrization for a risk—neutral proba-
bility (of going up) equal to 3. In other words, find the up and down factors
w and d such that

ot (1-p)d = &
pu2 4+ (1 o p)d2 — e(2’r+02)6t,

if p= %

Solution: It is easy to see that, if p = %, then

’U,+d — 267‘5t;
u2+d2 — 26(2’I‘+U2)5t

and therefore

ud = (u+d)? _2 (w? +d%) — 2t _ ,(2r+0?)dt

Note that u and d are the solutions of 22 — (v + d)z + ud = 0, which is
the same as

22 _ 2ert5tz + 262r(5t _ e(2r+a2)t5t = 0. (443)

We solve (4.43) and find that

u = & <1 + /et — 1) :
d = (1= Ve 1),

sinced <u. O






Chapter 5

Taylor’s formula and Taylor series. ATM
approximation of Black—Scholes formulas.

5.1 Solutions to Chapter 5 Exercises

Problem 1: Show that the cubic Taylor approximation of /1 + z around 0

is
vi+z = 1 4+

z? 3

T @z
2 8 16

Solution: Recall that the cubic Taylor approximation of the function f(z)
around the point a =0 is

(x_a)Z 1 (a:——a,)3 3
+ 5w - e

S0 + FiO0). (5.1)

For f(x) = +/1+ z, we find that
N 1 . "y 1 . ( = __.__3
f (CE) - Zma f (CE) - _W’ f 3)(33) - 8(1 +$)5/2’

and therefore

f(z) = fla) + (z—a)f'(a) +

= f(0) + zf'(0) +

1 1 3
fO =13 fO =35 f"0)=-5 0 =5 (52)
From (5.1) and (5.2) we conclude that
z ozt 2
v ~ - - — —. 0
l+z 1+ 5 3 + 5

Problem 2: Use the Taylor series expansion of the function e® to find the
value of %% with six decimal digits accuracy.

113



114 CHAPTER 5. TAYLOR'S FORMULA. TAYLOR SERIES.

Solution: Recall that the Taylor series expansion of the function f(z) = e®
around 0 converges to e® at all points z € R, i.e.,

k
T
ef = —, Yz eR
k!
=0

For z = 0.25 we find that

ie.,

" (0.25)*
®?® = lim z,, where z, = Z(O 5), Y n>0.

n—x

Note that the sequence {,}n=0.x is increasing. It is then enough to
compute zg, Z1, Tg, . . ., until the first seven decimal digits of these terms are
the same, in order to find the first six decimal digits of e%?5. We find that

x9 =1, 1 = 1.25; o = 1.28125;
zg = 1.28385417; z4 = 1.28401698; x5 = 1.28402507,;
zg = 1.28402540; 7 = 1.28402541,

and conclude that
9% ~ 1.284025. O

Problem 3: Find the Taylor series expansion of the functions

1

2
In(l1-2z°) and — .

around the point 0, using the Taylor series expansions of In(1 — z) and l%z

Solution: Recall that

(o) im 2 g8 gl
In(l—z) = — =T - === o, Yzel[-11)
c k 3 4
1 X
T, = Zz =l+z+2*+2°+... , Ve (-1,1).

k=0

By substituting z? for z in the Taylor expansions above, where |z| < 1, we
find that

o -
In(1-2%) = —Zm—k— " S . , Ve e (-1,1)
k=1
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1_x2 Zx =14+a?+a*+2°+... , Vee(-1,1). O

Problem 4: Let
k+1 ok

R

k=
be the Taylor series expansion of f(z) =ln (1 + z). Our goal is to show that
T(x) = f(z) for all  such that |z| < 1.
Let

k=1

be the Taylor polynomial of degree n corresponding to f(z). Since T(z) =
limp o0 Py (), it follows that f(z) = T(z) for all |z| < 1 if and only if

lim [f(z) - Fa(2)] = 0, V2| <1. (5.3)

(i) Show that, for any z,

f@-ke) = [ LT

(i1) Show that, for any 0 < z < 1,
|f(e) — Fa(e)l < 2"In(1+ 1)

and prove that (5.3) holds for all z such that 0 <z < 1.
(i) Assume that —1 < z < 0. Show that

|f(@) = Fu(z)] < (—2)"|In(1+ )]
and conclude that (5.3) holds true for all z such that —1 < z < 0.

Solution: (i) From the integral formula for the Taylor approximation error
we know that

f@- ) = [ E=E

Since f(z) = In(1 + z), we obtain by induction that the derivatives of
f(z) are

— f(@) de. (5.4)

_(=DF(E - 1)
P () = e Vkzt (5.5)
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From (5.4) and (5.5) it follows that
z—t)* (=1)"n!

f(fL') '_Pn(x) = ‘/O ( nl (1 _+_t)n+1

_ [ ey
_ /0 i (5.6)

dt

(ii) Let z € [0,1). By taking absolute values in (5.6) and using the fact that
z—1
1+¢

<z VO0L<t<z<],

we obtain that

Tlr—t\" 1 L |
— = _ < —
|f(@) = Falo)] /0 (1+t> % se /0 i
= z"In(l+z), VO<z<1l

We conclude that
lim |f(z) — P,(z)] = 0, Yz €[0,1). (6.7)

n—x

(iii) Assume that z € (—1,0) and let s = —z. From (5.6), it follows that

f(z) = Py(z) = /Oz W dt = ‘/0_‘s (—1)"+2(—s —t)® i

(1 +¢)ntt (1 +¢)ntt
- (1 2n4-2 " —s n
=/ (=1) (S+)dt=/ HChA) N
0 (1 4¢)ntt o (T4t
Using the substitution ¢ = —z, we obtain that

f(@) — Pula) = - /O s <(S‘Z>" i

1 - Z)n+1

By taking absolute values and using the fact that

s§— 2z
7 <s V0<z<s<«1,
-z

we find that

= —s"In(l—s) = s"In(1 - s)|
= (-2)"|In(1 +z)};



5.1. SOLUTIONS TO CHAPTER 5 EXERCISES 117

recall that, by definition s = —z.
Note that, for any z € (—1,0),

. _
nlll»%o( )" 1n(1 + z)| 0.
We conclude that
Jim |f(z) - Pa(e)| = 0, Yo e(-1,0) (5.8)
From (5.7) and (5.8) we obtain that
7111_{]30 |f($) - Pﬂ(m)l =0, Vze (—17 1)1

and conclude that the Taylor series expansion of the function f(z) = In(1+z)
converges to f(z) for any z with |z| <1. O

Problem 5: In the Cox-Ross-Rubinstein parametrization for a binomial tree,
the up and down factors u and d, and the risk—neutral probability p of the
price going up during one time step are

o= A++A 1 (5.9)
d = A—+AT 1 (5.10)
d

er&t _

p = u_d 3 (5.11)

where
A = 1 (e—rdt + e(r+02)6t)
5 )

Use Taylor expansions to show that, for a small time step 6t, u, d and p may
be approximated by

u = ea\/ﬁ; (5.12)

d = eV (5.13)
1 1 /7 o

I N A _ 14

P=35%3 (g 2) vt (5.14)

In other words, write the Taylor expansion for (5.9-5.11) and for (5.12-5.14)
and show that they are identical if all the terms of order O(ét) and smaller
are neglected.

Solution: We will show that the Taylor expansion for (5.9-5.11) and for
(5.12-5.14) are identical if all the terms of order O((6¢)*/?) and smaller are
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neglected. In other words, we will show that

u = eV O((5t)%?);
d = eV L O((6t)%).
1 1

p = 34— SVE + O((0))

Recall the following Taylor approximations:

2
e’ = 1+x+% + O(z%), asz — 0
1+z = 1+§ + O0(z%), asz —0;

l—2 = 1—% + O(z?%), asz —0.

In particular, note that

V14 0(6t) = 1+% + O((8t)%).

Then,
4 = % (e—rét +e('r+02)6t>
= %(1—1‘&—1—0((&)2) + 14 (r+ 06t + O((6t)?))
= 1+U—226E+O((6t)2);
A2 -1 = <1+?+O((&)Q)> —1
= %5t + O((8t)%;
A2 -1 = /0%t +O((8t)2) = oVt /1+ O(st)
= oVt - <1+$26t—) + O((ét)2)>
= Vot + O((6t)%/?)
and
u = A++VA%2 -1
o5t

= 1+ 524 0((68)%) + oo+ O((6t)*?)

2

(5.15)
(5.16)

(5.17)
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= 1+ \/_+a—5t + O((6t)?);

d = A—/A—

= 1—0—\/_+5ﬁ + O((66)%3).

Since

e~ 1oV T ooy
- 14 \/_+ﬁ + O((6t)*/%);

e Ve — 1—0—\/_+ﬁ + O((6t)%?),
we conclude that
u = %+ 0((61)?);
d = e"V8 L O((6t)%).

Therefore, (5.15) and (5.16) are established.
Finally,

er&t —d
u — d
(1+rdt+0((rat)?) — (1-oVBE+ G+ 0((6t))

(1+ovat+=2+o(orPm) - (1-ova+ %2+ 061

oVBt + (r — )0t + O((6)*?) o+ (r— SVt +0(5t)
20/5t it O((t)%/2) - 20 + O(3t)

11

= 5o —)\/_ + O((86)°),

which is what we wanted to show; cf. (5.17) . O

p:

Problem 6: (i) What is the approximate value Pypprozr=0,4-0 of an at-the-
money put option on a non—dividend—paying underlying asset with spot price
S = 60, volatility o = 0.25, and maturity T = 1 year, if the constant risk—free
interest rate is r = 07

(ii) Compute the Black—Scholes value Ppg,—q4—0 of the put option, and esti-
mate the relative approximate error

\PB.S','r:O,q:O - Pappro:v,r=0,q=0|
Pggr—ng=0
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(iii) Assume that 7 = 0.06 and ¢ = 0.03. Compute the approximate value
Pipproz,r=0.06,¢=0.03 of an ATM put option and estimate the relative approxi-
mate error
| PB5,r=0.06,=0.08 — Papproz.r=0.06.g=0.03| , (5.18)
PB5,r=0.06,4=0.03
where Ppgsr=0.06,4=003 is the Black-Scholes value of the put option.

Solution: (i) Using the approximate formula

T
Papproa:.,r:(),q:() = o8 '2—71_,

we obtain that
Pappro:c,rzo,qzo = 5.984134.

(ii) From the Black-Scholes formula, we find that
PBS,T:O,q:O = 5968592,

and therefore

—04=0 — Papprozr—0.—
1Posr=vaz0 — Fappreer=0a=0l _ 00604 = 0.26%
Pgsr—0,4-0

(iii) Using the approximate formula

/T r+qT r—q)T
Papproa:,r;é(),q;éo = o8 % (1—( 2) > _( 2) S,

we obtain that

Papproa:,r:O.OG,qu.Ol? = 4.814848.
From the Black-Scholes formula, we find that
Ppgr—0.064=003 = 4.886985,
and therefore

lPBS,r=0.06,q=O.03 - Papproa:,r:O.OG,q=0.03|
PBsr=0.06,4=0.03

= 0.014761 = 1.4761%. 0O

Problem 7: It is interesting to note that the approximate formulas

T (r+gT (r—gT
C ~ oSy/— — .
7V on (1 2 > Ty Y
T r+aT\ (r—qT
P =~ gS4y/— - -
72V or (1 ) > 5 >
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for ATM call and put options do not satisfy the Put-Call parity:
P+8Se @ —C = S(e®—(r—q)T) # Se7T = Ke™'7.

Based on the linear Taylor expansion e™® = 1 — z, new approximation
formulas for the price of ATM options which satisfy the Put—Call parity can
be obtained by replacing 7T and qT by 1 — ¢ and 1 — e~%, respectively.
The resulting formulas are

[T e 9T 4T S (e79T — 1)
C =~ oS4y/— : )
o o 2 + 9 ; (5 19)
T T 4T S (e — 7T
P~ o8/ - - . (5.20)

(1) Show that the Put—Call parity is satisfied by the approximations (5.19)
and (5.20).

(ii) Estimate how good the new approximation (5.20) is, for an ATM put
with S = 60, ¢ = 0.03, ¢ = 0.25, and T = 1, if r = 0.06, by computing
the corresponding relative approximate error. Compare this error with the
relative approximate error (5.18) found in the previous exercise.

Solution: (i) From (5.19) and (5.20), it is easy to see that

S (e-—qT _ e—rT)

P—C+8e%7 = —2 5

+ 8¢ = Se'T = Ke T,
since K = S for ATM options.
(ii) Using the new approximation formula (5.20), we obtain that

Papproz_new,r=0‘06,q=0.03 = 4.861031.

The Black—Scholes value of the put option is Ppgr—0.06,4=0.03 = 4.886985, and
therefore

| PBS,r=0.06,¢=0.03 — Papproz_new,r=0.06,4=0.03| 0005311 — 0.5311%.
Ppsr=0.06,4=0.03

Recall from Problem 7 that the approximation error corresponding to
the original approximation formula is 1.4761%. We conclude that, for this
particular example, the new approximation formula is more accurate. U

Problem 8: Consider an ATM put option with strike 40 on a non—dividend
paying asset with volatility 30%, and assume zero interest rates.
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Compute the relative approximation error of the approximation P ~
oS4/ —27% if the put option expires in 1, 3, 5, 10, and 20 years.

Solution: We expect the precision of the approximation formula for ATM
options to decrease as the maturity of the option increases. This is, indeed,

the case:

T | Puproz Prs Approximation Error
1 | 4.787307 | 4.769417 0.38%

3 | 8291860 | 8.199509 1.13%

5 | 10.704745 | 10.507368 1.88%

10 [ 15.138795 | 14.589748 3.76%

20} 21.409489 | 19.906608 7.55%

Here, the Approximation Error is the relative approximation error defined as

]PBS - Papproz! 0
Pgsr—0,4=0

Problem 9: A five year bond worth 101 has duration 1.5 years and convexity
equal to 2.5. Use both the formula

AB
which does not include any convexity adjustment, and the formula
AB 1
&5 ~ - DAy + §C(Ay)2, (5.22)

to find the price of the bond if the yield increases by ten basis points (i.e.,
0.001), fifty basis points, one percent, and two percent, respectively.

Solution: Denote by Bpew,p the approximate value given by formula (5.21) for
the value of the bond corresponding to the new yield. Then, AB = By, p—B
and, from (5.21), it follows that

Brewp = B (1 - DAy). (5.23)

Similarly, let Bpew pc the approximate value for the value of the bond
given by formula (5.22). We obtain that

C
Bnew,D,C =B (1 - DAy + E(Ay)Z) . (524)
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Note that B =101, D = 1.5, and C = 2.5 in (5.23) and (5.24).

The following approximate values are obtained for
Ay € {0.001,0.005,0.01, 0.02}:

Ay

B'new,D

Bnew,D,C

0.0010

100.8485

100.8486

0.0001%

0.0050

100.2425

100.2457

0.0031%

0.01

99.4850

99.4976

0.0127%

0.02

97.9700

98.0205

0.0515%

The last column of the table represents the percent difference between the
approximate value using duration alone, and the approximate value using

both duration and convexity, i.e.,

Bnew,D,C - Bnew,D

Bnew,D

O
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5.2 Supplemental Exercises

1. (i) Let g(z) be an infinitely differentiable function. Find the linear and
quadratic Taylor approximations of %) around the point 0.

(ii) Use the result above to compute the quadratic Taylor approximation
around 0 of e(@+1)?,

(iii) Compute the quadratic Taylor approximation around 0 of e@+1)’
by using Taylor approximations of e* and e” .

2. Show that

3. Compute the Taylor series expansion of

In 1+zx
1l—z

around the point 0, and find its radius of convergence.

<1+—> < e < <1+—> , Yz>1.
T T

4. Recall that

Prove that

5. (i) Find the radius of convergence of the series

.T4 .TB .T12
— 4 —

L+ttt (5.25)

(ii) Show that the series from (5.25) is the Taylor series expansion of
the function
e 4+ e~
2
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6. The goal of this exercise is to compute
1
/ In(1 — ) In(z) dz. (5.26)
0

(i) Show that

alci{% (In(1 — z)In(z)) = (In(1 — 2)In(z)) = 0,

lim
z,/1
and conclude that the integral (5.26) can be regarded as a definite
integral.

(i) Use the Taylor series expansion of In(1—z) for |z| < 1 to show that

_

1 e 1
/0 In(1—z)In(z) dz = — Z - z" In(z) dz.
(iii) Prove that

1 o 1

k=1

(iv) Use that fact that
2

Z‘” 1_7

n2 6
k=1

to obtain that

7].2

/0 In(1 —2z)In(z) de = 2— R

7. Consider an ATM put option with strike 40 on an asset with volatility
30% and paying 2% dividends continuously. Assume that the interest
rates are constant at 4.5%. Compute the relative approximation error
to the Black—Scholes value of the option of the approximate value

T (r+qT (r—q)T
Papprow,raéO,q#O = oS 2—7; (1——2—> — —-2—5,

if the put option expires in 1, 3, 5, 10, and 20 years.
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5.3 Solutions to Supplemental Exercises

Problem 1: (i) Let g(z) be an infinitely differentiable function. Find the
linear and quadratic Taylor approximations of e92) around the point 0.

(i) Use the result above to compute the quadratic Taylor approximation
around 0 of e#+1)’,

iii) Compute the quadratic Taylor approximation around 0 of e(* 1 by usin
ylor app Y g
Taylor approximations of e® and e* .

Solution: (i) Let f(z) = e9@). Then

fl@)=d@e® and f'(z) = (¢"(x) + (¢ (€)")e®.
The linear Taylor approximation

f() = f0O)+zf'(0) + O(z?), as z—0,
can be written as
9@ = 9O 4 2edg(0) + O(z?), as z— 0.

The quadratic Taylor approximation

F@) = FO) +27©0) +5F0) + 06, s a0,
becomes

9@ _ eg(O)+xeg(0)gl(0)+x26g(0)g”(0)+(g/(0))2 + 0, (5.27)

as z — (.
(ii) By letting g(x) = (z + 1)? in (5.27), we find that

et = e 4 2ex+3ez® + O(z%), as z— 0.

(iii) Using the quadratic Taylor approximations

(22)? (22)?

e = 1+2x+—2—+0(x3), = 1+2x+——2—— + O(z%), as z—-0;
e = 1+2% + O(z*), as z—0,
it follows that

et = ¢ . ¢ — e(1 422+ 22%)(1 + 2?) + O(z®)

= e+2ez+3ezx’ + O(z%), as z—0. O
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Problem 2: Show that

1
e‘$—1+x = O(z%), as z—0.

Solution: The quadratic Taylor approximations of e=% and 1%:5 are

2
e? = 1—x+% + O(z®), as z — 0

I 2 3
T = 1—z+2z* + O(z°), as z—0.
Therefore,
e % — 'o_ z? +0(z*) = O(2%), as z—0
1+z 2 7 .

Note that we implicitly proved that

1 z?
e’ — = —?4—0(3:3), as z—0. 0O

Problem 3: Compute the Taylor series expansion of

| 142
n l1—z

around the point 0, and find its radius of convergence.

Solution: Note that the function

1n<1+“) — In(1+2)—ln(l-2)

1—2z

is not defined for £ = —1 or z = 1. Therefore, the largest possible radius of
convergence of its Taylor series expansion around 0 is 1.
The Taylor series expansions of the functions In(1 +z) and In(1 — z) are

n(14e) = DML =2 T BT vae ()
n(l+z) = - =—-—=+—=-—=—+... , Vze(-1,1}
P k 2 3 4
©  k 2 3 4
In(l-—z) =——Z%=—x—%—%—i——...,‘7x€[—l,l),
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and have radius of convergence equa,l to 1.
We conclude that the Taylor series expansion of In (%) is

1—=z

ln<1+x> = In(1+z)-In(l - z)

s z* T =\ 274+
_ Z (_1)k+1 _) Z
k=1 < k k =0
2 225
_ 2x+%+%+ ,Vaze(=11), (5.28)

and has radius of convergence equal to 1. [

Problem 4: Prove that
1 z+i—3 1 z+4
<1 + ;) < e < <1 -+ ;) R Vz > 1. (529)

Solution: Recall from (5.28) that

1 2 2P
1n<1_ﬂ> :2y+—§—+%+...,‘v’y€(—1,1). (5.30)
For any z > 1, substitute y = 2z ~7 in (5.30) and obtain that

1 2 2 2
In (1 =
n< +:c> 2241 3@z 41 BEmyir 0 e>h

which can also be written as

1 1 1 1
Nmf1+2) =1 .
<:c+ 2) n< +:c> +3(2:c+1)2+5(2:c+1)4+ , Vo >1. (531)

From (5.31), we find that

1
1 < <x+2>ln<1+1> Vz>1,

which is equivalent to

1

1 £E+§
e < <1+;> , Vz>1. (5.32)

The right inequality of (5.29) is therefore established.
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From (5.31), we also find that

1 1 -
Nnf1+2
(‘Hz) n( +x> < Tag; +12?A:3 2:1c+1

= 14 ! ! =14 L
32z +1)2 1- (2217)2 12z(z + 1)
and therefore that
1 z+% N
(1 + E) < el+12:(:+1)) Yg>1. (533)
Recall that
1 z+1
e < (1—%—;) , Yz >1. (5.34)

Using (5.34), we find from (5.33) that

1 E+§ 1 1 ﬁ
<1+_> < e eTmEAD < e<1+z> , Yz >1,
T
and we conclude that

1 T+i-1s
(1—1—5) < e Vz>1.

The left inequality of (5.29) is therefore established. [

Problem 5: (i) Find the radius of convergence of the series

8 le

REE (5.35)

4
Z
I+ 5+

A

4!

(i) Show that the series from (5.35) is the Taylor series expansion of the
function
e +e

2

Solution: (i) The series (5.35) can be written as a power series as follows:

0

T(z) = Za4px4p, with agp =
p=1

1
@) Vp=>1
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From Stirling’s formula we know that
k!
lim ———— = L

5 (B Vark

It is then easy to see that

N1/k
fm FO L
k—oc k e
and therefore that 0
lim 2 = ¢ (5.36)

P2 )7
Using (5.36), we find that

lim oy, = lim —— = lim 22 S
pce v (o)) e \ (2007 (20)'/7
= e lim — = 0.
T
Therefore, the radius of convergence of the power series T'(z) is
1 1
R = = =
lim supy,_, . |ag|'/* limy o0 |aap| /4P oo

which means that the series (5.35) is convergent for all z € R.
(ii) Using the Taylor series expansion

e’ = Z—', V.’I?E]R,
k=0
it is easy to see that
e +e 1 (i (z2)* N i (—xQ)}">
T 9 ! !
2 2 — k — k
B 1§: 2k 4 (_1)kx2lc ZOC: x4
= = ‘ = il
2 = k! = (25)!
_ RS R}
+E+Z+ ol +.

which is the same as the series (5.35). O
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Problem 6: The goal of this exercise is to compute

/1 In(1 — z)In(z) dz. (5.37)
0

(i) Show that
ii{I(l) (In(1—2z)In(z)) = il;‘I% (In(1 —z)In(z)) = 0,

and conclude that the integral (5.37) can be regarded as a definite integral.
(ii) Use the Taylor series expansion of In(1 — x) for |z| < 1 to show that

/lnl—x)ln = —Z / 2" In(z) dz.

(iil) Prove that

/ In(l — z)In(z) dz = ZW%—T)?
0 k=1

(iv) Use that fact that

21 o
IR
k=1

to obtain that

Solution: (i) First of all, note that
1 — = lim (In(1—z)1 . 5.38
li (1n(1 — 2)1In(z) = limg (1n(1 — 2) In(2) (5.38)

We compute the left hand side limit of (5.38) by changing it to a limit to
infinity corresponding to y = 91—5 as follows:

lim (In(1 — z) In(z)) Jim In (1 - 5) In (%)
(I

e (0)) B e
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lim (1—l> = E
y—x Yy €
1 Y
lim 1n(<1——> ) = -1 (5.40)
¥ y

From (5.39) and (5.40) it follows that

Recall that

and therefore

, . In(y)
lim (In(1 - z)In(z)) = lim ”

We conclude that

alvi{r(l) (In(1 —z)In(z)) = 3181;% (In(1 — z)In(z)) = 0.

The integral (5.37) is equal to the definite integral between 0 and 1 of the
continuous function g : [0,1] — R given by

9(0)=9¢(1)=0; g(z)=In(l1-2)ln(z), VO<z <1

(if) The Taylor series expansion of In(1 — z), i.e.,
x .k
T

In(l-2z) = —Z? Ve (-1,1),

k=1
is absolutely convergent to In(1 — ). Then,

_’/01 (iic“l;l—(m)) dz

n=1
—Z—/ z" In(z) dz. (5.41)
n=1 nJo

(ili) Using integration by parts, it is easy to see that

n+1 n+1
/m" In(z) de — g Inz) =z
n+1 (n+1)2

/1 In(1 - z)In(z) dz
0

+ C.

Then,
1

/0 o ln(e) do — (mnﬂln(m)— il )

n+1 (n41)2

0

1 1
- G sl ee)
1
= ———= Vn>1 (5.42)

(n+1)?
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From (5.41) and (5.42), it follows that

1 0 1
In(1—2z)l = —
/0 n(l —z)In(z) dz ; i £ 172 (5.43)
(iv) Note that
1 1 1

nntl) n n+l
Then, it is easy to see that
1 1 1 1 1

nn+12  nn+1) n+l nn+1) (n+1)?
1 1 1

n n+l (n+1)%

Therefore,

n=1

S - () - T
2

1

—_

|
T~
o3,

|

—_
~

I

ro

|
o, "

(5.44)

Here, we used the fact that

and the telescoping series

00 N

11 11 1

—_— = ]_ —_—— = i _——_—— =
Z(n n+1> Nl—I}goZl<n n+1> P s R

n=1 n=

From (5.43) and (5.44), we conclude that

! m
/ln(l—z)ln(z) de = Q—F. 0
0

Problem 7: Consider an ATM put option with strike 40 on an asset with
volatility 30% and paying 2% dividends continuously. Assume that the in-
terest rates are constant at 4.5%. Compute the relative approximation error
of the approximation

JT (r+aT (r—q)T
Papprosr0,g20 = 05 on <1~ 2 ) - 2 S
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if the put option expires in 1, 3, 5, 10, and 20 years.

Solution: The approximate option values and the corresponding approxima-

tion errors are given below:

T | P, approz

Pgg

Error

1] 4.1317

4.1491

0.42%

3 | 5.9834

6.1577

2.83%

5 | 6.4652

6.9714

7.26%

10 | 5.2187

7.3398

28.90%

20 | -2.5067

6.0595

N/A

While the approximation formula is still within 3% of the Black-Scholes
value when the maturity is three years or less, it deteriorates for long dated

options, and even produces a negative value for the 20—years option.

0O



Chapter 6

Finite Differences. Black—Scholes PDE.

6.1 Solutions to Chapter 6 Exercises

Problem 1: A butterfly spread is made of a long position in a call option
with strike K — z, a long position in a call option with strike K + z, and
a short position in two calls with strike K. The options are on the same
underlying asset and have the same maturities.

(1) Show that the value of the butterfly spread is
C(K +1z)—2C(K)+ C(K — z),

where, e.g., C(K + ) denotes the price of the call with strike K + z.

<1ii) Show that, in the limiting case when z goes to 0, the value of a position in
-z butterfly spreads as above converges to the second order partial derivative
of the value of the option, C, with respect to strike K, i.e., show that
- K — 2
lim C(K +z)—-2C(K)+ C( z) _ GC(K).
z\.0 z? oK 2

(iii) Show that, in the limiting case when z — 0, the payoff at maturity of
a position in % butterfly spreads as above is going to approximate the payoff
of a derivative security that pays 1 if the underlying asset expires at K, and
0 otherwise.

Note: A security that pays 1in a certain state and 0 in any other state is called
an Arrow-Debreu security, and its price is called the Arrow-Debreu price of
that state. A position in % butterfly spreads as above, with z small, is a
synthetic way to construct an Arrow-Debreu security for the state S(T') = K.

Solution: (1) The value of a butterfly spread, i.e., of a long position in a call
option with strike K — z and value C(K — ), a long position in a call option
with strike K + z and value C(K + z), and a short position in two calls with
strike K and value —2C(K) is

C(K +1) — 20(K) + C(K — ).
135
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(ii) The value of a position in 5 L butterfly spreads is

1

= (C(K +2) = 20(K) + C(K - z)). (6.1)

The value of a call option as a function of the strike of the option is infinitely
many times differentiable (for any fixed point in time except at maturity).
Therefore the expression from (6.1) represents the central finite difference

approximation of %(K ) and we know that
C(K+2z)-2C(K)+C(K—z)  8C
z2 T 0K
Then, in the limit as x goes to 0, we obtain that

. C(K+1)-2C(K)+C(K—z) _ 8C
lim 22 = 325

2<K> + O(z?).

(iii) The payoff at maturity of the butterfly spread is

max(S — (K — z),0) — 2max(S — K,0) + max(S — (K +z),0)
0, if S<K-—uz;
S—(K—-z), if K-—z<S<K;
K+4+z-38, if K<S<K-+z;
0, if K+z<S8.

Denote by f,(S) the payoff at maturity of a position in = butterﬁy spreads.
Then,
0, if S< K —uz;
_ ) EEE i K <S5 <K;
f:c(S) - K+3-S if K<8 .
Tz 1 = S K + xz,
0, if K+z<8.

Note that f,(K) =1 for any = # 0, and therefore
lim fo(K) = 1. (6:2)

Let S # K be a fixed value of the spot price of the underlying asset. Then
fz(8) = 0 for any z such that 0 <z < |K — S|, and therefore

alci{ré f(S) =0, VS#K. (6.3)
From (6.2) and (6.3), we conclude that in the limiting case when z — 0,

the payoff at matunty of a position in > butterﬁy spreads as above is 1 if the
underlying asset expires at K, and 0 otherwise. L[]



6.1. SOLUTIONS TO CHAPTER 6 EXERCISES 137

Problem 2: A bull spread is made of a long position in a call option with
strike K and a short position in a call option with strike K + z, both options
being on the same underlying asset and having the same maturities. Let
C(K) and C(K + z) be the values (at time t) of the call options with strikes
K and K + z, respectively.

(i) The value of a position in 1 bull spreads is w In the limiting
case when z goes to 0, show that
C(K)—-C(K +z) oC

Nm p = TR

(K).

(ii) Show that, in the limiting case when z — 0, the payoff at maturity of
a position in % bull spreads as above is going to approximate the payoff of a
derivative security that pays 1 if the price of the underlying asset at expiry
is above K, and 0 otherwise.

Note: A position in % bull spreads as above, with z small, is a synthetic way
to construct a cash-or-nothing call maturing at time T

Solution: (i) Since the value C(K) of a call option as a function of the strike
K of the option is infinitely many times differentiable, the first order forward
finite difference approximation of 22(K) is

oC _ C(K +z)-C(K)
W(K) = - + O(z),
as £ — 0. We conclude that
. C(K)-C(K+z) = 9oC
g z = ~ar)
(i) The payoff at maturity of the bull spread is
0, if S<K;
max(S — K,0) — max(S — (K +1z),0) =¢ S—K, if K<S<K+u;

z, if K+z<8.
If g.(S) denotes the payoff at maturity of a position in % bull spreads, then

0, if S<K;
9z(S) = S%K, if K<S<K-+ux
1, if K+z< S

If S < K, then g,(S) =0 for any = > 0 and therefore
lim g2(S) = 0, VS<K. (6.4)
z\0
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If S > K, then ¢,(S) = 1 for any z such that 0 < £ < S — K, and
therefore
limgo(S) = 1, V5> K. (6.5)

From (6.4) and (6.5), we conclude that in the limiting case when z — 0,
the payoff at maturity of a position in —5 bull spreads as above is 1 if the
underlying asset expires above K, and 0 otherwise. [

Problem 3: Find a second order finite difference approximation for f'(a)
using f(a), f(a+ k), and f(a+ 2h).

Note: This type of approximation is needed, e.g., when discretizing a PDE
with boundary conditions involving derivatives of the solution (also called
Robin boundary conditions). For example, for Asian Options (continuous
computed average rate call, to be more precise), this type of ﬁnlte dlfference

approximation is used to discretize the boundary condition 2& 5 H 4 oH BR =0, for
R=0.

Solution: To obtain a finite difference approximation for f'(a) in terms of
f(a), f(a+h), and f(a+2h) we use the cubic Taylor approximation of f(z)
around the point z =g, i.e.,

f@) = £@ + @-af@ + T2 + Bz o)

+0(z-a), (6.6)
as £ — a. By letting z = a+h and z = a + 2h in (6.6), we obtain that

fla+h) = f(a)+hf'<a>+%2f"<a>+ﬁ§f(3)<a) + O(rf);  (6.7)

4h3
fla+2h) = fla)+2hf'(a) +2h*f"(a) + —=FP(a) + O(n%), (68)
as h — 0.
We multiply (6.7) by 4 and subtracting the result from (6.8) to obtain

fla+2h)—4f(a+h) = —3f(a)-2hf'(a)+%mf(3>(a) + 0 (hY), (6.9)

as h — 0. By solving (6.9) for f’(a), we obtain the following second order
finite difference approximation of f'(a):

fl((l) — _f(a+2h)+42fh(a+h)_3f(a) + %2f(3)((1) + O(h3)
_ —fla+2h)+4f(a+h) - 3f(a) 5
= oh + 0 (h?),
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ash—0. 0O

Problem 4: Find a central ﬁmte difference approximation for the fourth

derivative of f at a, i.e., for f*(a), using f(a—2h), f(a—h), f(a), f(a+h),
and f(a+ 2h). What is the order of this finite difference approximation?

Solution: We will use the following Taylor approximation of f(z) around the
point © = a:

fl@) = (o) + (&-a)f'(a) + Eac—_ga)—zf"(a) + ———(x_a)3f(3)(a)

_\4 Y]
&g 1 Bt o o ool

+ 0 ((x—a)7), (6.10)

as T — a.
For symmetry reasons, and keeping in mind the form of the central dif-
ference approximation for f”(a), we use (6.10) to compute

Flat )+ fla—h) = 2f(a) + B2f'@) + 1o 10 (a) + L 0(a)
+O(h"), ash—0 (6.11)

Fla+20) + fla—2h) = 2f(2) + 4h2F'(0) + 22 0 0) + B0
+O(r7), (6.12)

as h — 0. We multiply (6.11) by 4 and subtract the result from (6.12).

We solve for f()(a) and obtain the following second order finite difference
approximation:

F9(a) = fla+2h) —4f(a+h)+6j;(4a) —4f(a—h) +f(a—2h)+o (h),

ash—0 0O

Problem 5: The goal of this exercise is to emphasize the importance of sym-
metry in finite difference approximations. Recall that the central difference
approximations for the first and second order derivatives are

f’(a) — f(a‘+h)2_hf(a‘_h) + O(hz),

f//(a) — f(a+h)_2~];L(2a)+f(a‘_h) + O(hz),
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as h — 0. In other words, f'(a) and f”(a) are approximated to second order
accuracy by using the value of f at the point a and at the points a — h and
a + h that are symmetric with respect to a.

We investigate what happens if symmetry is not required.

(i) Find a second order finite difference approximation of f'(a) using f(a),
fla—h) and f(a+ 2h).

(i1) Find a first order finite difference approximation of f”(a) using f(a),
f(a—h) and f(a+2h). Note that, in general, a second order finite difference
approximation of f”(a) using f(a), f(a — h) and f(a + 2h) does not exist.
Let 8 < a <« such that a — # = C(y — a), where C is a constant.

(iii) Find a finite difference approximation of f'(a) using f(a), f(8), and
f () which is second order in terms of |y — al, i.e., where the residual term
is O (|y — al?).

(iv) Find a finite difference approximation of f”(a) using f(a), f(3), and
f(~y) which is first order in terms of |y — a|. Show that, in general, a second
order finite difference approximation of f"(a) using f(a), f(8) and f(7y) is
not possible, unless a = L;r“l, i.e., unless § and + are symmetric with respect
to a.

Solution: (i) and (ii). We use the cubic Taylor approximation of f(z) around
the point = =q, i.e.,

(z—a)? (z—a)’

f@) = f@) + @-afe) + 2L g 4 E28 g0
+0((z—a)t), asz—a (6.13)
By letting £ =a — h and £ = a + 2h in (6.13), we obtain that

fla=h) = fla)~hf(@)+ 5 @) - 2O 0 () (6.14)
fla+2h) = f(a)+2hf'(a) +2h*f"(a) + 4t—gaf(‘”(a) + 0 (h*) ,(6.15)

as h — 0.

We eliminate the terms containing f”(a) by multiplying (6.14) by 4 and
subtracting the result from (6.15). By solving for f/(a), we obtain the fol-
lowing second order finite difference approximation of f'(a):

fla+2h)+3f(a) —4f(a—h) R

fl@) - i =) + 0 (k)
_ f(a+2h)+3];(ha)—4f(a—h) N O(hz),

as h — 0.
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Similarly, we eliminate the terms containing f'(a) by multiplying (6.14)
by 2 and adding the result to (6.15). By solving for f”(a), we obtain the
following first order finite difference approximation of f”(a):

iy = LTSI 20 ) By o
_ fla+2h)—3f(a)+2f(a—h)
= 7 + O(h),
as h — 0.

(iii) and (iv). Denote v — a by h, i.e., let h = v — a. Then, a — § = Ch.
We write the cubic Taylor approximation (6.13) of f(z) around the point
agforz =vy=a+hand for z = =a— Ch and obtain

2 3

f0) = @) +hfa) + e + @ 1O () (6160
C?h? C3h3

16) = £ - Chf(@)+ S @) - S5 0@ +0 (), (6.17)

as h — 0.
By eliminating from (6.16) and (6.17) the terms containing f”(a) and
solving for f/(a) we obtain the following finite difference approximation:

C?f(y) = (C* = 1)f(a) — (B) 2
CC+1)h + O (k).

Similarly, we eliminate from (6.16) and (6.17) the terms containing f'(a)

and solve for f”(a) to obtain the following finite difference approximation:
7] Cfly) = (C+1)f(a) + f(B)
fa) = 2 CC T )2 + O(h). (6.19)

Note that, in general, the finite difference approximation (6.18) of f'(a) is
second order, while the finite difference approximation (6.19) of f(a) is first
order. The finite difference approximation (6.19) of f”(a) would be second
order, e.g., if C = 1 or if f®(a) = 0.

Also, note that, for C = 1, i.e., if 8 = a— h and v = a + h are symmetric
with respect to the point a, then (6.18) becomes the central finite difference
approximation of f'(a), ie.,

fl(a) — f(a+h)2';lf(a__h) + O(hZ)

The same would not be true for (6.19), which becomes

f(a) = f(a+h)_2];l(2a)+f(a_h) + O(h), (6.20)

flla) = (6.18)
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instead of the central finite difference approximation

fla+h) —2f(a) + f(a —h)
e = & L + 0 (W)

of f”(a). This is due to the fact that, for C' = 1, the coefficient of h from
O (k) from (6.20) cancels out and the next term of order O (h?) becomes
relevant. [

Problem 6: Consider the following first order ODE:
y(z) = y(z), Vz€[0,1];
y(0) = L
(i) Discretize the interval [0,1] using the nodes z; = ¢h, 1 = 0 : n, where

h = L. Use forward finite differences to obtain the following finite difference
discretization of the ODE:

Yir1 = (L+Rhy, Vi=0:(n-1),
with g9 = 1. Show that
¥y = (1+h), Vi=0:n.
(il) Note that y(z) = e is the exact solution of the ODE. Let
e = yi—y(@) = (1+h)—et

be the approximation error of the finite difference solution at the node z;,
t = 0 : n. Show that this finite difference discretization is convergent, i.e.,
that

lim max|e;| = 0.
n—oc i=0:n

Solution: (i) Recall that yo = 1 and yi41 = (1 + h)y;, forall i =0: (n — 1).
It is easy to see by induction that y; = (1 4+ h)*, forall i =0: n:

Initial condition: for i = 0, we know that yo = 1 = (1 + h)°.

Induction step: assume that y; = (1 + k)¢, Then,

Yir1 = (L+h)y = (L+h)H,
which is what we wanted to show.

(ii) Let y(z) = €* be the exact solution of the ODE. It is easy to see that the
approximation error e; can also be written as

e = yi—ylz) = (1+h)— eih = in(l+h) _ ,ik
= ih (ei(ln(1+h)—h) 1 ) ‘
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Using the Taylor approximation In (1 +2) =1z — ’”—; + O(z3) we find that

i<<h—h;+0(h3)) — h)

2 2

—i% + i0(h%) = —i% + O(h%),

i (In(1 + h) — h)

Il

since th < 1, for all ¢ = 0 : n. Note that the estimate iO(h®) = O(h?) is
sharp, since, for 1 = n, the product ¢h is equal to th = nh = 1.
From the Taylor approximation e® = 1+ z + O(z?), it now follows that

2
et Im+R-h 1 — exp <—i% + O(hz)) -1

= 1+ <—i%2 + O(hz)) +0 ((—z’%z + O(hz))2> -1

2

= —i% + O(h?),

since th < 1 for all i = 0 : n, and therefore

0 ((—ih; + 0(h2))2> =0 ((—% + 0(h2))2> = O(K?).

Since e* < e for all 1 = 0 : n, we obtain that

max|e;] = max|e” (ei(ln(l—i—h)—h)_l)‘
i=0n ' =0
< o max|et WIHH=R) _ 1‘
- i=0m
h2
< e max|—i— + O(h?)
i=0n 2
h 2
1
= O(h) = O<E)
We conclude that
lim max|e;] = 0,

n—oo i=0n

and therefore that the finite difference discretization scheme of the ODE is
convergent.
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Note that we actually showed that the finite difference discretization is
first order convergent, i.e.,

1
max |e;| = O(—). O
i=0:n n

Problem 7: Consider the following second order ODE:

3r%y"(z) — zy/(z) + y(z) = 0, Yz €]0,1); (6.21)
WO =1 y)=1. (6.22)

(i) Partition the interval [0, 1] into n equal intervals, corresponding to nodes
z; = th, 1 = 0 : n, where h = % Write the finite difference discretization
of the ODE at each node z;, 1 = 1 : (n ~ 1), using central finite difference

approximations for both ¢/(z) and y"(z).

gii) If n = 6, we find, from the boundary conditions, that yo = 1 and ys =
5. The finite difference discretization scheme presented above will have five
equations can be written as a 5 X 5 linear system AY = b. Find A and b.

Solution: (i) Let z; = ih, i = 0 : n, where h = 2. 'We look for yo, 41, ..., ¥n
such that y; is an approximate value of y(z;), for all i =0: n.

By writing the ODE (6.21) at each interior node z; = ith, i =1: (n — 1),
we obtain

3z2y"(zs) — zoy' () +y(z:) = 0, Vi=1:(n—1). (6.23)

We substitute the second order central difference approximations for y"(z;)
and y'(z;), respectively, i.e.,

T - 2y(z;) + y(zi-
y”<Ii) — y( 1+1) y}fpl) y( i l) + O(hz),
yl<Ii) — y<Ii+1) _ y(Ii—-l) + O(hz),
2h
into (6.23), use the approximate values y; for the exact values y(z;), for
i = 0 : n, and ignore the O(h%) term. The following second order finite
difference discretization of (6.21) is obtained:

. i1~ 2Yit Yol L Yl — Yl
3 2h2 Yi+1 ;i i _ i+ i
7 72 th o

since z; = th, which can be written as

+yi:Oa

(3i2 + %) yio1 — (612—1)y + (32’2 - %) Yir1 = 0, Vi=1:(n—-1). (6.24)
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From the boundary conditions (6.22), we find that yo = 1 and y, = 1.

(ii) For n = 6, the finite difference discretization (6.24) of the ODE (6.21)
can be written in matrix form as

AY = b,

where A is a tridiagonal 5 x 5 matrix given by

A4, 1) = —(6i2—1), V i=1:5
A(i,i—1) = 3i*4+%  V i=2:5;
Alii+1) = 32 —1L V¥ i=1:4,
ie.,

-5 25 0 0 0

13 -23 11 0 0
A= 0 285 —53 255 0 |,

0 0 50 —95 46

0 0 0 775 —149

and Y and b are the following column vectors:

mn —-3.5
Y2 0
Y = | wl|; b= 0 . g
Ya 0
Ys —3625

Problem 8: Show that the ODE
y"(z) — 2¢/(z) + 2*y(z) = 0

can be written as
Y'(z) = f(z,Y(z)),

where

Y(z) = (5,(?)) and f(z,Y(z)) = (_(;2 ;)ym.

e = (W) = (wel 2w
1
2
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Problem 9: Consider a six months plain vanilla European call option with
strike 18 on a non—dividend—paying underlying asset with spot price 20. As-
sume that the asset has lognormal distribution with volatility 20% and that
interest rates are constant at 5%.
(i) Compute the Greeks of the call option, i.e, A, T, p, vega, and ©.
Use finite differences to find approximate values for the Greeks. Recall that
A_0C L _®c _ec . _eC o &
T %5 T asw PT e YEET 5 T T Toar
Denote by C(S, K, T, 0,r) the value of the call option obtained from the
Black—-Scholes formula.

(it) The forward and central difference approximations Ay and A, for A, and
the central difference approximation I'; for I' are

C(S +dS, K, T,0,r) — C(S, K, T, 0,7)

Ar = ds ;
C(S+dS, K, T,0,r) —C(S—dS,K,T,o,r)
Ac = )
2dS
[ _ C(S+dS K, T,0,1) = 20(S, K, T, 0,7) + C(S = dS, K, T, ,7)
- (dS)? '

Compute the approximation errors for the following values of dS:

4S5 (B[ [T A=A = AJ[IT=T,
0.1
0.01
0.001
0.0001
0.00001
0.000001

(iii) Let do = 0.0001, dr = 0.0001, and dT = ﬁ, le., one day. Find the
following forward difference approximations for vega, p, and ©:

C(S,K,T,o +do,r)—C(S,K,T,o,r)

vegay = T ; (6.25)
C(S,K,T,o,r +dr)— C(S,K,T,o,r

ps = dz (5. % ). (6.26)

o - _C'(.S’,K,T—i—dT,a,r)—C(S,K,T,a,r). (6.27)

dr
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Solution: (i) Using the formulas for the Greeks of a plain vanilla call option
derived from the Black—Scholes formula, we find that

A =0.839523; T =0.086191; p=7.045377;

© = —1.394068.

(ii) The Black-Scholes value of the call option is C = 2.699703. The corre-
sponding forward and central difference approximation errors for the Delta

vega = 0.01501;

and Gamma, of the option are:

s A; A, T, [[A-A] A=A [T-T
0.1 0.843774 | 0.839464 | 0.086199 | 0.00425158 | 0.00005840 | 0.0000081!
0.01 0.839952 | 0.839521 | 0.086196 | 0.00042959 | 0.00000138 | 0.0000042:
0.001 |0.839565 | 0.839522 | 0.086195 | 0.00004228 | 0.00000082 | 0.0000042
0.0001 | 0.839526 | 0.839522 | 0.086196 | 0.00000349 | 0.00000081 | 0.0000042
0.00001 | 0.839522 | 0.839522 | 0.086207 | 0.00000037 | 0.00000081 | 0.0000153
0.000001 | 0.839522 | 0.839522 | 0.090594 | 0.00000076 | 0.00000081 | 0.0044029

(iii) The finite difference approximations of vega, p and © given by (6.25-6.27)

are

vega; = 3.448385; p; = 7.045624; ©; = —1.392998.
The corresponding relative approximation errors are
Ivega —vegas| _ o ooo213, 224l _ 000035,
vega
©=64 _ qo00m67. O
1©]

Problem 10: Show that the value of a plain vanilla European call option
satisfies the Black-Scholes PDE. In other words, show that

oC
= +

ot

122
203552 +

(r—-q)S’Z—g — rC = 0,

where C' = C(8,t) is given by the Black—Scholes formula.

Solution: Although direct computation can be used to show this result, we
will use the version of the Black—Scholes PDE involving the Greeks, i.e.,

e + %UZSQF + (r—¢q)SA — rC =0,
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substitute for A, I" and © the values

A WTONG) T = — 0 4
= - - , = € 2;
¢ (@) So+/2n(T — t)
Se—9(T-t) &
6 = ¢Se i TIN(dy) — rKe T IN(dy) — — ™7,
e (@) ‘) = T =D

and substitute for C the value given by the Black—Scholes formula, i.e.,
C = Se T HN(d) — Ke " TIN(dy).
Then,

0 + = 252P + (r—q)SA — 1C

—q(T—t) 2
= ¢Se™? T_t)N(dl) — rKe T ON(dy) — #‘SL———e’£2J~
2y/2n(T —t)

0,252 e—q(T—t)
2 Sov/2n(T —1)
+ (r = )5 TIN(d) — r (ST IN(dy) - KeTIN(dy))
= 0. O

ml_?;a

-+ e

Problem 11: The value at time t of a forward contract struck at X and
maturing at time T', on an underlying asset with spot price S paying dividends
continuously at the rate g, is

f(S,t) = SedT-t) _ KT,
Show that f(S,t) satisfies the Black—Scholes PDE, i.e., show that

of 1., 20°f of _
or T 37 S gm T 0855 —rf =0
Solution: It is easy to see that
Of _ . ge—aT-t -t OF _ qren, O _
at—qSe rKe 59 = ¢ ; 53,—2—0.

Then,

oy Lag?

9
at oz T (- >S_f -
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_ qSe_q(T_t) — rKe (T +0+ (r— q)Se—q(T—t)
o, ( Ge—aT—1) _ Ke—r(T—t)>
0. O
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6.2 Supplemental Exercises

1. Let f(z) = z3¢® — 6e®. Show that the central difference approximation
for f'(z) around the point 0 is a fourth order approximation.

2. Let C(K +2,T) — 2C(K,T) + C(K — z,T)
7(5) = >

where, e.g., C(K,T) denotes the value of a plain vanilla call option
with strike K and maturity T on an underlying asset with spot price
S following a lognormal distribution. Show that, for any continuous
function g : R — R,

ti [ Zf(S)g(S) is = g(K).

)

3. (i) Show that the approximate formula

202
o“54 T
1 — = =0
T30
connecting the I' and the © of plain vanilla European options is exact if
the underlying asset pays no dividends and if the risk—free interest rates
are zero. In other words, for, e.g., call options, show that, if r = ¢ =0,

then
) a?S* T(C)
2 el
(ii) If ¢ = 0 but 7 # 0, show that
- a28? T(C) 1
’ - o N'(d)

(iii) Consider a six months plain vanilla European call option on an
underlying asset with spot price 50 and volatility 30%. Assume that
the interest rates are constant at 4%. If the asset pays no dividends,
compute

202

1+ 2 s T(C)

2 o0
if the options are at—the—money, 10%, 20%, 30%, and 50% in—the—
money, and 10%, 20%, 30%, and 50% out-of-the-money, respectively.

What happens if the asset pays dividends continuously at a 3% rate?
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4. Consider a six months 5% in-the-money plain vanilla European call
option with strike 30 on an underlying asset with volatility 20%, paying
dividends continuously at a 2% rate. Assume that the interest rates are
constant at 5%.

(i) Use central differences to compute the finite difference approxima-
tions A, and T, for A and T, respectively, i.e.,

C(S +dS) — C(S — dS)
245 ’
C(S +dS) — 2C(S) + C(S — dS)
(ds)? ’

A, =

I'e =

for dS = 107 with ¢ = 1 : 12, where, e.g., C(S + dS) = C(S +
dS, K,T,o,r) denotes the Black—Scholes value of the call option corre-
sponding to a spot price S+ dS of the underlying asset.

(ii) Compute the Delta and Gamma. of the call using the Black-Scholes
formula, and the approximation errors |A, — A| and |, — I'|. Note
that these approximation errors stop improving, or even worsen, as dS
becomes too small. How do you explain this?

6.3 Solutions to Supplemental Exercises

Problem 1: Let f(z) = z%® — 6e®. Show that the central difference ap-
proximation for f'(z) around the point 0 is a fourth order approximation.

Solution: Recall that, in general, the central difference approximation of the
first derivative is a second order approximation, i.e.,

') = i@# + O(h), ash—0. (6.28)

To see why, for the function f(z) = z3¢® — 6¢7, the central difference
approximation for f’(z) around the point 0 is a fourth order approximation,
we investigate how the approximation (6.28) is derived.

The Taylor approximation of f(z) around the point O for n =5 is

2 3 4 5
@) = FO)+2f/0) + T f'0) + TIV0) + 5, 0) + 155790)

+0 (2%, asz—0. (6.29)
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We let £ = h and z = —h in (6.29) and sum up the two resulting formulas.
After solving for f/(0) we obtain
h2

— — 4
sy = {BIEN  Pso) - Eoro) + o), (630)

ash — 0.
For f(z) = z%e” —6e®, we find that f()(z) = (z® + 922 + 18z)e?, and thus
that f®)(0) = 0. Also, f(®)(0) = 54 # 0 and (6.30) becomes
(h) — f(=h) _ 9h* _ f(h) - f(=h)

ﬂ®==i—7%——-—35+-0@3—-——3;——-F0@ﬂ,

as h — 0. In other words, the central difference approximation for f'(z)
around the point 0 is a fourth order approximation. O

Problem 2: Let

C(K+zT)-2C(K,T)+C(K —=z,T)
72

f(8) =

)

where, e.g.,, C(K,T) denotes the value of a plain vanilla call option with
strike K and maturity T on an underlying asset with spot price S following
a lognormal distribution. Show that, for any continuous function ¢ : R — R,

lim [~ £(S)a(8) ds = g(k) (6.31)

Solution: From the definition of f(S), it is easy to see that

£(5) = %@mﬂs—mzm%m—gmww—ku»+muw—wK+mm»

0, if0<S<K-—u;
_ ) &R K -2 <S<K;
Kiz=S WK< S<K+uz;

0, ifK+z<S5.

Then,
S _ KS_(K—Q:) K+2K+$—S
[ _sousas = [~ ZLEgsas s [T ELE (g0
1 T

1 T
= 3 zg(K—a:-l—z)dz—}—ﬁ/ wg(K + z — w)dw,
0 0
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where we used the substitutions 2 =S — (K —z) and w = K + 2 — S for the
two integrals above, respectively.
Let z = zy and w = xzt. Then dz = z dy, dw = z dt, and we find that

/_°° (S)9(S) dS = /Oyg(K—a:—i-a:y) dy + /0 tg(K +o—at) dt. (6.32)

We let z \, 0 in (6.32). Since the function g : R — R is continuous, we
obtain that

tig [ :f(S)g(S) is = g(K) / ydy + g(K) / tdt = g(K), (6.3

which is what we wanted to show; cf. (6.31).
For the sake of completeness, we provide rigorous proof of the fact that
(6.32) becomes (6.33) when z \, 0. To do so, it is enough to show that

1

1
lim [ yg(K —z+zy)dy = g(K)/ y dy.
11\,0 0 0

Let € > 0 arbitrary. Since g is continuous, it follows that there exists 6 > 0
such that |g(K) — g(7)| < € for all 7 such that |[K — 7| < 4. Let z € (0,9)
and y € (0,1). Then |K — (K —z + zy)| = z(1 —y) < ¢ and therefore

lg(K)—g(K —z+zy)l<e, VO<z<4 0<y<l.

Therefore, it is easy to see that, for any 0 < z < §,
1

l/olyg(K—w+wy)dy—g(K)/01ydy’ < /Oy|g(K)—g(K—a:+a:y)|dy

! €
dy = —.
<e/0yy 5

In other words, for any € > 0 there exists 6 > 0 such that
1

/Olyg(K—erwy) dy — g(K)/O y dy

Then, by definition,

/Olyg(K—erwy) dy — g(K)/O

< %, YO<az <.

1
lim
z\0

ydy} =0 0O

Problem 3: (i) Show that the approximate formula

2aq2

o“S5c T
— — =0

1 + 9 o
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connecting the I" and the © of plain vanilla European options is exact if the
underlying asset pays no dividends and if the risk—free interest rates are zero.
In other words, for, e.g., call options!,

202
1+ 025 —g((g)) =0
(ii) If ¢ = 0 and r # 0, show that
1+0252.I‘(C)= 1 .
280 1+ 35mWd

(iii) Consider a six months plain vanilla European call option on an underlying
asset with spot price 50 and volatility 30%. Assume that the interest rates
are constant at 4%. If the asset pays no dividends, compute

5282 T(C)

2 9(C)

if the options are at-the-money, 10%, 20%, 30%, and 50% in-the-money,
and 10%, 20%, 30%, and 50% out—of-the—money, respectively.
What happens if the asset pays dividends continuously at a 3% rate?

Solution: Recall that the I and the @ of a plain vanilla European option are

re) = o4
( ) - O‘S\/—Qﬁe ) (634)
gSe~ T _a& —qT —rT
o) = —me 2 4 ¢Se ¥ N(di) — rKe ™ N(dp), (6.35)

where d; = (ln (-}%) + (r + %2) T) / (or\/T) and dp = d;y — a/T.
(i) For r = g = 0, we obtain from (6.34) and (6.35) that

1 _4 oS _4
'C) = ——e"7; O0[C) = - 7
© orS\/27rTe ©) 2\/27rTe
Then,
02S? T(C) o252 2
1 —_— = _— —_ =
TS oee) Tt ( 0252) 0

'Note that, if r = ¢ =0, then I'(P) = I'(C)) and ©(P) = ©(C).
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(ii) For ¢ = 0, we obtain from (6.34) and (6.35) that

X}

1 d
T C = ————e 2
© oSV 2rT
oS -4 —rT
e) = —2\/2#_Te ? — rKe " N(dy).
Then,
s 4
o5 -
1+0252,P(0) - 1_ wanto "
- 2
2 9©) 2%6—% + rKeTN(dy)
_ rKe T N(dp)
B oS _4 —rT
ezt ¢+ rKe T N(dyp)
B 1
1+ -2 —&_ . Le—%zl
2ry/T  Ke7™IN(dz)  Vam
1
= — AR (6.36)

orvT  Ke"TN(dp)

since N'(t) = %e‘g forall t € R.

Recall that the “magic” of Greek computations is due to the following
result:

Q’

S N'(d)) = Ke™™ N'(dy);
cf. Lemma 3.15 of (2] for ¢ = 0. Then, (6.36) becomes

- g?8* T(C) _ 1
= N(dy)’
260 145N

(iii) Let S =50 , T = 0.5, 0 = 0.3, and r = 0.04. The table below records
the values of
0257 T(C)

2 8(C)
(denoted by “Value”) both for ¢ = 0, and for ¢ = 0.03, for the following
values of the moneyness of the option:

S

= = {1,1.1,12,13,15,09,0.8,0.7,05},

corresponding to call options that are at-the-money, 10%, 20%, 30%, and
50% in-the-money, and 10%, 20%, 30%, and 50% out—of-the-money, respec-
tively:

1+
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S/K | Value for ¢ = 0 | Value for ¢ = 0.03 |
1 0.1897 0.0238

1.1 0.2582 0.0233

1.2 0.3518 0.0144

1.3 04711 -0.0187

1.5 0.7361 -0.5503

0.9 0.1412 0.0214

0.8 0.1068 0.0184

0.7 0.0822 0.0155

0.5 0.0505 0.0107

We note that the approximation

o252 T

is better for deep out-of-the-money options (corresponding to small values
of S/K) and is worse for deep in~the-money options (corresponding to large
values of S/K). Also, for this particular case, the approximation is more
accurate if the underlying asset pays dividends. O

Problem 4: Consider a six months 5% in-the-money plain vanilla European
call option with strike 30 on an underlying asset with spot price 20 and
volatility 20%, paying dividends continuously at a 2% rate. Assume that the
interest rates are constant at 5%.

(i) Use central differences to compute the finite difference approximations A,
and ['; for A and T, respectively, i.e.,

C(S + dS) — C(S — dS)
2dS ’
C(S +dS) — 2C(S) + C(S — dS)
(ds)? ’

A, =

r. =

for dS = 107 with ¢ = 1: 12, where, e.g., C(S +dS) = C(S +dS, K, T,a,r)
denotes the Black—Scholes value of the call option corresponding to a spot
price S 4+ dS of the underlying asset.

(i) Compute the Delta and Gamma of the call using the Black—Scholes for-
mula, and the approximation errors |A; — A| and | — T'|. Note that these

approximation errors stop improving, or even worsen, as dS becomes too
small. How do you explain this?
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Solution: The spot price S = 31.5 corresponds to a 5% ITM call with K = 30.
We find that A = 0.692130579727 and T' = 0.077379043990.

The central finite difference approximations A, and the approximation

errors |A, — A| are recorded in the table below:

ds

A

|AC_A|

0.1

0.692112731743

0.000017847983

0.01

0.692131730564

0.000001150838

0.001

0.692131920566

0.000001340839

0.0001

0.692131922513

0.000001342786

1075

0.692131922087

0.000001342360

107°%

0.692131918000

0.000001338274

1077

0.692131916226

0.000001336498

1078

0.692131862934

0.000001283207

10~°

0.692132573477

0.000001993750

1010

0.692104151767

0.000026427960

1 OTTT

0.691890988946

0.000239590780

10:17

0.687450096848

0.004680482879

The approximations became more precise when dS decreased, until dS =
1078; the best approximation was within about 1075 of A. However, for values
of dS smaller than 107, the finite difference approximations deteriorated very
quickly.

To explain this phenomenon, denote the exact value? of Delta by Aezqct.
Note that the value of A is given by the Black—Scholes formula, i.e.,

A = Agg = e TN(dy).

This value is computed using a numerical approximation of N(d;) that is
accurate within 7.5 - 1077; cf. [1), page 932. In other words, we only know
that

lABS_Aexactl < 10—6- (637)

When computing the finite difference approximation A, we use a nu-
merical estimation of the Black-Scholes formula to compute C(S + dS) and
C(S — dS) which once again involves the numerical approximation of the
cumulative density of the standard normal variable. In other words,

A = Cgs(S +dS) — Cps(S — dS)
¢ 2dS '

2Note that Aegqe is a theoretical value, and is not the A from the table above.

(6.38)
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Denote by Cezact(S+dS) and Cezect(S—dS) the exact values of the options.
Since the central finite difference is a second order approximation, it follows
that, for ezact values of Delta and of the call options,

Cezact(S + dS) - Cezact(S - dS)
2dS

Aezact = + O ((dS)z), (639)

as dS — 0.
Since Cps(S) = Se"%' N(d)) — Ke ™ N(d), and since N(d;) and N(dy)
are computed numerically within 1078 of their exact value, it follows that

|CBs(S +dS) — Cozact(S +dS)| < al1078; (6.40)
|CBs(S — dS) — Cezact(S — dS)| < «1078, (6.41)

where « is a constant proportional to the values of S and K,
Using (6.38) and(6.39) we find that

Ac - ABS = (Ac - Aea:act) + (Aezact - ABS)
Cps(S + dS) — Cegaet(S + dS)

2dS
_ Cps(S —dS) — Cegact(S — dS)
2dS
+ Ae:mct - ABS + O ((dS)z) ; (642)

as dS — 0.
The only estimate we can find using (6.37), (6.40), (6.41), and (6.42) for
the approximation of Ags by A, as dS — 0 is

|CBs(S + dS) — Cegaet(S + dS)|

lAc - ABS| < 2dS
+ |CBS(S - dS) - Cezact(S - dS)l
2dS
+ |Aea:act - ABSI + 0 ((dS)2)
107 6 2
< 5 + 1070 + 0((ds)), (6.43)

as dS — 0.

While the approximation error |A; — A| may be better in practice, the
bound (6.43) provides the intuition behind the fact that, for dS too small, the
numerical approximation error |A, — A| = |A, — Apgg| deteriorates as agﬁ
becomes large.

The central finite difference approximations I'. and the approximation
errors |I'; — I'| are recorded in the table below:
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s T, T, =T

0.1 | 0.077370009586 | 0.000000034404

0.01 | 0.077371495486 | 0.000007548504

0.001 | 0.077371502982 | 0.000007541008

0.0001 | 0.077371709040 | 0.000007334951

105 | 0.077271522514 | 0.000107521476

10~° | 0.074606087255 | 0.002772056735

10~7 | -0.355271367880 | 0.432650411870

10~® | 71.054273576010 | 70.976894532020

For dS < 1079, the values of T, increased dramatically, reaching 10° for
dS = 1072, and were no longer recorded. The finite difference approxima-
tions of ' became more precise while dS decreased to 107%, but were much
worse after that; the best approximation was within 1075 of I. The reason
for this is similar to the one explained above for the finite difference approx-
imations of A. O






Chapter 7

Multivariable calculus: chain rule, integration
by substitution, extremum points. Barrier
options. Optimality of early exercise.

7.1 Solutions to Chapter 7 Exercises

Problem 1: For ¢ = 0, the formula for the Gamma, of a plain vanilla Euro-
pean call option reduces to

d1(9))?

( 1( )) ) , (7'1)

SovonT P < 2

where
n($)+(r+%)T
di(8) = . 7.2
1( ) U\/T ( )
Show that, as a function of S > 0, the Gamma of the call option is first
increasing until it reaches a maximum point and then decreases. Also, show
that

LIQ%F(S) = 0 and SEngoF(S) = 0. (7.3)

Solution: From (7.1) we find that I" can be written as

r(S) = - ;TT exp <—(d1(5)) —ln(S)), (7.4)

where d;(S) is given by (7.2).
Since I'(S) > 0, it follows that the functions I'(S) and In(I'(S)) have the
same monotonicity intervals. Let f : (0,00) — R given by

7(8) = In((S)) = —@—ln(S’)—ln(a\/Qﬂ-T).

161
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Then,
pis) = ~as) 2B L ML
(8 -
Recall from (7.2) that
In(£) + (r+9§>T

oVT

It is easy to see that d;(S) is an increasing function of S and that

lim dy(8) = —o0;  Jim da(8) = oo. (7.6)

From (7.5) we find that f(S) has one critical point, denoted by S*, with
d1(S*) = —o+/T. From (7.5) and (7.6) it follows that f/(S) > 0if0 < S < S*
and f'(S) <0if S* < S.

In other words, the function f(S) = In(I'(:S)) is increasing when 0 < S <
S* and is decreasing when S* < S. We conclude that I'(S) is also increasing
when 0 < S < S* and decreasing when S* < S.

We now compute limg\ o I'(S) and limg_,, T'(S).
Note that limg_,, d1(S) = co. Therefore,

lim T'(S) = D <—(d1(25))2 —ln(S)> = 0.

lim
S—oc S—oc g/ 21T

From (7.2), and using the fact that limg\ o In(S) = —o0, it follows that

, 2
. _Kil_(Q_S))_ ~In(S) . (ln(S) —In(K) + (r + %) T) . 1
5\0  —(In(S9))? SN0 202T(In(S))? In(S)
1
- 20T

Since limg\o (exp (—(In(S))?)) = 0, we obtain that

(i‘h—éﬂ?_ln(&) =0

lim ex
5N\0 P
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from (7.4), we conclude that

lmI(S) = i
S I) = lm e ex

p (—%))—2-1][1(5)) =0 O

Problem 2: Let D be the domain bounded by the x—axis, the y—axis, and
the line z + y = 1. Compute

r—y
dzdy. 7.7
/ /D Ty L (7.7)
Solution: Note that

D= {(z,y) |2>0,y>0,z4+y <1}

We use the change of variables s = ¢ + y and ¢ = £ — y, which is equivalent
to

s+t s—1
=0 V=
It is easy to see that (z,y) € D if and only if (s,t) € Q, where
Q= {(s¢)|0<s<1,—s<t<s)h
The Jacobian of the change of variable (z,y) € D — (s,t) € Q is

O0zdy Oz 9y
Os Ot Bt Bs

dedy = dsdt = —dsdt

and therefore

1 38
//z_ydzdy= //——dsdtz / (/idt> ds
DTty Qs 0 _528
8
| = tdt) ds = 0.
2/08(/_5 )S

The integral (7.7) can also be estimated directly as follows:

[ = [([ ) a
(

(z—2yIn(z + )7 1=y dy)

1

1
1—y+2yln(y) dy

o —

=1
y - +y71n(y)) |,

)

i
S~
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since lim,\p%*In(y) =0. O

Problem 3: Use the change of variables to polar coordinates to show that
the area of a circle of radius R is mR?, i.e., prove that

// 1 dzdy = nR%
D(0,R)

Solution: We use the polar coordinates change of variables
(z,y) = (rcos@,rsinf) with (r,8) € Q=[0,R] x [0,2n).
Recall that dzdy = rdfdr. Then,

R p2r R
// 1dzdy = / / r dédr = 27r/ rdr = TRZ,
D(0,R) 0 Jo 0

which is equal to the area of a circle of radius R. U

Problem 4: Let V(S,t) = exp(—az — b7)u(z, 7), where

T — )02 _ _ 2
len(-§>, T=(—t)a a=" ¢_1 b:(r 2q+l> +ﬁ.
o

K 2 ' a? 2’ 2

This is the change of variables that reduces the Black—Scholes PDE for V (S, t)
to the heat equation for u(z,7).

(i) Show that the boundary condition V(S,T) = max(S — K, 0) for the Eu-
ropean call option becomes the following boundary condition for u(z,7) at
time 7 = O

u(z,0) = K exp(az) max(e® —1,0).

(ii) Show that the boundary condition V(S,T) = max(K — S,0) for the
European put option becomes

u(z,0) = K exp(az) max(l — €”,0).
Solution: Note that t = T if and only if 7 = 0. Then,
V(S,T) = exp(—az)u(z,0). (7.8)

Here, x = In (%), which can also be written as S = Ke®.
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(i) For a call option, V(S,T) = max(S — K,0). From (7.8), we find that
u(z,0) = exp(az)V(S,T) = exp(az)max(S — K,0)
= exp(az) max(Ke” — K,0) = Kexp(azr)max(e® — 1,0).
(ii) For a put option, V(S,T) = max(K — S,0). From (7.8), we find that

u(z,0) = exp(az)V(S,T) = exp(az)max(K — S,0)
= exp(az) max(K — Ke®,0) = Kexp(az)max(l—e®,0). O

Problem 5: Solve for a and b the following system of equations:

2a+1- 259 —
o? )
b+a2+a<1—3(2;—‘1))—-§g =0

Solution: From the first equation, it is easy to see that
r—q 1
= — ~ 3 (7.9)
Using (7.9), we note that the second equation can be written as

—a2—a<1—M>+%

o2 o2

b

o
_(r—q 1 2 op
h o? 2 o?
_ r—q+l 2 or—q)  2r
- o? 2 o? o2
2
r—q 1 2q
= = . O
( 2 T 2) t
Problem 6: Assume that the function V(S,I,t) satisfies the following PDE:
2
il + sV + 12520V + sV = (7.10)

ot oI 2 852 88
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Consider the following change of variables:

I
V(S,I,t) = S H(R,t), where R = 3 (7.11)
Show that H(R,t) satisfies the following PDE:
OH 1 2@l oH
—_— — — = 0. 12
o Ry + (1-7R) == = 0 (7.12)

Note: An Asian call option pays the maximum between the spot price S(T')
of the underlying asset at maturity 7" and the average price of the underlying
asset over the entire life of the option, i.e.,

max (S(T) - /0 " st d7->.

Thus, the value V(S,I,t) of an Asian option depends not only on the spot
price S of the underlying asset and on the time ¢, but also on the following
random variable:

() = /0 S(r) dr.

It can be shown that V(S,1,t) satisfies the PDE (7.10). Similarity solutions
of the type (7.11) are good candidates for solving the PDE (7.10). The PDE
(7.12) satisfied by H(R,T) can be solved numerically, e.g., by using finite
differences.

Solution: Let V(S,I,t) =S H(R,t), with R = é Using Chain Rule, we find
that

1A% OH
TS
V. _ GOHOR _ 0H
8 — " AR 8I = OBR’
ov O0H O6R OH I I 8H
s ~H 7 Séﬁﬁ_HJrSﬁ('Ef)_H_Eﬁ
oH
:H— —_—
R@R’
BV _OHOR _OROH _ FHOR _ 1 &H
852 ~ OR 8S  0S OR OR? 8S ~ T 52 OR?
R? 92H
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By substituting into (7.10), it follows that

);
v BV 1
2

0 = Z- + S + UZSQZQ—;JMS??—Z—W
= S%—Ij + Sg—g + 30282%2%2}% + rS(H—RZ—%) — rSH
= S%—IZ + %UZSRZ % + S(1—rR) ‘Z—g.
By dividing by S, we conclude that H(R,t) satisfies the PDE
oH + lcrzfzzéﬂ—H + (1—rR) OH - _ 0,

ot 2 OR? OR

which is the same as (7.12). [

Problem 7: The price of a non-dividend-paying asset is lognormally dis-
tributed. Assume that the spot price is 40, the volatility is 30%, and the
interest rates are constant at 5%. Find the Black—Scholes values of the ITM
put options on the asset with strikes 45, 48 and 51, and maturities 3 months
and 6 months.

For which of these options is the intrinsic value max(K — §,0) larger
than the Black—Scholes value of the option (in which case the corresponding
American put is guaranteed to be worth more than the European put)?

Solution: The values of the out options are summarized in the table below:

Option Type | Strike | Maturity | Value | K — §
Put 45 | 6 months | 5.8196 5
Put 45 | 3 months | 5.3403 5
Put 48 | 6 months | 8.0325 8
Put 48 | 3 months | 7.8234 8
Put 51 | 6 months | 10.4862 11
Put 51 | 3 months | 10.5476 11

In general, the values of deep—in—the money European put options are
lower than the premium K — S. This feature was observed for the options
priced here: the values of the 51—puts and of the three months 48-put are
below their intrinsic value K — S.

Also, note that for the 51—-puts (i.e., for deep in the money puts), the
values of the short dated options are higher than the values of the long dated
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options. This is to be expected; for example, if the spot price is 0, the value
of a European put is Ke ", in which case longer dated puts are worth less
than short dated ones. [

Problem 8: Show that the premium? of the Black—Scholes value of a Euro-
pean call option over its intrinsic value max(S — K, 0) is largest at the money.
In other words, show that the maximum value of

Cps(S) —max(S — K, 0)
is obtained for S = K, where Cps(S) is the Black—Scholes value of the plain
vanilla European call option with strike K and spot price S.
Solution: Let f(S) = Cps(S) —max(S — K,0). It is easy to see that

T 1 Cs(S)-S+K, if S > K.
Note that f(S) is a continuous function, but it is not differentiable at S = K.
For S < K, the function f(S) is the value of a call with strike K, and

therefore is increasing.
For § > K, we find that

f/( ) (CBS) -1 =ce qTN(dl) -1 < N(dl) = —N(-—d1) <0

and therefore the function f(5) is decreasing.
We conclude that f(S) has an absolute maximum point at § = K. [

Problem 9: Use the formula

V(S,K,t) = C(S,K.t) — (?) c(lf’;2 K t) (7.13)

where @ = 1 — 5, to find the value of a six months down—and—out call on a
non—dividend—paying asset with price following a lognormal distribution with
30% volatility and spot price 40. The barrier is B = 35 and the strike for the
call is K = 40. The risk—free interest rate is constant at 5%.

Solution: The value of the down-and—out call is $3.398883. O

Problem 10: Show that the value of a down-~and—out call with barrier B
less than the strike K of the call, i.e., B < K, converges to the value of a

'This premium is also called the time value of the option.
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plain vanilla call with strike K when B\ 0. For simplicity, assume that the
underlying asset does not pay dividends and that interest rates are zero.

Solution: Let t = 0 in formula (7.13). For r = ¢ = 0, we find that a = —£.
Therefore, the value of the down—and-out call is

V(s) = c(S) — %c(%)
- ) - %(%N(da—fﬂv(dz))
— C(S) - BN(d) + 2EN(dy), (7.14)

B
where C(S) is the value of the plain vanilla call with strike X and

2 2 2 02
. n (&) +9T n (&) - 5T
T oJT oVT
Note that 0 < N(d;) < 1. Then,
i = 0. 15
lim BN(d) = 0 (7.15)

and d2 =

Using I’Hopital’s rule, we obtain that

8K e N(d) e s Oda
Yo = N(dy) = SKlim —p= = SK lm N'(d) 55
1 &\ 2
— SKlim ——exp | -2).
B%\/zwexp< 2) Bov/T
25K . @
- _% . 16
o 27rT1191%eXp< 2 hl(B)) (7.16)

As B\, 0, the term —d; —In(B) is on the order of —(In(B))?, and therefore

2
g\r\% <—% - ln(B)> = —o0. (7.17)
From (7.16) and (7.17) we find that
SK
im —— = 7.18
and, from (7.14), (7.15), and (7.18), we conclude that

. . SK B
ImV(S) = lm <C’(S) — BN(dy) + ?N(d2)> = C(s). O
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Problem 11: Compute the Delta and Gamma of a down-and—out call with
B < K.

Solution: We rewrite formula (7.13) to emphasize the dependence of the value

V(S) of the down—and—out call on the spot price S of the underlying asset
as follows:

S
By differentiating (7.19) with respect to .S, we obtain that

2aB% B2 B2a+2 B2
A(V) = A(Cgs)(S) + Garl Css <§) + S A(Cpgs) <§),

V(S) = Cas(S) — 2o Cas (5—2) (7.19)

where A(Cgs)(z) = eI N(d;(z)), with

ln(%) + (r—q+%2>T

di(z) = T . (7.20)
Similarly,
2a(2a + 1)B? B?
(V) = I(Cgs)(S) — —(5%% Cgs <§)
(4a+2)B2a+2 B2 B2a+d B2
T emn A0 (T ) - e NG (5 )
where

with di(z) given by (7.20). O
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7.2 Supplemental Exercises

//wdwdy,
D

D= {zyeR|z2>0 1<zy<2 1< <2}
T

1. Compute

where

Hint: The change of variables s = zy and ¢t = £ maps the domain D
into the rectangle [1,2] x [1,2].

2. Which number is larger, e or 77

3. Let u,v : [0,00) — [0,00) be two continuous functions with positive
values. Assume that there exists a constant M > 0 such that

z
u(z) < M—I—/ u(t)v(t) dt, Vz > 0.
0
Show that

wz) < M exp (/va(t) dt), V>0,

Hint: Investigate the monotonicity of the function

<M+ /0 " u(td) dt) exp (- /0 ") dt).

Note: This is a version of Gronwall’s inequality, and it is needed, e.g.,
to prove the uniqueness of the solution of an initial value problem for
ordinary differential equations.

4. What does the boundary condition V(B,t) = R for a down—and—out
call with barrier B and rebate R > 0 correspond to for the function
u(z,7) defined as follows: V(S,t) = exp(—az — br)u(z, 1), where

S (T —t)o? r—q 1 r—q 1\* 2g
== _— = ——- = _—— b: — _
z=l (K)’ T 5 T T Y 2 ta) T5
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5. Assume that the function V(S, I, ¢) satisfies the PDE

ov oV 1 o oV

v = Zoi5i s — — —rV = 0. 7.21
5 +1nSaI+208832+TSBS T (7.21)
Consider the following change of variables:
I+(T—1HInsS
V(S,I,t) = F(y,t), where y = —T(—T—)L

Show that F'(y,t) satisfies the following PDE:
OF  o*(T —t)*&°F N < UQ)T—t OF

ot 272 9y T 2) T oy

—rF = 0.
Note: The values of Asian options with continuously sampled geometric
average satisfy the PDE (7.21).

One way to see that American calls on non—dividend-paying assets are
never optimal to exercise is to note that the Black—Scholes value of the
European call is always greater than the intrinsic premium S — X, for
S> K.

Show that this argument does not work for dividend-paying assets. In
other words, prove that the Black—Scholes value of the European call
is smaller than S — K for S large enough, if the underlying asset pays
dividends continuously at the rate ¢ > 0 (and regardless of how small

q is).

For the same maturity, options with different strikes are traded simul-
taneously. The goal of this problem is to compute the rate of change of
the implied volatility as a function of the strike of the options.

In other words, assume that S, T, ¢ and r are given, and let C(K) be
the (known) value of a call option with maturity T and strike K. As-
sume that options with all strikes K exist. Define the implied volatility
oimp(K) as the unique solution to

C(K) = Cgs(K,0imp(K)),

where Cps(K, 0imp(K)) = Cgs(S,K,T,0imp(K),r,q) represents the
Black—Scholes value of a call option with strike K on an underlying
asset following a lognormal model with volatility oimp(K). Find an
implicit differential equation satisfied by oipp(K), i.e., find
8crimp(K )
oK
as a function of oy K).
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7.3 Solutions to Supplemental Exercises

//a:da:dy,
D

D= {(z,y)) eR*|2>0, 1<zy<2, 1<

Problem 1: Compute

where
Y <oy
z

Solution: The change of variables s = zy and t = ¥ is equivalent to

a::\/g and y=st,

when z > 0 and y > 0. This change of variables maps the domain D into
the rectangle = [1,2] x [1,2]. It is easy to see that

Oz dy Oxdy
_ilii(_ﬁ>ii
RPN YN 2tv/t) 24/s
1

dzdy =

dsdt

Then,

[\

D T
Q,
[v,]
Q.

t

S

—
S
8
oy
&
|
—~

2

—

ol
) (&

= .0

—

gb—-

2 ar)
tv/1

2
1)

1

[S1[]

N TN
[SCI ]

v}

—

ol NI~ N

v

w

Problem 2: Which number is larger, €™ or m¢7

Solution: We show that m¢ < e7.
By taking the natural logarithm, it is easy to see that
In(m) 1 In(e)

1< e’ = eln(r) <7 = — <= (7.22)



174 CHAPTER 7. MULTIVARIABLE CALCULUS.

Let f(z) = 22 with f: (0,00) — R. Then f’ (z) = M The function
f(z) hasone critical point corresponding to z = e, is 1ncreasmg on the interval
(0, e) and is decreasing on the interval (e, 00).

We conclude that f(z) has a global maximum point at z = e, i.e., f(z) <
f(e) =1 for all z > 0 with z # e, and therefore

In(7) 1

= —= < -

fr) = =2 < 2
which is equivalent to 7n® < €™; f. (7.22). O

Problem 3: Let u,v : [0,00) — [0,00) be two continuous functions with
positive values. Assume that there exists a constant M > 0 such that

u(z) £ M+ /x u(t)v(t) dt, Vz >0. (7.23)

Show that

T
u(z) < M exp (/ v(t) dt) , Yz >0. (7.24)
0
Solution: Define the function w : [0, 00) — [0, 00) as

w(z) = <M+ /0 " utult) dt) exp (- /0 “o(t) dt). (7.25)

Recall that

([ utine ) = utayotey ([0 ) =oe,

where the derivative is computed with respect to z.
Using the Product Rule, we find that

w(2)0(z) exp <- /0 “ult) dt)
+ <M+ /0 “uto) dt) (-U(x) exp (- /0 " () dt))
o(z) (u(z)—M— / " ut)olt) dt) exp <— / xv(t)dt) (7.26)

Using (7.23) and the fact that v(z) > 0 for all z > 0, we conclude from (7.26)
that

w'(z)

w(z) <0, Yz>0.
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In other words, w(z) is a decreasing function on the interval [0, c0) and
therefore w(0) > w(z) for all £ > 0. Since w(0) = M, and using (7.23), it

follows that
<M+ /0 " u(to(t) dt) exp (- /0 ") dt)
> u(z) exp (— Ozv(t) dt) V>0,

which is equivalent to (7.24). O

M

v

Problem 4: What does the boundary condition V(B,t) = R for a down—
and—out call with barrier B and rebate R > 0 correspond to for the function
u(z, 7) defined as follows: V(S,t) = exp(—az — br)u(z, T), where

T —t)o> - 1 - 1\? 2
w:m(E), @t _r—g 1 b:<r q+_> 2

K 2 ! o2 2’ o? 2

B corresponds to z = In (%) and 0 <t < T

Solution: Note that S
< . Since

corresponds to 0 < 7 TT"Z
u(z,7) = exp(az +br)V(S,t),

the boundary condition corresponding to V(B,t) = Rfor all0 <t < T is

B
U <1n <%) ,T) = exp (aln <?) + bT) V(B,t)
B\* , To?
= —_— T <7< —,
<K) e" R, VO<L<TL 5 O

Problem 5: Assume that the function V (S, I,t) satisfies the PDE

ot =7 + 508 55 + 185z — 1V =0 7.27
Consider the following change of variables:
I+(T—-%t)InS
V(S,1,t) = F(y,t), where y = _%

Show that F'(y,t) satisfies the following PDE:
OF  o*T —t)*0%F ( 02) T—tdF

A L T )
Bt oT? Oy T &y

2
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Solution: Using chain rule, it is easy to see that

8V _ 8F InSOF,

5 8t T oy
8V _ 18F

I T Ty

8V _ 1T —toF
85 ~ S T &y

A% 1 ((T-t)?0°F T—toF
AN T b8y)°
Then, the PDE (7.27) for V(S, I,t) becomes the following PDE for F(y,t):

2
0 = 66—‘: + lnS% + %UZSZ%S—Z + rSg—g - rv
— _BE_IEEB_F + lnsla_F
8 T dy T 8y
1 ,((T-t)28F T-toF T—toF P
+§“( T2 8y T 5;) T oy "
OF o (T - t)? °F o\ T —t OF
ot T ogp T (‘E)Ta—y‘m H

Problem 6: One way to see that American calls on non-dividend—paying
assets are never optimal to exercise is to note that the Black—Scholes value
of the European call is always greater than the intrinsic premium S — K, for
S>K.

Show that this argument does not work for dividend-paying assets. In
other words, prove that the Black—Scholes value of the European call is
smaller than S — K for S large enough, if the underlying asset pays divi-
dends continuously at the rate ¢ > 0 (and regardless of how small q is).

Solution: We want to show that, if the dividend rate of the underlying asset
is ¢ > 0, then Cpg(S, K) < S — K for S large enough.
Note that

Cps(S,K) = Se™™N(d)) — Ke 7™ N(dy) < Se ¥,

since N(d;) < 1 and N(dz) > 0.
If Se~" < S — K, which is equivalent to S > %5 > 0 since ¢ > 0, it
follows that Cpg(S, K) < S — K. We conclude that
K

1—e 9’

Cps(S,K)<S—K, VS>
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which is what we wanted to show. O

Problem 7: For the same maturity, options with different strikes are traded
simultaneously. The goal of this problem is to compute the rate of change of
the implied volatility as a function of the strike of the options.

In other words, assume that S, T', ¢ and r are given, and let C(K) be the
(known) value of a call option with maturity 7' and strike K. Assume that
options with all strikes K exist. Define the implied volatility o;m,p(K) as the
unique solution to

C(K) = CBS(K7 Uimp(K))a

where Cps(K, 0imp(K)) = Cgs(S, K, T, 0imp(K), 7, q) represents the Black-
Scholes value of a call option with strike K on an underlying asset following a
lognormal model with volatility oimp(K). Find an implicit differential equa-
tion satisfied by oimpy(K), i.e., find
Baimp(K)
oK
as a function of g, (K).

Solution: We first find the partial derivative of the Black-Scholes value
Cpgs(K) of a call option with respect to its strike K. Recall that

Cgs(S, K) = Se™TN(di) — Ke " N(dy).

Then,
0Cps —aT gy O T T pptg 7y Oz
= 2L T — —=, 28
22 = 5eTN'(d) i — e TTN(d) — KeTTN'(dy) G (1.28)
Also, recall that
Se~ ' N'(d)) = Ke TN'(dp); (7.29)
cf. Lemma 3.15 of [2]. From (7.28) and (7.29), we find that
9Cgs T T ddy  Ody
= —e’ T — - == .30
ok e ™' N(d2) + Ke™™ N'(dy) 3%~ Ok (7.30)
Since dy = dy + 0+/T, it follows that
o _ O +oVT) _ Oty
0K 0K 0K’
We conclude from (7.30) that
9CBS _ _ TN (dy). (7.31)

0K
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We now differentiate with respect to K the formula
C(K) = Cgrs(K,0ump(K))

which is the definition of oy (K). Note that C(K) is assumed to be known
for all K, as it the market prices. Using Chain Rule and (7.31) we find that

acC 3035 + 3035 i 80'imp(K)

8K = 0K do oK
= —e‘rTN(dg) + vega(Cpgs)

— (7.32)

where

vega(Cps) = 85;33 = Se_qT\/—gr—e—%l = VTSe T N'(dy)

2
= VTKe ™ N'(dy) = Ke T4/ %e—%z;
cf. (7.29). We conclude that the implied differential equation (7.32) can be
written as

r [T _8 80imp(K)  8C
T, | = —F ump - Y~ rT
Ke™ /5 oK o T ¢ Nd)
with
dy = In(§) +(r =0T Gimp(K)VT -

O'imp(K)\/T 2



Chapter 8

Lagrange multipliers. N— dimensional
Newton’s method. Implied volatility.
Bootstrapping.

8.1 Solutions to Chapter 8 Exercises

Problem 1: Find the maximum and minimum of the function f(z1, 3, z3) =
4y — 23 subject to the constraints 2z; — 22 — z3 = 0 and w% + w% =13.

Solution: We reformulate the problem as a constrained optimization problem.
Let f: R® - R and ¢: R® — R be defined as follows:

_ . . 211—12—13

where T = (1,79, z3). We want to find the maximum and minimum of f(z)
on R3 subject to the constraint g(z) = 0.

We first check that rank(Vg(z)) = 1 for any = such that g(z) = 0. Note

that
2 -1 -1
V(=) = < 2zy 2z O ) )
It is easy to see that rank(Vg(z)) = 2, unless z; = z3 = 0, in which case

g(z) # 0.

The Lagrangian associated to this problem is
F(z,)) = 49— 23 + M2z — 73— 33) + Xo(z? +23-13), (8.1)

where A = (), A2)? € R? is the Lagrange multiplier.
We now find the critical points of F(z, A). Let zg = (%01, o2, Zo3) and
Ao = (o1, Ag2). From (8.1) it follows that Vg F (7o, o) = 0 is equivalent

179
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to the following system:

2)\0}1 +2)\0’2$0’1 = 0
4— )\0’1 + 2)\03(30_]2 = 0
—2—-Xy = 0
2201 — To2 — To3 = O
1%’1 + 1%32 == 13
This system has two solutions:
To1=2; To2=—3; To3="T; M1 =2 Ao2=1 (8.2)
and .
To1 = —2; To2 =3; Toz=—7; A1 =—2; A2=—1 (8.3)

For the first solution (8.2), we compute the Hessian D?Fy(z) of Fy(z) =
f(z) + MNg(z), i.e, of

Fy(z) = dzg—213—2(21) — 29— z3) + 22+ 22— 13 = zi+7} 42, +61,—13

and obtain

200
D’Fp(z) = [ 020 |,
00

which is (semi)positive definite for any z € R3. This allows us to conclude
directly that the point (2,—3,7) is a minimum point for f(z). Note that
£(2,-3,7) = —26.

Similarly, for the second solution (8.3), we find that

Fo(z) = —z?— 22— 4214+ 62, +13
and
-2 0 0
D*Fy(z) = 0 -20},
0 0 O

which is (semi)negative definite for any z € R3. We conclude that the point
(—2,3,—7) is a maximum point for f(z). Note that f(—2,3,-7)=26. O

Problem 2: Assume that you can trade four assets (and that it is also
possible to short the assets). The expected values, standard deviations, and
correlations of the rates of return of the assets are:

p = 008 oy = 025 pg = —025

Mo = 012, g9 = 025, P23 = —025,

ug = 0.16; o3 = 0.30; p3 = 0.25;

M4 = 0.05; gy = 0.20', Pig = 0, Vi=1:3
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(i) Find the asset allocation for a minimal variance portfolio with 12% ex-
pected rate of return;

(ii) Find the asset allocation for a maximum expected return portfolio with
standard deviation of the rate of return equal to 24%.

Solution: For ¢ = 1 : 4, denote by w; the weight of asset ¢ in the portfolio.
Recall that the expected value and the variance of the rate of return of a
portfolio made of the four assets given above are, respectively,

B[R] = wip + wops + wss + wapts; (8.4)
var(R) = wio? + wiok +wio? + wio? (8.5)
+2 (w1w20'102p1,2 + wWowso203p23 + w1w30'10'3p1,3),

since pjg =0fori=1:3.

We do not require the weights w; to be positive, i.e., we allow taking
short positions on each one of the assets. However, the following relationship
between the weights must hold true:

w; +we +wz+wg = 1. (8.6)

(i) We are looking for a portfolio with given expected rate of return E[R] =
0.12 and minimal variance of the rate of return. Using (8.4-8.6), we obtain
that this problem can be written as the following constrained optimization
problem: find wg such that

min f(w) = f(wo), (8.7)

g(w)=0

where w = (w;)j—14, and f : R* = R and g : R* — R? are defined as

Fw) = 0.0625w? + 0.0625w2 + 0.09w? + 0.04w? (8.8)
— 0.03125w;wq — 0.0375wows + 0.0375w;ws;
. wy + we + wy +wg — 1
glw) = ( 0.08w; + 0.12w5 + 0.16ws + 0.05wy — 0.12 ) . (89)

It is easy to see that rank(Vg(w)) = 2 for any w € R, since

11 11
Vg(w) = <0.08 0.12 0.16 0.05)‘

The Lagrange multipliers method can therefore be used to find the minimum
variance portfolio.
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Denote by A; and )2 the Lagrange multipliers. From (8.8) and (8.9), we
obtain that the Lagrangian associated to this problem is

F(w,)) = 0.0625w? + 0.0625w3 + 0.09w? + 0.04w} (8.10)
— 0.03125w 1wy — 0.0375wyws + 0.0375w w3
+ A (w1 +ws +ws +wy — 1)
+ X2 (0.08w; + 0.12w; + 0.16w3 + 0.05w, — 0.12).

The gradient of the Lagrangian is the following (row) vector:

0.125w; — 0.03125ws, + 0.0375ws3 + X\ + 0.08) \ ©
0.125w, — 0.03125w; — 0.0375ws + M\ + 0.12),
0.18ws + 0.0375w; — 0.0375w, + A + 0.16),
0.08wy + Ay + 0.05),
w +we +ws+wg— 1
0.08w; 4+ 0.12w; + 0.16w3z + 0.05w, — 0.12

To find the critical points of F'(w, }), we solve V(4 y) F((w, A) = 0, which can
be written as a linear system as follows:

V(w,)\) F(w, )\) =

0.126 —0.03125 0.0375 0 1 0.08 wy 0
—0.03125 0.125 —0.0375 0 1 0.12 Wa 0
0.0375 —-0.0375 018 0 1016 wg | 0
0 0 0 0.08 1 0.05 wy | 0
1 1 1 1 0 0 A1 1
0.08 0.12 016 005 0 0 A2 0.12
(8.11)
The solution of the linear system (8.11) is
0.1586
w = | Oasee |1 dor=00112 1o, = —0.3810.
0.0976

Let, F()(’w) = F(w, )\0’1, )\0,2), i.e.,

Fo(w) = 0.0625w? + 0.0625w2 + 0.09w? + 0.04w?
— 0.03125w w2 — 0.0375wewz + 0.0375w,ws
+ 0.0112 (w1 + wy + w3 +wy — 1)
— 0.3810 (0.08w; + 0.12w;, + 0.16w3 + 0.05ws — 0.12),

and compute its Hessian

0.125 —-0.03125 0.0375
—0.03125 0.125 —0.0375
00375 —0.0375  0.18

0 0 0 0.

D*Fy(w) =

e W W an)



8.1. SOLUTIONS TO CHAPTER 8 EXERCISES 183

Note that the D?Fy(w) is equal to twice the covariance matrix of the rates
of return of the four assets, i.e.,

2
o7 0102012 0103p13 O

D2 Fy(w) = 2 0102012 0% 293023 0
010301,3 0203023 O3 0
0 0 0 o

We conclude that D?Fp(w) is a positive definite matrix.

Therefore, the associated quadratic form g(v) = v!D?Fy(wp)v is positive
definite, and so will be the reduced quadratic form corresponding to the linear
constraints Vg(wg) v = 0.

We conclude that the point wy = (0.1586 0.4143 0.3295 0.0976) is a con-
strained minimum for f(w) given the constraints g(w) = 0. The portfolio
with 12% expected rate of return and minimal variance is invested 15.86%
in the first asset, 41.43% in the second asset, 32.95% in the third asset, and
9.76% in the fourth asset.

The minimal variance portfolio has a standard deviation of the expected
rate of return equal to 13.13%.

(ii) Denote by

2
oy 0103p12 0103013 O

Mo~ | o o} 0203023 0
0103p1,3 0203023 O3 0
0 0 0 o

the covariance matrix of the rates of return of the four assets.

Let op = 0.24 be the required standard deviation of the rate of return of
the portfolio. If w; denotes the weight of the asset ¢ in the portfolio, i =1 : 4,
it follows from (8.4) and (8.5) that

E[R] = pw; (8.12)
var(R) = w'Muw, (8.13)
where
H1
_ | e
h= H3
H4

is the vector of the expected values of the rates of return of the four assets.
The problem of finding a portfolio with maximum expected rate of return

and standard deviation of the rate of return equal to op can be formulated

as a constrained optimization problem as follows: find wy such that

min, f(u) = f(uo), (.14

g{w
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where w = (w;)i=14, and f : R* - R and g : R* — R? are defined as

flw) = p'w (8.15)
1w -1
o) = (L uhin s ) (8.16)
where
1
1
1= |1
1

Recall that, if the function k : R® — R is given by h(z) = z* Az, where A
is an n X n symmetric square matrix, then the gradient of h(z) is

Dh(z) = ((% gfn) = 2(Ag) (8.17)

Using (8.17), it is easy to see that

Vo(w) = (2(1\}./tzu)t )

In order to use the Lagrange multipliers method for solving problem (8.14),
we first show that the matrix Vg(w) has rank 2 for any w such that g(w) = 0.

Note that rank(Vg(w)) = 1 if and only if there exists a constant C € R
such that 2Mw = C1. Using the fact that the covariance matrix M of the
assets considered here is nonsingular, we obtain that

w = %M‘ll. (8.18)

From (8.16) it follows that, if g(w) = 0, then 1'w = 1 and w'Mw = o?.
Using (8.18), we find that

c

lw=1 < 1= 51tM‘11; (8.19)
C
wMw = 0% <= 0% = —2-th = gltw = % (8.20)

From (8.19) and (8.20), we find that, if there exists w € R* such that g(w) = 0
and rank(Vg(w)) = 1, then

1y = 2 = iZ
C 0P
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However, it is easy to see that
1
'M™'1 =180.01 # 17.36 = —.
Ip

We can now proceed with finding the portfolio with maximum expected
return using the Lagrange multipliers method. Denote by A; and Ay the
Lagrange multipliers. From (8.15) and (8.16), we obtain that the Lagrangian
associated to this problem is

Flw,\) = plw + (1w —1) + M(w'Mw - o%). (8.21)
The gradient of the Lagrangian is

Vi(wn F(w,\) = 1w —1

wMw — 0%

To find the critical points of F(w, \), we must solve
G(w, )\1, )\2) = V(w,,\) F(w, )\) = 0,
where G : RS — RS is given by
U+ Ml +20Mw
G(w, )\1, )\2) = 1"w -1
wtMw — 0%

This is done using a six dimensional Newton'’s method; note that the gradient
of G(w, M1, A2) is the following 6 x 6 matrix:

22oM 1 2Mw
V(w’,\) G(’U), )\1, )\2) = 1t 0 0
2AMw) 0 0

We find that the Lagrangian (8.21) has exactly one critical point given by

0.0107
0.6450 |
0.6946 |’

—0.3503

wy =

)\0,1 = ——0.0738; )\0.2 = —0.8510.

Let Fy(w) = F(w, Ao 1, Ao.2), Le.,

Fy(w) = plw — 0.0738(L'w — 1) — 0.8510(w'Mw — o3).
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The Hessian of Fy(w) is
D?Fy(w) = —0.8510-2M = — 1.7019M.

Since the covariance matrix M of the rates of return of the four assets is a
positive definite matrix, it follows that D?Fy(w) is a negative definite matrix
for any w.

Therefore, the associated quadratic form q(v) = v*D2Fy(wo)v is negative
definite, and so will be the reduced quadratic form corresponding to the linear
constraints Vg(wg) v = 0.

We conclude that the point wy = (0.0107 0.6450 0.6946 — 0.3503) is a
constrained maximum for f(w) given the constraints g(w) = 0.

The portfolic with 24% standard deviation of the rate of return and max-
imal expected return 1.07% in the first asset, 64.50% in the second asset,
69.46% in the third asset, while shorting an amount of asset four equal to
35.03% of the value of the portfolio. For example, if the value of the port-
folio is $1,000,000, then $350,285 of asset 4 is shorted (borrowed and sold
for cash), $10,715 is invested in asset 1, $644,965 is invested in asset 2, and
$694,604 is invested in asset 3.

This portfolic has an expected rate of return equal to 17.19%. O

Problem 3: Use Newton’s method to find the yield of a five year semian-
nual coupon bond with 3.375% coupon rate and price 100 % What are the
duration and convexity of the bond?

Solution: Nine $1.6875 coupon payments are made every six months, and a
final payment of $101.6875 is made after 5 years. By writing the value of the
bond in terms of its yield, we obtain that

9 :
1 (
0+ = YL —y ) + 101, 5. (8.
100 2 2 1.6875 exp( Yy 2) 101.6875 exp(—5y) (8.22)

We solve the nonlinear equation (8.22) for y using Newton’s method. With
initial guess zo = 0.1, Newton’s method converges in four iterations to the
solution y = 0.033401. We conclude that the yield of the bond is 3.3401%.

The duration and convexity of the bond are given by

9 .
1 1 (
D = — . — —y — . —
B <;=1 1 68752 exp( Y 2) + 101.6875 - 5 exp( 5y)>

9 .
1 12 i
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where B = 100 + % and y = 0.033401. We obtain that the duration of the
bond is 4.642735 and the convexity of the bond is 22.573118. [

Problem 4: Recall that finding the implied volatility from the given price of
a call option is equivalent to solving the nonlinear problem f(z) = 0, where

flz) = Se T N(dy(z)) — KeT"TN(dy(z)) — C

m($) + (r—q+%)T m(£) + (r—q—%)T‘

and dl(.’E) = /T , dg(.’E) = /T

(i) Show that limy—, di(z) = 0o and limg—.o d2(2) = —00, and conclude that
lim f(z) = Se ¥ - C.
—00

(ii) Show that

—o0, if Se9T < K
limdi(z) = limdy(z) = 0, if Ser9T = K;
N0 N0 oo, if Se-IT > K

(Recall that F = Se(™=97 is the forward price.)
Conclude that

) B —c, if SelroT < K;
Imf@) = { sedt _KeT — €, if ST > K

(iif) Show that f(z) is a strictly increasing function and

—C < f(z) < SeT—C, if Se'9T < K;
SeT — Keo T —C < f(z) < Se T —C, if Se=9T > K.

(iv) For what range of call option values does the problem f(z) = 0 have a
positive solution? Compare your result to the range

Se T _Ke™ <« C < ST

required for obtaining a positive implied volatility for a value C' of the call
option.

Solution: (i) Note that

ha) = B : g—q)T + m\f; (8.23)
_In (%) + (r—qT VT
dg(.’E) = mﬁ - 5 .

(8.24)
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It is easy to see that

lim di(z) =00 and lim dy(z) = —o0,
T—C T—C

and therefore

lim N(di(z)) =1 and lim N(dy(z)) =0.
T T—0C
We conclude that
lim f(z) = Se @ —C.
T—2XC
(ii) Let F = Se"=97 be the forward price. From (8.23) and (8.24) it follows
that dy(z) and da(z) can be written as

2/_?. do(z) = ln(%) x\/T

VT 2

n (L
di(z) = lx\(/[%) + 5

o If F < K, then ln(%) < 0 and
il{r(l) di(z) = 91:1{% dp(z) = —o0.
Therefore limg o N(di(z)) = limg g N(da(z)) = 0 and
li =-C.
lim f(z) = -C

o If F = K, then di(z) = 24T and dy(z) = —24L, and therefore
}Jl{r(l)ch (113) = }:l{% dQ(ZE) =0.

Thus, limg o N(di(z)) = limg\o N(dy(z)) = 1 and
—rT
2

. 1oo_ p
i%f(x) = 5(Se T_Ke™)-C = (F-K)-C
= —C.
o If F > K, thenIn (%) > 0 and

}:1\1;% di(z) = Ll\l;%dg(x) = 0.
Therefore limg g N(di(z)) = limg\o N(d2(z)) = 1 and

—qT -7 _
al:l\i%f( z) = Se Ke C.



8.1. SOLUTIONS TO CHAPTER 8 EXERCISES 189

(iii) Differentiating f(z) with respect to z is the same as computing the
derivative of the Black—Scholes value of a European call option with respect
to the volatility o, which is equal to the vega of the call. In other words,

42
2

1
—e s
V2r

fl(x) = vega(C) = Se¥VT

5 22
where d; = di(z) = M:—\}TM

Thus, f/(z) >0,V z >0, and f(z) is strictly increasing.
Recall that lim, e f(z) = Se™ ™ — C and

lim £(z) = —C, if F<K;
) Se ' —Ke™T — C, if F>K.

Since f(z) is strictly increasing, we conclude that

~C < f(z) < Se? —C, if FLK;
Se? —KeT—C < f(z) < Se?¥ —-C, if F>K.

(iv) If F < K, the problem f(z) = 0 has a solution z > 0 if and only if
0<C < Se?. (8.25)
If ¥ > K, the problem f(z) =0 has a solution z > 0 if and only if
Se @ —Ke™ < C < Se™. (8.26)
Note that
Se T — Ke™T = ¢7T(Se 9T — K) = ¢T(F - K).

From (8.25) and (8.26), we conclude that the problem f(z) = 0 has a positive
solution if and only if C' belongs to the following range of values:

max (Se_qT—Ke"TT,O) < C < S 0O

Problem 5: A three months at-the—money call on an underlying asset with
spot price 30 paying dividends continuously at a 2% rate is worth $2.5. As-
sume that the risk free interest rate is constant at 6%.

(i) Compute the implied volatility with six decimal digits accuracy, using the
bisection method on the interval {0.0001, 1], the secant method with initial
guess 0.5, and Newton’s method with initial guess 0.5.



190 CHAPTER 8. LAGRANGE MULTIPLIERS. NEWTON’S METHOD.

(ii) Let 0ymp be the implied volatility previously computed using Newton’s
method. Use the formula

_ Vor C = Lr——f)zs
Timp,approz ~ S\/T 1— (r+2q)T

to compute an approximate value Ojmp approz for the implied volatility, and
compute the relative error

(8.27)

Io'imp.,approz - Uimpl

Oimp

Solution: (i) Both the secant method with z_; = 0.6 and z; = 0.5 and
Newton’s method with initial guess £y = 0.5 converge in three iterations to
an implied volatility of 39.7048%. The approximate values obtained at each
iteration are given below:

k | Secant Method | Newton’s Method
0 0.5 0.5

1] 0.3969005134 0.3969152615
2| 0.3970483533 0.3970481867
3| 0.3970481868 0.3970481868

The bisection method on the interval [0.0001, 1] converges in 30 iterations
to the same implied volatility of 39.7048%. The first five iterations generate
the following intervals:

[0.250075,0.5]; [0.375063,0.5]; [0.375063, 0.437556];
[0.375063,0.406309];  [0.390686, 0.406309);
(ii) The approximate value for the implied volatility given by (8.27) is
Cimp.appros = 0.3966718145 = 39.6672%.

If oimp = 0.3970481868 is the implied volatility obtained using Newton’s
method, then

|Timpaproz = Timel _ 000048 — 0.0048%. O

Timp

Problem 6: Let F': R® — R3 given by

:L‘; + 22129 + 22 — Toz3 + 9
F(z) = | 27+ 2:1:1:E§3+ z'g‘:gg - :L‘%:QL‘g -2
T1ToZ3 + T — x5 — 1175 — 4
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The approximate gradient A.F(z) = (A.;Fi(z))
puted using central difference approximations, i.e.,
Fi(z + he;) — Fi(z — he;)

2h '
where e; is a vector with all entries equal to 0 with the exception of the j-th
entry, which is equal to 1.

(i) Solve F(z) = 0 using the approximate Newton’s algorithm obtained by
substituting A F (z4) for AF(z04). Use h = 1078, tol_consec = 1079, and
tol_approx = 1079, and two different initial guesses: zo = (1 2 3)* and zg =
(22 2).

(i) Compare these results to those corresponding to the approximate New-
ton’s method with forward finite difference approximations for AF(z).

i,j=1n of F(x) is com-

A jFi(z) =

=1:n,

Solution: We use Newton’s method and the approximate Newton’s method
both with forward difference approximations and with central difference ap-
proximations with tol_consec = 1078 and tol_approx = 107°. The parameter
h is chosen to be equal to tol_consec, i.e., h = 1075,

All algorithms converged to the same solutions,

—1.6905507599 1
¥ = 1.9831072429 for =g = 2
—0.8845580785 3
and
—1 2
¥ = 3 for zg = 2
1 2

The iteration counts are given in the table below:

Zg Iteration Count Iteration Count Iteration Count
Newton’s Method | Approximate Newton | Approximate Newton
Forward Differences Central Differences

9 9 9

40 65 43

DD DD DD OO N =

We note that using central finite differences approximates the gradient
DF(z) of F(z) more accurately than if forward finite differences are used,
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resulting in algorithms with iteration counts closer to the iteration counts for
Newton’s method. [

Problem 7: (i) Use bootstrapping to obtain a zero rate curve from the
following prices of Treasury instruments with semiannual coupon payments:

Coupon Rate Price
3 — Month T-bill 0 98.7
6 — Month T-bill 0 97.5
2 — Year T-bond 4.875 1003
3 — Year T-bond 4.875 1002%
5 — Year T-bond 4.625 992
10 — Year T-bond ~ 4.875 1015

Assume that interest is continuously compounded.

(i1) How would the zero rate curves obtained by bootstrapping from the bond
prices above, one corresponding to semi-annually compounded interest, and
the other one corresponding to continuously computed interest, compare? In
other words, will one of the two curves be higher or lower than the other one,
and why?

Solution: (1) For the Treasury bills, the zero rates can be computed directly:

7(0,0.25)

100
41n <W7> = 0.052341 = 5.2341%;

100
r(0,0.5) = 2In (Ws) = 0.050636 = 5.0636%.

Bootstrapping is needed to obtain the 2—year, 3—year, 5—year and 10-year
Zero rates.

For example, for the two year bond, if the zero rate curve is assumed to
be linear between six months and two years, then

(2 — t)r(0,0.5) + (t — 0.5)r(0,2)
1.5
If we let z = r(0,2), we find from (8.28) that
r(0,0.5) + 0.5z 0.57(0,0.5) + z
1.5 ’ 1.5 '

Recall that the price of the two year bond is the discounted present value of
all the future cash flows of the bond. Then,

r(0,t) = , Vtel05,2. (8.28)

r(0,1) = r(0,1.5) =

100 + % = 24375 ¢ 07005 1 24375 =701
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+ 2.4375 725018 1 102 4375 ¢~2(02)
— 2.4375 ¢705(005) L 24375 exp GW)
0.57(0,0.5) + &

2.4375 -1.5
+ exp ( 15

> +102.4375 22,

Using Newton’s method to solve the nonlinear equation above for z, we obtain
that £ = 0.047289, and therefore

r(0,2) = 4.7289%.

We proceed by assuming that the zero rate curve is linear between two
years and three years. We note that r(0,0.5), 7(0,1), r(0, 1.5), and 7(0, 2) are
known. If we let z = (0, 3), the price of the three year bond can be written
as

5
100+ oo = 24375 e 05r005) 4 24375 ¢OD 4 24375 ¢ 157015

4 2.4375 ¢ 70D 4 24375 exp (-2.5 ﬂ%)
+ 102.4375 exp (—2z)

Using Newton’s method to solve the nonlinear problem above, we obtain that
z = 0.047582. Therefore

r(0,3) = 4.7582%.
Using bootstrapping, we obtain similarly that
7(0,5) = 4.6303% and r(0,10) = 4.6772%.

Thus, we found the following zero rates corresponding to the maturities
of the four given bonds, i.e., 3 months, 6 months, 2 years, 3 years, 5 years,
and 10 years:

r(0,0.25) = 5.2341%; 7(0,0.5) = 5.0636%; r(0,2) = 4.7280%;
r(0,3) = 4.7582%; r(0,5) = 4.6303%; r(0,10) = 4.6772%.

Since we assumed that the zero rate curve is linear between any two consecu-
tive bond maturities, the zero rate r(0,t) is known for any time between the
shortest and longest bond maturities, i.e., for any ¢ € [0.25, 10].

(ii) Denote by 7.(0,¢) and 72(0,t) the zero rate curves corresponding to identi-
cal discount factors, with r.(0,t) corresponding to continuously compounded
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interest, and with 72(0,%) corresponding to semi-annually compounded inter-
est. Then,

—2t
etre08) <1+7"2((2’ t)> , Vit>0. (8.29)

By solving for 7.(0,t) in (8.29), we find that

ro(0,8) = 1n<<1 (g’t)>>
= 14(0,1) ln<<1+ ) é'”)
_ ln< R )>

< 19(0,8);

for the last inequality we used the fact that
1 z
(1+E> < e, Vz>0,

for z = 2/7r(0,¢). In other words the semi-annually compounded zero rate
curve is higher than the continuously compounded zero rate curve if both
curves have the same discount factors.

While a rigorous proof is much more technical, the same happens if the
two curves are obtained by bootstrapping from the same set of bonds, i.e.,
the zero rates corresponding to each bond maturity are higher if interest
is compounded semi-annually than if interest is compounded continuously.
This is done sequentially, beginning with the zero rates corresponding to the
shortest bond maturity and moving to the zero rates corresponding to the
longest bond maturity one bond maturity at a time. O

Problem 8: Use bootstrapping to obtain a continuously compounded zero
rate curve given the prices of the following semiannual coupon bonds:

Maturity Coupon Rate Price

6 months 0 97.5
1 year 5 100
20 months 6 103
40 months 5 102
5 years 4 103
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Assume that the overnight rate is 5% and that the zero rate curve is linear
on the following time intervals:

0,05]; [0.5,1]; [12] [213—0] [%05}

Solution: We know that r(0,0) = 0.05. The six months zero rate can be
computed from the price of the 6-months zero coupon bond as

0
r(0,0.5) = 2ln (917%

Using (8.30), we can solve for the zero rate r(0, 1) from the formula given
the price of the one year bond, i.e.,

100 = 2.5 ¢ 0005 1 1025 ¢~ 7O

) = 0.050636 = 5.0636%. (8.30)

and obtain that
r(0,1) = 0.049370 = 4.9370%.

The third bond pays coupons in 2, 8, 14, and 20 months, when it also
pays the face value of the bond. Then,

2 2 8 8
14 14 20 20
-|-3exp< Ty <0 12>>-|- 103exp< Td <0 12)) (8.31)

Since we assumed that the zero rate curve is linear on the intervals [0, 0.5]

and [0.5, 1], the zero rates (0, %) and r(0, 33) are known and can be obtained

by linear interpolation as follows:

0,2 = #0.0)+2r(0,08) _ 150010 (8.32)
"12 6
. 2 1
r o,ﬁ _ 4005 +2rOL) _ o514, (8.33)
12 6
Let z = (0,2). Since r(0, ) is linear on the interval [1,25], we find that
0, 4y _ w (8.34)
12 8

From (8.34), it follows that the formula (8.31) can be written as

1 2 2 8
103 = 3 exp _ET O’E + 3 exp -ér O’E

2 5
+ 3 exp < Z 6—T(l18)+—$> + 103 exp <—§x> , (8.35)
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where r (O, %) and r (O, 1—82) are given by (8.32) and (8.33), respectively. Using
Newton’s method to solve for z in (8.35), we find that z = 0.052983, and

therefore
0 200 _ 5.2983%
T ) =% o.

Bootstrapping for the fourth and fifth bonds proceed similarly. For exam-
ple, the fourth bond makes coupon payments in 4, 10, 16, 22, 28, 34, and 40
months. The zero rates corresponding to coupon dates less than 20 months,
i.e., to the coupon dates 4, 10 and 16 months, can be obtained from the
part of the zero curve that was already determined. By setting z = r (O, %)
and assuming that the zero rate curve is linear between 20 months and 40
months, the zero rates corresponding to 22, 28, 34, and 40 months can be
written in terms of z. Thus, the pricing formula for the fourth bond becomes
a nonlinear equation in z which can be solved using Newton’s method. The
zero rate r (O, %) is then determined.

Using bootstrapping and Newton’s method we obtain that

40
r(o,ﬁ> — 4.5326%; 7(0,5) = 3.2119%.

Summarizing, the zero rate curve obtained by bootstrapping is given by

2 8
7(0,0) = 0.05; T(O,ﬁ) = 0.050212; T(O,E> = 0.050214;

20 4
T(O,ﬁ) = 0.052983; r(O,%) = 0.045326; r(0,5) = 0.032119,

and is linear on the intervals

[0,0.5]; [0.5,1]; [12} [g%o] [1—??5] O
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8.2 Supplemental Exercises

1. (i) If the current zero rate curve is

1 t :
0,¢) = 0.025+ ——exp |~ ) 4+t
r1(0.7) * 1ooeXp( 100) T T00E 1)

find the yield of a four year semiannual coupon bond with coupon rate
6%. Assume that interest is compounded continuously and that the
face value of the bond is 100.

(i) If the zero rates have a parallel shift up by 10, 20, 50, 100, and 200
basis points, respectively, i.e., if the zero rate curve changes from (0, t)
to r9(0,t) = r1(0,¢)+dr, with dr = {0.001,0.002,0.005,0.01,0.02}, find
out by how much does the yield of the bond increase in each case.

Note: In general, a small parallel shift in the zero rate curves results in
a shift of similar size and direction for the yield of most bonds (possibly
with the exception of bonds with long maturity). This assumption will
be tested for the bond considered here for parallel shifts ranging from
small shifts (ten basis points) to large shifts (two percent).

2. Consider a six months at-the-money call on an underlying asset follow-
ing a lognormal distribution with volatility 30% and paying dividends
continuously at rate g. Assume that the interest rates are constant
at 4%. Show that there is a unique positive value of g such that
A(C) = 0.5, and find that value using Newton's method. How does

this value of ¢ compare to r + %2?

3. The following prices of the Treasury instruments are given:

Coupon Rate Price

6 — Month T-bill 0 99.4565
12 — Month T-bill 0 08.6196
2 — Year T-bond 2 101128
3 — Year T-bond 4.5 107ﬁ
5 — Year T-bond 3.125 102g

10 — Year T-bond 4 103%;225

The Treasury bonds pay semiannual coupons. Assume that interest is
continuously compounded.

(i) Use bootstrapping to obtain a zero rate curve from the prices of the
6-months and 12-months Treasury bills, and of the 2-year, 5—year and
10-year Treasury bonds;
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(ii) Find the relative pricing error corresponding to the 3-year Treasury
bond if the zero rate curve obtained at part (i) is used. In other words,
price a 3—year semiannual coupon bond with 4.5 coupon rate and find
its relative error to the price 107:15—3 of the 3—year Treasury bond.

8.3 Solutions to Supplemental Exercises

Problem 1: (i) If the current zero rate curve is

1 t t
= 0.025 4+ — L [T
ri(0,8) = 0.025 + gpgexp ( 100) 100+ 1)

find the yield of a four year semiannual coupon bond with coupon rate 6%.
Assume that interest is compounded continuously and that the face value of
the bond is 100.

(ii) If the zero rates have a parallel shift up by 10, 20, 50, 100, and 200
basis points, respectively, i.e., if the zero rate curve changes from r;(0,¢) to
72(0,t) = 71(0,t) + dr, with dr = {0.001, 0.002, 0.005, 0.01,0.02}, find out by
how much does the yield of the bond increase in each case.

Solution: (i) The bond provides coupon payments equal to 3 every six months
until 3.5 years from now, and a final cash flow of 103 in four years. By
discounting this cash flows to the present using the zero rate curve r1(0,1t),
we find that the value of the bond is

7 . .
3 3 exp (—n (o, %) %) + 103 exp(—471(0,4))
i=1
106.1995. (8.36)

B,

il

The yield of the bond is found by solving the formula for the price of the
bond in terms of its yield, i.e, by solving

7 .
B, = ZB €xp (—y %) + 103 exp(—4y) (8.37)
i=1

for y, where B; is given by (8.36), i.e., By = 106.1995. Using Newton’s
method, we obtain that the yield of the bond is

y = 0.042511 = 4.2511%.
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(i) If the zero rates increase, the value of the bond decreases, and therefore
the yield of the bond will increase. Our goal here is to investigate whether a
parallel shift of the zero curve up by dr results in an increase of the yield of
the bond also equal to dr.

When the zero rates increase from 7,(0,t) to 72(0,t) = 71(0,%) + dr, the
value of the bond decreases from B; given by (8.36) to

7 N
By, = 23 exp (—7’2 (0,%) %) + 103 exp(—4ry(0, 4)).

i=1

The new yield of the bond, denoted by 42, will be larger than the initial yield
y, and is obtained by solving

23 exp( Yo ) + 103 exp(—4y2) (8.38)

for y,, where By is given by (8.38).
For parallel shifts equal to dr = {0.001, 0.002, 0.005,0.01, 0.02}, we obtain
the following bond prices and yields:

Zero rate shift | New bond price | New yield | Yield increase
dr By Y2 Yo — Y
10bp = 0.001 105.8150 0.043511 | 0.00099979
20bp = 0.002 105.4319 0.044510 | 0.00199957
50bp = 0.005 104.2915 0.047510 | 0.00499893
100bp = 0.01 102.4199 0.052509 | 0.00999784
200bp = 0.02 98.7829 0.062506 | 0.01999562

As expected, the increase of the yield of the bond is slightly smaller, but
very close to, the parallel shift of the zero rate curve, ie.,, yo—y = dr. U

Problem 2: Consider a six months at-the-money call on an underlying asset
following a lognormal distribution with volatility 30% and paying dividends
continuously at rate g. Assume that the interest rates are constant at 4%.
Show that there is a unique positive value of ¢ such that A(C) = 0.5, and
find tzhat value using Newton’s method. How does this value of ¢ compare to
r+%7

Solution: Recall that the Delta of a plain vanilla call option on an underlying
asset paying dividends continuously at rate g is

A(C) = e TN(dy), (8.39)
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where ,
In(£) + (r—q+"7)T
dy = .
' oVT
For an at-the-money option, i.e., for S = K, we find that
g = _g)ﬁ + U‘Q/T. (8.40)

From (8.39) and (8.40), we find that

- (8.41)

AC) = e“N(d) = e P N ((T_Q)\/T+ 0\2/T> ‘

It is easy to see that A(C) is a decreasing function of the dividend rate
g, since

% = —TeTN(d) + e TN/ (d) 22
= —Te TN(d) + e_qT\/LQ_ﬂ_e_521 (—\/—T>

< 0.

When ¢ = 0, we find that

N{0) = 05
: > N(O)

A(C) = N (L@+5‘§—T>

Also, since 0 < N(d;) < 1, it follows that

lim A(C) = lim (e N(d)) = 0.

g g

We conclude that A(C) is a decreasing function of ¢ and that, for ¢ > 0,
the values of A(C) decrease from N(0) > 0.5 to 0. Therefore, there exists
a unique value ¢ > 0 such that A(C) = 0.5. From (8.41), it follows that
this value can be obtained by solving for z the nonlinear equation f(z) =0,

where
flz) = e T N ((T —oVT | Uﬁ) — 05.

ol 2
Using Newton’s method, we obtain that ¢ = z = 0.066906.
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In other words, if the interest rates are flat at 4%, the Delta of a six
months at—-the-money call option on an underlying asset with volatility 30%
is equal to 0.5 if the underlying asset pays 6.69% dividends continuously.

If g=r+9%, we find from (8.40) and (8.41) that d; = 0 and
A(C) = e N(0) = 057 < 05.

Since A(C) is a decreasing function of g, we obtain that the value of ¢ such

that A(C) = 0.5 must be lower than r + "72 Indeed, the value previously
obtained for ¢ satisfies this condition, i.e.,

g = 0.066906 < 0.085 = r+

2
E'D

Problem 3: The following prices of the Treasury instruments are given:

Coupon Rate Price

6 — Month T-bill 0 99.4565
12 — Month T-bill 0 08.6196
2 — Year T-bond 2 101%
3 — Year T-bond 4.5 107ﬁ
5 — Year T-bond 3.125 102E

10 — Year T-bond 4 103%

The Treasury bonds pay semiannual coupons. Assume that interest is con-
tinuously compounded.

(i) Use bootstrapping to obtain a zero rate curve from the prices of the 6~
months and 12-months Treasury bills, and of the 2—year, 5—year and 10~-year
Treasury bonds;

(ii) Find the relative pricing error corresponding to the 3—year Treasury bond
if the zero rate curve obtained at part (i) is used. In other words, price a
3—year semiannual coupon bond with 4.5 coupon rate and find its relative
error to the price 107;—3 of the 3—year Treasury bond.

Solution: (i) The 6-months and 12-months zero rates can be obtained di-
rectly from the prices of the Treasury bills, i.e.,

100
99.4565
100

= = 1.3 .
r(01) = In (98.6196) %

7(0,0.5) = 21n< ) = 1.09%;
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Using bootstrapping, we obtain the following 2-year, 5—year and 10-year
Zero rates:
7(0,2) = 1.2099%;
7(0,5) = 2.6824%;
r(0,10) = 3.7371%.

(ii) The zero rates computed above correspond to the following zero rate
curve which is piecewise linear between consecutive bond maturities:

(2t — 1) r(0,1) + 2(1—1¢) r(0,0.5), if 0.5<¢t<1;

0.4 — (t-1)7(0,2) + (2—-1) r(0,1), if1<t<2;
r(0,8) = £2 1(0,5) +5—§—tr(0,2), if 2<t <5
£5 7(0,10) + = (0,5), if 5<t<10.

With this zero rate curve, the value of the 3~year semiannual coupon bond
with 4.5 coupon rate is

B

5 . .
> 2.25 exp (—r (0, %) %) + 102.25 exp(—3r(0,3))
i=1
= 108.1930.

The price of the 3-year Treasury bond was given to be 107.5625. There-
fore, the relative pricing error given by the bootstrapped zero rate curve
which does not include the 3~year bond is

|107.5625 — 108.1930|

107.5625 = 0.005862 = 0.59%. O
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