1 Introduction to Differential Equations
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Exercises 1.1

. Second-order; linear.

Third-order; nonlinear because of (dy/dz)*.
First-order; nonlinear because of yy'.
First-order; linear.

Fourth-order; linear.

Second-order; nonlinear because of siny.
Second-order; nonlinear because of (d""y / da:z) 2
Second-order; nonlinear because of 1/72.
Third-order; linear.

First-order; nonlinear because of 32,

. From y = e~*/2 we obtain ¥’ = —3¢™%/2. Then 2y +y = —e /2 + e~ ¥/2 = .
. From y = 8 we obtain ¥’ = 0, so that ¢ + 4y = 0 + 4(8) = 32.
. From y = ¢% + 10e¥ we obtain dy/dr = 3e3* 4 20e2%. Then

% — 2}.‘ = (3&‘?‘z + QUeh) -2 (83I + 1032"') = 3%

From y = g - -ge_m we obtain dy/dt = 24¢~2® 50 that
dy —20¢ (6 8 —20:)
S 4 ogy = o= - 2= = 04,
T + 20y = 24e + 2 5 se 24

From y = 5tan 5z we obtain ¢ = 25sec? 52. Then _ _
¥ = 25sec? 52 = 25 (1 + tan® 5z) = 25+ (5tan52)? = 25+ 7.

From y = (ﬁ+c1)2 we obtain ¥ = 2 (/= + ¢1) /2+/Z, so that

:_\/E"'C_ (\/E‘Fc)z_ ¥
S = \/51_ . 1 _\/g'

1 I
From y = %s’mx — %cosx + 10¢™* we obtain ¢/ = 50082 + 3 sinz - 10e™*. Then

1 1 1
v 4y= (%cosz+ Esinx — 103_1) + (5 sinz — §c05:c + l{le‘:) = sinz.
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Exercises 1.1

First write the differential equation in the form 2zy + (;c2 + 2y) ¥ = 0. Implicitly differentiating

2%y +y? = 1 we obtain 21y + (2 + 2y) ¥’ = 0.

First write the differential equation in the form ¢’ = —2y/z. From y = ~1/z2 we obtain 3’ = 2¢73,
so that —2y/z = 2z7% = ¢/,

From y =z + 1 we obtain ¢ = 1, so that (')} + 2’ =1+z=1y.

Implicitly differentiating y* = ¢ (:c + allcl) we obtain ¥ = ¢ /2y. Then

Writing ¥y = z{z| as ¥ = { 2

x!
ly| =
—z,

2

2
ar g _ ¥
2y +yly) = 2=+ L= =y
v) vy oWy
72, ifx>0Q
- we see that |y| = 22, —o00 < z < oo, and
—r*, ifz<0
ifz>0 . (2, ifz20
£z<0 OmC Y ={_2I, fo <o tisepparent that o' =2/l

1
From y = zlnz we obtain ¢ = 1+ Inz, Then 3 — =1

Differentiating P = acie™/ (1 + bey e“f) we obtain

dP (1 + bcle‘“) a®cre® — gere® - abey et

dt (1 +bC1eat)2
N ac et . {a (1 + bcle“t) - abcle“'i] — Pla—bP)
- 1+ bcle“" 14 bcle“f - )
.. . . 2z . -1 dX -1 dX
Implicitly differentiating In o= In(2— ) —In{l —z) = t we obtain s @ ise & L
dX
Then - = (2-X)1-x).

2 T 42 z .
Differentiating y = ™~ /n e’ dt + 1™ we obtain

2,2 _L2 2 . _w2 T L2 2
¥ =e Te® —2re x/ﬂ e dt — 2c1ze™" =1-2ze xfo et dt — 2c1ze™® .

Substituting into the differential equation, we have

2 2
¥ +2zy=1- er_m2£ & dt — 2epxe”™™ + 22?6":2[0: et dt + 2ci7€ ©

_g? g2

=1

First write the differential equation in the form 3’ = oy Then ¢;{z + y)? = ze¥/® implies

1

/"

T (w2

r
and implicit differentiation gives 2a1(z + y}(1 + ¢') = zet/ x%—

—¥
2

+ /% Solving
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Exercises 1.1

for ¥ we obtain

2x
wie _ Yoz 1-¥_
I=e € 2c1(:1:+y): o :r+y=—2?2—y2
Y 2c1(z +y) — et/* 2z 1 2~ zy

Ty

From y — ¢1e% 4 eoe ¥ we obtain ¥ = 30163 — 4cye™® and ¢! = 9c1€3® + 16c2e~4%, so that
¥ +y — 12y =0.
From y = €3* cos 2x we obtain ' = 3e®® cos 2x — 2¢3% sin 2z and 3" = 5¢3% cos 2z — 12637 sin 2z, so

that ¢/ — 6y + 13y = 0.
d2y dy I 0
dr? 4d.’£ 1y )

From y = cosh x + sinh ¢ we obtain 3 = sinhz + coshx and 4" = coshz + sinhz = y.

d d?
From y = e#* +z¢%* we obtain d—g = 3¢ 4 2™ and ﬁ = 8% 1 dxe®® 50 that

From y = ¢1 cos5a we obtain ¥ = ~5¢; sin 5z and ¥’ = —25¢; cos 5z, so that ¢ + 25y = 0.

and ¢ =

5 » 5o that 3 + ()2 = 0.

_ -1
(z +c1)

From y = — coszIn(secx + tanz) we obtain i = —1 + sinx In(sec z + tan z) and

1
From y = Inx + ¢1| + c2 we obtain ¢/ =
4+

y' = tanz + cos z In{secz + tanz). Then 4" + y = tanz.

d
From y = ¢; + coz~! we obtain i = —¢3272 and ¢! = 2e0273, 80 that x@ + 2% _p.
dz? ~ dx
From y = rcos(lnz) we obtain ¢ = - sin{lnz) +cos{lnz} and y" = _?l cos(lnx) — p sin(ln z), so

that %" — 2y + 2y = 0.

From y = 2% + 22 In 2 we obtain ¢ = 3z + 2zInz and 3" = 5+ 2Inz so that z%y” — 32y + 4y =0.
From y = c3 sin 3z + cg cos 3z + 4e® we obtain y’ = 3¢; cos 3z — 3egsin 3z + 4e°,

" = —9¢; sin 3x — 9ea cos 3z + 4e¥, and ¢y = —27c1 cos3x + 27cs sin 3z + 4€%, so that

g -y + 9 -9y = 1. ‘

From y = r2e® we obtain ¢ = 2%¢% 4 2ze®, ¢ = %e® + 426°2¢%, and 3™ = z%€% + 6ze® + 6e%, s0
that ¢ — 33" + 3¢y —y =0

From y = c1z Inx + 422 we obtain 3 = o1 + ¢ Inz + 82, ¥” = 127! + 8, and ™ = —c 72, so that
d*y 2y y
3 2 2
¢y 2Y ¥ iy=12
T da:3+2 ) xd +y
2 _
—x <0 2r, <0
From y = ! we obtain 3" = 5o that oy’ — 2y = 0.
y {Iz, >0 v 25, x>0 vy-a4
0 r <0 0 z <0 0 <0
_ , . . ar that N2 _ '
From y {x3, xzoweobtam iy {31‘2‘ xEOSO at (y') oz, >0,
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Exercises 1.1

From y = cx + ¢? we obtain ¢ = ¢ so that 29/ + (¢)° = cx + ¢ = y. From y = kx? we obiain
¥ = 2kz so that xv' + (¢')° = y implies that 22k(l + 4k) = 0. Then k = —1/4 produces a singular
solution.
Fromy=cz+ V1 ¥ ¢Z we obtain ¢y = ¢ sa that zy ++/1+ ()2 = y. From 22 + 42 = 1 we obtain
2 p)
—x 1
¥ =-z/y. Thenfory #0, =¥ + /1 + ()2 = - 4+ —= ?—;U— = g. The condition —1 <z < 1

\/yﬁ

By inspection, y = —1 is a singular solution. Note that this is the “solution” obtained by computing

is implied by 22 + 9% = 1 together with y # 0.

the limit as ¢ approaches infinity of the one-parameter family of sclutions.

Vi-zf, 2<z<0 .
The function y = is not continucus at z == { (the left hand limit is 2
Va2, 0<z<? '

and the right hand limit is —2,) and hence ¢’ does not exist at z = 0.
From y = €™ we obtain ¢/ = me™ and " = m2e™*. Then y” — 5y + 6y = 0 implies
m2e™ — bme™ + 6™ = (m — 2)(m — 3)e™ = 0.
Since e™® >0 forallz, m=2and m=23. Thusy = e%¢ and Y= e*® are solutions.
From y = e™® we obtain ¥ = me™® and y" = m2e™. Then y" + 10y’ + 25y = 0 implies
m2e™ + 10me™ + 25¢™* = (m + 5)%™* = 0.

Since ¢™* > 0 for all , m = 5. Thus, y = €% is a solution.

Using ¥ = maz™ ! and ¢ = m(m—1)z™ 2 and substituting into the differential equation we obtain
mim—1)z™ —z™ = (m2—-m—l) ™ = (. Solving m? —m — 1 = 0 we obtain m = (I:I:\/_)/2.

Thus, two solutions of the differential equation on the interval 0 < x < oo are y = p(1+v8)/2 o
y = z1-VE)/2. |

Using ' = ma™ L and ¢ = m(m—1)z™"2 and substituting into the differential equation we obtain
22" + 62y + 4y = [m(m ~ 1) + 6m + 4]z™. The right side will be zero provided m satisfies

mim—1)+6m+d4=m*+5m+4=(m+4)(m+1)=0.

Thus, m = —4,—1 and two solutions of the differential equation on the interval 0 < z < oo are
y=2z"1 and y=z"L

3 are solutions. If 3 = cyan + coyz = .::l:e:2 + c2:r3 then

It is eesily shown that 41 = x° and y2 = z
¥4 = 2c1r+ 3cpz? and ¥4 = 2¢1 + 6egz so that :chg — dzy; +6yz = 0. Hence c13n, coyg, and 41 + 42

are solutions.



52. 1t is easily shown that y; =z% and yp = z

Exercises 1.2

3 are solutions, If y = c1y1 = 2611 + 2¢; then ¥ = 2¢; s0

2
(y) = 2c17 4 2.:% Zyforey#Dand ey # 1. If y = epyp = (—cg/Z}z2 then ' = —cox

L?szrfﬁ
2 2

that zy' + 2

xz?éyforczyé()a.ndc:gaél. Ify=1y +y2 = —2%/2+ 2z + 2 then

72 2
¥ = —x+2so0 that 7/ + % = —I + 2 # y. Thus, none of e131, caye, and 3 + yo are solutions.

so that zy’ +

53. (a) y=0 (b} no real solution (¢) y=lory=-1

Exercises 1.2

. The sum of the forces acting on the body is mg — kv where & is a constant of proportionality,

and the minus sign indicates that the resistance acts in a direction opposite to the motion. From

d d k
Newton’s second law we have mg —kv=m —5:— or d;; +—v=g.
d
. From Newton's second law we obtain md—? = —kv? + mg.
. (a) From g =k/R? we find k = gR?.
_ 22r a2 k. gR? d’r  gR?
(b) Usmga:—ﬁandpart (a) Weobta.manzr—z:T—2 or W~T—2=0.
R? d R?

{¢) Part {b) becomes Z—vj—;—i—z =00rv£—-gr—2=0.

. {(a) The sum of the forces acting on the satellite is ma — kv, so by Newton’s second law,
d? R? d 2 &
ma— kv=m dt; From Problem 3, ¢ = gr_2 Thus, using v = d—Z’ m 9:2 —ky = Et_; or

d*r L x k dr gR?
2 ' mdt  r?’
) dr o dv K S
(b) Letting R = r and Z =" the equation is part (b) becomes =t my=9 which is the

equation is Problem 1.

. dq d*¢  dg i
. Since ¢ = = o and LE + RE E(t) we obtain LE + Ri = E(t).
d 1
. By Kirchoff’s second law we obtain Rd—j + o= E(t).

. . .. dh _ 0. 6A0 27?2 ¢
. The differential equation is 5= \!2gh Using Ag = (12) = 35’ Ay = 10% = 100, and

g = 32 this becomes

dh 067/36 — 8avh
T 10 VO __6000‘_%‘/_
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_ , .. dh 06,40 1\2  w 2
The differential equation is i v/2gh, Using Ag =7 (24) = Ay = m{(2)* = 4m,

and g = 32 this becomes

dh _ 067/576 —  0.6(8) .~
dat i 64 = 4(576) Vh= 480 vk

dh 0.64p 1\2 o
. . Lo eh W, _ _ T
The differential equation is 7 A, 2gh. We have Ap = (12) i -n
and ¢ = 32. To find A, we solve 22 + (5 — h)? = 25 where z represents the ‘v
radius of the circular area of the surface of the water whose depth is A. From

= 10k — k2 we obtain A = 7{10h ~ h%). Thus

dh 0.67/144 1 1
= Veth=ee——— VA= eo—
dt 7(10k — h?) G4k 30A(10 — ) vh 30vR (10 — h)

The differential equation is A'(t) = kA(t) where & > 0.
The differential equation is 2'(¢) = r -~ kx(#) where & > 0.

d’z
Equating Newton's law with the net forces in the z- and y-directions gives Moy = 0 and
2

mf:iTg = --mg, respectively.
From Newton’s second law in the x-direction we have

d2x 1dz dx

— = —kcosl = —k—— = —|c|—.

e oo i S
In the y-direction we have
2 d
miTg = —mg — ksinf = —myg ~ k—a% = —mg — lc]d_?:

The differential equation is (¢} = k(o —x){5—z)} where o and / are the given amounts of chemicals
A and B, respectively, and k > 0.

To better understand the problem extend the line £ down to the x-axis. Then we L
d
see from the figure that ¢ = 28, tan¢ = E, and =2 = tan (E - 9) = cotf. Now !
Y dz 2 p }),

, 2 dr\? d ——
tand = tan20 — 2tané _ x x _ 2(dz/dy) dz(—-x-) 42 ( x) . :

1—tan2@ g 50 v 1—(dz/dy)? dy dy
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We have from Archimedes’ principle

upward force of water on barrel = weight of water displaced
= (62.4) x {volume of water displaced)
= (62.4)7(s/2)%y = 15.6ns%y.

2
It then follows from Newton’s second law that Eﬂ = —15.6ms%y or @ + 15.6m57g y = 0, where
g di? di? w !

g = 32 and w is the weight of the barrel in pounds.

By combining Newton's second law of motion with his law of gravitation, we cbtain

@ mM
mgf = —kl—;é—, where M is the mass of the earth and k; is a constant of proportionality.
d2
Dividing by m gives Eg = —-y—z , where k = k1 M. The constant k is gR?, where R is the radius of

the earth. This follows from the fact that on the surface of the earth y = R so that kl%ﬁ-{ = mg,

k1M = gR?, or k = gR?. If t = 0 is the time at which burnout occurs, then y(0) = R + yg, where
ya is the distance from the earth’s surface to the rocket at the time of burnout, and (0} = Vg is

the corresponding velocity at that time.

Substituting into the differential equation we obtain —(mg — at)g = (mg — at)%;i + b(—a) or

d
(ma — at)EU = ab — mog + agt.

By the Pythagorean Theorem the slope of the tangent line is ' = % .
50 -y
4 4
{a) We have M, = 55?'3 and M = §6R3. Then M, = 1"3% and
M,m r*Mm/R3 mM
F=-k 2 = —k -z =—k 3 T,
d*r d%r mM d*r kM 9
{b) From F = ma; Mg and part (a} we have mog = _kﬁr o w3 =gy =-wr
where w? = kﬁ'
) \ ., dA
The differential equation is e k(M — A).

The differential equation is % = k(M — A) — koA,



Chapter 1 Review Exercises
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Chapter 1 Review Exercises

. First-order; ordinary: nonlinear because of 2.
. Third-order; ordinary; nonlinear because of sin ry.

. Second-order; partial.

Second-order; ordinary; linear.
From y = & + tanz we obtain ¥ = 1+ sec?z, and ' = 2sec? ztanz. Using 1 +tan?z = sec’ z we

have ¢ + 2zy = 2 + 22 + 2,

. 1
From y = ¢ cos{Inx) + cosin{ln ) we obtain ¢ = o [eacos{lnz) - ¢ sin{lnz)] and

Y = _—j le1 cos{lnz) + ca sin{In z) + ¢ cos(In z) — ¢; sin(In z)]
T

so that 2%y + 2/ +y = 0. .

From y = ¢1€” -+ c2e™* +¢c3¢** +3 we obtain y = 16" — c2e™® + 2e3e%, 3 = 16 + 267 + dege®,
and v = ¢16® — coe ™% + 8cae®® so that i — 2" — ¢ 4+ 2y = 6. |
From y = sin 2z + cosh 2z we ohtain y("‘] = 16sin 2z + 16 cosh 2z so that y¥) — 16y = 0.

yZIQ 10.y=e5“'
y=%$2 12. y=2

y=¢€%y=0 14, y= T
y=sinr, y=cosz, ¥y =0 16, y =€

For all values of y, y? — 2y > ~1. Avoiding left— and right-hand derivatives, we then must have
2 —2—12>—1. Thatis,z < Qorz > 1.

If lr) < 2 and |y} > 2, then (dy/dx)? < 0 and the differential equation has no real solutions. This
is also true for |z| > 2 and |y| < 2.

A 1
The differential equation is % = ——Q\IQQh. We have Ay = T To find Ay we note that the radius

Ay
r corresponding to A,, satisfies % = % Thus r = 25—h and A, = 4;?2. Then
% - —471'15525\/297 - _%‘
From Newton's second law we obtain m%j— = %mg — p?mg or % =16 (1 - \/§,u)



2 First-Order Differential Equations

Exercises 2.1

ar 2
= 2/3 _ L,
1. For f{x,y) = y*/° we have % 39

in any rectangular region of the plane where y # 0.

8f 1

. Thus the differential equation will have a unique solution

2. For f(z,y) = \/Z¥ we have 3 —2—\/% . Thus the differential equation will have a unique solution

in any region where z > G and y > 0 or where z < 0 and y < 0.
¥ of

x
region where z # 0.

3. For flz,y) =

af

1
we have 55 == Thus the differential equation will have a unigue solution in any

4. For f(x,y) = z + y we have B 1. Thus the differential equation will have a unique selution in

the entire plane.

5. For f(z,y) z we have of 2%y Thus the differential equation will h i
) ) = — =" ave a unique
442 dy  (4-1y2 JQ q
salution in any region where y <« =2, =2 <y < 2, or y > 2.
6. For f(z,¥) z” we have of ~3s%y” Thus the differential equation will ha i
. ) = == . wi ve a unique
1+ By (1+) 1
solution in any region where y # —1.
7. For f(z,¥) v we have of 22’ Thus the differential ti il h i
. For ¥ = — = e differential equation will have a unique
2% + y? Jy  (z2+42)° b 4
selution in any region not containing (0, 0).
v+ af —2r , . . . .
8. For f(x,y} = we have = = ———— _ Thus the differential equation will have a unique
( y— dy (y-zx)* a
solution in any region where y < z or where y > .
a
9. For f(z,y) = 23 cosy we have a—f = —zZsiny. Thus the differential equation will have a unique
¥

solution in the entire plane.

af

10. For f(z,y) = (z — 1)e¥/~1) we have 3y = e¥/{#=1) Thus the differential equation will have a

unique solution in any region where x # 1.
11. Two solutions are y = 0 and y = 23
12. Two solutions are y = 0 and y = z%. (Also, any constant multiple of 22 is a solution.)

13. The solution is ¥ = 0, which is unique by Theorem 2.1.



Exercises 2.1

14. A function satisfying the differential equation and the initial condition is ¥ = 1. Although
Fflz, %) = jy — 1| is continuous, 8f /3y is not continuous at y¥ = 1, so Theorem 2.1 does not apply.

15. For y — ez we have 3’ = ¢, from which we see that y = cx is a solution of zy' = y for all values of
c. All of these solutions satisfy the initial condition ¥{0) = 0. The piecewise defined function is not
a solution since it is not differentiable at x = 0.

16. (a) Since 1+ and its partial derivative with respect to y are continuous everywhere in the plane,

the differential equation has a unique solution through every point in the plane.

tanx satisfies the differential

I

(b) Since d%(ta.nx) = sec’z = 1+ tan®z and tan0 = 0, y
equation and the initial condition.

{c) Since —2 < 7/2 < 2 and tanz is undefined for £ = /2, y = tanz is not a solution on the
interval -2 < £ < 2.

(d) Since tan z is differentiable and continuous on —1 < & < 1, y = tanz is a solution of the initial
value problem on the interval —1 < z < 1.

For Problems 17-20 we identify f(x,y) = \/¥° — 9 and 8f/0y = ¥*/\/y® — 9 . We further note that

flz, ) is discontinuous for |y < 3 and that 8f/8y is discontinuous for |y| < 3. We then apply
Theorem 2.1.

17. The differential equation has a unique solution at (1,4).
18. The differential equation is not guaranteed to have a unique solution at (5, 3).
19. The differential equation is not guaranteed to have a unique solution at (2, —3).

20. The differential equation is not guaranteed to have a unique solution at {—1,1).

Exercises 2.2

In many of the following problems we will encounter an expression of the form In [g(y)| = f(z) +¢. To
solve for g(y) we exponentiate both sides of the equation. This yields |g{y)| = ef@EHe — ¢fof(2) yhich
implies g(y) = te%e/(®). Letting ¢; = Le we obtain g{y) = cref®)

1
1. From dy = sin 5z dz we obtain y = — cas 5z + c.
1, .
2. From dy = (z + 1) dz we obtain y = a(x +1)¥+e

1
3. From dy = —e 3¢ dz we obtain y = 56_3” +c

10
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1 -1
. Fromdy=;da:weobtainy=—z-+c.

6 5
P‘romdy=x+ dx=(1+-—)d:':weobtainy=:c+51n|x+1|+c‘
T+1 r+1

From dy = 2ze™*dz we obtain y = —2ze™7 +2e¢7% + ¢

1 4
From gd'y == dz we obtain In|y| = 4In|z| + ¢ or y = cy2t.

From %dy = —2x dx we obtain Injy| = -~z 4 cor Y= cle_xz‘
1
From L dy = — dx we obtain y = 2 + e
3 T T

1
From mdy —d:c we obtain Injy + 1| =In|z| +cory+1=c1z.

1 1 1 -1
From ydy = (—-- + ;) dz we obtain §y3 =— +1n)z| +cor 2y’ = -3 + 3zln|z| + 1.

! _
From (; + 23,-') dy = sin £ de we obtain In |y| + y? = —cosz +c.

From e~ %dy = €3*dz we obtain 3¢~ + 2¢% = ¢,
1
From ye¥dy = (e'x + 3_3’"’) dz we obtain ye¥ —e¥ + 7% + gg—h =
v _ \ _
From 2+y2dy Tos 2d:swe obtain In{2 4+ v%| =Infd + 2| +cor 2+ 42 = ¢4 (4+1- )

1 1 -1
From [ +1]dy = dz we obtain —~ +y = tan™' z + ¢.
y? z? y

From 2y dy = x—f:?da: we obtain 4> =z —In|x+ 1| + ¢
2

y 1 1, 1 1 1
& dy= — m a1 =_1 S =1 _
F‘mmy+ldy d:cweobtam2y y+In|y+1| +cor2y y+laly+1| ~ta

1 z* i
From (y+2+§)dﬂy—x ]nzdzweobtam7+2y+ln|y| —1n|zj—§x +ec

1 1 2 1
27+ 32 Y T e O gy 3 T e 15

+ ¢

From -;,-—dS = kdr we obtain § = ce*”

From dQ kdt we obtain In|Q — 70| = kt + ¢ or @ — 70 = 1

Q-
11 .
From PZdP ( + __.-) 4P = dt we obtain In |P|~In 1P| = t+cso that In -

Py
Pri-p —pTTe
c1€

14+ eet’

or = clet. Solving for P we have P =

1-P

11
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1
From ~ dN = (te‘+2 - 1) dt we obtain In |[N| = tef*? — t¥2 _t 4 ¢

1

From — dy = — d inydy = — cog® - ;

oy dy ceeZ Az or sinydy cog® v dzx 2 (1 + cos2z2) dz we obtain

1 |
—cosy:—iz——zsmflquc of 4cosy=12r4sin2xr+ .
sin 3z 1
From 2y dy = ——g"gdx = — tan 3z vec® 3z dz we obtain g? = ~% sec?3z + c.
2y _ in2 25

€ Y sin 2z sing cosx

From dy = — i = ——— |- i = — i 1
p Y P T P dx or (e ye ) dy 2sin ¥ dx we obtain

e¥+ye Ve ¥=2c08z+c

28. From tanydy = xcosz dr we obtain In{secy| = zsinxz + cosz 4 ¢
d —e¥ . —1 1 _2
29. From dy = dr we obtain — (e +1} " =={eT+ 1) “+c
@+ 127 (1) ( ) =3t )T
¥ z . gy 1/2 2y 1/2
30. From dy = dz we obtain {1 4y =(1l+z +c
(1+y2)2 (1 + 22)}2 ( ) ( )
¥ 1 1 1 1/2 1/2 .
31. Fr dy = d - - = e
om T+ 17 y=q—gdror (y+1 (y+1)2)dy (1+I+1_ dx we obtain
1 1
1 - - _
njy+ 1|+ — T+ 2ln|1+—x| 2ln|1 2]+ e
32. From 2ydy = (2r + 1) dz we obtain y% =22+ x +c.

33.

34.

35.

36.

dx we obtain

) = ¢cpet Y,

dr we obtain

-2 x—1 5 5
From ¥ %4y — d 1——> }d =(1—
o y+3 vz e ( —3) ¥ z+4

y+1 r+2 2 3
Fr. T —dy = d — | dy =
omy _3 T or (1+y__1 ] ( P

¥ — z-—y

y—blnly—3|=z—-5Infr+4|+c or (
y -1y
-3¢ 3)5 o

y+21n|y—1|—:c+51n}x 3+c or

1

Fr
o (2cos?y — 1) — cos?y

1
dy =sinrdror ———dy = —esc? y dy = sinz dz we obtain
coscy — 1

coty = —cosx +c.

dy

From secy5 +sinrcosy —coszsiny = sinxcosy+ coszsiny we find secydy = 2sinycos ¢

1 -
2sinycosydy =csc 2y dy = cosz dx. Then Eln|csc2y — cot 2y| = sinz + c.

12



37.

38.

39.

40.

41.

42,

43.

45,

46.

Exercises 2.2

1 1 z2
From zds = ———dy we obtain —z? =sin"ly+cory=sin{ — +¢; |.
1_y2 2 2

~y 1 . | _II
From ~—==——=dy = —— dz we obtain y/4 + 32 =sin"' = + ¢
‘|I'4-+_y2 4 V4*—Ii y 2

1 1 e ) 1 1
From ?dy aanper dr = e dr we obtain v =tan" e* + ¢

To integrate dz/ {z + 1/T } make the substitution 4? = z. Then 2udu = dz and

dr 2u du 2du
/;r+\/£_ u?+u_fu+1“21n|u+1|+°=2m(‘/5+1)+c'

Thus, from . dz we obtain 2In (\/§+ 1} = 2In (\/E+ 1)+cor

1 g
+ /T T+ T
Vit l=2¢ (\/-':-4—1)
sin 1 e¥

From = dy =
l+cosx e V+1 4 1+e¥

dy we obtain —In(1 +cosz) =In(l +e¥) +cor

(1+e¥)(1+4cosz) =c1. Using y(0) = 0 we find c; = 4. The solution of the initial-value problem

is (1+e¥)(1+cosz) =4
1

-z
m dy = dz we obtain
1+ @7 Y 14 )

Fro

i 1
~tan~ ] 2y = 3 tan" 1z +¢ or tan~! 2y + tan " lx? = ¢).

2
Using y(1) = 0 we find ¢ = #/4. The solution of the initial-value problem is

tan™! 2y + tan~1 2% = % .

From dy = 4rdr we obtain {/y2 +1 = 252 + ¢. Using y(0) = 1 we find ¢ = +/2. The

-y
Vvi+1
solution of the initial-value problem is /2 + 1 = 222 + /2.

1
From %dy = {1 — t)dt we obtain In|y] =t — §t2 tcory = et /2. Using y(1) = 3 we find

¢ = 3¢~ 1/2_ The solution of the initial-value problem is y = 3ett1/2-1/2 — g3o—(-1)/2

From x2:- 1 dr = 4dy we obtain tan~lz = 4y + ¢. Using x{n/4) = 1 we find ¢ = —3x/4. The
solution of the initial-value problem is tan™!z = 4y — :{T?T or z = tan (4y — %)

1 - 1 1 1 1 1 1 1 .
Fromyz_ldyA d&:or*(y—:—I~§-—_’-_—1-)dy—-§(I_l—I+1)dxweobta.1n



47.

48.

49,

50.

51.
52,
53.

54.

55.

56.

ﬁﬁ_(.',l'cl = —4. The solution of the initial-value problem is 1 — 2y = —4e™ 2% or y = 272 + =,

Exercises 2.2

-1
ln|y—1|--1niy+ll=1n|:r-1|—lni;c+1|+corg+1 =z+1+c. Using #(2) = 2 we find ¢ = 0
. " L y—-1 z-—1 _
The solution of the initial-value problem is o e ary ==z

1 -z 1 1 . 1 .
From ;dy = dz = (F - ;) dz we obtain Inly| = " In|z| = ¢ or 2y = cye~1/*, Using

y{—1) = =1 we find ¢; = e~L. The solution of the initial-value problem is zy = ¢~1-1/2

From dy = dx we obtain ——ln|1 -2 =z +corl-2y=cre . Using y(0)=75/2 we

1-2

) dy = dr we obtain g = ¢

~-1/6  1/6
ty-3 +3

y+3 y—3

From (

1— eﬁx
{a) Hy{0)=0theny=3 ———

1+ebe
{b) Ify(0)=3theny =3

_ GBz—2
{c) Ify(1/3) =1theny=3 £

From (;i—l + —;—) dy = —-da: we obtain Inly — 1| —Inly| = In|z| +cor y =
solution is y = 0.

(a) f y(0) =1 theny =1,

(b) If y(0) = 0 then y = 0.

(¢) Ify(1/2) =1/2theny=

1
. Another
z

1+ 2%
By inspection a singular solution is y = 1.
By inspection a singular solution is y = 0.

The singular solution ¥ = 1 satisfies the initial-value problem.

d 1 -1
Yz Then ——— =z +cand y = i-—;—_c;c— Setting

(y—1)? y—1
z— 101
T— 100"

Separating varigbles we obtain

z = 0 and y = 1.01 we obtain ¢ = —100. The sclution is ¥ =

) . . dy
Sepa.rat 11§ Va.ria.bles we Obta.ln m
xr

1
= Seiting x = 0 and ¥ = 1 we obtain ¢ = 0. The solutionisy=1+mtanﬁ

= dr. Then 10tan"!10(y — 1) = z + ¢ and

1 T+
y—1+1—0tan 10

_dy
(¥ —1)2 - 0.01

10y — 11

Separating variables we obtain m

= dz. Then Sln‘ {=z+c‘ Setting x =0

14



Exercises 2.3

10y — 11
10y — 9

and ¥ = 1 we obtain ¢ = 5In1 = 0. The solution ig 51n ‘ =z

du 5 1
57, Let u = r + y + 1 so that du/dx = 1 + dy/x. Then == 1 =uor 1+u2du = dz. Thus
tanlu=z+coru=tan{zr+c),and s +y+1=tan(z +c)ory = tan(z +¢c) ~x — 1.
du 1-— 1
58. Let v =z + y so that dufdz = 1 + dy/dz. Then el 1= Y or udu = dr. Thus 51;2 =z+¢
or u2 =2z + ¢;, and (z+ )% = 2z + 1.
59. Let u = z + y so that du/dx = 1+ dy/dz. Then d_z — 1 = tan®u or cos?udu = dr. Thus
i 1
§u+ Zsin2u=:c+cor 2u+tsin2u=4zx +¢;, and 2{z + ) +sin2(z+y) =4z + ¢ or
2y +sin2(z +y) = 2z + ¢y
d
60. Let u = z + y so that du/dz = 1 + dy/dx. Then a—; —1=ginu or IT;E du = dx. Multiplying
. . 1—sinu g
by (1 — sinu)/(1 — sinu) we have ————du = dx or (sec u—tanusecu) du = dxr. Thus
COB“ U
tanu - secu = x 4 ¢ of tan({z + y) —sec{zx + Yy} =z + ¢
d 1
61. Let ©« = y — 2z + 3 so that du/dr = dy/dz — 2. Then EE +2 =24+ uor ﬁdu = dz. Thus
2Vu=z+cand 2y~ 2x+ 3=z +4ec
d
62. Let v = y — = + 5 so that du/dr = dy/dx — 1. Then ﬁ +1=1+¢" or e ¥du = dr. Thus
—e ¥ =z+cand -V " =z +¢
Exercises 2.3
. FAY
1. Since f(tz,ty) = (tx)3 + 2(tz)(ty)? - % = t3f(z,y), the function is homogeneous of degree 3.
2. Since f(iz, ty) = VIZ + fy (4tz + 3ty) = t32f(z,y), the function is homogeneous of degree 3/2.
3 2(4,12
ty] — (1t t .
3. Since f(tz,ty) = (t2) ((ti)_'_ 8(3;:))2 (ty)” _ t2f(z,y), the function is homogeneous of degree 2.
4. Since f(tz,ty) = o = Ef(a:,y), the function is homogeneous of degree —1.
()2 + ey ()t
5. Since f(tx,ty) = cos (t2)* # L™ cos z’ for any n, the function is not homogeneous
’ = Y T+ v ' ‘ '
6. Since f(tz,ty) = sin = f(z,y), the function is horogeneous of degree 0.

T+ 1Yy



Exarcises 2.3

7. Since f(tz,ty)In#2 + In2? — 2(Int + Iny) = f(z,y), the function is homogeneous of degree 0.

£ In
3 :TI; t: £ ﬁ for any n, the function is not homogeneous.

8. Since f(tr, ty) =
1 1\ 1
9. Since fltz,ty) = (E + t—y-) = t_Qf(I' ), the function is homogeneous of degree —2.
10. Since f{tz,ty) = (iz + ty + 1)2 # t™(z + y + 1)2 for any n, the function is not homogeneous.

11. Letting ¥ = uz we have
{z —uz)dz + z(udz +zdu) =0

dr+zdu=0
d
2 o du=0
T

Inlzg| +uz=c¢
zln|z]+y = ex.
12. Letting ¥ = uz we have
(x +uz)de + r(udr + xdu) =0

(I+2u)dz+zdu=0

dz+ du —0
T 1+ 9%

1
ln[$|+§1nll+2u|=c
x2(1+23)=q
)
2 -
“ + 2zy = ¢1.

13. Letting £ = vy we have
vy(vdy + ydv) + (y — 2vy)dy =0

vydv+(v2—2v+1)dy=0

vdv dy _
v-12 vy
1
1n|v—1|—17_—1+ln|y|=c

16



14. Letting z = vy we have

15. Letting y = ux we have

16. Letting ¥ = ux we have

1
- =1 - +Iny=c¢
Y ‘ z/y—1

{zr—y)ln|z -yl -y =clz — ).

ylvdy +ydv) —2{vy +y)dy =0

ydv— (v +2)dy =10
dv dy=0

v+ 2 Y

Infv+2]—Infy|=c

In

T
—+2|—Inlyl==¢
” ' ly|

T+ 2y = eyt

(uzxz + uxz) dr — x*(ude + Tdu) = 0

uldr —zdu=0

de 4
dz_du_,
€ U

1
Injz|+==¢
U

1n|xl+£=c
Y

ylnjz}+ 2 = cy.

(u2x2 + u$2) dz + z*(uds + zdu) = 0

(u2+2u)dz+zdu=0

dz du

?+u(u+2) =0

1 1
ln|x|+§ln|ui—§ln]u+2|=c

Exercises 2.3



Exercises 2.3

17. Letting v = uz we have

(uz — z)dz — (uz + x)(udz + zdu} =0

(v +1)dz + z(u+1)du=0

dr u+1

—+ du=10
T u2+1

1
In|z| + 5111 (u2+ 1) +tan"lu=c¢
y? y
In z? (—2 + 1) +2tan" 12 =¢
I T

In (m2 +y2) + 2tan! % = €].

18. Letting y = uz we have

(z + 3ux) dz — (3z + ux)(udr + xdu) =0
(w* = 1)dz +afu+3)du=0

dz u+3

?+(u—1)(u+1)du=0

In|z| +2nfu—1-Inju+1l=c¢

112
plu-1)
u+1

(1) =a )

(y—2)’ = aly +=).

18



Exercises 2.3

19, Letting ¥ = uz we have

—uedr + (z + Vuz)(uds + zdu) =0
(z+zvau)du+ 42 dr =0
(u_sﬂ + -1-) du + & =0
u T
-2t Y2 4t Injul +In x| = ¢
lnly/z| + Injz| = 2v/x/y + ¢

y(lnfy| - o)* = 4z.

20. Letting y = ux we have

(uz+\fx2+u23:2)dz—:.c(udx+xdu) =0

Tyl +u2dr — 22du =0

dr  du —0
T V1+u?
Injz| —In u+\!1+u21=c

u+yl+ul=cz
¥+ 2 + 22 = ¢z

21. Letting z = vy we have

2 (vdy + ydv) — (3v3y3 + ya) dy =0
2v2yd1.r - (va + 1) dy =140

207 dy
03+ldv—?—-0

%ln‘v3+1]——ln}y|=c

('U'3 + 1)21’3 = o1y



Exercises 2.3

2. Letting y = ur we have
(.134 + uqxd) dz — 2zuz(uds + zdu) =0

(ug — 1)2 dr —2zudu =10

dx 2udu
z (w1
In|z|+ — =c

3. Letting y = uz we have
(3:2 + u2z2) dz — ur{udz + zdu) = 0
dr — uxrdu =0

d
S wdu=0
X

1
In |zl — 51»2 =g

2in|z| — (y/z)’ = c.

4. Letting ¥ = uxr we have
(u3$3 +2t + uzms) dz — vz (udz + wdu) = 0
(1 +u2) dz — ulzdu =0

dz u?

o _ du =
z w1t 0

Injz| —u+tanTu=c

ln|$|—§+t’.a.n_1—z-=c.

20
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25. Letting r = vy we have
ylvdy +ydv) — (vy + 4ye‘2") dy =0

ydv —4de W dy =10

4
e® dv — tdy _ 0
Y
%.32“_4111 ly| = ¢

¥V _ gIn|y| = 1.

26. Letting y = ux we have
(xge_“ + ugrg) dr —uz*(ude + zdu) =0
e ¥dr —urdu=0
d
2 et du=0
e
Injz| —ue*+e*=¢
zln|z| — (¥ — £)e¥/ = ¢z
27. Letting y = uz we have

(vz +zcotu)dr —x{udr + T du) =0

cotudr —xdu=20

dx

— —tanudu =0
z
In|z|+In|cosul =¢
zeosd = e
x
28. Letting v = ux we have
uzlnudr —z{uder +zdu) =10

{ulnu —u)dr —zdu=20

dr du

T ulnu —u
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Inlzi—In|lnu—1=¢

xr

Inu—1 =a

:c:cl(lngul)
i

lny=cx+nr+1

14czx
Yy = Ie .

29. Letting y = uz we have

(z2 + uz? — uzzz) dz + uz?(udr + xdu) =0
(1+u)dr+zudu=20

dr  udu _
T u+1

Injz|+u—Inju+t+1]=c

u+1

= cre*

¥

Y41 =cyzevl®
z

y=cazie?’® — 1.

30. Letting y = uz we have
(12 + uz? + 3U2I2) dr — (22 + 211.:.':2) (udx +zdu) =0
(1+v?) dz — 2(1+ 2u)du =0

dr 1+ 2u

T 1+u2du=0

ln|x|—tan_1u—ln(1+u2) =

22
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31. Letting ¥ = ux we have
(:.'.:3 — u3;-:3) dr + v’z (udz + xdu) = 0

dr + wlzdu=10
d
L ortdu=0
I
Injz| + 1u3"~c
3

32° In|z| + ® = a1&.
Using y(1) = 2 we find c1 = 8. The solution of the initial-value problem is 3z%In || + y* = 823
32. Letting ¥ = ux we have
(x2 + 2u2x2) dz — ur’(udr + zdu) = 0
(1 +u2) dr —uzrdu=10

d_m udu

z 1+u2:IO

In|z| —%In(1+u2) =g

2

x ——
1+u2_cl

x4 = ¢ (y2 =+ 3:2) .
Using y(~1) = 1 we find ¢; = 1/2. The solution of the initial-value problem is 2z* = 32 + 2.
33. Letting y = ur we have
(31,1,32 + uzzz) dz ~ 22%(udr + Tdu) =0
(u2 +u) dr—2xdu=20

dr 2du
r  ulut+1)

In|z| - 2Inful+2mImju+ 1] =¢

r{u+172
u?

2(241) = ()

z(y + z)% = 1y’

1
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Using y(1) = —2 we find ¢; = 1/4, The solution of the initial-value problem is 4x(y + ) = ¢2.

34. Letting x = vy we have

vit(vdy + y dv) — (-vzyz + vy viy? + 2 ) dy =0
ydv — ol + 1dy =0

dv dy

w1+l v

ln]v+«.{v2+1|—ln]y1=c

T x2
-+ ?'{'1:019
T+ 12+ = ay?

Using ¢#(0) = 1 we find ¢; = 1. The solution of the initial-value problem is z + /z? + 42 = 2.
35. Letting y = uxr we have

w2

(z + uze®)dr — ze¥(udr + zdu) =0
dr — ze¥du=0

dr

— —c®du=0
T
Injz] —e* =¢
Inje| — e¥/® = ¢.
Using y{1) = 0 we find ¢ = —1. The solution of the initial-value problem is In {z| = e¥/* — 1.

36. Letting z = vy we have
ylody +ydv) + (yeosv —vy)dy =10

ydv+cosvdy =0
d
secudv+;y =0

In|secv + tanw| +Injy| = ¢

x T
Yy (sec-"+ta.n—) =1,
Y ¥

24
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Using ¢(0) = 2 we find ¢; = 2. The solution of the initial-value problem is ¢ (sec g + tan g) =2
37. Letting y = ur we have
(u2$2 + 3um2) dz — (4x2 + ux2) (udz+zdu) =0
—uds —z(4d+u)du=0

dr 44 u

x

du =0

Injz|+4dnjul+u=c
zut =ecje™
W = ezle VT,
Using (1) = 1 we find ¢; = e. The solution of the initial-value problem is y4 = z3e1~%/.

38. Letting y = uxr we have
(u3x3 + Qu:cs) dr — 2c*(udz + zdu) = 0
wPdr —2xdu=0

dr 2du

okt ke

T uld
1
Inlz|+ 5 =¢
ol +
2,1
£ =cre” %V

Using y(1) = v/Z we find ¢; = e!/?. The solution of the initial-value problem is z = e—* /¥"+1/2,

39. Letting y = uzr we have
(x —~ UL —~ u3{2$) dr + (I+ \/E:t:) (udr+ xdu) =0

dx+x(1+\/ﬂ)du={]
d—x+(1+\/ﬂ)du:0
T

lnﬂ:—}—u+guw2 =c

3732 Inz + 3zt %y + 2y3/2 =22



Exercises 2.3
Using y{1) = 1 we find ¢; = 5. The solution of the initial-value problem is
3532 Inz + quzy + 2y3’{2 = 52372,

(Note: Since the solution involves +/z , x > 0 and we do not need an absolute value s

40. Letting x = vy we have

ylody +ydv) +vy(nvy - Iny —1)dy =0

ydv+vinedy =10

du d
vy
vlne ¥

0

Injlo|v]l +lnjy| =¢

=1

yln E‘
¥

Using (1) = e we find ¢; = —e. The solution of the initial-value problem is y]_n‘fk =
¥

41. Letting z = vy we have

Y {vdy +ydv) + (02_1;2 + vy +y2) dy=0
ydv+(v+1)2dy=90

du dy

wri2 g 0

! +njyl=¢
v+ 1 vi=

Y
_____+ln = .
oy |yl

Using {0} = 1 we find ¢ = —1. The solution of the initial-value problem is

(z+y)nygf=y—(z+y) or {z+y)ln|y = -z

26
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12, Letting y = uz we have

(ﬁ+\/ﬁ)2 dr -~ 2{udz +zdu) =0
(1+2\/1_;)d:c—zdu=0

dz du
r 142/u
In |z| du lu =2, du=2tdi
1+2/u !
2t

1
= dt =t~ 1
T 2n]]+2t]+c

1
= 2——111‘1—}—2»\/§|+c
x 2 x
12 (1 + 2\/@) — cle‘wa':c
T
3/ (\/E+ 2\/5) = ¢1eVV/2,
Using y(1) = 0 we find ¢; = 1. The sclution of the initial-value problem is

/2 (\/5+2\/§) = ezm.

3. Letting z = vy we have

(vy+ \Ky'-’*vy:*)dy—y(vdy—kydv) =0

v1—vdy -~ydv =10
dy  dv -0
v V1—-v

Injyl+2v/1—v=c¢

Injy|+24/1 —z/y =c.

Using (1/2) = 1 we find ¢ = +/2 . The solution of the initial-value problem is

In |y +2/1 - z/y = vi.



Exercises 2.3

44. Letting ¥ = ur we have
z(udr + zdu) — (ur+ zcoshu)dz =0

rdu—coshudz =0

sechudu — d_x ={
T

tan!(sinhu) ~ In|z| = ¢
tan ™! (sinh E) —In|zl=ec.
T

Using (1) = 0 we find ¢ = 0. The solution of the initial-value problem is tan™" (sinh %) =In|z].
45. From z = vy we obtain dz = vdy + ydv and the differential equation be-:comes
Mvy,y)Y{vdy + ydv) + N({vy,y)dy = 0.
Using M{vy,y) = 4" M(v,1) and N{vy,y) = y°N{v,1) and simplifying we have
¥ M(v, )(vdy +ydv)+y" Ny, 1)dy =10
[vM{v, 1} + N{v, 1)) dy + yM(v,1}dv =0

dy M(v, 1) dv
y | uM(5,1) + N, 1)

46. From x = rcos® and y = rsinf we obtain dx = cosfdr — r5in #d8 and dy = sinfdr + r cos 8d8.
Using
Miz,y) = M(rcos#, rsinf) = r*M(cos#,sin @)
and
Niz,y}) = N(rcos#, rsin8) = r" N(cos 8, sin §)

the differential equation becomes
r M (cos 8, sin 8){cos 8dr — r sin 8d8) + r" N{cos 8, sin #)(sin fdr + r cos 8dF) = 0.
Simplifying we have

[M(cos8,sin8) cos 8 + N(cosf,sinf)sinf] dr — [rM(cos 8, sin8) sin# — rN(cos d,sind) cos 8] 46 = 0

dr  M(cos#,sin@)sind — r¥{cosf,sinf) cosd

r  Milcos8,sin @) cos@ + N{cos8,sin8)sinf df = 0.

28
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47. Using M(z,y) = y"M (5 : 1) and N(z,y) = "M (% ‘ 1) we obtain

T x
M —,I)d;r:+ "N(—,l)d =0
(y v y v

M (51) +N (5,1) W _y
Yy Y dz
"4z~ " N@fyD) \y)
48. If we let u = y/z, then by homogeneity f(zr,y} =z"f (1, %) = z"f(1,u}. Using the chain rule for

partial derivatives, we obtain

AED) _ p UL O sy g DL (LYY gy

dy _ Mz/y,1) G(x)

_ _an—&af(lvu) + nx"_lf(l,u)

B
e (@9) 05w du L 8f(Lu) 8/(1u)
3f €Y _.n 1!“‘ _’U._ n 1,U l - “_IAE
_ by © duw 3y °  ou () =55
Then 5 5 P
xg_i'{_y%f - _yxn—l féi;u) +mnf(1‘u)+yxn—l fét;u)

=nzx"f(l,4) = nz"f (1,—2—) =nf(z,y).

Exercises 2.4

1. Let M = 2x—1and N = 3y+7so0 that M, = 0 = Nx. From f; = 2z—1 we obtain f = xg.—:r+h(y),
H(y) =3y + 7, and h(y) = ng + 7y. The solution is =% — = + gyg +Ty=c

2, Let M =2z +yand N = —z- 6y. Then M, =1 and N, = —1, so the equation is not exact.

3. Let M = 52+ 4y and N = 4z — 83 so that M, = 4 = Ny. From f, = 5z + 4y we obtain
f= %xz + dzy+ h{y), M(y) = —87, and A(y) = —23°. The solution is %zz +4zy — %t =c.

4. Let M = siny — ysinz end N = cosz + zcosy — ¥ o that My = cosy —sinz = N;. From
fr = siny —ysinz we obtain f = zsiny+ycosz +hly), A (y) = —y, and Aly) = %yz. The solution

s rsiny +ycosz — %yg =c.
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11.

12,

13.

14.

135,

16.

17.

Exercises 2.4

. Let M =22z -3 and N = _2yx2 + 4 so that My, = 47y = N;. From f; = 2y%r — 3 we obtain

f=z2?— 3z +R{y), ¥(y) = 4, and A(y) = 4y. The solution is T%* — 3z + 4y = c.

Let M = 4a® — 3ysin3z — y/2% and N = 2y — 1/z + cos 3z so that M, = —3sin3z — 1/z? and
N, = 1/2% — 3sin3z. The equation is not exact.

Let M = 22 — 3% and N = 2% — 22y so that My, = —2y and Ny = 2¢ — 2y. The equation is not
exact.

Let M = 1+Inz+y/x and N = ~1+Inz so that M, = 1/z = N,. From f, = —1+Inz we obtain
f=-y+ylnz+h{y), K'(z)=1+Inz, and A(y) = zlnz. The solution is —y+ylnz+zlnz =c

. Let M = y® — ¢®sinx — x and N = 3z3° + 2ycosz so that M, = 3y? — 2ysinz = N,. From

1
fz =% — ¥?sinz — 2 we obtain f = 2% + g2 cosz — §x2 + h(y), #'(y) = 0, and A(y) = 0. The

solution is z° + 1 cosz — —;-zz =¢

Let M = 2% 4 y® and N = 3zy® so that M, = 3y° = N;. From f; = 2% + 4° we obtain
f= i..‘*:4 + zy® + h{y), ¥ (v} = 0, and h{y) = 0. The solution is le“ +ayt =c

Let M =ylny—e ¥ and N = 1/y+ zlny so that My = 1+ Iny+ye ¥ and N; = Iny. The
equation is not exact.

Let M = 2z/y and N = —2?/y” so that M, = —2z/y2 = N,. From f, = 2x/y we obtain
f= %2 + h(y), X' (y) =0, and A(y) = 0. The solution is 32 = cy.

Let M =y — 62% ~ 2z¢® and N = z so that M, = 1 = N;. From f; = y — 622 — 2z¢* we obtain
f=2y—22%-2ze”+ 2"+ A(y), M'(y) = 0, and h(y) = 0. The solution is zy — 223 — 2xe® +2¢% = c.

Let M = 3z%y + eV and N = 2 4 zé¥ — 2y so that M, = 322 + &¥ = N;. From f; = 3z%y 4 ¥ we
obtain f = 2%y + ze¥ + h(y), A {y) = —2y, and h{y) = —y?. The solution is 23y + ze¥ — y? =c.

Let M=1-3/z+yand N =1-3/y+zsothat My =1 = Np. From f; =1-3/2+y we obtain
F=z—8njz|+ay+hph A y)=1- 3, and A{y) = ¥y — 31n|y]. The solution is
z+y+azy—3lnjry =¢

Let M = zy?sinhz + y® cosh z and N = ¥ + 2zy cosh z so that M, = 2zysinhx + 2ycoshz = Nj.
From f, = e¥ + 2zycoshx we obtain f = ¥ + zy’coshz + A{y), #'(y) = 0, and A(y) = 0. The
solution is e¥ + zy? coshz = c.

Let M = 2%y — 1/ (1+922) and N = 2% so that M, = 32%y? = N,. From

fo=a2pt 1/ (1 + 9:;:2) we obtain f = %x3y3 - % arctan(3z) +h{y), #'(y) =0, and h(y) = 0. The

solution is x%® — arctan(3z} = c.

30
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19.

20.

21.

22.

23.

24.

25.

26.
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Let M = —2y and N = 5y— 2z so that M, = —2 = N;. From f, = —2y we obtain f = —2zy+h(y),
k' (y) = 5y, and A(y) = ng. The solution is —2zy + gy2 =c
Let M =tanx — sinzsiny and N = cosrcosy so that M, = —sinxrcosy = Np. From
fe =tanz —sinzsiny we obtain f = In{secx| + coszsiny + hA(y), ¥'(y) =0, and h(y) = 0. The
solution is In |sec x| + coszsiny = c.
Let M = 3zcos3z +sin3z — 3 and N = 2y + 5 so that My, = 0= N,. From
fz = 3z cos3z +sin 3z — 3 we obtain f = rsindz — 3z + A(y), A (y) = 2y + 5, and A{y) = ¥* + 5y.
The solution is zsin3z — 3z +y2 + 5y = ¢.
Let M = 4z% + 4zy and N = 222 + 2y — 1 so that M, = 42 = N,. From f, = 427 + 47y we obtain
f =z +22% + hy), ¥(y) = 2y — 1, and A(y) = ¥* — y. The solution is 2* + 222y +y* ~y=c.
Let M = 2ysinxcosz — y + 2yr2e‘”'?ﬂ’2 and N = —¢ +sin’z + clzg,.-eml":g so that

My =2sinzcosz— 1+ 4:1:‘_(,,'3(3“'2 + 4ye’yz = N,.
From f, = 2ysinzcosz —y + 23grzez3’2 we obtain f = ysin®z — zy + 27V h(y), A'(y) = 0, and
h(y) = 0. The solution is ysinz — xy + 2 =¢.
Let M = 428 — 152% — y and N = 2% + 3y — z so that My = 42® — 1 = N,. From
fr = 428y — 1527 — y we obtain f = 2%y —52° —zy+ Ay}, K (y) = 3y%, and h(y) = ¢, The solution
isxly—b2d —zy+23 =c
Let M = 1/z+1/22 —y/ ($2 + yz) and N = ye¥ +z/ (z2 + yg) so that
My, = (y2 - Iz) / (mz + y2)2 = N,. From f; = 1/ + 1/z% — y/ (:52 +y2) we obtain

f=lnjz| - % — arctan (g) + h(y), ¥ (y) = ye¥, and h{y) = ye¥ — e¥. The solution is

1 x
In|z| - o arctan (;) +ye¥ —e¥ =0

Let M = 24+ 2zy+v? and N = 2zy+ 22 —1 50 that My, = 2(z +y) = N,. From fr = 224+ 2zy+¢°
we obtain f = %$3 + 2% + zy? + h(y), K'(y) = —1, and A(y) = —y. The general solution is

13;3 + 2% + 2y’ —y =c. [f y(1) = 1 then ¢ = 4/3 and the solution of the initial-value problem is

3
13, 2 .4
3:«: +a:y+:cy2 yu3.

Let M = e +yand N =2+ 1z + ye¥ so that M, =1 = N,. From f; = ¢* + y we obtain
f=¢e +ay+h{y), ¥'{y) =2+ ye¥, and A(y) = 2y + ye¥ — y. The general solution is

e* + xy + 2y +ye¥ — e¥ = ¢, If y(0) = 1 then ¢ = 3 and the solution of the initial-value
problem is e® + zy + 2y + ye¥ — ¥ = 3.
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38.
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Let M =4y + 27— 5and N =6y + 42 — 1 so that M, =4 =N,;. From f; = dy + 22 - 5 we
obtain f = 4zy + 2% — 5z + h(y), h'(y) = 6y — 1, and h(y) = 3y° — y. The general solution is
dpy + 1% ~ 5z + 3y? —y = c. If y{—1) = 2 then ¢ = & and the solution of the initial-value problem
isdey + 22 ~Br + 3y —y=28.

Let M =x/2y* and N = (3y2 - zz) /y° so that M, = —2z/y° = N,. From f, = z/2y* we obtain

72 2
f=-5+hw), My = g%’ and A(y) = —% The general solution is v 232 =c Hy(l) =1
. —_— .zt 3 5
then ¢ = —5/4 and the solution of the initial-value problem is — - —; = ——.

4yt 2y2 4
Let M = y?cosz — 322y — 2z and N = 2ysinz — 5 + Iny so that My =2ycosz —3z2 = N,. From
fo = 3y cos x — 322y — 2 we obtain f = y?sinz— 23y — 22+ h(y), M(y) = Iny, and h(y) = ylny—y.
The general solution is 2sinz — 2%y — 22 + ylny — v = ¢. If 1{0) = e then c = 0 and the solution
of the initial-value problem is y?sinz — 23y — z2 + ylny —y = C.

Let M =g 4+ ysinz and N = 2zy — cosz — 1/ (1 —I—y2) so that My = 2y + sinx = N;. From

-1 ”
T35 and h(y) = —tan~"y. The
general solution is 2y — ycosz — tan™ly = c. If y(0) = 1 then ¢ = —1 — n/4 and the solution of

fo = ¥® + ysinz we obtain f = 2% — ycosz + h(y), K (y) =

the initial-value problem is .xy2 —ycosz —tan~"ly=—1— %
Equating M, = 3y% + 4kxy® and N, = 3y? + 402y we obtain k = 10.

Equating My, = —zycoszy —sinzy + 4ky® and N, = —20y° ~ 2y cos zy — sin xy we obtain k = —5.
Equating My = 4xy + €* and Ny = 4zy + ke® we obtain k = 1.

Equating My = 18232 — siny and N, = 2kxy?® — siﬁy we obtain k= 9.

Since f, = N(z,y) = ze™¥ + 2zy + 1/x we obtain .f =™ +zyt + % + h(z) so that

Y
fI =yﬂxy+y2— % +h.1(I) Let M(I‘y) = 'yemy+y2 _ ?‘

. -1 1
Sinee fr = M(z,y) = y1/2z" V21 ¢ (m2 + y) we obtain f = 2y1fr2x1f‘2+§ In ‘:rg + y|+h{x) so that

-1 1 i -1
Ty -—y'lf2 172 4 2(x +y) +h’(:c). Let N{z,¥) =y 1“3:1/2+§(a:2+y) .

Let M = 6zy® and N = 43° + 92%® so that M, = 187y? = N;. From f; = 6y we obtain
f=32%8 + h(y), H{y) = 44°, and h(y) = v*. The solution of the differential equation is
322+t =c

Let M = —y/z? and N = 1/y + 1/x so that Mr = —1/2? = N, From f, = —y/z* we obtain
f= %-{—h ), P (y) = j, and h{y) = Iny. The solution of the differential equation is E +hnjyl=c

32



Exercises 2.5

Let M = —z2y?sinz + 2242 cos z and N = 222y cos ¢ so that M, = —2z2%ysinz + 4zycosz = Ny.
From f, = 2z%y cosz we obtain f = z2y? cos z + h(y), h'(y) = 0, and h(y) = 0. The solution of the
differential equation is z%y%cosz = e.

Let M = zye® + 112%™ + ye® and N = ze® + 2ye® so that My = ze® + 2ye® + € = N,. From
fy = Te® + 2ye* we obtain f = xye® + y%e® + h{z), A'(y) = 0, and h(y) = 0. The solution of the
differential equation is zye® + y2e® = c.

Let M = 2zy2 + 322 and N = 22%y so that My = 4zy = N;. From f, = 2x3° + 322 we obiain
f = 7%y + 28 + A(y), K'(y) = 0, and h(y) = 0. The solution of the differential equation is

Let M = (:r:2 + 22y — yz) / (m2 + 22y +y2) and N = (92 + 2zy Iz) / (y2 +2xy+x2) so that
My = —4zy/{z + y)3 = N;. From f; = (:r2 + 22y + 4?2 — 2y2) /(z +y)? we obtain

2 2
f=z+ =Y h{y), M{y) = —1, and h{y) = —y. The solution of the differential equation is

Identifying M = —g(z) and N = h(y) we see that exactness follows from My =0 = N,.

Exercises 2.5

d
For ¢ — 5y = 0 an integrating factor is e J 5% = =% sq that = [e_sxy] = 0 and y = ce5® for

. . . d
For ¢ + 2y = 0 an integrating factor is ef 2 = ¢2% go that = [ezzy] =0and y = ce % for

Fory +4y = —g an integrating factor is ed 44 — 4% 5o that — [ bz ] %e“ and y = % +oe™

2
For ¢ + sy= 3/z an integrating factor is e @2z = 42 g that e [z y] =3rand y = g +cz?

1,
For ¥ + y = €3° an integrating factor is e 9% = ¢% g0 that — [e yl = e* and y = ~€%® +ce™* for

d
For ¢ — y = €% an integrating factor is e f9% = ¢=% g0 that o [e'z‘y] =1 and y = xe® + ce® for

p

39.
40.
41.
gyt 428 =
42.
T+ y
22+ 4 = clz + y).
43,
1.
—0Q < T <00
2.
—00 < T < 00,
3.
for —o < z < oo,
4,
for 0 <z < o0,
5.
—00 < I < 00,
6.
—00 < 1 < 00,
7.

: d 1
For ' +3x2y = 2? an integrating factor is ef 35%de = o2* o5 that e [Bxsy] = z2¢* and Y= §+ce_’,a

for —oo < < x.
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2 d 2
. For ¢ + 2zy = ° an integrating factor is ef2mdr _ o2® o thay — [e“" y} =z’¢* and

dz

1 1
y= gt — = +ee~® for —oo < 3 < co.

2 2

1 1 d
. For ¢ + SY= o integrating factor is ef(1/=)dz — 1 g5 that e [zy] = }; and y = %lnx + -:E

for 0 < x < oo.
For ¥ — 2y = 2 + 5 an integrating factor is e~J %5 = o2 oo that — [e } z%e™ % 4 5e~
and y = —%zg—%x—%+cehfor—co<m < 00,

For d= + —1—:.: = —2 an integrating factor is e/(/209Y — y1/2 g0 that — [ylfzg]_ = —2y3/% and
dy 2y o

4
z = —gy2+cy'1f2 for 0 < ¥ < .

d d
For d—I — 1 = y an integrating factor is e” Sy = ¢=¥ 50 that E:E [e_-"’z:] =ye Vand z = —y—1+ce?
Y

for —o0 <y < 00,

For ¢ + %y = sinz an integrating factor is e/ (/9% = 1 g0 that % [zy] = zsinz and
sinz c
y= —cos:c+;for0<x<oo.
For ¢/ + 1 f 5 ¥ = —% an integrating factor is efla/+zh)ldz _ v 1+ 22 s0 that
1 -1/2
[\x1+x2 ] = —zy/1+z?and y = ——(l-i-:r?) +c(1+z2) / for —co < z < o0,
For ¢ + l e ~ i = 0 an integrating factor is eJ €7 /(1 +€Ndz — 1 4 % 50 that — [1 + ey =0 and
y= 5o for —o0 < x < 00.
For ¢ + 3z y = 0 an integrating factor is efB?/(@*-1ldz _ 13 _ 1 g4 that 4 [(ws - 1) y] =0
z3 -1 dx .
o
aﬂdy=$3_1 for 1 < z < 0o0.
: : i o f tanzdz : d 2
For y' + (tan x)y = sec z an integrating factor is e = sec z 50 that e [(sec =) ¢} = sec” 5 and
y=sinz+ccosz for —7w/2 <z < wf2. '
For ¢ + (cot z)y = 2cos T an integrating factor is ef ©*#% — sinz 5o that

% [(sinz)y] = 2sinzcosx and y =sinzr +cesczfor 0 <z < .

34



19.

20.

21.

22,

23.

24.

25.

26.

27,

28.

29.
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. .
For 3 + Ey = 122 — 1 an integrating factor is ef @R _ 44 g 4ot di [x“y] =25 — 2% and
T

y:%x3~éz+cx_4 for 0 < z < oo,

For ¢’ — —ﬁ—f_—zj y =  an integrating factor is ¢~ J18/(1+2)dz (z +1)e " so that
d . x 28 4+3 ce®
E[(I+1)e y]—x{x+1)e andy=—x— o] for-—1<:r<oo

I

2
For ¢/ + (1 + ;) y= € — an integrating factor is eﬂlﬂz/"’)]d‘” = z2e® so0 that % [xzezy] =¥ and

I&WT—i-ce_ﬂc for 0 < z < 0.
V=32

l
For v + (I + ) vy = — e "sin 2z an integrating factor is eJI+/a)lds _ pov g4 that

% [ze®y] = sin 2z and xe"’y = —%cos 2z+efor 3 <z < o0

2

For 1/ +(cot z)y = sec® x csc x an integrating factor is eJ ®¢%¢% = sin g so that 4 [(sinz) y] = sec*z

dz
and y = secx +cesex for 0 < 2 < w/2.

28inz

T—cos2) y = tanz(1 — cos ) an integrating factor is eJ (2sinz/(1-cosa)lds _ (1 — cosxz)?

For ¢ +
a
8o that dr [(1 — cosz)ly ] =tanz —sinz and y(1 —cosz)? = In |secz| +cosz +efor 0 < z < /2.

For gg— + (1 + —2-) z = ¥ an integrating factor is eJ 0+ 27y y%e¥ s0 that % [yzeyz] = y2e

1 le¥ 1e¥ ce¥
and:c=-2—ey~§-y~ 49‘2.4- " for 0 <y < co.
For y/ — 3 y= : an integrating factor is e=J B/ . 1-3 54 that & [x_sy] = and

z x+1 dx z+1
y=1' - 2In|z + 1|+ ez for -1 < z < c0.

1 e ; oo o [3+(1/x))dz L
For ' + (3 + ;) y=-— an integrating factor is eJBH1/aNdz = 1632 g4 that o [:ce "y] =1 and
68—3:
y=e 4 for 0 < = < oo,
—x

For ' + ‘i—f y= 2;:3_ T an integrating factor is e/[(2+D/(@+lds _ (5 1 1)e% 50 that

a [(z+ 1)e%y] =2z and (z + 1)e"y = a2 + ¢ for —1 < z < o0,

For E:E - il—x = 47° an integrating factor is e~ farvdy — v~ so that i [y"“:c] = 4y and
dy ¥ dy
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31.

32.

33.

34.

35.

36.

37.

38.

39.
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r=24%+cy! for 0 < y < 0.

1 d
For ¢/ + — 2 oY= (e +Inz) an integrating factor is ef (3/2}4% — 72 5o that e [2’: y] =ze*+zlnz
2

fr 1
and::y=xez—ez+?lnx—~zx2+cfor0<x<oo.

1— —2r d T _ %
an integrating factor is ef # = % 5o that — [e v = € =° _ and

F ty=——=
ory +y = T e et +e™%

y=e* ln(ez +e %) +ce”® for —0o < x < 0.

(1 - e_h) and

1
For ¢ — y = sinhz an integrating factor is e~ J % = ¢~% g0 that — [e"" ] =3

1 1
y= §xe‘°+ze":+ce: for —co < < o0,

For % + (21; + %) r = 2 an integrating factor is eJ v+ (1/¥)dy — yeyz so that % [yeyzz] = 2_1;6’"2

1 1
andx=§+§ce'”2for0<y<oo.

d
For ;E + - 2 x = e¥ an integrating factor is el @y — 4” so that 7 [‘ygx] = y2e¥ and
¥ ¥
2
:c—ey—ge”'+ <+ f01'0<y<oo
) Y ye
For % + rsecf = cos @ an integrating factor is ef 52048 _ gee§ + tanf so that
a%[r(sec9+tan9)] s=1+sind and r{sectd + tanf} = —cos@ + cfor —7n/2 <@ < /2 .
apP ; ; o o f(2-1)dt _ 1Pt
For X + (2t — 1)P = 4t — 2 an integrating factor is e =e so that
% [Pe‘a"t] = (4t —2)et" "t and P =2+ ce* ¥ for —00 < t < 00.
4 5 . . i o f[4/{z+2))dz 4
For ¥ + 710 Y= =127 an integrating factor is e = (z + 2} so that
d 4 o 5 -1 —4
T [{:r+2) y] =5(z+2)andy= §(x+2) +efz+2) % for ~2 < x < 00.
£
2 _I-i-]. . . . 2z -dz _ T -1
Fory’-i-my—m&nmtegratmgfactorlsef{ = —1)] =TT +1 =1
and (z - Ny=z(z+1)+elz+1)for -1<z <1l
For ¢ + {coshz)y = 10cosh x an integrating factor is ef coshadz _ esinhz g that

i [e’inh’-‘y] = 10(cosh £)e®™* and y = 10 + ce~ 8% for —00 < 7 < 0.
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48.

49,
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d. . d
For i + 2z = 3e¥ an integrating factor is ed 2 = ¢ o that @ [egy:t] =3¢ and z = e¥ +ce W

for —oco < ¥y < oc.

d
For ¥ + 5y = 20 an integrating factor is ef 39% = ¢5% 5o that = [e“y} = 2065 and y = 4 + ce~5*

for —oo < z < o0, If 4{0) = 2 then ¢ = =2 and y = 4 — 2%,

Fory —2y=u (63” - 82’) an integrating factor is e~J 24* = ¢=2% g0 that % [e_hy] =ze* —
and y = 7% — 3% — 17%e% 4 ce®® for —oo < z < vo. If ¥{0) = 2 then ¢ = 3 and
3z 3z %x%z" 43620

=z — €
di R E d E
[ . ; is oJ(R/LYdt _ Ri/L et E] = Z R
For Z Tt integrating factor is e/ =e g0 that 7 [ze ] =7 and

i:—g-—}-ce_mﬂ‘for —oo <t < oo Ifi{0) = mthenc—m—E/Ra;ndz—%+(ig—%)e_mﬂ’.

1 d (1
For g _1 z = 2y an integrating factor is e JU/wdy = 2 55 that — [—x] =2and z =242 4 ¢y
dy y Y ay |y

4
for 0 < y < oco. If y(1) = 5 then ¢ = —49/5 and = = 2y° — —E?—y

2 is eftanzdz

qa b
For ¢ + (tan z)y = cos® £ an integrating factor = sec ¥ 80 that . [(secx) y] = cosz and

y=sinrcosT +ccosx for —m/2 < x < w/2. If y{0) = —1 then ¢ = —1 and y = sinxcosz — cosz.

dQ

For i 52 = 0 an integrating factor is e~ Joatdz o o~2® 4 that % [e_”sQ] =0and @ = ce®

for —o0 < 7 < o0. If Q(0) = ~7 then c= —7 and @ = —7&*
For % — kT = —50k an integrating factor is eJ (74t = o=kt g5 that = [Te'kt] —50ke % and

T = 50 + ce® for —oo < t < co. If T(0) = 150 then ¢ = 150 and T = 50 + 150e*t.

2 2 d
For o + (1 + ;) v=1 e % an integrating factor is eJ(142/2)dz _ ;202 o4 that P [zze:y] = 2z

1
a-.ndy=e_x-+~§e_z for 0 < z < 0o. If y(1} = 0 then ¢ = —1 andy:e"’z—ﬁe_x.
1 Inz . . to o f11/(x+1)ldz
For ¢ + ot Aol mtegratmg factor is ¢ =z + 1 s0 that — [(x +1)y] =
and;;:miﬂmx—xil - for 0 < z < 0. Ify(1)=10thenc—21and
T T 21

= Ing - —— + .
4 r+1 * z+1 41

1 d 1
For § + ;1:1; == e an integrating factor is e/ (/742 = £ 5o that = zy] = ¢* and y = ;e‘”‘ + g
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55.

56.

57.
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1 2—
for 0 < r < x. Ify(l)=2thenc=2—eandy=;ex+ me.

For ¢/ + 2 ¥ = 0 an integrating factor is eJ2fa(z-2)ds _ T2 so that i [I —2
z{z — 2) z dx
(x—~y=crfor2<z<co Hy(3)=6thenc=2and y = x2_a:

y] = 0 apd

f cot zdz

For ¥ + (cotz}y = 0 an integrating factor is e = sginz so that % [(sinz)y] = 0 and

y=cescx for —-m <z <0 [fy{—-n/2) =1thenc= —1and y = — cscz.
dr 1 d 1 c
For — + =z = 1 an integrating factor is eJUWdy = y 50 that — [yz] =y and z = — + = for
o grating 8 Y dy[y] y ¥y
1
0<y<oo Ify(5)=2thenc:83ndx:§y+§.
For ¢ + (se-c2 x) y = sec? z an integrating factor is el (sec*z)da _ e'®" % g0 that
d
dx

y=1-4e

[e“‘“y] = sec’ 2™ 7 and y = 1 +ce~ *"* for —n/2 < T < /2. [f y(0) = -3 then ¢ = —4 and

—tanzx

For i + 2y = f(z) an integrating factor is ®* so that
o {%eh+61, 0<z<3,
ye o =
€32, T >3

If 4(0) = 0 then ¢) = —1/2 and for continuity we must have ¢y = %eﬁ — % so that

%(1—3'2“), 0<z2<8;

- %(66—1)6_2”, x> 3.

For ¢ + v = f(z) an integrating factor is * so that

" e+ec, 0£zr<];
ye© = .
- +cp, x> 1. *

If #(0) = 1 then ¢) = 0 and for continuity we must have co = Ze so that

1, 0<x<;
Y= 120l =1, z>1.

For ¥ + 2zy = f(z) an integrating factor is e so that

ye' =12

2
2 Lo® Loy, O0<z<
g, x> 1.

38
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If ¥(0) = 2 then ¢; = 3/2 and for continuity we must have cz = %e + g so that

P+3e 4 0<z<l

¥= 2
(%e+%—)e‘x, z>1.
T .
, % Tia? 0<z<1,
58. For y+wy= s
H—Ig, .."321

an integrating factor is 1 + z* so that

(1+x2)y={

If ¥(0) = 0 then ¢; = @ and for continuity we must have ¢; = 1 so that

2246, 0<z<];

~422+cy zT>1

L1 __ < -

2 201428 0<z<;
‘y:

3 __1 =

214e?) 27 vzl

Exercises 2.6

1 1 d 3 3 o
1. From ¢’ + V= ;y"z and w = y° we obtain % +ow= An integrating factor is 2 so that

Puw=z+coryd=1+cr

d
2. From y —y = ¢*%? and w = y~! we obtain d_w +w = —e%,
T

An iﬁtegrating factor is e® so that

1 2 !

1 _ 1
x,..__ T2 = % -
u = 2&' +COl‘y 28 +ce ”.

e
¢ 4 —3 . dw i : ie a3z
3/ From ¢ + y = z¢* and w = y~° we obtain pri 3w = —3z. An integrating factor is e™°* so that
1 1
e = 573 4 56'3"’ +cory d=x+ 3t ce®®.

d 1
4, From ¢ — (1 + %) y=1y° and w =y~ ! we obtain -% + (1 + —x—) w = —1. An integrating factor is

d
1 ¢ _
ze® so that ze®w = —ze* +e¥ +cory = -1+ E+ Ee E
i 1 dw 1 1
f_ = _— 2 - -1 1 —_— — _— i 3 i
5. From y oty 72Y and w =y~ we obtain e +Iw ol An integrating factor is z so that

1

1 c
Tw=Inr+cory -——Elnx—i-E.
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11.

12.

13.

14.

15.

16.
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2x dw 2r —2x

. ! = *and w = y3 btain — — =
From v —I—3(1+x2)y 3(1+x2)‘y and w = ¥~ we obtain - 1+x2w T An
1 1
integrating factor is —— T2 go that 1:;2 =172 ——+cory” 3—1+c(1+x2).
From 2 —£4andw— _3we0bta.ind—+§w——9 An integrating factor is =% s0 that
om Yy gx?l—“xg?} ;y dz Il = $2.49 egrating factor is £° s0 tha
Pw = _EIS +cory S = —g:c_l +ex8 Ify(1) = 5 then ¢ = 5 and y~3 = :x + ?

. dw 3 3 . .
Fromy +y=y Y2 and w = y3f ? we obtain ™ + QW=75- An integrating factor is e3%/2 so that

372y = 3512 L cor 2 =14+ ce3%/2 [f y(0) = 4 then ¢ = 7 and ¢¥/2 = 1 + 7e3%/2,

d
From dr _ yr = y z? and w = 7! we obtain e +yz = —¢°. An integrating factor is ev’/2

dy dy
so that e¥’ /2y = —ye¥ 2 49V’ pcor vl = 2 - ¥+ ce ¥ /2. If y(1) = 0 then ¢ = —1 and
R R SR e ¥ /2
1 d 3 3
From v — =Y —%y"z and w = y° we obtain % - Y= 5% An integrating factor is z~3/2

so that z7%2w = ~3z1/2 4 cor 4 = ~322 + cz¥/2. i y{1) = 1 then ¢ = 4 and 3® = —32% + 4732,

Identify P(z) = -2, @Q{z) = -1, and K(z) = 1. Then % +{-1+4)w = —1. An integrating factor

1 1
A K 3x P 3z = . =
is e** so that e™"w = 3E +coru o 1/3 Thus, y =2+ u.
d
Identify P{z} =1 -z, @{z) = —1, and R(z) = . Then % +{—1+ 2z)w = —z. An integrating
2 ——.5*"’2_‘c
-z iz, _ — xi—z _ —
factor is e so that e w=— {re dr+coru= _f gy Thus, y =1+ u.

Identify P(z) = —4/2% Q(z) = —1/z, and R{z) = 1. Then Z—w + (—%+—:-)w = ~-1. An

: : , 1 3] 2
integrating factor is 23 so that 23w = —Zx‘i +coru= [——:r +ex ] . Thus, y = - + .

Kdentify P(z) = 222, Q(z) = 1/x, and R(z) = —2. Then g + (1 — 4x) w = 2. An integrating
1 1 -t
factor is xe_%g so0 that xe_z”aw = —§B_QI +coru= {"ﬁ + Eez"'g] . Thus, ¥y = z +u.

dw
Identify P{z) = e**, Q(z) = 1 + 2¢%, and RB(z) = 1. Then =+ (14 2¢* — 2e%)w = —1. An

1
integrating factor is * so that e*w = —e* +cor u = — 1 Thus, y = —e* +u.

Identify P(z) = sec®z, Q(z) = —tanz, and R{z) = 1. Then E;;— +{(—tanz + 2tanz)w = —1. An
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18.
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22.

23.

24.

25.

Exercises 2.6

integrating factor is sec x so that
wsecs = ~In|secs +tanzj+c or u={—cosxln|secx + tanz| + ccosx] ",
Thus, ¥ = tenz + u.

Identify P(x) =6, Q(z) =5, R{z) =1, and y; = —2. An integrating factor for %+(5—4)w = -1

1
is € g0 that e”w=~em+coru=—c-é—_-x-——-—1, Thus, y = -2+ u.

Identify P(z} = 9, Q{(z) = 6, R{z) = 1, and 1 = —3. An integrating factor for %‘P-ﬁ-(ﬁ—ﬁ)w =-1
x
1

islsothat w=—gs+coru=

o Thus, y = —3 + .

Let y = zy/ + f(y') where f(t) = 1 — Int. A family of solutions is ¥ = ez +1 — In¢. The singular
solution is given by z =t"l and y =2 —Intor y =2 +1Inz. '

Let y = zy + f(y') where f(t) = t~2. A family of solutions is 4 = cx + ¢ 2. The singular solution
is given by z = 2¢t~3 and y = 3t~2 or 4% = 2722,

Let y = oy + f(y') where f(t) = —t*. A family of solutions is y = ¢z — ¢®. The singular solution
is given by z = 3t% and y = 2¢3 or 27y = 4z5.

Let y = xy’ + f(y') where f(t} = 4t + 1% A family of solutions is ¥ = cx + 4¢ + ¢2. The singular
solution is given by t = —4 — 2t and y = —t? or y = —%(m + 4)2.

Let y = zy’ + f(¥') where f(t) = —e’. A family of solutions is ¥ = cz ~ ¢°. The singular solution
isgivenby r=¢' andy= —et +tetory=zlnz — 1.

Let ¥y = zy’ + f(¢') where f{t) = Int. A family of solutions is ¥ = cz + Inc. The singular solution
is given by z = —% andy=Int—1 0ry=ln(—%) -1

dy

p P(x) + Q(z)y + R(z)y® and u is & solution of

Assume that y; is a solution of

| j—: - [@Q(z) + 2y1 R(z)) u = R{z)u2
If y =y + u then
P(z) + Q(z}{y1 + w) + R(z) (31 +u)°
= [P(x) + Hxywn + R(m)yf] + [Q(m)u + 2 R(z)u + R(;c)uz]

SO de dy
T dr  dr  dx’
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27.

28.

29.

30.
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Assume that du_ (Q+2y1R)u = Ru® and let w = u~ ! so that dw _ —u‘Q@. Multiply the given
dz dx dx
differential equation by —u? obtaining %ﬂ +{Q+ 2y R)w=—R.
: o o
Iy +9>~Q(x)y— P(z)=0endy = % then j—i = E"Hﬁ_iw and " — Q(z)w' — P(z)w = 0.

{a) Assume that F' = F(t,s) and F(y — cz,¢) = 0. Then, by the chain rule,
[Fi(y — ex,¢)] (¥ = ¢) = 0. Assuming F; # 0 we have ¢ = ¢ and
Fly —z¢.¢) = Fly — ey, c) = 0.
{b) Write the differential equation in the form (y — zy')% + (¥/)? +5 = 0. By (a) a family of
solutions is (y — cz)® +c? +5 = 0.
If y = cx+ f(c) then ¢ = ¢ and substituting into the differential equation y = xy’ + f(y') we obtain
the identity cx + flc) =y = =y’ + f(¥') = zc+ f(c).

_ ' _ — (8 we obtain iy_ _ dy/dt _ “tf”(t) _ "
From z = —f'(t) and y = f(t) — tf'{t) bt &~ djd - D = t for f¥(t) # 0.

Substituting into y = x¢/ + f(y') we find f(£) —tf'(£} = zt + f(t). Since x = —f'(t), this becomes
f&) —tf'(t) = —tf(t) + f(t), which is an identity. Thus, the parametric equations form a solution
of y = zy’ + f(y').

3.

Exercises 2.7
du dy , du 2 Zlnz . C
Let u = e“¥. Then & 2e g and the equation becomes ! + o = This equation is

d
linear with integrating factor £2. Thus = [:czu] = 2Ilnzx and

u=2rlnz—2x+c¢ or ¥ =2%hz-—2z+c

d:
Let u = Iny. Then g = ;-j—z and the equation becomes EE + u = ¢®. This equation is linear

d
with integrating factor e*. Thus e (e%u) = e2* and

T X

1
u=—1-e"’+ce_ or lnyzie”-%ce‘.

2
Let u = ye*. Then y = ue™® and dy = —~ue ¥ dx + ¢~ " du, and the equation becomes

ue Zdr + (1 + u){—ue %dz + e %du) =0 or (14 u)du=u?de.

42
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Separating variables and integrating we find

1 1 -
—E+ln|u|=x+c = —EEE+1nIy|+x:x+c = ylnly|=e™* +ey.

. Letu= E so that £ = uy and dr = udy + y du. The equation becomes

2 —=u
(2+e“‘)(udy+ydu)+2(1—u)dyzO or %dﬂ*{'%:ﬂ.
2e* +1 d;
Writing this in form 2; Iu du Ey = 0 and integrating we find

Inj2e" + u| +Injy| =¢ = y(2e¥+u)j=¢; = y(?e“/y—i—g):c — 2V tz=c

. Letu= % so that ¥ = uz? and dy = 4uz’dz + ridu. The equation becomes
3 4du 3 5.u —u
dux” + 5—421:,:2:63 or e %du=2xdz.

4
Integrating we find —e~* = 22 +cor ~e %% =22+ ¢

. Let u =z + y so that g =1+ % The equation becomes
@—1 +u+1=u2e% or @—Fu:uzea"‘"‘
dx dx

. I . dw
This is a Bernoulli equation and we use the substitution w = u~! to obtain il e 3. An
integrating factor is €%, so

1 1
ﬁw=—583$+ce$=:>uz———-—-—=yy= 2

d 2
—%833 1 ceT —e3% 4 c1e®

— [T =
. [e*w]|=¢

2

d d
. Let u = y? so that d—u = 2yy’. The equation becomes Et-f +u = —1z°—~ . An integrating factor is
T

X
e*, 80
di[e”u] =— (I2+9:)e” = e*u=— (xze“‘ — xe” +e") te = yr=-2'+z-1+ce”
T
. Let u =y + 1 so that j_:: = jx—y The equation becames
du 2

du
— — 2 — —
o u—14+zu"+1 or 7z U= Tu".
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- N _ . dw
This is a Bernoulli equation and we use the substitution w = ™! to obtain — + w = —x. An

integrating factor is e*, so

d
E[exw] = ~xe® = w=-—2+1l+ce® = u={(l-x+ce” ") = y=(l—z+ce )11
d 2y d dy
. Let 4 = In{tany} so that E;i == ie:n: d_z == 2 cse 2y -&— The equation becomes x j—:}- =2r —uor
du 1
— 4+ —u = 2. An integrating factor is z, sc
dz "z

i[ﬂ:u]z?i — u=1+o = 1r1(ta:ny)=z+£.
T z T

du d du
Let u = %y so that — e z? dg + 2zy. The equation becomes T w4 1. Separating variables
and integrating we have
du -1 -1,2
2—-——031: = tan 'u=r4+c = tan” zy=x+c
ut+1

du d 1 du
Let u = 3y so that == = 3292 dy + 3z%y%. The equation becomes 355 = 2z — 3. Separating

variables and integrating we have
9
du = 622 — 2 = 4 =2z —9n|z[+c = 2’y =22% -~ 9In|z] +ec

2

. 2 . )
Let u = e¥ so that v’ = e¥y. The equation becomes 1’ — 2u = 22 or v’ — “u = z. An integrating
z

factor is £72, so

2 — ¥ =z%In|z| + ez

d 1 7

d—[w u] " = u=z“ln|zj+cz
Let © = 2 + vy so that 2/ = 1 + 3. The equation becomes ©' = e “sinz. Separating variables and
integrating we have

edy =sinzdr == €= —-cosz+c = ¥ = —cosz+ec

Let uw = sinycoshz so that du = sinysinhxdz + cosycoshxdy. The equation becomes du = 0.
The solution is # = cor siny coshz = ¢.

y? d d
& dz +2ylnz or Tou Y acd + 2xlnz. The equation becomes
dy T dy

= y?1 that
Let u = y“Inzx so thal 3 Iz

1d
z du _ = ze¥ or ~ EE = eY¥. Separating variables we have
Y

¥ dy

du=vye¥ = u=ye! —¥+c = yllnz=ye¥ —e¥ +c.
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o d d
Let u = — cosy so that £ =siny % . The equation becomes zﬁ—u = —z%" or %méu = —ze®.
An integrating factor is 1/z, so
d [1
— [— ] =—€" = u=—ze+cxr = cosy=ze® —~cI.
dz | x

Let v = ¢ so that ' = ¢”. The equation becomes +' = —u — 1 which is separable. Thus

du

m=—dx =3 tan ‘u= -z +¢ => ¢ =tan(cr —z) = y=In|cos{c) — z)| + ez.

1
Let u = ¥ so that &' = y”. The equation becomes u’ ~ 4= u?, which is Bernoulli. Using the

dw 1 '
substitution w = u~1 we obtain I + Ew = —1. An integrating factor is x, so
i[..'-:w]——..'-:=~*—»w——1z+lir:=:>l—'cl_xQ:=>»u~— 22 = y= hllc 2‘+
dz N 2% g Y 2 o —z? ¥= 1= T

1 1
Let u = 4 so that ' = y”. The equation becomes u' — su= ;u3, which is Bernoulli. Using

dw 2 2
w = u~? we obtain — + —w = ——, An integrating factor is 2, so
dr =z z
d 9 c1 1 1 —z° I..TJ‘
dz [ ] z2 u? z? vy = 22

— y=2+/e1 22 4 3.

Let u = ¢ s0 that w’ = ¢/. The equation becomes z%u’ + u? = 0. Separating variables we obtain

du_ de _ 1_1 o _az+l . 1( _1( 1 1)
w2 L2 w oz T g e \zt+lfa]  al\azr+l

1 1
= y=g1n|clz+1|—ar+c:2.
1

Let uw = 9/ so that 2’ = y”. The equation becomes v = zu’ 4+ (u')° + 1. This is a Clairaut equation

!

with f(t} = 1 + 3. A family of solutions is u = a1z + (1 +c?), y %qf + (1 +c?)z + e2.

A singular solution is given by x = —3t2 and u = 1+ 3 — ¢ (—Stz) = 1+ 4¢3, Eliminating the
s 732 24 T\ 5/2

parameter we obtain 4 =1+4 (—5) y=r-= (_5) .

Let © = ¢/ so that ' = 4. The equation becomes u’' = 1 + u?. Separating variables we obtain

du 1

m:dz = tan  u=a+¢ = u=tan{z+¢) = y=-~Inlcos(z + )|+ 2.
u
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Let u = 3 so that v’ = 3. The equation becomes zu' = u. Separating variables we obtain

du:%dz = hnju|=Ilrl+c == v=c12 = y=c2’ +ca.

u
Let u = ¢ so that +/ = . The equation becomes u’ + utanr = 0. Separating variables we obtain

du _

—(tanz)de = In|u|j =In|cosz|+¢c = u=cicosz = y=crsinz+co.
u

a: d:
Let u = ¢/ so that " = u 33‘ The equation becomes ugz— + 2yu® = 0. Separating variables we

obtain
, 1

—— =y =
¥ +a YT P ra

du 1 2
F+2yd‘y=0 = -4y =c = u=
1
= (y2+cl)dy=dx = §y3+c1y=z+c2.

d: d
Let u =14 sothat " = u % The equation becomes yzuﬁ = u. Separating variables we obtain

dy 1 T SN

dy = dx
y? v y ay—1

———;~l(1+ 1 )dy—dx(forcl#ﬂ)=>iy+ hhiy—1|=x+e2
1 ay—1

1
If ¢; = 0, then ydy = —dz and another solution is §y2 = —I + 3.

3/2
We need to solve [1+(y’)2] ? y". Let u = ¢ so that & = y’. The equation becomes

3/2 3/2
(1+u2) 22 u or (1+u,2)}r = E":' Separating variables and using the substitution z = tan#
we have
2
et = [0 e — fm—fdsa:x
(1+u?) 1+ta.n29 soc™ ¢
u
= Jcosfdl=2 — sinfd =12 = —p———==1r
./ V1 +u2
y _ ne .2 nel _
= L PR W] -
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Exercises 2.8

1. Identify o = 0, yo = 1, and f(t, yn_1(t)) = —yn_1(t). Picard’s formula is yn(z) = 1 — f:} " gnoi(t) dt
forn=1,2,3,.... Iterating we find

yi(g)=1—=z y3(z)=1—x+12:2-——1~.1:3
2 6
yalz) =1 :c+2x wm(z)y=1 x+2x &7 +24x.

k4

As n — 00, Ya(x) 5 7%
2, Identify 20 =0, yo = 1, and f{t,yn-1()} = t + yn_1(t). Picard’s formula is

ala) = 1+ [+ pna(6)) de

forn=1, 2, 3,.... Iterating we find
1 1 1
nie) =1+z+52" vs(2) = 1+ o +2% + 520 + oot
yz(E)=l+x+z2+lz3 y4(z)=1+z+z2+l:ca+lx4+Lx5
6 3 12 1207 °
Asn — oo, yp(z) — -1 — 2 + 2e°.
3. Identify 2o = 0, o = 1, and f{t, yn—1{t}} = 2typ—1(¢). Picard’s formula is
I
ynl(z) = 1+2[o tyn-1(t) dt
forn=1,2,3,.... Iterating we find
1 1
pnz)=1+z? y3(x)=1+x2+§x4+6x6
1 1 1 1
2 4 2 4 6 8
= - =1 - - —z",
wpE=1+z + 5% yalz) U it R v

Asn — oo, yn(z) — e,
4, Identify To =0, o = 0, and f{t,ya—1(t)) =t — 2tyn—1(t). Picard’s formula is

14 <
yn(z) = 3% ~2[) tyn—1(t) dt

forn=1,2,3,.... lterating we find
1 1 1 1
niz) = 59:2 ya(z) = 5:52 - Z:cAir + Ezﬁ
_ 1 2 1 4 . 1 2 1 4 1 & B
Ya(z) = 52° — 42 valz) = 52" - 72" + p2° - o



Exercises 2.8

1
Asn — 00, yp(z) — 3~ *2*9_952
5. Identify zo = 0, yo = 0, and f(t,yp—1(t)) = —¥2_;(t). Picard’s formula is y,(z) = — [: vi_ (t)dt
forn=1,2,3,.... Iterating we find y1(z) = y2(z) = y3{z} = ya(z) = 0. Asn — o0, yu(z) — 0.

6. Identify zg = 0, yo = 1, and f{t, yp—1(t)) = 2€’ — yp-1(t). Picard’s formula is

T
) =27 — 1~ fn Yn—1{t) dt

forn=1,2,3,.... Iterating we find
1
n(z) =2 —1—1 ya(x)=26x—1—m—§x2——%xs
= 12 _ 12,33 1 4
w(z)=1+o+ 32 va(e) =1+ + 527+ 22 + ot

As n — oo, yp(z} — €°.

7. (a) Identify 7o = 0, yo = 0, and f(t,un-1(8)) = 1+ y2_,(2). Picard’s formula is

T
mE)=z +f0 y2_((t)dt forn=1,2,3,.... lterating we find
1 1 2 1
niz)=z, wzl=z+ gﬁ'a‘a, wzl=z+ §I3 + Exs + @:57'

(b) From dy = (1 + y2) dx and y{0) = 0 we use separation of variables to obtain y = tanx.
(c) The Maclaurin series for tanx is z + %563 + -12—53:5 + SLIEJ:T + - for |z| < 7 /2.
8. (a) If yo = k then the iterants are k times the iterants given in Problem 3.
(b) U yo(z) = z then
nE =z+ gxs

()—z+gz3+ix5 (z)—x+gx+4x+ x
YAT) =TT ZE T IR Valx) =T 3T T 15 71057 T oas”

Chapter 2 Review Exercises

-1 -2
1. Por f{x,y) = (25 . y2) we obtain fy(z,y) = 2y (25 .~ ;1;2) 8o there will be a unique
solution for any point (g, 7o) in the region z2 + 32 < 25 or 22 + y% > 25.
2. y=0
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Chapter 2 Review Exercises

. False; since ¢y = 0 is a solution.

4. True; since f(x,y) = (¥ ~ 1)* and fy(z,y) = 3(y — 1)* are continuous everywhere in the plane.

: (a) linear in x (b) linear in y, homogeneous, exact
(c) Clairaut {(d) Bernoulli in =
(e) separable (f) separable, Ricatti
(g) linear in x (h) homogeneous
(i) Bernoulli {(j) homogeneous, exact, Bernoulli
(k) linear in = and y, exact, separable, homogeneous
(1) exact, linear in y (m} homogeneous
{n) separable (0) Clairaut
{p) Ricatti

. Separating variables we obtain

1 1 1
cos’ xdx = dy = —I+Zsin2z=§1n(y2+1)+c = 2z+sin2:c=2ln(y2+1)+c.

Y
y2+1 2
. Separating variables we obtain

yInydy = ze¥dz = %y2 In [y| — %yz =ze® — " +c.

I y(1) = 1, ¢ = —1/4. The solution is 2y%In |y| — v% = 4ze® — 4e* — 1.

. Write the differential equation in the form yln E dr = (z lni— - y) dy. This is a homogeneous

equatioﬁ, 80 let £ = uy. Then dr = udy + ydu and the differential equation becomes
yinu{udy+ ydu) = (uylnu—y)dy or ylhudu= —dy.

Separating variables we obtain

hludu:—% => yhuyl—uv=-lnyl+¢c = gln

E\hf- Injyl +e
¥l 0y
=2 g(lnz—Iny) —z=—yln|y| +cy.

. The equation is homogeneous, so let ¥ = ux. Then dy = udr + z du and the differential equation
becomes ur’(uds + xdu) = (31;2352 + xg) dz or urdu = (2112 + 1) dz. Separating variables we
obtain

&

1
e du=— —> —ln(2u2+1)=ln:c+c = 2u?+1=cix

= 4
221 T 1

4 &

2
= 2y—2+1=clx == 2y2+z2=clm.
x

If y(—1) = 2 then ¢; = 9 and the solution of the initial-value problem is 2y% + 22 = 9%,



Chapter 2 Review Exercises

dy 2 372 _,

. . t l . - - _ - . .‘ . _ 3 .

10. The differential equation . + r— ly Py 1y is Bernoulli. Using w y° we obtain
dw 6 9z?%

dz + gz 1" " Gz+l’ An integrating factor is 6z + 1, so

3
%[(6x+1}w]=—9z2 = w=— 5z c

3 = - 3
62+1+6$+1 = (6z+ 1)y 3z° +c.
{Note: The differential equation is also exact.)

d
11. su _

T T+ yd—: . The differential equation becomes e* (?‘; - z) + ze® = 129°
d

= 12y°, Separating variables we obtain
Y

Let 4 = zy so that

or ¢

etdu=12y%dy == e =4y +¢ = ¥ =4y¥ +e¢
I y(0} = —1 then ¢ = 5 and the solution of the initial-value problem is e*¥ = 4y% + 5.

12. Let u = zy so that du = z dy + ydz. The differential equation becomes
d
du — ydr + (u+y—x2 —Qz)dm =0 or £+u=$2+2x.
An integrating factor is €, so

eyl = (12 x Ty — 2% - E —x
dx[eu.] (x +2x)e = e'u=z€¢"+c =y I+Ie .
i & 2z 4
13. Write the equation in the form E% + = 4y = i An integrating factor is (a:2 + 4) , 80

%[(x2+4)4y]=2x(52+4)3 . (I2+4)4y=%(x2+4)4+c — y=£+c(32+4)‘_

Ify(0) = —1then ¢ = —320 end y = % - 320 (x2 + 4) -

d
14. Write the equation in the form é — 92 = y. An integrating factor is 2%, so
d _g 1 1 1 1
LI N P “yy o e Lo =Ly L e
dy[e :c] ye = e 7z 2ye 46 +ec = T 2y 4+ce3 .
d
15. The differential equation is Bernoulli. Using w = y~! we obtain —zy? ﬁ +4y = %% or
d;w - -%w = —z3. An integrating factor is 274, so
dr =z
4 [z"’lw] =l gy —lnzte = w=-c'lnz+ex?! = y= (c:r4 - x“]nx)—l
dz x y

Ify(l)=1thenc=1land y = (J:4 - 1:41n:c)_1.
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18.

17.

18

19

20.

Chapter 2 Review Exercises

Writing the differential equation in the form y = 3’ + (¥’ + 1) we see that it is a Clairaut equation
with f(t) = (t +1)%. A family of solutions is y = cx + (¢ + 1)%. If 4(0) = 0 then ¢ = —1 and the
solution of the initial-value problem is y = —z.

. . 1 113\ dy 1 1 du 1 dy
rite the equation in the form y3 (cos yz) Tr +x and let « y2 en 5 7o y3 and

1 d
the differential equation becomes —§(cos u) a% + x = 0. Separating variables we obtain

. 1
cosudu = 2rdr = sinu=2’+¢ = 51n—2=:r:2+c.
Y

Let © = 3’ so that ' = 3. The equation becomes 4’ = z -~ u or &/ + u = z. An integrating factor
5 &%, 80

d 1
—feful = ze® = EfFu=2ef -+ = Y =r—14+c1e”% = y=§x2

— I — 1€ % + 3.
dz 1 C2

Identify xg = 0, yo = 1, and f(t,yn—-1(t)) = £ + y2_, (). Picard’s formula is
1 X
ale) = 1+ 3a° +[0 V2 (t) dt
forn=1,2,3,.... Iterating we find
1
yi(x)=1+z+ 533

2
y2z) = 1+ 5+ 2% + §$3+éz4+1—252:5+ %z'?.

From dy = {4 — 2y) dz and y(0) = 3 we obtain y = 2 + %%, Picard’s formula is
@) =3+ 42 =2 [ g-1() e
forn=1, 2,3, ... 50 that
yif{z) =3 -2z
y2(z) = 3 — 2z + 222

4
ya{z) =3 — 2z +2z% — ga:S

4 2 (22)  (2z)%  (2z)*
yal(z) =3 -2z + 2z 3% + 3¢ = 24 (1 -2z 4+ ST + 7|

and yu(z) = 2+ e % asn — oo



3 Applications of First-Order
Differential Equations

Exercises 3.1

1. From y = ¢z we obtain ¢’ = % so that the differential equation of the orthogonal family is ¢ = = .
. ¥
Then ydy = —z dz and g% + 22 = o
, 3 ) . . -
2. From 3z + 4y = ¢; we obtain ¢ = ~3 o that the differential equation of the orthogonal family is

y’=§‘ Then 3y ~ 4z = ca.

2
3. From y = ¢z we obtain 3 = ?y so that the differential equation of the orthogonal family is

y = —-gi. Then 2ydy = —z dz and 2y% + 22 = ¢y.
Y
4. From y = (z — ¢1)? we obtain ¢ = 2,/7 so that the differential equation of the orthogonal family is
; 1 3/2
= ——— . Then 2,/§dy = —dz and 43%/2 + 31 = es.
N R v

21
5. From c1z°+y? = 1 we obtainy’ = y -

so that the differential equation of the orthogonal family is

Y = 1 Iyyz. Then (% —y) dy =zxdr and 2In|y) = 2% + ¥ + ca.

6. From 2z? + y% = ¢} we obtain ¢/ = _2?:6 so that the differential equation of the orthogonal family

s y 1 1 o
is = =, Then —dy = — dr and Yy° = .
¥ =2 © y 7z 8 2

7. From y = cie~* we obtain ¢ = —y so that the differential equation of the orthogonal family is
y’=§. Ther ydy = dr and ¥* = 2z + ca.

8. From y = €% we obtain ¢ = ylny g0 that the differential equation of the orthogonal family is
T
¥ = _yl_:fly . Then ylnydy = —zdz and 22 Iny ~ y% = ~222 + ¢,.
3y

9. From ¢? = c1z° we obtain y = 5, SO that the differential equation of the orthogonal family is
A

o = _3_"”. Then 3ydy = ~2z dz and 3y? + 222 = ¢,
b .

s
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Exercises 3.1

10. From y® = c12® we obtain ¢ = % so that the differential equation of the orthogonal family is
y = -g . Then bydy = —az dz and by® + az? = ;.

2

11. From y = ] _::c L e obtain ¢ = % so that the differential equation of the orthogonal family is
1
2
¥ = —% . Then y2dy = —z%dx and z° + 3 = ¢5.
1+ar o, oyt . . . ]

12, From y = 1 L e obtain ' = so that the differential equation of the orthogonal family

. 2z '

isy = - Then (1 -—yz)dy=2xd:c and 3y — 322 — 3 = ¢y,

. y?— 2zl
13. From 22% 4 y* = 4e1z we obtain 3’ = W so that the differential equation of the orthogenal
2
family is ¢ = ﬁiy? This is a homogeneous differential equation . Let y = wuz so that
y' =u+ zv'. Then

2 —yu?
3

dr ) I2
du=? = —u“—Inlul=Ih|z|+c = —F—(ln]y|—lniz{)=ln:c+c

s

= zZ+3?In ly] = ey

2_ .2
14. From z?+y® = 2¢1x we obtainy’ = ¥ 2:-:; so that the differential equation of the orthogonal family
2 . . . . dz
By = = :cny . This is a homogeneous differential equation . Let £ = vy so that =Y +y j_v .
- Y
Then P p /
y  Zvdv 2y 2y
;+—_1+v2 =0 = ln|yi+ln(1+v ) = => y(1+v ) =0

2
z
= y(l+;)=cz = ¥+ y? =gy

15. From y® + 3z%y = ¢) we obtain ¢ = so that the differential equation of the orthogonal

2 2

Tz 42

family is ' = 2:;; . This is a homogeneous differential equation . Let y = ux so that ¥ = u+zu’.
Then
2
2u du = dz = —]n‘l—uzl =ln|z|+c = = 1- % =c¢ = 2-yl=cx.
1-u? x z?
2 2 3 i ot 3y? - z . " .
16. From y* — x° = c17° we obtain §' = W sa that the differential equation of the orthogonal
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17.

18.

19.

20.

21.

22.

23.

Exorcises 3.1

2
family is ' = = Iy3y_2' This is & homogeneous differential equation . Let y = uz so that
¥ =u+azv. Then
1 — 3u? dz 1+ 9u? — 12u? dzx - 3 2
AT = g =, = et |- 20 (1 +3u%) =Injz| + ¢
v, 3P | 6y2 gy4 2, 4 38 = 4 4 Gty 4
= “+p=as|{l+65 495 ) = ofy+ 3 = o (ot + 6%+ 0yt)

2
= y(B+3) =c (B2 +3%) = y=c (2®+3?).
ci g 2zy . . ‘ N
Fromy = 552 weobtainy = T3 2 so that the differential equation of the orthogonal family is

,=1+x2

Y 2oy Then

+ 22

1
de = ¢  =lnjz|+ =2’ +¢c = 2" =2In|z| + 2%+ 1.

1
2ydy = 5

1
From ¢ = P we obtain ' = —y? so that the differential equation of the orthogonal family is

y = iz Then ¢?dy = dz and 33 = 3z + ¢.
¥
From 4y + 22 + 1 + c1%¥ = 0 we obtain 3’ = 4—;—3-2———? so that the differential equation of the
¥ T I° —

4

4 1
orthogonal family is ¥’ + —y = — — z. An integrating factor is x%, so
T x

d 1 i 1 1
5[ 4y]=I3—:':5 I I‘lyzzx‘i——gxa—rc — y=z—ax2+c:r*4.
From y = —z — 1 + 1€ we obtain ¥’ = y -+ z so that the differential equation of the orthogonal
oL dy 1 dz ) . .
family is — = — or — + & = —y. An integrating factor is ¥, so

dx v+x  dy

f d
d—y[e%]:—yey = eVre=—y¥+e¥+c = r=—y+1+ce ¥

2
we obtain ¥ = —-?i— so that the differential equation of the orthogonal family is

1
From y = Inecix
Y = .;—2 Then y2dy = x dz and 2° = 32% +¢.

From ¥ = In(c; -+ tan z) we obtain 3’ = e~ sec? z so that the differential equation of the orthogonal
family is ¢ = —e¥cos® z. Then e ¥ dy = — cos® zdz and 4e~¥ = 2z + sin 22 + c2.
anh y

t
From sinh y = ¢z we obtain ' = so that the differential equation of the orthogonal family is

. Then tanhydy = —zdr and 2In|coshy| + 22 = ca.

¥y =

T
tanh y
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24.

25.

26.

27.

28.

29.

)
30.

31.

Exercises 3.1

From y = c) sin z we obtain y’ = ycot z so that the differential equation of the orthogonal family is
! = --t-i‘-:i. Then ydy = —tanzdz and ¥ = 2In|cos x| + co.

2/3

From z!/3 + y!/3 = ¢] we obtain 3’ = _y2_;3 so that the differential equation of the orthogonal
z

2/3
family is 3/ = “ . Then 1%/ dy = 1% dz and v*/° = 2% + 5.
Y

-1
From z® + * = ¢; we obtain 3’ = —;:—_1 so that the differential equation of the orthogonal family

-1
sy = pres g Then ! % dy = ! "% dz and 3?72 = 2?% + ¢3.

1
From z + y = c1e¥ we obtain 3’ = v i that the differential equation of the orthogonsal
y —

family is4' = 1 — z — y. Then ¢ + y = 1 — z. An integrating factor is €%, so

d . -
E[g"y]:ez—zei = ¢"y=2e"—we"¥¢ = y=2—x4ce”".

Ify(0)=5thenc=3andy=2—2+ 3%
1 . .
From 3zy° = 2 + 3c1x we obtain ¢’ = 3y so that the differential equation of the orthogonal

family is ¢’ = 3z%. Then dy = 32%ydr and y = ee® . If y(0) =10 then ¢ =10 and y = 106%°.

From r = 2¢; cos# we obtain rg = —cotf so that the differential equation of the orthogonal
family is r o = tan#. Then
dr
dr

cotfdl = — = In}sing| =In|r|+c = r = sind.
T

df _ 1+cost

From r = ¢;(1+cos #) we obtainr — = so that the differential equation of the orthogonal

i g dr sin 8
. ) 810 X
famﬂylsra}-— T r oot Then
1"‘.0093‘19:@ — ﬂdﬁ:ﬁ => In|l —cosf|=Inlr|+¢ = 7 =c1(1l —cosh).
sin & T 1—cosé r

From 7?2 = ¢;8in20 we obtain r % = tan2f so that the differential equation of the orthogonal

family is r :—B = — cot 20. Then
T

dr 1 2

—ta.n29d9=? = §]n|c0529|=1nr+c => r“=¢ cos2f.
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32.

33.

34.

3s5.

36.

37.

Exercises 3.1

d8 1+ cosé
From r = ———— we obtain r — = ———~ 50 that the differential equation of the orthogonal
1+ cos@ dr ginf
dd sinf
v igr 0 - smé o
family is r yr 1+ 0030 hen
d iné d:
—Md&=—r —_ 0 =" = —Iln|l —cos8|=lnr+c == r=cl—~1—.
sinf T 1 —cosé T 1 - cosé

6
From r = ¢y sec f we obtain r :_r = cot # so that the differential equation of the orthogonal family is

rﬁ=—tan6. Then
dr
dr .
-cotﬂz? = —In|sinf]=In|r|+c => r =1 csch.

dé
From r = cie® we obtain 7 = 1 so that the differential equation of the orthogonal family is

rg-g = -1, Then

—d6=g = —f=Inlr|+¢ = r =ce?
See the figures for thig problem in the answer section in the text. Let @ be the angle of inclination,
measured from the positive z—axis, of the tangent line to a member of the given family, and # the
angle of inclination of the tangent to a trajectory. At the point where the curves intersect, the angle
between the tangents is a. Now, the slope of the tangent line to a trajectory is dy/dz = tan¢.
Depending on how the angle o is chosen, we will either have f+a=¢+nmorf—a=¢ - x. In
any event, using the r—periodicity of the tangent function and the fact that f{z,y) = tang,
dy tanf ttana  f(z,y) Ltanc

& eV el e = e T 17 f(s.y)tana

Sinc'g the differential equation of the original family is f{z,¥) = %, the differential equation of the
y/etl y+z

= . This is homogeneous 50 let ¥ = uz. Then ¥ = u + zu’
lFy/r zFy & Y v

isogonal family is ¢ =

and
u,___:l:liuz - 4 L1FU
1Fu 14 u?

dz
du=-— => itan‘lu—lln(1+u2)=lnpx|+c
x 2

2
— +2tan ¥ _In (1-&-%) =2n|z|+e1 = :|:2ts,ng—ln(xz+y2)=c1.
T I x

Since the differential equation of the original family is f(z,y) = %. the differential equation of

y/T+ 3 _y=x V3z

————— = ————, This is homogenecus so let y = ux. Then
1¥v3y/z zFV3y y

the isogonal family is y' =
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¥ =u+zu and

xu,__ﬂ:\/ﬁi\/?:uz 1 1$\/§ud dx

== +

1FV3u V3 l+u? U=z
1 1
= iﬁtan‘lu—aln(1+u2)=1nf:c|+c
2 -1 ¥ ¥
=-_¢»:|:%ta.n ;—]n(1+—x—~2~ =2In|z|+ ¢
2
= :i:\T5 tan_lg —In (x2 +y2) =r.

38. Since the differential equation of the original family is f(z,y) = %, the differential equation of

) - +£1//3 y+z/v/3
the isogonal family is ¥ = y/= = )
15y/V3x  zFy/V3

This is homogeneous 8o iet ¥ = uz. Then
¥ =u+azu and

, F1/V3+42/3 1 Fu/v3 dz
T 1 Fu/v3 V3 1+uz &

1
= :I:\/gta.n_]uv—-éln(l+u2)=ln|n‘:|+c

X

2
— 22V3tan ¥ —In (1 + %) =2nfzl+
—_— i2\/§ ta.n_l % —In (5‘:2 + ‘y2) = ¢1.

39. From 42 = ¢1(27 + ¢1) we obtain ¢y = —z + /22 + ¢2 and

2 2

z T z

¥=-=4+ (-—) +1 or y=-=- (E +1.
¥ 4 Y y

Self-orthogonality follows from the fact that the product of these derivatives is —1.

2 2
T y . d ' 1
+ 2 =1 we obtain ¢; = — and (z + gy —yl=1. _
a+l o 1 7+ yy (z +yy')(zy' — y) = . Replacing 3’ by

40. From

results in exactly the same equation. This shows that the family is self-orthogonal.

d
41. From r = cjefcost and y = c1ef sint we obtain ﬁ = H- . Then the differential equation of the
ao.ody y-z e -t ¢
orthogonal family is p This is satisfied by z = cze™  cost and y = cge™* sint.



Exercises 3.1

1
ian ig ’

432, Weha.vewl—o,bg-——%so that tan¢1=tan(¢2+%) = —cotipy = —

Exercises 3.2

1. Let P = P(t) be the population at time ¢, and Fp the initial population. From dP/dt = kP we
obtain P = Fge**, Using P(5) = 2P we find k = L1In2 and P = Ry /5, Setting P(t) = 3R

we have
1 in3d
3= DSy g B2 S8 g s
5 In2
Setting P(t) = 4F) we have
23
4=mDY5 —y Ina= (—1115—) == t =10 years.

2. Setting P =10,000 and ¢ = 3 in Preblem 1 we obtain
10,000 = P23/ — Py = 10,000e %102 »; 6597.5.

Then P(10) = Ppe?"? = 4Py =26,390.

3. Let P = P{i) be the population at time ¢. From dP/dt = kt and P{0) = F; = 500 we obtain
P = 500e*. Using P(10) = 575 we find & = % 1n 1.15. Then P(30} = 500¢>" 115 = 760 mmanm

4. Let N = N(t) be the number of bacteria at time ¢ and Np the initial number. From dN/dt = kN we
obtain N = Npe*t. Using N(3) = 400 and N(10) = 2000 we find 400 = Noe* or ¥ = {400/Np)'/3,
From N(10) = 2000 we then have

400 1073 2000 _ 2000 \~3/7
= 10k _ - e = /3 = {_
2000 = Nge = NU (NG) — 40010‘(3 = ¥y = NU = ( 10;3) =z 201.

5. Let N = N(t) be the amount of lead at time ¢. From dN/dt = kN and N{0) = 1 we obtain
N = ¢, Using N(3.3) = 1/2 we find k = 751n1/2. When 90% of the lead has decayed, 0.1 grams
will remain. Setting N{¢) = 0.1 we have

HOBID Z g1 — Linloimer = =230

6. Let N = N(t) be the amount at time t. From dN/dt = kt and N(0) = 100 we obtain N = 100e*,
Using N(6) = 97 we find k = }1n0.97. Then N(24) = 100¢(/6In09724 = 100(0.97)* ~ 88.5 mg.
7. Setting N(t) = 50 in Problem 6 we obtain

1
50 = 10068 —s Kt = lnt —m = 1/

2 ‘(—‘m = 136.5 houl‘S.
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10.

11.
12,

13.

14.

15.

16.

17.

18.

19.

Exercises 3.2

The solution of dA/dt = kA is A(t) = Age®*. Then Ay = A(f)) = Age*tt, Ay = A(ts) = Age?? and

A
%:ek(tl_tz) = k(t]-t2)=lnf = k=(—t~1—t)1n%1-.
2 2 1— &2 2
(to —£1}In2

Solving Ap/2 = Age*® for t, we obtain ¢ = —(In2)/k. It follows that t = ~=——~_Z
g Ao/ ge™ (In2)/ I0(Ay /A7)

Let I = I(t) be the intensity, ¢ the thickness, and I{0) = fo. If dI/dt = &I and I(3) = .25[ then
I = Ipett, k= 11n.25, and I(15) = .000987,.

From dS/dt = r§ we obtain § = Spe™ where S(0) = Sp.

(a) If So = $5000 and r = 5.75% then S(5) = $6665.45.

(b} If S(¢) =$10,000 then ¢ = 12 years.

(c) 8=~ $6651.82

Assume that A = Age® and k = —.00012378. If A(t) = .1454g then ¢ ~15,600 years.

Assume that dT'/dt = k{T —5) so that T = 5+ ce*. If T(1) = 55° and T(5) = 30° then k = —in2
and ¢ = 59.4611 so that T(0) = 64.4611°.

Assume that d7'/dt = k{T — 10) so that T = 10+ ce®. If T{0) = 70° and T(1/2) = 50° then-c = 60
and k = 2In(2/3) so that T(1) = 36.67°, If T{t) = 15° then ¢ = 3.06 minutes.

Assume that dT'/dt = k{T — 100) so that T = 100 + ce**. If T(0) = 20° and T(1) = 22° then
¢ = —80 and k = In(39/40) so that I'(t) = 90° implies ¢ = 82.1seconds. If T(t) = 98° then
t = 145.7 seconds. '
Assume Ldi/dt + Ri = E(t), L = .1, R =50, and E(t) = 50 so that i = § + ce™50% If 4(0) = 0
then ¢ = —3/5 and lim;_. (t) = 3/5.

Assume Ldi/dt + Ri = E(t), E{t) = Eysinwt, and £(0) = ¢ so that

Eolw
—0+-}-{3 coswt + ce” /L

sinwt — 1202

TR
EyLw

122 L p?

Assume Rdg/dt + (1/c)g = E(t), B = 200, C = 1074, and E(t} = 100 so that ¢ = 1/100 + ce~5%,

If ¢(0) = 0 then ¢ = —1/100 and i = fe~5%. )

Assume Rdg/dt + (1/c)g = E(t), R = 1000, C = 5 x 107%, and E(t) = 200 so that

g = 1/1000 + ce~* and i = —200ce 2% If §(0) = .4 then ¢ = —1/500, ¢(.005) = .003 coulombs,

and ¢(.005) = .1472 amps. As t — oo we have ¢ — 1/1000.

For 0 < ¢ < 20 the differential equetion is 20di/dt + 2i = 120. An integrating factor is /10, go

% [e‘/ms] = 6¢t/0 and i = 60 + ;e /10, If 5{0) = 0 then ¢; = —60 and i = 60 — 60e~t/19,

Since #(0) = ip we obtain ¢ = i +



20.

21.

22,
23.

24.

25.

26.

Exorcises 3.2

For ¢ > 20 the differential equation is 20 dé/dt + 24 — 0 and i = cze~%/1C,

At ¢ = 20 we want coe~2 = 60 — 60e™? so that ¢z = 60 (e2 - 1). Thus

60 — 60et/10. 0<t<20;
it = 60 (2 — 1) e~t/10, ¢ .

Separating variables we obtain

dg dt ‘ ‘ (Ey — g/CY-C
Fo—q/C Fkitkt 1| &0 —Inlk1 +kot| + o1 = (E0k1+k2t)1/k2
Eq — go/C) ¢
Setting g{0) = go we find c; = (04;%;_)__
1

(Eo—q/C)° _ (Bo—a/C) ¢ _ (Eo_g)—cz( fm)_c( k1 )—”“*

(ki + kpt)i/ka = Vo c C k+ kot
) 1/Cky
g g0 k1
= B =(58-3) (k+k2t)
kl 1/Cks

From dA/dt = 4 — A/50 we obtain A = 200 + ce™*/50_ If A(0) = 30 then ¢ = —170 and

A = 200 — 170430, .

From dA/dt = 0 — A/50 we obtain A = ce~/30, If A(0) = 30 then ¢ = 30 and A = 30e—t/50,

From dA/dt = 10 — A/100 we obtain 4 = 1000 + ce~*/'%0. If A(0} = 0 then ¢ = —1000 and
A = 1000 — 1000e~4/100,

dA 104 24
From T 10 — 500 = (10~ 5)¢ =10 - Too—: ¥ obtain A = 1000 — 10t + ¢(100 — t)2. If
A{0) = 0 then ¢ = —1—10 . The tank is empty in 100 minutes,

dA 44 2A 2

¢ = —100,000 and A(30) = 64.38 pounds.

From dA/dt = 0.18 — 4A/{400 — t) we obtain A = 06(400 — ¢) + c{400 — £)*. If A(0) = 12 then
¢ = —12/400* and A(60) = 14.1 gallons. The percentage of alcohol after 60 minutes is 4.1%. The
tank is empty after 400 minutes.
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27.

28.

29.
30.
31.

32.

33.

34.

Exercises 3.2

(a) From mdv/dt = mg— kv we obtain v = gm/k+ce */™ If 4(0) = vg then ¢ = vg — gm/k and
the solution of the initial-value problem is

_gm _ MmN —kt/m
”_k+( k)e '

(b) Ast — oo the limiting velocity is gm/k.
{c) From ds/dt = v and s(0) = sg we obtain

_gm, _m _amN _kt/m __( _@)
s kt k(vg k) +30+k Up A

From dX/dt = A— Bz and X{0) = 0 we obtain z = A/B—{A/B)e Bt so that  — A/B as t — oo.
If X(T)=A/2B then T = (In2)/B.

From dE/dt = —E/RC and E(t;) = Ep we obtain E = Egelt1~8/RC,

From V dC/dt = kA(C,s — C) and C(0) = Gy we obtain C = C, + (Cp — C,)e %44V,

(a) From dP/dt = (ky — ko)P we obtain P = Pyel¥17%2)t where Py = P(0).

(b) Ifky > ko then P w00 ast — oo. [f ky = kp then P = Py for every t. If ki < kp then P — 0

ast — oo
Separating variables we obtain P
£=_kcostdt = In|P|=ksint+c == P = et s
If P{0) = Py then ¢; = Py and P = Pyekint, 5 0 ¢
From r2d6 = (L/m) dt we obtain A=§f 2d€———/ dt = %T—f; (& —a).

Write the differential equation in the form dA/dt + (ky + ko)A = ki M.
Then an integrating factor is e(¥1+52)¢ and

d kM
L [olkatkalt 4] — (ky+Ez)t (kitha)t 4 — M1 (ki+ko)t
t[el A]-k]Mel 2t — e\ A X 2e1 2ty

- .ﬂ + ce_(kl +k2)t_

ky + ke
] _ kM, _ kM —({k1+k2)t kM
Using A(0) =0 we find ¢ = man A_k1+k2(1 e )‘ASt_'OO‘A_’k1+kg‘

If ks > 0, the material will never be completely memorized.
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Exercises 3.3

Exercises 3.3

dC . f1 .0005
. e = (1 — 000 =1 b, — """ 4O =
From o C( (005C) and C{0) we abtain (C + T .00050) C = dt and
C= 10005t Then C'(10) = 1834 supermarkets, and C — 2000 as ¢t — oo
1+ 0005e 7 = P > &8 '
dN . 500a )
. From - = N{a — bN) and N(0) = 500 we obtain NV = 5006 + (a — 5005)e—2 ° Since
. a _ _ _ 50,000
tl_l.rg;N =5 =50,000 and N(1) = 1000 we have @ = .7033, b = .00014, and ¥ = T 90p—70%% -
dP oy g _ o 500
. From - = P (10 10 P) and P(0) = 5000 we obtain P = 0005 + 0995e—T¢ that
P — 1,000,000 as £ — oo. If P(t) = 500,000 then ¢ = 52.9months.
dP 1 - (0/{a—bc) 1/{a—bo)\ o _
F&‘omE—P(a bP)(l—cP )weobtam( Py e dP = dt and

¢ + aBele-t)t

= 1+ bEela—bot where E is an arbitrary constant.

. (a) From % = P(a — bln P) we obtain _Tlln |a — &ln Pf =t +c so that P = go/be=c "
(b) If P(0) = P then ¢ = % —InPy.

. From Problem 5 we have P = e*/%e=%"" 50 that
dP P d&ep

- = heet/b—btgee™ g — = bQCBa/b—bfe—-ce'“ (ce—bt _ 1)‘

Setting d>P/dt? = 0 and using ¢ = a/b — In Py we obtain t = (1/b)In(a/b — In Py} and P = /%1,
. Let X = X(t) be the amount of C at time ¢ and ax _ k(120 - 2X)(150 — X). If X(0) = 0 and

dt
150 — 150180kt

X(5) = 10 then X = where k& = 0001259, and X (20) = 29.3 grams. Now X — 60

1 — 2 .5¢180kt
as t — o0, so that thé amount of A — 0 and the amount of B — 30 as t — 0.
dx . , 150
= - —= ) = =1 —
. From 7 k(150 — X)*, X(0) = 0, and X(5) 10 we obtain X 50 ROk T 1 where

k = .000005238. Then X{20) = 33.3 grams and X — 150 as ¢ — oo so that the amount of A — 0
and the amount of B — 0 as ¢ — oo. If X(¢) = 75 then t = 70 minutes.

. Ha#p, % = k{o— X)(f— X), and X(01) = O then (1/;’{_3__){0) + lléa_—Xﬁ)) dX = kdt so that
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10.

11.

12,

13.

14.

15.

Exercises 3.3

aff — afelo—Fikt ~ 1 _ 1
X=m—~.1fa—ﬁthen(a—_ﬁ§d)(—kdt and X=O.'—kt+c.
F‘rom%:k(a-X)[ﬁ—X)(’y—X)weobt&in

1 1 1 1 1 1
. . . dx =

((ﬁ—a)hf-aJ a-X " @-Be-0 B-X " a-m@- ‘r"X) X =kat

go that
;mla-xu——_—%—mw—xu—_l—m ~X|=kt+e
(B-a)r-a) (a= By ~B) @—m@E—my T TAEREE

{a} Asy — oo we assume that v — 0%, Then vZ = 2gR and v = +/ZgR.
{b) Using ¢ = 32 ft/s and R = 4000{5280) ft we find

vo = /2(32)(4000)(5280) ~ 36765.2 ft/s ~ 25067 mi/hr.

(c) v = /2(0.165)(32)(1080) ~= 7760 ft/s ~ 5291 mi/hr

dzy w dy z d ) wz /T
2y _ 7 It = o = 1
From a2 = T i+ (dx . P = 2 and (0} = 0 we obtain p+ /1 + p e so that
T3 0
= sinh ?Tx From y(0) = 1 it follows that y = — cosh T—,-IJ: +1— o
dz?  wy dz dz
(1) =0 and v| = vy then y = %zz— -12-hli$| — ;1_1 If (1) = 0 and v; # vs then

2
From xg—y =41+ (ﬁ) , P = EE’ and y'(1) = 0 we obtain p = %(x‘“"”’ —z'”“"”). If

7

1 [ zr1/ve+l gl—vifve ] v1ve
2
Y

T2 v fug + 1 B 1—v/v
From 2% Sk (T - T;1) we obtain

dt
i/ (413) 1/ (413) 1/ (2T3)
T-Tm T+Tm T2+1%

}dT:kdt

T_Tm‘—ztm—l?{:ﬂ;ikua
m

so that ln|T+Tm

2
From % - -g and A(0) = 20 we obtain & = (\/2_ - 5—‘0) . Tf h(£) = 0 then ¢ = 50v/20 seconds,



18.

17.

18,

19.

20.

21.

22.

Exercises 3.3

2 r1/2
= 0 then r1/2 = t S8t = : —_— dr=

 h=0thenr VZpd Sothat3'r 2ut+e Ifh>0thenmdr dt. From a
table of integrals we find

1 1/2 24

2 (2,ur+2h ) (2h)3:’2 (\/p+hr+\/hr) =t+e
From ¥ snd h(0) = 10 we obtain 10](0309 — sinf)df = — dz where y = 10sin 4.

dxr /100 — 2

101n}22 - 100 -2 =z

0, /100 — 52
y

d&
From m — = mg — kv? and v(0) = vy we obtain

dt
Y2 + 1/2g dv =dt
l—x/k/mgv 1+\/k/mgv

v+ fmg/k _ v+ /my/k ezmt.
v - \/mg/k vp — \/mg/k
Divide this equation by e2V9%/mt and multiply by v — myg/k to see that v — ymyg/k ast — oc.

dw
dy

so that

2
Iﬁtz(%) +2yj—;=zandw=z250that-d— Zz@andw—yit:+ (

. dy ) , & Clairaut

equation. The solution is z° = cy+ %cz, which is a family of parabolas.

2
dx d
From z (d_y) + ZyEi% — £ =0 and the quadratic formula we obtain
de -ﬂu—u—dyi”ﬂﬂz b =L gy = +d
y = tdy.
dy X;c2 +y? fx2 4 2
Then /22 + y2 = :l:y +c.

Using dy / we obtain (ﬂTw)dyz (a—xﬁx) dr. Using £ > 0 and ¥ > 0 we have

—yIny +déy = alnz— Bz +c.

From y [1 + (y’)g] = k we obtain dr = % dy. If y = ksin® 4 then

dy = 2ksinfcos f dp, dx=2k(%~%cos29) df, and :c=k9—gsin2€+c.
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Chapter 3 Review Exsrcises

If z =0 when # =0 then ¢ = 0.

dg d%¢ 2 dé .
23. (a) From 2 — % 32 —dt = T sinf df and — prah I = (, 8(0) = 65 we obtain
2
(%) = %(0056 —cos fp).

2
(b) Solving ( if) 2 (cosl? cos ) for % and separating variables we obtain

4
dt or T =2

T/ &
fec.\/_g m‘”*f E[)Jm T

Chapter 3 Review Exercises

1. From y (a:3 + c1) = 3 we obtain 3’ = —2%y® so that the differential equation of the orthogonal

1
family is ¢’ = vl The orthogonal trajectories are ¢ + -33; = ey

2. From y = 4z + 1+ c1e?® we obtain ¢ = 4y — 16z so that the differential equation of the orthogonal

1 dr 1 1
ily is ¥/ = ———— . Then — — = —dy and ¢ = — 18y 11 =
family is ¥ Toz — 43 en &y 16z y and y+64+0'ze {0) = 0 then
1
=g

2(y — 2)
1

3. From y— 2 = c1(z — 1) we obtain ¢/ = so that the differential equation of the orthogonal

. 1
family is 3/ = The orthogonal trajectories are (y — 2)° = x — Exz + 3.

l1-2
2A0y—2)
4. From % = kP and P(0) = Py we obtain P = Ppe*’. If P(T) = 2P, then T = % In2.
5. From % = 0.018P and P{0) = 4 billion we obtain P = 4¢%*¥ 50 that P(45) = 8.99 billion.

dt
8. Let A = A(t) be the volume of COg at time £. From (;';1 =12- ; and A(0) = 16ft3 we obtain

A = 48 + 11.2¢7%4, Since A{10) = 5.7ft%, the concentration is 0.017%. As t — oo we have

A—a 8ft3 or 0.06%.
acpetkat

l/a
1+ ¢kt

7. me — = ky#{a — 2} we obtain (y—a +
T  a—z

dt )dz=k1dt so that z =

d: .
Eg = kqxy we obtain

ka/k
Inly| = ln |1 + cle“kltl +e or y=co (1 + cleaklt) 2/ki



10.

Chapter 3 Review Exercises

(a) Let — = v — so that m% = —mg — kv* becomes mv% = —mg — kv%, Using y(0) = 0

dv dv
dt dy

2
and (0} = v it follows that v% = @_}f”_ﬂe—zky{m -3

. . m
height is h = % In mg dy

. If v = 0 then the maximum

2
M. From mvd—v = mg — kv?, v(0) = 0, and y(0) = 0 we find that

v = f;;gl (1 - e~2ky{m)_ Letting ¥ — oo we see that the terminal velocity is v = /mg/k.

This is the square root of the result obtained in Problem 27 of Exercises 3.2.
(b) Setting ¥ = h we see that the velocity at impact is v; = SN
i+ ;—v@

(a) The differential equation is

% =k[T—-Ty— B{Th1 — T =k[(1+ BYT — (BT, + T3)).
Separating variables we obtain A5 BT - (BT +T5) = kdt. Then
- 1+ 12
1 _ _Bh+T K(1+B)t
1+Bln’(1+B)T (BT1+Ty)|=kt+e¢ and T(t)= T+ B + cae )
Since T{0) = T we must have c3 = 111_:;2 and so

BT] + T2 TI - T2 ek(l—i—B)t

= 1+ B 1+ B
BT +1
. k(B _ ; =241 712
(b) Since k < 0, tl_lfn e =0 and tlfn T{t) )

() Since T, =Ty + B(Ty = T), lim T, =Ty + BT, - B (T LL2) - Z02 T

1+ B 1+ B
We first solve (1 - %) % + 0.2i = 4. Separating variables we obtain 20
#__ B Tpe 10

4r—2¢ 10~
—%lnl40—2i| =—In|l0—t|+e¢ or +40—2i=¢{(10-1).

Since i(0) = O we must have ¢; = 2/+/10. Solving for 7 we get ¢(t} = 4f — %tz,
0 <t < 10. For £ > 10 the equation for the current becomes 0.2i = 4 or ¢ = 20. Thus
- L2 <
i) = {4t g’ 0<t<10
20, t> 10

66
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4 Linear Differential Equations
of Higher Order

Exercises 4.1

1. From y = c16” + cze™" we find i/ = c1e” —ce™®. Then y(0) =c1 +c2=0,3(0) =1 ~cg =130

that ¢; = 1/2 and ¢y = —1/2. The solution is y = %ez - %e"x.

2. We have y(0) = ¢1 +c2 = 0, (0) = c1e +coe! = 1 so that ¢y = ¢/ (62 - 1) and ¢p = —e/ (32 - 1).
The solution is y = ¢ (e’ - e*z) / (62 - 1).

3. From y = c1e®® + coe™® we find if = de1e®® ~ce™ Then (P} =c1 +c2 =1, /() =41 —ep =2
2

so that ¢; = 3/5 and ¢ = 2/5. The solution is y = ge” + 58_”.

4. Fromy=c;+cacosr+c3sing we find = —eg8inz +e3cosz and ¢ = —cocosx — ¢z sinz. Then
yim)=c1—e2=0,¢(mr)=—-c3=2,y'(7) = ¢y = —1so that ¢; = —1, cg = ~1, and ¢3 = —2. The
solution is y = —1 — cosx — 2sin z.

5. romy=ciz+corinzwefindy =c1+c2(l +1lnx). Theny{l) =¢; =3, %/ (1) =¢; +co = —1 80
that €1 = 3 and ¢o = —4. The solution is ¥y = 3z — 4xInzx.

6. From y = ¢; + c22° we find 3’ = 2cex. Then y{0) = ¢1 = 0, ¥/(0) = 2¢2 - 0 = 0 and %'{0) = 1 is not
possible. Since az(z) = # is 0 at £ = 0, Theorem 4.1 is not violated.

7. In this case we have y(0) = c1 = 0, ¥'{0) = 2¢3 - 0 = 0 s0 ¢; = 0 and ¢z is arbitrary. Two solutions
are y = z2 and y = 222,

8. In this case we have (0} = ¢; = 1, y(1) = 2¢2 = 6 so that ¢; = 1 and ¢g = 3. The solution is
y = 1+ 322, Theorem 4.1 does not apply because y and ¢ are evaluated at different points.

9. From y = c1€® cosz + cpe®sinz we find ' = ¢1e®(—sinz + cos )} + cpe®{cos z + sin ).
(a) We have y(0) = ¢y = 1, %/(0) = c1 + ¢y = 0 so that ¢, = 1 and ¢ = —1. The solution is
y=c¢cTcosz —eFsinzx.
(b) We have y(0) =¢; = 1, y(n) = —c1e™ = —1, which is not possible.
(c) We have y(0) == ¢; = 1, y{x/2) = coe™? = 1 s0 that ¢; = 1 and ¢y = e~ /2. The solution is
y=efcosz+ e " eTginc.
(d) We have ¢(0) = c1 = 0, y(n) = —c1€” = 0 50 that ¢1 = 0 and ¢p is arbitrary. Solutions are

y = cge® sin x, for any real numbers ¢s.



10.

11.
12,
13.

14.

15.

16.

17.
18.
19,
20.

21.

22.

23.

Exercises 4.1

(a) We have y(—1)=c1+ea+3 =0, y(1) = c1 + c3 + 3 = 4, which is not possible.

(b) We have y(0) =¢1 -0+ ¢y - 0+ 3 =1, which is not possible.

(c) We have y{0) = c1 -0+ ¢p-0+3 =3, y{1) = ¢1 + c2 + 3 = 0 so that ¢ is arbitrary and
c2 = =3 — ¢1. Solutions are y = c1z2 — {¢1 + 3)z? + 3.

(d} We have y{1) =c¢1 +c2+3=3, y(2) = 4c1 + 16c3 + 3 = 13 8o that ¢; = —1 and ¢ = 1. The
solution is y = —z2 + % + 3.

Since az{z} = £ — 2 and x¢ = 0 the problem has a unique solution for —oco < 7 < 2.

Since a;{z) = tanz and z¢ = 0 the problem has & unique solution for —n/2 < z < 7 /2.

From ¢ = ¢ cos Az + cpsin Az we have y(0) = ¢ = 0, y(n} = ¢1cos A + cosin Ax = 0, so that
¢1 = 0 and ez sin Ax = 0. The problem will have nontrivial solutions when cg # 0. Thus we require
that sin Ax = 0 or A be a nonzero integer. (If A = 0, the family of solutions is y = ¢ = 0.)

From ¢ = ¢; cos Az +co 8in AT we have y(0) = ¢; = 0, y(5) = ¢1c085A + c28in5A = 0, 80 that ¢; = 0
and czsin 54 = 0. The problem will have nontrivial sclutions when ¢y # 0. Thus we require that
gin5A = 0 or A = nn/5 for n a nonzero integer. {If A = 0, the family of solutions is y = ¢; = 0.)

Since (—4)z + (3)z2 + (1){4z — 32%) = 0 the functions are linearly dependent.

Since (1)0+ (0)z + (0)e® = 0 the functions are linearly dependent. A similar argnment shows that
any set of functions containing f(z} = 0 will be linearly dependent.

Since (—1/5)5 + (1) cos? x + (1) sin® z = 0 the functions are linearly dependent.
Since (1) cos 2z 4 (1)1 + (—2) cos® = 0 the functions are linearly dependent.
Since {—4)z + {3)(z — 1} + (1){z + 3) = 0 the functions are linearly dependent.

From the graphs of f1{z) = 2+ z and fa{z) = 2 + |z|
we see that the functions are linearly independent since

¥
3

they can not be multiples of each other.

. 1+ z 2%
The functions are linearly independent since W (1 +z,7, 1:2) =| 1 1 2x|=2#0.
0 0 2

Since (—1/2)e* + (1/2)e™* + (1) sinh £ = 0 the functions are linearly dependent.

PR VLT

W (2172, 2%) = =232 £ 0for 0 < z < c0.
(:r: z) PRV PR 5% #0for0<z<oo
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24,

25.

26.

27.

28,

29.

30.

31,

32.

Exercises 4.1

1+ 28
W(l-i-a:,xs): g =233+ 22} # 0 for —00 < z < 0.
1 3z
sinzr s T :
Wisinz,cscz) = ’ =-2cotz#O0for 0 <z < m.
c0sx —cacreotx

tan x cot T

5 o | =-2secxescz #0for 0 <x < 7f2

W{tanz,cotx) =

sec‘r —csctx
& 7 i
w (e’:,e_x, e““”) =le® —e=T 4ef* | = —30e%* £ 0 for —o0 < z < 00.
...... B g
e e % 1gelT
r rlz z?Inz
W (z,zlnz,2?Inz) = |1 1+lnz z+2zlng|=2(2+Inz)#0for 0 <z < oo
0 1 3+ 2z
No, this does not imply that fi and f; are linearly dependent on any interval containing z = 0. We

need c1f{x) + caf{x) = 0 for all values of z in the interval.

(a) The graphs of fi and f2 are as shown. Obviously, (A
neither function is a constant multiple of the other ozt
on —oco < zx < oo. Hence, fi and fo are linearly
independeat on (—00, 0o). Y]

2 2
(b) For z >0, fo =2% and so W(f1, f2) = ; . =223 - 223 =0, Forz < 0, fo = —z% and
r 2z
2 2
W(f, f2) = ; ; = —2g° 4+ 22% = 0. We conclude that W {1, f2) = 0 for &ll real values
x —2z
of z.

{(a) If y = 1/z then ¢ = —1/z* and 3" = 2/2% so that 3" ~ 2y° = 0.

(b) If y = ¢/z then 3" — 24® = 0 implies that ¢ ~ ¢ = 0 so that ¢ = 0, +1, or —1.

(a) Clearly y; = 1 and y2 = In satisfy ¥ + (') = 0.

(b) Hy =11 +y2=1-+Inz then " + {¢)? = ;—21 +£l2 =0. Hy = ciy1 + coy2 = €1 + c2Inz then

_ 2
y”+(y’)2=§+:2—2%Dforczyéﬂorl‘
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33.

a5.

36.

37.

38.

39.

Exercises 4.1

The functions satisty the differential equation and are linearly independent since
W (e73%,e%) = 7€ £ 0
for —oo < £ < 00. The general solution is

y = c1e7%% 4 cge®®,

. The functions satisfy the differential equation and are linearly independent since

W{cosh 2z,8inh 2x) = 2
for —oo < x < 00. The general solution is
y = £1 cosh 2 4 ez sinh 2.
The functions satisfy the differential equation and are linearly independent since
W (e cos 2z, €% sin 2z} = 2¢%* # 0
for —oo < ¥ < o0. The general sclution is y = ¢1€% cos 22 + coe® sin 27.
The functions satisfy the differential equation and are linearly independent since
w (e"'ﬁ, a:e’n) =e® 0
for —oo < x < 0o. The general solution is
y = 1652 4 coze®/?.
The functions gatisfy the differential equation and are linearly independent since
W (m3,x4) =z8 40
for 0 < z < oo, The general solution is
Y= c1:.33 + cga:‘l.
The functions satisfy the differential equation and are linearly independent since
W (cos(lnz),sin{lnz)) = 1/x # 0
for 0 < z < o0. The general solution is
y = cycos(lnx) + cgsin(ln z).
The functions satisfy the differential equation and are linearly independent since
w (z, x‘z, 1t %In :z) =9z~ #0
for 0 < z < oo, The general solution is

¥=ez+ cw'z + ::3:.|:'2 Inzx.
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41,

42.

43.

45.

46.

Exercises 4.1

The functions satisfy the differential equation and are linearly independent since
W(l,z,cosx,sinz) =1
for — < z < oo. The general solution is

% =c1+ 2T+ c3co85L + eq8inz.

The functions §3 = e® and y2 = € form a fundamental set of solutions of the homogeneous

equation, and y, = 6¢” is a particular solution of the nonhomogeneous equation.

The functions g1 = cosz and y3 = sinz form a fundamental set of solutions of the homogeneous
equation, and y, = z sinz+{cos z) In{cos z) is a particular solution of the nonhomogeneous equation.

The functions ¥ = ¢* and ys = ze* form a fundamental set of solutions of the homogeneous
equation, and ¥ = 12e?® 4+ z — 2 is a particular solution of the nonhomogeneous equation.

The functions ¥ = =Y and y = 2~! form a fundamental set of solutions of the homogeneous

equation, and y, = 2% — iz is a particular solution of the nonhomogeneous equation.

{a) From the graphs of y1 = z° and o = |2[® we see
that the functions sre linearly independent since they
cannot be multiples of each other. It is easily shown
that g1 = 3 solves z2y” — 4z + 6y = 0. To show
that ya = |2/ is a solution let yo = 2° for z > 0 and
let yo = —23 for z < 0.

3 .3
(b) Ifz > 0then gy =2° and Wy, y2)=|_ , . o|=0. Ifz <0 then yz = —z° and
3z 3z
3 8
Wi, y2) = =0
(yl ‘92) 322 —3g2
(c) Part {b) does not viclate Thecrem 4.4 since as(z) = r? is zero at = = 0.

(d) The functions Y; = 2® and Y2 = z? are solutions of 2%y" — 4ay’ + 6y = 0. They are linearly

independent since W (I3, x2) =z4 £ () for —0c0 < T < 00.
{(e) The function y = 2° satisfies y(0) = 0 and ¥'(0) = 0.
(f)} Neither is the general solution since we form a general solution on an interval for which
aa(z) # 0 for every z in the interval.
Assume y; satisfies y(xo) = 1 and 3/(z0) = 0 and y; satisfies y(zo) = 0 and y/{xp) = 1. By Theorem

4.2 they are linearly independent since W (g1, y2) = wi{x)vh(z) — ¢i(z)y2(x) = 1 at £ = zo. Thus,
y1 and yo form a fundamental set of solutions on I.



47.

48,

49,

50.

Exercises 4.1

(a) Assume y; and y» are solutions of a2y” + ¢1%’ + apy = 0. If W{yi,y2) = t1vh — ¥iye then

dw
o —= + W = o2 (v — W) + a1 (y1v} — vivz) + aovrvs — covize
= y1 (02} + 019 +aoy2) — y2 (a2 + arvh + oy
= 41(0) —12(0) = 0.

(b) The equation in part (a) is first-order linear. The solution is W = ce~ Jla1(z)/a2(@)ld yhere ¢
is a constant,

() Letz=20in W =ce [yl /ealiee

(d) From part (c) we see that if W(zg) = 0 then W = 0 for every = in I. If W(xg) 3 0 then
W 2 0 for every z in [ since W is an exponential function.

We identify az(z) =1 — 22 and @;(z) = —2z. Then from Abel’s formula in Problem 47 we have

W = ce™ fim@eatellds g [loae/i=elde = gpmhoi=e) o €
— X

We identify az(z) = z and e1(z) = 1. Then from the alternative form of Abel’s formula in Problem
47(c) we have

, obtaining ¢ = W(zy}.

- T k k _ =
W = W(zo)e framae _ kl ka ity (buks — byfp)e- 55220
2 4
— (kuky — Rokg)entzo/m)  rks = kaks)zo
(k1kg — kzks)e . _

We have ay} + a1 + ap = Ey and agy + a195 + ap = E3. Then
az(yn + )" +ar(y +y2) + a0 = (@29 + aay) + ao) + (a2y + a1y + do) = En + Bo
and y1 + y2 is & response of the system to the input £, + Es.

Exercises 4.2

In Problems 1-10) we use reduction of order to find a secoond solution. In Problems 11-30 we use formula
(4) from the text.

1,

Define y = u(z) - 180
y=4, ¢ =u", and ¢ +5y =u" +54 =0.
If w = v’ we obtain the first-order equation w'+5w = 0 which has the integrating factor e®J 4 = 5%

ST

d Sx,,.1 . ; _
Now dz[e w]=0 gives eFw=c
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Exercises 4.2

Therefore w = &' = ce™> and u = ¢1¢ 5%, A second solution is yz = e 5%,
. Define y = u(zx) -1 s0
y-" — u.", yﬂ' — uﬂ" a.nd y!n" _ y! — uﬂ' _ u.f - 0
If w = u’ we obtain the first-order equation w’'—w = 0 which has the integrating factor e~ Jdz = g2,

d
Now _ o [eFw] =0 gives e w=ec¢.

Therefore w = u' = ce® and u = ce®. A second solution is ys = €%.
. Define y = u{z)e® so
y: = 21&8% + ureh‘ y” — e2:curr -{-482qu + 4E2z'u, and yn _ 41!’ + 4y - 462111” =0

Therefore u” = 0 and © = ;7 + ¢3. Taking ¢; = 1 and ¢z = 0 we see that & second solution is

¥ = ze?®.

. Defing y = u(z)ze™® s0
¥=(1-xzle"ut+ze™, ¥ =ze " +2(1 - r)e " - (2—zx)e %u,
and
2
Y+ ty=eF " + 20 =0 or w"+ 24 =0.
T
2
K w = u' we obtain the first-order equation w' + Sv= 0 which has the integrating factor

e2faz/z — 42 Now

% [z?w] =0 gives zw=c.
Therefore w = w' = ¢/z? and u = ¢1/z. A second solution is yo = %xe':IB =e %
. Define ¥ = u(z) cos4z s0
y = —dusindr + v cosdz, " =" cosdr — 8y sindx — 16ucosdx

and
y" + 16y = (cos4z)u” — 8(sindz)y’ =0 or u”’ — 8(tandx)u’ = 0.

If w = #' we obtain the first-order equation %' ~ 8{tan 4x)w = 0 which has the integrating factor

B_Bftan&d"’ = cos? 4z. Now

d

- [(cos* 4z)w] = 0 gives (cos®dz)w =c.
Therefore w = @' = csec? 4x and u = c1 tan4zx. A second solution is yo = tan 4z cos 4z = sin 4z.
. Define y = u{z)sin3z so

y = 3ucos3x + u'sin3z, y” = u"sin3z + 6u' cos 3z — Yusin 3z,



10.

11.

12.

13.

14.

15.

Exercises 4.2

Define y = u(z)e®/? so
y! = %ez/fiu + erfsu’, y" = /3y, + %e:fsu: + %eq;/su

and ;
6y +1 —y =€ 6u" +54) =0 or u'+ Eu" =0

If w = u' we obtain the first-order equation ' + %w = 0 which has the integrating factor
e(5/6) fdz _ 52/6 Now

5216

[eﬁz/ﬁw] 0 gives e w=c

Therefore w = ¢ = ce /6 and u = ¢;675/6, A second solution is yo = e~5%/8¢%/3 = ¢—=/2,
Identifying P{z) = —7/r we have
N LY S PR
yz—xf = dx—z[zdx—xln{x!‘
A second solution is y3 = £%1n |z].
Identifying P(x) = 2/x we have
_afetdeme e, 1
yg—xf p ds-:—xfz dzr = 5%
A second solution is yg = z~5.
Identifving P(z) = 1/x we have
e fdz/z

dx 1
= e dr =1 i —— Y} =_1.
ye=lnzr 0 )2 dx n:r/ 0 )2 na:( ) = —1

A second solution is y2 = 1. ’

Identifying P({x) = 0 we have

- fods
”9‘2=.'c1/2h11:]e =z 2z (—L) = —z!/2,

z(lnz)? Inz

A second solution is yg = z1/2,

Identifying P{z) = 2(1 + x)/ (1 -2z - :rg) we have

—f2(l+z)d:c}’(l-—2x—:c ) ln(l 2r-z )
=($+1)/e (x+1)2 dz-_(m+1)j—~+—1}2dx

(x+1]f (HUQ ($+1)f[( Y 1]@-

(x+1)[——ii—x]*—2—x2—x‘




Exercises 4.2

A second solution is 4 = 2% + 2+ 2.

16, Identifying P(z) = —2z/ (l - :32) we have

— [ f-2max(1-2®) 5. [ ~ln(1-2%) ;. _ 1 |1 +9:|
Y2 /e dx /e dz [ _$2 l T
A second solution is y2 = In{(1+ z}/(t — )}
17. Identifying P(z) = —1/z we have
Jf —-dz/z
e
y2 = zsin(lnz f e (lnx dx—:csm(lnx)]mdx

= [rsinf{lnz)] [-cot({lnz)] = —x cos(ln z).
A second solution is y2 = z cos(lnz).
18. Identifying P{x) = —3/x we have
~ { ~3dz/x 3
S dr=2? L
y2 = £° cos{ln 1) f ¥ cos (I ) dr = z°cos(lnz) f Hoos2(ing) dz

2

= 27 cos(In z} tan{ln z) = z?

sin{ln z).

A second solution is ¥y = z%sin(In x).
19. Identifying P{z) = 4z/(1 + 2z) we have
f4zdz}'(l+2:|:) 2r+In(1+2x)

2 T
-2 2r ~2z 1 on 2x 1 2z
=e f(l+2x}e dr=e 3¢ +ze ~ 5| ==

A second solution is yg = z.
20. Identifying P(z} = z/(1 + x) we have

—-fzdﬂ:/(1+z) ~z+n{l+2) ( -z —x
_ e _ e _ 1+ x)e _ e
yg—zf-—————dx-—x[idxmzfAI2 d:c——xf( 2+—

e 7l 2

-z ~x
=If-8~?dr+zf§-d1: v=e¢ % du=—e "dx, dfv=i2d:r,v=—~—1-
T z z x

=x(_1e /_dm)ﬂf_dx__

T

A second solution is yg = e~
21. Identifying P(z) = —1/x we have

e~ J-da/= dx
yg=x/—de=mf;-=:rln|xi.

76



22.

23.

24.

25.

26.

27.

28.

Exercises 4.2

A second solution is y3 = z In {x].
Identifying P{x) = 0 we have

e 1 1
Y2 = x""] g de =274 (—zg) = _z°,

A second solution is y3 = z5.

Identifying P(z) = —5/z we have
— [ —5dzfz 5 1
= 3 -—-—-—---—e = 3 —.',C = 3 —_— ] = - 3
Yo=21x ].III/ () dr==x mz/:cﬂ(lnmf dz=x lnx( 111;1:) .

A second solution is yp = 3,

Identifying Pz} = 1/x we have

e fd:c/:z: ]./I
y2 = cos(ln z) f o {lng) dz = cos(ln z) f cos(ing) dz = cos(ln %) tan{ln ) = sin{ln x).
A second solution is yo = sin(lnx).
Identifying P{z) = —4/x we have
[—4dz/z
3 €
Y2 (w +z )f—f(x2+m3) dm_- :c +:.-: f 32+I3)

= (z2+r3)]-(—1—i-2—)2=[$2+x3) (_1%1-32) = 1%

A second solution is yp = 22,

Identifying P(x) = —7/x we have
—f—?d:tfa: 1 1
_ .10 f€E _ 10 _ I -2
Ya=2x f4—£20 de==x da: ! ( 12:6 ) 12:;: ;

A second solution is yo = z72.

Identifying P(z)} = —(9z + 6)/(3z + 1) we have

— [ —(9z+6)dx/(3x+1) J[3+3/(3z+1)|dz 3x+In(3z+1)
3::]6 dx=e3x/8 dx:eSa:fe

dx
bz 26

r=2¢ -

3z 2 9
3z ——-———-—(3$ ':621)6 dr = ¥ f(Bx + e 32dx = P (—xe‘g’” - —e_3"') = g - =,
A second solution is yz = 32 + 2.

Identifying P{x) = —(z + 1)/ we have

e—f—(:r+1)d:r/z +inzx
= e”/sz = e“f?—d:c = ez/:ce_’”dx = (—ge* —eT)=—z -1
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29,

30.

31.

32.

33.

34.

Exercises 4.2

A second solution isyo =z + 1.

Identifying P(z) = —3tanz we have

y2=fe~f—3tanzd:l:dm=f831nm:dz=[sec3xdz

1 1
=g secwtanz + Eln|secx+tanx|‘
A second solution is yp = seczrtanz + In|secz + tanz.
Identifying P(z) = —(2 + z)/z we have
o = /e—f—(2+:}d:|:{:ndm — j621nx+zdz - fxzem dr = (xz — 92+ 2) ©.

A second solution is yz = (a:2 -2z + 2) er.

Identifying P(z) = 0 we have

- fﬂd:r 1 1
S 1 0 S R
Yo =e [ pev dr=e & — 1% -
A second solution is y2 = ¢2*. We see by observation that a particular solution is yp = —1/2. The
general solution is
1
y = cre” ¥ 4 cpe®® — 5

Identifying P(x) = 1 we have y2 = f e S ¥4y = % We see by observation that a particular

solution is yp = 2. The general solution is

y=o0c1+coe T+

Identifying P(x) = —3 we have
e f ~3do T T 2z
y2=exf———eh dr=c¢e [e dr = e**.
To find s particular solution we try y, = 4e®®. Then y' = 34€%, ¢ = 94¢*, and
gAe’* — 3 (3Ae3z) + 24e% = 5&3"'._ Thus A = 5/2 and y, = 3¢°. The general solution is

5
y=c1e’ + c2e%% + -2~e3m.

Identifying Pz} = —4 we have

~ [ -4de Az
92=exf—e T dr=¢€" E--z-d:f::e:"(leh): 3=,

1
e 2 2
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35.

I - o

T
B oW N = O

. From 8m? + 2m — 1 = 0 we obtain m = 1/4 and m = —1/2 so that y = cge

Exercises 4.3

A second solution is €3. To find a particular solution we try Yp = az + b. Then y;, = a, y;, = {,
and 0 —4a+ 3(ax+d) = 3ax —4a+3b =1z Then3a=1and —4a+3b=0s0a =1/3 and b = 4/9.
A particular solution is yp = %I + % and the general solution is

1 4
T 3r , & =
y=cle” +cze’” + 3x—|— 5

o= [Pdx
Ify2=y1f——§§—-——dx then

Jl'sz
y£=y€-rpdr+ /E—T—-d:c

and

-P _ y! ~ v - f{Pds
wl=""e¢ jpdz__%e deery_%e dex_+_y.rr

—— dr
¥ 1 ! / 51

so that
- fPdx

Y5 + Py +Quz = (3 + Pyl +Qy1)f—;—~dx =
1

Exercises 4.3

From 4m? + m = 0 we obtain m = 0 and m = —1/4 so that y = ¢1 + coe™ %4,

From 2m? — 5m = 0 we obtain m = 0 and m = 5/2 so that y = ¢; + cpe5%7/2,
From m? — 36 = 0 we obtain m = 6 and m = —6 so that y = ¢,5% + cye~ %,

From m? — 8 = () we obtain m = 2v/Z and m = —2v/2 so0 that y = ¢;e2V2" + cge~2V22,

From m? + 9 = 0 we obtain m = 34 and m = —3i so that y = ¢; cos 3z + ¢z sin 3z.

From 3m? + 1 = 0 we obtain m = i/v/3 and m = —i/+/3 so that y = ¢; cos 2/v/3 + ¢3 sin z/+/3.
From m? — m — 6 = 0 we obtain m = 3 and m = —2 so that y = ¢, + e3¢~ %,

From m? — 3m + 2 = 0 we obtain m = 1 and m = 2 so that y = ¢1€% + cge®®

From m? + 8m + 16 = 0 we obtain m = —4 and m = —4 so that y = cje ¥ + cyze= 4=

From m? — 10m + 25 = 0 we obtain m = 5 and m = 5 so that y = ¢¢%% +cgzg5‘

. From m?+3m —5 = 0 we obtain m = —3/24v/29/2 so that y = c1elBHVB)e[2 o) o(-3-VB)a/2,
. From m? 4+ 4m — 1 = 0 we obtain m = —2 £ /5 so that y = Cle(——2+\/§);c + cze(‘Q“/E)’-,
. From 12m? — 5m — 2 = 0 we obtain m = —1/4 and m = 2/3 s0 that y = cje %/? + cge2*/3,

z/d -z/2

+ e



15.
16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

Exercises 4.3

From m? — 4m + 5 = 0 we obtain m = 2 + ¢ so that y = €®F(c1 cosz + ez sinz).
From 2m? — 3m + 4 = 0 we obtain m = 3/4 £ +/234/4 so that
Y= P/ (cl cos V23 /4 + epsin /23 :r/4) )

From 3m? + 2m + 1 = 0 we obtain m = —1/3 + +/24/3 so that
y = e %3 (cl cos vV2z/3 + ey sin\/ix/S) .

—_——

From 2m? + 2m + 1 = 0 we obtain m = —1/2  i/2 so that
y = e *%(ci cosx/2 + cysinz/2).
From m3 — 4m? — 5m = 0 we obtain m = 0, m = 5, and m = —1 so that
I

y = ¢ + cze™ + cze” %,

From 4m3 + 4m? + m = 0 we obtain m =0, m = —1/2, and m = —1/2 s0 that

—zf2 —z/2

Yy =c t+ e + C3T¢€

From m? — 1 = 0 we obtain m = 1 and m = ~1/2 £+ +/34/2 so0 that
y=ce® + e %/2 (cg €oS \/§I/2 +c3 sinﬁz/?) )
From m3 + 5m? = 0 we obtain m = 0, m = 0, and m = —5 so that
Y =01 + 09T + cae” %,
From m>® — 5m? + 3m + 9 = 0 we obtain m = —1, m = 3, and m = 3 so that
y =cre % + 026%® + caze™.
From m3 4+ 3m? — 4m — 12 = 0 we obtain m = ~2, m = 2, and m = —3 so that
y=c1e” " + % + c3e™ ¥,
F&'omm3+m2-2=0weobta.inmr:1a.ndm=-—1:|:iso that
y=rc1e" + e *({czcos T+ czsinx).
From m3 — m? — 4 = 0 we obtain m = 2 and m = —1/2 + +/71/2 so that
y= e + g~3/? (cz cos \/?m/Z +e3 sin\/?x/2) )

From m?® + 3m% + 3m + 1 = 0 we obtain m = —1, m = —1, and m = —1 so that

y=cie”% +cyre”T + caxle ™.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Exercioes 4.3

From m® — 6mZ + 12m — 8 =0 we obtain m =2, m = 2, and m = 2 so that
y=creZ + c:Qxezx + gz,
From m4 + m® +m? = 0 we obtain m = 0, m = 0, and m = —1/2 &= v/34/2 so that
y ==y + cox +e %/ (c;;cos \/§I/2+C4 sin \/5:::/2) )
Fromm?—2m2+1=0weobtainm =1 m=1,m=—1, and m = —1 so that

y = c1e€” + coxe” + cze™" + eqze” .

From 16m? + 24m> + 9 = 0 we obtain m = ++/31/2 and m = £+/34/2 so that
y = c1c08 V32/2+ cpsinv3z/2 + caz cos V3z/2 + cqzsin V3 /2.
From m? — Tm? — 18 = 0 we obtain m = 3, m = —3, and m = +/24 so that

¥ = 1% + coe %" 4 cgcos V2T +essinv2s.

From m® — 16m = 0 we obtain m =0, m = 2, m = —2, and m = +2i so that
y=0 + cgeh + C3e_2‘“" + ¢4 ¢o8 21 + ¢55in 23,

From m® — 2m? 4+ 17m3 = 0 we obtain m =0, m =0, m = 0, and m = 1 & 47 so that
¥ =1 + caT + 32° + e°(cq cos dx + cs sin 4z).

From m® + 5m* — 2m® — 10m> + m+5=0we obtain m = -1, m= -1, m =1, and m = 1, and
m = —5 so that

y=cie~? + coze™" + cze” + cqxe” + cxe” 05

From 2m® — 7m* + 12m% + 8m? = 0 we obtain m = 0, m = 0, m = —1/2, and m = 2 = 2i so that

¥ = c1 4 cor + cae~ %% + ®* (¢4 cos 2z + ¢y sin 2z).

From m? + 16 = 0 we obtain m = +4i so that y = ¢1 cos 4z + czsindz. If y(0) = 2 and &/ (0) = -2
then ey = 2, eg = ~1/2, and y = 2cosdx — %Sinrla:.

From m2 — 1 = 0 we obtain m = 1 and m = —1 so that y = c1e® + o™ %. If ${0) = 1 and ¢/{0) =1
then ey + o =, 1 —ea=1,80¢c1 = 1,0 =0, and y = *.

From m? + 6m + 5 = 0 we obtain m = —1 and m = —5 so that y = c1e™® + c2¢75%. If y(0) = 0
and ¢/(0) =3 then ¢y +c2 =0, —¢1 — 5c3 = 3, 50 ¢1 = 3/4, e = ~3/4, and y = ™% — 36'5”.
From m? — 8m + 17 = 0 we obtain m = 4 + ¢ so that y = e4%(c¢; cosz + cpsinz). If 4{0) = 4 and
v () =—1thenc =4,4c; +cx=—1,80c1 = 4, cg = —17, and y = €¥*(4cosx — 17sinz).



41.

42,

43.

45,

46.

47.

48.

Exercises 4.3

From 2m?—2m+1 = 0 we obtain m = 1/2%i/2 so that y = €%/2(c) cos z/2+cgsinz/2). K y(0) = -1
and i/(0) = 0 then ¢; = —1, 4e1 + 3c2 = 0,50 ¢1 = =1, ¢y = 1, and y = &2/2 (sin%z—w cos %z)
From m? — 2m + 1 = 0 we obtain m = 1 and m = 1 so that y = c1e¥ + caze®. If 4(0) = 6 and
y'(0) =10 then ¢; =5, ¢1 +¢g = 10 s0 ¢; = §, cg = §, and y = §e* + Sze”.

From m2+m+2 = § we obtain m = —1/2++/74/2 so that y = e~%/2 (01 cos V7 2/2 + epsin \/71'/2).
If #(0) = 0 and ¥'(0) = 0 then ¢; = 0 and €3 = 0 so that y = 0.

From 4m? —4m -3 = 0 we obtain m = —1/2 and m = 3/2 s0 that y = c1e™ %/ 2 426372 Ify(0) = 1
and ¢(0) =5 thenci+ca = 1, —fer+3c2 = 5,50 6y = —7/4, ¢ = 11/4, and y = —Je~%/2 4 L 312,
From m? —3m + 2 = 0 we obtain m = 1 and m = 2 so that y = ;€% + ¢2e%*, If y(1) = 0 and
y(1) = 1then cre+ce? =0, cre+2e2 =080 1 = —e ™, cp =72, and y = —7~1 4 272,
From m? + 1 = 0 we obtain m = i so that y = cj cosz + cosinz. H y{n/3) = 0 and ¢/{n/3) =2

1 3 3 1
then Ecl + %cg =), —%cl + 562 =2,50¢;=—v3 ce=1 andy= —/3 cosx +sinz.

From m*+12m2+36m = 0 we obtainm = 0, m = —6, and m = —6 so that y = c1+cpe~ 8 +ogze0%,
If 4{0) = 0, ¢/'(0) = 1, and y"(0) = -7 then
c1+ece=0, —6ca+ecz=1, 36cy—12cyz=-T,
50 ¢c1 = 5/36, cg = —5/36, c3 = 1/6, and y = 3 — €% + tze 0=,
From m3 +2m?2 ~6m —6 =0 we obtainm = -1, m =2, and m = ;3sothat

y=c1e"% + 2% + c3e ",

If y(0} = 0, ¥/(0} = 0, and "{0) = 1 then
atotea=0 -—-eo+2e0-3c3=0, ec1+4c2+93=1,

80 C] = —1/6‘ cg = 1/15, cg = 1{10, and

__l - l?:c i—ax
y= 68 +158 +1Oe

. From m® — 8 = 0 we obtain m = 2 and m = —1 £ /3¢ so that

y=cle2I+e_z(c2c05\/§$+cgsinw/§z).
If {0} = 0 and ¥'(0) = —1, and %”(0) = 0 then
e1+ea=0, 20 —co+v3c3=—-1, dej—2sz—2v3c3=0,
0 c1 = —1/86, c3 = 1/6, c3 = —1/2+/3, and

1 1 1
y= —Ee235 +e * (—cos 3r— ——=sin 3:8).

6 2v3
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50.

51.

52.

53.

Exercises 4.3

From m* = 0 we obtain y = ¢ + 2w + 322 + 423, I y(0) = 2, ¥/{0) = 3, ¥"(0) = 4, and (0} = 5
then ey = 2, g = 3, 203 = 4, 64 = 5, and

5
y=2+3x+2x2+6x3.
Frommi—3m3+3m? —-m=0weobtainm=0, m=1 m=1, and m = 1 so that
Y = c1 + c2€® + caze® + c4xe®. If 4{0) = 0, ¥/(0) = 0, (0} = 1, and ¢"(0) = 1 then
c1+e2=0, ca+c3=0, ca+2c+2c4=1 c3+3c3+6cy=1,
socyp =2, 6c2=-2,ec5=2 ¢4=-1/2, and

1
y=2—2e% + 27" — Exze"’,

From m%—1 = 0 we obtain m = 1, m = —1, and m = 44 so that ¥ = c;e%+cpe % +c3 cos z+cysin 1.
If y(0) = 0, (0} = 0, ¥"(0) = 0, and ¢""{0)} = 1 then

c1+e+ea=0 ag-—-ontau=0 cag+ce—c=0 ag-—-oc-c=1,

socy =174, eg=—-1/4,¢c3 =0, c4 = —1/2, and
1, 1,

= g% — 1E:inz
y=q e 3 .
From m?2 — 10m + 25 = 0 we obtain m = 5 and m = 5 50 that y = 1% + cpze®. If %{0) = 1 and
5z L1 ]

y(l}=0then ey =1, 165 +e2e° = 0,80 ¢, =1, c2= —1, and y = €% — ze

54.

55.

56.

57,
58.

59.

From m? + 4 = 0 we obtain m = 2i so that ¥ = c1¢0s2z + ¢gsin2x. If y(0) = 0 and y(x) = 0
then ¢; = 0 and y = cgsin 2z.

From m? + 1 = 0 we obtain m = i so that y = ¢icosz + cysinz. If ¢'(0) = 0 and 4/{r/2) = 2
then ¢ = -2, ¢cpg =0 and y = —2cos z.

From m?2 —~ 1 = 0 we obtain m = 1 and m = —1 so that ¥ = c1e% + cge™ % or iy = cgcosh x + o4 sinh z,
If y(0) =1 and y’{1) =0thenci =1, ¢;sinh1 +czcosh1=0, 80 ¢ = 1, ¢ = —sinh 1/ cosh 1 and
— coshz — sinhl | by = coshzcoshl —sinhzsinh1  cosh{z — 1)

y = cos cosh1 AT = coshl T T eoshl

Since (m—4){m+5)? = m®+6m®—15m— 100 the differential equation is ¢ +6y" — 15y’ — 100y = 0.
Since (m + 4} {m? — 6m + 10} = m® ~ Ym? + 7m + 5 the differential equation is

Ll

11
- -Ey” +7¢ +5y=0.

From the solution 41 = e® we conclude that m; = 1 is a root of the auxiliary equation. Now,
dividing the polynomial m® —9m? 4 25m — 17 by m — 1 gives m? — 8m+17. Therefore m = 44 are



60.

61.
62.
63.
. Since (m — 3)(m + 3) = m? — 9, a differential equation is ¥ — 9y = 0.
85.

Exercises 4.3

the remaining roots of the auxiliary equation, and the general solution of the differential equation
is

v = c16% + e¥{eg cos z + casin ),
4z o082 we conclude that my = —4 + ¢ and mg = —4 — § are roots of the
auxiliary equation. Hence another solution must be y = e~% sinz. Now dividing the polynomial
m3+6m?2+m—34 by [m— (—4+3)][m —(—4— )] = m? + 8m + 17 gives m — 2. Therefore mz = 2
is the third root of the auxiliary equation, and the general solution of the differential equation is

From the solution g = e~

4z 4 23

y=cre Fcosr+ e *Tsinz + cze“t.
Since (m — 6)(m + 3) = m? — 3m — 18, a differential equation is y” — 3y’ — 18y = 0.
From m? + 16 = 0 a, differential equation is " + 16y = 0.

Since m2(m — 7) = m® — Tm?, a differential equation is ¥ — 7y” = 0.

Frommi+1= (mz—\/im+1) (m2+\/§m+1) we obtain
m=1/vV2+i/v2 and m=-1/vV21i/V2

s0 that
Y= &&V2 clcosim +czsini:r -+ e~%/V2 c::,cosiz +r:4sinia: \
V2 V2 V2 V2
Exercises 4.4

1. From m? + 3m + 2 = 0 we find my = —1 and my = —2. Then g, = cje™* + c2e~ %% and we assume

yp = A. Substituting into the differential equation we obtain 2A = 6. Then A = 3, g, = 3 and

y=c1e% +c9e” 2 4 3.

2. From 4m? +9 = 0 we find my = —~3 4 and mg = $ 4. Then yc = c1 cos 3z + ¢ sin §z and we assume

yp = A. Substituting into the differential equation we obtain 94 = 15. Then A= ¥, 4= § and

— 3 + H § + -
y—C]_COSQZ C'ZSII'IQI 3.

3, From m?2 — 10m + 25 = 0 we find m; = mg — 5. Then y. = ¢1€"* + cyze® and we assume

yp = Az + B. Substituting into the differential equation we obtain 254 = 30 and —104+ 258 = 3.
Then A=8, B=f, yp= 8+ ¢, and

3 8 2
—— _ Sz 7
= Yy = 1€ + caxe +59:+%.__—
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Exercises 4.4

. From m2 +m —6 =0 we find m; = —3 and my = 2. Then y. = e1e 3% + £2e?® and we assume

yp = Az + B. Substituting into the differential equation we obtain —6A4 = 2 and A ~68 = 0. Then
A=—3,B=—f,pp=32—f5,end

1 1

R %2, 1 _ 1

Yy = cle + cpe™ + 3$ TE

. From ;}m2 +m+1=0wefind mg =myg =0. Then y. = c1e”% + cyze~?® and we assume

yp = Az? + Bz + C. Substituting into the differential equation we obtain A =1, 24+ B = -2,
and JA+B+C =0 ThenA=1,B=-4,C=3,pp=2"—4z+], and

y= cie” % 4 coze™® 2% — 4z + g .
. From m? — 8m + 20 = 0 we find m; = 2+ 4i and ma = 2 — 4¢. Then y, = €2%(c; co8 4z + ¢o sin 4x)
and we assume yp = :_43:2 + Bz + C + (Dx + E)e”. Substituting into the differential equation we

obtain
2A -8B +20C =10

—6D+13E =10
-164A+208=10
13D = -26
204 = 100.

Then A=5 B=4,C=1,D=-2FE=-%,yp=52"+4z+ f} + (-2c— ) e* and

y=623(c1cos42:+6251n4m)+5x2+4z+%+( 2r - 1—2) e*.

. From m2?2 + 3 = 0 we find m; = v3i and mg = 3i. Then y, = cjcosv3z + cpsinv3z
and we assume yp = (Az? + Bz + C)e®. Substituting into the differential equation we obtam
2A+ 6B +12C = 0, 124+ 12B = 0, and 124 = —48. Then A = —4, B = 4, C = -},
Yp = (—42? + 4z — §) € and

4
y=cicosv3z+cgsinv3z + (—4x2+4z— §) 32,

3x/2 —z/2

. Hom4m2~4mw3=0mﬁndm1#gandm2=—%.Thenyc=c16 + o€ and we assume

yp = Acos2z + Bsin2z. Substituting into the differential equation we obtain —19 — 88 = 1 and
8A—19B=0. Then A= — %, B= -5, yp = — 5 cos 20 — S sin 2z, and

3z/2 -rf2

9 8
— 1— cos2x — —— sin 2x.

+eze 425 425

¥y =<



10.

11.

12.

13.

14.

Exercises 4.4

. From m? —m = 0 we find m; = 1 and my = 0. Then . = ¢16” + ¢ and we assume y, = Az.

Substituting into the differential equation we obtain —4 = —3. Then 4 = 3, y, = 3z and
y = c1e* + ¢9 + 3x.

From m2 + 2m = 0 we find m;y = —2 and mp = 0. Then y. = e167% + ¢y and we assume
Yo = Az? + Bz + Cze . Substituting into the differential equation we obtain 24 + 2B = §,
4A =2 and ~2C=-1. Then A=}, B=2,C =1, y, = 328 + 2z + }ze™%, and

1 1
y=cieF +o0+ §x2 +2r + E:ce_%.

F‘rommg—m-i-;ll:ﬂweﬁndmI:mg:%. Then gy, = c1€%¢ + coxe

yp = A+ Bz%e*/2. Substituting into the differential equation we obtain 14 =3 and 2B = 1. Then
A=12, B=3, yp= 12+ 52%*/2, and

x/2 z/2

and we assume

1
y=c1"% + e + 12+ -2‘3262"12,

4z and we assume

¥p = Aze®®. Substituting into the differential equation we obtain 84 = 2. Then A = 1, yp = jze®

From m? — 16 = 0 we find m; = 4 and ma = —4. Then y. = e1e®® + coe™

and

—4r 4z

1
y= c16%® + cope ¥ 4 er
From m2 + 4 = 0 we find m; = 2% and mg = —24. Then Ye = €1 COS 2T -+ ¢y 8in 2z and we assume
yp = Axcos2z + Brsin2z. Substituting into the differential equation we obtain 4B = 0 and

—4A=3. Then A = —%, B=0y= —%zcos2m, and

3
¥ = 1 C0s 2% + ¢y 8in 27 — Z:c cos 2,

From m? + 4 = 0 we find m; = 2i and mg = —2¢. Then y. = ¢} cos 2z + cg sin 2z and we assume
yp = (Az% + Bz’ + Cx) cos 2z + (Dz* + Ex® + Fz) sin 2z. Substituting into the differential equation
we obtain
2B+4F =10
6A+BE =0
1200 =10
—4C+2E = -3
—8B+6D =0
—12A = 1.
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15.

18.

17.

18.

19.

20.

Exercises 4.4

Then A=—f3, B=0,C=$,D=0,E= {5, F=0 9= (-1 + Bz) cos 2z + fzz?sin 2z,
and

1 25 1
- 9 in2z + [~ L1312 ) LI
¥ = c1 €082z + czsin I+( 123: +322? cos 2z + 163: sin 2zx.

From m2 4+ 1 = 0 we find m; = i and mp = —i. Then g = ¢1 cosx + cgsinz-and we assume
Yp = (Az? + Bz)cosz + (Cz? + Dz)sinz. Substituting into the differential equation we obtain
AC =0,24+2D =0, —4A=2,and 2B +2C =0. Then A=—}, B=0,C=0,D = 4,

yp = —4r%cosz + Jzsinz, and —_

. 1 1
Y =¢£]CO8X +028NT — §x2cosz+ Exsm:r.

From m? —~ 5m = Q we find m; = 5 and my = 0. Then ye = €1€%F + ¢y and we assume
yp = Azt + Ba® + Cz® + Dx. Substituting into the differential equation we obtain —20A4 = 2,
124-15B = —4,6B—10C = —1,and 2C—5D =6. Then A=—% . B=8 . C =85 , D= -%%,
Yp= —hrt + Bod 4 B2 BTy and

o« Mg, 58, 697

1
— 5‘1: — — — Te—
Yy =cre™ + oy IOI + 7556 250:3: 6255:'

From m? —2m +5 = 0 we find m; = 1+ 2i and mg = 1 — 2. Then y. = €(c; cos 2T + ¢z 8in 2z) and
we assume yp = Axze® cos2r + Brefsin2z. Substituting into the differential equation we obtain
4B=1and —44 = 0. Then A=0, B =, y, = Jz¢®sin 2z, and

1
y = e*{c) cos 2z + ¢g sin 2z) + er“’ sin 2.

From m? - 2m+2 =0 wefind my = 1+i and mo =1—1i, Theny, = e“(cwosx-_l—_cf%_s_inx)
and we assume y, — Ae? cosz + Be?®sing. Substituting into the differential equation we obtain
A+2B=1and -2A+B=-3 Then A=], B=—},y, = fe¥cosz — {e*sinz and

L oy

7
2z
COST — —¢

5

y=e"(cicosx +cpsinr) + e

sin .
5

From m?2+2m+1 = 0 we find m; = mg = —1. Then y. = c1¢™® + caze™ and we assume
yp = Acosz + Bsinz + Ccos 2z + Dsin2z. Substituting into the differential equation we obtain
298B=0,-24=1,-3C+4D=3,a0d ~4C-3D=0. Then A=—%,8=0,0=-5%, D=,
Yp = —%cosx - 2950052x+ %sian, and

L —icos2 +1—zsin2
2cosx 55 T 25 T.

T

y=cre T+ coze”
From m? + 2m — 24 = 0 we find m1 = —6 and mg = 4. Then y. = cie”% + c2¢* and we
assume yp = A + (Bx? + Cz)e’?. Substituting into the differentiat equation we obtain —244 = 16,
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21.

22.

23.

24.

25.

26.

Exercises 4.4

2B+10C = ~2,80d 208 = ~1. Then A= -3, B= -5, C = — {5, v = —§ (2% + ) e,
and

P 2 1 19
y=ce °+cye 3 (20x +100z)e .

From m® — 6m? = 0 we find m; = m3 = 0 and m3 = 6. Then Ye = C1 +cgz+C3eﬁ" and we assuine
yp = Az? + Beosz + Csinz. Substituting into the differential equation we obtain —124 = 3,
6B~-C=—1and B+6C =0. ThenA=—;1;,B=—%,C=%,yp=~%z2—~3§7msx+gl-;sinm,
and

1 o

y=201 +c2:1:+c:3.36I — =z~ E~cosz + isinx.
4 37 37

From m?—2m2 —4m+-8 = 0 we find m) = my = 2 and mg = —2. Then g, = ¢;e® + cyze?® +cge~ 2
and we assume g, = (Az3 + Bz?)e?®. Substituting into the differential equation we obtain 244 = 6
and 64+8B =0. Then A=}, B=—&, y, = (}2® ~ §2?) ¢, and

1 3
y = 16 + cpze®® + g + (Zz3 - -1—6—:):2) ey

From m3 —3m? 4 3m —1 =0 we find m; = mg = mg = 1. Then y. = c16% + cpze® + 3% and
we assume iy, = Ar + B + Cxz3e®. Substituting into the differential equation we obtain —A = 1,
34-B=0,and6C = —4. Then A= -1, B= -3, = —%, Yp = —x—3—§x3e”,and

2 3

y = 1% + coxe® +c3xie® —x — 3 — Ea: e®.

From m® —m?—4m+4 = 0 we find my = 1, mg = 2, and m3 = —2. Then y. = €1€% + cge® +c3e~F
and we assume y, = A+ Bze®+Cze?®. Substituting into the differential equation we obtain 44 = 5,
-3B=-1,and4C=1. Then A=%,B=3,C =1}, yp = § + 32¢° + 12¢%®, and
Y =c1e° + c0e®® + e3¢ + 3 + l:cex + l:&'62:".
4 3 4
From m4 + 2m? + 1 = 0 we find m; = m3 =i and mg = m4 = —i. Then y. = ¢1 ¢08 + cosing +
€3z co8 T + c4x 8in x and we assume y, = Az? + Bz + C. Substituting into the differential equation
we obtain A=1, B=—-2,and 4A+C =1 Then A=1, B= -2, C = -3, yp = 2% — 2z - 3, and

y=clcosz+cgsinz+632c059:+C4$sinz+$2 -2z - 3.

From m* —m? = 0 we find m; = mg =0, my = 1, and my = —1. Then Yo =01+ c2x+c3e” +cqe™™
snd we assume yp = Az + Bz? + (C2? + Dz)e~". Substituting into the differential equation we
obtain ~64 = 4, —2B = 0, 10C — 2D = 0, and —4C = 2. Then 4 = -4, B =0, C = -},
D= __%, Yp = —%3:3 — (%xz + %:r) e” %, and

¥ =c) + 2T + cae” +cqeF — §x3 - (—.?;2 + §z) e %,
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27.

28.

29.

30.

31.

32.

33.

34.

Exercises 4.4

We write 8¢inr = 4 — 4cos2z. From m?* + 1 = 0 we find m; = i and my = —i. Then
Yo = €1 cos x+ ¢y sin ¥ and we assume y, = A+ B eos 2z 4 Csin 2z, Substituting into the differential
equation we obtain A = 4, =3B = —4, and -3C = 0. Then A = 4, B = 43, C =0, and
Yp =4+ %cos2x.

We write sinzcos2z = %sinBz - %sinx. From m?+ 1 = 0 we find m; = i and my = —i. Then
Yo = €1008Z + cg 8in T and we assume ¥, = Acos 3z + Bsin 3z + Czcosz 4+ Drsinz. Substituting
into the differential equation we obtain —84 = 0, —88 = ,2D =0, and —2C = —1. Then A =0,
B=_T16: C=%, D=0 andyp——-—sm3n:+ 1T COST.

We have y. = ¢ cos 27+ ¢osin 2z and we assume yp = A. Substituting into the differential equation
we find 4 = —%. Thus ¥ = ¢1 co82x + ¢38in 2x — % . From the initial conditions we obtain ¢ = 0
and cg = V2,80 y = vV2sin2z — §

We have g, = c1e~ 2 4 c2¢*/? and we assume y, = Az + Bz + C. Substituting into the differential
equation we find A = —7, B = —19, and C = —37. Thus y = ¢1e™%* + coe®/% — Tx% — 19x — 37.

From the initial conditions we obtain ¢ = —— and cz = 126 , 86

y = _ée—% + 12_682;2 - 722 — 192 — 37. -

We have y, = c1¢ =%/ +¢2 and we assume y, = Az? ?+Bz. Substituting into the differential equation
we find A = —3 and B = 30. Thus ¢ = c;e=*/® + ¢3 — 322 + 30z. From the initial conditions we
obtain ¢; = 200 and ¢z = —200, so

y = 2007%/5 — 200 — 327 + 30z.

We have y, = c1e™% + cpre™® and we assume y, = {Az? + Bz?)e™2®. Substituting into the
differential equation we find 4 = % and B = % . Thus ¢ = c1e~2* + core 2% 4 (%za + %12) e
From the initial conditions we obtain c; =2 and c2 = 9, 20

1
y =2 4 9z 4 (Exa + -2—:1:2) e~
We have y. = e 2%(c1 cos T + co sin z) and we assume yp = Ae™*%. Substituting into the differential
equation we find A = * Thus y = e~ 2*{¢; cos z + casinz) + Te~4%, From the initial conditions we

obtain ¢y = -1 and ¢ =9, s0

y = e 2*(~10cosz + 9sinx + 7e~4%).
We have y, = ;¢ + cze™ and we assume y, = Aze® + Bre™ . Substituting into the differential
equation we find A = % and B =—}. Thus

1 1 _ _ 1,
y:cle”+626"’+zme:-zxe * = ¢1e% + cge ”+§smhz.



35.

36.

37.

38,

39.

Exercises 4.4

From the initial conditions we obtain ¢; = 7 and ¢z = -5, so
1.
y=Te" — e + Esmhz.
We have z. = c1 coswt + czsinwt and we assume zp = At coswt + Btsinwt. Substituting into the

differential equation we find A = —Fp/2w and B = 0. Thus z = ¢ coswt+cg sinwt—(Fp/2w)t coswt,
From the initial conditions we obtain ¢; = 0 and ¢z = Fj/2w?, so

T = (Fo/2w?)sinwt — {Fy/2w)t coswt.

We have 1. = cjcoswt + cpsinwt and we assume z, = Acosyt + Bsinyt. Substituting into the
differential equation we find A = Fy/(w? — 4?) and B = 0. Thus
¢ i+ nwt + Fo 03 Yyt
T = ¢ cosw sinwt + ————— cost.
' 02 W=7 7
From the initial conditions we obtain ¢; = Fp/ (w2 ~~%) and ¢3 = 0, s0
0 Fo
T = m coswt + Wﬁﬂs .

We have y. = cicosx + casing and we assume y, = Azrcosz + Bzsinz + Ccos2z + [sin 2z,
Substituting into the differential equation we find A =0, B = % ,C=0 and D = % Thus

. 1 1.
y=cicosz+ cesinz + ~xsinz + - sin 2x.

2 3
From the initial conditions we obtain ¢; = —} and co = %, s0
11:: ws' +1 'n:r+1 in 2z
= —=C0D8T — —8IlXY —I 581 - N
v="% 2 2 3°

We have ¥ = c1e™* + c2¢%® and we assume ¥p = A+ Bcos2z + Csin2z. Substituting into the
differential equation we find A = —% B = —%, and C = —% . Thus

¥ =cre % + e’ — % - -?—coa2:c - isin2x.

65 65
From the initial conditions we obtain ¢; = 1% and ep = 3%, 80
1 7 4
y= 2—106"’ + %63‘” 37 Bgcost — (—3—5-sin2:c‘

We have y. = c1 + c2e® + caze® and we assume yp = Az + Br?e” + Ce®*. Substituting into the
differential equation we find 4 =2, B= —12, and C' = % . Thus

1
v = ¢ + ege” + czre” + 22 — 12227 + 565“’.
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40,

41.

42.

43.

Exercises 4.4
From the initial conditions we obtain ¢y = 11, ;g = =11, and ¢3 = 9, s0
y =11 — 11€® + 9ze® + 2z ~ 12z2e® + %eﬁ’i

We have y, = cre~i 4 e®{cg cos V3z o+ €3 sin\/g:r) and we assume y, — Axr + B + Cre=2=.
Substituting into the differential equation we find A=1, B=-§, and C = %. Thus

. 1 5 2
y=cr1e”® + e*{epcos V3 + c3sinv3x) + P + Eze‘z’:.
From the initial conditions we obtain ¢; = —% , €3 = —% ,and o3 = %Jﬁ , 80

28 g z( 59 17 . ) 1 5 2 _a
y=-15¢ +e€ 2 5% 3x+72\/§sm 3z +4x 8+§xe .
We have y. = ¢j cosz + cosinz and we assume yp = A2+ Bz +C. Substituting into the differential
equation we find A=1, B=0,and C = —1. Thus y = cicosz + cgsinx + z° — 1. From ¢(0) =5
and y(1) = 0 we obtain

c1—1=25

_ (cos1)ep + sinf1)ep = 0.
Solving this system we find c) = 6 and cy = —6cot 1. The solution of the boundary-value problem
is '
y = 6cosz — 6{cot 1}sinz + 2% — 1.
We have g, = e®(c1 cosx + cpsinz) and we assume y, = Az + B. Substituting into the differential
equation wefind A =1and B=10. Thusy = ¢*(c; cosz+cosinz) +2. From y(0) =0and y{r) ==

we obtain
¢t =10

T —e"e =7
Solving this system we find ¢) = 0 and ¢y is any real number. The solution of the boundary-value
problem is

y = cee¥sinz + .

We have y. = ¢1 cos 2z + cp5in 2z and we assume yp, = Acosz + Bsinz on [0,#/2). Substituting
into the differential equation we find A=0and B = % Thus y = €1 cos 2z + eg8in 2z + é sinz on
[0,7/2]. On (7/2, 00) we have y = c3cos 2z + e4sin 2z. From y(0) = 1 and ¥/(0) = 2 we obtain



11.

13.

15.
17.
18.
19.
20.

21.

Exercises 4.4

3

Solving this system we find ¢; = 1 and ¢ = §. Thus y = cos2z + %sin 2z + %sinx on |

Now continuity of y at x = #/2 implies

5 . 1, o .
cos7r+gsmﬂ'+—sm§=C3c05ﬂ'+c,151n7r

3

or —1+4 1 = —cs. Hence c5 = §. Continuity of ' at = = 7/2 implies
, 5 1 7 .
—2sinT + -3-cos:rr+ 50035 = —2¢czsinmw + 2egcosw

or —-% = —=2¢4. Then ¢4 = % and the solution of the boundary-value problem is

{0052x+gsm2x+%sinx, 0<z < nf2
ylz) = )

. {D+5)y =9sinz

. 3D? -5D+ 1)y =¢®

(D3 —4D? +5D) =4z

902 — 4= (3D -2)(3D +2)

2 5 i
7cos 2x + g sin 2z, x>w/2

Exercises 4.5 .

2. 4D+8y=xz+3
4. {D*~2D?+ 7D -6)y=1-sinz
6. (D' —2D? + D)= 3% 4 ¥

8. D?-5=(D-V8)(D+v5)

D? - 4D ~12=(D—6)(D+2) 10. 2D? -3D-2=(2D+1)(D-2)
D +10D? + 25D = D{(D +5)° 12. D3 +4D = D(D? +4)
D34+2D2-13D+10 = (D-1}(D-2){D+5) 14. D3 +4D% 43D = D(D + 1)(D + 3)

D4+ 8D = D(D +2)(D?* - 2D +4) 16. D*— 8D +16 = (D - 2)2(D + 4)?
Dy = D102 — 21) = D?(302% — 2) = D*(60x) = D(60) =0

(2D — 1)y = (2D — 1)4e%/2 =

8De®/? — 46717 = 465/2 — 4e%/2 =

(D —2)(D + 5)4e?® = (D — 2)(8e¥ + 20e%) = (D — 2)28e® = 56 — 56¢% =0

(D? + 64)(2 cos 8z — 5sin 8z)

D* because of 28

= D(—16sin 8z — 40 cos 8z) + 64(2 cos 8z — Hsin8z)

= —128c¢os 8z + 320sin 8z + 128 cos 8z — 320sin8x = 0

22. D% hecause of &
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23.

25.

27.
28.
29,
30.
31.
32.
33.
34.
35.
36.
a7.
38.
39.
40.

1.

2.

Exercises 4.6

D(D — 2) because of 1 and ** 24. D*(D - 6)* because of = and zeb*
D? + 4 because of cos 2z 26. D{D? + 1) because of 1 and sinz
D3(D? + 16) because of 2% and sin 4z

D?(D? + 1)(D? + 25) because of z, sinz, and cos 5z

(D + 1){D — 1) because of ™% and z2e®

D{(D — 1)(D — 2) because of 1, €*, and €2*

D(D? — 2D + 5) because of 1 and e® cos 2

(D? +2D + 2){(D? — 4D + 5) because of e *sing and €% cosz
1, x, 22, 23, 24

D?24+4D=D(D+4); 1, e ¥

bz ,~3z/2

L

D?—9D-36=(D—12)(D+3); e'* ¢3

co8 5z, sin vz

D? —6D+10=D? - 2(3)D + (3 +12); ¥ cosz, e sinz
D3 —10D? +25D = D(D - 5)%; 1, €52, &>

Sz Tz

l,z,e", ¢

Exercises 4.6

Applying D to the differential equation we obtain
D(D? - 9y = 0.

Then
_ 3z -3z
Y =c1€77 + o + 3
— j—
Ye
and yp = A. Substituting yy, into the differential equation yields —9A4 = 54 or A = —6. The general
solution is
¥ =c1€ + cge” 3 — 6.

Applying D to the differential equation we obtain

D(2D? — 7D + 5}y = 0.



Exercises 4.6

Then
5¢/2 ¢ c9e® + 3
v
and yp, = A. Substituting g, into the differential equation yields 54 = —29 or A = —29/5. The

general solution is

Y= 1€

52/2 29

= ¢ie + cge® - —,
Y i €2 5

. Applying D to the differential equation we obtain
DD*+Dy=D*D+1y=0.

Then
v=c1+coe” T +eax
¥
and yp = Az. Substituting y, into the differential equation yields A = 3. The general solution is

y=c + cge'?"“P + 3z.
. Applying D to the differential equation we obtain
D(D®+2D* + D)y =D¥D+1)%y=0.
Then
y=c1+coe”" 4 care™® + ey
Ye
and yp = Az. Substituting y, into the differential equation yields A = 10. The general solution is

y=c1+coe T +ezre”” + 102
. Applying D? to the differential equation we obtain
DYD*+4D +4)y = DY D+ )}y =0.
Then
y=cre 2+ e + 34z
e, ——
Ye
and yp, = Az + B. Substituting ¥, into the differential equation yields 44x + (4A + 4B) = 2z + 6.

Equating coefficients gives
44 =2

4A+ 4B =6.
Then A =1/2, B =1, and the general solution is

1
y= C1t3_22 + CQIE_QI + -2-:.: + 1.
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6. Applying D? to the differential equation we obtain
DYDY +3D)y = DX(D+3)y=0.

Then
y=ci+cre 5 43z + eyx
¥
and yp = Az? + Bz. Substituting Yp into the differential equation yields 64z + (2A+3B) = 4z —
Equating coefficients gives

6A=4
2A+ 3B = -5.
Then A = 2/3, B = —19/9, and the general solution is
2 19
- -3z <3 ¥
y=c1+ce " + 37 g%

7. Applying D? to the differential equation we obtain
YD+ Dy =DYD+1)y=0.

Then
= c1 + c27 + c3e”% + gzt + 52 + cga?
Ye
and y, = Az? + Bx? + Cz?. Substituting y, into the differential equation yields
12422 + (24A + 6B)z + (6B + 2C) = 8. Equating coefficients gives

124=8
24A +6B =0
6B +2C =0.

Then A =2/3, B =—-8/3, C =8, and the general solution is

2 8
y=c) +cor+cae * + 5934 - §x3 + 822,

8. Applying D* to the differential equation we obtain.
DY D?*-2D +1)y= DD~ 1)y =0,

Then
y = c1e” + caxe® + 37 + cax’ + o5T +
— —
Yc



Exercises 4.6

and y, = Az® + Bz? 4 Cz + D. Substituting yp into the differential equation yields
Az® 4+ (B = 64)x? + (6A — 4B + C)z + (2B ~ 2C + D) = 2% + 42. Equating coefficients gives

A=1
B-8A=0
6A—4B+ (=4

2B-2C+ D =0.
Then A= 1, B=#6, C =22, D =32, and the general solution is
¥ = 1% + coze® + x° + 622 + 222 + 32.
. Applying D — 4 to the differential equation we obtain
(D - 4)(D* - D = 12)y = (D - 43D + By = 0.

Then
y=cre®® + cze” ¥ + pyre?”
\_i:c——f
and y, = Aze®®. Substituting y, into the differential equation yields 7Ae¥® = ¢4 Equating
coefficients gives A = 1/7. The general solution is

1
y=c1e" + e ¢+ ?xe“’”,
. Applying D — 6 to the differential equation we obtain
(D —6)(D*+ 2D + 2}y = 0.

Then
y=e (cicosx + cosinz) + cze®

e
and yp = Aeb®. Substituting yp into the differential equation yields 50A4e8* = 5652 Equating
coefficients gives A = 1/10. The general solution is

y=¢e%(c1cosx + cosing) + Tﬁeﬁx'

. Applying D{D — 1) to the differential equation we cbtain
DD —-1D?*-2D-3w=D(D-1)(D+1)}(D-3)y=0.

Then
¥ =c1e°® + e + cae® + oy
|- —
e
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13.

14.
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and y, = Ae® + B. Substituting y, into the differential equation yields —4A4e® — 3B = 4¢* — 9.
Fquating coeflicients gives A = —1 and B = 3. The general solution is

¥ =1 +ce”% — e + 3.

Applying D?(D + 2) to the differential equation we obtain
DXD+2)(D*+6D +8)y = DD + 2)X(D + 4)y = 0.

Then
v=cre % + coe™® +egze” % 4 o4z + 5
Y
and y, = Aze™?* + Bz + C. Substituting g, into the differential equation yields
24¢~% + 8Bz + (6B + 8C) = 3¢~ 2* + 2z, Equating coefficients gives

24=3
8B =2
68 +8C = 0.

Then A = 3/2, B =1/4, C = —3/16 , and the general solution is

3 1 3
-4z ¥ -l . _ Y
+ 5Te + 4x T

y=cre ¥ +cge
Applying D? + 1 to the differential equation we obtain
(D% + 1 D%+ 25)y = 0.

Then

y =¢£1c0852 + c38in 5 + c3co8T +e48inT
Y
and yp = Acosz + Bsinz. Substituting y, into the differential equation yields 24Acosz +
24Bsinz = 6sinz. Equating coefficients gives 4 = 0 and B = 1/4. The general solution is

. 1
y = €1 co8 3z + ¢z 8in 5z + 7 Sine.

Applying D(D? 4+ 1) to the differential equation we obtain
DD+ 1) D+ 4y =0.
Then

y=c1co82T + cosin2z +c3c08z + cqsinx + o5
Ye




15.

16.

Exercises 4.6

and yy = Acosz + Bsinz + €. Substituting yyp into the differential equation yields
3Acosz + 3Bsinx + 4C = 4cosx + 3sinz — 8. Equating coefficients gives A = 4/3,
B =1, and € = —2, The general solution is

. 4 .
y=cyco8lx + ¢s8indx + g oos T +sinz — 2.

Applying {D — 4)? to the differential equation we obtain
(D-a)%(D?+6D+ 9y =(D-4)*D+3)%y=0.

Then
v =cre 3% + cpze 3 + czze®® + e
—_—
and yp = Aze®® 1 Be'®, Substituting y, into the differential equation yields
49Aze®® + (14A + 49B)e** = —ze?®. Equating coefficients gives

494 = -1
14A + 498 = 0.
Then A = —1/49, B = 2/343, and the general solution is
y=cre 3% + coze”F — zl%:ceu + %364"‘.
Applying D*(D — 1)? to the differential equation we obtain
DD — 1)3(D*+3D ~ 10y = DD - 1)X(D - 2)(D + 5)y = 0.
Then

y = c1e2® + cpe ™ + c3xe” + cqe” + 52 + s
\——/
te
and y, = Aze* + Be® + Cx + D. Substituting y, into the differential equation yields
—6Aze™ 4 (5A — 6BYe* — 10CT 4 (3C — 10D} = ze™ + 1. Equating coefficients gives

-4 =1
54A—-6B =0
—-10C =1
3C-10D=0.
Then A = —1/6, B = —=5/36, C = —1/10, D = —3/100, and the general solution is
y = c1e” + cpe™5% — %Iez - %e” — 1—16:1: - %

98



Exercises 4.6

17. Applying D{D — 1)? to the differential equation we obtain

18.

19.

DD - 183D 1)y = D(D - 14D+ 1)y =0.

Then
- T —z 3 x 2 r x>
i =ClE -:cge + cax’e” + cqre” + c5Te + cg
and y, = Az%e” + Bz%® + Cze” + D. Substituting y, into the differential equation yields
6Az2e® + (6A + 4B)xe* + (2B + 20)e® ~ D = z%¢® + 5. Equating coefficients gives

6A =1
6A+4B =0
IB+2C =0
-D=3.

Then A=1/6, B=—-1/4, C =1/4, D = —5, and the general solution is

1 1 1
y=ci1e¥ + e ¥ + E:caex - 4—1:.:26m + Zmez -5

Applying (D + 1)2 to the differential equation we obtain
(D+ 13 D% +2D 4+ y=(D+1)°y=0.

Then
2

y=cre " +cpze™® +ezxte ™ + egz’e + csrte

—_—
and y, = Az%e™® + Brle ™ + Cz2e™%. Substituting y, into the differential equation yields
12Az%e~% + 6Bze™% + 2Ce™" = zZe™*. Equating coefficients gives 4 = 1/12, B =0, and C = 0.
The general solution is

4 T

1
y=cie "+ cpze T+ 3% e .
Applying D? — 2D + 2 to the differential equation we obtain
(D* - 2D+ 2)(D* - 2D +5)y =0.
Then
y= f”(cl cos 2z + csin2z) + €%(cscosz + ¢4 5in z)

Ye
and yp = Ae®cosz + Be®sinz. Substituting g, into the differential equation yields we obtain
3Ae® cosx + 3Be®sinz = e®sinz. Equating coefficients gives A = 0 and B = 1/3. The general



20.

21.

22.

Exercises 4.6

solution is
y = €*{c1cos 2z + ¢z sin2z) + %ex sin z.
Applying D? — 2D + 10 to the differential equation we obtain
2 2 L 2 1y

(D —2D+10)(D +D+Z)y= (D — 2D 4 10) (D+-2-) y=0.
Then
~%/2 4 cz:re_z"‘r‘i + c3e” cos 3z + c4e” sin 3z
Ve
and yp = Ae®cos3z + Besin3z. Substituting gy, into the differential equation yields (98 —
27A/4)e” cos 3z — (94 + 27B/4)e” sin 3z = —e” cos 3z + €” sin 3z. Equating coefficients gives

y=ca¢e

A4 o0B =1
4
27
—9A-=-B=1.
4

Then A = —4/225, B = —28/225, and the general solution is

4 . 28 , .
—ﬁe cos 3z — %e sin 3x.

—x/2 z/2

Yy =cle + coxe”

Applying D? + 25 to the differential equation we obtain
(D? + 25)(D* + 25) = (D* + 25) = 0.

Then
¥ = 1 CO8 5T + cp8inSx + cair cos 5 + 4T cos BT

Ye
and yp = Arcos5z + Bzsinbz. Substituting yp into the differential equation yields 108 cos 5x —
10A sin 5z = 20sin 5z. Equating coefficients gives A = —2 and B = 0. The general solution is

¥ = ¢1 €08 5% + co sin bz — 23 cos bz.

Applying D? + 1 to the differential equation we obtain

(D*+1)(D?+1)=(D*+1)E=0.
Then

¥y =0 cosx 4+ ¢cosing + €3z cOST + cqT COS Y
—— ot
Ye

and y, = Arcosz + Bzsinr. Substituting y, into the differential equation yields 2B cosz —
2Asinz = 4coszx — sinz. Equating coefficients gives A = 1/2 and B = 2. The general solution is

. 1 .
Y =C1CcosT +cesinz + Es-:cos:c — 2z sin x.
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23. Applying (D? + 1)? to the differential equation we obtain
(D*+ 04D+ D+1)=0.
Then

3 . V3 .
y=e”‘ﬁ2 clcosgx—i*czsm—é\/:w +cgcosxrteoysinz +egrcosT + cgxsing

e
and y, = Acosz+ Bsinz+ Crcosz+ Drsinz. Substituting yp into the differential equation yields

(B+C+2D)cosz+ Drcosz + {—A —2C + D)sing —~ Cxsinz = zsinx.

Equating coefficients gives

B+C+2D=0
D=0
~A-20+D=0
—C=1

Then A=2, B=1, (C = -1, and D = 0, and the general solution is

3 3
y=e"‘"2 clcos§z+qsin§x +2cosz +sinz — xrcoszx.

24. Writing cos?z = %(1 + cos2x) and applying D(D? + 4) to the differential equation we obtain
D(D* 4+ 4)(D?+4) = D(D? + 4)? = 0.

Then
¥ =c1¢€082z + ¢38in 2z + c3x o527 + 04z 8in 2% + ¢
e
and yp = Az cos 2r + Basin 2z + €. Substituting g, into the differential equation yields
—4Asin2z +4Bcos2x +4C = % + % cos 2. Equating coeflicients gives A =0, B = 1/8,
and C = 1/8. The general solution is

1 1
¥ = ¢1 co8 2T + ¢p8in 2z + gzsin2:r+ 3

25. Applying D? to the differential equation we obtain
D3 D*+8D% = DD +8)=0.
Then

y =1+ co + e3¢5 4 eqx? + e52® + o2
—r——— i e——
Yo



26.

27.
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and yp = Ax? + B3 4 Cx*. Substituting tp into the differential equation yields
16A + 6B + (48B + 24C)z + 96Cz* = 2 + 9z — 622, Equating coefficients gives

164 +68 =2
483 +24C =9
896C = —6.

Then A = 11/256, B = 7/32, and C = —1/16, and the general solution is

11 7 i

—Bzx 2 3 4
—_ + .

y=c1 +cxr+eze 256:6 + 32:.9 T

Applying D(D — 1)2(D + 1) to the differential equation we obtain
DID-1D+D*-D2+D-1)=DD - 1D+ 1)(D*+1) =

Then
y = c1e” +cacosx + c3sinz +cq + cge” " + cpre” + crzle”
Ve

and yp = A+ Be™® + Cxze® + Dzle*. Substituting y, into the differential equatior
4Dze™ + (20 +4D)e” —4Be™ — A= —e T+ T.

Equating coefficients gives

4D =1
20+4D =0
—4B =-1
~A=1.
Then A= ~7, B=1/4, C = —1/2, and D = 1/4, and the general solution is
x . 1 . 1 .14
¥=aqa¢ +czcosr+casmx—?+ze ﬁé.ze +E$ e*.

Applying D?(D — 1) to the differential equation we obtain
D¥D - 1)(D*-3D*+3D-1)=D¥D-1)"=0.
Then

y = c1e” +cpze” + chzef + ¢4 + 5T + cgre”
ve
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and yp = A+ Bz + Cz%e®. Substituting ¥p into the differential equation yields
(—=A <+ 3B) — Bz + 6Ce* = 16 — z -+ . Equating coefficients gives

—-A+3B=16
6C =1.

Then A= -13, B=1, and C = 1/6, and the general solution is
T T 2T 1 3 .z
y = 18" + coze” + czrie -13+x+6x e,

Writing (€ + ¢ %)% = 2+ ¢2* + ¢=2® and applying D(D — 2)(D + 2) to the differential equation we

obtain
DD -2(D+2)(2D3-3D% -3D+2) = D(D — 2D+ 2D+1)(2D—-1)y=0.

Then
y=cie "+ c26* + 03652 + ¢4 + csze® + e

e

and yp, = A+ Bze? 4 Ce™%*, Substituting ¥p into the differential equation yields
24 + 9Be?* — 20Ce™% = 2 4 % + ¢~%%, Equating coefficients gives A =1, B = 1/9,
and € = —1/20, and the general solution is

1
y=cre™% +ce® + cze®? + 1+ §xe235 -~ ﬁae”h.

Applying D(D — 1) to the differential equation we obtain
DD-1D'-2D*+ DY =D¥D -1 =0.
Then
¥ =c1 + 32 + cze” + cqxe” + s + cgxe”
Ve

and y, = Az? + Bz%e®. Substituting y, into the differential equation yields 2A + 2Be® = 1 + &%,
Equating coefficients gives 4 = 1/2 and B = 1/2. The general solution is

1 1
y = c1+ cor + c3e” + eqxe” + 5:52 + Ezze’”.

Applying D*(D — 2} to the differential equation we obtain
D¥D - 2)(D* - 4D¥) = DY(D - 24D +2) =0.



31.

32.
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Then

y=c+teor+ canx + c.ie—zf + 0552 + csx3 + c;‘-:t:4 + cszeh

~—
and yp = Ax? + Bz® 4 Cz* + Dze?®. Substituting ¥p into the differential equation yields

(—8A + 24C) - 24Bz — 48C7? + 16De™ = 522 — ¢%*. Equating coefficients gives

—8A+24C =0
—24B =10
—48C' =5

16D = —1.

Then A = —5/16, B =0, C = —5/48, and ) = —1/16, and the general solution is

y =1+ 0oz + 36X + cge™F — %xz - %x“ - %zeh.

Applying (2D — 1) to the differential equation we obtain
(2D —1)(16D%* — 1) = 2D — 1)2(2D — 1)(4D? + 1) = 0.

Then
i 1
Y= clez"z + cge_“'/2 + ¢z cos Ex + ¢4 8in §$ + csze"""/z

e

e
and yp, = Aze®/2. Substituting y, into the differential equation yields 8Ae*/? = ¢%/2. Equating
coefficients gives A = 1/8. The general solution is

y=c1e®? + 026_:’!2 +c3 cos%x + ¢4 sin %I + %ze’:"‘z.

Writing 2coshx = ¢ + ™% and applying D(D — 1){D + 1) to the differential equation we obtain
DD~ 1){(D+ 1)(D* = 5D + 4) = D(D - 1)3(D + 1)*(D — 2)(D+2) = 0.

Then
y=cie" +ce” + c3€® + cae™ X + o5 + cre® + crze ®
~ ,
and yp = A + Bze® + Cze™ . Substituting yp into the differential equation yields
4A — 6Be” + 6Ce™" = —6 + " + e~*. Equating coefficients gives A = -3/2,
B = -1/6, and C = 1/6. The general solution is

1
= ; ~Llrer i Lpee

y =c1e” + cge % + c3e®F + ege” 5 6
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The complementary function is y. = ¢1e% + cge 3%, Using D to annihilate 16 we find o = A
Substituting y, into the differential equation we obtain —644 = 16. Thus A = —1/4 and

y=c1® + oy - 1

¥ = 8e1e®T — Bege ™8

The initial conditions imply

el
1 2_4
81 — Beg = 0.
Thus ¢; = ez = 5/8 and
_ 98, 5 8 1
y=ge +88 T

The complementary function is ¥, = ¢; + cze ™. Using D? to annihilate  we find yp = Az + Bz>.
Substituting yp into the differential equatien we obtain (A + 2B) + 2Bz = r. Thus A = -1 and
B =1/2, and

1
y=a +cze_’:—x+§x2
¥ =—ce*—1+12

The initial conditions imply
cr+ee=1
—ro = 1,
Thus ¢; = 2 and ¢o = —1, and
y=2——e_$-z+l$2.

2

The complementary function is y, = ¢ +cz2¢*. Using D? to annihilate £ — 2 we find yp = Ar+ B
Substituting ¥, into the differential equation we obtain (—54+2B)—10Bz = —2+z. Thus A = 9/25
and B = —1/10, and

9 1
_ o DE _ 2
Yy =) +ce + —25x —IOI
9 1
/ 5z
— 5 —— o — .
Yy cge™” + % 52?

The initial conditions imply
' 1+ oo =1



36.

37.

38.
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Thus ¢; = —41/125 and ¢p = 41/125, and
M Al 9 100
T AR T A TS TR
The complementary function is y. = c16® + e2e7%%. Using D — 2 to annihilate 10e%* we find
¥p = Ae®®. Substituting y, into the differential equation we obtain 84e%* = 10e?*. Thus A = 5/4
and

5
¥ = c1€” + c2e7% Zezx

5
y = c1€® — Bege ™5 + Eeh.

The initial conditions imply

c1t+ep= 1
1te=-7
3
CI—SCQ——E.
Thus ¢; = —3/7 and cp = 5/28, and
— 3x 5 —6x 52x
L AT

The complementary function is y, = cjcosx + cosinz. Using (D? + 1)(D? + 4) to annihilate
8cos 2z — 4sinx we find y, = Axcosx + Brsinx + Ccos2z + Dsin2r. Substituting yp into the
differential equation we obtain 2B cosz — 3C cos 2z — 2Asinz — 3D sin 2z = 8cos2z — 4sinz. Thus
A=2 B=0,C=-8/3, and D =0, and

. 8
y=c1cosx+ casine + 2zxcosx — 500&2:::

’ . ) 16 |,
Y = —c15inz +cpcosx 4+ 2cos g — 2rsing + — sin 2z,

3
The initial conditions imply
8
oy + 5 = -1

—cp—m=10
Thus ¢1 = —7 and ¢g = —11/3, and

11 8

Y= —TcosT — —sinT + 2T cosT — - cos 2T.
3 3 %

The complementary function is 3, = ¢; + coe® + caze®. Using D{D — 1)2 to annihilate
ze® + 5 we find y, = Ax + Bz%e® + C2%¢®. Substituting , into the differential equation
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we obtain A + (28 + 6C)e® + 6Cze* = z2¢®* + 5. Thus A =85, B = ~1/2, and C = 1/6, and

1 1
¥ = c1 + co€® + c3xe” + 5 — —ixze“’ + -éx%z

1
¥ = ce® +ca(ze® +e")+5—zxe® + Exse”

3¢

3" = c2e” + ca(ze® + 2e%) — e —xe® + %Izex + éz
The initial conditions imply
eyt =12
cpt+e3+5=2
cg+2c3—1=-1

Thus ¢; = 8, e = —6, and ¢3 = 3, and

1
y=8—6e" + 3zxe® + 5r — %x:zem + 6338"‘.
The complementary function is . = ¢**(c; cos 22 + c25in 2x). Using D* to annihilate 2* we
find yp = A+ Bz + Cz? + Da3. Substituting yp into the differential equation we obtain
(84 — 4B + 2C) + (8B — 8C + 6D)z + (8C — 12D)a? + 8Dz = 23, Thus A =0, B = 3/32,
C =13/16, and D =1/8, and

3 3 1
. ; -~ w2 2.3
y = e“%(c1 cos 2z + cpsin 2z} + 32:-': + lﬁx + Sx
iy = €% [c)(2c08 2z — 2sin 2x) + e2(2 cos 2z + 28in 2z)] + % + g—z + gzz.
The initial conditions imply
£ = 2

3
— == 4,
2¢1 + 202 + 32

Thus ¢; = 2, ¢g = —3/64, and

3 3 3 1
y =e**(2cos2x — T 2z} + 37 + EIZ + 513,
The complementary function is y. = ¢ + oz + c3z% + c4e®. Using DQ(D — 1) to anmihilate

z + ° we find g = Az® + Bz' + Cxe®. Substituting y, into the differential equation we obtain



41.

42.

43.

Exercises 4.6

(—6A+24B) —24Bz+Ce* =g +¢e*. Thus A= —1/6, B=—-1/24, and &' =1, and

1 1
y=c1+cx + 63-"32 + cqe” — Ex3 — —213:4 + ze®

1 1.
¥ = o + 2031 + 4 — 5;\:2 — Exd +e* + ze®

1
v =203+ cqe” —x — §x2+2ex+$ex.
¥ =cse® —1— x4+ 3 + xe®

The initial conditions imply
¢1+cqg =10

cs+eg+1=40

2e3+ca4+2=10

244 =0.
Thus ) =2,¢c3=1,c3=0, and ¢4 = —2, and
1
y=2+x-QeI—%z3-—-21x4+xex‘

The complementary function is yo = cje* + cee™®. Using (D - 1)(D? — 2D + 5)? to an
€%{2 + 3z cos 2z) we obtain

Yy = Axe® + Bre® cos 2z + Cze® sin 21 + De® cos2r + Ee®sin 2z,

The complementary function is ¥, = ¢1 + e2e™. Using D(D + 1)(D? + 1) to annihilate
9 — % 4 r¥sin z we obtain

Yp = AT + Bre™® + Ccosxz + Dsinz + Excosz + Frsinz + Grlcosz + Hz?sinz.
Applying the operators to the function = we find
(zD—1)(D+4)z={(zD? + 45D — D — d)z
=zD% + 45Dz —- Dz — 4z
=z(0) +4x(l) ~1 -4z = -1

and
(D+4){zD - 1)z = (D + 4){xDzx — 1)

=(D+4)(z-1-z)=0.
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Thus, the operators are not the same.

44. Since 90V (z) =0 for n > 1,

- k
any§“)+an_1y,g“ 1)+-”+a1y;,-+-aoyp30+0+---+(}+ag&~6=k.

Exercises 4.7

The particular solution, ¢, = w1y + uaye, in the following problems can take on a variety of forms,
especially where trigonometric functions are involved. The validity of a particular form can best be
checked by substituting it back into the differential equation.

1. The auxiliary equation is m? + 1 =0, 50 y. = ¢; co8z + ¢ sinz and

cosx sinz
W = i =
—sinz cosz
Identifying f{x) = sec z we obtain
; sinzxsecx
Uy = ————— = —tanx
1
,  cosrsecrt
'UQ = —1— = 1.

Then #; = In{cosz|, uz = z, and
y=cicosz+cgsinz +coszlnfcosz| +xsinz

for ~rf2 <z <wf2
2. The auxiliary equation is m% + 1 =0, so 3. = ¢; cos x + ¢z sin z and

cosSx  sinx

—sging coszx
Identifying f(z) = tanz we obtain
/ . cos?x — 1
) = —sinrtany = —————— = cosT —SecT
oS T
uhH = sinz.
Then u; = sinz — In|secx +tanz|, up = —cosz, and

Y =¢€1C0s% + ¢psinx + cosz (sinz — In |secz + tan x|} — cosxsinz

for —n/2 <z < 7w/2.
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The auxiliary equation is m2+1=0, 80 ¥ = ¢, COST + cysinz and

COSE singx

W= =1

—sinz cosz
Identifying f(z) = sinz we obtain

uf = —sin’z

14y = COS T sin ¥.

Then

u —lsin2m 12:—1 inTcosT 13-
=1 27~ 3% 2"

Uy = 1005.'1,‘
2= =5 .

and

; 1, 1 1
y=C¢1C08T+ cosinx + Esmrcos?a:+ 5T 08T — 5 cor

0

. 1
C1COST + Co 8T — ixcosx

for —0 < ¥ < oo.

. The auxiliary equation is m? + 1 = 0, 50 y. = €1 cos & + casinz and

COST sinx
W = . = 1.
—5mMx¥ coszx
Identifying f{z) = secz tanx we obtain
1) = —sinz(secxtanz) = —tan’z = 1 — sec? 3

uh = cosz(secTtan ) = tan z.
Then u; =« — tanx, up = —In|coszf, and

y=c1cost+eg8inz+zcosz —siny — sinzin|ec

=c¢icosr+ eysine +zcosz —sinzlnicosz|

for —wj2 <z < x/2
The auxiliary equation is m? + 1 = 0, s0 gy = ¢; cosz + ¢ sinx and

COSE  sinz

=1

—ging cosz
Identifyin, z) = cos? z we obtain
g
‘- %] = —sinzcosz

u’2=c033x =cosz(1 — sin? )
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Then w3 = 4 cos® z, uz = sinz — } sin’ z, and

. 1 . 1
y=CICOB.‘.'C+CQSIH$+§C0$4$+SID2Z— gsm“a:

2 2

) 1 . . .
=crcosT +ezsine + ¢ (00325'3 + sin® :1:) (cos z — sin® x) +sin“g

3

. I 9 2.9
=1 Cosr + 81N + gcos T+ gsm x

. 1 1,
= clcosz:+0251n:c+§+§sm2x

for —o0 < < 0.

6. The auxiliary equation is m® + 1 =0, 80 ¥, = ¢, cosx + cgsinz and

cosr =Nz
W= ] =1
—S8llET COSX
Identifying f(z) = sec’® 2 we obtain
o = sinx
! cos? g
P
Uy = SEC T,
Then
1
U] = ———— = —88CT
cosz
ugz = In|secz + tan x|
and

Y = C1COST + cp8inz — coszsec z -+ sinzIn [secx + tan x|

=¢pcosa +¢gsing — 1 +sinzIn{secx + tan z

for —w/2 <& < m/2.

7. The auxiliary equation is m% — 1 = 0, so y, = c1€* + coe™% and

et e

— 2.

e —e7 7T

Identifying f{z} = coshzx = %(e“m + €%) we obtain

1 1
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Then
wp=—e 4 i:c
uy = e 1
and
y=c1e” +ege T — ée_’: + %:r:ex - éez - %Ie

1
=cae” + 47" + le(ez —e ")

1
= cge” + cqe” " + 32 sinh

for —00 < x < 00.
. The auxiliary equation is m?—1=0,so Yo = ¢1€% + eoe® and

ef e™*
W= = -2
e —g~%
Identifying f(x) = sinh 2z we obtain
1 1
uli = _e—3r+Zex
1
wp = Ze_x —- =3,
Then . )
— .3z g4
Uy = 128 + 46
1 —x 1 3z
Uy = "—ZE -— 1—56 .
and
y=cre® +cpe "+ ie_zx + 132“”' — 18_2"
12 4 4

i
— z -z , {2z _ -2z
=c1e” + e 7+ 6 (e e )

1,
=ce” + e + 3 sink 2z

for —0 < £ < 0.

9. The auxiliary equation is m2 — 4 = 0, 50 ¥ = £16%® + cye~ % and

62:: €—2$
-4,

W =
22 _Dp %
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Identifying f(z) = ¢%*/x we obtain ¥] = 1/4z and us = —ei%/4z. Then

1 1w et
u] = = In |z}, =—-=f —dt
! 4 | i U2 4 Tp £
and
2 2 , 1 { 2 2 2 €Y
y=cie“ +ege” F + - e’ln|x]—e_‘“f —dt], zo>0
4 zg t
forz > 0.
10. The auxiliary equation is m? — 9 =0, 50 y, = c1%* + c2¢ 7% and
e3:|: B—Sx

= —6.

33 _3e 3

Identifying f(z) = 9z/e* we obtain 4} = §ze % and 4 = —$z. Then

1 6z _1 62 3 2
= —— —_—Te = —
U3 23 yid . U &l
and ! )
- 3z 1 3z b 3. 3 o 3
y 1€ +CQB 246 4:88 43.',‘ e

1
= 016 + 3¢ — A—Ixe*h(l - 3z)

for ~co <z < 00.

11. The auxiliary equation is t? +3m +2 = (m + 1)(m +2) = 0, s0 y. = c1e™% + c2¢"2* and

e T 6—22
= _ .3z
W = et e —e %,
Identifying f{z) = 1/{1 + %) we obtain

u = al

17 14er

2z T

uh = ¢ =&

T14ef 1467
Then u; = In{1 + €®}, up = In{1 + €%) — ¢*, and

y=cre ®+cze” P +e %Il +e%) +e Fn(l + %) ~ e~

=c3e™% + c2e” 2 + (1 + e %) " In(1 + &%)

for —oco € x < oo,

2x

12. The auxiliary equation is m? — 3m +2 = (m — 1){m — 2) = 0, so y, = c1€% + ¢z¢** and

et e

3z
=€ .
et e
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Identifying f{z) = 3% /(1 + €%) we obtain

u"=_ e?z _ ex e
1 14 e® 1+ e®

r_ €”

2T T e

Then u; = In(l + &%) — €%, ug = In{l + &%}, and
y = c1€® + c3®® + €% In{1 + €%) — % 4 22 In(1 + )
= c1€® + c3e?® 4 (1 + %) In(l + &%)

for —oo < z < oo.

. The auxiliary equation is m? + 3m + 2 = (m+ 1){m+2}=0,50 ye = c1e™" +cze”2® and

-z -2z
€ e
W= = —¢ 3%
—gmF e
Identifying f(z) == sin e we obtain
, e ¥giner
u] = ————— = ¢"sine
e—3x
—I a3 I
e Tsine .
= T = ¥ gin e
_8“31
Then w1 = —cose®, ug = €* cosx — sine®, and
— - -2z - T —x z =2r .
y=cre " +eoe” T — e Teose” + e Tcose® —e"Tsgine
=c1e % fege T _ o Wgin

for —co < & < 00.

. The auxiliary equation is m? —2m + 1= (m — 1)2 = 0, 50 y. = 1€® + czxe® and

T x
z€
W= =2,
e zreT +e”
Identifying f{x) = ¥ tan~! z we obtain
, zetef tanlx .
e T
,  €"eftanlzx 1
U= — i = tan " x.

£ b
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Then
Uy = l-l-xzta.n_lsx+I
177 2
ugzxtan_lx—lm(1+x2)
2
and )
1
y:cleI+CZIez+(— -|:-2:1: tan_1x+§) ex+(xtan"1z—%ln(1+x2))xe“

= c16% + caze® + %e’" [(mz - 1) tan"lz — In (1 + x2)]
for —oo < x < o0,

The auxiliary equation is m2 — 2m+1 = (m —1)2 = 0, 50 Y = 16" + caze® and
i

e® Te®
W= = e%®,
e® xre® 4 e*
Identifying f(z} = e*/ (1 + zz) we obtain
o — zeTer T
1= e2r (1 +x2) 1+ 22
‘ efe? 1
Uy =

e (1+22) 1442
Then u; = —%ln (1 + 952), uy = tan" !z, and
1
vy = cie® + ecaze® — -2-6"' In (1 + x2) +zetan"l g
for —co < ¥ < 0.
The auxiliary equation is m% — 2m+2 = fm— (1 +4)][m — (1—4)] = 0, 50 Yo = ¢16%sin T + cpe® cos z
and

efsing e*cosx

= = —g

e®cosz +e*sinr —e*sinz+efcosz
Identifying f(z) = e* sec z we obtain

; e cosre’secy
e 1

(e”sinx)(e“secx)
2z =T

up = tan .
Then u; = z, ug = ln | cos z|, and

¥ = c1e” sinz + coe” cos z + xe” sinx + e¥ cos xIn | cos z|
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18.
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for ~m/2 < z < wf2
The auxiliary equation is m? +2m +1=(m+ 1)2 =0, s0 y. = c16™% + cpze~* and
W= e ® ze * _
—e % —get 4 et

Identifying f(x) = e * Inz we obtain

. e *e *lnx

Uy = —T =-—zlnz
——
, €% Tlnx
Uy = ——-'E_—m:“"— =Inz.
Then ) )
2 2
Wy =—=x°lnz+-z
1773 *3
uy =zlnxr—z
and ) )
y=c1e" "+ care™" — Exze'x Inz+ Z.’cze'x +z%e % Ing — r2
1 3
=cie "+ coze ¥ + 5&:26_‘ Ing — Zx%‘”
for z > 0.

The auxiliary equation is m? + 10m + 25 = (m + 5)2 =0, s0 yc = c1¢ > + coxe™™® an

—bx —5x
£ ze 102

W= =e
—5e=5¢ _Bge=5r 4 o—52

Identifying f{z) = e~19% /2 we obtain

uf xe—.’).’:e—l'[):: e—-5z
1= 72¢— 10z T
, e—S:l:e-—l(}n: e—Sz
Uy = = .
2 r2e—10z )
Then
T 8—53
uy=—J —dt, x>0
Ty
uo =/ -——at, xp>
g t2 ’
and
—5¢ —5¢
- - _ T e _ Te
y=cie”® 4 cze T — ¢ 5"[ —di + ze 5:”] ——dt
4y} £ xo t

116
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for z > 0.
The auxiliary equation is 3m? — 6m + 30 = 3[m — (1 4 34)][m — (1 — 3i)] = 0, so y, = c1€® cos 3z +
c2e” 8in 3z and
W= e* cos 3z e*sin 3z 3,22
—~3e%ainz + % cos3r 3eTcos3z + efsinlzr| “
Identifving f{z) = %ez tan 3r we obtain

r_ _(e"sin3z)(e"tandz) _ 1 sin? 3z 1

Uy = — -
1 Qe 9 cos 3z 9(C083I sec 3z)
, _ (e*cosdz)(e®tandz) 1
Uy = e2T = —sindz.

Then )

U= sin 3z — %ln [sec 3z + tan 3z

g = 1 cos 3z

2T

and

y = c1e°cos 3z + coe” sin 3z + -él-fez sin 3z cos 3x

- 517~e“’ cos3zln|sec3z + tan3x| — 21—73” sin 3z cos 3z

1
= 1% co8 3z + cpe¥ sin 3z — -2-?&“ cos 3z In | sec 3z + tan 3z|

for —m/6 <z <7/6

The auxiliary equation is 4m? —4m +1=(2m —1)2 =0, s0 3. = ¢1*/2 + cpze®/? and
/2 re¥/2

= Le7/2 Lpes/? 4 ea/?

Identifying f{z) = %e’f' 2\/1 — 22 we obtain
z/2.%/2 1— 1
ze¥/2em/2 /T 22
- = V1 — g2

-
ul = ye ——
, SPRERSTTE 1 —
Then !
_ 1 2 3/2
U = 15 (1 x )

1
uy = g-\fl —1:2+§sin_1:c
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and
y = c16%/% + come®® 11—23‘“/2 (1 . x2)3}2 + %mr"ezﬂ\fl ~z2 4 éxem sin~ !z
for —1 <z <1.
21. The auxiliary equation is m® + m = m(m%+ 1) =0, so y, = ¢1 + cpcosz + cysinx and
1 cosz sin x
W=|0 -sinz cosz |=1.

0 —cosxr -—sinz

Identifying f(z) = tanz we obtain

¢ COST sinx
uy=Wi=| 0 —sinz cosz | =tanxz
tanr —cosz —sinz
1 0 sinx
! .
w=We=]0 0 coszr | = —sinzc
tanxr —sin
1 cosx 0
cos?r—1
f . .
u3=Wi3=|0 -—sinzx 0 (=-—sinztanr=-———— =cosxr —secr.
cos I
0 —coszr tanz
Then
u] = —In|cosz|
Uy = COS X
ug = sinz — In{secr + tan z|
and

y=c| +cpcosz +c3sine — In | cosz| 4 cos® x

2z —sinzln|secz + tanz|

+ sin
=eg+cgcosz +cysinz — In|cosx| — sinzin|secz + tan %
for —oo < x < 00.
22. The auxiliary equation is m® + 4m =m (mz + 4) =10, so Y. = €1 + co cos 2 + c38in 2z and
cos 2z sin 2x

W = —2sin2r 2cos2x |=8.

o B R

—4cos2x —4sin2z
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Identifying f(z) = sec 2z we obtain

Exercises 4.7

) ! 0 cos 2 sin 2x !
u’1=§wl=g 0 —2sin2z  2c082c | = 7sec2s
sec2r —4cos2r —4sin2z
1 0 sin 2¢
u —lW 1 0 0 2cos2x —-l
273727 g Y
0 sec2z —4sin2zx
L 1 1 cos 21 0
u’3=§W3=§ 0 -2sin2x 0 |=-—-tan2z
0 —4dcos2r secZz
Then
1
u1=§lnlsec2x+ta.n2:r|
1
U = —=3%
2Ty
us = ~In| cos 2|
3=3 n|cos 2z
and

1 1 1
y=c1+cacos2r + c3sin2z + §ln|se02z+tan2xl - Z$0052I+§Sin211n|00821'|

for —x/d <z < w/4.

The auxiliary equation is m® —2m% —m+42 = (m~1)}{(m—2)(m+1) = 0, 50 y. = c16% +c2e2® +c3e™"

and
e* e‘Zz e
W =|e= 22 —e%| =g,
eF 4% 7
Identifying f{x) = ¢ we obtain
1 1 0 e e 3eiT 1
' _ 2z - | _ T 2z
ul_ﬁeT 1= e 2 28% — z_ﬁeT_ ~2-e
e’ de e *
1 1 e 0 e 2e3* 1
' . 2| 2e
v eEWeT g | ¢ 2 e = eem T3
e* e* e
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et e b
W= twd= Ll 2e2 o=t Ltz
37 Ge2z 1 T Ge2a 9 5 Ge2z 6
et 4eF e
Then wy = —}€%, ug = 3¢, and uz = e, and
1 1 1
] 2x - 3z 3z 3z
= 2Py ey g
¥y = C1e° + coe™® + eae 1° 3 5

_ 1
= c1€° + cge®® + e3¢ % + gezz

for —oo < z < 00.

24, The auxiliary equation is 2m3 — 6m? = 2m?(m — 3) = 0, s0 y. = &1 + 27 + ¢3€%® and

1 z ¥
W=|0 1 3| =9e%
0 0 95
Identifying f(z) = 2%/2 we obtain
0 £ e
1 1 3p8e3% _ 12038 1
; _ 3z | 2 =2
M=gm Mg 0 1 = 9e3T 67 ~ 18"
z2/2 0 9e%
1 0 3%
1 1 —3x2e32 1
! iz pl _ 2
u2=—3-W2=—30 0 e =—'—-3$-'———-—1'
963 9 s ge| O 6
1 | 1 = 0 1 g 1
F_ _ _ 3% 4 2.3
U3 = geaz 3 T Qeie 01 0= 9%~ 18" °
0 0 =z2%/2
Then . )
_ 1l a1
M= w1
1 4
up =~
oV g 3z 1 3y 1 3
us = Tt 81*¢ 243
and 1 1 1 1 1 1
_ az , 2 a4 L a4 1 4 1 o 1 1
y=2¢+cr+eae + 24x 54x 18x 54m 81I >33
1 1 1
= ¢4 + 5% + 3™ — =zt — =23 - —2?



25.

26.
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for —oo < z < oo,

The auxiliary equation is 4m? — 1 = (2m — 1)(2m + 1) = 0, 50 ¥, = c16*/2 + cpe~*/2 and

81/2 e—x/?

%61/2 _%e-x}'Q =-1

W:

Identifying f(z) = ze*/?/4 we obtain 4] = z/4 and u; = —z¢?/4. Then u; = z2/8 and
uz = —ze*/4 +¢*/4. Thus

y — 16/ 1 cpe=/2 ¢ éxzem _ ixex/z n %exﬁ

_ Caexﬂ + Cze—zﬂ + %x2e:n/2 i }xe:-:ﬂ

and

1 1
y = 5(:38”2 - %qe_zﬂ + Exze"'”‘2 + %:re”'2 - %e"/z.

The initial conditions imply
£+ 2 =1

1 1 1
563—562—2—0.

Thus ¢3 = 3/4 and ¢z = 1/4, and
B2, Lz 1 2 g 1 s
y-4e +4e +8me 42:.9 .
The auxiliary equation is 2m2+m — 1 = (2m — 1){m + 1) =0, 80 g = ¢16%/% + e9e™* and

e=l2 e—%

T2 _-x
ze e

Identifying f(x) = (z + 1)/2 we obtain

. _ﬁe-z_&‘

h = —=e%{z + 1).
Then
Uy = —e %2 (—gz - 2)
uy = ——xe®.
Thus
y=c16%? g™ — g —2

and
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yl‘ — %C]BI/Q

—cpe T —1,
The initial conditions imply

¢g—cp—2=1

1
Zei—ea—1=0.
561~ C2

Thus ¢; = 8/3 and ¢z = 1/3, and

1
y=§e“”2+§e_“—x—2‘

. The auxiliary equation is m? + 2m — 8 = (m — 2)(m +4) = 0, s0 3. = 1% + coe™
2r —dx

4 and

e e
D28 _ge~42

Identifying f{z) = 2¢7%% — ¢™* we obtain

W= —Ge~ %,

1 —dx 1 —3x

u) = 3¢ " g¢
1
ufz — ~_6_831 82x
Then . .
e - -3
=t TR
1 3z 1 pic
Uy = Tée 66
Thus
. 1 1 1
y= c1e)'z +C2€_4z _ EE—ZI T Ee—z + Ee—z _ 66——2$
1 1
= c1e% + cpe™te - Ze“h + ge”m
and . .
Y = 201€% — 4e9e™4 4 -2~e'2$ - ée_m.
The initial conditions imply
c1+ ca— 3_56 =1
7
2c) —4624—5 = 0.
Thus ¢; = 25/36 and ¢z = 4/9, and
__@‘2:!: E—dx_l—Qx l—x
V=36 Tt Tqf T tEe
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The auxiliary equation is m? — 4m +4 = {m — 2)2 = 0, 50 ¥ = ¢1€%® + cpre® and
e2® re’s

202 2ze?® 4 g%

Identifying f(z) = (12:02 - 63:) e?% we obtain

_ 4r

e

u) = 62% — 124°

uh = 1222 — 6.

Then
uy = 2z° — 314
Ug = 4z% — 322,
Thus
Y= €165 + coze®® + (2:3 - 3:1:4) €% + (433 -~ 3x2) zel®
= ¢1€%® + cyze®® + ¥ (m“ - x3)
and

¥ =2016% + ¢ (21:&2"” + eh) +e%® (43:3 - 3:-:2) + 2¢%= (I4 - x3) )
The initial conditions imply
c1 =1
2c1+co=0.
Thus ¢ =1 and ¢3 = —2, and
y = X _ 0pelt 4 g2 (1:4 _ 2:3)
=62I($4—$3—21:+1).
Write the equation in the form
¥ - ly"+ izy= Eln:c
T T z

and identify f(x) = (4Inz)/z. From y1 = = and yz = zInz we compute

r zlnz
Wiy, ) = 1 1alnz| =
Now . .
u) = —;(lnz)2 80 U; = ——E(ln I)3,
and

uh = %]_nz so uy=2(lnz)%



Exercises 4.7

Thus . N
Yp = —Ex(ln z)® + 2z(lnz)® = g;c(ln z)?

and

2
y=ecxr+eocrinr + §I(ln$)3.

. Write the equation in the form

f!_i!+£ _l
¥ .'I'y .'I,'2y_.'1,'3

and identify f(z) = 1/z3 From gy = z% and y» = % we compute
2 .3

¢ T
Wiy, = = 3z% — 22 = 2%
(1, 32) 2r 3z
Now
;1 1
M=TTa TTHA % WT g
and
, xt/al o u 1
Uy = e = —.
2 4 x5 27 gt
Thus
2 3 B 1
=33 4t T 12z
and

1
yzyc+yp=c1$2+czx3+ﬁ.

. Write the equation in the form

1 1
" ! —-1/2
S+ (1- —w) —z
v+ (1o g )v
and identify f(z) =z V2. From y; = 2 /2 cosz and yp = 2~/ 2sinz we
Wi ) rY2cosz z~Y2singz
YOI | 1 2gin g 3z %% cosr 7Y 2cosg - Lz~
Now
w) =sinz so wu =cosz,
and
uh=cosz 80 up=sinz.
Thus
¥ = mx“‘l'/2 COST + CQI_I’Q sinz + 2 2 cog?z + 27 1/?
=152 cosz + cor~2sinz + 2V
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32. (a)

(b)

33. (a)

(b)

Exercises 4.7

Write the equation in the form

1 1 sec(ln z)
" ' _
VAV EYT T

and identify f(z) = sec{lnz)/z% From y1 = cos(Inz) and y; = sin(lnz) we compute

cos(lnz} sin(lnx)
W= _sininz)  cos(ln z) =
z T
Now ”
t
u] = —3}-1% u1 = In|cos(ln )i,

and

;1

up=_ 0 up = inx.

Thus, a particular solution is

¥p = cos(lnz}In | cos(In z)} + (In z) sin{ln z).

The general solution is

y = ¢y cos(lnz) + cgsin{ln ) + cos{ln z) In| cos(ln z)| + {lnx) sin{ln z}
for /2 < Inz < 7/2 or e=™?% < z < /2. The bounds on Inz are due to the presence of
sec(In z} in the differential equation .

We have yo = cie~% + caze™? and we assume y, = Az’ + Bz + C. Substituting into the
2

differential equation we find
A=4

4A+B =0

2A+2B+C=-3
so that A =4, B = —16, and € = 21. A particular selutionis ¢, = 422 — 162 + 21.
We have y, = c1e7* + coze™™ and
e ® ze *
W= =72
—e™f —gpet4e* ©
Identifying f(z) = e™*/z we obtain

o = et e
1 e—Zr

b = e ez 1

2 g% z
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Then u; = —x, uz = Ilnx and
Yp=—x¢ *+rxe “Inz.
Since —re * is a solution of the homogeneous differential equation, we take y, = ze"*Inz.
(c) Adding the results of (a) and (b} we have

Up = 472 — 162+ 21 + ze~*Inz.

We have y. = ) cosx + cosinx. We use undetermined coeflicients to find a particular solution of
¥ +y = 21 — %, Assuming y,, = Az + B + Ce>® and substituting into the differential equation
we find A=0, B=0, and C = —55. Thus yp, = 2z — %33? Next we use variation of parameters

to find a particular solution of ¥” + y = cot z. We have

cosz singz
W = . =
—SInIT COST
Identifying f(z) = cot z we obtain
P sinzcot T
up=———] = —0osT

coszcots cos’z

- =CSCT — sinzx.
1 sinx

uh =
Then
u; =s5Inx
up = In|cscx — cot z| + cosz
and
Yp, = sinzecosz +sinzin|cscx —cot x| + sinzcos = 2sinzrcosz +sinxin|cscx ~ cot x|

Using the superposition principle we have that a particular solution of ¥’ + y = 2x — €3* 4 cotz is

1
Yp=1Up, +Up, = 22~ Eeh +2sinzcosz +sinrln|esce — cot 2.
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Chapter 4 Review Exercises

1- y = 0
2. False; see Problem 45, Section 4.1.

10.
i1.

12.

13.

14.

15.

@ P NS T p

False; consider fi{zr) = 0 and f2(z) = z. These are linearly dependent even though z is not a
multiple of 0. The statement would be true if it read “Two functions fi(z) and fo(z) are linearly
independent on an interval if neither is a constant multiple of the other.”

dependent; —3x% + {—2) (1 - zz) + (2 +I2) =0
(—o0, 00); (0,00) or (—o0, )

True

False; see Problem 31, Section 4.1.

T=2

A+ Bre®

(D -2 (D?- 4D +5)

Identifying P(x} = 0 we have

e Jodz

Y2 = cos2:rf dx = cos 2xfsec2 2z dx

cos2 2z

1
=cosx (E tan ZI)

= 1 sin 2x.

Identifying P{z) = -2 — 2/z we have { Pdr = —21r — 2Inz and

p2rting? . 1,
T £ T
2=e] dxzef:c dz = -z e,
4 el 3

From m? — 2m — 2 = ( we obtain m = 1 £ +/3 so that

y= l,__18(1+\/"??):a +828(1—\/§j:r_

From 2m? + 2m + 3 = 0 we obtain m = —1/2 + v/5/2 so that

5 5
y = e %2 ((:1 COoS —\’;—_I + ¢98in %x) .

From m? + 10m? + 25m =  we obtain m = 0, m = =5, and m = —5 so that

§ = c1 + c2e” 5 4 care 5%,
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16.

17.

18.

19.

20.

21.

Chapter 4 Review Exercises

From 2m?® + 9m? + 12m + 5=0 we obtain m = —1, m = —1, and m = —5/2 so that
¥= c1e7 552 4 coe™® 4 paze®,
From 3m3 4+ 10m? + 15m + 4 = 0 we obtain m = —1/3 and m = —3/2 4+ +/7/2 so that
y= cre” %8 4 gm32/2 (cz cos gz + e3sin g:r:) .
From 2m? + 3m3 + 29m? 4+ 6m — 4 = 0 we obtain m = 1/2, m = —2, and m = ++/2¢ so that
y =162 + cge ™ 4 c3c08 V2 + ¢y sinv2 2.

Applying D? to the differential equation we obtain D4(D? — 3D +5) = 0. Then

V1l Vil
Y= 63::12 (cl ©as -—-r2---I + €z 8in ——2—:3) +c3+ 4+ 659:2 + cexa

Ye

and yp = A+ Br + C z? + Dx?. Substituting yp into the differential equation yields
(5A — 3B+ 2C) + (5B — 6C + 6D)z + (5C — 9D)z® + 5Dz° = -2z + 4z*.

Equating coefficients gives 4 = —222/625, B = 46/125, C = 36/25, and D = 4/5. The general

solution is

1 11 222 4
y= 32/2 (cl cos \/Tl_x + €9 5in \/T_x) ~ %25 + Eix + %5‘:2 + g:cs.

Applying (D — 1)¥ to the differential equation we obtain (D — 1)3(D - 2D +1) = {D —1)®* = 0.

Then

¥ = 165 + ooze® + carle” + cqz’e® + csrle”
[
Yo

and yp = Azle™ + Brle® + Cx'e”™ Substituting y, into the differential equation yields
12C%" + 6Bze® + 24€” = £2e*.
Equating coefficients gives A =0, B = 0, and ¢ = 1/12. The general solution is

1
y = c1e” + cpxe® + Ex‘iel.

Applying D{D? + 1) to the differential equation we obtain
D(D?* + 1)(P?* —5D? 4 6D) = DY D? + 1)(D ~ 2)(D — 3) = 0.

Then
y = cp +c2e?® 4 6363I‘ + E4T + CRCOBT + €gSIN T

et

e
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22.

23.

24,

25.

Chapter 4 Review Exercises

and g, = Ar + Beosz 4 Csinz. Substituting yp into the differential equation yields
64 + (58 +5C) cosz + (—5B + 5C)sinz = 8 + 2sinz.
Equating coefficients gives A = 4/3, B = —1/5, and C = 1/5. The general solution is

¥ =c1 + cze® + ¢35 + %x - écosx + ésinx‘
Applying D to the differential equation we obtain D(D% — D?) = D3(D — 1) = 0. Then

y=c+cr+ce” + cax?
‘_~
Ye
and y, = Az?. Substituting y, into the differential equation yields —24 = 6. Equating coefficients

gives A = —3. The general solution is

‘ y = €1 + CoF + c3e® — 3z°.
The auxiliary equation is m? — 2m + 2 = 0 so that m = 14 and y = €*(¢; cosz + ¢z sinz). Setting
y(m/2) =0 and y(m) = —1 we obtain c1 =e™™ and ¢g = 0. Thus, y = e* " cos .
The auxiliary equation is m? — 1 = (m — 1)(m + 1) = 0 so that m = £1 and y = ¢1e + cge™>.
Assuming yp = Az + B + Csinz and substituting into the differential equation we find A = -1,
B=0,and C =~} Thus gy, = —z — §sinz and

1
y=cie® + e — = 3 sin .
Setting y{0) = 2 and ¥'(0) = 3 we obtain
c1+ e =2
3
€] —Ca — § = 3.
Solving this system we find ¢; = IT:" and cg = -g . The solution of the initial-value problem is
13 . 5 _, 1
y=¢ ¢ ¥ = 5sinz.

The auxiliary equation is m? —2m +2 = [m— (1 +8)}{[m— (1 —4)] = 0, so y. = c1e” sin z +c2e® cos T

and
W e”sinx e cosz oz
= = —g*%,
eZcosr+ eFsiny —e®sing +- e®cosz

Identifying f(x) = €” tanx we obtain

# cos T)(e? ¢
h — (e cosi)e(h an) sinz
, (e®sinz)(e®tanz) gin? z
uy = =- = €08 T — SeCT.

—el% CO8 T
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Then u; = —cosx, uz = sinx — In|secz + tan z|, and
y=cre"sinz + cze" cos T — e”sinzcosx + e” sinzrcosz — e” cosxIn | sec z + tan x|

= c1e°sing + cee” cosx — e” cosx In | sec z + tan x|

26. The auxiliary equation is m? — 1 = 0, 80 y. = c16° + c3e ™% and

Bx e—I
W= = -2
et —e7®
Identifying f(z) = 2e*/(e* + e~} we obtain
o = 1 e
I et pes 14e
S e2x _ g3 et e*
2 ef+e T l+e2= 1+ e2e”

Then u; = tan~! e®, uy = —e® + tan™! €%, and
y=cre” +cpe > +eTtan"1e® — 1 + ¢ 2 tan"1 %,

27. The auxiliary equation is 2m® — 13m? + 24m — 9= (2m — 1){(m — 3)2 = 0 s0 that

3z

Z/2 003 4 cyzed?.

e = C1€
A particular solution is ¥, = —4 and the general solution is

/2 4+ 0pe% caze™® — 4,

y=0¢
Setting y(0) = —4, ¥/(0) = 0, and " (0) = § we obtain

citex—4=—-4

1
—2~CI+362 +c3=10

1 5
ZC] +9€2+6€3 = E
Solving this system we find ¢; = 2, co = —%, and 3 = 1. Thus
2 2
y = 53""2 - gesx + 2e*® — 4,

28, The auxiliary equation is m2+1=0, s0 4, = ¢1 cosx + cgsinx and

COST sinz

—BINE COSE
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Identifying f(z) = sec® z we obtain

; ) 3 sinx
u) = —sinzrsec” z = ——
cos” T
u'g = COSISCC3I = SECQI.
Then
7 L 13&02
1 =—Fc—F = —= T
2 cos?x 2
ug = tanz.
Thus
) 1 2 .
yzclcosx+C231nx—§cc»sxsec x+sinztanz
. 1 1—cos’z
= () €OST + c38In%E — —-secyx + ————
2 cos T
. 1
=cgcosz+czsm:ﬂ+§secz.
and
) 1
yé:—c;391n2:+c2cosz+ Esecztanx.
The initial conditions imply
1
es+-=1
2
1
£y = —.
273

Thus ¢ = ¢z = 1/2 and

= 1cos.:i:+ 1sinm+ lsec:r
¥=3 2 g Sece:



5 Applications of Second-Order
Differential Equations:
Vibrational Models

Exercises 5.1

1. A weight of 4 1b(1/8 slug), attached to a spring, is released from a point 3 feet above the equilibrium
position with an initial upward velocity of 2 ft/s. The spring constant is 3 1b/ft.

2. A weight of 2 1b(1/16 slug), attached to a spring, is released at rest from a point (.7 feet below the
equilibrium position. The spring constant is 4 1b/ft.
3. Applying the initial conditions to z(t) = ¢1 cos 5t + o sin 5t and z'{t) = —5¢; sin 5¢ + beg cos 5t gives
z(0)=c;=-2 and 2z'(0) = 5c2 = 10.
Then ¢; = —2, ¢z = 2, and

A=+/2+4=2/2 and tan¢=72:—1.

Since sin ¢ < 0 and cos ¢ > 0, ¢ is & fourth quadrant angle and ¢ = —x /4. Thus
z(t) = 2+/2 sin(5t — 7 /4).

4. Applying the initial conditions to 2t} = ¢y cos 4t +epsin 4t and x'(t) = —4e; sin 4t + 4eg cos 4t gives
z0)=c1=1 and 2'(0) =4er = —2.

Thenc; =1, ¢z = —1/2, and

A=121+1/4=§ and tancﬁ:_—ll—ﬁ:—z

Since sin ¢ > 0 and cos¢ < 0, ¢ is a second quadrant angle and
¢ =tan"1(=2) + 7~ —1.107 + 7 = 2.034.
Thus z(t) &~ %2 sin(4t + 2.034).

5. Applying the initial conditions to z(t) = ¢ cos V2t + ¢y sin 2 ¢ and
'(t) = —v2e1sinv2t + vZep cos V2t gives

z(0)=¢ = —’1 and '(0) = vV2cp = —2v/2.
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Then ¢; = =1, c3 = —2, and
-1 1
=+/1T+4=+5 and tan¢——2 7
Since sin ¢ < 0 and cos ¢ < 0, ¢ is a third quadrant angle and ¢ = tan™! %-{-w = 0.464 + 7 2= 3.605.

Thus 5(2) ~ Bsin (V2 + 3.605).

. Applying the initial conditions to z{t} = cj cos 8¢+ c2 sin 8¢ and z'(t) = —8c¢) sin 8¢ + 8¢y cos 8¢ gives

z(0)=c; =4 and z'(0) = 8cp = 16.
Then ¢; = 4, ¢3 = 2, and
=+16+4=2v5 and tan¢= % =2
Since sing > 0 and cos¢ > 0, ¢ is a first quadrant angle and ¢ = tan~!2 = 1.107. Thus
z(t) = 24/5sin(8t + 1.107).
Applying the initial conditions to z(t) = cj cos 10t + ¢ sin10¢t and ' (t) = —10csin 10¢ + 10cq cos 10¢

gives
z(0)=¢; =1 and z'{(0)= 10c; =1,

Then ¢; =1, ¢ = 1/10, and

1
=+/1+4+.01l=+10l and tan¢= 71 = 10.

Since sing > 0 and cos¢ > 0, ¢ is a first quadrant angle and ¢ = tan"!10 =~ 1.471. Thus
z(t) ~ +/1.01 sin(10t + 1.471).

. Applying the initial conditions to x(t}) = ¢ cost + cesint and z'(t) = —c; sint + cacost gives

z(0)=¢1=—-4 and z'{(0)=c3=3.

Then ¢) = -4, o = 3, and

4

=v16+9=5 and ta.nqb=%.

Since sin ¢ < 0 and cosé > 0, # is a fourth quadrant angle and ¢ = tan~! ( ) 22 —0.927. Thus
z{t) = 5sin(t — 0.927).

From mx” + 16z = 0 we obtain

4 4
=t + cypsin —1¢
Jm N m
so that the period #n/4 = n\/m/2, m = 1/4 slug, and the weight is 8 Ib.
From mz” + 1202 = 0 we obtain z = ¢ c0824/30/mt + cgsin /30/m so that the period

T = ¢ CO8



11.

12,

13.

14.

15.

16.
17.

18.

19.

Exercises 5.1

1 = 7,/30/m, m=30/n2 slugs, and the weight is approximately 97.3 Ib.

From 32" + 16z = 0 we obtain
=0 cos8V2E + czsinS\/ﬁt

so that the period of motion is 27/8v/2 = V27 /8 seconds.
From 20z + kx = 0 we obtain

B 1ﬁt+“_n1\/§t
:t:—f:lcos2 5 9 81 Vs

so that the frequency 2/m = 1/k/57 and & = 320 N/m. If 802" + 320z = 0 then z = ¢1 cos 2¢ -
cosin 2t so that the frequency is 2/2x = 1/ vibrations/second.

From 2" + 72z = 0, £(0) = —1/4, and z'(0) = 0 we obtain z = —jcosdv61.
From 31 + 72z = 0, £(0) = 0, and ='(0) = 2 we obtain z = Y2 sin4v/6t.
From gz + 40z = 0, 2(0) = 1/2, and 2(0) = 0 we obtain z = 1 cos 8t.

(8) z(r/12) = —=1/4, =(r/8) = —1/2, x(n /6) = —1/4, x(n /8) = 1/2, z(97/32) = V/2/4.

{b) &' = —4sin8t so that #'(3x/16) = 4 ft/s directed downward.

(c) fz=1cos8t=0thent=_2n+lr/l6forn=0,1,2,....

From 502" + 200z = 0, z{0) = 0, and 2'(0) = —10 we obtain x = —5sin 2t and 2’ = —10cos2t.

From 20z” + 20z = 0, {0} = 0, and %'(0) = ~10 we obtain £ = —10sint and z’ = —10cost.

(a) The 20 kg mass has the larger amplitude.

(b} 20 kg z'(n/4) = —5v2 m/s, (7 /2) = 0 mfs; 50 kg: z'(n/4) = 0 m/s, &’'(n/2) = 10 m/s

(c) If —5sin2¢t = —10sint then 2sint{cost—1) = G so that t = nw forn = 0, 1, 2, . . ., placing both
masses at the equilibrium pesition. The 50 kg mass is moving upward; the 20 kg mass is

moving upward when n is even and downward when n is odd.

From z” + 16z = 0, z(0) = —1, and z'(0) = —2 we obtain
1 5
= —cosdt — 2 sindt = %cos(clt —3.6).

The period is /2 seconds and the amplitude is +/5/2 feet. In 47 seconds it will make 8 complet.

vibrations.

From 12" + 2z =0, 2(0) = 1/2, and #/{0) = 3/2 we obtain

1 3
T=3 cos 28 + ) §in 2¢ = @ sin{2¢ + 0.588).
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21.

22.

23.

24,
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From 1.62" + 40z = 0, 2{0}) = —1/3, and 2/(0) = 5/4 we obtain

1 1.5
T = —7cos 5t + 2 5o 5t = P sin(5¢ + 0.927).

If 2 = 5/24 then t = } (§ +0.927+ 2nv) and ¢ = } (3 + 0927+ 2nm) forn =10, 1,2, ...
From 2z” + 200z = 0, z{0) = —2/3, and z'(0) = 5 we obtain
(@) z=—%cos10t + sin 10¢t = § sin{10¢ — 0.927).
(b} The amplitude is 5/6 ft and the period is 2rr/10 = n /5
(¢} 37w =nk/5 and k= 15 cycles.
(d) If 2 = 0 and the weight is moving downward for the second time, then 10t — 0.927 = 27 or

t=0721s.
(e) If z' = 2 cos(10t — 0.927) = O then 10f — 0.927 = 7/2 + n7 or t = (2n + 1)7/20 + 0.0927 for

n=012 ... '
(f) (3) = —0.597 f
{g} 2'(3) = —5.814 ft/s
(h) z"(3) = 59.702 ft/s?
(i) fz=0thent= 1_16(0'927+ nr)forn=0,1,2, ... and 2/(¢}) = :I:%5- ft/s.
(§) fx=5/12thent = 4(m/6+0.927+2n7) and ¢ = £(57/6+0.927+2nm) forn=0,1,2,....
(k) Ifz=5/12 and ' <0 then t = 4(57/6 4+ 0.927+ 2n7) forn=0,1,2, ... .
From z” + 95 = 0, z(0) = —1, and 2/(0) = —+/3 we obtain

T = —cos3t — ?Sin& = % sin (37 + 4—313)
and =’ = 23 cos(3t + 4r/3). If 2’ = 3 then ¢ = —7r/18 -+ 2n7w/3 amd t = —~n/2 4 2nw/3 for n = 1,
2,3, ....
From &1 = 40 and k3 = 120 we compute the effective spring constant k& = 4(40)(120)/160 = 120.
Now, m = 20/32 so k/m = 120(32)/20 = 192 and z” + 192z = 0. Using z(0) = 0 and z’(0) = 2 we
obtain z{t) = -@-‘ sin 83 t.
Let mn denote the mass in slugs of the first weight. Let k; and k; be the spring constants and
k = dkyko/(k1 + k2) the effective spring constant of the system. Now, the numerical value of the
first weight is W = mg = 32m, so
32m = ky (%) and 32m = ky (%)

From these equations we find 2k; = 3kg. The given period of the combined system is 27 /w = x/15,
so w = 30. Since the mas of an 8-pound weight is 1/4 slug, we have from w? = kim

k

2—_._
30" - 175

=4k or k=225



25,

26.

7.
28.

29.

30.

Exercises 5.1

We now have the system of equations

4k ko
= 225

k1 + ko
2k, = 3ka.

Solving the second equation for k; and substituting in the first equation, we obtain

43ky/2pke 12k 12k
3ko/2+ ks Bkz B

Thus, kg = 375/4 and k) = 1125/8. Finally, the value of the first weight is

e ki 1125/8 375
W=3m=g =~ = = ~ 4688 b

= 225.

From z = ¢ coswt + cosinwt, £(0) = zo, and 2'{0) = 1y we obtain

T = Tpcoswt + bt} sinwt
w

so that the amplitude is A = /23 + (vg/w)? .
Let A = y/c} + ¢ so that
A2 "
:C—A[Acoswt i sinwt| .
If cos¢ = c1/A and sing = —cafA then T = A cos{wi + ¢).

T =22 [5% cos 5 — 3% sin St] = 2v2 cos(5t + 5r/4),

If £ = A cos{wt + ¢) then the minimum and maximum velocities occur when 2" = —Aw? cos(wt + ¢)
is zero; that is, when r = Q.

From xz(t) = Asin{wt + ¢} we compute the acceleration a(t) = z"(t) = —w? Asin{wt + ¢). Differen-
tiating we find a’(t) = —w3A cos(wt +¢). Thus a'(t) = 0 when cos(wt +¢) = 0 or sin(wt + ¢) = *1.
Thus, maximum acceleration occurs when the displacement is A, Using T = 27/w or w = 2x/T
we see that the magnitude of maximum acceleration is w?A = (2n/T)?A = 472 A/T2.

If z = Asin{wt+¢@) the extremes for = occur when ' = Awcos{wt+¢) =0, or £t = (w/2—¢+2mr}%
andt=(-m/2—¢+2nr)forn=0,1, 2, .... Thus, the time interval between successive maxima
is 2m/w.
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10.

11,

12,
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Exercises 5.2

A 2-lbweight is attached to a spring whose constant is 1 Ib/ft. The system is damped with a
resisting force numerically equal to 2 times the instantaneous velocity. The weight starts from the
equailibrium position with an upward velocity of 1.5 ft/s.

. A 16-lbweight is attached te a spring whose constant is 2-1b/ft. The system is damped with a

resisting force numericaily equal to the instantaneous velocity. The weight starts 2 feet above the
equilibrium position with a downward velocity of 1 ft/s.

(a) above . (b} heading upward

. (a) below {b) from rest
(a) below (b} heading upward
(a) above (b) heading downward

From 12"+ 2’ + 2z = 0, 2(0) = —1, and z'(0) = 8 we obtain x = 4te™4 — ¢~% and
7’ =8e ¥ — 16te™. If 1 =0 then t = 1/4 second. If #’ = 0 then ¢ = 1/2 second and the extreme
digplacement is x = e ? feet,

. From }2” + V22’ + 2z = 0, 2(0) = 0, and z’(0) = 5 we obtain x = 5te~2V2¢ and

o = 5em2V (1 - 2\/2_“:). If ' = 0 then t = v2/4 second and the extreme displacement is
T = 5v2e71/4 feet.

. {a) From z + 10z’ + 16z =0, z(0) = 1, and 2’(0) = 0 we obtain x = §e™% — %e“"‘.

(b) From z” + 2 + 162 = 0, z(0) = 1, and 2/(0) = —12 then £ = —Ze ™% 4 S5,

(a) z=1e® (4eﬁ‘ - 1) is never zero; the extreme displacement is 2(0) = 1 meter.

(b) z = e ¥ (5 - 235‘) =0 when t = }Ind = 0.153 second; if #/ = Je8 (eﬁt - 10) = ( then

= %ln 10 == 0.384 second and the extreme displacement is £ = —0.232 meter.

(a) From 0.1z" + 0.4%' + 2x = 0, z{0} = —1, and #'(0) = 0 we obtain = e~% [— cos 4t — 3 sin 4t].
VB[ 2 1 VB o
b) z=e#XZ | "_cosdt — —=sindt| = 2" sin(4t + 4.25).
(c) If z =0 then 4t + 4.25 = 27, 3m, 4w, ... so that the first time heading upward is t = 1.294
seconds.
(a) From 3z” + 2’ + 5z =0, z(0) = 1/2, and z’(0) = 1 we obtain ¢ = e~ (% cos 4t + %sinclt).
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1 \/§ \/E 1 T
— o2 i = =2 g -
(b) z=e ﬁ( 7 cos 4t + 3 sm4t) \/58 sin (4t+4)'.

{c) Ifz = 0then 4t+x/4 = w, 2m, 3x, ... so that the times heading downward are ¢ = (7+8n),
forn=10,1,2,....

@ g

-5

~1f
From %z”+ﬁx'+5$ = 0 we find that the roots of the auxiliary equation are m = — g B :I:g /2 — !

(a) If 43% — 25 > 0 then § > 5/2.

(b) If 4% — 25 =0 then 8 = 5/2.

(c) If48% - 25 < 0then 0 < 8 < 5/2.

From 0.75z" + Bz’ + 6z = 0 and 8 > 3v/2 we find that the toots of the auxiliary equation are

m=~% +%,/52-18 and
x = ¢ 203 [cl cosh%w‘ﬁz —~18t+e2 sinhgmﬁ'2 — ISt] .

If z(0) = 0 and 2'(0) = —2 then ¢; = 0 and ¢ = —3//4% — 18.
From 40z" + 560z’ + 3920z = 0, z{0) = 0, and ='{0) = 2 we obtain

2
r=—¢ sinTt

From 40z"” + 1120z" + 3920z = 0, 2(0) = 0, and z'{0} = 2 we obtain
ﬁe(_“”ﬁ)‘ + \/56(—14—7v/§)z_

I=—-—— —_—

14 14
From 1 + 62" + 9 = 0, 2(0) = —2/3, and 2’(0) = vy we obtain
T = —ge“at + (vp — 2)te™ ™.
If z = 0 then t = 2/3{wp — 2) s0 that vy > 2 ft/s.
From 1"+ 8z’ +25x = 0 we see that the roots of the auxiliary equation are m = —-g :I:% 100- 3

The quasi-period is 7/2 = Zw/%\;‘ 100 — 32 so that 5 = 6.
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For underdamped motion
z=e M [c; cos {fu? — Mt + cp8in yw? ~ A2 t] = Ae~Msin [1,/:»2 —~ A2t 4+ 6‘]
for some constants A and # and

7' = Be~*sin [\sz - X+ "yJ

for some constants B and . The difference in times between two successive maxima s 2r / m,
the quasi-period of x’.

The time interval between successive intercepts

_{ptlm—-¢ nr—4g ™

¢ - = ‘
N/ S RV v v VP Y.

The time interval between successive values of ¢ for which (15) touches the graphs of y = £Ae™

" t__(2n+3)ﬂ'/2—¢__(2n+1)7r/2—¢ﬂ T

w? ) Viw? — )2 V-2’
From equation (17)

(2n+r/2-¢ nm—-¢  x/2

Vw? — A2 Vw? = 3T T =0T

which is half of the quasi-period. The period of £ = e~!sin(t + 7/4) is 27; if £ = 0 then ¢ = 3x,
q p i

}ﬂ-, lil-?r, ... and if £/ = O then ¢ = 7, 2, 3, ..., 50 that the time interval between intercepts and

extrema is 7 /4.
The quasi-period of T = Ae Mgin (v‘ WE— Wi+ (35) is 2w /x/wi — A7 50 that the ratio of consecutive
maxima is the ratio of the values at ¢ and ¢ + 21/vw? — A2, that is

At
€ A/ VT AE

e~ Me+em/ V=27 =€
(a) H é > 0 is very small then zy is slightly larger than T,42 and the rate of damping is slow.

(b) Ifz= 71-2-e_2t sin (4¢ + 7/4) then § = 2r)/vw? — N = dn/4 = 7.



Exorcises 5.3

Exercises 5.3

LI %x” + %z" + 6z = 10cos 3¢, 2{0) = =2, and z'(0) = 0 then
47 4
I.= e 42 (cl cos g t 4+ cosin g t)

and zy Eg(cos 3t -+ sin 3¢) so that the equation of motion is

_ 4 VaT 64 V47
/2 — Yo
T=€ ( 3 CO8 2 £ 3\/— sin t)

10
+ ?(cos 3t + sin 3£).

. (a) Ifz”+22'+5z = 12cos 2t +3sin 2t, £(0} = —1, and z'(0) = 5 then 2, = e™*{c} cos 2t +¢2 5in 2¢)

and zp = 3sin 2t so that the equation of motion is"

= e teos 2t + 3sin 2t.

(b) x steady-state (C) ¥ x=

[AVANS ANVA

transient

. From :-':" + 8z' + 167 = 8sind¢, x(0) = 0, and z'(0) = 0 we obtain z, =
Tp= 4 cos 4t so that the equation of motion is

1 1
I = Ze—‘“ +te it - 1 cos 4t.

. From 2" + 8z’ + 16z = e~*sin 4¢, (0} = 0, and 2'(0) = 0 we obtain z, = cye™*

zp = — et cosdt — et sin 4t so that
z= -l—e ! e~t{24 cos 4t + Tsin 4t).
625 ]

As ¢ — oc the displacement z — 0.

VARV IIAVARVA

—4i

cre~ ¥ 4 pote and

+ cate™ % and

. From 22" + 32z = 68¢~ % cos 4t, z(0) = 0, and (0} = 0 we obtain z. = ¢1 cos 4t + ¢z sin 4¢ and

zp = 3e” % cos 4t — 2e~% sin 4t so that

1 g 1 _ _a .
T = —5cos 4t + 250 at + 3¢ 2 0os 4t — 2~ gin 42,

6. Since z = 34483 sin(4¢ —0.219) — @e_zt sin(4t —2.897), the amplitude approaches +/85/4 as t — oo.
. By Hooke’s law the external force is Fi(t) = kh(t) so that mz” + Bz’ + kx = kh(t).
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From 2" + 22’ + 4z = 20cost, z{0} = 0, and z'(0) = O we obtain z. = e %(c; cos 2t + ¢z sin 2¢)
and 1, = §§ cost + § sint so that

56 72 56 32
—e B[ _Z — —8i 23) -
T=e€ ( 130052)& 133111 +13cost+13smt

(a) From 100z" + 1600z = 1600sin 8¢, x(0) = 0, and 2'(0) = 0 we obtain z, = ¢; cos 4¢ + ¢ sin 4¢
and zp, = —%sin 8t so that

2 1,
x—§mn4t 331n8t.

(b) If = 1sin4t(2—2cosdt) =0thent=nn/dforn=0,1,2 ....

(c) Ifz' = %cos 4t—§ cos8t = §(1~cos 4t){1+2cos4t) = Othent = n/3+nn/2 and t = x/6+nn/2
forn=0,1, 2, ... at the extreme values. - Note: There are many other values of ¢ for which
=0

(d) z(7/6 +nn/2) = v3/2 cm. and z(#/3 + nm/2) = —/3/2 cm.

(e) i
JANVANS
If " + 2)&' + w?zx = Fysin ¢ describes underdamped motion then

Fe=e M [cl cos yw? — A2t + egsin /w? ~ A2 t]

Fo (wﬂ _ 72) sinyt + —2vky
42242 + (w2 — ~42)? 7 43242 4 (w2 — 42)

Ifsing = e1/y/et + 3, cosd = cpf+/c} + &, sind = —2)\7/\/@;2 ~ 2% ¢ 42242, and

cosd = (w2 - ’}2) / \/ {w? - 72)2 + 442+2 then the equation of motion is

T = \Kc?+c%e_’\’ sin (\sz—/\zt+¢) + B sin(vt + 8).

Viw? ~ A2)7 + 42242

-1

and

Tp= 5 Cos L.

(a) If g'(y) = 0 then (72 +2X% — w2) = 0 so that 7 = 0 or y = vw? — 232, The first derivative
test shows that ¢ has a maximum value at vy = vw? — 22,

(b) The maximum value of g is g (1./mi - 2)\2) = Fp/20/w? =)L,



12.

13.

14,

15.

16.

17.

18.

19.

Exercises 5.3

(a) If ¥ + B2 + 3z = 0 and 0 < 8 < 2+/3 then the roats of the auxiliary equation are

m= % (-—{5’ + /8% - 12 ); this is underdamped motion. The system is in resonance when

v = /3 — B2/2, where we require that 3 — 3/2> 0, or 0 < 8 < V6. oo

(b) When Fy = 3, the resonance curve is given by
3

NEErOEy

and the family of graphs is shown for varicus values of 4.

g(r) =

If 12" + 22’ + 6z = 40sin 2¢ then
zp = —8cos2t+5sin2t = 5v/2sin(2t — 7/4).
v = vVw? — 2A2 = 2 and g(v) = 80/2.2¢/12 — 4 = 5v/2, the amplitude of z,.
(a) From z” + w?z = Fycosvt, z(0) = 0, and /{0) = 0 we obtain z. = ¢| coswt + cysinwt and

zp = (Fycosyt)/ (uﬁ - 72) so that

K
T=— coswt + —ﬁ cos L.
we =y

W2 — 2

—Fptsinyt K
—U_;;—I—l~?—=£°tsinwt‘

. Fy .
{b) 4% o (cos vt — coswi) = 42’.1‘1#

From z’ + w?z = Fycoswt, z(0) = 0, and z'(0) = 0 we obtain z, = ¢1coswt 4 czsinwt and

. : . R, o, .
zp = (Fot/2w)sinwt so that z = (Fpt/2w) sinwt and 41_1:}110 Et sinwt = ﬁtsm wit.

From z” + 4 = —5sin 2t + 3cos2t, z(0) = —1, and 2'{0} = 1 we obtain z, = ¢ cos 2t + cz 5in 2¢,
Tp = Jtsin2t + §tcos2t, and

= —cosdt— ésin2t+ %tsinm + gtcos%.

From z + 9z = 5sin 3t, 2(0) = 2, and z'(0) = 0 we obtain 2, = ¢ cos 3t+czsin 3¢, zp, = —3t cos 3¢,
and

o, 5
z=2cos3t+ I-S-mnSt 6toos3t.

(a) From cos{u — v) = cosucosv + sinusinv and cos{u + v) = cosucosv — sinusinv we obtain
sinusiny = %[cos(u — v} — cos{u + v)]. Letting u = %(fy —w)tand v = {;(’y + w)t, the result

follows.
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Exercises 5.4

(b) I e = L{y—w) then v = w so that z = (F)/2¢7) sin et sin 4t

R Fyt F
(c) lim — ginetsin At = llm 0 coset ginyt = St sin L.
e—0 2ery —0 Dy 2~

From 2" 4 25z = 10cos Tt, z{0) = 0, and z'(0) = 0 we obtain

z= _3 (cos?t —cosbt) = ——[cosﬁtcost — sin6tsint — cosﬁtcost —sin6tsint] = %smﬁtsmt

- /\/\ /\A
AV

Exercises 5.4

. Solving the differential equation ¢" 4+ 16¢ = 60 we obtain g(t) = ¢j cos4t + casin4t + 15/4. The

initial conditions ¢(0) = ¢'{0} = 0 imply ¢; = —15/4 and ¢z = 0. Thus,

1 1

Solving the differential equation 5¢” + 100g = 20t we obtain ¢(t) = c; cos 2v/5¢ + cz sin 2¢/5¢ + /5.
The initial conditions ¢(0) = ¢'(0) = 0 imply ¢ = 0 and ¢; = v/5/50. Thus

V5 1 : 1 1
q(t)—531n2\/5t+-5~t and z(t)——gcos2\/5t+g.

3. Since R? — 4L/C = —20 < 0, the circuit is underdamped.
4. Since R? — L/C =0, the circuit is critically damped.
5. Solving Qlﬁc{’ + 2¢’ -+ 100g = 0 we obtain ¢(t) = e~2%(c; cos 40t + ¢ sin40t). The initial conditions

g{0} = 5 and ¢’{0} = 0 imply ¢; = 5 and ¢z = 5/2. Thus

a(t) = ™™ (5040t + g sind0t) = /25 + 25/4 2% sin(40t + 1.1071)

and ¢{0.01) =~ 4.5676 coulombs. The charge is zero for the first time when 40t + 0.4636 = m or
£ =2 0.0509 second.
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11.
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Solving 1¢” + 204’ + 300¢ = 0 we obtain g{t) = c1e72% + £9e~%%. The initial conditions ¢{0) = 4
and ¢'(0) = 0 imply ¢; = 6 and co = —2. Thus
a(t) = Be 20 _ 20760,
Setting ¢ = 0 we find ¢** = 1/3 which implies # < 0. Therefore the charge is never 0.
Solving $¢” +10¢’ +30g = 300 we obtain ¢{} = e~**(c{ cos 3¢+ cz sin 3t} +10. The initial conditions
q(0) = q'( ) = 0 imply ¢; = ¢; = —10. Thus :
q(t) = 10 — 10e™*(cos 3t + sin3¢t) and i(t) = 602 sin 3¢.

Solving i(t) = 0 we see that the maximum charge occurs when ¢ = n/3 and q(7/3) =~ 10.432
coulombs,
Solving ¢” + 100¢’ -+ 2500¢ = 30 we obtain g(t) = c1e™%" + cote™*® + 0.012. The initial conditions
¢(0) = 0 and ¢/(0) = 2 imply ¢; = —0.012 and ¢z = 1.4. Thus

() = —0.012e7%% £ 1.4te =¥ 1 0012 and i(t) = 250 — TQLe B0,
Solving i(t) = 0 we see that the maximum charge occurs when £ = 1/35 and ¢(1/35) =~ 0.01871.

. Solving ¢ + 2¢' + 4¢ = 0 we obtain y. = e~* (cos V3t +sin/3 t). The steady-state charge has the

form y, = Acost + Bsint. Substituting into the differential equation we find
(34 +2B) cost + (3B — 24} sint = 50 cost.
Thus, A = 150/13 and B = 100/13. The steady-state charge is

150 100
qp(t)—ﬁc t+—13—smt
and the steady-state current is
) 150 100
zp(t)-—l— nt+ Ecost

From x
ip(t) = % (g sinyt — — €08 'yt)
and Z = VX2 + R? we see that the amplitude of ip(t) is

EgR2 E2X 2 Eo
— Eo fm2 2
7 R+ X
The differential equation is %q” +20q¢" + 1000g = 100sint. To use Exa.mple 3 in the text we identify
Eg = 100 and -y = 60. Then
X =Lxy-— i =
ey

1
(60) — ———— = 13.3333,

1
2 0.001(60)

Z = /X2 + R2 = \/X2 4 400 ~ 24.0370,

and
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Eg 100
— = —— &= 4,1603.
7 3

From Problem 10, then
ig(t) = 4.1603(60t + ¢)
where sin ¢ = —X/Z and cos¢ = R/Z. Thus tan ¢ = —~X/R =~ —0.6667 and ¢ is a fourth quadrant
angle. Now ¢ =~ —0.5880 and
ip(t) = 4.1603(60t — 0.5880).

Solving 34" + 20¢' + 1000g = 0 we obtain g.(t) = (¢ cos 40t + ¢z 5in 40t). The steady-state charge
has the form gp(t) = Asin 60t + B cos60t + C'sin40¢ + D cos 402, Substituting into the differential

equation we find

{—16004 — 2400B) sin 60¢ + {24004 — 16008) cos 60¢
+ (400C — 1600D) sin 40¢ + (1600C + 400D} cos 40t
= 200 5in 60¢ + 400 cos 40t.

Equating coefficients we obtain A = —1/26, B = —3/52, C = 4/17, and D = 1/17. The steady-
state charge is

1 3 4 1
=g - t + — gin 40f + — cos 4
gp(t) % gin 60¢ 55 cos 60¢ + 77 8in 0t + 77 cos ot

and the steady-state current is

1
ip(t) = —%g cos 60¢ + ?—g— sin 60¢ + li’? cos 40t — %g sin 40t.

Solving $¢” + 10¢’ + 100g = 150 we obtain g(t) = e 1%(c; cos 10t + c2 5in 10t) + 3/2. The initial
conditions g(0) = 1 and ¢’(0) = 0 imply ¢1 = ¢z = —1/2. Thus

gt) = _%e—lﬁt(cos 10f + sin 10t) + g .

As t — o0, ¢(t) — 3/2.

By Problem 10 the amplitude of the steady-state current is Ep/Z, where Z = v X2 + R? and
X = Ly - 1/Cv. Since Ey is constant the amplitude will be a maximum when Z is & minimum.
Since R is constant, Z will be a minimum when X = 0. Solving Ly — 1/Cy = 0 for v we obtain

=1/v/LC . The maximum amplitude will be Ep/R.

By Problem 10 the amplitude of the steady-state current is Ep/Z, where 2 = v/ X2 + R? and
X = Ly —1/C~. Since Ey is constant the amplitude will be & maximum when Z is & minimum.
Since R is constant, Z will be s minimum when X = 0. Solving Ly — 1/Cv = 0 for C we obtain

C=1/L.
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Solving 0.1¢" + 10g = 100sin ¢ we obtain g{t) = ¢1 cos 10t + ca sin 10t + g,(t) where
gp{t) = Asinyt + B cos+t. Substituting g,(t) into the differential equation we find

(100 — v*) A sin 4t + (100 — ¥%) B cos vt = 100sin 42,
Equating coefficients we obtain A = 100/(100 —~?) and B = 0. Thus, g,(t) = W}O_Q’-ﬁ sin+vt. The
initial conditions ¢(0) = ¢(0) = 0 imply ¢; = 0 and ¢z = —10y/{100 — 42). The charge is
10 . .
g(t) = m(w sin -yt — <y sin 102)

and the current is

007?2 {cosyt — cos 10t).

4= 10

From Example 1 in the text we see that g(t) = c1c0s (t/VIC ) + czsin (t/VIC ) + gy(t) where
gp(t) = Asin~yt + Bcos~yt. Substituting ¢,(t) into the differential equation we find
(é - L’y?) Asin~t + (é - L’yz) Bcosvyt = Egcosyt.

Equating coefficients we obtain A = 0 and B = EgC/(1 — LC~?). Thus, the charge is

1 i 1 E &
g(t) = clcosﬁt+czsm mt+ =L cos~yt,
The initial conditions ¢{0) = g¢ and ¢'(0} = ¢ imply €1 = ¢, — EoC/{1 — LC%?)} and ¢z = igvIC .
The current is

i(t) = sin £+ 2= cos 1 t— EoCy
\/ \/ VIC VIO 1-LCy?

sin~yt

'coslt 1( Eoc)sinlt Euqsmt

=1 —_—f— — -

0 VIe T vie\* T 1-1ov? )N VIC Loy ™7

When the circuit is in resonance the form of gp(t) is ¢p(t) = At cos kt+ Bt sin kt where k = 1/VLC .
Substituting g,(t) into the differential equation we find

q;: +k%q = —2kAsinkt + 2kBcoskt = % cos kt.

Equating coefficients we obtain A =0 and B = Ey/2kL. The charge is

Ey
g{t) = c1coskt + czsinkt + kL Esin kt.

The initial conditions g{0) = gg and ¢’(0) = ip imply 1 = g and e = ég/k. The current is

Eq
i(t) = —c1ksinkt + cpk coskt + ——

ShL (ktcos kt + sin kt)

Eg Eoy
(ZkL qok) sin kt + tgcos kt + 51 t cos kt.
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Chapter 5 Review Exercises

From ¢ + 169 = 0, 8(0) = 1/2, and #(0) = 2/3 we obtain

= %cos4t+\/?§sin4t = sin (4t+%).
The amplitude is 1, period is #/2, and frequency is 2n.
If ¢ =0then4dt+n/6 =nmort = zlf(nfr-ﬂ-/fi) forn=1,23,.... If¢ =0then 4t+7/6 = x/2+nx
ort= %(W/S—i:mr) forn=9,1,2,....

Chapter 5 Review Exercises

8 ft., since k = 4.

2m/5, since " + 6.25z = 0.

5/4 m., since z = —cos 4t + %Sin 4t.

True

False; since an external force may exist.

False

overdamped

—m/d

9/2, since & = 1 cos V2k t + ¢ sin v/2k ¢.

(a) Solving $z” + 6z = 0 subject to z{0) = t and z'(0) = —4 we obtain
r = cosdt — sindt = v/2sin (4t + 37/4).

(b) The amplitude is /2, period is 7/2, and frequency is 2/7.

(¢) fz=tthent=nr/2andt=—7/8+nr/2forn=1,23,....

(d) f £ =0 thent = /16 + nr/4 for n = 0, 1, 2, .... The motion is upward for n even and
downward for n odd.

(e) #'(3n/16) =0

(f) If ¢’ = 0 then 4t + 3n/d =n/2+ nw or t = 3n/16 + nw.

From iz” + $2' + 22 = 0, 2(0) = 1/3, and 2/(0) = 0 we obtain x = e~ % — e,

From " + Az’ + 64 = 0 we see that oscillatory motion results if 32 — 256 < 0 or 0 < || < 16.

From mz" + 42’ + 2r = 0 we see that non-oscillatory motion results if 16 —8m > Qor0 < m < 2.

From 2z + 2’ + z = 0, z(0) = 4, and 2'(0) = 2 we obtain = = 4e™ % + 10te™%. If 2'(t)} = 0, then

¢t = 1/10, so that the maximum displacement is x = 56702 =~ 4,094,
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Writing 12" + 3:1': = cos yt + sin~yt in the form z” + 8z = 8Bcosyt + 8sinyt we identify A = 0 and
w? = 64/3. From Example 4 in Section 5.3 we see that the system is in a state of pure resonance

when v = /64/3 = 8//3.
Clearly z, = A/w? suffices.

From 2" +# +3z = €7, z(0) = 2, and #'(0) = 0 we obtain z, = ™% (cl cos 2v/2¢ + cp sin 2s/§t),

— Bt
Ip, = fpe °, and

26 2872 8
_ -4t f <O : S
rI=e€ (17cos2\/§t+ 7 31n2\/§t)+17€ .

{a) Let k be the effective spring constant and 21 and 3 the elongation of springs k1 and ky. The
restoring forces satisfy k1zy = kazg so 23 = (k1/kp)xy. From k{z) + x2) = kjx1 we have

k (m + ﬂ xz) = ki1

kg
ka+ &k _
k( % )—k]
k1kg
k:
ki+ ko
111
kT ki ko

(b) From k; = 2W and k; = 4W we find 1/k = 1/2W +1/4W = 3/4W. Then k = 4W/3 = 4mg/3.
The differential equation mz” + kx = 0 then becomes 2" + (4¢/3)x = 0. The solution is

z{t) = ¢y cos 2\/gt + c28in 2@&

The initial conditions z(0) = 1 and 2/(0) = 2/3 imply ¢; =1 and ¢ = 1/+/3g.

(c) To compute the maximum speed of the weight we compute

ey =2/ 2 sing. [T e+ 2 \/E o= fad + 222/
(t}—2@snn2\/;t+3cos2 3t and |z'(t)] 43+9 3 3g+1.

From ¢” + 10%¢ = 100sin50¢, g(0) = 0, and ¢’(t) = 0 we obtain g, = ¢] cos100¢ + ¢ sin 100¢,
gp = 9 sin 50¢, and

(8) g= —qgi5sin100¢ + o sin 50,
{b) i= —% cos 100t + 2 cos 50¢, and
(¢) ¢ =0 when sin50£(1 — cos50t) =0ort=nn/50forn=0,1,2,....

d2
Differentiate L — g + R

= + He= E(t) and use ¢/(t) = i(t) to obtain the desired result.
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6 Differential Equations with
Variable Coefficients

Exercises 6.1

The auxiliary equation is m2 —m — 2 = {m + 1)(m — 2} = 0 so that y = cy2~ ! + cp?.
The auxiliary equation is 4m? — dm + 1 = (2m — 1)2 = 0 so that y = c;z"/2 + cpz*2In z.
The auxiliary equation is m? = 0 so that y = ¢; + e2Inx.

The auxiliary equation is m? — 2m = m({m — 2) = 0 so that y = &1 + cpx2.

The auxiliary equation is m% + 4 = 0 so that ¢ = ¢j cos(2Inz) + cz5in(2In ).

The auxiliary equation is mi+am+3= {m+ 1){m+3) = 0 so that y = ciz™ ! 4 caz™3.
The auxiliary equation is m? — dm — 2 = 0 so that y = c1z2~ V8 4+ cog2+V6,

The auxiliary equation is m? 4+ 2m — 4 = 0 so that y = c1m_1+‘/5 + sz—luﬁ_

AR B A T o

The auxiliary equation is 25m2 + 1 = 0 so that y = ¢ cos (% lnx) + o9 (% In a:).

The auxiliary equation is 4m2 — 1 = (2m — 1){2m + 1) = 0 so that y = c;z1/2 4 cpz~ /2,

Jd
=

. The auxiliary equation is m2 +4m + 4 = {(m + 2)2 = 0 so that y = ;72 + ¢,z % Inz.

. The auxiliary equation is m? + 7m + 6 = (m -+ 1)(m + 6) = 0 so that y = ¢yz~" + cox™®.

[
[ -

. The auxiliary equation is m? — 2m + 2 = 0 so that y = z [¢) cos{In z) + e sin(In z)).

et
2]

14. The auxiliary equation is m? — 8m + 41 = 0 so that ¥ = z* [¢ cos(5 In z) + ¢y sin(5 In z)].

15. The auxiliary equation is 3m? + 3m + 1 = 0 so that y = z~1/2 [c1 €8 (ﬁg In x) + g 8in (@ ln x)]

16. The auxiliary equation is 2mZ — m + 1 = 0 so that y = 2'/4 [cl cos (345 In :c) + ¢ sin (5{—7' ln:r)].

17. Assuming that ¥ = £ and substituting into the differential equation we obtain
mm-Dm—2)—-6=m*-3m> +2m—-6=(m-3(m?+2) =0.

Thus
y= c1x3+ch08(\/§1n1’) +.:3sin(\/§ln:c).

18. Assuming that y = 2™ and substituting into the differential equation we obtain

mim-Dm-2)+m—-1=m?-3m*+3m-1=m-1%=0.



19.

20.

21.

f22.

23.

24.

Exercises 6.1

Thus
¥ = 1% + coxIn T + caz(inz)Z.

Assuming that y = £™ and substituting into the differential equation we obtain
mim—1m=-2)-2mim—1)~2m+8=m®-5m2+2m+8=(m+ 1){m — 2)(m—4) = 0.

Thus
Yy = c;z_l + 02:.-:2 + (:39:4.

Assuming that ¥ = ™ and substituting into the differential equation we obtain
mim—1m—2)—2mm—1)+4m-4=m>—5m? 4 8m -4 =(m-1){m-2)%=0.

Thus
y=c1t+ ez’ + 03$2 In z.

Assuming that y = 2™ and substituting into the differential equation we obtain
mim — 1}(m — 2){m — 3} + 6m{m — 1)(m — 2) = m? ~7m? + 6m = m{m — 1)(m — 2){m + 3) =0.

Thus
¥ =c1+ ez + 3z + ez,

A
Assuming that ¥ = 2™ and substituting into the differential equation we obtain

mim—1)(m—-2)(m-3)+6m(m—1)(m—-2)+9m{m—1)+3m+1= mie2miel = (m2+‘1)2 = 0.
Thus

y = c1cos{lnz) + cgsin{lnz) + cgInz cos(Inz) + ¢4 Inx sin{ln z).

The auxiliary equation is m? + 2m = m(m + 2) = 0, so that

y=c1+eax™? amd y = ~2c0273%
The initial conditions imply
€] + cy = 0
—2cy = 4.

Thus, ¢; = 2, cg = —2, and y = 2 — 2272,
The suxiliary equation is m? — 6m + 8 = (m — 2)(mm — 4) = 0, so that

4

y=oc12? +cor® and ¢ = 2e1z + depxd.

The initial conditions imply
dey + 16eg = 32

dey + 3200 = 0.
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Exercises 6.1

Thus, ¢; = 16, co = -2, and y = 1622 — 2%,
25. The auxiliary equation is m? 4+ 1 = 0, so that
1 1
y=cicos(lnz) +cesin(lnz) and y = —a sin{lnzx) + ey cos(Ilnz).
The initial conditions imply ¢1 = 1 and ¢z = 2. Thus y = cos{Ilnz) + 2sin(ln z).
26. The suxiliary equation is m? — 4m + 4 = (m — 2)? = 0, so that
y=c1z? +epz?lnz and ¢ =201z + c2(z + 2zn ).

The initial conditions imply ¢; = 5 and cg + 10 = 3. Thus y = 522 — 72%ln z.

In the next two problems we use the substitution ¢t = —z since the initial conditions are on the interval
{—00,0). Then
dy dyde  dy

dt  dz dt  dx

dzy_d(dy) d( dy) d(y’)= dy' dz _ d’ydz  d%

and

ar T a\dt) @\ de) T T dl Cdrdt  di? dt T da?

27. The differential equation and initial conditions become

d?y
W — +y=0 z}- =2, ’t| = —4.
2 Ty y()t=1 :f,f()£=1

The auxiliary equation is 4m? — 4m + 1 = (2m — 1)? = 0, so that
y=cat2 +ept!?int and ' = %clt“”f2 +co (t‘l"‘2 + %t‘”z]nt) .
The initial conditions imply ¢; = 2 and 1 4 ¢3 = ~4. Thus
y=2t17 5124t = 2(—z)1? - 5(—2)?In(-z), z <O
28, The differential equation and initial conditions become

2 @ -
de2

The auxiliary equation is m% — 5m + 6 = (m — 2){m — 3) = 0, so that

dy '
4 — = {; £ =8, i =
= T y()£=2 y()t=2

Y= c1t? + egt®  and Yy =2ct + 3egt?.

The initial conditions imply
Are L R — W



Exercises 6.1

from which we find ¢; = 6 and ¢3 = —2. Thus
y =662 -2 =622+ 22%, z <.

29. The auxiliary equation is m? = 0 so that y, = ¢; + ¢z Inz and

1 Inz 1
W(l,lnz) = = -
0 1l/z} =
Identifying f(z) = 1 we obtain 4] = —zInz and v, = z. Then u; = 1—3:2 - %:02 Inz, uz = §22, and

y=c1+(:2ln:c+%:52— %lenz+%x21nx = c1+02lnx+:!1*a:2.

30. The auxiliary equation is m? — 5m = m(m — 5) = 0 so that y. = ¢; + ¢z2° and
5

1 =
wW(l,2%) = = 5z%.
(L.z") ’0 5zt
Identifying f(z) = z3 we obtain v} = —~1x* and u} = 1/5z. Then u; = —£2% uz = $ Inz, and
1 i 1
y=¢1+ e’ — %Is + 5x5ln$ =] +.-:3$5 + gzslnx‘
31. The auxiliary equation is 2m2 +3m+ 1 = (2m + 1)(m + 1) = 0 so that y. = c12~ ! + caz~1/2 and
-1 -1/2
z x 1
Wzt 2~V = _ 182
( ) ~z=? ~1p=32| 7 2

Identifying f(z) = § — 5 We obtain v} = z — 22 and uh = 2%/2 — z1/2. Then u; = §z? — {5,

up = 225/2 — 223/2, and

Y= cz”l + 622’:—1/2 + %.’.I’: - %z2 + gzz - %z =z 14 CQI_UZ - éx + %xz.
32. The suxiliary equation is m2 — 3m + 2 = (m — 1)(m — 2) = 0 so that y, = c12 + 2% and
2
W(I,xz} =7 Tl z
1 2z
Identifying f(z) = z%* we obtain ¢} = —z% and 4} = xe®. Then u) = —z2e® + 2ze® — 267,

ug = re® — e%, and

y =17 + c22? — 286% + 202%™ — 2xe” + x¥e® — £le”

= 1% + e85 + 32€° —~ 2xe”.

33. The auxiliary equation is m? — 2m + 1 = (m — 1) = 0 so that y. = e + czzInz and
z zhez

Wiz zlnz) = 1 t+Inz
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Identifying f(z) = 2/T we obtain 4 = —2Inz/z and v = 2/z. Then u; = —(Inz)?, us = 2Inz,
and
y =17 + ez Ing — r{inz)? + 2z(In z)?

=c1z + cpzlnz + z(lnz).

34. The auxiliary equation is m? — 3m + 2 = (m — 1)(m — 2) = 0 so that y, = ¢z + cez® and
2

e
Wiz, z%) = =12
( ) ‘1 2z
Identifying f(z) = zlnz we obtain 4| = —zlnz and wj = Inz. Then u; = 422 ~ jz?Inz,

up =rlnz — z, and

1 1 3 1
Y =cla:+cz:c2+1;r3 — §x3lnx+m3lnx—zs =615 + eax® — ZI3+ Ezsln:r.

In Problems 35-40 we use the following results derived in Example 6 in the text: When x = et or

t=Inz,

dy _ldy 4 v _ 1
dr zdt ¢ T

35. Subsituting into the differential equation we obtain

Py | dy 2
a?f-l-g-&; + 8y = e*.

The auxiliary equation is m2 + 9+ 8 = (m + 1)(m + 8) = 0 so that y. = cre™ + coe B, Using
undetermined coefficients we try y, = Ae*. This leads to 304¢* = %, so that A = 1/30 and

1 _ _ 1
y=cre 4o 84 e =izl 4ot 4 =22,

30 30
36. Subsituting into the differential equation we obtain
Py L dy
— — b— + 6y = 2L.
az gtV

The auxiliary equation is m2 — 5m + 6 = (m — 2)(m — 3) = 0 so that y, = c1€% + coe%. Using
undetermined coefficients we try y, = At + B. This leads to (—5A + GB) + 6At = 2t, so that
A=1/3, B=25/18, and

1 1
y= 616% -f-(.:g.‘sat + §t+ -1% = 1T + x> +§ln:c+ %
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37. Subsituting into the differential equation we obtain

d%  dy :
—= —4=2 4+ 13y = 4+ 3¢’
dt? dt+ 4 +oe

The auxiliary equation is m2 —4m+13 = 0 so that y, = e®*{¢; cos 3t+c; sin 3t). Using undetermined
coefficients we try yp = A+ Be!. This leads to 13A + 10Bet = 4+ 3¢, so that A = 4/13, B = 3/10,

and

p , 4 3
y= e‘“(cl cos 3t + cp8in 3t) + T + Ee‘

t , 4.3
= z°[e; cos(3Inz} + cosin{3nz)) + 3 + 0%

-

38. Subsituting into the differential equation we obtain

dzy dy t 2t
2——5——-3y=1+2 .
di2 at Y +2e" + e

The auxiliary equation is 2m? — 5m — 3 = (2m + 1){m — 3) = 0 so that y. = c1e™42 4 g Using
undetermined coefficients we try y, = A+Bef4Ce?. This leads to —3A—6Be*—5Ce? = 1+2¢'+e%,

so that A =-1/3, B = ~1/3, C = -1/5, and

1 o —1/2 3 1 1 o

—t/2 a1, —
+ o — —€" — -2 =% + epx” - —x — —2°.
2 3° 75 ! 273

y = cle :

39. Subsituting into the differential equation we obtain

dy o dy -
'at—.2+8§—20y—56 .

The auxiliary equation is m? + 8m — 20 = (m + 10} {(m — 2) = 0 so that y, = c1671% 4 c3¢®. Using.

undetermined coefficients we try y, = Ae 3. This leads to —354e73 = 5%, so that A = ~1/7
and

2 3

~10¢ ~3t _L.-
7

1 -
y=rc1e”1% 4 pe? — seT =az 104 oz

40. From
dzy_ 1 (de dy)

dr?  2Z\deZ  dt
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it follows that
&y _dy
3 d#e dt

1 d (d 1 d {dy 2d2y 2 dy
- 72 dz Pl R Ry

__L@(l)_iﬁiq(l)_zﬁ+3@
T dgd z? de? 23 dt? ' 2 dt
1 (d% _d° d
R L L AP
ae o
Substituting into the differential equation we obtain
dy . d% N d%y dy dy
dts 3*&?;7 5—3 E dt +6 6y—3+3t
or R 2
d’y Y dy
=4 _ = By =
3623 gt -6y =3+3t
The auxiliary equation is m3 —6m2+11m—6 = (m—1){m—2)(m—3) = 0 so that ¥ = c16' +cze® 4+
ese®t. Using undetermined coefficients we try y, = A-+ B¢. This leads to (118 ~6A4)— 6Bt = 3+3t,
so that A = —17/12, B = —1/2, and
ot 2 17 1 _17
y =c1e° + c2e”t + cze 1 2t—clx+cz:c + cyx® 2 21
41. The auxiliary equation is m? + m = m(m + 1) = 0 so that u(r) = ¢;7~! + c3. The boundary
conditions u(a) = ug and u(b) = u; yield the system cia™ + ¢ = ug, ¢1b~1 4+ ¢a = u;. Solving gives

- bh—
c = (ﬂ{) ul)ab a‘nd 02=w_
b—a b—a

b 5—
Thus u(r) = (uﬂ ul) 2 -+ o~ Yed uoa.

a /T b—a
42. The auxiliary equation is m? = 0 so that u(r) = ¢; + czInr. The boundary conditions u(a) =
and u{b) = u; yield the system ¢; + czlna = up, ¢ + c2Inb = u;. Solving gives

. _uilna—uglnd d o _uD.-UI
S *YPYTY) 2~ Tna/oy’

uvilna—uglnd  ug— In uohl(*r/b}—u]ln{r/a]

Thus R A =Y Ay R Yy B n{a/b)




43.

44.

45,

Exercises 6.1

Letting ¢t = z — 1 we obtain
dy _ dy
dr dt
and
dy_ddy _dyd dy
dx?  dr dt  di? dz dt?’
Substituting into the differential equation we obtain
Py . dy
TL A ¥ B =0.
gz g =0
The auxiliary equation is m? —3m — 4 = (m — 4){m + 1) = 0 so that
y=catttet =clz—- 1) +cz-1)""
Letting ¢ = 3z + 4 we obtain

dy _ dy di 3@
dr ~ dt dz di

and
Py _d(dy)_ dyd_ Ly
de?  dx \“dt) Tdt2dr  dt?’
Substituting into the differential equation we obtain
d%y dy
9t? - + 30 = 0.
2 + 30t — 7 +9y =0

The auxiliary equation is 9m? + 2lm + 9 = 3 (3m2 + T+ 3) = () 80 that

g = eyt CTHIRNE L o (-T-VIB)/6

= 13z + TTHBYE 4 o35 4 4)CTHIRY/E

Letting ¢ = z + 2 we obtain

dy _ dy
dz  dt
and
Py_d (4 _dya_ &y
de? " dr\dt) dt*dz  d*’
Subatituting into the differential equation we obtain
d*y  dy
22—+t —
dt2 +t T +y=0.

The auxiliary equation is m?2 + 1 = 0 so that

y = ¢y cos(int) + cosin{Int) = ¢; cos [In{z + 2)] + cgsin[In{z
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z‘

Exercises 6.2

Exercises 6.2

n-+1
|“"+1| fim (S /(1) % |z = e
r.l—.ao n-—+oo In/‘ﬂ R =) n+1
=1
The series is absolutely convergent on (—1,1). At £ = —1, the series z — is the harmonic series
n=1
o N o O . :
which diverges. At x = 1, the series Z . converges by the alternating series test. Thus, the
n=1
given series converges on (—1,1].
g+ 1)2 2
lim ‘ﬁ|= T CARMA Gl BT ( ) 2| = 2|
— 0 T xﬂ/n fn—o \n 4 1
(-1)®
The series is absolutely convergent on {—1,1). At z = —1, the series z o3 converges by the

alternating series test. At z = 1, the series E is a convergent p-series. Thus, the given series

n=1"
converges on [—1,1].
i+l nt+l
tpy 2] = g (2T TSNy B gy
n—ooy g n—oD 2%"/71 n-»oo n-+1
N & -1k
The series is absolutely convergent for 2|z < 1 or |z| < 1/2. At z = —1/2, the series 3 k
k=1

1
converges by the alternating series test. At x = 1/2, the series Z is the harmonic series which
k=1
diverges. Thus, the given series converges on [—1/2,1/2).

5"“:3“"'1/(71 + 1]1
Gnz fnl T moeon 4 1

——lzl=0

ﬂ—'m 11—

1%+1|

The series is absolutely convergent on (—00, 00).

an+1 | =3 e+ 18 n )3 o
n—voo' ‘ nllonc}o (x_3)nxn3 _n]?l—.ngo (n+ 1) |I_'3| — ISC 3|
o (="
The series is absolutely convergent for Jr — 3] < 1 or on (2,4). At z = 2, the series Z a0

20
converges by the alternating series test. At z = 4, the series Z n_3 is a convergent p-series. Thus,

the given series converges on [2, 4].



10.
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z+ TV + 1
|an+l|_ ( i |$+7I lz+ 7]
n—om n—-oo (I + T]ﬂ n-—»m
L N o
The series is absolutely convergent for |z + 7| < 1 or on (—8,6). At 2 = —8, the series 3 _ n
=1

oo 1 "

converges by the alternating series test. At T = —6, the series ) % is a divergent p-series. Thus,
n=1

the given series converges on [—8, —6).

lim Qn+l [ _
N—00 a’ﬂ n—00

(.’.C —- 5)n+1/10ﬂ+] _ i B 1
(z — 5)7/10% g, 1pl= — 8l = gl ~ 8l

1
The series is absolutely convergent for EJI - 5| <1, |z —5] < 10, or on {—5,15). At z = —5, the

( l}k 10)" oo {— l)klok
series Z g Z: 1 diverges by the n-th term test. At x = 15, the series Z ——«-ﬁk—-

E(—-—l)"F diverges by the n-th term test. Thus, the series converges on {—5,15).
k=1

(n+ 1)z - 7/ (n + 3)2 — m (n+ D{n+2)?

n(z — 4)7/(n + 2)? Tnsee g(n+ 3)2 4| =z - 4|

|ﬁn+1

'I".l-DDO =00

oo f_ vk
The series is absolutely convergent for |z — 4| < 1 or on {3,5). At z = 3, the series )~ —((k%?)i%
k=1

k
converges by the alternating series test. At z = 5, the series Z CES)L diverges by the limit

. Thus, the series converges on [3,5).

| —

oo
comparison test with »_

(n + 1)127+H g+l

nl2nzn

Qntl

ﬂ—'m | T

= Jlim 2(n+ Dizj=00, z#0

The series converges only at = = 0.

a’""‘li im nz““/{n + 1)2(n+1) _ lim nn2r III
n—»m| = nlooo ﬂ — l)zn/n‘)n Prymre) (n _ 1) (,n + 1)2,14_2
- i n ( m )2nlz|_ tim n . 1 |I|
Tt n-1){n+ DZ\n+1 ~ oo (n — 1)(n + 1)2 [(n+1)nr
n

; n 1
= TR [ iR

H
0.5|z| =0
eg|$|
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11.

12.

13.

14.

15,

16.

17.

18,

19.

The series is convergent on {(—o0, 00).

efsinzg = 1+z+x—2+$—3+£{+---
2 6 24

2 3
-z (1 _%
e cosx—(l :r:+2 6-1-

.173 2}‘5 37
+

& 10 B0

sinzcoszx = (3: -

2 3
2 6

2 .3
e”ln(l—-x)=(l+:c+x—+x_+...) (_z_x__x_#

s xr

T— =+

tanz = = 6

R L .

coax 2 7t T 3
l+z+ o+ by
TS T8 T24 7120 " 720

+11 I+m—2 3:34-3:‘1 l z°
2 6 2

120 *

720

4
x
) Wi N adl
++ o

1 1 1
T + g7 % 134 ,.“,:6 —2
arg?r T E oL
MR TR

18

360

4
x
= =1+z?+ 2 -

112t 245
12 3

.$_4_... 1_.$_2+x4_
24 2 o4

1_20*506404“'”_ @ 20

Exercises 6.2
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21. Separating variables we obtain
d
-f =—dz = Inly|=-z+c = y=cre™*.

Substituting y = 352, ¢.x" into the differential equation leads to

oo ke =] oo [s ] oo
¥ 4+y=Y neng” '+ Y onz” = 3 (k4 Derpra® + Y axz® = T [(k + 1)cppr + il = 0.

n=1 n=0 k=0 k=0 k=0
k=n-1 k=n
i
Thus {(k + 1)cg+1 +ox = 0 and ¢pyg = —mqg for k=0,1,2,.... lIterating we find
e = —cp
1 1
ey = —-561 - §CD
1 1
= —§C2 = g%
__L _1
€4 = i 3 = EC{)

and so on. Therefore

_ 1 P 1 3 1 4 _ 1 2 1 3 1 4
Y =cp coz+2co:r: ﬁcoz +24c0.r a=¢p il I+2I—6I +£I -
- 1 T —&
=COZE(—I} = cge” ",
n=0
22. Separating variables we obtain
dy 2
m =2dz =+ Inlyj=2r+c = y =1,
Substituting y = 3,724 caz™ into the differential equation leads to
oo O [a s o0
y¥-2y=3 nepg™ ! =23 oz = Y (k+ Depgaz® -2 3 epe®
n=1 n=0 k=0 k=0
[ e
k=n-1 k=n

>
= [k + ek — 2ex)x® = 0.
k=0
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2
Thus {k + 1)cg4+1 — 2¢x = 0 and ¢y = ——c, for k =0,1,2,.... Herating we find

k+1
c1 = 209
_2, _4
cz-21—200
2,=8
83—32-6C0
_2, _16
64—43 2400

and so on. Therefore

= co+ 200z + Sena? + Sepz® + oozt +
y=co+ 200z + 700z + zpT" + 500

1 1 1 > 1
— 1 2 = 2 = 3 —{2 4 . '] _ il n_ 2::.
m[-kz+2@ﬂ +200P + )+ 0 3 722" = e
23. Separating variables we obtain
1
i_y =1’z = Inly| = 32°+c = y= e 3,

Substituting ¥ = > 2% c.r™ into the differential equation leads to

' 2 — 1 o 2 — k42 — k
Yy -y = Z nepz" T - E et = Z {k+ 3)cppax e 2 CiT +2
k=0

p=l . =0 k=2

k=n-3 k=n

o
=1 + 207 + 3 [(k + 3)cres — ez = 0.
k=0

1
Thus ¢; =g =0, (k+ 3)cp43 —¢x =0 and 43 = ——¢, for k= 0,1,2,.... Iterating we find

k+3
1
e = 300
C4=65=0
_1 o _1.1
G=gRT 3 e
C7=Cs=0
_r 11
=BT 3 39
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and so on. Therefore o

cesloyl e 1 1o
Y= T 0T Ty gt T oy

S ()

24. Separating variables we obtain

=

d 1 4
?'y = —2’dr = Injy| = —Zx“ +e = y=ge 74,
Substituting y = 352, ¢,z into the differential equation leads to
o o
Y+ 230y = E neae™ 4 Z en™ ¥ = 3 (kb Qeppar™tI 3 gkt
n=1 n=_0 k=—1 k=0

o

k=n—4 .lc:n

o0
= ¢1 + 2c27 + 3c35° + 3 [(k + 4)eppa +cxlz*2 = 0.
k=0

1
Thus ¢j =ca=¢3 =0, (k+4)Chpa + cx = 0 and cp4q = “w 3 a% k=0,1,2,
find

o= 111

8 = 864_2 4260
cg=c=cy =0
11

R="RR= Ty pe

and sc onn. Therefore
1 1 8 1 1

1 12
y=co— ooz’ + 3 o’ — 55 mar +

2 1zt 2 1 =4 3
= 1“?*5(?) ‘ﬂ(z) o

25. Separating variables we obtain
dy dx

Y l-x

€1

=>1n|y|=—ln]1—xi+c=-—>y=1 .
-z

162

. Iter



Exercises 6.2

Substituting y = 3_02; c.z" into the differential equation leads to

[+ <] o o0
(A—zly —y=3 nepa™ ' = 3 neaz®— Y cpa®
n=1 n=l r=0
k=n—1 k=n k=n

e o0 00
= Z(k + l)ck+12?k - Z kckx’c - E c;,_.'.l:k
k=0 k=1 k=0

=c—-o+ f[(k + gy — (k+ eg)z* = 0.

k=1
Thus cy—¢p =10, (k+Depp; —(k+Dep =0
and &1=0p

Cpyl =cCry k=1,2,3,....

Iterating we find

€1 = Co,
2 =01=0
G3=C=0
and so on. Therefore
o o
y=co+co:t:+co:c2+c0:.:3+-~=co[1+x+x2+x3+-~]=cozx"= .
fouer 1—=x
26. Separating variables we obtain
W2 4 Iy =21 +2f 1+ z)?
Y 11z ¥l = zl+c == y=cafl+z)°

Substituting ¥ = 3224 cnz™ into the differential equation leads to

= 4] o 00
4z —2u= > neaz™ 1 + 3 nepa — 2 Z cpx”
n=1 n=1 n=0
k=nr—1 k=n k=n

o0 oo o0
=Y (k+ g1z + 3 k¥ =2 Y cpa?
k=0 k=1 k=0

[au)
. =c1— 20+ 3_[(k+ Lex1 + (k — 2)ex|z* = 0.
k=1
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Then
ct —2c0=0
(k+Veger + (k=2 =0

and 1 = 2¢p

k-2
Ckyl = _k_ﬂck’ k=1,2,3,....

Iterating we find

€1 = 2co
2= 50 =%
ca=0c=10
cg=0

and so on. Therefore

y=cg+2CoI+CQI2=C{)(I+2$+I2) = co(1 + )2

oo
27. The auxiliary equation i8 m? + 1 =0, so ¢ = ¢; cos £ + ey sinz. Substituting y = Z cnz" int

n=0
differential equation leads to
o o0 o0 o0
Y +y =3 nln -1z + 3 g = 3 (k+ 2k + Doxsaz® + 3 axa®
n=2 n=0 k=0 k=0

k=n-2 k=—n

= SO0k + 2k + Vepez + cxla* = 0.

k=0
Thus (k+2}k+ Doz +cx =0
1
and Ck+2.= _(k_—|—-2)(k——|—'1)q?}-' _ k=0,1,2‘... .
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Iterating we find

o = 1
9 = 200__
3= -
3T 737
_ 1 1
U= 32T 1339
. 1 1
5= TE 4% T 5.4.3.2
R U
g = 6-54_ 6,60
11
a= T T T
and so on. Therefore
+ . Load + Lozt + 2y
y=c+ciz 2C(]I 3](:1:6 4|ca slclx -
afi-feifrafi-dee 3]
1)“ n o (—1)"3:2""'1

=g¢pcosz +cyeinz.

(~1)tz=n
‘°°Z TRy ‘T,Z::O (2n + 1)1

o
28. The auxiliary equation is m2 — 1 = 0, s0 y = ¢1€” + cze™®. Substituting y = > caz® into the

n={0
differential equation ieads to
o o o0 o
¥ —y= nn-1eaz™ 2= cua® = 3 (k+ 2)(k + Versaz® — 3 pa®
n=2 a=0 k=0 k=0
n , Bz .

k=n-2 ks

= i [(k+2){k + Degi2 — cxle® = 0.
k=0

Thus (k+2)(k+Degye—cx =0, k=0,1, 2, ...

— “—Lu— —
and Cky2 (k+2)(k+1) ' k Ov 1: 2:
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Iterating, we find

co 1
“2=3717 2%
_ 1 . 1
CS—ﬁ—ﬁCI
g 1
“A=3371.3.29
65=C—3= ! 1
5.4 5-4-3-2
c4 1
®T 85 6.54.3.2°0
[l 1
87=f2

and so on. Therefore,

y=c0+c1x+02x2+93x3+...

1 1
oz’ + a1z’ +

—co+c1:£+2 3.2

Wb—-
I.\J
on
-
(]
o

4-
1 1,
1+§I +—4-!:r +... |talz ~—:c +—:1: +..

o5

1 e F2nH1
2 Gon)l “12 . 2n +1)!

= cp =¢gcoshz +crsinhz

e +e” et —e* +c -
=q +c =(CG l)e‘°+(ci-—-—l) T = Coe® + Cre™™.

2 2 2 2

29. The auxiliary equation is m?2

into the differential equation leads to

o0

o0
y."! _ y' - E 'n(n _ l)cnxn—2 _ Z nCnIﬂ_l
n=1

=2

-+

v

k=n—2 k=n-1

0

o
= Yo (k+2)(k + Leggaz® = 3 (k+ L)epy 2

- ii(k + 2)(k + Leggy — (k+ Doxpalz® = 0.
k=0

Thus (k + 2)(.’5 + l)Ck+2 - UC + 1)Ck+1 =0

166
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1
and Ck+2=(k+2) Ck+1: k=031|23'-- .
Iterating we find

£o = %81

1 1

3= 302 3. 2"31

N N

4 4C3 4!Cl

and so on. Therefore

1 1 1
y= CO+CI:C+ zclx +§Clx +a—|612’,‘ + -

1 1 1 > 1
=Gt [1+x+ =z +§x +4z +- ] Cn+clzmxn=6'o+c1e"".
n=0""

—-x/2

. The auxiliary equation is 2m? + m=m(2m + 1) =0, so y = ¢1 + cze . Substituting

Y= Lo epz” into the differential equation leads to

5 o0
2 +y =23 nln—1eaz” 2+ Y nepa™?

p:2 n=1

- [ "]

k=n-2 k=n—1

oo
E k + 2 k + I)Ck+2I + E(k +1 Ck+1.’£k
=0 k=0

S 120k + 2)(k + Dewsa + (k + Degqrlz® = 0.
k=0

Thus 2k +2)k+ Vegyo + (k+ Dz =0
and ck+2=—;ck+1, k=0,12,....
2(k+ 2)
Iterating we find
11
@ =-33¢
11 1 1
%= -53%27 3135
11 11
C4 —m 0= = =0
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and so on. Therefore

11 3 1
y=co+c1xr— E §c1:c + 223!6132 234]c1r + -
e =Co—2¢1
a=-10
111 2 3
=Ch+ [01 C1:c 33 26'1$ 325 3t 3,5(}'13: + }

aafi-33 0 36

=Co+C i (_1:)“ (E)n =Co+C) f ni (_E)n = Cp + Cre™*/2,

1
n={ ' n=0

Exercises 6.3

. Substituting ¥ = 02 4 ¢,z" into the differential equation we have

_ 2 o0 wil oo ’ k oo
Z n{n — e, Yoear™ = 3 (K 4+ 2)(k + Dors2z® - 3 g
 p=0 k=0 k=1

k=ﬂ——2 k=;+l

[a =]
=2c2+ 3 [(k+2)(k + etz — ex—1]z* = 0.
k=1 :
Thus
cg =0
(k+2)(k+ V)ckar —cx1=0
1
(k+2)(k+1)
Choosing ¢p = 1 and ¢; = 0 we find

and Cpyo = k-1, k£=1,2,3,....

o L

3T %

C4=C5=0
1

%= 180



Exercises 6.3

and so on. For ¢y = 0 and ¢; = 1 we obtain

c3 =0

oo L
1T 12
C5=c6-=0
ol
T 504

and so on. Thus, two solutions are
la, 1 s 1 4 7
=1+ = = ... d = = i vee .
Y1 +6:c + ISOI + and ¥ =+ 12I +504I +
2. Substituting y = 392, ¢,z" into the differential equation we have

[+.w] (=) oo [a a3
g +riy =3 nn-Dez® 2+ Y ena™? = 3 (k + 2)(k + Deggaz® + 3 cp_gz*
' n=2 n=0 k=0 k=2
k=n—2 k=n+2

= 2¢2 + 6c3T + Z:[(k + 2)(4’: + 1}eprg + Ck_g]:ck =0

k=2
Thus
cp=c¢3=0
{(k+2)(k+ Deggz +42=0
1
d e e 0, k=234,....
o T T k1) *? ’
Choosing ¢p = 1 and e1 = 0 we find
1
C4 = —E -

cs=cg=cr=10

q = 1
8% %72
and so on. For ¢y = 0 and c¢; = 1 we obtain
c4 =0
. 1
5T T
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and so on. Thus, two solutions are

_ L4, 1 s 1o, 1 o
n=i-3 tent and ¥ =2 - 55% + T240°
. Substituting y = 72, cqz™ into the differential equation we have
[= 4]
y' -2z +y= > nln-1)c —2Encnx +Ecn:z
31=2 ; =0
k=n-2 k=n k=n

= Z(k + 2){k + epyaz® — 2 E kexz® + Z cxz®

k=0 =] k=0

=2c0+co+ i[(k + 2)(k + Lepgo — (26— l)ck]a‘:k =

k=1
Thus
200 4 ep =10
(k+2)(k+1)cpyo—(2k—1)ep =10
and
b Lo
2=—30%
2k—-1
[ = k=1,23,....
SN PRETINE Vhe
Choosing ¢p = 1 and ¢; = 0 we find
1
c2=—§
Gg=cg=0r= =0
c __];
1T 78
__7
%= T35
and so on. For ¢g = 0 and ¢; = 1 we obtain
C-—-vl
P76
-1
=5
o L
T2
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and so on. Thus, two solutions are

=1 lm - X = =T — and —I+l:c3+19:5+ 1x7+
V=27 TR T3 REITET THT T :

. Substituting y = 352§ ¢42™ into the differential equation we have

[=.=] =] [a =3
Y —zy +2= > nn—Dea™ 2~ Y neaz” +2 3 cpa®
n=2 n=1 n=(0
> e N it
k=n-2 k=n k=n

o =] X
= Y (k+2)(k+ Dergaz® - 3 koxa®* +2 3 cpa®
k=0 k=1 k=0

o0
= 209 + 2¢0 + E [(k + 2k + Degys — {k— 2]ck]:ck = 0.
o k=1

Thus
20042 =0
(k+2)(k+ Legyo — (k—2)cp =0
and
e =~

[ = k-2 c,
k+2 (k+2)(k+1) ks

Choosing ¢y = 1 and ¢; = 0 we find

k=1,23,....

Il
I
—_

2

c4 =0
cg=cg=2¢y0= - =0

For ¢y = 0 and ¢; = 1 we obtain
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and so on. Thus, two solutions are

1 1
y1=1'—$2 and y2=I—EI3—12—0I5—

. Bubstituting y = 350 ; eaz™ into the differential equation we have

o0 o0 O
y" + 3291 +ay= Z n{n — l)cﬂz"'?+ Z ncnx““ + E cnz:"“
n=2 n=1 nss{)

k=n—2 k=n+l ken+l

oo
= 3 (k+2)(k + 1)cgy25” +E —1)cg1x +ch 1&*
k=0 k=2 k=1

o
= 2¢p + {Beg + o)z Z [tk + 2)(k + Depya + kex_q]z® =

Thus
co =1
6es+cg=0
(k+ 2)(k+ 1)Ycppo+ kep_1 =0
and
C — _ul
3 = 600

k .
k1, k=2,3,4,....
Ck42 GrDk+1) Ck—1 2,3

Choosing g = 1 and ¢; = 0 we find

o = 1

3T 7%

cqg=¢5=10
_ 1

R

and so on. For ¢p = 0 and ¢; = 1 we obtain

cz=0
__1

“4=7%

cg=cg=10

o = 5

T 952
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and so on. Thus, two solutions are

1 1 1 5
—1_ g3y 26 .. =g —cpt gy T
7 65 +45:.c and Y=z 63: +232x

. Substituting y = 3°2° 5 £,z™ into the differential equation we have

oG 00 oo
Y422y + 2 =3 n(n— g™ 2 + 2> neaxr™ +23 epa®
n=2 n=l1 n={}
- " hl v
k=n—2 k=n k=n

00 s 1] oo
= E(k + 2)(k + 1)ck+2;ck + 2 Z kckzk +2 Z cxz*
k=0 k=1 k=0

o0
=2c2+2c0 + Y _[(k+2)(k + Lcryo + 2(k + Deglz* = 0.

k=1
Thus
2004+ 2cp =0
(k+2D)(k+Vega+2(k+ 1}, =0
2 = )
=2 k=1,1223
Ckr2 = k+2€k‘ = hedydy e -
Choosing ¢g = 1 and ¢; = 0 we find
ey = —1
gg=cg=cr=--=0
-1
“=3
__1
“="%
and so on. For ¢g = 0 and ¢; = 1 we obtain
02=c4_—_,06:‘..=0
= 2
3T 73
c 4
*~ 15
8
o7 =
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and so on. Thus, two solutions are
4 5

2 4 6 3 ki
=] - _ [ P and = — e J— —_—— e,
n=1-—=x +2:r 6;: + Ye=1 32: +159: 1051‘ +

7. Substituting y = 302 4 ¢,z" into the differential equation we have

o0 o2 o0
-1¢"+y' =3 nn— Deaz" ' = 3 nln— Doz 2+ 3 nepa™?
n=2 =2 , =l .
k=n—1 k=n-2 k=n—1

[ =] ol [+ a)
= Y (k+ Dkcg1z® — 3 (k + 2)(k + Degaaz® + 3 (k + Degyiz?
k=1 k=0 k=0

o0
= —2cy +c1 + 3k + Dkepyy — (b +2){k + Degga + (k+ Derg i)zt = 0.

k=1
Thus
—2¢y +¢1 =0
2 (k41201 — (b +2)(k + Vegys = 0
and
¢ -—lc
2= 501
k+1
Ck+2=mck+1, k=1,2,3....
ChOOSiIlgCo=1andc1:Oweﬁndczzc;;=c4=--.={]‘ F01'00=0andc1=1weobtain
11
62_2’ 3_31 4—'4|

and so on. Thus, two solutions are

1 1 1 4
n1.=1 and y2=x+-2-x2+§:s3+zz4+--u

8. Substituting y = 3°52, c42"™ into the differential equation we have

o0 e =] 00 [+.2]
E+20 +a2y —y=3 n{n— Doz 1+ ) 2n(n — Deas® 2+ 3 neaz™ - Y caz”

n=2 n=2 n=1 =0

- 4 P e

"]

k=n—1 k=n—2 k=n k=n

X o o [+ a3
= Y (k + ke + 3 20k + 2)(k + D)ergaz® + 3 kepz® — ¥ cpa®
k=1 k=0 k=1 k=0

=dop —cg+ 3_[(k+ Dkegyy + 20k + 2)(k + L)cksa + (k — Lepje® = 0.
k=1
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Thus
deg ~cp =10
(k+ Dkcpyr +2(k +2)(k + Degra+(k—L)ex =0, k=1,23, ..
and
—
2 = 400 -
{k+ kcgpr1 + (k — 1)cg,
= — , k=1 C e
Ck+2 20k + 2k + 1) % 8
Choosing cg = 1 and ¢; = 0 we find
1 1 1
c) = Os €2 = ;1'! €3 = _513 €4 01 Cs = E
and so on. For ¢g = 0 and ¢; = 1 we obtain
¢ =0
cz=0
c‘i:(‘:s:Cﬁ:---:O.
T-hus, two solutions are
1 4 1
4 = co[1+ Zg? —ﬁz +-£18—G:r +] and w2 = ci1z.

9. Substituting ¥ = Y724 cna” into the differential equation we have

o0 o0 o0 o0
(I2 - l)y” +4z/ +2y =) nn—-eaz” = Y nln— Deaz™ 2 +43 neaz™ + 23 cpz”

=2 n=2 n=1 n=0
b S— - ~ N —
k=n k=n-2 k=n k=n

o
3 k(k - 1)opz* —E(k+2 Yk + 1egyoa” +4Ekck:sk+226kx
k=2 k=0 k=1 k=0

= —2cy + 200 + (~6c3 +6c1)e+ Y [(K2 -k + 4k +2) cx - (k+2)(k + Derag| 2% = 0.

k=2
Thus
—2¢c0+2c3 =0
—Beg + 6cp =0

(k% + 3k +2) cx — (k + 2)(k + L)cpea = 0
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and
Q=9

3 =101

Crio=¢Ck, k=234,....

Choosing ¢g = 1 and ¢; = 0 we find

Cz=1
3= =07 = =0
C4 =Cx=Cg = =1
For ¢y = 0 and ¢; == 1 we obtain
C2=C4=CB= =0
£ =0 = 07 = =1
Thus, two sclutions are
m=1+22+21+... and yp=z+z+2°+-.-.

10. Substituting ¥ = Yo% 2™ into the differential equation we have

[= ] o0 o0
(132 + 1) ' —6y=> nn—-1ecaz"+ Y nn—1caz" 2 -6 cpa”
B n=0

a=2 , o=2

=n-2 k=n

o

k:ﬂ.

oo [»u] O
3 k(k~ Dexz® + Y (k + 2)(k + Loxsoz® — 6 Y cpa®
k=2 k=0 k=0

o
= 20y - 6cg + (6c3 — 6e1)x + Y [(K? — k — 6) ek + (k + 2)(k + 1)cksa) 2*
k=2

Thus
200 —6cg =10
6ca — 60y =10
(k—3)k+2)cx+(k+2)(k+1)cre2=0
and
ez = 3cg
3 =0
k-3
Cky2 = _k+1c"’ k=223,4,....
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Choosing cg = 1 and ¢; = 0 we find

¢y =3
C3=05=C7_—.---=0
cg =1

1
®=7F

and so on. For ¢g = 0 and ¢) = 1 we obtain

(32:64:(;6:---:0
c3=1
C5=CT=69=-‘-=0_

Thus, two solutions are

1
y1=1+3:c2+a:4—g:.:5+~- and gy =z +2°.

11. Substituting ¥ = 332, cpz" into the differential equation we have

o0 o0 o0 = =]
(x2 + 2)y” +3zy —y=3 nln— ez +23, nn— ez 2 433 nepa™ - Y cnz™

n=2 ) 11=2 . n=1 =10
k=n k-2 k=n k=n
o0 0 o0 [» 43
= 3" k(k - Dega® + 23" (k + 2)(k + Deraz® + 33 kepa® ~ 3 op®
k=2 k=0 k=1 k=0

[ e]
= (42 —¢g) + (12c3+ 201)z + ) [Z(k + 2}k + L)cgyo + (k2 + 2k ~ 1) ck] =0
k=2

Thus
deg —cg =10
12¢c3+ 201 =0
2k +2)(k + g + (K + 2k — ey =0
and
1
2= 40
3= —s¢
3 6 1
K+2k-1

Ck+2=—m1—)ck: k=234,....
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Choosing ¢g = 1 and ¢; = 0 we find

C_l
277
=== =0
7
Cy=——
ST
and 8o on. For ¢p = 0 and ¢; = 1 we obtain
p=c=cg=- =10
n — 1
8778
_ 7
=12
and so on. Thus, two solutions are
1 7 1 T 5
=14-22~ d yp=2—-=
w 5 gt ad me=o-gt

12. Substituting y = 3,52 7 cnz™ into the differential equation we have

(=*

oo o0 x =,
Vo' ey ~y =3 n(n—Dena™ — 37 aln — 1eaz™ % + 37 nenz® — 3 cnz®

n=2 n=2 n=1 n=0
- » - v e M S
k=n k=n-—2 k=n k=n

[=a]
= 3" k(k — Degz® ~ Y (k + 2){k + )cgyaz™ +
k=2 k=0

E kcxx® — Z cxx®

k=1 k=0

= {~cg — cg) — BegT + i [ (k+2){k + Dexag + (K2 — 1) ck] =0
k=2

Thus
=29 —cp =10
—6ez =10
—(k+2)(k+egpa+(k=1)(k+lcp =0
and

ez = —5Co

ez =10

k-1
Ck+2—-}H'—2(,‘k, k—2‘3,4,....
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Choosing ¢y = 1 and ¢ = 0 we find

o= 1
1T
CG3=Cp=cCcy= =0
s = 1
1T7%
and so on. For ¢g = 0 and ¢; = 1 we obtain
02=C4=Cﬁ=--'=0
g=cs=¢cr=-=0.
Thus, two solutions are
1 1
yl*-l——2—:.c2~—§:x4—--- and ya ==
13. Substituting y = 322, 2™ into the differential equation we have
[+ <] o
Y — @+ —y=3 nn-1)ca Encnr —chnx ~ 3 ez
Il=2 n=0
k=n— k=n k=n-1 k=n

= E{k+2)(k+ Vepgozt — Z kepx® — Z (k+ Veggrz® — 3 cpxt

=20 —01—co+ io:[(k + )k + Degyz — (k+ Degyq — (b + Deg]z* =0,

k=1

Thus
23— —cp=0
{(k+2)(k+ I)Ck_,_g — (k- 1)(c,-:+1 +e)=0
and
o = €1 +
2 2
Cr41 + C
=t = k= e
Chk+2 F+o Ce 2,34

Choosing ¢g = 1 and ¢; = 0 we find

1

g = —

2!
and so on. For ¢g = 0 and ¢; = 1 we obtain
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and so on. Thus, two solutions are

1 i 1
yl=1+—2—x2+6x3+%x“+--- and y2=z+§x2+%x3+%z4+--m
14. Substituting y = Y5 cnx™ into the differential equation we have
o

oo [+.a] [+ o)
Y —xy —(z+Qy= Y n(n—Deaz” 2= Y neaz” = Y caz™ - 3 2en2"

=2 = = =
Z - VSt et m—nn jr— — et
k=n-2 k=n k=n+1 k=n

oo (== [s 4] ]
=3 (k+2)(k+ Vegqpozt — > kepz® — > 1z — S 2, z*

k=0 k=1 k=1 k=0

= 209 ~ 2c0 + Y [(k + 2)(k + 1cgsz — (k + 2 — cp_1)z* = 0.

k=1
Thus
20— 2cp =0
(k+2){k+ Degaz— (k+ ek —ex1=0, k=1,2,3,...,
and
ca = ¢
Chag = 2 St k=123, ....

k+1 (k+2)(k+1)
Choosing ¢g = 1 and ¢; = 0 we find

1 1 11
= = ]_ = — = - = —_—
=0, =1, =g € =73 =5
and so on. For ¢g = (0 and ¢; = 1 we obtain
co=cg=10 cg = l cy= ! 5 = !
9 =cp =10, 3= 5 4= 13 5= 3
and so on. Thus, two solutions are
PTpE JIREP SR G and g =142+ 2t + 2o +
n 6° T3 TH* v2 2 T T3 :
15. Substituting ¥ = 3504 crx™ into the differential equation we have
f=] [+ =]
(z-1' -z +y=3 nfn—Depz™ 1 = S nln—1)eq chﬂx +chx
n=2 =2 n=0
k=n-1 k=n—2 k=n k—n
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o0 oo [= =] o0
=3 "(k+ ke 12* — ST (k+2)(k+ 1epqaz® — > kepa® + S cxx®
k=1 k=0 k=1 k=0

=2 +cp+ 3 [—{k+2){k+ cpsz + (k+ Dkcrgr — (k — Deg)z* = 0.

k=1
Thus
—2004+cp=1
—{k+2)(k+ 1)eryp + (= Dkcpyr ~ (k - D=0
and
o = 1
2= 500

_ kegyy (k—1)ex

Cpyn = - . k=1,23,....
MR T R+ 2k + 1)
Choosing ¢p = 1 and ¢ = 0 we find
1 1
2=z €3 =g g =10
and so on. For ¢g = 0 and ¢ = 1 we obtain ¢; = ¢z = ¢4 = -+ - = 0. Thus,

1 1
y=0C (1+-2~$2+Ez3+---)+02x

and

1
y'=6‘1 (I+§I2+"') + Cq.
The initial conditions imply C} = —2 and Cs = 6, so

1 1
y=_2(1+§$2+'6—x3+"')+6.’L‘=8I—26:.

16. Substituting y = 352 cqz” into the differential equation we have

(z+1)y" ~ (2—2)y +y

fa o] oo O e o] O
=Y n(n~-Deaz™ '+ Y n(n—Deaz™ 2 =23 nenz™ 1+ 3 nepz™ + Y ez
n=2 n=2 n=] n=1 n=0
v e v - ——
k=n—1 k=n-2 k=n-1 k=n k=n

= 3" (k+ Dkcpa1z¥ + 3 (k + 2)(k + Dergozt ~ 2 3k + VegrrzF + 3 ke + 3 p*

[+.4]
=22 —2c1+co+ »_[(k+2)(k+ Depgo — (k + Dexyr + (k + Deglz® = 0.
k=1
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Thus
200 — 2c1 + g =0
(k+2)(k+ Derpa—(k+ Vegp1 +(k+ 1} =0
and
1
02=31—§C0
C —'Lc ——}—c k=123
k+'2"_k_f_2 k+1 .I'C+2 ki 3 oy ey
Choosing ¢g = 1 and ¢; = 0 we find
e "——1 C “—-1 C4 = !
2 = 2: 3 = 6: 4—12
and so on. For cg = 0 and ¢; = 1 we obtain
1
e2=1, c3=0, e=-y

and so on. Thus,

1 1 1 1
y:CI(l—iifz——$3+—-x4+---)+C'2(x+m2—zsc4+...)

and

’y'=01(

6 12

1 1
—z—§x2+—z3+---)+6‘2(1+2x—x3+---).

3

The initial conditions imply C; = 2 and Cz = —1, so

y=2(1—%x2—lm3+ix4+---)—(z+.’52——3:4+-~)

6 12

=2—x—2m2——1-9:3+£$4+---.

3 12

17. Substituting y = 3-32 4 ep,z" into the differential equation we have

o0

o o0
y" 22y +8y =Y n(n—1)eaz” % 23 nepz™ +83 cpa®

Thus

n=2 n=1 n=0
b s d e
k=n—2 k=n k=n

o0 o0 ol
=Y (k+2)(k+ Degyor® -2 3 ke + 83 ciz®
k=0 k=1 k=0

=2c +8cg + 3 [(k + 2)(k + L)ogez + (8 — 2k)ex]z™ = 0.
k=1

200+ 8¢y =10

(k + 2)(k + cisa + (8 = Zk)y = 0
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and
cy = —4ecp

% 8
=270 o k=1,23....
M k1) 3

Choosing ¢y = 1 and ¢; = 0 we find

g = —4
ag=c=c=--=0
c—4
173
cg=cg=clp=-"-=10
For cg =0 and ¢; = 1 we obtain
C‘2=C4:Cﬁz“‘=0
c3 = —1
c—l
"~ 10

and so on. Thus,

y=0 (1—4:62-1—%1:4)1—02 (;c—x3+_i];6x5+...)

¥ =C (—8I+13—613) +Cy (1—3x2+—;-a:4+-—-).
The initial conditions imply C; = 3 and Cp = 0, so
y=3(1—4x2+%z4) =3 — 1222 + 4z,
18. Substituting ¥ = Fnep cnx™ into the differential equation we have

o0 o o0
@2+ 1)y + 22 = 3 nln— Deaz™+ 3 nln— Lepz™ 2 + Y 2ne,z”

n=2 n=2 =1

k=n k=n-2 k=n

-

oo [ v) o0
=3 k(k - Deaz® + 3 (k +2)(k + Degyoz™ + 3 2kepa®
k=2 k=0 k=1

o0
= 29 + (6e3 + 2c1)x + Y _{(k(k + ey + (k+2)(k + 1)eppo)z® = 0.
k=2
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Thus
2Zeg =0,
6c3 + 2¢) = 0,
k(k+ Deg + (k+2)(k + 1)cpye =0

and
(.‘2=0
Cy = 1(.‘
3 = 31

k
Ck+2z*mckr k=2v 3'.! 4:"'-

Choosing cg = land ¢y =0 wefindes = ¢y =c¢5 =--- = 0. For ¢g = 0 and ¢; = 1 we obtain

1
fn — —

and so on. Thus

1 1 1
y=co+c1(x-§9:3+g:£5—$2?7+---)

and
y’=c1(1—x2+x4—x5+---).

The initial conditions imply ¢p = 0 and ¢; =1, 80
1s

1 1
y=2:—§a:3+gx ——,Ez?-i-“'

19. Substituting y = 3572 ¢ caz™ into the differential equation we have

had 1 1
¥’ + (sinz)y = Z nin — 1)CnI"_2 + (I - Ea:a + ﬁms - ) (Co + ez +caz? + - )

n=2

1
= [262 +Be3x + 12c47% + 2005$3 + .- ] + [co:c +eix? + (c;; - Eco) 4. ]

1
:262+(603+CD)I+(1204+01)I2+(2005'1‘82—"6(.‘9).’33'1-“'=0.

184
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Thus
200 =10
Bea+cp=10
12¢4 +¢; =0
1
20e5 + ¢o0 — —6~C() =0
and
cog =0
on = — &
3 600
e ! e
4 51
€5 = 1 cz + 1
5= T2 T 1207
Choosing ¢g = 1 and ¢; = 0 we find
1 1
o =10, €3 = ——, =, = —
2 T o %= 120
and so on. For ¢g =0 and ¢; = 1 we obtain
1
= 0, = 0, = —_—=, =
Ca C3 €4 B cs =10
and so on. Thus, two solutions are
1 1 1
=123 gl =p— —zi4 ...
7 6:.9 +120x + and ==z 12.’3 + .
Substituting y = 3,52, crz™ into the differential equation we have
,  sinz & _ n—2 1, 1 4 2 3
v +—-——x Y= Zn(n Depz™* + (1 ~ &7 +1—2-6:c ——) (co+c1:c+02:c + 3z +)

n=2

= [202 + 63z + 120422 + 200523 + - - ]
+ [cg+clx+ (62— 6(;9)3 + (03 - ECI)I +]

1
:(2c2+co)+(663+cl)x+(12C4+c2—éc(])x2+-—-=0.
Thus



Exercises 6.3

1
12C4+62—§C{]=0

and
o = 1
277y
3= 1c
3= 6l
_ 1 1
U= TR e
Choosing ¢p = 1 and ¢; = 0 we find
1
= —=, o =0, = —
=73 3 “4= 18
and so on. For ¢g = 0 and c; = 1 we obtain
g =0 €3 = 1 =0
2 H 3= 6! C4_
and so on. Thus, two solutions are
1
y1=1-§x2+%8—:c4—--- and y2=x—%:c3+---.

21. Substituting y = F524 cnz™ into the differential equation we have

o2
Y +eTy=>3 nn- ez 2
n=2

etz la 14 2, .3
+(1 :c+2a: Gx +24:r: - ) (co+clx+czas + 3% +)

= [202 + 6esx + 12&;:«:2 + 2005:.:3 +-- ] + [co + (e1 ~ eo)z + (cz -+ %co)

1
= (202 + co) + (6ca + 1 — co)z + (124 + €2 ~ c1 + Hoo)a” + - = 0.

Then
2e90+¢cp=10
eg+ecr—aq=0

1
1264+62—C1+§C{)=U
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and
o0 = 1
2 = 200
g = 11‘3 +1
3 6 1 6‘30
pm Lo 11
AT TRATRAT %
Choosing cp = 1 and ¢ = 0 we find
1 1
e2=-3 e = g ey =10
and so on. For ¢y = 0 and ¢; = 1 we obtain
1 1
=U, = ——, = —
T cg 6 c4 12
Thus, two solutions are
1 1 1 1
y1=1—§$2+gz3+--- and y2=x—6:c3+ﬁa:4+---.

2. Substituting y = 252 cp2™ into the differential equation we have

o
' +efy—y=> nin— Depa™?

n=2

1 1 x
+ (1+3:+—:r2+-x3+---) (c1+2czx+353:r2+4c,;x3+---) - Zc.,:c"
2 6 g’

= 262 + 6c3z + 1242” + 20e52° + - - ]
1
+ [01 + (20 + )z + (303+202+-2-c1):c2+...] —leo+ 1z + epa? + -]
1
= {2c2 + c1 — co) + (6c3 + 2c9)x + (1264 +3c3 4 ¢z + §C‘) 224 =0

Thus

2e040c0—¢o=0
6c3 + 200 =10

1
12c4 + 35+ 2 + 561 =0
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and

€= lC{) - lCl
2 2
1
g = —562
1 1 1
€4 = ——C3+ 7502 — —C1.

4 12 24

Choosing ¢y = 1 and e; = 0 we find

and so on. Thus, two solutions are

1 1
Q=3 =g cg=10
and so on. For cg = 0 and ¢; = 1 we obtain
_ 1 ___1 . 1
C2— 2} c3_6! C4— 24
1 1 1
y1=l+§x2—%x3+--- and y2=x-§x2+6x3

23. Substituting y = Y902 ; cez™ into the differential equation leads to

Thus

and

o0

pcﬂ . k=0
k=n—2 k=n+1

=2

o
=200+ S_{(k +2)(k + 1egsz — cp1)zi = 1.
k=1

2e0 =1

(k+2)(k+ 1)cpye — k-1 =0

C‘“‘l
273

Ck-1 E=1,23, ...

= TR

188

24

—X

4

oo

hel 0 o
¥ —zy=3 nn-1ez" =Y ez = 3 (k+ 2)(k + Dcproz® — Y cporz”

k=1
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Let cg and ¢; be arbitrary and iterate to find

_ 1
2=3
_1
03—600
1
C4==1561
11
5 = Eﬁ(&-— Za

and so on. The solution is

= +c:r:+1:::2+1 I3+lc:n4+1c+
¥=0Q 1 3 660 121 405

1 4 1 4 1, 1 ¢ .
— 14 = - Z —
co( +6x+ )+c1(x+12$+ )+2$ +40:c+ .

. Substituting y = 3,02 cnz™ into the differential equation leads to

gk

o] o0
Y —day —dy =3 n{n - Deaz™ 2= 3 dncga™ — 3 deua®
n=1 n=0

b

n=
- _ R T
k=n-1 k=n k=n

[a.=) == [+ =}
= 5"k + 2){k + Degyaz® — 3 dhepz® — 3 4g0*
k=0 k=1 k=0

= 2cp ~ deg + i[(k + 20k + 1)cggo — Ak + l)ck]xk

k=1
T =1 k
=e*=1+ E: I:x
k=1
Thus
209 —deg =1
(b + 2)(k + Denyg — 4(k + e = %
and
g = 1 + 2
2 = 2 0
1 4

Ck+2='(E+—2)!+mck, k=1,2,3,....
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Let ¢g and ¢; be arbitrary and iterate to find

1
Cz——§+2ca
c&1+4 1.4
3= 3 T3 T3

1 4 1 1 13
C4 = 4+4cz 4!+§+2c0=3+200
ol 4oLl 4 16 17 16
T N T T A U T
_La 1+4 13,8 261 4
B T4 T e T 6.4 g o T 3D
c_1 4 1,407 64 409 G
Tmatis Tt e et T T T igs™

and so on. The solution is
= +cz+(l+2)2+(1+46)3 (13+2) +(17+16 )5
y=cp+ ey 5 20 )z a1 T3¢ )% a7 T 20 w7 Y Ea )T
(R ) (10 Bt
gl ' 3%9)* 7T 7 108

4 4 16 64
= co|1 + 227 + 2% 4 =25 ] [ R . B ]
c0[+z+ +3x+ +c1:c+39: +15:r: +105 +

1 13 17 o 261 ¢ 409
2y 13y B 1T s i o7
+g® gt gt e e

1

25. Two power series solutions are

§ k2kn (n—2)---(n—2k+2) 22

ne (2!
0 2%(n —1){n—3)---(n—2k+1
Y2 =z+k§(_1)k (2sz-1)ln ) 241

Substituting n = 1 into the second series gives the polynomial solution ys = x, whereas substituting
n = 2 into the first series gives y; = 1 — 222

6 d%e :
26. Ift = L — z then % = —% and % = and the boundary-value problem becomes in terms
of t,

j—j—f +AM9=0, B(Ly=0  #FL)=0.

190
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o
Substituting 8 = Z cnt”™ into the differential equation we obtain ¢z = 0 and

n=%
/\‘2
Ck+2 = _m Ck—1,

Choosing ¢g = 1 and ¢; = t we find

k=1,23,....

co=0
A?.‘
="
ca=¢5=10
34
%= 180
cr=cg=0

and so on. For ¢y = { and ¢) = 1 we obtain

cg=¢g =0
’\‘2
“=-1
cs=cg =0
22
(‘.'7_@
cg=cg=10

and so on. Thus

#=0C 1—).26t3+—)\:t5—~- +Cy t—A—2t4+~f\—it7—--- .
180 127 504

Now the boundary condition §/(0) = 0 implies C2 = 0. Thus

or
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Exercises 6.4

-
™ e

X N3 @ e

Irregular singular point: « = €.
Regular singular points: £ =0, —3.
Irregular singular point: z = 3. Regular singular point: = = —3.

Il
e

Irregular singular point: z = 1. Regular singular point:
Regular singular points: x =0, 2,

Irregular singular point: z = 5. Regular singular point: x = 0.
Regular singular points: z = —3, 2.

Regular singular points: x = 0, +i.

TIrregular singular point: z = 0. Regular singular points: x = 2, &5.

Trregular singular point: z = —1. Regular singnlar points: z = 0, 3.

. Substituting y = 350y csz™ " into the differential equation and collecting terms, we obtain

= <]
2oy’ -y + 2y = (27 - .?;r) coz' '+ Yo [2(k + 7 — Dk +7)er— (k+ 1ok + 205" =0,

; k=1
(20 3 =4
which implies %2 —3r =r(2r —3) =0 2NN
and (k—}—r)(2k+21’—3]€k+2ck_1 = 0.

The indicial roots are » = 0 and r = 3/2. For r = 0 the recurrence relation is

2oy

=—-——2>". k=123,...
ck k(Qk—S}‘ T ‘3‘ k]
4
and c1 = 2eg, cp = —2¢p, €3 = go-
For r = 3/2 the recurrence relation is
2y
= k=l —1,2,3,...,
*= T2k + )k
d _2 2 e
an o= -z, 2 = 3200, 3= "ga5 ™
The general solution on (0, o) is
4 2 2 4
_ a2, %5, 3;2(1__ 2 9 4 4 )
y=0 (1+2x 2z +gx + )+(72$ 5x+35:.': 94512 + .

192
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Substituting ¥ = 3324 cqx"®*" into the differential equation and collecting terms, we obtain
2zy" + 5y + xy = (2?"2 + 31") coz™ ! + (2?‘2 +7r + 5) crx’
. 3
+ 3 [k +rik+7— Dex + 5k + 1)k + Ciglattr1
k=2
= 0‘
which implies
2r% + 3r =r(2r +3) =0,
(2r2 + 7r + 5) o =10,
and (k+7){2k+2r + 3)ex + ¢z = 0.
The indicial roots are r = —3/2 and r =0, so ¢; =0 . For r = —3/2 the recurrence relation is
Ck—12
=2 o934,
=Tk -3k’ ’
d - =0 cq = !
an Ly = 200, 3= 4—400{]-
For r = 0 the recurrence relation is
Cr—2
= * k = 2? 3? 4‘ 1
&= TRk
d cy = ! =0 -t

an 2 = 1400: 3= g = 61600'

The general solution on (0, oo} is

1 1 1 1
_ ~32f: L+ o2, L 4, R S S S
yv==0Cz (1 2:c +40x + )+Cz (1 14x +616I + )

Substituting y = $°24 caz™*" into the differential equation and collecting terms, we obtain
4z’ + %y' +y= (47‘2 - —;{r) coz™ ! + 2[4(.‘: +r)k+r— 1) + %(k +r)eg + cpy)zttT !
=0,
which implies ar? — %r = (4r - g) =0

1
and §(k+r}(8k+8r —TNeg + cp—1 =0.
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The indicial roots are r = 0 and » = 7/8. For r = ( the recurrence relation is

2c—1
=%l _  £=123...,
*= TRk _T)"
2 4
o= --2 y Y = — , = —_—— .
and c1 €o 02 = 5 c3 259
For r = 7/8 the recurrence relation is -
—_ zck_l _
= (Sk"‘?)k‘ k_132v3$"'1
2 2 4

and a=-7p%  @=ggph, = gpygpte

The general solution on (0, c0) is

_ _ 22 4 .3 ) sy _2,,.2 2 4 3
y-Cl(l 2x+9z 4593-!- + Cyx 1 15x+345z 32’085x+ .

Substituting y = 3524 en2™1T into the differential equation and collecting terms, we obtain
2%y — 2y + (I2 + 1) y= (21!"2 -3r+ 1) cpz” + (2‘3‘2 + r) ezl
- } .
+ 3 Rk+r)k+r—Deg— (k+r)ex+ e+ ck_g]:t:"""'
k=2
= 0‘
which implies
2w -3r+1=02r-1(r-1)=0,
(21'2 + r) c1 =0,
and [(k+r)2k+2r—3)+ e +cx_2 = 0.

The indicial roots are r = 1/2 and r = 1, s0 ¢; = 0. For r = 1/2 the recurrence relation iz

Cr—2
= —— = 4. ...
ck k(zk _— 1) * k 2? 33 El k]
and c B c3 =10 = i
2 = 600: 3= 64—168c0.
For r = 1 the recurrence relation is
= ____Ck—ﬁ =
Cp = K2+ 1)’ k. 2,3,4,...,

194
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1 1
and 2= —15 c3 =0, C4 = 36500-
The general solution on (0, 00) is
i 1 1 1
=ofﬂ@——£ F—‘~J+Cx0—_2 L m)
y==¢ 6”7 tigs® T 2 0% Yae® t

Substituting y = Y520 c,2z™*" into the differential equation and collecting terms, we obtain
3zy" + (2 -z} —y = (31'2 — r) cox™t

X3

+ 3 [8(k + 7 — 1)k + e + 2(k + r)er — (kb + rer_s}z*
k=1
= 0)
which implies 3 —r=r(3r-1)=0
and (k+7)Bk+3r — Dep — (k+r)eg_y =0

The indicial roots are r =0 and » = 1/3. For » = 0 the recurrence relation is

Cr—1
= k=1,2,3,...,
*T@E_1)

4 o] 1 1
an 1= 203: £2 = 1000' 3 = 8000
For r = 1/3 the recurrence relation is

Ck-1
= k — 112:3: 3
k=g
and ¢y = L =2 3= 1
1=3% =g 3= 750

The gereral solution on {0, o) is

1 1 9 1 3 ) 1;3( 1 1 2 1 q )
= _— — —_— ‘e C 1 -_— —_— —_— LI I
Yy 01(1+2x+10m +8[]$ -+ + Chz +3z+18:c +162I +

Substituting y = $.°% cxz™*" into the differential equation and collecting terms, we obtain

iy — (m - %)yr— (f2 -1+ %) cox” + gl[(k-% Tk 47— 1)k +%Ck - ‘31«'.~l]"’5k+r

=0,

1 i 1 2 — —— — = _— - —
which lmplles r r+ 9 = (?" 3) (?" 3) 0
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2
and {k+r)(k+r——1)+§]ck-ck_1=0.
The indicial roots are r = 2/3 and r = 1/3. For r = 2/3 the recurrence relation is
k-1
Ckzma k=1,2,3,...,
and = 3 =2 cg = =
1= 4C(], c2 = 56601 3 = 56000
For r = 1/3 the recurrence relation is
%= gE— g k=1,2,3,...,
d o =2 o= 2 o= L

The general solution on {0, oo) is
3 9 9 3 9 9
—C? (142 + 224 Dt 113( EOL I S )
y=0Cx (1+4$+56:c +560:r+ )+Cg;c 1+2x+20x +”::r:+ .

Substituting ¥ = -2, ¢,z into the differential equation and collecting terms, we obtain

K
2y’ — (34 22 +y = (21"2 - 5r) cox” M+ Y R2(k+ 1)k 47— 1)ek
k=1

-3k +r)er — 20k + 7 — Doy + cp_q a1t

=0,
which implies 2% —Br=r(2r—5)=0
and {(k+r}(2k +2r — Beg — (2k + 2r — 3)ep—1 = 0.
The indicial roots are r = 0 and r = 5/2. For r = 0 the recurrence relation is
(2k — 3)ck
= TyianL  gv ! k= 1 Ey My
%= &2k - 5) 1,23
and o= ! e -1 €3 = 21
1= 300: 2 = 660! 3 = 6C{]-
For r = 5/2 the recurrence relation is
2(k+ L)cr—1
= —e———, .’C = 1, 2, 3 -
%= Tk{2k +5) e
’ TP VR
aIn 0= 7001 2= 2160! -3 69360
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The general solution on (0, 00) is
1 1, 1, 5,2( 4 4, 32 4
- 14 p—-g2_2 1+ oz + — il el
y C;( +3T 5% — g% + )+sz +7:c+21x +693:c + )

1B. Substituting y = 352 cnz™'" into the differential equation and collecting terms, we obtain

4
2xyﬂ + :cy’ + (I2 - §) y= (1-2 - g) ngr -+ (?‘2 + 2r 4 g) Ci$r+1

e
+ 3 [k+r)k+r—Dex+ (k+7)eg — gc;; + cp_gzFHT
k=2
=0,
which implies
o d e (’r+g) (r—v—-) =
9 3 3/
5
(7‘2+2T+ 5)(.‘1 =0,
2 4
and [(k+r) - 5] ok + oz = 0.
The indicial roots are r = —2/3 and 7 = 2/3, 50 ¢1 = 0. For r = —2/3 the recurrence relation is
— _ 96&_,2 o
T k=23.4,...,
3 9
and ez=—y0, =0 €4 = 520-
For r = 2/3 the recurrence relation is
9ep—2
k2 b —2.3,4,...,
T T3REk+4)
3 9
and ez =-—g500, 3= 0, «= 1280

The general solution on (0, c0) is

3 9 3 9
— ~2/3(1_32,2. 7 4 ) 2/3({1_ 9 2 44 ...
y=Cz ( 7% Tt t + Chx (1 2%t 1280° + )

19. Substituting y = %2 p cpz™" into the differential equation and collecting terms, we obtain
9z%y +92%y + 2y = (9r% — 9r + 2} coz”

o
+ 319k + r)(k + 1 — Deg + 2k + 9(k + 1 — 1egpy]2¥"
k=1
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which implies 92 ~0r +2=(3r — 1}{3r—2) =0

and Bk+r)k+r—1)+2cg + 9k +1— 1)1 =0.
The indicial roots are r = 1/3 and r = 2/3. For v = 1/3 the recurrence relation is

(3k‘ - Q)Ck_l

=—-———""- k=123,...
ck k(Sk_ 1) H H) 7 7 1
d =1 o= 1o __T
an €l = 2003 2= 5('03 €3 = 12000
For r = 2/3 the recurrence relation is
o (3k — l)Ck_l _
Ck = k(3k+1) L] k‘_13233s'“s
d =1 Cy = 2 cy = !
an 0= ZCDs 2= 2800a 4= 21C0‘
The general solution on {0, 00) is
o VX SUD SN S ) 2/3( Ll 82 1o )
y=C17% (1 2x+5:c 20* + + Cqax i 2I+ 283: 212: + .

Substituting ¥ = 3250 4 ¢,z into the differential equation and collecting terms, we obtain

22%y" + 32y’ + (22 — Dy = (2% +7 — 1) coa”

[» 4]
+ Y [0k + )k + 7~ Ve + 3(k + r)er — ¢ + 2e5_1 )2

k=1
=0,
which implies wWpr—1=2r—D{r+1)=0
and [(k+r)(2k+2r + 1} — Heg + 2e5_1 = 0.
The indicial roots are r = —1 and 7 = 1/2. For r = —1 the recurrence relation is
2ck1
Cx = k(Qk_s)i k=123,...,
4
and e; = 2¢p, g = ~2ep, oy = §00.
For r = 1/2 the recurrence relation is
L 2Ck_1 B
Cp = —_—k(2k+3) , k=123,...,
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2 n = 4
35003 3= £Q.

2
and c] = —=¢p, o = 945

5
The general solution on (0, 0o} is

4 2 2
y=Cla} (1+2--":-—2:J:2+a:r:3+--‘)+C'2:‘Ju2 (1~5x+§gzz—%x3+---).

21. Substituting y = Ypeg caz™t" into the differential equation and collecting terms, we obtain

2%y — x(z— 1) —y = (21’2 —r— 1) cox”

+ i[?(k +rik+r—Dep + (k+1)ek — ep — (E+71 — Deg_q)z**

k=1
=0,
which implies 2rf—r—1=(2r+1){r-1)=0
and [(k+r){2k+2r—1)—1)cg — (k+7r—1)2¢.1 = 0.
The indicial roots are r = —1/2 and r = 1. For r = —1/2 the recurrence relation is
Cr-1
=221 £=1,23,...,

ck 2k T

1 1 1
and € = 0y, Cg = zCp, 3= -—0

For r = 1 the recurrence relation is

The general solution on (0, 00) is

1 1 1 1 1 1
=0 (14 22+ =22 + —33 ) C (1 LIS I e )
y=Cx ( +2x+83: +48x + + Cax +53:+35a: +315:c +

22. Substituting y = Y02 cpz™*t" into the differential equation and collecting terms, we obtain
zz— 20" +y -2 = (-27‘2 + 31') ezt

+ Y[k + )k + 7 — Veg — 20, — (k + 7+ 1){2k + 27 — Dyegqa )t
k=0
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which implies —272 4+ 3r = -r(2r -3)=0
and [k+r)k+r—1)=2cp —(k+r+1)(2k+2r — 1}epq = 0.
The indicial roots are r = 3/2 and r = 0. For » = 3/2 the recurrence relation is
2k -1
= + k =Y, 1: IR
ST 1) 0.1,2
and o1 = 1 oy = ! = 1
1= 400} 2 = 3200: 3 = 12800
For r = 0 the recurrence relation is
Chil = k-2 c k=10,1,2
k+1_2k_1 k = U Ly &y ey
and ey = 20p, c2 = —2cp, ¢y = 0.

The general solution on (0, co) is
1

1
y=Clx3/2 (1—%x—§§I2—@I3—---)+Cz(1+2x—2x2).

. Substituting y = 3324 ¢4z into the differential equation and collecting terms, we .

oy + 2 —xy = (r2 + r) coz” 1 4 (7.2 +3r + 2) crx”

oc

+ 3 [k + 1)k +7— Lo + 2(k + r)ex — cp_glzt*1
k=2
= G!
which implies
= rir+1) =0,
(r2+3r+2)cl =,
and (k+r)k+r+1eg—cp_g=0.
The indicial roots are 1y = 0 and r3 = —1, 50 ¢ = 0. For r; = 0 the recurrence relatic
_ Ck-2 -
o = Kt D) k=1223,4,...,
1
and £z = aco
ca=cg=cy=---=10
1
€4 aco
1
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For ro = —1 the recurrence relation is

Ch-2
= k=2 cey
ck k(k—?.)} !3}4?

1
and Cg = EC{}

g=c=cr=---=0

1
6'4—300

Cop = ——Ci-
? (2 )
The general solution on (0, co) is

¥= CIZ(Q +1 2 4 Coz™!

— l Cl — ____1_ 2?’H—1 i
| @+ 1)

%[Cl sinh z 4+ C5 cosh z].

I

24. Substituting y = 3°% ; ¢,2™*7 into the differential equation and collecting terms, we obtain
1 1
2%y + o + (x - Z) y = (r2 - Z) cox” + (r2 +2r + 2) ezt

+ Z [k +7)k+r— g+ (k+r)e — %ck -+ ck_g]xH‘"
=2

which implies

1
and [(k + T‘)2 - L_J kg =10,
The indicial roots are ri = 1/2 and rg = —1/2, so ¢; = 0. For r; = 1/2 the recurrence relation is
n=—— X2 f =234,

k(T 1)
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1
and Cp = _500
C3=c5=c7=...=ﬂ
1
C4 = 5?00
_ =y
= n+ 1P
For rz = —1/2 the recurrence relation is
Ck—2
= — , k=23,4,...
= Tkk-1
1
and €2 = =50
Cy = {8 = = B []
_1
4 icﬂ
_ =)

The general solution on {0, 0o} ig

y = Crz\/? E =Y o + Cpz- 12 E

n=0 (2 + 1) n={

=0
(2n )'

= Clz—i,fz Z (_l)n pintl + Oy z—1/2 E (_1)nx2n

@n+ 1)

=z~ Y2[Cy sinz + Cy cos z).

—o (2n)!

. Substituting ¥ = Y00 5 ¢, 2™ into the differential equation and collecting terms, we obtain

o{z — 1" + 3y — 2

= (4r - rz) cox”t + i[(k +r—-k+71—12)cke; — (k+ 1)k +7r— Do

k=1
+3(k + r)eg — 205q]a* !
= {],

which implies r—rfP=r{4-r)=0

and —(k+rik+r -4+ k+r-Dk+r—2) =2y =0.

202



The indicial roots are r; = 4 and r» = 0. For r9 =  the recurrence relation is

—k{k —4)ei, + k(k—3)er_1 =0, k=1,2,3,...,

or
—k—dep +(k=Bepy =0, k=1,2/3,....
Then
361—260=0
202—61=0
cz3+0cp=0 = c3=0
Ocg +e3=0 = ¢4 is arbitrary
k- -
and ck=£—~£lz—"—l, k=5867....
Teking ¢ # 0 and ¢4 = 0 we obtain
c —g
1"300
I --.]_.
- 2—300
G3=C4=05= =0

Taking c¢g = 0 and ¢4 # 0 we obtain

cil=¢cx=c3=0

c5 = 2oy
cg = 3cq
c7 = deyq.

The general solution on (0, co} is

2 1
y==0C (1+§z+§zz)+cg(x4+2x5+3zﬁ+4z7+...)

2. .1, o~ . nt3
=CI(I+EI+§$)+CQZHI .

=1

Exercises 6.4
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26. Substituting ¥ = 320 4 ¢,z™*" into the differential equation and collecting terms, we obtain

¥+ gy’ — 2y = (rz + Qr) coz" %+ (r2 +4r + 3) 1z !

+ Z[{k —+ f‘)(k +r - I)Ck =+ S(k =+ T‘)Ck —_ 2Ck_2]Ik+r_2
k=2

which implies
P tor=r(r+2)=0
(r2+4r+3)c1 =0
{(k+r)k+7r+2)ck —2c6-2=0.

The indicial roots are r1 = 0 and r3 = ~2, s0 ¢y = 0. For r; = 0 the recurrence relation is

2cr_2

=—-, k=2,34,...
Ck k(k+2)'s 13 L]

H

and
1

€y = =
2 4C(]

ca=cg=¢cr=--»=0

c—lc
4'_480
1

%= 1152

The result is

= 1+ le + —I*I‘i + ! +
n=a 3" TRY T1152% :

A second solution is

- J3/a)ds P
€ T
Y2 =‘y1f—yl§“—'—d$=yl

[z3(1+§a:2+4—‘gx4+-~)2

—y[ dz —y]l(l—lz2+1x4+-——x6+ )
1 .'.I'.'3 (1 + %I2 + 4_58:64 —+ %xﬁ + .- ) ! 1‘3 2 48 576
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—_ /(i-.l._'_lx_ﬁxg.i. ): _1 lln +1m2_i4+...
N I\E T T8t 57 Y=oz 96~ ~ 2.304

1 107, 19
- _Eylinz+y [—21:2 +§6‘x - mx +"‘] .
The general solution on (0, 00} is
¥y =i (I) + ngg(a:).
27. Substituting ¥ = 3% 4 ¢,z"*" into the differential equation and collecting terms, we obtain
o0
2+ (1 -z —y=ricoz 1 + Slk+ryk+r—Dex+(k+riee — (k+ Flek_q)z®t™1 = p,
k=0
which implies r2 = 0 and
(k+ ‘."')2(!;: —(k+7r)ep_1=0.
The indicial roots are r; = rs = 0 and the recurrence relation is

c,,:c"k“l, k=1,2,3,....

One solution is

1 1
'91=Go(1+93+§.'62+§xa+---)=coex,

A second solution is

o J(t/z— 1) &/ 1
e [ S

1 1 1 1 1 1
— 2§ 2 _ 2_ .3 ] o 2,
=e /z(l :t:+2$ 3Iz+ )dx ef(x 1+2x 3,.’12-{- )dx

( I)‘n+1

1 1
= pT p— .-—2._._ = ¥
=g [ln:c x+ T o+ ] e“Inz — E o

2.27 3.3 ]
The general solution on (0, oo} is

— & T _ o~ (_1)n+1 n
y=Cie* + Coe" {lnz — 5 iz},

aot nenl
28. Substituting ¥ = Y004 o™t into the differential equation and collecting terms, we obtain
o +y= (12 - r) cor” "t + f[(k +7 4+ Dik + rlepsr + el =0,
k=0
which implies
rP—r=r{r—1)=0

(k+7+ Dk +r)ery1 + e =0,
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The indicial roots are r; = 1 and ra = . For r; = 1 the recurrence relation is

-
= —_— k=0,1,2 ...,
=Tk + D
1
and clz—ﬁc(]
1
=32
1
c3 I.?,!CO
1
“= 5
The result is
_ 14 1 4 1 1 &
y1—co(a:—-§:c +ﬁ "—wz +5EI_ )
A second solution is
]efﬂd":dx ld:c y dx
¥2=14 ] =ylf”_2 = l/ 3
3 u (z——%$2+§}§$3—3§1§lz"+...)
y/’ dz y] dr
=¥y
2:3+3-|-i:c 14 z5 4 1—$+3-?-§2:2—317%!z3+...)

= f1(1+$ i +£ +. )d:t’,‘— /i+£+l+_3.8_ dx

u Tan® T aE” -n (:c2 z ' 30 4!31”"‘"')
1 7 19 ,

= —_— ]_1']_ —

y;( + I+32 +4l31$ +. )

The general solution is

1 7 19
yl(I)=Cly1+Czy1(“—+ln +3 z+-ﬁx +. )

. Substituting y = Sn2y ¢nx™'" into the differential equation and collecting terms, we obtain
oo
o +y +y=riz '+ YAk +r)k+7—Log+ (b +7)eg + cp1)e*T =0
k=1
which implies #2 = 0 and
(k+ r)zck + oy == .
The indicial roots are r; = r» = 0 and the recurrence relation is

ck=—c’;c—;‘, k=1,23,....
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One solution is

n

1o 1 3, 1 4 ) o (1" .
m=cl|l—z2+55° - mmr + 52— =0 — 5T
1 ( 22 (312 (41)2 ng (n1)2

A second solution is

ffz)dz dr
‘.U2=y1/——r"—dﬂi=y1f —
n (1 — T + - %1‘3 )

y/ dx
=1
:c(1—21+%x2—~gx3+2%5§;c4----)

1 5 o 23 4 677‘1 )
= ={1 = = .
ylfx(+2x+2:c+9$ +288 +- dz

1 5. 2B, 677 )
= —_ 2 - _ - dx
yl/(x+ TR T t ot

59 285 677
— 1y |z +2
yl[”* TR R mt

=y nz + 2:.’:+5I +23 3 677 o+
=4 ¥ a* Tt Tiise '

The general solution on (0, 00) is

y = Ciy(z) + Coyelz).
. Substituting y = 3.9° ; ¢,2™7" into the differential equation and collecting terms, we obtain

sl
v —zy +y= (r2 - 1') coz™ 1+ dSolk+r+ 1)(k+r)ekrr —(k+r)op + el =0
k=0

which implies rd_r=r(r—1)=0

and (k+r+1k+ricrpr —(k+r—1)eg =90
The indicial roots are 1 = 1 and o = 0. For r; = 1 the recurrence relation is

kck .
Ck+1—m, £E=0,1,2,...,



Exercises 6.4

and one solution is 4 = cpx. A second solution is

~f-d= * 1 1 1
9‘2=x/%—dx:xf%dx:m[;(1+x+§$2+§2¢3+---)dx

~ ](1+1+1+1x+1 )dz x[ Ly 1o L 1,
= Z TRty = nET R '1"§I+72 e

1 1+1:r:+11:+1x+
=wmz 27 TR Tr

The general solution on {0, 00} is
y = Ciz + Cayo(z).

. Substituting y = Y524 caz™t" into the differential equation and collecting terms, we obtain

22y +a(z - 1)y +y= (" - 2r+1) coa”

. :
+ Ytk +r)k+r—Deg — (k+7 = Deg + (k+7 — Deg_q]z*tT
k=i

which implies P —2r+1=(r—1%=0

and (k+r—-12c 4+ (k+r—1ex. =0.

The indicial roots are r1 = r2 = 1 and the recurrence relation is

ck=—ck};l, k=1,2,3,....

One solution is
1 3 134 -z
y1:CoI(1—x+§x _§I +) = cpre .
A second solution is

_Jr(l_llx)dx —I 1
e e x
v [ tr=n [ e =w [ fed

—y1f1(1+x+;x +%:c + - )dx:y1](1+1+lx+%x +---)dx

4 18

The general solution on (0, 0o} is

1 1
_yl[lnx+x+ et —x +]

y = Cizn(z) + Cayal(z).
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32. Substituting y = 302, cpz™ " into the differential equation and collecting terms, we obtain

Ty’ +y ~dzy =ricor T + (r2 +2r + 1) ez’

+ § [(k+7r)k+1— e + (k+7)ce — 4cg_p]zF1

k=2
=0
which implies
7 = 0,
(r2+2r+1)c1 =0,
and (k +7r)Yc; — depg = 0.

The indicial roots are rj = rg = [}, 80 ¢; = 0 and the recurrence relation is

dck—2

o, k=234

Cp =

Oune solution is
1 1
¥ =co(1+:r2+zz"+%:cﬁ+~-).

A second solution is

e—f(l,’:c)dmd d
w=un—— x=y1] 5
4t x(l+m2+%r4+§%xﬁ+--')
dz 1 2 ] 4 23 6
v r(1+2z2+%z“+%x6+m) z 2 9

B 1 54 23 4 _[ s 54 234 ]
_yI[(E_2I+2I 5% +---)da?——y1 Inz x+89: 7 T

5 23
=ymlnz 4y (—x2+§x“—axﬁ+---)_

The general sclution on {0, 00) is

y = Cipn{z) + Corz(z).
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33. Substituting ¥ = 32524 ¢.2"" into the differential equation and collecting terms, we obtain

ay’ +(z— 1) — 2 = rlex™ + Y {(k +r) (k7 — ex
k=1

—~ (k4 riex + (k+r —3)ep_yJaPrrL

which implies r?> = 0 and
(k+rik+r—2cx+(k+r—3)ex_1 =0
The indicial roots are r| = ro = ( and the recurrence relation is

Ek—2)ep +(k—3)ep—1 =0, k=1,23,....

Then
—c1—200=0 = c=-2c
Ocp —cp =0 = ¢ =0 and oo is arbitrary
deg+0c2=0 = ¢3=10
and ( )
k—3Ck_1
= k=4,56....
k Kk —2)
Since ¢; = 0 and ¢; = —2¢g, we have ¢g = 0. Taking ¢ = 0O weobtain cg = c4 = 5 = --- =0

Thus, y; = caz?. A second solution is

- J{i-1/z)dz —x 1
y2=:c2f_______5 d:c=a:2fx; dx=z2fg(1—z+1$2—i$3+~l-z4—---)dz

i

1 1 1
=12[(1 —1—+i—i+lz—m)d:c=:c2[——2+—+—Inz—1x+—}—x2—---]
2z z

72 2z 3 4l 2 6" ' 48
1, 1 1, 1,
—-2—x ln:c—§+:t: 62: +48I .

34. Substituting y = $°° 4 ¢,2™"*" into the differential equation and collecting terms, we obtain
oy’ — ' + 2y = (r2 — 21") cox™ 1 + (rz - 1) crz”

+ (r2 + 2r) AL (rg + 4y + 3) ez 2

+ E[(k +rifk+r— Deg — (k+rieg + ck,4]:rk+"'l
k=4
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which implies
r2—2r=r(r—2)=0,
(rz - 1) o =10,
r2 4+ 2r = 7(r + 2)cg = 0,
(T2+41‘+3)C3 = (),
and {k+r)k+7—2)ep +cgp—qg =0

The indicial roots are r = 2 and r = {}, s0 ¢; = ¢g = 0. Also, when r = 2, ¢y = 0; but when r = 0,
¢9 is arbitrary. For = (0 the recurrence relation is

Ch—4
= —— =4
ck k(k_2) 1 k 15161
Taking cp arbitrary and c2 = 0 we find
o= —L
4= 8C0

65=cﬁ=(:7={]

1

CB=@CO

cg =cpp = ¢11 = 0.
One sclution is

_ Ly, 1 5 )
yl—co(l Sx +384x .

Taking cp = 0 and ¢y arbitrary we find

Cig = €3.

1,920

A second solution is

1 1 -
U SCR O 0.
V2= (x 22° T 1e:0” )

The general solution on (0, 0o} is

y = Crin(z) + Coya(z).



35.

36.

a7.

38.
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Substituting ¥ = 322%, ¢.x"*" into the differential equation and collecting terms, we obtain
o0
Py +y=cor" + 3 [ex + (k +r — )k +7 - 2cx1]s" = 0.
k=1
It follows that ¢g = 0 and
g =—(k+r—Dk+r—2er.

The only solution we obtain is y(z} = 0.

Substituting y = Yovo cnz™*" into the differential equation and collecting terms, we obtain
==}
gy ¢ +y=reoz" + 3 ([(k+ )k 47— 1)+ ek ~ (k+ 7 + Depgr ) 25 = 0.
k=0
Thus r = 0 and the recurrence relation is
k(k—1)+1
Ck+1=_-(_?)1_tﬁ-cki k=0:1r2:'---
1
Then c1 =0, €z = 5o, €3 = %Cm cq = ga).

and so on. Therefore, one solution is

1
y[I)=c9[1+a:+§:€2+%$3+§$4+--- :

Substituting ¥ = $.5% 4 ¢ax™'" into the differential equation and collecting terms, we obtain

2% + 32y — 8y = 3_[(n+7)(n+ 1 — Den + 3(n + 1) — Ben]z™

n=0

=fr(r—1)+ 3 — 8y + i [(r+7)(n+7+2) —8lepa™”

n=1
={.
Taking ¢g £ 0and ¢ =0forn=1, 2,3, ..., we have
rr—1)43r—8=124+2r—8=(r+4)(r—2)=0.

The general solution is y = Cyz~4 + Chx?.
Assume z = () is a regular singular point so that

4] o0

zP(z) = 3 paz® and 2%Q(z) = Y gnr™

n=0 n=0

Multiplying both sides of y” + P(z)y’ + Q(z)y = 0 by 22 we have
2y +a (PN Y + (a:zQ[x)) y=10

oT
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= =} o0
2ty +z (Z pnm“) Y+ (E qna:n) y = 0.
n=0

n=0

Substituting ¥ = .52 cxz™*” into the differential equation we obtain

z? i (n+r)n+7—Denz™ 2+ 2 (i pnz") (i (n+ r)cnz'“"")

n=>0 n=0_0 n=_0

o(Go) ()

n=0 n=0

= (i {(n+rintr— l}c;,;;':“"'r) + (2 pﬂx“) (::o(n + r)cnz"”)

n=0

(&) (o)

=0,
The coefficient of the lowest power of z, obtained when n = 0, is
7(r — 1)eo + poreo + goco = [r(r — 1} + por + goleo.
The indicial equation is then r(r — 1) + por + gy = 0.
39. Identifying po = 5/3 and gg = —1/3, the indicial equation is

1
7‘{?‘—1]+§?——=r2+gr—l=(‘r+1}(r—%) ¢

303 3 3
The indicial roots are —1 and 1/3.
40. (a) Substituting w = 1/, the differential equation becomes
& d
w3 +2wdw 4y =10

and we see that there is a singular point at oo.

(b) Identifying P{w) = 2w and Q{w) = —4/w? we see that oo is a regular singular point.

Exercises 6.5

1. Since v2 = 1/9 the general solution is y = ¢y /5(z) + c2J_y3().
2. Since v = 1 the general solution is y = ¢;J1{x) + e2¥1(x).

3. Since 2 = 25/4 the general solution is y = ¢ Jss2(z) + cad_gpplx).



Rl A B < A

10.

11.
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Since 12 = 1/16 the general solution is ¥ = c1J)74(2) + c2J_) 14(z).
Since ¥#? = § the general solution is ¥ = c;Jo{z} + c2Yo{x).
Since v = 4 the general solution is y = ¢1./2(z) + c2Ya{x).
Since 2 = 2 the general solution is y = 1.J2(3%) + caYa(31).
Since 2 = 1/4 the general solution is y = ¢1J)/2(6x) + caJ_ /5(62).
If y = 2~ Y2u{z) then
1
y = a:*lﬂvf(a:) - 52_3”29(@,
3
yﬂ — x_lﬂv”(x) _ x—3{2v!($) + Z$—5{ZU(E)’
and
22" + 22y + Maly = 23207 4 /2 4 (/\zxaﬂ _ lz-l/z) w.
4
Multiplying by z'/2 we obtain
2" + o + (A2 2_ i) v=0,
whose solution is v = ¢1.Jy 2(Az) + caJ_1/2(Az). Then y = c12~Y2J, o(Az) + ez~ V2J_ jo(Az).
From y = z™J,(z) we find
y =" +ne™ L, and ¢ =20 4 2™ LT 4 aln — 1) 2,
Substituting into the differential equation, we have
VY 4 23Tl + nln — 1)z N, 4+ (1 - 20) (@) + na™ L) + 2",

="V 4 (2n+ 1 - 20)a™ T, + (n® —n+n— 2022 N, + 2™,

= g™ 2 I+ 2, - 0P + 22T

=" 220 2 dl + (@ - n?) )

=g"1.0 (since J, is a solution of Bessel’s equation)

=0
Therefore, x®J,, is a solution of the original equation.
From y = z™?J, we find

Y=z —nz™ VU, and ¢ =Y = 20z L don(n 4+ V)22,
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13.

14,

15.

16.
17.

18.

Exercises 6.5

Substituting into the differential equation, we have
oy’ +(1+ 220y +zy=2"""1 [9:2J,',' + x5 + (x2 - n2) Jﬂ]
=z "1.0 (since J, is a solution of Bessel’s equation)

= 0.

Therefore, x~™J, is a solution of the original equation.

From y = /T J,{Az) we find

¥ = AVEJL(AT) + %z-1f2J,(AI)

and
V' = MZ T (AL) + A2 () — %;*3/%(,\1:).

Substituting into the differential equation, we have

1
=2y + ()@z? —viy Z) y =z [N J(z) + Az (ha) + (A? - 7)), (Az)
=+z-0  {since J, is a solution of Bessel's equation)

=0

Therefore, v/ J,(Az) i8 a solution of the original equation.

From Problem 10 with » = 1/2 we find y = Iu2JU2(I). From Problem 11 with n = —1/2 we find
y = zV/2J_19(x).

From Problem 10 with n = 1 we find y = zJi{z). From Problem 11 with n = —1 we find
y = zJ_1{z) = —aJ1{x).

From Problem 10 with n = —1 we find ¥ = z71J_1(z). From Problem 11 with n = 1 we find
y=2"1(z) = 271 1(z).

From Problem 12 with A = 2 and v = 0 we find y = /T Jo(2x).
From Problem 12 with A = 1 and v = £3/2 we find y = /% J32(z) and y = /T J_a().

From Problem 10 with n = 3 we find y = z%J3(z). From Problem 11 with n = —3 we find
y = 23J_3(z) = —23J3(x).
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19. The recurrence relation follows from

vt (z) + sJy-1{x) = ,i',ﬁ-“‘_(Hl)y—ij(x)zn+p+$:oaé(_:)-Tﬂm (%)2n+u—l
im ($)2n+u+ c;g(é_gv:f;—tjg) 2(%) (;)ﬂnﬂa-—]
-3 e (5™ =an@

20, Using
(-

00 2n+41
M= X AT e (E)

NN 18 )l Vil A e
2= X s e (3)

_ [=4] (_l)ﬂ- (x)2n+v—l
J"“(z)‘énzr(wn) 2
we obtain

%[:c"J,(z)] = z¥J(z) + vz" "L J,(z)

o (2n+u){(—1)" Zntv-l
Z n*I‘(1+v+n]( )

-1

o) ( 1)" 2n+ir
+ e | —
Y n!I‘(l+v+n)(2)

Y = (2n 4+ )(-1)" 2\ 2nte-1
- L m e e

n=0

w3 () G)

. oc (2n + V){—l]n b 2n+u-1
ngo 2nl{v + )l (v +n) (5)

* E o 20l (v + -n)lIZ:u +n) (2)2n+y_1]
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— X (2n+2w)(-1)" gx\ntv-l
B EQn'(V—i-n (v+n)(§)

=T

y =] (_1)11 (£)2n+v—1
o nllv+mn)
=z"J,—1{x).
Alternatively, we can note that the formula in Problem 19 is a linear first-order differential equation
! d
in J,{x). An integrating factor for this equation is 2”, so e [z¥ o (2)]) = 2 J—1(z)-

21. The recurrence relation follows from

oo (—1)“_1271 (E)2n+v+ ] (—1)"2(U+n) (;)’m-!-u

zdys1(z) + 2dp-1(2) =T§}nll‘(1+u+n) Ao LA +v+n)

o0
_ (*-1)“21/ (E)2n+u _
T R (I+v+n) \2 =l ()
22. The recurrence relation follows from Example 3 in the text and Problem 21:
1 1
2J)(z) = 7 [2vdi(2) = 20oa(@)] = ~ e dvsr (@) + 2door(e)] - 2041 (2) = Jo1(@) = usa(2).

= IJ] (I)

=

23. By Problem 20 %[le(I)] = 2do(z) 5o that, [ ro(r) dr = r(r)

24, By Problem 19 we obtain Jj(z) = J_1{x} and by Problem 22
205(x) = J_1(z) = Ji{z) = Jp(x} - Ji(z)
so that Jy(z) = —Ji(x).
25. Using Problem 20 and 24 and integration by parts we have

fz“Jg(x) dr = /x"_l(zJo(x))dx - f i ¢ ((z))dz
=z" ledi(z) — (n — l)f:r"‘gz.h (x)dx
="@) - (n-1) [2"7 (= Jhe)) da
= 2"y (z) + (n — 1)2"" L Jp(z) — (n — 1)2 f "2 Jo(x) dz.
26. Using Problem 25 with n = 3 and Problem 23 we have
] 23 Jo(z) de = 3 (x) + 222 Jo(z) — 4 f 2Jo(z) dz

=230 (z) + 22%Jo(z) — 4z i {z) +c.



27.

28.

29.

30.

31.

32.

33.

34.

33.

Exercises 6.5

Sinece
1 (2n —1)!
r (1 3 +”) (n— 12201
we obtain
(~ 1}1121/2 -1/2 “ \/7
J_Ug(.’{:) 12)_2”(2”‘ — 1)1\/_ = %COGI.
By Problem 21 we obtain Jya(x} = 2J35(z) + zJ_1,9(2) s0 that

2 (sinx
J3pa{z) = ﬁﬂx(l: —cosx).

By Problem 21 we obtain —J_y5(z) = xJys9(z) + £J_3/9(x) so that

2 fcoszx

J_zs2(z) = — = ( -

+ sinm) .

By Problem 21 we obtain 3J3/5(z) = zJ5.2(x) + 2Jys5{x) so that

2 f3sinz  3ecosz
Js () = ﬂ‘_:r( 5 mT—smz)

By Problem 21 we obtain —3J_3,3(x) = 2J_1,2(c) + zJ_g/2(z) s0 that

2 f3cosx 3sinz
J5/2(:c) ﬂz( = + ~ -coa:c)‘

By Problem 21 we obtain §J5/5(z) = zJ7/2(2) + TJ3/9(x) so that

J 2 losine 15cosxr 6sinz
7{2(5‘3} wz( 7 S +cos:c).

By Problem 21 we obtain —5J_5/(5) = 2J_3/3(x) + 2J_7/2(2) so that

7 (z) = 2 (—15(:05:(:_ 15sinx+6cosa: . )
—72\E) = A e pe p +sinz}.
Since
o0 n-2n 2n4-v 0o
"”J(zz)—z_””z_(_l)—( ) -5 v
nll(1 + v +n) — T (1 +v +n)
the function is real.
If y = L{z) = i7" Jy(ix) then
4= i),
y = -1 "I {ix),

218
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and
2yl + zy| — (z2 + V2) yr=14i" [(z’z)z.f,’f(z‘x) + {iz)J,, (i) + ((z’z)2 - V2) J,,(z‘:c)] ={v-0=0
Similarly, yo = I, {x) = #J_,(iz) satisfies the differential equation, and the genersl solution is
y =cil(z) + ol ().
36. If 31 = Jo(z) then using equation (35) on Page 299 in the text gives

— d:cx
Y2 = D(J/(J())
= Jo(z) f ‘“ - - dz
-Jo(x)/( +— 53—f+25§%i+ )dz

= Jolz) lnx+x—2+£+—2-3—xf+
¢ 128 © 3456

I X

2 4 6 2 1]

x 5 23z
= Jo(z)1 1__ AU Y (A .
"(“’}n”( Y61 301" )(4+128+3456+ )

*J[m)lnz+x—2—3—f‘+ 11z
-0 4 128 ' 13824

37. Using (8) with ¥ = m we have

Jonte) = 5 ﬁ ()" - R ()

n=0
o0 ] (—1)m 2j+m_ S (-1)5 £\ 2+m
§ +m)'F(1 + ) (2) =1 j;J‘!F(Hm+sf‘) (5)

= (—1}"Jm{x).

38. Using (7) with ¥ = m we have

_ o (_1)n ___3_ 2n+m o m o0 (_l)n x 2n+m _ "
Im(=2) = g a1+ m+n) ( 2) = (-1 g allT'{1 +m +n) (5) = (1) Jm{z).
n=0 n=0

39. (a) Using the formulas on Page 315 in the text we obtain

1
Po(s) = = (23125 — 3152* + 10527 — 5)

and



40.

41.

432.
43.

Exercises 6.5

Pi(z) = (429x — 693z° + 3157° — 35z ,

(b) Po(z) satisfies (1 22)y" — 2wy’ + 42y = 0 and Py(z) sotisfies (1 - 2%} y" — 2zy’ + 56y = 0.

We use the product rule for differentiation:

d

2
2l0-22] s nns )y = - ATy + (202 4 nln+ 1)y

dr
=1 -z — 22y +n(n+ 1)y =0.

If £ =cos@ then

E —Smﬂg-—
Py o, dy dy
a0° = sin 6'55?2 cosd—,
and
d%y dy d*y dy
smé»‘d'?2 + cos 9@ + nin+ 1)(sin )y = sind [(1 — cos 9) 72 2cos€d— +n{n+ Dy| =

That is,
d%y dy
2
(1—2: ) e Zxd—+n(n+l)y 3
The polynomials are shown in (18) on Page 316 in the text.

By the binomial theorem we have
2 -2 1, 312 2 _ 2,
1+ (2-22t)] =1~ E(t ~ 2xt) +3 (—22t)" +--=1+4at+ (3x -1+
Letting = = 1 in {1 — 2zt + ¢2)~/2, we have

1
(1—2t+t2)_1f2=(1—t)‘1=1T=1+t+t2+t3+... (|t] < 1)

o

From Problem 43 we have

o3
3P = (1 -2+ 177 = Et"‘

n=>0

Equating the coefficients of corresponding terms in the two series, we see that F,(1) = 1. Similarly,

letting x = —1 we have

1
(1+2t+t2)"’1/2=(1+t)*1=I—t=1—t+t2~3t3 (8 <1)
oo o]
=Y (-1)¥" = ZP( 1)t
n=G¢
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so that Pa(=1) = (~1)".

45. The recurrence relation can be wrtten

k
Pryi(z) = Z+l, Bfz) - g Pea(®), k=234, ...

k=1 Pfz)= %2 %

RN W T P

ket = o (B 04D 4 (30 0) - B B

k=5 R@ =g (?xt%xs"“%z)‘g(%xh%f g)z%“’ﬁ 31165 ! l1[%s§"”_15(5
46, n=0: Plz)=1

n=1 Plz)= de("” —-1) =

n=2 Pg(a:)=é%(x2—1)2_%dd—(x4—2x2+1)— (1222 — 4) = 23: —%

n=3 Pz)= 418;33(2 )3=%d—3(m - 32* 4327 - 3) = 8(120:83—72x)=gn':3—gz

47. For n =20, 1, 2, and 3 we obtain

1
flPoz(x)d:c =2

1 1 2
2 = 2 = —
/._]Pl(x)dx—f_lxdx 3

f_lng(x)dxzji%(934_(3:24.1)“: g,
and
f % (z)dz = f i (25x — 302* + 9x2) dr = % .
In general,

1 2
2 =2 forn=01,2 ---
f_an(:c)dx oy rr=012

48, All integrals of the form fll FPo(x)Fp{zx) dr are 0 for n #£ m.
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49, Let .
Yo = Ez[ln(l +zr)—In(l—2z})]—1
s0 that
171 1 1
y’2=—x_1+I+l‘x]+§|]n(1+x)—ln(l—$)]
and i
PR U S S +1[1+1]+1[1+1]
b2 = | (1+2)2 " (1-2)?] "2l1+z 1-z] 2ll+z 1-2z
U A S W D S
T27 @42 (1-2)?f 1+z 1-z
Then
(1—2){1+z)y5 — 2zy5 + 2y2 = 0.
Chapter 6 Review Exercises
1. The auxiliary equation is 6m% — m — 1 = 0 so that

1/2 1/3.

y=cx '+ coT

The auxiliary equation is 2m3 + 13m? + 24m + 9 = (m + 3)%(m + 1/2) = 0 so that

1
y=c12 > +eor  Inz+ EIS'

The auxiliary equation is m? — 5m + 6 = (m — 2}(m — 3) = 0 and a particular solution is

yp =2 — 2% Inz so that

V= c;:cz ter’+zt -zl

The suxiliary equation is m? —2m+1 = (m —1)? = 0 and a particular solution is y, = 23 so that

l a
=T+ cexlne + ZI .

. Since

Dy 1
T ntg ™M YO amErmee

the singular points are z = 0, z = —1 + v/34, and £ = —1 — +/34. All others are ordinary points.

P(r) =

. Since

2

222



10.

11.
12.
13.

Chapter 6 Review Exercises

the singular points ere = 2, z = —2, x = 2¢, and x = —2i. All others are ordinary points.

. Since

P(x) = and Qz)=0

R
z(x — 5)2
the regular singular point is x = 0 and the irregular singular point is £ = 5.

Since
1

P(z) =0 and Qf(z)= PP

the regular singular points are z = 0 and z = 5. There are no irregular singular points.

Since
Pz)= ——g—s and Q@)= ——
z2 (32— 9) z(z2 - 9)
the regular singular points are £ = 3 and z = —3. The irregular singular point is z = 0.
Since
1 8
Plzy=—— and Q(z)=———
=) z(z2+1)° ( (z? +1)°
the regular singular point is x = 0. The irregular singular points are £ = i and £ = —1.
Since P{z) = —z and Q(z} = 6 the interval of convergence is —oco < 1 < 0.

Since P(x) = —2z/ (x2 - 4) and Q(x) =9/ (9:2 - 4) an interval of convergence is —2 < r < 2.

Substituting y = ¥.0° 4 c,z" into the differential equation we obtain

o
v + 1y =200+ Z [klk = 1)cy + ck_g]xk_2 =0
k=3

which implies ¢z =  and
Cr_3

G

Cp =

Choosing ¢p = 1 and ¢; = 0 we find
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and so on. For ¢y = (0 and ¢; = 1 we obtain

¢g =10
e 1
T2
cs=cg =10
o]

“ = 504

and so on. Thus, two solutions are

_ lg 1 §
yl"co(l 6% * 180" )

and
Fl

=c (z~ix . g )
a=a 12° T 504 '

14. Substituting y = 322, ¢,2™ into the differential equation we obtain

[a#]
y' — 4y =3 [k(k — Lep — depaj2* 2 =0

k=2
which implies
42
Ck k(k_l), k" 2' r T
Choosing ¢p = 1 and ¢; = 0 we find
cp =2
c3=cC5=cCy= =0
c 2
173
B 4
%=1
and so on. For ¢g = 0 and ¢1 = 1 we obtain
cg=cg=¢g=---=10
= 2
373
_ 2
=15
4
‘7= 315



15.

16.

Chapter 6 Review Exercises

and so on. Thus, two solutions are

y1=co(1+2z2+§z4+%zs+---)

=c (z+2x + 2x5+ i )
O L T A T
Substituting g = 3,22 cua” into the differential equation we obtain
(x— 1y’ + 3y = (—2¢cp + 3cp) + E — D{k — 2)eg—1 — k{k — L)cg + 3cp_olz* "2 =0
k=3
which implies ¢z = 3¢p/2 and
k— 1}k —2)cr_1 + 3ck-n

Cp = Wk — 1) , k=3,4,5,....
Choosing ¢g = 1 and ¢; = 0 we find
3 1 5
C2=§, CS=‘§, f'-4=§
and so on. For ¢ = 0 and ¢; = 1 we obtain
¢y =0, (:3:%, 0422

and so on. Thus, two solutions are

_ 32,13 54 )
_C‘I(l+2x +2x +8x +

and

_ 13, 14
yg—Oz(z+23 +4 +)

Substituting y = 3524 cpz™ into the differential equation we obtain

[+ #]
y" — 2%y + zy = 203 + (6c3 + co)z + 3 [(k + 3k + 2)crrs — (b — Degl**! =

k=1
which implies ¢g = 0, ¢g = —9/6, and
k-1
=— . k=1,23....
Ck43 (k+3)(k+2)ckv ) :3:
Choosing cg = 1 and ¢) = 0 we find
R
T 76
5 = €8 — €11 — =0
_1
%= "%
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and so on. For ¢g = 0 and ¢; = 1 we obtain

ca=cg=c=--=0
cg=cr=cig=---=10
cs=eg=cp=--=10
and so on. Thus, two solutions are
1 =co(1— f—lj:cg— 516x6—---) and y2 =z,
Substituting ¥ = .00 5 cpe™ " into the differential equation we obtain

2z + 2y —(z + 1)y

[as)
= (2:-"2 -r— 1) cox” + Y [2lk+r)k+7r— Vg + (k+ 1)k — cx — cr_1)e®
k=1

=0
which implies
%% —r—1=2r+1){r-1)=0
and
[UC + ?‘)(2}6 + 2r — 1) - l]ck —cr-1 =0.
The indicial roots are r = 1 and r = —1/2. For r = 1 the recurrence relation is
Ck—1
= k=1,23,...
ck k(?k +3) 7 7 7 7 7
© 1 ol 1
€1 = 5003 2 = 70C03 &3 = 1,89060
For r = —1/2 the recurrence relation is
Ck—1
=——— k=1,2,3,...,
%= T2k —3) 3
1 1
$0 0 =-cp, @=-zco, 3= gl

Two linearly independent solutions are

_ 1 1 4 1 4
yl—Clx(1+5:.-:+?O:c +1,89{]I + )

and

1 1
V2 g2 _ 13
y2 = Chr (1 T 2:1' 18I )
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18. Substituting y = 352, cyz™'7 into the differential equation we obtain
oo
2ay" +¢ +y = (2P —r)coa” ! + 3 [2(k + )k + 7 — Uk + (k + ek + cx1)zFT = 0
k=1
which implies
2r2-r='r(2r—1) = {)
and
{(k+r)(2k+2r— Dy + 1 =0
The indicial roots are r = 0 and r = 1/2. For r = 0 the recurrence relation is
Cr-1

= k=
Ck k(2k_ 1) k] 1!213! 1
B0 £y = £y = 1 = 1
t = =4O, 2= ﬁc{]s cy = QOCU-
For r = 1/2 the recurrence relation is
- Gk —
Ck - k(2k+ 1) 1 k 1$2v3s L]
% o =—x = —
1= 30{}! 2= 30603 3 = 63060
Two linearly independent solutions are
—Cx(l—x+1x2 1:r3+ )
Y1 =0 8 30
and . )
1
e 1;2(1___ L2 1 3 )
Y2 2T 3x+ 30x 630I +

19. Substituting ¥ = Y50 4 caz™'" into the differential equation we obtain

o0
21—z — 2% +y= (1'2 - 3r) cor” ' 4 3 _[(k 4+ 1)k + 7 — Lex — 2(k +r)ex
k=1

= (k+7 =1k +7~ 2)ck-1 + cx1]zr 1

which implies
P —3r=r(r—3)=0
and
(k+r)k+r—3)ce—[(k+r—1){(k+7—2)— g1 = 0.
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The indicial roots are vy = 3 and r2 = (). For r; = 3 the recurrence relation is

(B2 +3k+1) eeq

= =1
Ck k(k—|—3) 1 k !21 3; 1
80
5 1 209
e = 460: tz = gGm &3 = mco-

One solutien is
= (l-l-sx-l-ll 2?4 208 )
9 4° 78 144 ‘

A second solution is
N f eJ12/z(1-2)ldz e y1] z%dx
o (1-2)%8 (1 + §o+ Pa? + Wt + )

dz
v 14(1*2x+z2)(1+%z+%’xz+%§z3+---)

] dz /1 (1 1 1 5 1 4 )d
=1 =‘y1 —_ _— == ——=I — =TI — T
y $4(1+%x+1%32+1§31313+---) zt

- /(1 L S R .)dx_ [_L+ 1 1 1, ]
RN A Y T T T[T T2 T 16z 36
1 1 1 1
= gubrtu(gat gt v
20. Substituting ¥ = Y00 5 ¢, 2™ 1" into the differential equation we obtain
oy — xy + (x + 1) y= (r2 —-2r+ 1) coz” + riez™t!
+ Z[{k+r Wk +7 — ey, — (k+r)ck+ck+ck Vs
k=2
=0
which implies
rPertl=(r-17%=0

ree; =0

[(k+r)k+r—2)+ e + cp—g = 0.

The indicial roots are r; = rg = 1, 50 ¢; = 0 and

_Gk2 o p 03,4,

Ck = k2 H
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Thus

. 1
2 = 4C(]
C3=C5=C7= =0
. 1
4 6460

_ 1
%="3304

and one solution is
19, 1 4 L
= 1 —_—— —_— —_——_— P .
=T ( 17 Ted® T2 T
-
A second solution is
drfx

€ rdx
y2=y1/ 7 dI=§1/ 5
1 12(1—41$2+61314—2:31mz6+---)

-/.x l r el xr
( __2_+__4__6_+_...)

b76

1 1, 5., 2 4
e (it 2t Bos Nar
ylfx(J'zI"'szz teet t )

1 1 .54 23, )
= a4+ = e e dx
3[‘”](.1:+2$+32I tee® T

_ 1 9 5 4 23 &
=ylnz+y (41: T +3,456x +--

21. Substituting y = 3225 ¢,z™*" into the differential equation we obtain
2y’ — 2z — Dy + (z— Dy = ricz™1 + [(r2 +2r + 1) c1—{2r+ 1)00] z"
. .
+ Y[k +rik+r— e+ (k+r)ex — 20k +7 = Ve = cp—y + cr—g]z™* ™!
k=2
=0

which implies

(r+1)%c; - 2r+1)ep =0,

and
{(k + e, — (2k +2r — Vg1 + ¢4z = 0.



22,
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The indicial roots are r{ =19 =0, 50 ¢; = ¢y and

= (2k - l)ck_l — Ck—2

[ k2 y k=2,3,4,...,
Thus
ol Ll 1
2= 2CO$ 3= 3|c01 €4 = 4!00

and one solution is ! 1
1
— e g . | el = T
yl—co(1+2:+2:t: +3!a: +4!I + ) cpe .
A second solution is
ef(?—l/z)dx ‘2xd 1
y2=e”/——id3::ezfe I=exf;dx=e”lnx.

el rele

Substituting y = 352 cqx™" into the differential equation we obtain
ok — %y + (3:2 - 2) Y= (r2 -r— 2) coz’ + [(r2 + - 2) c1 — ?”co] ™t
(&)

+ 2 [k+r)k+r—1ep — 206 — (k+r ~ Dox_q + cp_gJz*tr
)

which implies
tter-2=(r—-2)(r+1)=0,
(r2+r—2)cl —rep = 0,

and
[(k+r)k+r—1)—2cx — (k+7r— D)cp_1 +cr_g =0.
The indicial roots are ry = 2 and r9 = —1. For rg = -1,

—2c1+co=0 and k{k-3)c —(k—2)ep_1+ck-2=0, k=23.4,....

Thus
1
01—200
1
—203—0-c14+cg=0 = CQ=§C{)
1 ) .
O ca—eg+e3=0 = cz=c1=§coandC31sa.rb1traIy
(k - 2)ck_1 — Cl7
Y = k=456 ....
and Cg k(k—-3) ' yvh By
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Taking ¢ = 1 and ¢3 = 0 we have

1 1 1 3
Cl=§, 62=§, C»I:—E, C5=—-—E,
and so cn. Choosing ¢g = 0 and ¢z = 1 we have
1 3
C1=€.‘2:0, C4=§, c5=561

and so on. Two solutions are

1 1 it 3
=C ‘1( —_ _2—_4__._5 ...)
0 1T 1+2I+2I Sx SOI +

and

1 3
= _1(3 —gh gd )
yr=Cox (204 o2t + 5 +

A

. Substituting ¥ = 3°02 ¢px™*" into the differential equation we obtain

o0
oy’ +y oy =rlegs”+ (¥ + 2r + 1) e + 3 [(k+ )k +7— Dok + (k+r)ex + croplet T = 0
k=2

which implies

(r+1)% =0,

and
{k+rYce+ cpmn =0,

The indicial 1octs are vy = r9 = 0, 50 ¢; = 0 and the recurrence relation is

ck:”%—z‘ k=234,....
Thus
1
6‘2=*ZCO
& 16
4= g0
o L
8= 75,3040
and

1o 14 1 g
= 1— — — — — - .
ul c"( 5 Te” Tzt



7 Laplace Transform

Exercises 7.1

1 1 1
1. L) = fo e S+ [T et~ —emt e
1 1 1 2 1
—e - (0——3‘3) e o2, s3>0
) & &

2. LA} = f 4™ tdt = — e

1 ot i 1 1 1 oo
8. L(w) = [ te s [ etas = (—;te"“ - ?e_“) L —se

1

1., 1, AN PR DA
_(__e - e ) ( 32) S0-e) =51 -e7), 530

L]
1 2 2 1 1
— ~at gy _Zyp—-at -at _ * st
4. F{f(t)} —j(; (2t + L)e™ % dt ( ste 2¢ S¢ ) ’0
_( s $2° 50 ) (0 52 3) - (1 3e )+ (1 e’), s>0

m

I R N L S 1 )
5 2{f(t)} —fq (sint)e™*d¢ ( oI sing ~ e " cost .
‘ 1 —wE 1 1 — T8
(0+32+1 )“(0*32+1)_s2+1(e +1), >0

o0

e~ * gin t)

1
e~ cost + P

6. L{f(t) = [:;(cost)e'”dt = (_;2:1—1 -

wf2
=0- (0 + Le_’“*f"’) =2 5350
s2+1 8241 '

0, 0<t<l
t)=
£, t>1

o 1 1 = 1
.cf{f(t}} = /1. te_“ dt = (“’;tﬂ_ﬂ - ;—2- E_St) 11 = :‘; e”? + ;—2' e”® >0

8. f(t) = O<t<l
- fley= 2t——2 t>1

002 [t -2 (e v ) [ 2o oo
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10.

11.

12,

13.

14.

15.

16.

Exércises 7.1

. 1—¢, <t
)= 0, t>0
1 1 1 U | 1 1
. _ —4at =1_2f1_ -8t 4, - —st e B
LUB) = [ (1 -t a (3{1 et + e )(0 eSS, 830

a

0, O0<t<a
b c _al’ ¢, b
f)=1{c a<t<bh ..‘f{f(t)}=fce’dt=——es =—{e*-e%), 5>0
i 3 &5

0, t>b
Z{ft)} = /m et Te gt =¢" /m el1-3Mgy — 6_76(1~a)t o _ 0 el e o1

b - 0 T 1-s o 1-s5 s—1° 8

o oo -5 o -5

= —24—5 ~at 5, _ =5 ~(s+23 ;= & (et2nt - € B

Z{f(t)} j; e e Vdt=e fo € d —e e 4> =9
4t —st (4—9)t (d—m¢ _ 1 (4-s5)t ro
)= / beTe dt = / te = (4 stE - 3)2"3 ) 0
i.
m , 8>4

2{f(t)} = j:o t2edeotgt = fn = 12,390t gy

= 1 {3—s)i 2 {3—a)t 2 (B-s)t )oo

= (S—St e (3_3)2&’ +—(3_8)33 .

=- 2 = 2 s§>3
T3 =-9)3  (s—38"

Z2{f()} = f e (sint)e Stdt=/ﬂm(sint}e‘(""1)‘dt
= ﬂ T N S
- ((3+1)2+le S Py

1 1
T s+ 1241 s2425+2°

[= =]
o= (a+1)t cost) |
0

s> —1

{0} = faw e'(cost)e™*dt = '/[;m(cos £ell=tgy

_1l-s 1)t 1 1 s}t o0
- (et et ey )|
-5  s-1
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17.

18.

19.
21.
23.
25..
27,
29.
31.

33.

35.

36.

Exercises 7.1

o
L{f()} = ]0 t(cos te™*"dt
st -1 st t 23 ]
= {(-—32 1 an 1)2) {cost)e™® + (32 1 + (o1 1)2) (sin#)e .
-1
=m, s>0
LUFD) = ]0 * H(sin tle=%tdt
t 2s st st s2—1 TR R
=|[- — t - t
[( s +1 (32+1)2) (cost)e (32+1 * (32+1)2) (sint)e L
= 25 s> 10
T2
4l 5y 9
22t} = 25 20. £{t°} = 5
4 1 T 3
—10} = = — — L& =42
£{4t — 10} ) 22. F{7t+3)} 2ty
2 6 3 2 16 9
2 — = — —_—— - . — 2 = —4g— — _—
L{t” + 6t — 3} 3+t 273 24, P{—4° +16t+9) 433+32+3
3l 2 3 1 3t 2 6
3 432 =2 43S+ +- 26. L{83—12t2+6t—1} = 8= —12> +—
L +3 43+ 1} =2 +35+ 5+ {8 +6t—1} 8125+,
1 1 2 1 5
@y _ 2 _ 9 == _ 2
F{l+e }_3+s—4 28, F{t*—e 7 +5} g Barar s
1 2 1 1 2 1
2%, 4y _ 1 2 _ -2ty _ _c
L1+ 2" +¢€ }_s+8_2+s_4 30, Fle* -2+ %} s—3 3t330
2 3 - s 5
2 _ i =4 — . in. =
Z{4t* — 5sin 3t} 433 532+9 32 :55’_{(_:03_5_3_ + sin@t} s2+25+32+2-5
Plsinh kil = k 34. XF{coshkt} = 2
{Sm }_ 92 — k2 52 — k2
t -t
toinhtl = let& = | o[l _}=41 L
ZF{e*sinht} _.Sf’{e } 2 5¢ 1) 2
t t
—t _ e te | _ {l 1 —?t} 1.1
e coaht}—.‘f{e 5 }—33 5T 3¢ —23+2(3+2)
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37.

38.

39.

41.

42,

43.

45.

46.

47.

;
P{sin2tcos 2t} =& {5 sin 4t} = 32+LIG

1 1 1 1 s
24} = i - 4_*"
PL{cos“t} =% {2 2cos2t} PR

1 1 1 s 1 s
=% {_ 1 } -1 1
Z{costcos2t} 20053t+2cost 232+9+232+1
1 1 1
Z{sintsin2t} =% {5 ost——coth} 53211 —53219
. i 1 3 1 1
.‘f.«o{SlDﬂCOS2t}=${§Sln3t-—-——31nt} 5324—9_532_’_1

1 1 1 171 1
= t{o— = = = P - =
Z{sin"t} =¥ {sm ( 7 o8 2t)} i {2 sint 3 (2 8in 3¢ 7 sint

o o0
Lt sttt s st 20 = [ = [ (2)

for o > —1.
_ '(1/2) ™
172y _ N e
G
T(3/2) 7
/2y -
2{/%} = A2 ogh

T{5/2) 37
£} = 572 45572

If we attempt to compute the Laplace transform of 1/t% we obtain

1 o]
.%{1/:2}=f0 tlze-“dmfl ilz—e"“dt.

If s =10 then

1 1 1 1
| ogetat= [ Gat
1 1 —at 1 1
fo et >[0 7 dt
11 11
fﬂ ¢ e gt >e? fu t—ze‘”dt,

which diverges. Thus, the Laplace transform of 1/¢? does not exist.

which diverges. If s < 0 then

which diverges. If s > 0 then

Exercises 7.1

*1

| REESSE e
T 48241 432+9
;d‘u= a+1[‘((1+1)



48.

Exercises 7.1

Since f and g are of exponential order there exist numbers ¢, d, M, and N such that |f(3)]| < Me®

and |g(t)| € Ne® for t > T. Then
[(f9)OI = [f )llg(t)] < Me® Net = MNelo+!

for t > T, and fg is of exponential order.

Exercises 7.2

10.

11,

12,

{

{
ol By 5 5o
2—1{(5_3_13)2} =§£—1{4-3i2—%.§+1-21-6‘§—é}:4t—§t3+%t5
3—1{(5;1)3}22‘1{§+3-£§+g-%+%-j—i}=1+3t+%t2+ét3
_%,_1{(3:32)3} =$—1{%+4.3l2+2.3%}=1+4t+2t2
R
ofubod ety earionoe
$—1{4s:-1} =$_l{i's+11/4} - ie—tf"
R R e D R
e
3—1{ 10s }: 10cos 4¢
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13.

14,

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

Exercises 7.2

0.95.

28 +4

‘5249

||
l—A—\
o
[
+ %]
[ =]
+

s°+1 —1
s(s—l)(s+1)(s—2)} =<7

}= 2co83t — 28in 3t

\/_sm\/_t

bo

+{0.8) -

Py 2} =0.3¢"1 + 0.6 0%

}—coshw/_t~ V3 sinh V3¢

6
8 1 11_11}82‘14_
3

2_1{(3—2)(32+43+3)} =$_1{E‘3—2_

s+ 1 E'3+3

1
}=~2—82t—63t+%eﬁt



Exercises 7.2

R I T ) R T e ) E R it T
o g 3o be) e e

30. ¥~ 1{ 2(332__:1}} _1{%—%2--33—1—1+ﬁ}=1—-t—c08t+sint

31. 1{(32+4)3+2)} 1 3214 111'3214_2'si2}=icm2t+%ﬂn2t_%e_u
32. ¥~ 1{521 =¥- 1{6%.3_T§_#,32‘/§ } 6\/_smh\/_t \/_sm\/.t

33. ¥~ 1{( +1)32+4)} =51 ——ﬁ—é—-s—zgﬁ}=%sint—ésin2t

84. 27 1{ 32+6f):S+4} = 32+1+5211~2‘s2i4_%-3214}

1
=2cost+8int — 2cos2f — §sin2t

In Problems 35 and 36 we use the fact that f5°

F(z) # g(z) for at most finitely many values of x.

1
— fors>0
8

35. L0} = [ = et =

f{z)dz

36. Z{f(t)} = /Om By = — for 8>3
Exercises 7.3
10 1
1. Z{CB } = —(3_—10)2
- 3!
3. .'f{tse 2‘} = Gras
t . 3
5. 2{8 Slﬂ3t} = m

2. .‘f{te—ﬁ‘} =

(s +6)2

10!
10,-7¢) _

4. 2{t%% }‘(3+7)1x
s+ 2

8+2)2+16

6. .‘f{e'z‘ cos4t} = (
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

.‘f{em sinh 3t} =

.‘f{e cosht}

(s —5)% -
s+1

3

9

eGPl

.ff{t (e‘ + ez‘)z} = {te” + 23 4 te‘“}

-(f{ezt(t _ 1)2} =% {t2e2t _ Qtezt + 825} —
.Ef‘{e't gin® t} = .‘f{lg_‘ - -l-e"tcos Qt} =
2 2 _

.ﬁf{et cos® 3t} =2 {%

=

l‘e

Ns.

FG

Fe

H;

H;

-1

-1

-1
-1
-1

-1

<
SRR
{
(o
e et
e
=
e
{

1
(s +2)3

Py 65+10
52+2s+5}

52 +43+5}

}=

}

25+ 5

sT+6s+ 34

(s+1)%

(s —2)2

t‘.l:l
=

2

Cb
|—l

(s+1)?
(s+2)

-
-

-

7} -

-

et +

Exercises 7.3

1 2, 1
G-2E T o T oa
2 2 1
(8—-28 (s-2)2 s-—2
11 1 s+1
28+1 2{s+1)%2+4

1, 11 1 s—1

— thy = — —_

2”"56} 5s—1 230G 1)2+36

1 2 1o ot

2 = ¢

2(ex2pf 2 °

35 _
Zt2et

s—3)2+12
- {é (S—H-%_F—Qj} = %e_tsin%

B {2(3 J(rss;ai 5 é (s+ 3?2 n 52} = 26" cost - Fl)e_at sin 5t
i) e e
{5(3 ;—_2)2; 10} _ { (3 ! 2)2} — 5e* 4+ 10t

£ {; B 315 sf— 1 (s+ 1)2 2 (s + 1)3} 5—t—5e ™ —dte!—
B { (s+l2)2 T (s f2)3 i é s iiz)‘i} =t~ e %tgewm
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23.

24,

25.

26.

32 s
27. :f{coszm(t—ar)}=${0082(t—ﬂ)"li(t—ﬂ)}=
) - _ _E . _E _ SE—HB
28. .‘15’{51nt‘7££(t—§)}—-.‘f{cos(t 2)?{(t 2)}—32+1
_ fe~?
20. 2{(e- 1% U - D} =
i ) _ 54
30. £{tet Ut ~5)} = L{(t—5)e Ut - 5) + 5e! 503:(:—5)}=(3—_1—)2+
—ba
-1) & = -1f1 2 —22 1
e B (T D S GO
A0+ ®PEl 1 2 e
2. 2 1{ 542 - 3+2+3+2+3+2
33. 2-1{882+1}=sin(t—?r)%(t—r)
34. %1 se ™/ —cm?(t—i)%(t—z)
‘ 244 2 2
Y — -1 e__i_ e Bee _ 1) — o—(t=D) -
35. ¥ {s(s+1)} £ {S,_ SH}:I}W 1) —e Yt ~1)
- g% o o2 28 28 ) 2
3. £ ey = S e T b = AU - - (- U (- D) U - 2)
. d s s2—4
37. Litcost)= -— (32+4,) e

Exeorcises 7.3

£~ -1} =5
=25

+1

€

U -2} = L{ePUE -2} =

LUt -2} =2{(t DUt -2 +2%(t -2)} = e;s + 2e7

8

_ Bem3  10e73
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LIB+ 1)U —3)} =3.‘f{(t+%)@£(t~3)} - 3&?{(t—3)“&(t—3)+?%(t-—3)}

5e— 58

§~1

} = "2 4 2e M- (1 —2) e~ 2D gz —4)



38,

39.

40.

41.

42,

43.

45,

51.

52.

53.

54.

535.

56.

57.

9 .
_.Z’{t sinht} = p

Exercisas 7.3

) d 3 6s
F{tsinh 3t} = % (32 — g) = o)

d2( 1 ) 652 + 2

§2—1 =(32—1)3

.ff{t2cc;st}=£( s ) d((1—32)=23(32_3)

ds2\sT41) 7 ds \(s2+ 1)? (32+1)3

_ 4 6 O 12(s—-2)
oot} =~ (r=grras) = (s =22+ 36"
d( s+3 )_ (s+3)°-9

—3t __49 =
F{te™ conat} = - - (s+3)2+9/ " [(s+3)2 +9]

tsint

L Kl

Ao Ve[l 2Vl gd 1)
et ) e a6} -

1 ..
= Ete tsint
(<) 46. (e) 47. (f) 48. (b) 49. (a) 50. (d)
P{2— 49U (¢~ 3)} = % - -‘;e-s's

Z{-U—4)+UL-5)} = % LN

8 8

2{Eue-n)=2{t-1¥+2-14U -V} = 2{{t- 1 +20~1) +1% (t- 1)}
(G g
ot (e 5} = #f-eon (1= ) (- )} - S

g~ g2

:f{:_zou(t—g)}=E{t—(t—2)%(t—2)~—2%(t—2)}=§——~—

82 a
1 e—21ra
Plaint — sint U - 2w)} = £ {sint —sinft —2m) Ut~ 20)) = o~ G
5

e—as E—-bs

L{f(0)} = L{U(t—a) -U(t-b)} =

& &



4.

1G.

11.

12,

13.

14.

2y -4y + 5y} = L'} — 42{y} + 5 £{y}

Exercises 7.4

= $%Y (8) — sy(0) — y'(0) — 4[sY (s) - y(0)] + 5Y(s) = (s — 45 + 5)Y (s} — s + 5

. Wesolve #{y" —2¢ +y} = ¥{0} =0.

%Y (s} — sy(0) — 4/ (0) — 2[sY(s) — y(0)] + Y(s) = 0

(2 — 25+ 1)¥Y(s) =25+ 1=0

. Wesolve Z{y" +y} =2X{1l}=1/s

Y (s) — sy(0) — 3/ (0) + Y (s) =

(s +1)Y(s) =25 — 3 =

1
s{z —1)

A

e’ d'r} = éf{et} =

i
o
£

| = | =

J
ff{/o cosrd’r‘}:%i"{cost}: s

s(s*+1) Tt

g+1

s+1

"

5“""1

% .‘f{e_tcost} = %

e TcosT d’r} =

t

z

S

{
{

t 1

s

S

_1)

S

1 t
£ t/{) sinfd'r} = —-g—qi’{fo sin*rd'r} =
2

{
#|
{
x{z[ﬂ Te_"d'r} - ~£{;${tf; Te—Td»r} -

ret™7 dT} = P{t} ¥{e'} = TE—

sin T cos(t — 7} d‘r} =L {sint} L{cost} =

1

. 1 ) 1 d
‘rsm‘rd‘r} =3 F{tsint} = R (—-&-3- g

5 (
ds

_a
ds

1

&

(

)=1

s (2417 (21 1)

(5+1)2+1  s(s2+25+2)

—2s 2

5

(s + 1)

352 +1

+1)
S+ g2(s2 1)

1 1

ds+1

s (5+1)2

)

- (s + 133



15.

17.

19.

21.

22,

23.

24.

25.

26.

27.

Exercises 7.4

13 6 o P
2{1”3}:;;:_5 16. .&?{1*e2‘}=3(s+2}

2 41 48 2
x{tz t“} =53 3_ = 18, -(f{tz *te‘} = 33(3 — 1)2

s—1
(s+1)[(s—1)2+1]

1

..‘f{e * e cost} m

iy

20, .‘f{ezt * sint} =

)} = e e sty = [ )% Nar

N A l{s F(s}—cos2t*f ff Jeos2(t — 7)dr
P 1{ }—l*e _/ e~ gr = e (t-7) _1_8
8(s
t ¢
o 1{8(32.;_1)}—1='=sint=jﬁsin(tﬁ'r)d‘r=coss(t——1-) U:l—cost
1 - ‘ t 1 t 1

-1y = t 2t _ -7 2(t—7) - 2t—3r = lpn=3r | (2 -t

ol {(s+1)(s—2}} e txe [Ue e dr foe dr 33 o 3(3 e)

1
-1 = -t —Te—{t-Thir — e gt
=z {(s 1)2} e ] dr=¢e" f dr = te

1 1 gt
F-L {_sw} == 08 21 * Esin2t = 5'/; cos 27 sin2{t — 7) dr

1 st : .
=3 fo cos 27 (sin 2¢ cog 27 — cos 2t sin 27) dr = % [sin 2t[ cos? 27 dr — cos th % st 47 df]
0 0

1 1 1 | t
= 3 8in 2t [ET + gsin 41']0 - ZcosZt [—% c034'r]0

1 1 1. 1
= Esm2t (§t+ Esmtit) 16 — cos 2t{cos 4t — 1)

1 1
= Ztsin?t-{- i-ésiDQtsin4t+ 1]'—6cos2tcos4t - -1—16(:032):

1 1
= Jtsin2t+ [sin 262 sin 2¢ cos 2¢) + cos 2¢ (cos® 2t — sin 2t} ~ cos 2t]

i
= Zt sin 2¢ + 1_16 cos 2t [2 sin? 2 + cos? 2t — sin 2t — 1] = zll-tsin 2P
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28.

29.

30.

3l.

32.

33.

34.

35.

38.

Exercises 7.4

1 1
S BT QY I T -2t .
£ {(32+43+5)2} &£ {_—_—i[(s+2)2—|—1] } e “sint+e “*sint

t
= fo e 2 ginTe -7 sin(t — r)dr =e™% ./0 sin(sintcost — costpinT) dr

| t1 t1
= -2 i — i - —_ -
e .smt /0 5 Sin 27 dr — cost /(‘] 5 (1 — cos2r) dr}

—e'zt- lsint(cos%) r lcost( i 2)r
= w: 273 7= gsin2r) |

=e % '—% gint{cos 2t — 1) — %cost (t - %sin 2t)]

e'zt{ %sint(coszt—sinzt—l) —tcost+%cost(2sintcost)}
e~ [2smt —cos?t +sin¢ + 14 2cos t) *—tcost] ~e"Z(sint ~ tcost)
Let ¢ = £ — 7 so that du = dr and
¢ 0
fro= [ ot -r)dr=- [ ft—wolu)du =g+ .
t t
Frlg+my = [ f0)lolt =) +hit - m)ldr = [ f('r)g(t—r)df+f0tf(’r)h(t-—r)d'r

=f[:f('r)[g(t—r)+h{t-r)]d7=_f*g+f*h

— 1 a — st 2a —at _ (l_e_m)z _ 1--g™0¢
LU0} = oo [fn - [ dt] = ST m) T s an

_ 1 8 et 1
‘(f{f(t)} - 1— e_gu fﬂ £ dt = 8(1 + e_aa)

—a 1 1
“""{f(”}"—_“rbsf 5= (55~ )
e
2{f(t)} = —23 [f te*’tdt+/ (2-*t)8_“dt] ﬁ
1 T 1 ems/? 4 g me/2 1 w8

Z2{f®)} = 1 _e—frsjo e *sintdt = 2+ 1 ems/2 _ g-maj2 =32 +1 mth?

1 " 1 1
¢ =___f it =
{f()} g sintdt T3 T



Exercisas 7.4

1 o1
37. L{f(t)} = 1—9‘2""3,/; e~*tsintdt = - —

1 2m —st L]
38. .‘f{f(t)} = mj; £ costdt = 82 +1

EXxercises 7.5

1. The Laplace transform of the differential equation is
1
s £{v} —y(0) - £y} = <.

Solving for £{y} we obtain

Thus, y=-1+¢€.
2. The Laplace transform of the differential equation is
1
sL{y} - y(0)+ 228y} = 5.

Solving for 2{y} we obtain

1—s2 11 11 3
Pyl = e = o b = 5 — =
) 3%(s +2) 45 252 4
__1 1, 3
Thus, y=-3 + 2t Y
3. The Laplace transform of the differential equation is
1
Py} - Py} = —.
s Z{y} - y(0) + 4Ly} =
Solving for Z{y} we obtain X{y} = 1 + 2
& 4 V=42 Tsra
Thus, y=te~% 4 264,
4, The Laplace transform of the differential equation is
1
sZ{y} - v(0) - Z{v} = 57

Solving for £{y} we obtain
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Exercises 7.5

Thus, y = %e‘ - %(cost + sin¢).

. The Laplace transform of the differential equation is
s? £{y} - sy(0) =/ (0) + 5[s £{y} — y(0)] + 4 £ {y} = 0.
Solving for #{y} we obtain

$+5 4 1 1 1
Ply} = 41 11
{v} s2+55+4 3s54+1 3Zs+4
4
Thus, _ y= 58_: - %e““.

. The Laplace transform of the differential equation is
8* Z{y} — sy(0) —¥'(0) — 6ls L{y} — 4(0)] + 13 Z{y} = 0.
Solving for £ {y} we obtain

3 3 2
2 -_—_—_ e ——
v} 32 —- 65+ 13 2{s~-3)2+22
Thus, ' Y= ——ge% sin 2¢.

. The Leplace transform of the differential equation is
1
s* £ly} - oy(0) - '(0) - 6[s L{y} - y(0)] + 9 Ly} = .

Solving for £ {y} we obtain

1452 21 11 2 1 10 1
. £k = s%{a - )2“ﬁ§+537_2_73-3+3(s—3)2'
Thus,
2 1 2 10
V=gt T Tt

. The Laplace transform of the differential equation is

$* £{y} — sy(0) — ¥’ (0) — 4 [s £{y} — v(0)] + 4.2{w}

Solving for #{y} we obtain



Exercises 7.5

9, The Laplace transform of the differential equation is
6

s* {y} — sy(0) - ¥'(0) — 4 [s L{y} —y(0)) + 4 Ly} = oo
Solving for Z£{y} we obtain F{y} = 18 Thus, y = ltE'e2It
Oving 4 V=G-8 AT M
10. The Laplace transform of the differential equation is
1 1

o L{y} — sy(0) —y'(0) ~ 2[s £y} —w(O)] +5 L{w} = + .
Solving for Z£{y} we obtain

2 —
Ly} = 4+ s+1 11+1 1 78/25 + 109/25

2(s?—235+5) 258 58 §2—25+5
I O T T SR S
255 5s&2 25(5—1)242% 25 (s—1)24+22°
Thus,
T L T 51
Yy = 75 + 5t 25& cos 3t + 25& sin2¢.
11. The Laplace transform of the differential equation is
1
2 _ o =
5° Z{y} — sy(0) — (0} + Z {y} 1
Solving for Z£{y} we obtain
B st 5 1 1

Z{y} = GTF2 ~ 241 41 @FDE
Thus,

Y = cost — %sint— %tcost.

12. The Laplace transform of the differential equation is
1
s* L{y} - sy(0) - (0} + 16 Ly} = 3.

Solving for & {y} we obtain

2
+25+1 11 15 k| 1 4
Plyp=227T "2 = _
W=Tmrie "B T 82228
Thus,
1 15 1,
¥ =16 + Tgcosﬂlt—f—asmatt.
13. The Laplace transform of the differential equation is
20,1 _ —(0) — [ Lo} — —_s-1
s° Ly} — sy(0) — ¢/'(0) — [s Z{y} — ¥(0}] TEETE
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15.

16,
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Solving for & {y} we obtain

L7207 YR SR 3 S . i - 1
{y_3(32ﬂ23+2)_2s 2(s—-12+1 2(s—-1)241"
Thus,

‘y=%—%etcost+%e’sint.

The Laplace transform of the differential equation is

£ 2 (s} - 59(0) ~ 4(0) -2 210} =90 = gy

Solving for #{y} we obtain

1 11 11 1 1 1 1
s iy Rl Sl S R o Sl f pouy ) B
Thus,
I SR VU "I
y=g+gi-7€ Tyt

The Laplace transform of the differential equation is
1

2 [s* £{y} - s3(0) - sy (0) — " (0)]+3[s> L{y} —su(0)—y (0)] —8ls L {y} —y(0)) -2 Ly} = =1

Solving for £{y} we obtain

25+ 3 1 1 1 8 1 1 1
vt = s+ D(s—D2s+1)(s+2) 2s+1 +E3-1‘§s+1/2 9s+2
Thus,
y= %e't + -l%e‘ - ge_’ﬂ + %e'zt.

The Laplace transform of the differential equation is
3

8 Z{y} - (0} — 55/ (0) —y"(0) + 2Us” LAy} — sy(0) ~ o/ (0)] - [s £y} -y (O] - 220y} = 5.

Solving for £{y} we obtain

8% +12
v} = (5= 1)(s + 1)(s + 2)(sZ + O)
_E1_§1+161+is_13
T 80s—1 20s+1 39s5+2 130s24+9 6542+9°
Thus,
13, 13 , 16 5 3 1 .
—606 20& +398 +130c033t 6581n3t.
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20.

21.
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The Laplace transform of the differential equation is

st 2 {y} - s*y(0) - 5%/ (0) — sv"(0) — " (0) — L{y} = 0.
Solving for Z{y} we obtain Z{y} = ﬁ. Thus, y = cost.
The Laplace transform of the differential equation is

2y} - L4(0) - S/ (0) - (0) ~"'(0) - 2{y} = .

Solving for #{y} we obtain

1 1 1 1 1 1 1 1
N4 = e = ——= = - = = .
v} s2(gf = 1) AT 351 ds+1 2841
Thus,
y=—t+1e‘—ze_‘+—smt

The Laplace transform of the differential equation is
5 _
s &{y} —y(0) + L{y} = ™"

Solving for £{y} we obtain

Be~? 1 1
20 - - -]

Thus,
y=5%t—1)—5e~ D —1).

The Laplace transform of the differential equation is

s Ly}~ 30 + Ly} = 5 - Ze™.

Solving for #{y} we obtain

_ 1 27 1 1 L7l 1
vt = s{s+1) s(s+1) s s+1 2 [s 3+1]'
Thus,
y=1-et-2[1-e ¢ Nae-1)
The Laplace transform of the differential equation is
1 _a9+1
s Z{y} - y(O) +2£{y} = 5~ ¢ 5.
Solving for #{y} we obtain _
1 _33-!-1_11 11 1 1 (11 11 1 1
‘2;{”}_32(s+2)"”'3 26+ dsTawtisTzTf [i5TIE 1542



22.

23.

24.

Thus,

=1, Lt L -
y=—7t3tt e g tat-U~ge %t - 1).

The Laplace transform of the differential equation is

1.1, .1 _m_[1

P L{y} — sy(0) — ¥ (0) + 4 Ly} =

8—8
s .

ta | =

Soiving for X {y} we obtain _
1-3 s 1 11 1 s 1 2 .11
.ff{y}_s(32+4) ® st+4d) 43 43244 3s+a °© [
Thus,

1 1 1, 1 1
y=7- Zcoth— §sm2t— [4 - 4c052(t— 1)}‘7&0—- 1).

The Laplace transform of the differential equationis
. _ _ 1
Ly} - ay(0) -y (0) + 4Ly} = ¢ 2”88—21_—1-

Solving for ¥ {y} we obtain

3 1 1 1 2
R4 = -——?‘H’s[_ _ = ]
W=grgte ™ 391 s 7+

Thus,

y = cos 2t + %sin(t -2 - %sin 20t — 271')]‘7&!(3 - 2x).

The Laplace transform of the differential equation is

2 2{y} - 59(0) ~ ¥ (0) ~ 5[s £y} ~ ¥(O) + 6 Lo} = -

Solving for £{y} we obtain

. 1 1
A0 Rl oy Ll P P
Lol 11 1 1]_ 1,1
- 65 28—-2 383 5—-2 8-3°

Thus,
_fl_ 14,1 3(:—1)] _ 3 2
y—[s 5e +33 Ut — 1) + et — =,

25. The Laplace transform of the differential equation is

e—Te e—2m

$* L{y} ~ sy(0) -y (0) + £ {y} =

] &

Exercises 7.5

1 s



Exercises 7.5

Solving for &#{y} we obtain

1 3 1 5 1
L — o—TE [_ _ ] _ a—2ms [_ _ } .
= s s241) € s &241 +.92+1

Thus,
y =1 —cos(t — T Ut — 7) — [1 — cos(t — 2m))U{t — 27) +sint.

26. The Laplace transform of the differential equation is

2 , 1 8—23 8—43 6—63
sy} - sy(0) ¥ (O) + 4 Ly} — 9O +3L{y} = s - — -+
Solving for #{y} we obtain _

11 1 1 1 1 11 1 1 1 1
Pyl 2 2 I 1 _efil 1 1 _m__]
W=35-3571%65+3 35 2s5+1 6Bs+3

421 L 1 11 }+—ﬁsllhl*l_, 1 1
3s 2s+1 6843 3s 2541 6s+3]°
Thus,
Tl b s J1_ L1 gy 1 -3(:—2)]
= —— = — === - Wit —
Yy 3 28 +Ge 3 23 +6e {t—2)

1 1 1 11 1
C |2 o 2t 4 2 -8(4) - [_w Ze—(t—6) L —3(t~6)] -
[3 3¢ +6e ]ﬂu(: )+ 37 3¢ tge AUt — 6).

27. Taking the Laplace transform of both sides of the differential equation and letting ¢ = »(0) we

obtain
Pl + {0} + Ly} =0
82 L{y} — sy(0) — ¥/(0) + 25 L{y} — 24(0) + L{y} = 0
SPE{yy—cs -2+ 2Ly} — 2+ ZL{y} =0
(32+2s+1).‘f{y} =cs+2c+2
cs 2042
Ly} = (s +1)2 + (+1)2
_ i1 242
T s+1)2 7 (s4+1)2
el ¢+ 2
= sri T Ee
Therefore,

y(t) = c.&f"{s—jfi} + {c+2)$‘l{ﬁ} =ce” +(c+2)te™
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To find ¢ we let y(1) = 2. Then 2 = ce™! + (c+2)e ! = 2{c + 1)e¢~! and ¢ = ¢ — 1. Thus,

y(t) = (e — lje™* + (e + Ljte™™.

28. Taking the Laplace transform of both sides of the differential equation and letting ¢ = ¢/(0) we

obtain
"} - {9} + F{20y} = £{1}

2 2{y} - ay(0) ~ ¥/(0) — 95 Ly} +90(0) + 023} =
8 £{y} - e~ 95 L{y} + 202 {y} = -
(32~93+20)${y}=§-+c
1 c
Z{v = 5(52 — 95 -+ 20) * 52~ 98+ 20
1 c
T -he—5 G- =8
_/20 1/4 Y5« c
s s—4 s5-5 3—4+s—5'

Therefore,

0= i} L) ey e

11 4 lsa__c(e‘u_est)_

To find ¢ we compute .
' y(t) = —e¥ + e —¢ (4&4‘ - 585‘)
and let 3/(1) = 0. Then

0= —et+eé° —c(4e4 —5e5)

1 1
-1
4}+c_"f {3—5}

4t

1 5¢

and
cm e—e!  e-1
T 4et —Be®  4—bBe’
Thus,
1 1 g, 1s =1 a5y 1 €
vi8) =557 2° T3¢ el Gt

29. The Laplace transform of the given equation is
2{+ 2 £{f} = Z{t}.

=2 i@ —5e)° Hd—5e°



30.

31.

32.

- 33.

34.
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L
stpl’
The Laplace transform of the given equation is

Pf} = L{2A} - 4 L{sint} L{f}.

Solving for ¥{f} we obtain £{f} = Thus, f(t) =sint.

Solving for Z{f} we obtain

22+2 21 8 5
= =S .
i/} s2(s2+5) 542 T 55 82 +5
Thus f(r,)—gt+i' V5t
s E=g 5\/gsm .

The Laplace transform of the given equation is
P{f} = Z{te'} + L{t} L{f}.
Solving for £{f} we obtain

s -1 1 3 1 12 1 1
2{)'}—(5_1)3(s+1)_83—1+Z(3_1)2+Z(s—1)3_§s+1‘
Thus, flty= éet + gtet + %tze‘ - %e’t

The Laplace transform of the given equation is
L{f}+ 2% cost} £{f} = 4.‘:”{8"‘} + £ {sint}.
Solving for &£{f} we obtain

482 +5+5 4 7 2
¥ = a —
W= s e e
Thus, flt)=det — Tte™* + 4t%™*

The Laplace transform of the given equation is
2{f}+2{1} 2{s} = £{1}.

Solving for Z£{f} we obtain £{f} = ;:}_«T. Thus, f{t) =e™

The Laplace transform of the given equation is
£{f} = ZL{cost} + £{e7} 2{f}.

Solving for £{f} we obtain
8 1
A1t I

£if}=
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35.

36.

37.

38.

a9,

Thus, F(t) = cost +sint.
The Laplace transform of the given equation is
8
E{f} = L1} +F{t} + 3 i‘f’{ta}.‘f{f}.

Solving for ¥{f} we obtain
1 1 1 1 = 1 2

Exercises 7.5

st 3
= 34— 16 _§3—2+§s+2+§32+4+232+4'
1,
8
The Laplace transform of the given equation is
P{t} —22(f} = £{e' - et} 2{f}.

Thus, f(t)= -:-em + e 4 %cos 2t + %sin 2t.

Solving for 2{f} we obtain

#2-1 11 1 3
2 - — T s —— — — —
{f} 284 252 1244
1 1 4
Th‘l.l.ﬂ, f(t) = Et - -i-‘z—t .

The Laplace transform of the given equation is
| 328y} —y(0) = L{1} - L{eint} - 2{1} L{y}.
Solving for Z{f} we obtain

$#—s+s 1 +1 28
s{s?+1)2 ~ s241 2 (s241)2°

Z{y} =

Thus, y = sint — %tsint.

The Laplace transform of the given equation is
s Z{y} ~ y(0) + 6 L{y} + 9L {1} £{y} = £{1}

Solving for &{f} we obtain Z{y} = Thus, y = te™ 3t

1
(s+3)2°
From equation (3) in the text the differential equation is

0005£+'+50ft'( ydr = 100{1 =% (t — 1)}, #(0) =0
005 — +4 p ir)dr = - -1}, ¢0)=0.

The Laplace transform of this equation is

0.005(s £{} — i(0)] + L {i} + 50 % 2(3} = 100 E - %e*’] .
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Solving for £{i} we obtain

20,000
L) = e~*]).
Thus, 3{t) = 20,000te1%% — 20,0000t — 1)e~ 200D oy (¢ — 1),

. From equation (3) in the text the differential equation is
0005 % i [Cifr)ydr = 1000t - (¢ 1) ~UE - D), () =0
dt .02 Jo
or _
g—: + 2000 + 10,000 /;i(r}d'r = 20,000[t — (£ ~ 1)Ut ~ 1)), i(0) = 0.
The Laplace transform of this equation is

. . 1 . 1 1 _,
s (i} +200 (3} + 10,000 - £{i} = 20,000 [5_2 - e ] .

Solving for ¥ {i} we obtain

‘ 20,000 -y = |2 2 200 e
20 = s = [F e e tion 6

Thus,
i(t) = 2 — 26710 — 20086710 — 29U (£ — 1) + 2e7 100~V (g — 1) + 200(t — 1)e 1000V (g —

. The differential equation is

dg 1
R—+Cq-

The Laplace transform of this equation is

R2(g} + 5 2(a} = B

Eoe™*, 4(0) =0.

+k
Solving for Z{g} we obtain
EyC Ey/R
) E A1 S
(s+k)(RC: +1)  (s+k)(s+1/RC)
When 1/RC 75 k we have by partial fractions

Ziq = (1/(1/30 K _1/Q/RC-K\ _E_ 1 (1 1
s+k s+1/RC | R 1/RC—k\s+k s+ 1/RC
Thus, gft) = T-:E% (e"“ - e'tf’RC) .
When 1/RC = k we have
E 1
24 =% e



42.

43.
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Thus, g(t) = ekt = B, —t/rC
R
The differential equation is
10 ‘3% + 10g = 30e’ — 30e* U(t — 1.5).
The Laplace transform of this equation is
3 381'5 —15s -
s} —w+E =g -y

Solving for ¥{gq} we obtain

2 =( — — —
lad={0-3) s77%t3 503 s+1 s—15

Thus,

olt) = (q _ g) t get + g ( ~{t-15) _ (150-18)) oy (¢ — 1.5),

The differential equation is

2.5 % +12.5¢ = 5%(t — 3).

The Laplace transform of this equation is
sf{q} +5Z{g} = %e"'i“

Solving for Z£{q} we obtain

(g} = %5) 3 (.2..1__2_.,_1_)6—33’

Thus,

ot) = %%(: _3)- ge-ﬁﬂ-”ou(z _3).

The differential equation is

50dq 0101" Bo[U(t - 1) —%U(t—3)), ¢(0)=0
ar

50% +100g = Eo[U(t — 1) —%(t — 3)], q(0) = 0.

The Laplace transform of this equation is
50s £{q} + 100 £{q} = Eo Ge—-ﬂ - 13-35) :
8

Solving for &£ {q} we obtain

Z{q} =

e ¥

50 35 +2) s(s-+-2)] 50 2(1 s_ilﬁ)e_a_%@_siz))e_ss]'




45.

46.
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Thus,
Ey

qlt) = — [(1 —e MM — 1) - (1 - e 2Nt - 3)] .

100

The differential equation is

di , ) 3 3 .
n + 10i =sint + cos (t - —E)“H(t -~ —5-) , 0 =0.

The Laplace transform of this equaticn is

) . 1 ge—3ms/2
sF{i}+102{i} = 71t Er
Solving for 22{¢} we obtain
Gy 1 § -37a/2
20 = e 0) T E 0610 °
_L( 1 s +10)+“L(—10+103+ 1
T101\s+10 241 &2+1/  101\s+10  $2+1 s2+1
Thus,
. _ 1 ~10t .
i{t) = To1 (e —cost + 10sin t)

+ % (—103'10("'_3”*"2) + 10cos (t — 3—75) +sin (t - g)}%(t -

2 2

The differential equation is

g R 1 o
EE+33_EE(‘£)’ #0) = 0.

The Laplace transform of this equation is
b B 1
s L{i} + = 2{i} = = X{FE{)}.
L L
From Problem 31, Exercise 7.4, we have

£(EW) = Sy

Thus,

R . 1 1—e?®
(S + E).‘f{z} 7 s(1+e %)

268

) e——3m{2_

31r)
5 )



and
Y Y ]
2{1,}=l l1-¢ _ =l 1-e¢ 1_
Ls(s+R/LY14e"®) Ls(s+R/L)1+e®
_l L/R_ L/R .- T —2g —3s
—L[——s s+R/L}(1 e l—e+e e > +.
1 (1 1
— |- _ — 9% =25 _ n,—3s
R[s 3+R/L](1 e’ +2e 267 4.
Therefore

i(t) = }%[1 _ ot — 1)+ 2U(r —2) — 2U(t—3) 4]
- % [e—f“/f-f + 26 R/ Loyp 1) — 20~ RUE-D/L quy
+ 26~ RU-3)/ Loy 3y .. ]
-1 (1 - e'Rth) + 2 i(—l)“ (l - e“R(‘_")fL)"H(t —~n).
R R~
47. The differential equation is
di R

.1 .
EE + E% = 'EE(t), %(0) = 0.

The Laplace transform of this equation is

s (i} + }—;.‘f{zf} - %E{E(t)}.

From Problem 33, Exercise 7.4, we have

C7010) T Rt P

Thus,

R . 11 11
(s+7)2W =77+ 151==

and
jol_ 11 |
~ Ls*s+R/L) Ls(s+R/L)1—e*

2

_1 L/R_Lz/ﬁ2+ L%/ R? L1 L/R _ L/R 1
T L\ & 8 s+R/L) L\ s s+R/L)1-¢

11 L/R LJR 11 1 . 28
—“{; b +3+R/L]+R(s 3+R/L)(1+e rett

Exercises 7.5
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49,

Exercises 7.5

Thus,
o0
i{t) = 1 (t - % + £e‘mﬂ') +1 3 (1— e REmD)ay( — ),

For 0 € ¢ < 2 we have

e 2L L myr ) Re-0/LYgyq
;(z)_ﬁ(: 5+ )+R(1 e )t ~1)

R{t—f+fe ML), 0<t<1
{%t(*—i"z+RG'P‘”L)+§(I—E“R““”L), 1<t<2.

The differential equation is
d2q dg ’
=7 + 20— +200g =150, ¢(0) =¢ (0} =0.
The Laplace transform of this equation is
150
SL{q} + 208 F{q} +200£{q} = -~

Solving for £{q} we obtain

£g) = 150 31 3 s+10 3 10
U= T+ 20s+200) 435 4(3+10)2+102 4 (s+10)2+ 102
Thus,
3 3 i 3 10t
=2_3 10t — =
g(t) 7 2%  cos 0 1€ gin 10¢
and

i(t) = g'(t) = 15e™1% sin 10¢.
If E(t) = 150 — 150%(¢ — 2), then

~ 150 o
{0} = ST 20s + 200) (1-)

o e
| o

3
g(t) = e 1% cos 10t — ge'lot gin 10t — {Z - %e_m(t"z) cos 10{t — 2)

- ge'm{"g) sin 10(t - 2)} Ut —2).

The differential equation is

d%q dg .

yr) + 205 + 100g = 120sin 10¢.
The Laplace transform of this equation is

22{g} +2052{g} + 100L{q} = -0

e? 4 100"

260
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Solving for ¥£{q} we obtain

1200 3 1 1 3 s
2 = = - ——
{4} {s+10)2(s2 +100) 5 s+ 10 +0 (s+10)2 &5s2+102°
Thus,
g(t) = §e"m‘t + 6te 10t — Ev:os 10t
5 5
and

i(t) = ¢'(t) = —60£e™1% + 6 sin 102,
The steady-state current is 6sin 10¢,

The differential equation is

dzq dg 2 £ ;
E+2Aa+w =7 g{0) = ¢'(0) = 0.
The Laplace transform of this equation is
22(q) + Dofe} +A2lay = 22

or
2 2 Eol
(s +2As+w)${q}— 75

Solving for 2{q} and using partiel fractions we obtain

ff{}—& l/wz_(I/wz)s+2/\/w2 _ B0 (1 3+ 2X
=7 s 242 +w? | Lwills s2+2xs4+w?)’

For A > w we write 8% +2Xs + w? = (s + A2 — (A% — w?), s0 (recalling that w? = 1/LC,)

_ 1 s+ A
£{q} —EUC(;— Gr N~ 2= (s+)\)2—(,\2—w2))'

Thus for A > w,
q(t) =EoC(1 - e‘”coshw,,’)«?—w%—_AA—Sinh,HAz_wzt)_
A4 —wi

For A < w we write 2 + 2Xs + w? = (s + A)2 + (w2——)\2), s0

_ 1 s+ A _ A
g} “E‘}(s FESY RN Ay (s+x)2+(w2—A2))'

Thus for A < w,

g(t) = EnC(l — e M cosyuw? — A2t — _.;_\‘\_ sin Vw? ~ A2 t) _

—



51.

52.
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For A=w, 5% + 2A +w? = (s + A)? and

_ 1 of1/XF 1M 1A N _ Bl 1
= ot s 35w oo (e

L2
Thus for A = w,

g(t) = EoC(1 — e™™ — xte™) .

The differential equation is
dq 1 Ey it

— —— = — = ! =
The Laplace transform of this equatlon is
Ey 1
E“cf _(f =0
fah+ it =2
Solving for £{q} we obtain
#{g) = Ep 1 _ Eo (1R +1/LC)  s/(R*+1/LC) | k/(K+
L (s+k}{s2+1/LC) L s+k £+ 1/LC £ +1/LC

a(t) = W‘% (e - cos (t/VIC) + kvIC sin (t/VICT )] .

Recall from Chapter 5 that mz” = —kz + f(t). Now m = W/g = 32/32 = 1 slug, and 32 = 2k
so that k = 16 lb/ft. Thus, the differential equation is z” + 16z = f(¢). The initial conditions are

(0} = 0, 2'(0) = 0. Also, since
1) = sint, 0<¢<2rm
1o, t>zon

and sint = sin(t — 27) we can write
F{t) =sint — sinft — 27)U{t — 27).

The Laplace transform of the differential equation is

2 1 1 2
& 16 = - i
&z} + {z} 2+1 211

Solving for #{x} we aobtain

Pz} = 1 1

(2+16)(s2+1) (L+16)(s2+1)°

IV v GO S VIR V) C O
x5 2+1 |sT+i6 T 2+1]%

—27s

262
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Thus,

1 1 1 1
R LI 2o — VA4 — O — A gin(s — 2V (F —
z{t) &G 58 4+ 15 sint + zg Sin 4(t - 2m)U(t — 27) T sin{¢ — 2m) U (¢t — 27)

—gsindt + {ksint, 0<t< 2w
"o, ¢ or.
. Recall from Chapter 5 that mz” = —kz — fz’. Now m = W/ig = 4/32 = é stug, and 4 = 2k so

that k& = 2 Ib./ft. Thus, the differential equation is =’ + 72’ + 16z = 0. The initial conditions are
x{(0} = ~3/2 and #'{0) = 0. The Laplace transform of the differential equation is

' 21
2 L{z} + gs + 7s F{z} + -+ 162{z} = 0.

Solving for F{z} we obtain

prpy o —38/2-21/2 3 s+7/2 % V15/2
=} = o716 = 2 (s+7/2)2+ (vV15/2)2 10 (s+7/2)2+ (v15/2)2°

Thus,

-2 ¢
o 7 10

. Recall from Chapter 5 that ma” = —kz + f(t). Now m = W/g = 16/32 = 1/2 slug, and k = 4.5,
so the differential equation is

2("& cos vi5, _ V15 e~ 2sin —\/21_5&

%x” +4.5z =4sin3t+2cos3t or z" + 9z = 8sin 3t + 4cos 3t.

The initial conditions are {0} = z'(0) = 0. The Laplace transform of the differential equation is

24 4s
szn{f{x} +g_(f{$‘3} = m + m

Solving for Z{z} we obtain

E{I}=(4s+24 2 2(3)s 12 2(3)?3

249 3(s2+9) 27 (s249)%

Thus

¥

2 4 4
z{t) = %t sin 3t + g—(sin 3t - 3tcosdt) = Et sin 3¢ + 3 sin 3t — —3-t cos 3t.

. The differential equation is
d*y d'y _ wo

art = " @ TE
Taking the Laplace transform of both sides and using y{0) = y'(0) = 0 we obtain

Er

4 oy L _ﬂl
s"y} - sy"(0) -y (0) = 7 <
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Letting ¥”'(0) = c1 and y"(0) == ¢ we have

so that
1 w
— ta2 23 2 W o4
y(z) = 5012 + 5C22 + A EI
To find ¢; and ¢y we compute
y'(x) =c1+ ez + % —E—% 2?2 and y"(z)=cz+ % z.
Then y"(L) = y™(L) = 0 yields the system
1 wy .2
+el+-—=L"=0
ATarT I El
W
+ 270
2T Er

Solving for ¢; and 2 we obtain ¢; = %woszEI and ¢g = —wpL/EI. Thus,

y{z} = il (£L2:r2 - EL:-:'E’ + im‘) .

T EI\4 6 24
., L _ 17w9L4 _ _ w0L4
From this we find y{a) = 28iET and ymax = (L) = SEl "
. The differential equation is
dly
EIE = WO{%{I - L/B) —-"l{(x - 2L/3)]

Taking the Laplace transform of both sides and using ¥(0) = ¥'(0) = 0 we obtain
45 e _ — ' 1 —Lsf3 _ ,—2Ls/3
s* 2y} - sy"(0) - y"(0) = £ - (e gm2ef3)
Letting 4"{(0) = ¢; and y”(0) = e; we have

a e Wl r.3 213
g{y}=§+s—4+ﬁ';5(€ s/ - 8 s/)

jo bt s 28 Y065 (-2
y(x)—zclz + 50T +24E1|iI 3 T-3 -3 Uz — —

To find ¢; and ¢ we compute

1wy LN? L 2L 2L
" —c 1 uwp A BT A O _EY gyf . 2
Yie)=atarts g [(” 3) (m 3) (x 3 ) (x 3

o 5o ) (- e )

264

s0 that

and



57.

Exercises 7.5

Then y’(L) = y"™(L) = 0 yiclds the system

1 2L IN? 2
a+ecl+ =2 K ) (—)]—c1+ch+—-woL =0

2 ET 3 6 Ef
2L _ E} 1 woL -0
EI 33 3 EI
Solving for ¢y and ¢y we obtain ¢; = §w0L2/EI and cg = ——wnL/EI Thus,

o= 5 (= e (oo ) - 2 (e )

The differential equation is
dty
'{0) = 0 we obtain

Taking the Laplace transform of both sides and using {0} =
1 o= Ls/2
: (1 ).

s {y} — sy"(0) —4"'(0) =

Letting ¥"(0) = ¢; and y"(0) = ¢z we have

2o
EI

_fa e wp 1 _Ls/2
:f{y}_s_3+s_"+ﬁs_5(1me s'f)

s0 that

1 1wy [ 4 ( IN® L
= Suliuid -2 %z -2)].
vlz) = m +6m * 3 EI[ * 2) (I 2)

To find ¢1 and 2 we compute

(@)= o[- (e-5) *=-3
y(z)-c1+c‘2x+2E1[ T 5 Y| z 2)

0o e (- Hu(e- )

Then y"(L) = (L) = 0 yields the system

Lwg [ o (LN\? 3 wel?
C1+02L+2EI{L (2)]—CI+CL+§ 2L =0

and

‘w(] L - le_
EI() 2t5 g =0

Solving for ¢; and ¢z we obtain ¢; = 3woL?/EJ snd ¢z = —4woL/EI. Thus,

_wo (1, 141(_5)4( L
y(‘”)—m(lsf‘x 12L$+24 12\7 72 %mﬁﬁ)'
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d‘ly

The differential equation is BT fl{ =W Or —5 = . Taking the Laplace transform of both sides

drt drt EI
and using ¥(0) = ¥"(0) = 0 we obtain

5Ly} - ' (0) ~ y"(0) = oo .

Letting 3'(0) = ¢; and (0} == c2 we have

wy 1 <1 c3

Plyl = — -+ = 4+ =,
) EJ gt + st gt
Then
= ot
y(@) = ot a +2 6
To find ¢; and ¢o we compute
H . W]
¥ (x) = _QEIt + oot
Then y(L) = y"(L) = 0 yields the system
L3 woL?
L4ep— = XX
abt oy = —5iF
woL?
L=t
c 2T

Solving for ¢) and ¢z we obtain ¢; = woL3/24E1 and ¢y = —wol/2EI. Thus,

o wy 4 wpl 4 wpl3
@) = 2Er® T Togr® Bl

The Laplace transform of the differential equation is

2 [Pt -V O)] - 2y} =

Then
~7 (5 20)) -2} - sz} = 5

and d 3 2
£${Q}+;${y}=“s—5-

This is a first-order linear differential equation with integrating factor ef @/ ds . g

2 2
ssf{y}=—/§§ds=;+c,
2 ¢
so_(f{y}=—8-3+s—3and

_lg ey

266
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The Laplace transform of the differential equation is

2 (224} - /)] - 2 (s L)) + 2205} = 0.

Then
- (dis .Sf{y}) ~ 25 P{y} —2s (dis ,Sf‘{y}) 2%y +2¥{y}=0
and
S L+ s 2k =0
This is a separable differential equation so
dg{{yy}} = -32_?2 = mP{y} = -2In(s +2)+c = &L {y} = cre 2+ = (s +2)"!

and y(t) = cite™*
(a) The Laplace transform of the differential equation is (as® +bs+c) £{y} = a. Solving for £{y}

we obtain

a
W= e

= -1 70'
i {as2+bs+c}'

(b) Now if #{g(t)} = G(s), the Laplace transform of equation (13) gives

| Cls) 1, 1
— -1 M —_— =
v2 =% {asz+b3+c} a { (s} aq2+bs+c} PR

by the convolution theorem.

Thus,

From part (b) of Problem 61 the solution of the given initial-value problem is

¢
yg:foset:?'yl(t—‘?‘)d’?‘ where y1=2_1{3211}=3int-

¢
w= [ —

=tsint + costln|cost].

Thus

sint
dT

(sintcost — costsint}dr = smt)/ dr — ( cost)f
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Exercises 7.6

. The Laplace transform of the differential equation is

1
Plgh = —ge ™

so that
y = SEBY(4 - 2).
. The Laplace transform of the differential equation is

2 e s

s+1+s+1

Ly} =

so that
y=2e"t+e DY -1),

. The Laplace transform of the differential equation is

£y} = (1+e7%)

1
s2+1
so that

y =sint +sint Ut — 27).

. The Laplace transform of the differential equation is

1 4
2t = L 7o 16e o

s0 that

Y= %sin 4(t — 2m) Ut — 27).

. The Laplace transform of the differential equation is

1 - —3ns
2ot = 77 (e7ms/2 4 ¢=3mo/2)

so that

. T ! . In I Ly
Yy = sin (t— E)‘M (t- —2-) + sin (t_f)% (t— ?) = —cost”ﬂ(t— E) + cos t%Y (t

. The Laplace transform of the differential equation is

L 1
=gt e

(8—2‘.13 + e—41r3)

s0 that
y = cost + sint[ ¥ (t — 27) +U(t — 4x)).

268
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7. The Laplace transform of the differentia.l equation is

11 1 1
Pyl = ) = fmm— 9
W= gt re =35 5555) A+
8o that 11
— o —2(: 1
y=g- e+ [3 -5 Vg 1),
8. The Laplace transform of the differential equation is
+1 1 3 1 31 11 1 1 11
Py} = - 2 3 1 311 a+[3r5 35
16 Al T T TP 1s—2 4s 2527%(25-2733)°¢
so that 5 3 )
___2:____ O N Y
y=et =35t +[ge 2] (t - 2).
9. The Laplace transform of the differential equation is
1
@® — ~2ns
{y} (3 + 2)2 + le
80 that
y = e 202 gin ¢ U (¢ - 2n).
10. The Laplace transform of the differential equation is
1
Lyt = ————=e*
W= e
so that
y=(— e ¢V -1).
11. The Laplace transform of the differential equation is
4+ PR +e—31rs
N =
{v} $2+45+13  s2+45+13
_ 2 3 s+ 2 1 3 -9 4 g=3T
“3(s+2)2+32+(s+2)2 +3(3+2)2+32( )

so that 9 1
y= Ei-e”z“‘ sin3t + e~ % cos 3t + ge_z(t_") sin 3(¢ — m)U [t - =)

1
+ 53—2(’—3“) sin 3(t — 3m)U(t — 3n).

12. The Laplace transform of the differential equation is

1 e“28+e—48
2 -
W= " 6-16-9
1 1 1 1 1 i 11 1 1 —2 _4s
T3 -1 5(-12 255-86 " _Es—1+Es—6](e te )
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s0 that

lsa 1 ﬁ(t—4)] _
+ [ cel 4 ze0-0] e — g,
13. The Laplace transform of the differential equation is

12 13!
Ly} = 5 240 +

15 3 L8
6 s4ym(0) b ‘0 Laj2
so that

6EIA°

v= 30" + 2" + 3 20
Using y”(L) = 0 and 3”'(L) = 0 we obtain

=31 EI" TGEI" +%§}(m ) (I__)
={§‘}(i‘-fz §e%),

0 <
(}z-%), L<z<
14. From Problem 13 we know that

1 1 R, IS
Lo 2 4 S 023 0 _
Using y(L) = 0 and ¥/(L} = 0 we obtain
_1RLy 1R, ng( L)3
"% EI: nE® TeEr\*T3) W
_ {ﬂ(%xﬂ—%xs),
B (e e

e~ >0
15. Assume g > 0 and ¢{t) = so that
1, t<@

]

{6t —tn)} = /G‘x’ e gt —tp)dt = fo;: 9(8)6(t — to) dt — /0 ”
= f:; g(t)o(t — to) dt = g{tp) = e~ ™.

0, t<0
16. If f{t)= {t’ % 45 then from (7),

f_c:of(t)é(t—4)dt= [Jmt%"%(

t —4)dt = 1612,
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17. The Laplace transform of the differential equation is
2Ly} — sy(0) - ¥'(0) + 2L {y} — y(0)] + 2L{y} = —e™>"

g0 that
s+1  eTdm
s+12+1 (s+1)2+1

Lly} = (

and
y=eteost — e~ sin(t — 3m)U(t — 3r) = e b cost + e~ sin ¢ U (¢ - 3x).

18. The Laplace transform of the differential equation is

1 5

W=y mrw

s0 that

= lsinwt
y_w -

Note that ¢/{0) = 1.
19. The Laplace transform of the differential equation is

1 1

“lit=17 s+R/L

so that
i(6) = %e'Rt”‘.

Note that +{0) = 1/L # 0.

20. The Laplace transform of the differential equation is

s 5
g{y}—s+5_1_s+5

so that
y = 8(t) — 5e o
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10.

11.

12.

13.

14.

15.

16.

17.

Chapter 7 Review Exercises

§—3 3 2

-1 -1 -
z° s2—10.s+29} < {(5—5)2+2‘~’+2(3~5)2+22

272

1 o0 1 2
— ot _ ~stgy . <~ _ & -
i .‘f{f{t}}-[) te dt+f1 (2—t)e™"dt = = - e
_ 4 -8t gp _ 1 ~2a —4s
.‘f{f(t]}—jz et = < (7 —e74)
False; consider f(t) =t~1/2,
False, since f(t) = (e%)!0 = 1®
True, since lim, oo F(3} = 1 # 0. (See Theorem 7.4 in the text.)
False; consider f(t} =1 and g{t) = 1.
ey _ L
..‘f{e } =
.Z’{te“"} S
(s +7)2
Plsin2t) = ——
Mt AP
ft’{e sm?t} 2
(5+3)2+4
, d 2 4s
ZL{tsin2t} = P [s2+4] MCEY)D
3 - H _ _ _L -8
Fsin2tU(t — 7))} = L{sin2(t — W)U — )} = W
20 L[S g
e gy =¢ {as—e}“at
1.1 1 _Lus
{33_1} {33—1/3}“3‘3
1 2 1
1 1)1 _ 1o 5
o {{3 5}3} il {2 (s—-5)3} 2t
1 1 1 1 1 1
-1 S ST N L V. SRV
{75} { ¢53+¢5+¢53-¢3} ;T

} = e cos 2t -+ ge'
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18. .‘f-l{slge—f"} = (t—5)%U{E—5)
- S+ T 41 o 5 —8 w _g
19. & 1{32+1r28 }_E 1 {.~92+7r2r3 +s2+?r2e }
=cosw(t — 1)U{E — 1) +sinmw{t — DU - 1)
_ 1 _ 1 L nr/L R
0. £ I{L232+n2ﬂ2} - EEE 1{32+(n27r?)/L2} "~ Lar Smft
21. .ﬁf‘{e"s‘} exists for s > —5.
22. 2{tff()} = -d%p(s - 8).
23. L{CNf(t—R)UL—k)} =e* L{f(t)} = F(s - a)
t

24. 1¢1=[Ud~r=t
25. (a) f(t)=t—[t-D+UC-1)+UE-1)-Ut -4 =t -t -DUL~- 1) Ut -4

(b) LU0} = 5~ e~ e

1 1 . 1 4a

© #d10} = (s-17 (s— 1)26_{8 Dot

26. (a) f(t) =sintWUY{t —m) —sintU(t — 37) = —sin(t — m)U{t — 7} + sin(t — 37)% (¢t — 3x)
1 —rg 1 ~3ns
(b) y{f(t)}=_82+le +32—+18 3
1 -8~ 1 ~3xfs—

(c) .?{etf(t)} = —me ( U—f—me 3x(s~1)
27. (a) f{t)=2-2%@¢—-2)+[(t-2)+2Ut-2) =2+ ~ 2t —2)

(b) LW} =2+ o™

(c) 2{f)} = % + (3_11}29-2(8—1)
28. (a) f(E) =t-tUE - D+ 28U —1) — (2—)U{E— 2)

=t-2-1Ut-1)+{—2)UL—2)
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(b) L{f(t)} = 3_12 - 3&26-3 N ;158‘2’
1

¢ = - ~{s~1) 1 —2(s-1)
(cy 2{e'f()) o G *GoIpEe
29. Taking the Laplace transform of the differential equation we obtain

i} 1 2
Z{y} = {s —1)2 + 2 (s—1)3

1
s0 that y= 5tet + Etzef

30. Taking the Laplace transform of the differential equation we cbtain
1
W= o s v o)

_6 1 1 1 6 s-4 5 2
T 169s—1 13(s—1)2 169 (s —4)2+22 338 (s —4)2+ 22

o that 6 . 6 5
_ % et Yo I L
y = 1696 + 13te lﬁge cos2t+3383 sin 2¢.
31. Taking the Laplace transform of the given differential equation we obtain
30 —rs _ 1 §—2 V2 ]
2y} = s{s? —4s+6) ¢ = (5' E 5 (s —2)2+2 +5v2- (3—2)2+2)e
so that
y=5U(t —7) — 52t cos V2 (¢ — 7)U(t — 7) + 5v2 2T sin V2 (¢ — m) Ut —

32. Taking the Laplace transform of the given differential equation we obtain

3 2 1 1

:f{y} - 2S + 6s + - 8_23 _ 2 8_23
s2(s+1}(s+5) s2(s+ 1){s+5) s{(z+1)(s+5)

g 1,1 1,3 1 18 1

25 s

_(__ t, 1.t 1 b L)e—zs
25 5 5 82 4 541 100 545
21 1 1 1 113\ o
(5 572 511710 s+5)e
3., 13 4

%5 T2 Tm°

1 9
2oy _ 9y — 2 o—5(t-2q1(; _ 9y
+3¢ (t-2)-15e (t—2)

so that
AUt — 2) — %(t — 2yt —2)
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33. Taking the Laplace transform of the differential equation we obtain

$S+2 2425+
=55~ S5 ¢

21 21 12 127 1 3r1 121 12 37

153 % 58 125s-5 | 135 B 558 1255l

127 & 37 12 1 2, 37 Sl
e | - (-1 - (k-1 ( )]ﬂttt-l
125 25° 5  125° VAR AU (t-1)
34. Taking the Laplace transform of the integral equation we obtain

543 31 2 1

{f}_s(s+5) 5575545
32 g
so that fe)=7+ze

35. Taking the Laplace transform of the integral equation we obtain
1 1 12
=t etie

1
so that y(ty =1 +t+§t2‘
36. Taking the Labla.ce transforim of the integral equation we obtain

80 that f(t) = X6t
37. The integral equation is
10¢+2£s‘(r)dr = 2t% 4 2t.
Taking the Laplace transform we obtain

S ZI A ENE: S U O SO
B 105+2 s%{8s+2) s s Bs+1 s s s+1/5

Thus, i(t) = =9+ 2t + 9745,

38. The differential equation is

1 d%g dg
- — —_— = — OH - .
> 7 + 102+ 100g = 10 — 10%(¢ — 5)



39.

40,
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Taking the Laplace transform we obtain

20
% = _ ,hs
{0} = 20 7 205 + 300) (1-e7)
HEREY s+10 1 10 (1_ iy
T 168 10 (2+10)24+102 10 (s + 10)2 + 102 ¢ )
so that
211 gy 1
(t} = 0 106 cos 10t € sin 10%

- [i = L1005 o100 — 5y — %e‘“’(“ﬁi sin 10(¢ — 5)] Y(t — 5).

Taking the Laplace transform of the given differential equation we obtain
21’.0(] ( L 4 1 5! 1 5l e_stz) +a [55] 21 (,‘2 3

W =il S 10 H 10 7 @76 A

50 that

~ EIL |48 120 120 2 2/ 72
where y"{0) = ¢1 and y"'(0) = ¢2. Using y"(L} = 0 and 3™ (L} = 0 we find

§
—?ﬂ[—exd—-iz5+i(z—£) m(z—£)+ﬂxz+%{x3‘]

ey = wpl?/24EI,  ¢; = —wyL/4EI.

Hence

e [l La L Do 1(_£)5 (- L
y"‘uEfL[st’zz g7ty (v-3) 4= 3)]

Taking the Laplace transform of the given differential equation we obtain

2s +EZ 4 wo 4 _ap
si+4 " 4 st4+4 4EI s+4

) =3

8o that

. , (& .
y= 2 sinzsinhz + f(smzco&hz — cos z sinh x)

4;1 [sm (a: - %) cosh (:r - g) — cos (:r: - %) sinh (2: - —)]% (:r— %)
where 3/ (0} = ¢; and ™{(0) = ¢;. Using y(7) = 0 and ¢/(x) = 0 we find

wp sinh § __Ecoshg
EI sinhz' = EJ sinhw

Cl =
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Hence,

_ Wo smhz _ wp
T 2E sinhnw sinzstoh e 4ET smhﬂ'

wo | T _Fy_ LI _r _F
+4E‘I 31n(z——2)cosh(:r: 2) cos(a: 2)511111(:.: 2)]"!!( 2).

{sm tcosh T — cosrsinh z}



8 Systems of Linear
Differential Equations

Exercises 8.1

1. From Dz = 2z —y and Dy = z we obtain y = 2z — Dz, Dy = 2Dz — D%z, and (D?—2D+1)z = 0.
Then
z = c1et + cote® and g = (¢1 — cg)e’ + cptet.

2. From Dz = 4z + Ty and Dy = x — 2y we obtain y = 1Dz ~ 4z, Dy = 1D?%z — $Dz, and
(D? — 2D ~ 15)x = 0. Then

3t 5¢ 3t

1
and y=?cle —ege” .

3. From Dz = —y+tand Dy =2 —t we obtain y = ¢ — Dz, Dy=1— D%z, and (D? 4+ D)z =1 +1.
Then

= clest + cge”

r=cjcost+casint+1+1¢
and
. y=oc1sint —cycost +2 -1,
4. From Dz —4y =1 and x+ Dy = 2 we obtain y = Dz~ § , Dy = 1 D%z, and (D? +-1)z = 2. Then

% = ¢y cost + cpsint + 2
and

1 b Lo ine Lo ging— L
Y= ZCZ oS 401 sint — ch sini — Z .
5. From (D?+5)z —2y =0 and —2z+(D?+2)y = 0 we obtain y = 3(D?+5)z, D%y = (D + 5Dz,
and (D? + 1)(D? 4 6)z = 0. Then

T=cC] cost+0251nt+r:3005\/6t+64sin\/t_3t
and .
. r .
y = 2¢j cost + 2epsint — 503(:05 V6t - -2—C4sm \/gt.

6. From (D + 1)z + (D — 1)y = 2 and 32 + (D + 2)y = —1 we obtain z = —} — HD + 2,
sz_%(D2+2D)y‘ and (D? + 5)y = —7. Then

7
y=c1c08\/5t+czsin\/5t—-g

and
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2 V5 V5 2\ 3

I = (*501 - -3—cz) cos V5t + (?cl - 502) sin V5t + 5

7. From D%z = 4y + ¢! and D% = 4z — ¢! we obtain y = 1D% — Let, D% = 1D% — let, and
(D? + 4)(D — 2)(D + 2)z = —3¢". Then

T = ¢y cos2 + g in 2 + cae® + cqe~H 4 ée’
and
y=—crcos2t —cgsin2t + 0332‘ + qe_zt - %e".
8. From (D? 4+ 5)z + Dy = 0 and (D + 1)z + (D — 4}y = 0 we obtain (D — 5)(D? + 4)z = 0 and
(D —5){D*+4)y = 0. Then
x= 81855 -+ cgcos 2t + c35in 24
and
y= qeﬁt + 5 cos 2t + cg sin 24,

Substituting into (D + 1)z + (D — 4)y = 0 gives
(6¢x + c4)e® + (cg + 2¢3 — des + 2c6) cos 2t + (—2e2 + 3 — 2c5 — 4cg)sin 2t = 0
so that ¢4 = —6¢y, &5 = %q, g = —%62, and

1 1
Y= —60135‘ + Ecs cos 2t — 5{:2 sin 22,

9. From Dz + D*y = € and (D + 1)z + (D — 1)y = 4e® we obtain D(D? 4 1)z = 343 and
D(D? 4 1)y = —8¢%. Then

: 4
y=c+ca5int +cycost — Ee
and

I =cq+c5sint + cgeost + i—;ea‘.

Substituting into (D + 1)z + (D — 1)y = 4™ gives
{ea—1)+{(cs —cs —ca—co)sint + (cg+ 5+ 2 —e3)eost =0

8o that cq = 01, 5 = ¢3, 65 = —c3, and

. 17
T =c¢; —cgcosi+casint + 1—563‘.

10. From D%z — Dy = t and (D + 3)z + (D + 3)y = 2 we obtain (D + 1)(D + 3)z = 1 + 3t and
DD+ 1)(D+3)y=—-1-3t Then

1
r=g¢ + qe't + C3€_3t -1+ §t2

and



11.

12.

13.

Exercises 8.1

1

-3t 2

t— =t%
+ 2

Substituting into (D + 3)x + (D + 3)y = 2 and D?z — Dy =t gives

y=c1+cse " +cge

3lc1 +ca) + 2Aex + cs)e”t =2
and
(ca+es)e™ +3(3cs + cgle™ = 0

g0 that ¢y = —¢1, 65 = —09, &5 = —3¢a, and

1
y=—c1—cae t ~3cze S+t — §t2.

From {D? — 1)z — y = 0 and (D — 1)z + Dy = 0 we obtain y = (D? — 1)z, Dy = (D% — D)z, and
(D—1){D*+ D+ 1)z =0. Then

= cret +e7*2 [czcos—é—t+casln——:5-]

and

_ 3 \/§ _g_f2 \/§ \/5 3 _g/g . \/§
—( Zc2 TCS)E COS 5 i+ ?CQ-ZC:; e smTt.

From (2D%- D—-1)z—{2D+1)y = L and (D—1)z+ Dy = ~1 we obtain (2D +1){D~1){D+1)z = —1
and (2D +1)(D + 1)y = —2. Then

x=cre” % + cae™t +eget + 1
and
y=cse P peset — 2.

Substituting inte (I — 1}z + Dy = —1 gives

1
(“gcl - 5::4) e %1 (203 —csle ™t =0

so that ca = —-3¢1, 5 = —2¢3, and
y=—3c1e”% — 2epe7t — 2.
From (2D ~5)z+Dy = ¢* and (D —1)z+Dy = 5¢’ we obtain Dy = (5—2D)z+¢* and (4— D)z = 4et.
Then
4
r= c1e4t + Eet
and Dy = —3c¢1e®* + 5e’ so that

3
y= —qu‘”‘ + ¢z + 5ef.
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14.

15.

16.

17.

18.

Exercises 8.1

From Dz+ Dy = et and (—D?+ D+1)z+y = 0 we obtain y = (D?*—D—1)z, Dy = (D° - D? - D)z,

and D*(D — 1)z = ¢'. Then ‘
z=oc1+ecat+ c:;et + tet

and

Y = —C) — 0g — Cot — caet —tel + ¢t

From (D - Dz + {D?+1)y=1and (D? ~ 1)z + (D + )y = 2 we obtain D?(D—1)(D+1)xa =1
and D2(D —1)(D + 1}y =1. Then

_ 1
m=crum+mé+w6t—?2
and
¢ 1o
Yy = ¢5 -+ cgt + cye” + cae —-Q-t,

Substituting into (D — 1)z + (D? + 1)y = 1 gives
(eg~c1— L+es)+ (e — ez — 1)t + (28 — 2eq)e™ + (2c7)et = 1
sothat cg=co+1, cs=e4,¢7=0,c5 =1 —ea + 2, and

1
v={a —Cg+2)+(Cz+1)t+C¢E_r’— §t2.

From D%z — 2(D? + D)y = sint and z + Dy = 0 we obtain x = —Dy, D?z = —D3%, and
D{(D? + 2D + 2)y = —sint. Then

1 2
t tgint + = cost + —sint

= + 38
Yy 1 2 5 5

cost +cze”

and

t

i _ 1. 2
x = (cy+ cgle  sint + (ca — e3)e cost+gsmt—gcost.

From Dz — y, Dy = 2. and Dz = & we obtain z = D%y = D3z so that (D - 1)(D?* + D+ 1)z = 0,

z=cet + e~t? {02 sin —?t + C3 08 *—?t] .
1 \/5 \/3_ \/5 1 \/5
= et iy - 22 ~tf2gn V3 X 2 -t/2 i
¥ =€ +( 2cz 3 cg)e sin 3 +( 3 Ca 2c:3)e CO8 5 £,

1 V3 V3 v3i 1 V3
et (2o 4] —t/2 . V9 v 2 —t/2 o0 Y2
Z = Cl€ +( 2(:2+ 2(:3)3 sin 2t+( 2C2 2C3)e o8 2t.
From Dx+z=¢, (D-1) 2+ Dy+Dz=0, and . + 2y + Dz = & we obtain z = —Dzr + ¢,

Dz = — D%z + ¢, and the system (—=D? + D — 1)z + Dy = —¢* and (—D? + 1)z + 2y = 0. Then



19.

20.

21.

22,

Exercises 8.1

y = §(D? — 1)z, Dy = }D(D? ~ 1)z, and (D — 2)(D? + 1)z = —2¢* 50 that

= clezt+c2cost+t:3sint + €t

3 4 .
y=§cle —¢gcost —egsing,

and
z'= —2¢1e® — c3cost + ¢y sint.

From Dz — 68y =0,z — Dy+ =0, and r + y — Dz = 0 we obtain

D -6 0 0 -6 0
1 -D 1|z=|0 -D 1
1 1 -D ¢ 1 -D

so that (D + 1){D — 3){(D + 2)x = 0. Then

r = cle_t + czeat + c:3e'2t,

1

1 1
Y= —Ecle_t + 56263"’ - 5036—%,

and 5 i 1
z= —6c1e" + ECQeat - gc:;e'zt‘

From (D+ 1z—2=0,(D+1)y—2=0, and 2 — y + Dz = 0 we obtain

D+1 0 -1 0 0 -1
0 D41 —llz=10 D+1 -1
1 -1 D ¢ -1 D

so that D(D + 1)%2z = 0. Then
r=c+ r:ge‘t + cate_‘,

y=c1+ (c2 —c3)e™t +cate ™,
and
z=c) +cze b

From 2Dz + {D — 1)y = t and Dz + Dy = t? we obtain (D + 1)y = 2¢* — . Then

y=cre t+2° ~5t+5
and Dz = cie~t 4+ % — 4¢ + 5 so that

1
T=—cre t4og+ §t3 — 242 4 5¢.

From Dz — 2Dy = t? and (D + 1)z — 2{D + 1}y = 1 we obtain 0 = 2¢ + 2 so that the system has

no solution.
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23. From (D+5)z+y = 0 and 42— {D+1)y = 0 we obtain y = —(D +5)x so that Dy = ~(D?+5D)z.
Then 4z + (D? + 5D)z + (D + 5)r = 0 and (D 4 3)%2z = 0. Thus

z=cre 3 4+ opte?

and

y = —(2c1 +cple” ™ — 2egte X,

Using {1} = 0 and (1} = 1 we obtain
cle_3 + cze_3 =0

—(2¢; + 82)8_3 - 2626_3 =1

or
c1+e=0
2c1 4+ 3¢ = —&.
Thus ¢; = € and ¢3 = —e®. The solution of the initial value problem is
p o= o33 _ po—3t43
y = —e 38 | 90343

24, From Dz —y= —1and 3z+ (D —2)y = 0 we obtain z = —%(D—2)y so that Dz = —%(D2-2D)y.
Then —3(D? — 2D)y =y — 1 and {D? ~ 2D + 3)y = 3. Thus

Y =¢f (c1coss/§t+r:2sin\/§t) +1
and

T = %—et [(q - v@cz) cos V2t + (\/ECI +c2) sin\/ﬁt] +§_

Using z(0) = y(0) = 0 we obtain

c+1=0
%(Cl—\/i62)+§=0.

Thus ¢; = —1 and ¢ = v/2/2. The solution of the initial value problem is

r=2¢' (mgcosv@t— —?sin\/it) +§

y=et (-Cosv@t—l-gsinv@t) + 1.



Exercises 8.1

25. Differentiating the equation we obtain Dz = 2ce? and Dy = 2cp¢?. Thus Dz = Dy. Adding the
equations we have z 4+ y = 2ce* = Dz. A system is

Dz —Dy=0

(D—-—1l)z—y=0

Exercises 8.2

1. Taking the Laplace transform of the system gives
sf{z} = —{z} + Z{y}
s Ly} —1=22%{=z}

8o that
1 1 1 1 1
E{I}_(3—-1){3+2]_§s—1_§3+2
sad 1 2 2 1 11
${y}=;+s(s—1)(3~f~2)=§s—l+§s+2'
Then
T = %et - Ee_zt and y= ;et + %e_zt.

2. Taking the Laplace transform of the system gives

: s #lz} - 1 =22y} + ——

s—1

sx{y}—1=sz{x}-sl2

so that
E{y}:33+732_3+1=ll—i 1 173 1 83 1
s{s—1)(s?—16) 16s 15s—1 96 s-—-4 160s-+4
and 1 8, 173, 53 _g
y:—l—é—ﬁe +¥e —ﬁe .
Then

_Ll, 111, 118, 58
=gV TR TR T T1et Ta3nt
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3. Taking the Laplace transform of the system gives

sF{z}+1=2L{z} - 2%{y}
s f{y} —2=52{z} - £{y}

s0 that
-5 g 5 3
& = - =
{I} 32+9 s2+9 34249
and
:c=—0053t—§sin3t.
Then

1 1
y=57- 53:" = 2c083t — %sinSt.

. Teking the Laplace transform of the system gives
(s +3) Lia} + 5Ly} = %

(s - 1)L {a} + (s~ V& =

g0 that
5~ 1 11 1 1 4 1
st 33(3 2~ 353517312
aad 1-2 11 1 1
- 1 1
Play=——22 222 1
{=} 33(s—1)2 3s 83s—1 3(s—-1)2"
Then
11, 1, R PR O
3 36 3te and y= 3+3€ +3ta
. Taking the Laplace transform of the system gives
(25 — 2) P{z} + s L{y) = %
2
(s = 3) L s} + (s - 3) Lly) = =
go that
5—-3 ~11 5 1 2
x{x}_s(s-—2)(s—3) T2 25T T 5-3
and

Exercises 8.2



Exercises 8.2

Then

T = ——;—+ge2t—2e3* and y= —é— - 2-82‘+

. Taking the Laplace transform of the system gives
(s+1) L{z} — (s - ) 2{y} = -1
sz} +(s+ D&y} =1

50 that
_ s+1l/2 s+1/2
=g 1= (s+1/2)2 + (+/3/2)
d
" Pa} = g = T
T E et (s +1/2)2 + (V3/2)
Then

v=e"2cos ﬁt and z=e *%sin ?:

. Taking the Laplace transform of the system gives
(s2 + 1) Pz} - L{y} = -2
~F{2}+ (P + 1) Py} =1

so that
—262 ~1 11 3 1
= ame = aw @
and 1 g
=—-t— —_sinV2¢.
2 V2
Then

_w 1 3
y=3 +z= 2t+2ﬁ51n¢§t.

. Taking the Laplace transform of the system gives
{(s+1)&{z}+ P{y} =1
12{z} — (s + 1) Ly} = 1

80 that
s+2 _ s+l 1 2
2+2s+5 (s+1)2422 " 2{s+ 1)

Plx} =

and
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Pyt e+l 2
Y = Ty 245 G+ 1242 “(s+12+ 22
Then :
x=e"tcos 2t + Ee_tsin2t and y=—e tcos2t+ 2e igin2t.
9. Adding the equations and then subtracting them gives
d2I 1 2
—_— =1 2t
= T
dy 1
t2 —2t.
az
Taking the Laplace transform of the system gives
1 14 13t
ey =8+ uEtia
and 14 13
Flyy=—— — ==
=537
80 that , ! ] .
L 3 _1a_1l3s
:.c—8+24t+3t and ¥ 2415 3t.
10, Taking the Laplace transform of the system gives
6§
-4 & 8(y} =
(s+2) Lz} -2 L{y} =
so that
4 4 1 4 s 8 1
_rf = = - _—— —_—
{=} (s—2)(s2+1) 59-2 bHs*+1 5s241
and 25 +4 1 2 2 1 1 6
8 + 8 8 1
_(f = = — ——— — —_—— —_
Ble 2T :
{3} Bs-(s*+1) s s2 S t5572 532+1+532+1
Then
4
= gem — %cost - gsint
and

1 6 8
Y= 1-2:—2t2+5e2"'- 5cost+gsint.

11. Taking the Laplace transform of the system gives _
s2{x} +3(s + 1) L{y} =2

1

£z} + 3Ly} = G+12



Exercises 8.2

T
8o that
1y 1 1 12 1
2{x}=—s’§%+)=—+—2+--§* .
ss+1) s 8 28 s+1
Then -
1
T = 1+t—|~§t2—e_z
and 1 1 1 1 1
T o L P L B
Y= 3:3 Sx Ste + 38 3
. Taking the Laplace transform of the system gives
2e™7
(s —4) Lz} +2¥{y} = -

—4a

—3{z} + (s +1) L{y} = é + es

so that
_ _]'XQ - 1
=G 06-3 "¢ GoDe-D
i1 11 _s[_ 1 1 ]
T l2s-1 23—~2]+e 3—~1+s——2
and / 242
e s/f4—1 _s —8/2+
2’{3;}_—3—+(3_1)(3_2)+e (s~ 1){s~2)
_3 1 1 1 —s[l_§L L]
=35-1 2s-21¢ (5 251752
Then
ol 1 g =1 2(t~1}
z—Ee—Ee +[—E + e ]m(t—l)
and

e + [1 - ge‘-‘ + 32“—1)] U@ —1).
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13. The system is
= =3z + 2(z2 ~ 1)

4 = —2(zs — 1)
£(0) = 0
2, (0) =1
25(0) = 1
25(0) = 0.

Taking the Laplace transform of the system gives
(s? +5) L{z1} — 28{a2} =1

—2%{m1} + (s +2) P} = s

so that
242542 2 1 1 2 4 6
s+ 7s2+6 5s24+1 582+1 552+6 5/6s2+6
and
Pizg) = $45s+2 4 s 2 1 1 s 2 8
T +1)s2+6) 552+1 55241 5824+6 5/58246"
Then
2 1 2 4
zl=gcost-r-gsint—gcom/gt+5—‘7~ésin\/gt
and

4 2 1 2
Tg = = cost + = sint + — cos VBt — —— sin VB 1.
2 5 +5 +5c 576 nv6

14. In this system z; and g represent displacements of masses m; and my from their equilibrium
positions. Since the net forces acting on m; and m: are

—kir + kg(IQ - 2’.‘1) and — k2($2 - xl) — kaza,
respectively, Newton’s second law of motion gives
‘.r?‘.lfl.ff."iIr = -k + kQ(IQ - I1)
"o
moxy = —ka{zy — T1) — k3zg.

Using k) = kg = ka =1, m; = my = 1, 1(0) = 0, 21{0) = —1, z2(0) = 6, and z5(0} = 1, and



Exercises 8.2

taking the Laplace transform of the system, we obtain

(2+ %) L{m1} - L{zz} = -1

L{m} - @+ )Lz} = -1

8o that
1 1
f{xl} = —32 I3 and .‘z‘?{:cz} = 32 T3 .
Then
1 1
= ——sinv3t and 73 = —=sin V3t
I \/ﬁ sin \/_ alk T3 \/5 sin \/_
15. (a) By Kirchoff’s first law we have i; = i3 + 3. By Kirchoff’s second law, on each loop we have
E(t) = Riy+ Lys) and E(t) = Rij+ Lady or Lih+ Rig+ Riz = E(t) and Lai§+ Riz+ Riz = E(¢).
(b) Taking the Laplace transform of the system
0.013) + 5ép + 5i3 = 100
0.01253; + 5i + 54 = 100
gives
(s + 500) Ldz} + 500L i} — w
4002{i2} + (s + 400) (i) = 220
so that
§,000 801 80 1
2 . — Ll _
o) = 2 000s =95 "9 57900
Then
80 80 _gop L , 100 100 _gy,
13—9+ge and io =20 [}.002533-13~? ge .
{c) 41 = iz + i3 = 20 — 207900,
16. (a) By Kirchoff’s first law we have iy = 43 + i3. By Kirchoff’s second law, on each loop we

have E(t) = Li| + Riip and E(t) = L3} + Ruia + tlvq so that ¢ = CRiig — CRpis. Then
i3 = q¢ = CRyib — CRaiz so that the system is

Liy + Liy + Ryiy = E(t)

1
—Ryib + Raiz + Ei3 =0.
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17.

{b) Taking the Laplace transform of the system
i+ i + 1045 = 120 — 120%(¢ — 2)

—1045 + 5i3 + 5i3 = 0

gives
. 120
(84 10) F{io} + s X{iz} = e (1 - 3_2“’)
—10s% {52} +5(s + 1) Lig} = 0
8o that
. 120(s + 1) o 48 60
:f = — 4 = l—_—
{ia} {352 + 115 + 10)s ( ¢ ) La+5/3 s3+2 s
and :
L 240 oy [ 240 240 o
2} = ey () [s+5/3 3+2] (1-e7™).
Then
i = 12 + 48e%/3 — 60e ™% — [12 + 48¢™5(t~2)/3 — 60e~2~2)] oy (¢
and

i3 = 240e™%/% — 24072 — [240e2U2/3 _ 940¢~H-D] 9 (¢ - 2).

Exercises 8.2

+ E] (1)

-2)

(€) i1 = ig + i3 = 12+ 288¢™5/% — 300e™% — [12 + 288¢~5(-D/3 300¢~ 26D ay (¢ - 2).

Taking the Laplace transform of the system
# + 114g + 643 = 50sint

i3 + 6ig + 63 = 50sint

and

gives
. . 50
(3+ 11)2{‘!2} + 62{?.3} = m
§L{in} + (s + 6) L{ia} = e
2 TR
- 8o that
. 50s 0 1 375 1 145 s 85 1
i} = GrE+15)(2+1) 13s+2 14695715 1B32+1 T IB3R+1"
Then '
e 20 BT g 5 85
ip = 133 + 14696 + 113 cost+ 3 sint



18.

19.

20.

Exercises 8.2

i = Bine- 1y 2, —@6_21 250 e_m—@cost-{-g—l9 int
3= 73S 82 627 13 1469 113 113 %

By Kirchoff’s first law we have ¢y = i3 + 3. By Kirchoff’s second law, on each loop we haw
E(t) = Li{ + Riz and E(t) = Li} + g s0 that ¢ = CRis. Then i3 = ¢’ = CRij, so that system is

Li + Riy = E(t)
CRI"Q +iz —4 =0.
Taking the Laplace transform of the system
0.5€i + 50ip = 60

0.005i5 + iz — ¢ = 0

gives

o L{ir} + 100 £{i} = 1?
—200f4;} + (s + 200) £{i2} =0
so that
Liig} = 24,000 _61 6 5+ 100 _ 6 100
27 5(s2 + 2005+ 20,000) 55 5 (s+100)2+1002 5 (s + 100)2 + 100Z°

Then

. _6 6 o _ 6 100t

iy = 5 53 cos 100t 56 sin 100t
and

68—10& cos 100t.

) . 6
é1=0.0051§+32=§—g

Taking the Laplace transform of the system
2i} + 50z = 60

0.00515 + 43 —é; =0

gives
258 {41} + 50L{ig} = 6—:}
—200&{i1} + (5 + 200) £{iz} =0
s0 that 6.000
#{i2} = Sr 2005 + 5,000
61 6 s+ 100 62 50v/2
" Bs 5(s+10002—(50v/2)2 5 (s+100)2 — (50v/2)2°
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Then
iy = g - g ~100¢ cash 50v/2 ¢ ~ ﬁf e 1%% inh 50v/2 ¢

and

9\/_ -1[)0£

iy = 0.005¢p + i = g - ge'lw cosh 50v/2¢ — sinh 50v/2¢.

21. (a) Using Kirchoff’s first law we write 4| = ia+43. Since iz = dq/dt we have i) —i3 = dg/dt. Using
Kirchoff's second law and summing the voltage drops across the shorter loop gives

E(t) = iRy + 5, (1)
so that !
E(t) -
Then J ) 1
g _ . . 1 _ _
- hTB=g E(t) ol B
and

R1d Cq—I-RlZa = E{t).
Summing the voltage drops across the longer loop gives
diy
E(t)=4R; + LE + Rais.
Combining this with (1) we obtain
. di . . 1
nk + thi + Rpiz = LB+ Eq
or d
3 ) 1
LE + Roiz — Eq =0
(b) Using L= Ry =Ry =C =1, E(t) = 50et Ut — 1) = 50e~Le~ - DUt — 1), ¢(0) = i3(0) = 0,
and taking the Laplace transform of the system we obtain
50e—1
+1

e—s

(s +1) Z{q} + £ {is} =

(s+1)&{is} - £ {q} =10,

so that :
50ele*
2 = rr—
o= oroess

and
q(t) = 50 1e= Dgin(t — V)Wt — 1) = 50e~ sin(t — 1)U(t — 1).
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22. Taking the Laplace transform of the system
48] + 65 + 86, =0

6] +6;+203=0

gives
4(s* +2) £{01} + £ {6} = 3s
S 2(61} + (57 +2) Z{62} = 0
8o that
(332 + 4) (32 + 4) {62} = —3¢°
or -
1 5 3 s
F{h) == - = .
{62} =5 Z+4/3 252+4
Then
6y = lce:ns«Z—t— :—}cos2t and 8y =—g -2¢
80 that , 5 5
# = —cos —=t + - cos 2¢.
1 4cos ‘/ﬁt+4cos

Exercises 8.3

1. Let z; = w, 22 = ¢/, and 4" = 3y’ — 4y + sin 3t so that

xl = TIn
ré = 3xe — 4xy + sin 3t.

2. let =y, 22 =9, sndy" = -2/ + gy so that

¥ = T3
5
Th = —229 + —71.
2
3. Let z; =y, 22 = ¢/, z3a = ¢", and ¢ = 39" — 69/ + 10y + t2 + 1 so that
] =22
Iy =1x3

zh = 3z3 — 613 + 102 + 12 + 1.
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4. Letzy =y, za=9, 3=y, and ¢’ = 3y + }e’ s0 that

r_ 1 1,
Ty = 4331‘{—46.

5 Letzy =y, o=y, 23 = ¢", x4 = v, and y'¥ = 2" — 4/ — y 4t 80 that

T =I2
ThH = 23
xh =14

Ty =2m3 —4z9— 73 + 1.

6. Let 2y =y, z2 =/, z3 = 9", 24 = 4", and ¥ = — 14" + 4y + 10 50 that

I =I2
xh =13
35—14
Ty = —=x4 + 411 + 10.
t
7. Let 7) =y, 20 = ¢/, and ' = ——y so that
t+1
r =2
To = t g
LRI Rl

9. From



Exorcises 8.3

we obtain

so that

10. This is a degenerate system.
11. Adding equations, we obtain

27 + 4z — 2y = 10¢

2y — 4z — 2y = —4t

o =-2r+y+5¢

¥y =2z +y—2t

Dr=t*+5t-2

Dy=—-z+5t—-2.

12. From 2 — 23/ = sint and =" + " = cost we obtain

3z” = Qcost+sint

3y" = cost — sint.

Let 21 =7z, r9 =1, 13 =1, and x4 = ¢. Then

13. Since

the system is degenerate.

r =2

;2 .
:r2=§cost+—smt
Ty =24

D:E—Dy=2—ér and Dz —

14, Let y1 = 1, y2 = 2}, y3 = ¥z, and y4 = 2} so that

Y1 = %2

k1 + ko ky
r-a-_ [E— )Y
Yo = proy 1+mly.
U’a=‘y4

kg
’ —_—  ———— —
Y=o (s — 1)
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15. Let 21 =, 20 =2/, 23 = 2", 24 = y, and 25 = ¢/ so that _

!
5 = z2

Z =23
z§=4z1 — 323 + 425
24 = 25
2 = 10t% — 420 + 325,
16. Let z3 =1, 20 = Dz, 23 =y, and
2D%r =y — 6t + 4t — 10
2Dy = ~y + 6t + 4t + 10

50 that
Dz = 29

Dz2=%::3—3t2+2t—5

1
Dz = -5z + 6t2 + 4¢ + 10.
17. Taking the Laplace transform of the system gives
2 1
- 2 —_ — =
(s+ 7 ) £} - o5 Lo} =25

= 2lm} - (s+ =) 2m) =0

50 that
625(253 + 2 25 1 25 1
Plar) = o212 2 2 .
(265 +1){25s+3) 2 s+1/25 2 s+3/25
Then
_ 25 o5, 25 _39n
I = 5 e + —2'-6
and

Ty = 50z} + 4z; = 25425 _ 250 3/25

18. The system is

; 1 1
== 2 Ll — — — . 4
Iy 3+ 50:1:2 50x1
1 1
’ == em—— * _—— — r— .
Iy = 50.1:1 4 50:82 soxz 3.

Exercises 8.3



Exercises 8.3

19. Let zy, z3, and 3 be the amounts of salt in tanks A B, and C, respectively, so that

T = L Zn 2 1 Ty -6= 1:.9
1= To0™2 00 T BT ot
1 1 1 1 3 1
/
= g B4 Ty — ——Tp-2— —— 55 = g — g+ ——
%2= o670 O T 6™ T 10672 4 T 100%2 0 T 560 T 100°2 T To0™®
1 1
= g B — ——Fq = ——T4- A= g — —T3.
T3 = Top72 100 %" 1007 2072 207
20. Let
a1Dz + a9 Dy = b1z + bay
a3 Dz + a4 Dy = baxr + by
so that if
a) 4ag
= a1a4 — agaz =0,
a3 a4

then the system is degenerate.

21. Since Dz+Dy=—z—yand Dz + Dy = —-%y we obtain y = —2z and Dz = —z. Then z = ¢1e*

and y = —2¢ie”t.

Exercises 8.4

4-2 546 2 11
1. (a) A+B= -
(@) A+ (—6+8 9—10) (2 —1)

—2-4  6-5 -6 1
B— = =
(b A ( 846 —10—9) (14 —19)

8 10\ (-6 18 2 28
2A +3B = v -
() 24+ (-12 18) (24 —30) (12 42)

[~2-3 0+1 -5 1
2.(a) A-B=| 4-0 1-2|=] 4 -1
\ 7+4 3+2 1 5
{ 3+2 —-1-0 5 -1
(b)y B—A=]| 0-4 2-1|=| -4 1
\-4-7 -2-3 -11 -5
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1 -1 2 -2
(c) 20A+B)=2{4 3|=[8 6
3 1 6 2

s AB = -2-9 12—-6)_ -1 6
- (a) “is5412 -30+8/ \ 17 -22

-2-30 3+24 -32 27
o sa= (70 50) (50

© A2=( 4+15 -6—12)=( 19 —18)

-10—-20 15+ 16 =30 31
1+18 -6+412 19 6
d B2= =
@) (—3+6 18+4) ( 3 22)
—444 6—-312 -3+8 0 -6 5
4. (a) AB=| -20+10 30-30 -15+20|=[-10 0 5
—-32+12 48—-36 —-24+24 ~20 12 ©

—4430—24 —-16+60—-36 2 8
(b) ( 1-15+16 4—30+24) (2 —2)

5. @ o= (0 %)

o amo=( D E - (5 )
(c) C(BA)=(2 i) (8 g)=(g g) ]
@was+o=(3 ;)= o)

3
6. (a) AB=(5 -6 7)( 4)_( 16)
1

3 15 -18 21
{b) BA=}| 4 |(5 —6 7)=1]120 24 28
-1 —5 6 -7



10.

11.

. (a) A+BT=(; j)+(_

@) (BT = (g ;E)T“ (0 )
)

Exercises 8.4

15 18 21\ /1 2 4 78 54 09
(c) BAC=|20 —24 28 ([0 1 —1|=]104 72 132
-5 6 -7/\3 2 1 -26 —18 —33

(d) Since ABis 1 x 1 and C i3 3 x 3 the product (AB)C is not defined.

-10

2 4 8 10
(b) BTB=[4|(2 4 5)=] 8 16 20
5 10 20 25

4
(c) A+BT=( 8) +(
-10

_ 4
. (a) ATA=(4 8 —10)( s) = (180)

w3 0)-(12)-( )

e P | i B
(a) AT+IS'-"'"=(§j _;)”(;13 _27)=(2§ _181)

r_{ 2 2T _ (2 -n
(b) (A+B) '(—11 )_(20 8)

() -(e) ()= (1)

o]
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6t —t+1 6t —t+1
12, [ 32 [+ -2+t (-| 8 |=]22+t-38
-3¢ 3—3 ~10¢ 10t — 3
-19 19 -38
13. - =
18 20 -2
—9t+3 —f 2 -1 +1
14, {13~5+| 1]|=}| 8{=]13t~12
—6t+ 4 4 -6 —6t+14

15. Since det A =0, A is singular.
16. Since det A = 3, A is nonsingutar.

17. Since det A = 4, A is nonsingular,

18. Since det A = -6, A is nonsingular.

A-lﬁ_l( 2 —10)

19. Since det A = 2, A is nonsingular. The cofactors are
A =0 App=2 Ag=—4
An=-1 Ap=2 Api=-3
Az =1 Azz=-2 Az =5

Then
) 0 2 -4\7T . 0 -1 1
Al=2| - =3 =3 -
5|1 2 -3 51 2 2 -2
1 -2 5 -4 -3 5

20. Since det A = 27, A is nonsingular. The cofactors are
A =-1 Ap =4 Aja =22
A =7 Agg = —1 Az = —19
Az = -1 Azp =4 Agz = =b.



21.

22.

23.

24.

25.

26.

27.

28.

29.

Exercises 8.4

Then
-1 4 220\T 1
Al=2| 7 1 9] =L 4
27 97
-1 4 -5 29

Since det A = —9, A is nonsingular. The cofactors are

Ayt =-2 Ap=-13 A;3=28
Agp =—2 Ap=5 Az =~

7
-1
-19

1

Azi =—-1 Agz=7 Azz = —b.

Then
. -2 -13 s8\7T . -2
-t _ _2 | _ _ N
Al=-ci-2 5 -1 5|13
-1 7 -5 8

Since det A = 0, A is singular.

Since det A(t) = 2¢* # 0, A is nonsingular.

AL 1 _g [ 3et  —et
=_e¢
2 —4e~t et

Since det A{t) = 2e* # 0, A is nonsingular.

1 e*sint 2e'cost
ATl =™ t -
2 —e"cogt 2e“sint
x [T
— = | —2¢t
dt
Tet

dX_( cos 2t + 8sin 2t )

dt —6cos2t — 10sin2¢
22\! 8—3t 4%_24 -3
x=[ ¢ T° that 2% = [ *€ “ )
_0g2t ¥ 46—3t at P 12¢-3¢

dX [ 10te” +5e*
"~ \3tcos3t +sin3t

dA det  —msin wt)
2 6t
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-2
5
-1

)

-1

—~5

-1
7
—b



t=2

0

1
T

Bt

1. 4¢

(b) /:A(tJdt = ( ¢

1 sinmt
t2

)

t

1 =t

]

1 ie8  lginms et L Lgnog
Aflsyds = 4 T w | 4 4 =
(c)fo (s)ds (52 33_3).9:0 ( 12 t3—t)
dA -2/(#2+1)2 3
30- (a) E=( 2t 1
dB 6 0
(b) 4 = (—1/t2 4)
1 tan~'¢ 22\ "' /% 3
A(t)dt = 2 =
@ fama= (" 1) | (g %)

32 2t |72

Int 2t2

g 2

() /12B(t)dt:( Lo 6

)i (o )

6t/(#2 + 1)+ 3 2/(t2 +1) + 1242
613 +1 2t2 + 412

i=1

)

—4t/ (£ + 1)% + 24t

(e) AWB() = (

- t2 t2 2
(f) %A(t}B(t):((ﬁ Bt2)/{t* + 1)

)

18t 12t
t 6s/(s2+1)+3 2/(s2+1)+ 1282\ |*=*
A(s)B(s)ds =
(8) j; (s)B(s)ds ( 653 41 62 -

3t43m(t2+1) -3 -3In2 4¢ +2tan"1t —4 - 7/2
(8/2)t* + ¢t — (5/2) 2t3 -2

X )

1 1 -2 14 1 1 -2| 14 1 0 —1/3 | 14/3
3. {2 -1 1| of=]|0 -8 5|-28|=+|0 1 -5/3]|283
6 3 4|1 o 6 1| 1 0 0 11 | -85
100]| 3
=101 0] 1
00 1]-5

Thusz =3, y=1, and 2 = —5.

Exercises 8.4



32.

33.

34.

35.

36.

Exercises 8.4

5 -2 4|10 11 1] 9 10 6/7|4
(1 1 1|9)=>(0 -7 —11~35]=_—>(011/7|5)
4 -3 3|1 0 -7 -1|-35 00 ofo

Lettingz=tweﬁndy=5—%t,a.ndx=4—$t‘

1 -1 -5 | 7 1 -1 5| 7 10 —4] 2

5 4 16|~10)=>([] 1 1|-5]=>[01 1|5)

0 1 1| -5 0 9 9|4 00 of 0

Letting z =t wefind y = -5 — ¢, and x = 2+ 4¢.

11 -3]|6 11 3| 6 10 5/2|-572

4 2 —1|7]==> 0 -2 11|17]=>(0 1 -11/2 | 17/2]

31 1|4 \0 -2 10| -14 00 -1 3
(1 00]| 5

= [0 1 o|s]

0 0 1|—3

Thus £ =5,y = —8,and 2 = —3.

2 1 1| 4 (1 1/2 1/2] 2 1o 2/7|1/2
(10 -2 2{—1): 0 -7 —3)-21)—_—>(01 3/7 | 3)

6 -2 4| 8 0 -5 1] 4 00 2/7| n

=[0 1 0] 372
\0 0 1| 7/2

(100 | —1/2]

Thus x = —1/2, y = 3/2, and z = 7/2.

10 2|8 10 2| 8 1 0 2}8
(12-2|4)=¢-(02 4|4)=>(012[2}
2 5 6|6 05 —10|-10 00 0[0

Letting » = ¢t we find y = -2+ 2¢, and x = 8 — 2t.
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ar.

38.

39.

41.

Exercises 8.4

1 1 -1 —1|—1 1 1 -1 -1|-1 /10 0 —1| 1
1 1 1 1] 3 0022[4 01 -1 0]-2
1-11_1|3 0 -2 2 o0 4 00 2 2| 4
4 1 -2 1] 0 0 -3 2 5| 4 \o 0 -1 5]-2

100—1[1 100012

010 1]0 0100‘0

= =

00 1 1|2 601 0|2

000 6]0 000 1}o0
Thusxlz1,x2=0,r3=2,and:c4=0.
13 1]0 1 3 1]o 10 2/5]|0
[2 1 1|0]==>(0 ; 1’0)::-(0 1 1/5’0)
71 3]0 0 -2 -4|0 0o 0o
Letting z3 = ¢, weﬁnda,'g:—%t and Il=—§t.
12 4|2 12 4| 2 12 0| -2/5
(24 3|1]=¢(00-5|—3]=¢-(00 1] 3/5)
12 -1}7 00 -5 5 000] 8
There is no solution.
11 —1 3|1 11—13[1 1007|1
01 -1 —4|0 01 -1 —4f0 01 -1 —4]|0

—
12 -2 -1]6 01 -1 —4]s 00 0 0|5
4 7 =7 0|9 0 3 -3 —12|5 60 0 0]s
There is no sclution.
‘We solve

det(A—/\I)zr_l_;A Su,\{z("*“)("‘”:"'
For \; = 6 we have

-7 2|0 1—2/7|0
(—72|0)=b(0 o|0)



42,

43.

Exercises 8.4

so that ky = 2kg. If k3 = 7 then

For A2 = 1 we have
so that k) = kg. If k2 = 1 then

We solve

2-2 1
det(A — AT) =|

2 1-A

Gl =65

so that k1 = —3ka. If ko = 2 then

‘=/\(,\~3)=

For A; = 0 we have

For A2 = 3 we have

so that k; = kg. If by = 1 then

We solve
—8-x -1

16 —A

PEHEIRAY

80 that ky = —1ko. If ko = 4 then
-1
K= .
‘ ( 4)
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For X\ = A3 = —4 we have



Exercises 8.4

44. We solve

435.

det(A — AT} = } 11;4’\ | _1 /\‘ = (A-3/2)(A—1/2) =0.

(Ve mfa)=( 010)

s0 that k1 = 2ks. If ko = 1 then
2
K= .

Ge o) = opo)

so that k1 = —2k2. If kg = 1 then
K; = (_2
2= 1]

For A; = 3/2 we have

If Az = 1/2 then

We solve
5—A -1 0 4-x -1 0
det(A—M)=| 0 —=5-X 9 (=[4-A =5—X 9 |=2d=-N(A+4 =0
5 -1 =x|l |a=x -1 =)
If Ay =10 then
5 -1 00 1.0 -9/25|0
0 =5 9jo|=[01 -9/5]0
5 -1 0|0 0 0 0 |o
sotha.th:%kg andk2=gk3. If k3 = 25 then
9
Ki=|45
25
If Az =4 then
1 -1 0|0 10 -»1[0

0 -9 9|0 = |0 1 —1|o
-1 -4|0 00 ofo



46,

Exercises 8.4

so that k) = k3 and k3 = k3. If k3 =1 then

K,
If Ay = —4 then
9 -1 0]0
0 -1 9|0
5 -1 4|o

so that k) = k3 and ko = 9k;3. If k3 = 1 then

K,
We solve
3-x O
det(A—AD)=| 0 2-2X
4 0
If \; = 1 then
(2 0 0|U
0 1 0|0 —

\4 0 0}o0
so that ky = 0 and kg = 0. If k3 = 1 then

0
Ki=]0
1
If Ag = 2 then
10 ofo
00 0]0|=
40 -1]0
so that k1 =0and k3 = 0. If ks = 1 then
0
Ke=1]1
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If A3 =3 then
o o olfo 10 -1/2]0
0 -1 ofoj=]0 1 O | 0
4 0 -2]0 o0 o]0
so that ki = 3k3 and k2 = 0. If k3 =2 then
1
Ki=|0
2
47. We solve
~A 4 0
det(A-AD)=|-1 —4-X 0 |=-(A+27=0
0 0 —2-2A
For A = A2 = Az = —2 we have
2 4 0|0 1 2 0[0
-1 -2 0f0|=]0 0 00
0 0 0]0 00 0]0
so that k1 = —2k2. If ko = 1 and k3 =1 then
-2 0
K= 1 and Ka=]0
0 1
48. We solve
1-A 6 0 1-x 6 0
det{fA-X)=| 0 2-x 1 |=| 0 3-4A 3-Al=(B-21-X*=0
0 1 2-X 0 1 2-X
For A = 3 we have
26 00 10 -3]|0
00 ofjol=>]01 -1]0
01 -1]o 0 0 0[0

so that k; = 3kg and kpy = k3. If k3 =1 then
Y



49,

50.

Exercises 8.4

For As = A3 = 1 we have

0 6 0‘0 0 1 010
0 1 1[0 = |0 0 1|0
0 1 1]0 0 0 0|0
so that k3 = 0 and k3 = 0. If k; = 1 then
1
Ky=|0
0
We solve
“1-) 2

det(A—,\I)=} ‘=A2+9=(A—3i)()«+3z’)=ﬂ.

-5 1-X

For Ay = 3i we have - -
(-1 -3 2 | 0) (1 —(1/8) + (3/b)i | 0)
Ed
-5 1-3 |0 0 0 |0

so that ky = (1 — §i) kz. 1f k2 =5 then

For Az = —3¢ we have
—-1+3% 2 |0 1 —i-30
( NETRN
-5 1+3£[0 0 0 |0
SOth&tklz(%-l-%i)kg. If ko = 5 then

1+ 3
-('3%)

2—-x -1 ¢
det(A-X)=| 5 2—-X 4 |==-X+6A-13A+10=(A-2)(-A"+
1 2-X

We solve

- - @+ DA~ (2-i) =0,

For A1 = 2 we have

0 -1 0]0 1 0 4/5]0
5 0 4]|0o|=]0 12 0|0
0 1 0]0 0 0 0]0
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52.

Exeorcises 8,4

so that k; = —%k;; and kg = 0. If k3 = 5 then

For Ag = 2+ { we have
i -1 0]0 1 - ofo
5 —i 4|0 =>(0 1 ~i|0
0 1 —io 0

so that ky = ik and ks = k3. If k3 = ¢ then

For A3 = 2 — i we have

Let
aj; @
A= ( 11 12)‘
a1 Q22
Then
i & (% ) (2) < (e (o =kt out
dt dt \az a4/ \xg dt \ aazry + a4z asx) + a5Ty + asxh + ajxe
(2 ) () (8 9 (D) - amxo A0x0)
ay a4 .‘.'U"z a’3 a.'; Io - '
Assume det A #£ 0 and AB =1, so that

(au 012)(611 bu)z(l 0)
azr @z} \by oo 0 1)’



53.

54.

995.

1.

Exercises 8.4

Then
a11biy + agbny =1 a11b12 + ayeboe =0
and
ag1bi + anbn =0 azibz +agibaz =1
and by Cramer’s rule
azz 12
by = 222 -
1™ det A b2 det A
_ —am _ au
bn =35 A bn= SR
Thus
. 1 agzz —a)z
A-l=B= .
detA (—ﬂ.21 211 )

Since A is nonsingular, AB = AC implies A"!AB = A"1AC. Then IB=IC and B=C.

Since
(ABYB'A )= ABB HA 1 —AIA' = AA 1 =1
and
(B'A ) AB)=B1{A'A)B=B'IB=B 'B=1
we have
(AB)"! =B1A"1,
No,; consider

10 0 0
A= d B= A
(0 0) and B (1 .0)

Exercises 8.5

I

Lt X =
Y

) . Then

2. Let X = (I) Then
y
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10.
11.

Exercises 8.5

. et X=1]y | Then
z
-3 4 -9
X = 6 -1 01X
10 4 3
r
Let X=| v |- Then
1 -1 0
X = 1 0 21X
-1 0 1
T
. Let X=|y|. Then
1 -1 1 0 t -1
X'=]2 1 -1|{X+|-3%}+| 0|+] 0
1 1 1 12 —t 2

) LetX=(”).Then
y

-3 4 e tsin 2t
X'= X .
( 5 9) T (46“ cos2t)

dz . @y ¢
o= 2 . =2 = _r+3y—
o dr+2y+e 2 z+dy—e¢
dz Y s, @z 5t —at
R?—T:c+5y 9z — 8™, dt—4:c+y-+-z+2&, dt——2y+3z+e —3e
dz A dy —_t z —t
a~=x—y+2z+e — 3t a=3x—4y+z+2e + ¢ E=——2z+5y+62+2e -
d

%=3x—7y+4sint+(t—4)e‘"; d—f=x+y+85int+(2t+1)e“
Since

-5 3 4 -5

X = —5t d X = —5t

(—10)'E ot 4 7 ~10)°

we see that

3 —4
X' = X.
(4 —7)



Exercises 8.5

12. Since
5 t — bsint -2 5 5 t —bsint
' _ [ 5oos st oo ( )X:( o8 sint
2cost —4sint -2 4 2¢cost —4sint
we see that
x=(2% %}x
-2 4
13. Since
x’=(3/2)e'3‘ﬂ (-1 1/4)}{:(3/2)(3*/2
-3 1 -1 -3
we see that
-1 1/4
X = / X.
1 -1
14. Since
5 4 2 1 5 4
X = ¢ tet and X = et + tet
(—1)e +(—4) ~1 0 -1 -4
we see that
21
X = X
(o)
15. Since
0 1 2 1 0
X'=]0 and 6 -1 0 ]|X=|0
0 -1 -2 -1 0
we see that
1 2 1
X = 6 -1 01X,
-1 -2 -1
16. Since
cost 1 0 1 cost
X = %sint—%cost and 1 1 0]X= %sint—%cost
—cost —sint -2 0 -1 —cost —sint
we see that
1 0 1
X' = 1 1 0| X,
-2 0 =1

17. Yes, since W(X1, X3) = —2¢ * 3 0 and X; and Xs are linearly independent on —o0 < ¢ < o¢
18. Yes, since W (X, X3) = 8¢% 3 0 and X; and X are linearly independent on —oo < t < 00.

19. No, since W(X, X3, X3) = 0 and X, X3, and X3 are linearly dependent on —oo < £ < oo,
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20.

21.

22.

23.

24.

25.

Exercises 8.5

Yes, since W(X;,X2,X3) = —84e™* # 0 and X;, Xs, and X3 are linearly independent on
-0 <t < o0,
Since
2 4 2 -7 2
X, = d X, + t -
v (—) o (3 2) v (~4) +(—18) (—1)
we see that
=(5 2% () (5o
X=ls o) %7l -18/"
Since
Q 2 1 -5 0
t
= X =
%=(o) = (3 2)%(3)=(0)
we see that
2 1 —5
f
= +
%=(1 )% ()
Since

Since
3cos 3t 1 2 3 -1 3cosdt
X, = 0 and | -4 2 0|X,+| 4 |sin3t= 0
—3sin 3t -6 1 0 3 —3s8in 3t
we see that
1 2 3 -1
X;,= -4 2 0|X,+ 4 | sin 3t.
-6 1 0 3
Let
6 -3 2 0 6 0
Xi=|-1]et Xo=] 1{e® Xz=(1]e* and A=]1 0 1
—5 1 1 1 1 0



Exercises 8.5

Then
_6\
Xi=| 1]et=AX,,
5/
{ 6
Xh=|-2|e%=AX,,
-2
6
Xh=13|*=AX;,
\ 3
and W({Xy, X2, X3) = 20 # 0 so that X, X3, and X3 form a fundamental set for X’ = AX on
-0 < T < 00,
26. Let
1
X; = vae
= (ln)e
1 -2t
Xg = ,
i (—Hv’i)e
X, = {1 )&+ —2)r+(1)
P70 4 0/’
and
-1 —1)
A= ,
-1 1
Then \/_
3
X = Vit _ AX,
! (—2—ﬁ)e :
—V2
X4 = -VE = AX,,
: (—2-\&)‘3 :

2 -2 1 4 -1
-— ¢ =AX $2 ¢ ,
e (0) +( 4) ”*(1) +(—6) +( 5)
and W(X;,Xq) = 2v/2 # 0 s0 that X, is a particular solution and X; and X form a fundamental

set on —o0 <t < o0,

e2t e?t

1 33’” —E‘”
-1
27. d{t) = (—2e2* 3e7‘) and ®7°(t) = 50 (232‘ o2t )

316



Exercises 8.5
—e~t gt _ 1 e bt
28. B(t) = ( -t est) and &7N(t) = ~ et (_e_: _e—t) .

—ef  —tet . 1 [3tet —et tet
29. tb(t):(set 3tet_et) and @ (:):-ﬁ( " —et)‘

2cost —-2sint 1 /—3sint+cost 2sint
30. ®(t) = d &) == .
® (3003t+sint -—3sint+cost) an ®) 2(-—3(:ost—sint 2cost)
31. We have
1 1
X{t)=¢q ("2) e + o (3)67‘
so that
1 1 1
XO f—i =
© "‘“(—2)“2(3) (0)
and

X(0) = e (_;) e (;) - ((1])

which give ¢; = 3/5, c2 = 2/5, and ¢; = —1/5, ¢g = 1/5. Then

3( 1\ 2 2(1) o VAN 2 1(1Y
= = d Vo=—- =
Vi 5(_2)8 +5(3 e’" an 2 510 € +5 3 e’

%0 %62t+%67t —§32‘+%e”
‘P(t) - ] 2t+ %eﬂ %823-% 38’?: "
32. We have
-1 1
Xt =c “tte et
0= ()erea()
so0 that
X/(0) —1 1 1
= o =
1 1 + 2 1 0
and (

which give ¢y = —1/2, c2 = 1/2, and ¢; = 1/2, eg = 1/2. Then

1 (-1 ¢ 1 1 5 _
V1——§( 1)6 +§ l)e and Vi =

-1 1/1
-t 2 5t
() (o)

b=



33.

34.

35.
36.

37.

Exercises 8.5

BG
¥(t) = Jet+ 15 Loty LeBt
_%e-t+%eﬁt %e—t_l_%et‘»t
We have
-1 -1 0
X(t)=cl( 3)€E+C2( 3)t6t+cz(“1)et
so that
~1 -1 1] 1
X{0) = =
© "1( 3)“2( 3)“2(—1) (0)
and
-1 -1 0 1]
Xm)”‘( 3)“2( 3)“2(—1)=(1)

which give ¢ = =1, e = -3, and ¢; =0, cg = —1. Then
Stet 4ot et
w(t) = ( )

—Otet  —3tet + &t

We have
X(t) = &1 ( 2cost ) o ( —2sint )
3cost +sint cost — 3sint
50 that
x(5)=a (1) +=(3)- ()
and

x(5)=a(1)+=(Z)- ()

which give ¢; = —3/2, co = —1/2, and ¢) = 1, ¢ = . Then

—3cost +sint 2cost
¥(t) = . -
—Hcost Jcost +sint

Since X(tg) = ®(ts)C = Xp we have C = @ 1(t9) Xy and X(2) = ®(£)® (0} Xo.

Since the column vectors of ¥(t) solve X' = AX we know that X = ¥(t)Xj solves X' = AX, and
X(t0) = ¥(tp)Xp = IXo = Xp.

Since X = ®(t)® 1 {to}Xo and X = ¥(t)Xp we see that [@(t}‘l’"l(to) - 'I'(t)] Xo = 0. Since Xy
is arbitrary it follows that &{£)®~1{t) — ¥(t) =0
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. The system i3

1 2
X' = X
(i s)

and det{A — M} = (A — 6){(A + 1) = 0. For A1 =5 we obtain

(2 20)=( 0 wom e ()

For Az = —1 we obtain
2 20 1 1|0 -1
== so that K» = .
4 4|0 0 0[0 1
1 -1
X=Cl(2)85t+62( l)e't.

X’—-—*(O 2)X
8 0

and det(A — M) = (A — 4){) + 4) = 0. For Ay = 4 we obtain

Then

. The system is

(2 o= (0 70 ja) wom = (i)

For Ay = —4 we obtain
4 20 1 1/2|0 -1
): 80 that Ko = .
8 4[0 0 0 |0 2
i -1
X=c;(2)e‘“+cg( 2)8_‘“‘

- (7, D

and det(A — AL} = (A —1}(A+3) = 0. For A1 = 1 we obtain

Then

. The system is

(e 1) = (0 ala) = w=(3):
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For A3 = —3 we obtain
-1 2]0 -1 20 2
p—y so that K; = )
~5/2 5|0 0 o0fo 1
2 2
X=c1(5)e‘+cz(1)e_3‘.

- (2

and det{A — AI) = (A — 7/2){A + 1} = 0. For Ay = 7/2 we obtain

(o o) =0 3)0) o = ()

For A2 = —1 we obtain
3/2 910 1 60 -
(2= (0010) waw k= (7).
1/2 3]0 0 0]o 1
3 -6
X = Tt/2 -t
cl(l)e +cz( l)e

X,=(m ‘"5))(
8 -—12

and det(A — AI) = (A — 8)}(A +10) = 0. For A; = 8 we obtain

2 -5 |0 1 ~5/2]0 5
( )=>( ) go that K1=( )
8 —20]0 0 0 [0 2
For Ay = —10 we obtain
(20 —5|0) 1 —1/4|0 1
==>( ) so that Kz‘——( )
8 —2[0 4
X=c¢ ()e +cz( )e“w‘.
2
1
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Then
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Then

. The system is
X
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and det(A — AI} = A{X +5) = 0. For A; = 0 we obtain

(3= 6 7010 o am ()

For Ay = —5 we obtain

(—1 2|0) (1 —2|0) (2)
= so that Kz = .
-3 6 | 0 0 0 \ 0 1

Then

7. The system is

11 -1
X=|02 0]X
01 -1
and det(A — M) = (A = 1){2-A)(A+1)=0. For A; = 1, A2 = 2, and A3 = —1 we obtain
1 2 1
Ki=|0], Ky=1|3]|, and Kz=|0],
0 1 2
so that
1 2 i
X=c;|0fel+ez|3 62t+C3 0|e
0 1 2
8. The system is
2 =70
X'=]5 10 4|X
o 5 2
and det(A — AI) = (2= A)(A = 5)(A—T7)=0. For Ay =2, Ag =5, and A3 = 7 we obtain
4 -7 -7
K= 0], K;= 31, and Ks= 5],
' -5 5 5
50 that
4 -7 -7
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9. We have det(A — Al) = —{(A+1}{A = 3){A+2) = 0. For \; = —1, A2 = 3, and A3 = —2 we obtain

-1 1
Ki=] 0}, Kiy=|4], snd Kz=
1 3
so that
-1 1 1
X=¢ 0let+ealaled+eam] -1
3 3

{1
_1‘
\ 3

10. We have det{A — M} = —A XA - 1}{(A -2} =0. For A\; =0, A2 =1, and A3 = 2 we obtain

1 0
K; = 0], Ke=|1], and Kz=
-1 o
s0 that
1 0 1
X=qa O0l+ecl1let+e]|0
-1 0 1

1
01,
1

Ezt.

11. We have det(A — AI) = —(A+ D{A +1/2)(A +3/2) = 0. For Ay = —1, Ag = ~1/2, and Ag = —3/2

we obtain
4 —12 4
Ki=| 0|, Kz= 61, and Kz=| 2],
-1 5 -1
so that
4 -1z 4
X=¢1] 0|et+ ca 6 |letrea} 2 e3/2,
~1 \ 5 -1

12, We have det(A — AT} = (A — 3}{A+5)(6 — A) = 0. For A} =3, Ap = -5, and A3 = § we obtain

1 : 1
Ki=1]1]|], Kig=]|-1]|, and Kj=
0 W]
80 that
1 1
X=¢{l e+ cg 1{e®+ €3
0

2
—21,
11
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13. We have det(A — AI) = (A + 1/2)(A — 1/2) = 0. For A; = —~1/2 and Xy = 1/2 we obtain

0 1
K1=(1) and K2=(1),
X =¢ ({1))6—”2+02(1)8U2’

so that

H

then ¢; = 2 and ¢ = 3.

14. We have det(A — AI) = (2 - A){A—3){A+ 1) =0. For A\; =2, A2 = 3, and A3 = —1 we obtain
5 2 -2
Ki=]|-3|, Keg=]|0}, and Kj= o1,
2 1 1
so that
5 2 -2
X=c | -3]e®+c|0|e¥+c| 0fe?
2 1 1
It
1
X(0)=1{3
]

then ¢1 = —1, cg = 5/2, and eg = —1/2.
In Problems 15-28 the form of the answer will vary according to the choice of eigenvector. For example,

cost sint
X.=C e4t+c e‘ﬂ‘
1(2coast+sint) \ 2sint — cost
15. We have det{A — AI) = A2 — 8\ + 17 = 0. For A\; =4 + ¢ we obtain
2414
- ()
5

X, = 244 At 2cost —sint e‘u+z‘ cost+ 2sint oAt
_ 5 5 cost 5sint

1
in Problem 15, if K, is chosen to be ( 2‘) the solution has the form

5o that



16.

17.

18.

i9.

Exorcises 8.6

Then
2cost — gint 2sini + cost
X — 4t 4t
c‘( 5 cost )e +Cz( Ssint )e
We have det(A — AI) = A2 + 1 = 0. For \; = i we obtain

K= (_12_1)

so that -

-1-3y 4 sint — cost { —cost —sint
Xi= e = +1 , .
2 2cost 2sgint
X = sint — cost —cost —sint
TN cest )T 2sint ’
We have det(A — AI) = A — 84 + 17 = 0. For A1 = 4 + 1 we obtain
—1—14
K, =
' ( 2 )
—1—: . sint — cost —sgint — cost
X = {d+iyt _ a
! ( > )e 2cost }° T\ 2simt  J°

sint — cost —sint — cosi
X=2¢ et 4o _ et
2cost 2sint

Then

50 that

Then

We have det(A — AI) = A% — 10X + 34 = 0. For A; = 5 + 3¢ we obtain

1-3;
K:
! (2)

X, = 1-3¢ (5430 _ cos 3f 4+ 3sin 3t St sin3t — 3cos 3t
2 2c083t 2cos 3t

so that

Then

cos 3t +3sin3ty o, sin 3t — 3 cos 3t
X = e 4 ¢ 5,
. ( 2cos 3t ) 2 ( 2co83t )

We have det{A — MI) = A2 4+ 9 = 0. For Ay = 3i we obtain

oy
K,:( +31)
5
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s0 that

(4+3i) 2it (4c053t—35in3t) ‘(4sin3t+3c033t)
X1= err = (3 .

5 Scos 3t 58in 3¢

Then
(40053t—351n3t) (4sin3t+3cos3t)
X=0 ca .

Scosdt 5sin 3¢

20. We have det(A — AI) = A% + 21+ 5=10. For A; = —1 + 2¢ we obtain

9
K, — (2+ z)
1
so that -

X, = 2+ 2 G120 _ (2c052t - 2311121!) et i 2cos 2t + 2sin 2t ot
1 cos 2t sin 2¢ '

Then

2co82f — 28in 28y _, 2cos2t +2sin2ty _,
X=g¢g e "4 cg . e .
cos 2t sin 2t

21. We have det{A — AI) = —A (,\2 + 1) = 0. For Ay = 0 we obtain

/1
Ki=|0
0
For Ay = i we obtain
(-z’
K = i
i
s0 that
—i sint —costy
Xo=1 ¢ |e*=]|—sint |+i| cost
1 cost sint /
Then
1 sint —cost
X=c[0]|4+c| —sint | +c3 cost

cost sint /

22. We have det(A — AI) = (A 4 3}(A2 — 2% 4+ 5} = 0. For A = —3 we obtain
VY



23.

24.
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For Ay = 1+ 2 we oblain

( —2—i
Ky=]-2-3
2
so that
—2cos2t +8in 2t \ —cos2t — 2sin 2t
Xo=| —2cos2t +3sin2t | € +i| —3cos2t — 2sin2t | &
2cou2t 28in 2t
Then
0 —2cos2i + sin 2t —co82t — 2sin 2t
X=c| 2fe¥+ep| —2cos2t +3sin2t | el +c3 | —3cos2t —2sin2t | e’
1 2cos 2t 2gin 2t

We have det(A — AI) = (1 — A)(A\2 — 2A 4+ 2) = 0. For A\; = ! we obtain

0
K=1|2
1
For Az = 1+ i we obtain
1
Ke=1i
%
50 that
1 cost { sinf \
Xo=|i|el =] —sint | e +i| cost | .
H —sint \ cost /
Then
0 cost { sint\
X=cl|l2|e+eca] ~sint | et + 3| cost | et
1 —sint \ cosi

We have det(A — AL) = —(A — 6)(A2 — 8X + 20) = 0. For A; = 6 we obtain

[0
Ki=]1
0
For Az = 4 + 2¢ we obtain
{ —i
Ky = Q
2
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so that
—i sin 2¢ —cos2t
Xe=] 0| =1 o [Jef+i| o0 [t
2 2cos2i 2sin 2t
0 sin 2¢ —cos 2t
X=¢ |1 % + ¢z 0 ety €3 0 e,
0 2cos2t 2sin 2t

We have det{A — AI) = (2 — A){A? + 44 + 13) = 0. For A; = 2 we obtain

28
Ky=| -5
25
For Az = —2 + 3 we obtain
44 3
K, = -5
0
8o that
4+ 3 4cos 3t — 3sin 3¢ 48in 3t + 3cos 3t
Xp=| -5 |e-2H3¢= —5¢os 3t e 4 —58in 3¢ e,
0 ] 0
Then
28 4dcos 3t — 3sin 3t 48in 3t + 3cos 3¢t
X=e;| -5 +e —5cos3t e % 4 g —55in 3t e 2,
25 0 0

We have det(A — AL) = —(A + 2)(A® + 4) = 0. For A; = —2 we obtain

0
K =|-1
1

For Xy = 2i we obtain

-2-2
K;= 1
1
so that
—-2—-2i —2cos2t + 2sin 2t —2cos2t — 2sin 28
Xy = 1 et = cos 2t +1 sin 2¢

1 cos 2t sin 2t
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28.
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Then
0 —2cos2t + 2sin 2t
X=¢| -1 —2;_'_62 cos 2t
1 cos 2t

We have det(A — AI) =

For Az = 5¢ we obtain

so that
1+5
1
Then
25
X=¢|-7|e+e
6
If
then ¢ = cg = —1 and ¢3 = 6.

We have det{A — M)

so that
X, = ( 1 ) (5420}t _ ( cos 2t )
1-2¢ cos 2t + 2s8in 2¢
and N
Cos
X=Cl(cos2t+25in2t) (
If

(1 —X){»% + 25)

25

cos bt — Hsin i
cos 5t
cos bt

cos bt — Dsin bt
cos ot

cos 5t

X(0) = (

328

+ ey

+1i

+c3

—2cos2t — 25in 2t

gin 2¢
sin 2¢

= 0. For X; = 1 we cbtain

sin &t + 5cos 5t
sin bt
sin bt /

sin 5t + 5 cos 5t
ain 5t
sin 5t /

1) = A% — 107+ 29 = 0. For A\; = 5 + 2i we obtain

K—(l
P71

.
( sin 26 _

sin 2 — 2cos 2F

sin 2¢
sin 2t —

5t
2cos2t) “



29.

30.

31.

32.

Exercise:

then ¢y = =2 and g = 5.

We have det{A — XI) = A2 = 0. For A\; = 0 we obtain
K 1
=lq)
r=(,)
\2
1 1 1
X= ‘ t .
2(s) =)+ ()

We have det{A — AI) = (A + 1)2 = 0. For A; = —1 we obtain

K 1

={.}
0

P=
(1ss)
1 1 0
X=¢ (1)€_t+62 [(l)te_t+ (1/5)8_’].

We have det(A — M) = (A — 2)2 = 0. For A; = 2 we obtain

()
()
ca)e (e (75))

We have det{A — AI) = (A — 6)° = 0. For A\| = 6 we obtain
(=)
K= .
2

F1/2%

A solution of (A — AP =K is

50 that

A solution of (A — )P =K is

so that

A solution of (A — IDP =K is

g0 that

A solution of (A — MI)P =K is



33,

34.

35.
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so that
3 i/2
X=¢ (2) e+ ¢y [(2) tebt +( /0 ) 36‘].

We have det{A — AI} = (1 — A}(A — 2)2 = 0. For A\; = 1 we obtain

1
Ki=1|1
1
For Az = 2 we obtain
1 : 1
Ke=1]0 and Kai= |1
1
Then
1 1 1
X=c|1[|et4+ec]0]e®+ez|1]|e®
1 1 0

We have det(A — AI) = (A~ 8}(A + 1)? = 0. For A; = 8 we obtain

2
K =]1
2
For A3 = —1 we obtain
0 1
Ky=1] -2 and Ks=1[ -2
1 0
Then
2 0 1
X=g |1]|eF+e| —2|et+e| -2]et
2 1 0

We have det{A — M) = —A{5 — A)2 = 0. For A; = 0 we obtain

For Az = 5 we obtain
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A solution of (A — MI)P = K is

5/2
P=)1/2
0
80 that
—4 -2 -2 5/2
X=e1{-5f+ef 0 65£+C3 0 [ 2%+ 1/2 1% .
2 1 1 0

36. We have det(A — AT) = (1 A)(A — 2)2 = 0. For A, = 1 we obtain

1
Ki=]o
0
For A2 = 2 we obtain
A solution of (A — XI)P = K is
o ]
so that
1 0
X=c110jef 4+ —11]e2 "+ e -1 | e%],
0 0

37. We have det(A — AI) = —(A ~ 1) = 0. For )\ = 1 we obtain
' 0
K=}|1
1
Solutions of (A — \\I)P = K and (A — AMIQ =P are

0 1/2

P=11 and Q= 0

0 0
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so that
0 0 0 0y , 0 1/2
X=¢gll]|+e 1 tef+|1]é + 3 1 %e‘+ 1| tet + 0 | e,
1 1 0 1 0 0

38. We have det(A — M) = (A — 4)% = 0. For A1 = 4 we obtain
1

K=|0
0
Solutions of (A —~ MI)P =K and (A — AI)Q =P are
. 1] G
P=1t and Q=10
t] 1
so that
1 1 0 1 9 0 0
X=¢1]0 e‘“+cz 0tet+ |1 |t +c3 || O %e“-ir 1 e+ o]
¢ 0 0 0 0 1

39. We have det(A — AI) = (3 — 4)? = 0. For A\; = 4 we obtain

A solution of (A — M D)P =K is

50 that

i

then g = —7 and ¢z = 13,
40. We have det{A — A\I) = —(A + 1)(A = 1)? = 0. For \; = —1 we obtain
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For A2 = 1 we obtain

1 0
Ko=|0 and Ky=1]1
1 U]
o that
-1 13 0
X=g 0 e“t—!-cz 0]let+cs]1]|eh
0
If
/13
X(0) = | 2
\ 5

then ¢) = 2,¢2 =3, and c3 = 2.
41. We have det{A — M) = (A —5){A+5) = 0. For A; =5 and A2 = —5 we obtain

() ()

3B _pBt » 1 [3e~5t -5t
'I’(t]=( oSt 3843) and & (t)zﬁ(~e5‘ 38&).

so that

Then

§ .5t
56 —

1,6t
X = &)@ 1{0)X(0) = (435t N ge_m ) .

42. We have det{A — AI) = (X + 3/25)(A +1/25) = 0. For Ay = —3/25 and Ay = —1/25 we obtain

-1 1
K1=( 2) and K2=(2)
so that

_emBt/25 omt/25 . 1 4o et/ o—t/25
— “1epy 5
®(t) = ( 0p—3t/25 2e—t/25) and ®7(t) = —3° i (_Ze-at/zs _e—stﬂs) :
Then

25,-3t/25 | 25 -1/26
X = &(£)&1(0)X(0) = ( 2¢ " e ) .

_258—3t,“25 + 256—3/25

43, Using X = t*K in
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we obtain

(2 .5)==():

For nonzero solutions K we must have (A — 4)}{(A —2) = 0. If Ay = 2 then

=)

and if A2 = 4 then

so that

44. Using X = t*K in

we obtain
(2—/\ -2 ) (U)
K= .
2 7T—A ¢

For nonzero solutions K we must have (A — 3)(A —6) = 0. If A; = 3 and Az = 6 then

() o)

8o that
-2 -1
X =t 18 .
“ ( 1 ) e ( 2)
Exercises 8.7
1. Solving
2-X2 3 .
=M 1=(0-1)A+1)=0
SN (= DR+D)
we obtain eigenvalues A1 = —1 and Ag = 1. Corresponding eigenvectors are
-1 -3
Klz( 1) and K2=( 1).
Thus

-1y =33
X.=1¢1 1 e+ 1 e.
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=

2a; +3 =7

into the system yields

—a; — 2b; = —5,
from which we obtain a; = —1 and & = 3. Then

X(t) =1 (_ll)e"+c2 (_f) e+ (_;)

5 A 9
-1 11-X
we obtain the eigenvalue A = 8. A corresponding eigenvector is

()

2. Solving
=X -162+64=(1-8)2%=0

Solving {A — 8I)P = K we obtain

Thus

Substituting

into the system yields
Bap+ 9b =-2

—ay + 118 = —6,
from which we obtain ¢; = 1/2 and & = —1/2. Then

() e[+ (2)2](22)

1—-A 3
3 1-X

3. Solving
|=A2—2,\—8=(A_4)(,\+2)=0
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we obtain eigenvalues Ay = —2 and Ay = 4. Corresponding eigenvectors are

- (1) wa e (2).
xma( 2)erra(!)e
o= () () ()

az+ 3 =2 ay + 3b: = 2a3 ay + 3 =az

Thus

Substituting

into the system yields

303 +b3 =10 Sas +bs+1 =20 a1 + b +5 = by
from which we obtain ag = —1/4, by = 3/4, az = 1/4, bp = —1/4, a1 = —2, and by = 3/4. Then

wma()envaC)e (e (1) ()

1-x —4
4 1—2

we obtain eigenvalues A) = 1 + 4¢ and Ay = 1 — 4i. Corresponding eigenvectors are

() ()

. Solving
| ‘=A2+2)\~17=0

Thus
0 -1y : -1 0y | ¢
Xe.=¢1 [(1) cos 4f + ( 0)sm4t] £ + 2 [( 0)cos4t— (1)31n4t] e
—q (»—sin4t) ¢t o (—cos4t) o
cos 4t —sind¢
Substituting

into the system yields
ag — 453 = —4 az — 4b2 = a3 —50.1 - 451 = =9

4a3+ b3=1 daq + b2=b3 4(11—5!)1:—1
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from which we obtain ag =0, b3 = 1, a2 = 4/17, bo = 1/17,a; = 1, and b; = 1, Then
— sin 41 — cogd¢ H 4/17 1
X(t) = ‘+ L+ t+ + Bt
) c‘( cos4t)e 62(+sin4t)e (1) 1/17 1)°¢

4-x 1/3
9 6— A
we obtain the eigenvalues A; = 3 and A2 = 7. Corresponding eigenvectors are

1 1
= d Kz= .
= (,3) e (9)
1 1
X.=rc1 (_3) 832+c‘2 (9) et
X=(al)e‘
b

1
3o +§bl =3

. Solving

’=A2-10A+21=(A-3)(A—7)=0

Thus
Substituting
into the system yields

9a1 + 5b; = —~10
from which we obtain ay = 55/36 end &; = —19/4. Then

X(l=¢ (_13) ¥+ ey (;) e™ + (55123/?1) et.

. Solving
—1-A 5
=2 +4=0
{ -1 1- ,\‘
we obtain the eigenvalues A} = 2{ and Az = —2i. Corresponding eigenvectors are
5 5
K — K - .
! (1+23‘) and Ko (1—-23’)
Thus

X 5cos 2t 4 5sin2t
= L& .
¢ TN cos2t —2sin2t ) | 2\ 20082t + sin 2t

{2 ary .
X, = (bz)cost+ (bl)smt

Substituting
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into the system yields
—az + 56 —a; =0

—az+be—b1 —2=0
—ai+50+as+1=0

—a1+b +b=0
from which we obtain az = =3, by = —2/3, a1 = —1/3, end ¥ = 1/3. Then

X(0) = ¢ ( 5cos 2t )+ 5sin 2¢ + -3 . -1/3\ . ¢
= I .
"\ cos 2t — 2sin 2 21 2cos 2t + sin 2 -2/3 cos 1/3 s

- Solving

0 2-x 3 |=(-MNe-NG6-n=0
0 0 5-2X

we obtain the eigenvalues A\; = 1, Az = 2, and A3 = 5. Corresponding eigenvectors are

1 1 1
Ki=10], Kg=]1 and Kz=| 2
0 0 2
Thus
1 1) 1
Xe=ci|0|et+e|1]|e®+e| 2]
0 0 2
Substituting
a1\
xp = bl e4u‘.
¢/

into the system yields
—3a;1+b+c1=-1

—201 + 3¢ =1

¢y = —2

from which we obtain ¢; = —2, bj = —7/2, and a; = —3/2. Then

1 1 1 —3/2
Xt)=ey |0 |efvea| 1] e¥teg|2 e+ | —772 |t
0 0 2 —2
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8, Solving
- 0 5
0 5-A 0|=—-(A-52%0+5=0
5 0 =A
we obtain the eigenvalues A; = 5, A2 =5, and A3 = —5. Corresponding eigenvectors are
1 1 1
Ki=|0], Ky=1}]1 and Kg= 0
0 1 -1
Thus
1 1 1
Xe=e [0]e¥+en] 35t+c:3 0 |e™5.
i 1 -1
Substituting
a1
Xp=| b
c1
into the system yields
5 = -5
5bp = 10
5a; = —40
from which we obtain ¢; = —1, b =2, and a; = —8. Then
1 1 1 —8
Xt)=er [0 |e¥Hej1 e+ 0|+ 2
1 1 -1 -1
9, Solving
-1-x -2

=M _3N+2=0-1D){Ar-2)=0

3 4—A

we obtain the eigenvalues A\; = 1 and Az = 2. Corresponding eigenvectors are

() w2

Thus



10.
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Substituting

into the system yields
—a1 — 2 = -3

301 +4b; = -3
from which we obtain a; = ~9 and b; = 6. Then

X)) = (_ll)e‘+cz (_;1)32‘+ (_::)
()

1 —4dee— Y%= -4

Setting

we obtain

—c1+6c2+6=5.

Then ¢ = 13 and ¢3 = 2 s0

x(t)=13(_ll)e*+2(_g)e2‘+(_:).

{(a) By Kirchoff’s first and second {on each loop) laws, we obtain i = i3 + i3, F =
E = i1 Ry +igRo + Lg% so that

() -G e ) () + (o)

)sothat
r— -2 -2 - 60
“\-2 -5 60

(b) Let E= (‘2

13

and



11.
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0
For I{0) = (0) we find ¢ = —12 and ¢3 = —6.

(€) #1(t) = d2(t) + 43(t) = ~12¢™% —~ 180t 4. 30,

Solving

1-2 -1
‘ ‘=/\2—2/\=,\(A—2)zo

-1 1-2A
we obtain the eigenvalues Ay = 0 and Ay = 2. Corresponding eigenvectors are

1 1
K1=(1) and ng(_l).
1 1
X.=¢ (1)+C‘2(_1)82t.
a2 a1
Xp = t
= (o) ()

ag — by =10 a1 — b +2=uay

Thus

Substituting

into the system yields

—a2+by =0 —a1+ 6 —5=by.
From the first system we have as = ba. The second system becomes
a1 — b =az—2
ay -—bl = —~G'.2—5‘

If we let by = 1, then @) = a3 — 1 and a1 = —a3 — 4. This gives ag = b2 = —3/2 and a; = —5/2.

T a2 (3R (D)
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Exercises 8.8

1. From
x={> Nx4f *
T l2 -2 -1
we obtain
X Y L (3
c=20C .
11 €y 2 €
Then .
1 3 -2 3
P = ¢ and & !1={ _
1 2 et et
s0 that
~11 —11#
= -1 = =
U=[oFat f(&g_t)dt (_584)
and
su— | My 7V
Xp=2U = -11 -10/°
2. From
O X + 03,
3 -2 4
we obtain
Xe=¢e ! et + ! -t
=l ¢ 3 e ",
Then t t 3 .t 1,—¢
€ e 5€7 —5E
— d ';’_1= 2 ]
o= (o o) = (e )
so0 that ; . .
—2e” 2te " + 2e”
= -1 t=[ =
U .[‘P Fd otet d otet — 2¢t
and
=6U = 4)1E+ 0
Kp=2U={4 -4}
3. From p
3 - 1
f X t/2
X< (o0 )%+ (o)
we obtain

10 2 .
Xc=c1(3 )83”2—#62(1)6”2.

342
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Then
10e3t/2  94t/2 1,~3t/2 _1,-3t/2
D = and & 1= 1 2
3e3/2  gt/2 __e—zfz ge*:/z
80 that
3.~t _3t
U= /& 'Fat (413)d =( 1 )
Jorra=J(Zy)a= (T4
and
—18/2\ 1 . {—15/2
Xp=9U= 13/4 te'’ < + o/4 et’?,
. From
2 -1 sin 2¢
X = X+
(4 2) (ZCOSZt)
we obtain
—~gin 2t cos 2t
xc= 2 2(_
° (2c032t) € e (23in2t)e
Then
_ —e?sin2t  e¥cos2t nd &1 —5e7%sin2 te~cos2t
2ecos 2t 2 5in It de % cos 2t Le=2gin 2t
so that
Lcosdt Lsin 4t
U:]@_let=f(f . )dt=( 8
5 sin 4t —gcosdt
and
X. — dU ( gsm2tcos4t— cos 2f cos 4 2
? - 4c052tsm4t— < 8in 2 cos 44 ) )
. From
2
X’=( 0 X+( M) e
-1 3 -1
we obtain
X = (2)€t+C2(1)€2t
L 1 l .
Then . o
2 e _ et _—et
‘P:( ot e2t) and $7° = (_e—zz 26-2;)
so that .
2 2¢
— -1 —_ -
u=[s th_f(_ae_:)dt— (384)
and

X, =®U = ()te+(:)e‘.
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. From

we obtain

Then

so that

and

. From

we obtain

Then

s0 that

and

. From

we obtain

- 1 .- l1.—
5 (4833 —Je 3£) N :( e 3t le 3t

eSt e—3t

1.3t 2.3t
¢ 3¢

Bte— 3¢ —Dte=3 _ 2.3t
U= f “Ip gt = f t = 3
® 6te®t d 2te3t — %93‘

msoe ()

. 1 8
x=(} _1)x+(
X=¢ (11)63‘+cz(

344

£

-2

1

—4/3
—4/3) ‘

-t
tet )

) e3¢,

)
)
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Then
_ 4632 _283t o %6—31.‘ %e‘—ﬂi
® = £3t o3t and @7 = 1,3t 2,3t
~% 3
s0 that
P4t 1 -2 L -4t _ dg,—2t _ 1 ,-2t
(4 + zte —55€ — zfe — 5e
U:f@—let=f(E 3 )dt:( 24 B 12 )
_éezt + %te"‘ _Tlgem + Elte‘“ . 213-3‘“
and
—tel — %et
—§€ - ge
From
3 2 2
Xr — X—i— -t
(= 1)x+(0)
we obtain
1 1 0
X.=¢ ¢ tef + t
ma (L) eal() e ()¢
Then . .
e te g7t —te™t —Dte~t
®= ( et let te‘) and @7 = ( 2e~t 2 e“ )
50 that 2 2t 1, -2
2e% — Gte™ s€ 2 4+ 3Bte= 2
U=[¢“th=[(e ¢ )dt:(f +ote )
Ge 2t —3e—%
and
B B /2y _,
Xp=0U= 9 e
From
3 2 1
X' = X+
(= 2)x(3)
we obtain
1 1 0
t ¢ ¢
= +c te” + .
xe=a () eral( L) e (o))
Then t t t t
& te e~t e~ et
d= d & 1=
(—et %et - tet) an ( 2e~t 2¢7 )
s0 that

-1 -t —& -t
_ Z1 _ e " — 4te _ {3eT e
u-[e th_f( yot )dt—( ot
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and
3
Xp=0U=
-5
11. From
0 -1 sect
X' = +
(7 7o)+ (%)
we obtain
(cost) ( sint)
Xc— 1 N +62 .
sint —cost
Then
& cost sint and ®-1= c?st sint
sint —cost sint —cost
so that
. 1 t
U=/q» Fdz:/ dt =
tant In | sect|
and
tcost +sintln|sect|
X, =9U = )
tsint — costln|sect|
12. From
1 -1 3
X = X+ e
()=o)
we obtain
—sint : cost :
Xe=0n e +ea| | e,
cost sint
Then
&= —s8int cost ¢ and ®-1— —sint C{.)St ot
cost sint cost sint
so that
1 —3sint + Jcost 3cost+ 3sint
U:f-:» th:f B = {0
dcost + 3sint dsint — 3cost
and
-3\
Xp=dU = et
3
13. From



14.

15.

we abtain

Then

so that

and

From

we obtain

Then

so that

and

From

we obtain

Then

—sint cost
Xe=101 e et
cost sint

—gint cost
-:>=( _ )e‘ and c:r‘:(
cost sinté

—sint

cos ¢

szdf‘th:f(?) dt = (S)

cost
Xp,=9U= ( )te"

sint

—2

—-£

2 =2 1y1
X = X
(8 *6) +(3)t

sint

e ()l ()

o

1 2t+1
P = e 2
2 4t+1

U=_/{>_1th =/' (2t+2ln

Xp=9U =

x’=( 0 1)X+
-1 0

XC=C]

cost sint

—sint cost

and &= (

—In¢

2t +Int — 2tint
4t -+ 3Int — 4tint

2

¢
)

-1

) e 2t

0
secttanf

( cost) (sint)
. +c2 .
—gint cost

)t and ‘I)_l=(

347

cost
sint

—sin#

cosk

cost
)

—(at+1) 2+ 1) o

)

Exercises 8.8



16.

17.

Exercises 8.8

so that )
—tan“t t—tant
U=/{>—‘th=f
tant In | sect|
and
cosi —gint sint
X, =9U= ) t+ + In|sect|,
—sint sinttant cost
From
X = 0
R | cot £
we obtain
( cost) (sint)
X.=c¢ . +cg .
-sint cost
Then
cost sint cost —sint
&= _ and & '={"
—sint cost sin ¢ cost
a0 that
. 0 0]
U=]q> th=[ dt =
csct In|csct — cot ¢
and
U sintln)csct — cot ¢
Xp = ~ \costln|ecsct — cot ¢
From
1 2 csct
X = X+ et
-1/2 1 sect
we obtain
2sinty , 2costy
Xe=¢ e+ e . e,
cost —sint
Then
& 2sint 2(:(.)St ¢t and @_1=(§Sint C?St)e-—t
cost —sint Ecost —gint
50 that
3 gt
U:/qn—lez:[(l 2 )dt=(1 _ )
geost — tant 5 In|sint| — In|sect|
and

3sint . cost . —2cos
Xp,=®U={, te* + w In|sint] + I | sect)|.
zoost —gsint sini

348
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18. From
1 -9 tant
X = X+
(o))
we obtain
cost —sint cost +sint
Xc=61( +Cz( ) .
costl sint
Then
ost —sint cost 4+ sint —sint t int
‘p=(c . ) and @_1=( sin cfos + sin
cost sin £ cost sint — cost
so that
U=/¢I’*1th=/ 2coatl+sint—sect gt = 2sint — cos? — In|sect + tant|
28int — cost —2cosf — sint
and
X.— U = 3sintcost — cos?t — 2sint + (sint — cost)In|sect + tan t|
P sin®¢ — cos?t — cost(In|sect + tant|) '
19. From
110 et
X'=]110[X+]| &
00 3 tet
we obtain
1 1 0
Xe=c1 | =1|+ea|1|eX+c3|0]|e
0 0 1
Then
2 1 1
1 % 0 U S
d=|-1 2 0 and 7 != %e_zt e 2 0
0 0 & 0 0 e
80 that
%e:__%eu Lt — L2t
U=fcp-1Fdr=f Loty L ldt= | —let 4l
1,2
t 1t
and

1,2t 1,.2¢
—3€" + gte
Xp=@U = | —¢' + je? + gt
142¢3t
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20. From
3 -1 -1y 0
X'=[1 1 -1|X+]| ¢
1 -1 1 2ef
we obtain
1 1Y 1
Xe=c|1]|et+e] 1 32t+c;,~ 0 e
1 0 1
Then
ot e o2 et et et
b=|e &2 0 and & 1=| % —e 2
&0 e e~ _o~% g
50 that
te"t 42 —tet—et 42t
U=/<1>"1th=f —2et | dt = 2t
—te~2 %te'zt + %e"zt
and
[-1/2 -3/4 2 2
Xp=®U=1{ -1 [t+]| -1 |+[2]e+]|2]¢
—~1/2 ~3/4 0 2
21. From 3 . o2
, -
(5 ) ()
we obtain 1.4t 1 &
(2 5) e (h
et o %evzt %62: '
and ¢ 0 “Hpo-1
_ad-1 -1 — ¢ -
X =3d (O)X{0)+q>[0q» Fds—@-(1)+‘1>-(egt+2t_1
= (z) tet + (_:) e? + (_22) te? + ((2)) edt.
22. From ' y
, {1 -1 ¢
-(; 5)%+ (i)
we obtain L1 )
+1 _ —t 14t
(7))



23.

24.

25.

Exercises 8.8

and

X = q:q>-1(1)x(1)+q>/ltqupds =&. (—:) +&. (h;)t) = (:)t— (i) + (i) Int.

From ot
4 1 50e
X = X+
(6 x5 )
we obtain
o ( %82t+%e7t ___51_621:_'_%87:) L (%S—Tt+%e—2t _ée—?t_%e—‘Zt)
_gezt+ge7t §32‘+%en ' ge—?t_ge-zt %e—?t_,_ge—zt
and 5
: 5 20t + Ge™ — B
X = ¥X(0 +\I:f~p—1Fdsz~p- F .
© 0 (—5) (60t——1235‘+12)
-2 7 20
= e + )87‘+ te’.
( 4) -9 60
From
3 -2 2
X = X+
(s 25)x+(3)
we obtain
o sint — 3cost 2coat S sint + 3cost —2cost
- —5cost sinf+ 3cost /)’ N Scost sint — 3cost /'
and
! 0 —2cost
X = UX(n/2 +\p/ T lFds=%-{ |+ w.
(/2) /2 (0) (sint—Bcost—I)

(0 () ()

(a) By Kirchoff's first and second {on each loop) laws, we obtain i = iy +i3, £ = ) Ry +igRo+ Lod},
and E =418y + L1ih + Lot} so that

£ (e () ()
(b) LetI= (Z;) so that
. (—1; __?;)H (IOOOSint)
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and
1 3
X.=e1 (3)6_2t+02( 1)e_m.
Then
_ - 1.2 3
@=(62t 3¢ 12;) @_1=(1—03t me?s)
- _ -1 ! 3 1% 112 )
de € Tﬁe —1—66
10e? sin ¢t 2e%(2sint — cost
U_—"fq’_let:f( 12t )dt=(ﬁ 125 : cost) :
30e™* sint ¢ ~(12sint — cost)
and
I U %Sint—%cost
7= T\ Wgin g 168 0oep
29 29
so that

1
I=¢ (3) e_zt—f—cg( :i) e'12t+1p.

0
If 1(0) = (0) then ¢ = 2 and ¢z = .

Exercises 8.9

01
1. For A = ( ) we have
1 0

and so on. In general
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Thus
I+A +At +i3t +
B i 2 3l
=TI+ At+ IHZ lAﬁ
PTRaT
2! 4! 3 + -
=Icosht+Asinht=(c_OSht sinht
sinhf cosht
and

oA (cosh(—t) sinh(—t}) B ( cosh¢ —sinht)

sinh{—¢) cosh(—t) —sinht  cosht

1 0
2. ForA=( )wehave
0 2
A2=(10 10: 10
0 2 0 2 0 4}
A3=AA2=1010=10.
0 2 0 4 0 8

and so on. In general
1 0
A’°=( ) for k=1,2,3,....

0 2k
Thus,
A
-I+—t+A—i2+%t3
PO, L1 0y, 11 0y, 11 0,
01/ 11\0 2 240 4 il g)0 *
T
l+t+5+5+ 0 (e‘ 0)
0 14+ £+ 22‘I2+2"3+..A S0 e
and

—1
omtA _ (e 0 ) .
0 e—'Zt
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. Using the result of Problem 1
X = cosht sinht ay cosht N sinht
" \sinht cosht/ \ey/ U\ sinht 2 \cosht
. Using the result of Problem 2

(3 2)()+(2)-=()
(3 e ()

1
we identify tp =0, F(s) = ( 1 ), and use the results of Problem 1 and equation (3} in the text.

. To solve

¢
X(t) = eAC + &2 | e *AF(s)d
(t)=e e j;o (s}ds
_ cosht sinht) o + cosht sinht fi( coshs —sinhs 1 d
~ \sinh¢ cosht c2 sinht cosht/ /o \ —sinhs cosh g 1 s

cosh? sinht f coshs —sginhs d
sinht cosht —ginhe  coshs *

Il

cpcosht + czsinht
¢1 sinh ¢ + o cosht

t

+

ey cosht + ez sinh
sinht cosht —cosh s+ sinh s

¢ sinht + cpcoshit

( u
( (
(cwosht-kcgslnht) + (cosht smht) ( sinht—cosht)
( ( )
)

casht smht)( sinhs-coshs)

1l

c1sinh ¢ + ez cosh sinht cosht} \ —cosht+sinht

sinh? — cosh®#
sinh?¢ — cosh®t

+

c1cosht + cosinht
¢y sinh i + cgcosht

_ cosh ¢ sinh ( )
= sinht cosh ¢

. To solve

01 cosht
f = X
X (1 {]) +(sinht)
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cosh ¢

we identify tg = 0, F(s} = ( .
ginh ¢

), and use the results of Problem 1 and equation {3) in the text.

¢
X(t) = €AC + e [ AT (5) ds
tg
(cosht sinht) (cl) N (cosht sinht) /t( cosh s —sinhs) (coshs)d
= 8
sinht cosht co sinht cosht/ /o \ —sinhs  coshs ginh &
cosht sinht tf1
d
sinh ¢ cosht)fo (0) y

( (

( )« (@ ) )]
(clcosht+czsinht)+(cosht smht)( )
( )+ (i) =

¢ sinht + ¢z cosht sinht cosh?
cosht sinh ¢ i cosht
sinh ¢ cosht ginh¢ J

clcosht+czsinht) N

e1sinht + ¢ coshi

cosh? sinht
sinht cosht

epcosht + epsinhi

+
c1einhf + cgcosht

¢ cosht + cosinh ¢

tcosht
+ =0

e1 sinh t + ¢2 cosht tsinht

7. To solve

1 0 t
X = X
(0 2) * (e‘“)
t
we identify tg = 0, F(s) = (e 1t ), and use the results of Problem 2 and equation (3) in the text.

¢
X(t) = A0+ e | e*AF(s)d
t)=¢€ € /tue (s)ds
e 0 ey e 0 tfe™® 0 s
o ) () (6 &) (0 ) (l)e
e 0 stfse®
0 ezt)fﬂ( ezs)ds
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8. To solve
1
0 2 -1

3
we identify £y = 0, F(s) = ( l)’ and use the results of Problem 2 and equation {3) in the text.
£
X(t) = e!AC + eth [ e%AF(s) ds
to
e 0 tfe s 0 3
d.
)( )*(o eﬁ)ﬁ({l f%)(—l)s
0 tf 3e®
VG

¢

et 0 ~3e ¢
0 et le=2 )|

cle‘ N —3— 3¢t (l) ty (0) 2t+( 3
= =g € e
Lolen ) =% )% 79 1
9. Solving
2—A 1
=X -8\ +15=(A=3){A=5}=0
N +15=(A-3)(x-5)

we find eigenvalues Aj = 3 and Az = 5. Corresponding eigenvectors are

k- (1) ot ma= (1)
e (L 2) (R ) e n- (30,

PDP ! = 21 .
-3 6

Then

10. Solving
‘ 2= 1

=X _D+3=0-1DA-3) =
NN +3=(-1(-3)
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we find eigenvalues Ay = 1 and Az = 3. Corresponding eigenvectors are
-1 1
K1=( 1) and K2=(1).
-1 1 -1/2 1/2 1 0
P = P_]' = =
(1 1)’ (1/2 1/2)’ wd D (0 3)’

PDP ! = 21
1 2/}

Then

50

11. From equation (2) in the text

eh = PP — 1 4 yPDP ) + -2-1Tt2(P1:nP"1)2 + %t3(PDP‘1)3 + e
1 1
=P|I+tD+ (tD)? + 5 (tD)’ + - } Pl = Pep-,

12. From equation (2) in the text

106 -~ 0 M 0 ... 0 M oo .. 0
01 - 0 0 X - O 0 X .. ¢
er=|. - T+ P . L :
oo coon 2! oo :
0 0 ... 1 0 0 - A 0 0 ... A2
Moo ... 0
14| 0 M o...0
+ 5t E +--
0 0 pY]
(1+A1t+5‘!()\1t)2+--- 0 0
0 1+ ot + 4 {(Aat)2 -0 oo 0
\ 0 0 o T4 At g (Ant)2 4 -
(e’\lt 0 0
0 et 0
\ 0 0 ... &Mt
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13. From Problems 9, 11, and 12, and equation (1)} in the text
X = ¢'*C = Pe'PPIC

B et &t P I % g3t % =3t e
T 35\ 0 SN\ L5t L5t [ e
2 2
_(%83‘—%6& _% 3r+%65t) (cl)
%e.?h: _ %e& _%631 + %e& ca )’
14. From Problems 10-12 and equation (1) in the text
X = AC =PePPIC

et e\ (et 0N -zeTt gehy fa

(EHE D0
et 4 de® —letd fed\ /o

N (~%et +3e%  let+ fe ) (62) '

Chapter 8 Review Exercises

o

1. ue

;)(3 4)=(g :) and (3 4)(;)=(11)_
(5 -0 )

. True, since AB = AC, A"!AB=A"!AC, and B=C.

4

5. True, since X' = X} + X} = AX; + AXo+ F = A(X; + X2)F = AX +F.
6. True, by Theorem 8.8,
7
8
9

2.

- —

w

. Falge; they are the zerc and nonzero solutions of det{A — AI) = 0.
. True, since if AK = MK then A{cK) = cAK = ¢(AK)} = A(cK).
. True, by the definition of an eigenvector.

10. True, since complex roots occur in conjugate pairs.

0 1
11. False; consider A = ( ! 2)‘
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12. False;
111[2 101|—1
01 0fsf=1]010] 3]
000|0 000|0

13. From (D — 2)z + (D — 2)y = 1 and Dz + (2D ~ 1}y = 3 we obtain (D — 1}{D — 2}y = —6 and
Dz =3 — (2D - 1)y. Then

y=c1e® +ce' —3 and x = —cget — g.':le2t + c3.
Substituting into (D — )z + (D — 2)y = 1 gives ¢3 = 5/2 so that

3 b
r = —Cp€ che + 5"

14. From (D — 2}z —y=¢— 2 and -3z + (D — 4)y = —4¢ we obtain (D — 1)(2 — 5)x = 9 — 8¢. Then
3

4 5t
= + -t =
x=re + cze 5 %5

and 16 11
y=(D =2z —t+2=—cre’ + 3cze™ +—2-g+ %t.
15, From (D — 2)x —y = —¢* and =3z + (D — 4)y = —7e' we obtain (D — 1)(D — 5)z = —4e* so that

= cle‘ + cge& + tet.
Then
y={(D—z+e" = —cre + 3cpe™ — te! + 26

16. From (D+2)z+{D+1)y = sin 2t and 52+ (D +3)y = cos 2t we obtain (D?+5)y = 2cos 2t —7sin 24.
Then

2 7
y=c1c03t+czsint——§oos2t+gs'mQt
and
= ](D+3) +1 os 2t
= 5 Y 5(:
1 3 . 1 3 5 1
= (gcl - gcz) sint + (—gcg - gfrl) cost — 3 sin 2t — 3 cos 2¢.

17. Taking the Laplace transform of the system gives
1
Sff{ﬂ)‘} +f£{y} = ;‘5 +1

4F{z} +sF{y} =2
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so that .
— 2541 11 1 1 9 1
K% =S—=*_ id
{z} s{s—2){s+2) 8 5— 8
Then 1 1 9 9 1
g=—-+=e¥4+e® and y=-—2"+t=-e% - ¥4t

4 8 8 4 4
18. Taking the Laplace transform of the system gives

P L{a} + 2Ly} = S

2sF {z} + 2L E{y} = -3

-2
go that
2 11 1 1 1
4 -z -
{z} = SG_0¢ 23 3s5-2 (s-29
and 2 31 11 3 1 1
S_
N4 S =222 .
v} = s2(s — 2)2 i 22152~ (s—2)?
Then 1 1 3 1, 3
2t 2t 21: 2t
== =—-=—=t .
z= g oe +te®* and y 173 +4 —te
t3+3t2+5¢—-2 3t2+6t+5
19. (a) X = —t3 -t +2 (b) X' = -3t2 -1
43+ 1212 + 8¢ +1 12¢2 4 24¢ + 8

20, Let z3 =y, x2 = ¢/, z3 = ¢", and 14 = ¢’ so that

Dz =20
Do =1x3
Dz =z4

_3 ¢ 2
Dxy = 3:1}‘3 3z, + 2¢ 3t.

21. Let 11 =z, 2 = ¥, 3 = Dz, and x4 = Dy so that

Dz, = z3
Dz = x4
Dryg=z4—2x3—22, —Int+ 10t —4

Dry=—23— 21 +5t— 2.
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22.

23.

24.

25.

26.

Chapter 8 Review Exercises

If
z = cie! + cotel +sint and y=cret + cz{tet + &) + cost
then
' = c1e! + co(te’ + ') + cost =y
and

y = c1et + ca(tet + 2et) — sint
= —(c1e® + cotet +sint) + 2(c €’ + calte’ + ') + cost) — 2cont

=—2+ 2y — 2cost.

()] 2)w=()]

We have det{A — AI) = (A +6){) + 2) = 0 so that
1 1
X =g (_1)6“5‘+02 (1) e %,

1
We have det(A — AI) =32 - 23 +5=0. For)\=1+2z'weobta.inK1=( )and

We have det(A — M) = (A—-1)2=0and K = (
so that

2

X, = 1 L1420 cc.)s2t & 8in 2t o
H —sin2t cos 2t

cos 2t sin 2¢
X=0 . et +co et
— sin 2¢ cos 2t

3_;
We have det(A — AI) = A2 — 24 +2=0. ForA=1+z'weobtajnK1=( z) and

Then

2

X, = 31 G190 3cost + sint i —cost?i-ssint ot
2 2cost 2sint

Then

dcost +sinty —cost + 3sinty ,
X=¢ e+ e . e,
2cosi 2sint
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27.

28.

29.

30.

31.

Chapter 8 Review Exercises

We have det(A — AI) = 22(3 — \) = 0 so that

-1 -1 1
X=g 1|+ 0l +ea] 1l e3t,
0 1 1
We have det(A — AI) = —(A — 2)() — 4)(A +3) = 0 so that
-2 0 7
X=c | 31e¥+eca|1l]|e®+es| 12 |
1 1 -16
We have
1
Xe.=0c1 (0) 82"' + 9 (1) e‘“
Then
© - (ezt 4e::), o1 = (e"% —43—3:)’
0 e ¢ e”
and 2 2t 2t 2t
2e~< — 64te 15e™ 32fe”
U= [e'Fa- | Sl Jae= LT,
16te —e7 4 _ gpe 4t
so that
11 + 16t
X,=dU={ T},
—1— 4t
We have
2 t 2sint
XC - C(l)S et 4 o2 sin et_
—sint cost
Then
& = 2cost  2sint R = %cost —sint ot
—sint cost %sint cost '
and '
U=f‘I>'1th=[ cost.—sect)dt= gint — Injsect + tant| '
gint —cosi
50 that
—2costln|sect + tant
—1+sintln|sect + tant|
‘We have

cosi+sint sint — cost
Xe=n0p + €2 . .
2cost 2sini
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Chapter 8 Review Exercises

Then
& (cost+sint sint—cost) @_I—( sin # %cost—%sint
B 2cost 2sint ! —cost %cost+%sint ’
and
1 %sint—%cost+%csct
U=[aFa=f( 2" 2 27 ) at
—§smt—-§cost+§csct
(—lcost—%sint+%ln|csct—cott|)
a Lcost — sint+ LInjesct — cott] /'
20 that
-1 sint
X, =0U= +1 . In}esct — cott].
-1 gint 4 cost
. We have
1 1 1
X. = 2t te2t o 2|
c cl(_l)e +cz[(__1) [ 0 e
Then
Q2 e 4 o2 » —te=2  _pe= _ o2
® = 2t 2t , ®T = - —2t )
—€ —te e e
and 12
t—1 st — ¢
U:f@*m:f( 1) =(2 )
50 that



9 Numerical Methods for

Ordinary Differential Equations

Exercises 9.1

[P
e
[V -
[

x¥

-
—— N

-
- - e

- e e e o

R IR R Y
%Y

[

- \
- \
“ \
. \
Setting z + 4 = ¢ we obtain x = ¢ — 4, a family of vertical lines.

Setting 21 + ¥ = ¢ we obtain ¥y = —2z + ¢; a family of lines with slope —2.
Setting x2 — y* = ¢ we obtain a family of hyperbolas.

2

Setting y — 22 = ¢ we obtain y = 22 + ¢; a family of parabolas with veritces on the y-axis.

. Setting /12 + 32 + 2y + 1 = ¢ we obtain 22 + (y + 1)? = ¢%; a family of circles centered at (0, —1).

Setting {x2 4+ ¥%)~! = ¢ we obtain x% + y* = 1/c; a family of circles centered at the origin.

Setting y(x + y) = ¢ we obtain y? +zy —c=0or y = —%x = %\/m, a family of hyperbolas.
Setting ¥ + €* = ¢ we obtain y = ¢ — €%, a family of exponential curves.

Setting (y — 1)}/{x — 2} = ¢ we obtain y = cx + 1 — 2¢; a family of lines.

Setting (x — ¥}/{z + y) = ¢ we obtain ¥ = (1 — ¢)z/(1 + ¢); a family of lines pagsing through the

origin.
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Exercises 9,1

15. Setting z = ¢ we see that the isoclines 18. Setting x + y = e we obtain the isoclines
form a family of vertical lines. y=-—-z+c
A

3N
NH/// - - — = 4
R l\\“""

\\,\__..///x v —
\\\,_'../// =~

d e 5\ NN
NN =" RN

) AN st

17. Setting —z/y = c we obtain the isoclines  18. Setting 1/y = ¢ we obtain the isoclines y = 1/c.
y=—-gfc

19. Setting 0.21° + y = ¢ we obtain the 20. Setting xe¥ = ¢ we obtain the isoclines
isoclines y = ¢ — 0.2z y=lnc—Inz.

[,
o
W e

- Y
- SN
AR Y AR}
AT LI
LI} LI}

21. Setting y — cos 5z = ¢ we obtain the 22. Setting 1 — y/z = ¢ we obtain the isoclines
isoclines y = cos §z + ¢ y=(1-¢)x.

[
7/
Yy
~ -7 /
/
4




23.

24.

25.

26.

27.

28.

Exercises 9.1

Solving
azr + Py
— =c
vz + &y
for ¥ we obtain
_a-e.
¥= ﬁ“Cé )

a family of lines through the origin.
y = cr is a solution of the differential equation if and only if

y_ . _ox+ Bex
¥z + dezx
if and only if
[6c® + (y—Blc—alx =0
if and only if
6+ (y~Bec~a=0

if and only if
_B-rx (B +4ad
€= 26
if and only if

(B—")%+4aé>0.
The isoclines of ¥/ =3z +2y are 3z + 2y =Ccor

= 3$+C
y="3*Ty

If we choose ¢ = ~3/2 then 3z + 2y = —3/2 is a solution of the differential eque

The isoclines of Y =6x — 2y are 6z — 2y =cor

[
= -3 -,
y ;|:+2

If we choose ¢ = 3 then 6z — 2y = 3 is a solution of the differential equation .

The isoclines of ¥ = 2z/y are 2z/y = c or

y=-z

Setting 2/c = c we obtain ¢ = £+/2. Thus y = £v2x are solutions of the differ

The isoclines of ¥ = 2y/(z + y) are 2y/{(z +y) =cor




29,

30.

Exercises 9.2

Setting ¢/(2—c) = cwe obtaine =0 or ¢ = 1. Thus y = 0 and y = z are solutions of the differential

equation .

The isoclines of ¥ = {4z + 3y)/y are (4 + 3y)/y =cor

Setting 4/(c —3) = ¢ we obtain ¢® —3c~4 = (c—4)(c+1)=0. Thusc=4andc= —1 and y = 4z
and y = —x are solutions of the differential equation .

The isoclines of ¢ = (5z + 10y)/(—4x + 3y) are {52 + 10y)/{—4x + 3y} = c or

4c+ 5
3¢~ 10

x.

Setting (4c + 5)/{3¢ — 10} = c we obtain ¢ = 3¢* ~ 14— 5 = (3¢ + 1)(c — 5) = 0. Thus ¢ = —1/3
andc=5and y= —%x and y = bz are solutions of the differential equation .

Exercises 9.2

All tables in this chapter were constructed in a spreadsheet program which does not support subscripts.

Consequently, z, and y, will be indicated as z{n) and y(n), respectively.

1.

Let u =z +¥ — 1 so that ' = (x + y ~ 1) becomes
1
mdu=d$

and tan"tu =z +¢. Then y =1 — z + tan(z + ¢) and y(0) = 2 gives ¢ = /4, so

y=1—r—1—tan(:r+-z-).

EULER IMPROVED EULER
x(n) EXACT h=0.1 h=0.05 h=0.1 h=0.05
0.00 2.0000 2.0000 [ 2.0000 [ 2.0000 | 2.0000
0.10 2.1230 2.1000 | 2.1105 | 2.1220 | 2.1228
0.20 2.3085 2.2440 | 2.2727 | 2.3049 | 2.3075
0.30 2.5958 2.4525 | 2.5142 | 2.5858 | 2.5931
0.40 3.0650 2.7596 | 2.8845 | 3.0378 | 3.0574
0.50 3.9082 3.2261 | 3.4823 | 3.8254 | 3.8840
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Exercises 9.2

h 0.1 h 0.05
x{n) yn} x{n) yin)
1.00 5.0000 1.00 5.0000
1.10 3.8000 1.05 4.4000
1.20 2.9800 1.10 3.8950
1.30 2.4260 1.15 3.4708
1.40 2.0582 1.20 3.1151
1:50 1.8207 1.25 2.8179

1.30 2.5702
1.35 2.3647
1.40 2.,1550
1.45 2.0557
1.50 1.9424

h 0.1 h 0.05
x{n) yin) x(n) yi{n)
¢.00 2.0000 0.00 2.0000
0.10 1.6000 0.05 1.8000
0.20 1.3200 0.10 1.6300
0.30 1.1360 0.1% 1.4870
0.40 1.0288 0.20 1.3683
0.50 0.9830 0.25 1.2715

¢.30 1.1943
¢.35 1.1349
0.40 1.0914
0.45 1.0623
6.50 1.0460

h 0.1 h 0.05
x{n) yin) x(n) y(nj
0.00 ¢.0000 0.00 0.0000
0.10 0.1000 0.05% 0.0500
0.20 0.2010 0.10 0.1001
0.30 0.3050C 0.15 0.15086
0.40 0.4143 0.20 0.2018
0.50 0.5315 0.25 0.2538

0.30¢ 0.3070
0.35 0.3617
0.40 0.4183
0.45 0.4770
0.50 0.5384
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Exercises 9.2

= 0.1 h = 0.05
y(n) x(n) yin)}
0. 1.0000 0.00 1.0000
0. 1.1000 0.05 1.0500
0. 1.2220 0.10 1.1053
0. '1.3753 0.15 1.1668
o, 1.5735 0.20 1.2360
0. 1.8371 0.25 1.3144
0.30 1.4039
0.35 1.5070
0.40 1.6267
0.45 1.7670
0.50 1.9332
0.1 'h = 0,05
x{n) yin} x(n) yin)
0.00 0.0000 0.00 0.0000
0.10 0.1000 0.05 0.0500
0.20 0.1905 0.10 0.0976
0.30 0.2731 0.15 0.1429
0.40 0.3492 0.20 0.1863
D.50 0.4198 0.25 0.2278
0.30 0.2676
0.35 0.3058
0.40 0.3427
0.45 0.3782
0.50 0.4124
0.1 h = 0.05
x({n) yi(n) x{n) yi{n)
0.00 0.0000 0.00 0.0000
0.10 0.0000 0.05 ¢.0000
0.20 0.0100 0.10 0.0025
0.30 0.0300 0.15 0.0075
0.40 0.0601 0.20 0.0150
0.50 0.1005 0.25 0.0250
0.30 0.0375
0.35 0.0526
0.40 0.0703
0.45 0.0905
0.50 0.1134




Exercises 9.2

h = 0.1 h = 0.05
x({n) v(n) x(n} yinj
0.00 0.5000 ¢.00 0.5000
0.10 0.5250 0.05 0.5125
0.20 0.5431 0.10 0.5232
0.30 0.5548 6.15 0.5322
0.40 0.5613 0.20 ¢.5395
0.50 0.5639 0.25 0.5452

0.30 0.5496
0.35 0.5527
0.40 0.5547
0.45 0.5559
.50 0.5565

h = 0.1 h = .05
x{n} yin) x{n) yin)
0.00 1.0000 0.00 1.0000
0.10 1.1000 0.05 1.0500
0.20 1.2159 0.10 1.1039
0.30 1.3508 0.15 1.1619
0.40 1.5072 0.20 1.2245
0.50 1.6902 0.25 1.2921

0.30 1.3651
0.35 1.4440
0.40 1.5293
0.45 1.6217
0.50 1.7219

h = 0.1 h = 0.05
x{n) yi{n} x(n) y{n)
1,00 1.0000 1.00 1.0000
1.10 1.0000 1.05 1.0000
1.20 1.0191 1.10 1.0049
1.30 1.0588 1.15 1.0147
1.40 1.1231 1.20 1.0298
1.50 1.2194 1.25 1.0506

1.30 1.0775
1.35 1.1115
1.40 1.1538
1.45 1.2057
1.50 1.2696
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12, h = 0.1 h = 0.05
x(n) yi{n} x(n) yin)
1.00 0.5000 1.00 0.5000
1.10 0.5250 1.05 0.5125
1.20 0.54899 1.10 0.5250
1.30 0.5747 1.1% 0.5376
1.40 0.5591 1.20 0.5499
1.50 0.6231 1.25 0.5623
1.30 0.5746
1.35 0.5868
1.40 0.5989
1.45 0.6109
1.50 0.6228
13. (a) h = 0.1 h = 0.05
X Y x(n) yi{n)
1.00 5.0000 1.00 5.0000
1.10 3.9900 1.05 4.4475
1.20 3.2546 1.10 3.9763
1.30 2.7236 1.15 3.8751
1.40 2.3451 1.20 3.2342
1.50 2.0801 1.25 2.9452
1.30 2.7009
1.35 2.4952
1.40 2.3226
1.45 2.1786
1.50 2.0592
{b) h = 0.1 h = 0.05
x({n) yi{n) x{n) yin)
0.00 0.0000 0.00 0.0000
0.10 0.100%5 0.05 0.0501
0.20 0.2030 0.10 0.1004
0.30 0.3098 0.15 0.1512
0.40 0.4234 0.20 0.2028
0.50 0.5470 0.25 0.2554
0.30 0.3095
0.35 0.3652
0.40 0.4230
0.45 0.4832
.50 0.5465

Exercises 8.2



Exercises 9.2

(c) E = 0.1 h = 0.05
xi{n) yin) x{n) y{n)
0.00 0.0000 0.00 0.0000
0.10 0.0952 0.05 0.0488
0.20 0.1822 0.10 0.0953
0.30 0.2622 0.15 0.1397
¢.40 0.3363 0.20 0.1823
0.50 0.4053 ¢.25 0.2231

0.30 0.2623
0.35 0.3001
0.40 0.3364
0.45 0.3715
0.50 0.4054

(d) h = 0.1 H = 0.05
x(n) yin) x(n} yin}
0.00 0.5000 0.00 0.5000
0.10 0.5215 Q.05 0.5116
0.20 0.5362 0.10 0.5214
0.30 0.5449 0.15 0.5294
0.40 0.5490 0.20 0.5359
0.50 0.5503 0.25 0.5408

0.30 0.5444
0.35 0.5469
0.40 0.5484
0.45 0.5492
0.50 0.5495

(e) h = 0.1 h = 0.05
x{n) yi{n) x(n} y{n)
1.00 1.0000 1.00 1.0000
1.10 1.0095 1.05 1.0024
1.20 1.0404 1.10 1.0100
1.30 1.0967 1.15 1.0228
1.40 1.1866 1.20 1.0414
1.50 1.3260 1.25% 1.0663

1.30 1.0984
1.35 1.1389
1.40 1.1895
1.45 1.2526
1.50 1.3315
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14. (a) h= 0.1 h = 0.05
x(n) yin) x(n) yi(n)
0.00 2.0000 0.00 2.0000
0.10 1.6600 0.05 1.8150
0.20 1.4172 0.10 1.6571
0.30 1.2541 0.15 1.5237
0.40 1.1564 0.20 1.4124
0.50 1.1122 0.25 1.3212

0.30 1.2482
0.35 1.1916
0.40 1.1499
0.45 1.1217
0.50 1.1056
(b) h = 0.1 h = 0.05
x({n) yin) x{n) y(n)
0.00 - 1.0000 0.00 1.0000
0.10 1.1110 0.05 1.0526
0.20 1.25615 0.10 1.1113
0.30 1.4361 0.15 1.1775
0.490 1.6880 0.20 1.2526
0.50 2.0488 0.25 1.3388
0.30 1.4387
0.35 1.5654
0.40 1.6939
0.45 1.8598
0.50 2.0619
{c) h = 0.1 h = 0.05
x(n) yin) x(n) y(n)
0.00 0.0000 0.00 0.0000
0.10 0.0050 0.05 0.0013
0.20 0.0200 0.10 0.0050
0.30 0.0451 0.15 0.0113
0.40 0.0805 0.20 0.0200
0.50 0.1266 0.25 0.0313
0.30 0.0451
0.35 0.0615
0.40 0.0805
0.45 0.1022
Q.50 0.1266
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(d) h = 0.1 h = 0.05
x(n) y(n} xX(n} yin)
0.00 1.0000 0.00 1.0000
0.10 1.1079 0.05 1.0519
0.20 1.2337 0.10 1.1079
0.30 1.3806 0.15 1.1684
0.40 1.5529 0.20 1.2337
0.50 1.7557 0.25 1.3043

0.30 1.3807
0.35 1.4634
0.40 1.5530
0.45 1.6503
0.50 1.7560

(e) h = 0.1 A = 0.05
x{n) yi{n) Xx({n) yi{n)
1.00 0.5000 1.00 0.5000
1.10 0.5250 1.05 0.5125
1.20 0.5498 1.10 0.5250
1.30 0.5744 1.15 0.5374
1.40 0.5986 1.20 0.5498
1.50 0.6224 | 1.25 0.5622

1.30 0.5744
1.35 0.5866
1.40 0.5987
1.45 0.6106
1.50 0.6224
15. IMPROVED

h=0.1 EULER EULER

x{n} y{n) yin)

1.00 1.0000 1.0000

1.10 1.2000 1.2469

1.20 1.4938 1.6668

1.30 1.9711 2.6427

1.40 2.9060 8.7988

16. Integrating ¥’ = f(z,y) we obtain

so that

or

Yxat1 — y¥{Ta) = f(Zn, Yn)(Ent1 — Zn) = Af (Zn, Yn)

Tn

Y+l = ¥n + hf(zn.yn).

[t [ e s

T
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17. From ¢ = f(x,y} and f(z,y) = 3[f(2n, vn} + F(Zn+1, Ynt1)] we obtain

Trtl In+l ]
f 'y’dl‘ =~ L E[f(icn,yn) + f($ﬂ+1s ‘.Un+1)] dz

T

g0 that
1
Y Tns1 — U(In) = (In+1 - xn)i[f(xm Yn) + f($n+1v yrH-l]J
or
1 *
Y+l = ¥n + ﬁ[f(zmyn) + f(xﬂ+layn+1)]$
where
y;+1 = yn + hf(zn, Yn)-
Exercises 9.3
1. We use h = 0.1 h = 0.05
" , x(n) vin} x(n) y(n)
y =23y 1.00 5.0000 1.00 5.0000
1.10 3.9900 1.05 4.4475
=2—3(2x — 3y + 1) 1.20 3.2546 1.10 3.9763
1.30 2.7236 1.15 3.5751
=9y—6z—1 1.40 2.3451 1.20 3.2342
1.50 2.0801 1.25 2.9452
50 that 1.30 2.7009
1.35 2.4952
1 1.40 2.3226
Ynl = Un + (28p — 3yn + Dh + (s — 6zn — 1)5A% 1.45 2.1786
2 1.50 | 2.0592 |
2. Wi
© use %= 0.1 k= 0.05
' =4-2y x(n} y(n} x{n} y(n}
0.00 2.0000 0.00 2.0000
— 4 — 24z — 2y) 0.10 1.6600 0.05 1.8150
0.20 1.4172 0.10 1.6571
= dy — 8z + 4 0.30 1.2541 0.15 1.5237
0.40 1.1564 0.20 1.4124
s0 that 0.50 1.1122 0.25 1.3212
0.30 1.2482
. 0.35 1.1916
_ _ Dh + (4o — nlp2 0.40 1.1499
U+l yn‘l‘(‘lxn 2yn + Yh + (4y, — Bz + )2 0.45 1.1217
0.50 1.1056




Exercises 3.3

- gy Lo
Gt = g+ eI — (TSR

376

. We use R = 0.1 h = 0.05
x{n) yin) x(n) yi{n)
o = 20y’ 0.00 0.0000 0.00 0.0000
0.10 0.1000 0.05 0.0500
2 0.20 0.2020 0.10 0.1003
=2y(1+y") 0.30 | 0.3082 0.15 | 0.1510
oyt 28 0.40 0.4211 0.20 0.2025
=Yty 0.50 0.5438 0.25 0.2551
0.30 0.3090
so that 0.35 0.3647
0.40 0.4223
1 0.45 0.4825%
Yot1 = Y + (1 + YRR+ (20 + 20)5H% 0.50 1 085458
' We use h= 0.1 h = 0.05
x(n) y(n) x(n) _y{n}
p ; 0.00 1.0000 0.00 1.0000
Yy =2+ 2y 0.10 1.1100 0.05 1.0525
2 a2 0.20 1.2490 0.10 1.1111
=22+ (=" +v’) 0.30 | 1.4310 0.15 | 1.1770
g 3 0.40 1.6783 0.20 1.2519
=20+ 257y + 2 0.50 | 2.0300 0.25 | 1.3378
0.30 1.4372
so that 0.35 1.5535
0.40 1.6910
. 0.45 1.8557
Yn+l = Yn + ($ﬁ+yﬁ)h+(2xn+21‘ﬁyn+2@g)_2"h2' 0.20 2'0561
. We use h = 0.1 h = 0.05
x(n) y{n} x(n) yin}
by 0.00 0.0000 0.00 0.0000
vo=e 0.10 0.0950 0.05 | 0.0488
- 0.20 0.1818 0.10 0.0952
= —e¥e™) 0.30 0.2617 0.15 0.1397
2y 0.40 0.3357 0.20 0.1822
=€ 0.50 0.4046 0.25 0.2230
0.30 0.2622
so that 0.35 0.2999
0.40 0.3363
0.45 0.3714
0.50 0.4053




. We use

so that

. We use

s0 that

. We use

y'

so that

Y =1+2y

=1+4+2ylz+y

%)

=1+ 2y + 2°

Exercises 9.3

1
Yntl = Yn + (In + yrzz)h + (14 2enys + 292)5}12‘

¥ =20 -y)(1-7)

=20z -yll-(z-

=2(z~y)

Yn+l =Un t+ (Iﬂ —Un

—xy +y+2\/_
=z{zy +/¥) +y+

3
=2y + SEVE Y+

)]

-2z ~-y)®

Db+ [z -

oy + /Y

2/

1
2

3
yn+l—yn+(xnyn+\/— )h+(In?J’n+ In\/@}n+yn+2)2

h = 0.1 h = 0.05
x({n) y(n)} x{n} y{o)
¢.00 0.0000 0.00 0.0000
0.10 0.0050 0.05 0.0013
0.20 0.0200 0.10 0.0050
0.30 0.0451 0.15 0.0113
0.40 0.0804 0.20 0.0200
0.50 0.1264 0.25 0.0313

0.30 0.0451
0.35 0.0615
0.40 0.0805
0.45 0.1021
0.50 0.1265

h = 0.1 h = 0.05
x(n) yi{n) x{n) yin}
0.00 0.5000 0.00 0.5000
0.10 0.5213 0.05 0.5116
0.20 0.%355 0.10 0.5213
0.30 0.5438 0.15 0.5293
0.40 0.5275 0.20 0.5357
Q.50 0.5482 | 0.25 0.5408

0.30 0.5441
0.35 0.5466
0.40 0.5480
0.45 0.5487
—2hm—-y$%h? 0.50 ] 0.5430

h = 0.1 h = 0.05
x{n) yi{n) x{n) yvin)
0.00 1.0000 0.00 1.0000
0.10 1.1075 0.05 1.0519
0.20 1.2327 0.10 1.1078
0.30 1.379%0 0.15 1.1682
0.40 1.5504 0.20 1.2334
0.50 1.7522 0.25 1.3039

0.30 1.3802
0.35 1.4628
0.40 1.5524
0.45 1.6495
0.50 1.7551
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g, We use h = 0.1 h = 0.05
zy —y );{%)o f,g;)oo J;hyo 1y g;))oo
"o / 2 _ — . . . .
v =2nyy +y z2 1.10 1.0100 1.05 1.0025
1.20 1.0410 1.10 1.0101
==2xy(zy2--)-+y2 1.30 | 1.0969 1.15 | 1.0229
1.40 1.1857 1.20 1.0415
__1(I 2_.2).+EL 1.50 1.3226 1.25 1.0663
2\ T )T 1.30 | 1.0983
5 1.35 1.1387
= 2%y — 2P + 5 1.40 | 1.1891
T 1.45 1,2518
5o that 1.50 1.3301
_ 2 _ ¥n 2.3 2, 21,2
Yntl = ¥Ya + (mnyn - —) B+ | 220y, — 2y + —5 | SRS
T rg ) 2
10. We use h = 0.1 h = 0.05
x(n) Yi(n) x{n} yin)
' =y -2/ 1.00 0.5000 1.00 0.5000
1.10 0.5250 1.05 0.5125
=y — 1% — 2yly — v%) 1.20 0.5499 1.10 0.5250
1.30 0.5745 1.15 0.5374
=y — 3%+ 2° 1.40 0.5988 1.20 0.5498
1.50 0.6226 1.25 0.5622
50 that 1.30 0.5745%
1.35 0.5866
) 1.40 0.5987
Unt1 = Un + (Un = YA + 2um — 395 + 200) S h% el Bl
11. We use IMPROVED| 3-TERM
h=0.1 EULER EULER TAYLOR
y" = 2z + 3%y x(n) y(n) y(n) y(n)
1.00 1.0000 1.0000 1.0000
=2z + 3 (2% + %) 1.10 1.2000 | 1.2469 | 1.2400
1.20 1.4938 1.6668 1.6345
= 2z + 3x’y® + 3° 1.30 1.9711 2.6427 2.4600
1.40 2.9060 8.7988 5.6353
s0 that

1
Yn+1 = Yn + [Iﬁ + ‘.Ui)h + (2zq + 33?:9’:21 + 3yf;)§h2.

12. Let f(zr,y) = az + Py so that f; = o, fy = [, and all higher derivatives are 0. Using the Taylor
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series expansion for f(z,y) we have
Hent1, yng1) = f@a + hoyn + Bf (2n, yn)
= (@n, yn) + folzn vl + fy(Tn, o} f (Tn, yn)
= f(@n,yn) + oh + Bhf (25, yn)-
Since f(zn,yn} = ¥, end o+ By, = y;, we have

1
Yn+l=1tm + Eh[f(-rm Yn) + flTn+1, 9’1:+1 )]
1
=¥Yn+ Eh[f(xm yn) 4+ f(:cn‘ y‘n) + ah + ﬁhf(xm yn)]

1
= yn + 5h[205 + hla + Byn)]
1
2

13. To sclve the initial-value problem analytically we note that the differential equation is linear with

=yn+ hy:’l, + hz@:;

integrating factor e *. Then

Loty = (o -1)

and
y=ce® — 1.

From y(1) = 5 we find ¢ = 6e~* so that

y=6e""1—z.

For Taylor’s method we use IMPROVED| 3-TERM

Y ) h=0.1 EULER TAYLOR EXACT

=1+y x{n) y(n) y{n) yi{n)
1.00 5.0000 5.0000 5.0000
=14+z+y—1 1.10 | 5.5300 | 5.5300 { 5.5310
1.20 6.1262 6.1262 6.1284
=z+y 1.30 6.7954 6.7954 6.7992
1.40 7.5454 7.5454 7.5509
50 that 1.50 §.3847 | 8.3847 | 8.3923

1
Ynt1=Yn+(Zn+yn — 1R+ (20 +yn)§h2'
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Exercises 9.4

xn) yin)

1.00] 5.0000
1.10] 3.9724
1.20| 3.2284
1.30| 2.58945
1.401} 2.31863
1.50 ]| 2.0533
x{n) yin)

0.00] 0.0000
0.10} 0.1003
0.20| 0.2027
0.30| 0.3093
0.401 0.4228
0.50] 0.5463
x(nj y{n)

0.00[ 0.0000
0.10| 0.0953
0.201 0.1823
0.30) 0.2624
0.401 0.3365
0.50 ] 0.,4055
x{n) Y{n

0.004f G.5000
0.10 | 0.5213
0.20| 0.5358
0.30] 0.5443
0.40 | 0.5482
0.50} 0.5493
x(n)] | wvin)

1.00] 1.6000
1.10| 1.0101
1.20 | 1.0417
1.30| 1.0989
1.40 | 1.1905%
1.50] 1.3333

2. | x(n) yin)
0.00[ 2.0000
0.10| 1.6562
0.20] 1.4110
0.301] 1.2465
0.40] 1.1480
0.50] 1.1037

4. [ x(n) y{n)
0.00] 1.0000
0.10] 1.1115
0.20| 1.2530
0.30] 1.4397
0.40 ] 1.6961
0.50] 2.0670

6. [ x{n) yin}
0.00[ 0.0000
6.10| 0.0050
0.20 | 0.0200
0.30] 0.0451
0.40( 0.0805
0.50 ] 0.1266

8 [x(n) y{n}
0.00| 1.0000
0.10| 1.1079
0.20] 1.2337
0.30| 1.3807
0.40| 1.5531
0.50} 1.7561

10. | x(n) vin)
0.00) 0.5000
0.10 | 0.5250
0.20 | 0.5498
0.30| 0.5744
0.40| 0.5987
0.50 ]| 0.6225
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11. Write the equation in the form t(n)] v(n)
dv 0.0} 0.0000

— =32 - 0.025¢% = f(t,v). 1.0 |25.2570)

dt 2.0 [32.9390
3.0 134.9772

4.0 |35.5503

5.0 |35.71289

12. Separating variables and using partial fractions we have

1 1 1
dv =dt
2/32 (\/ﬁ— V0% | V32 + v0.025 'u) v
and )
——— (] 32 . -1 2 —+/0.02 = !
Z@W(DI\/_-FVDOZS?)I n}v32 — v 511]) t+ec
Since ©(0) = 0 we find ¢ = 0. Solving for v we obtain

_16v5 (3% 1)
vt = evV32t 41

and »({5) = 35.7678.
13. See the table in the following problem.
14. Let a = 2.128 and @ = 0.0432. Separating variables we obtain
dA
Ala — BA)

1/1 B
a(z-F"-——-——a__ﬁA)dA:dt

é[lnA—-ln(a—,@A)] =it+c

=df

A
Inm=ﬂ(t+c)

A = galt+e)
a—JA

A= aea(H-C} _ ﬁAe&(t+c)
14 B9 4 = aenl®49)

Thus
aette) @ a

1+ ﬁea(t+c) = A+ e—olt+e) = B+ e—ace—at

At) =



Exearcises 9.4

From A{0) = 0.24 we obtain

[4 4
024 = ————
8+ e-ac
so that e~ = «/0.24 — 3 ~ 8.8235 and
2.128
Al = .
®) 0.0432 + 8.8235—2-128¢
t_{days) 1 2 3 4 5
A {(observed) 2.78 13.53 36.30 47.50 49.40
A {(approximated}| 1.93 12.50 36.46 47.23 49.00
A (exact) 1.95 12.64 36.63 47.32 49.02
15. | x(n} yin)
1.00 1.0000]
1.10 1.2511
1.20 1.69349
1.30 2.9425
1.401903.0282

16. Simpson's rule on [Tn, T, + h] is

j:‘” Flx) de = %h [f(mn) +af(za+ %h) b flan+ h)] .

For f(z,y) = f(z) the Runge-Kutta method gives
ky=hf (In)u

1
Ky = hf(zn + 5!1) ,

ki = hf(zn + %h) ,
ke = hf(zn + A),

and
st = v+ gh [F(za) + 4f (30 + 31) + flan +1)|.
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Exercises 9.5 .

1. For ¢ — y = z — 1 an integrating factor is e~Jde = e~ *, so that
d
Sl = (z — 1)
and

y=¢e"(—zeF +¢c} = —z + ce*.
From y(0) = 1 we find ¢ = 1 and ¥ = —z + ¢*. Comparing exact values with approximation
obtained in Example I, we find y(0.2) =~ 1.02140276 compared to y; = 1.02140000, y(0.4) =
1.09182470 compared to y2 = 1.09181796, y(0.6) ~ 1.22211880 compared to y3 = 1,22210646, an
$(0.8) = 1.42554093 compared to yq4 = 1.42552788.

2. 100 REM ADAMS-BASHFORTH/ADAMS-MOULTON
110 REM METHOD TO SOLVE Y'=FNF(X,Y}
120 REM DEFINE FNF(X,Y) HERE
130 REM GET INPUTS
140 PRINT
150 INPUT “STEP SIZE=", H
160 INPUT “NUMBER OF STEPS (AT LEAST 4)=",N
170 IF N<4 GOTO 160
180 INPUT “X0 =".X
190 INPUT “Y0 =")Y
200 PRINT
210 REM SET UP TABLE
220 PRINT “X”,“Y™
230 PRINT
240 REM COMPUTE 3 ITERATES USING RUNGE-KUTTA
250 DIM Z(4)
260 Z{1)=Y
270 FOR I=1 TO 3
280 Ki=H*FNF(X,Y)
290 K2=H*FNF{X+H/2,Y+K1/2}
300 K3=H*FNF{X+H/2,Y +K2/2)
310 K4=H*FNF(X+H,Y+K3)
320 Y=Y +({K1+2*K2+2*K3+K4)/6
330 Z(I+1)+Y
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340 X=X+H

350 PRINT X,Y

360 NEXT I

370 REM COMPUTE REMAINING X AND Y VALUES

380 FOR I=4 TO N

390 YP=Y+H*(55*FNF(X.Z(4))-59*FNF(X-H,Z(3))+37*FNF(X-2*H,7(2))
“9*FNF(X-3*H,Z(1)))/24

400 Y=Y+H*(@*FNF(X+H,YP)-+19*FNF(X,Z(4)-5*FNF(X-H,Z(3))+ FNF (X-2*H,Z(2))) /24

410 X=X+H

420 PRINT X,Y

430 Z(1)=2(2)

440 Z(2)=7(3)

450 Z(3)=2(4)

460 Z(4)=Y
470 NEXT I
480 END
x(n) | _yin) 4. | xtn) [ yin;
0.00 1.0000 [linitial condition 0.00 | 2.0000 Jlinitial condition
0.20 0.7328 |Runge-Kutta 0.20 1.4112 |Runge-Kutta
0.40 0.6461 jRunge-Kutta 0.40 1.1483 |Runge-Kutta
0.60 0.6585 |Runge-Kutta .80 1.103%8 |Runge-Kutta
0.7332 |predictor 1.2109 |predictor
0.80 0.7232 |corrector 0.80 1.2049 Jecorrector
x{n} y i) 2 {r) y{i1)
0.00 0.0000 |initial condition 0.00 0.0000 [initial conditicn
0.20 0.2027 |Runge-Kutta 0.10 0.1003 |Runge-Kutta
0.40 (0.4228 |Runge-Xutta 0.20 0.2027 |Runge-Kutta
Q.60 0.6841 |Runge-Kutta 0.30 0.3093 [Runge-Kutta
1.0234 |predictor 0.4227 |predictor
0.80 1.0297 |corrector 0.40 0.4228 [corrector
1.5376 |predictor 0.5d62 |predictor
1.00 1.556% |corrector 0.50 0.5463 |correcter
0.6840 |predictor
0.60 0.6842 {corrector
0.8420 |predictor
0.70 0.8423 [corractor
1.0292 |predictor
0.80 1.0297 |corrector
1.2532 |predictor
.90 1.2603 |correcteor
1.5555 |predictor
1.Q00 1.5576 |corrector
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x{n) v n) x{n) yinl
0.00 1.0000 Yinitial condition 0.00 1.0000 |initial condition
0.20 1.4414 |Runge-Kutta 0.10 1.2102 |Runge-Kutta
0.40 | 1.5719 jRunge-Kutta 0.20 1.4414 JRunge-Kutta
0.60 2.6028 |Runge-Kutta 0.30 1.6949 |Runge-Kutta
3.3483 |predictor 1.5718 |predictor
0.80 3.3486 |corrector 0.40 1.971% |corrector
4.2276 J|predictor 2.2740 |predictor
1.050 4.2280 |corrector 0.50 2.2740 |ecorrector
2.6028 |predictor
0.60 2.6028 |corrector
2.9603 |predictor
0.70 2.9603 |corrector
3.3486 |predictor
0.80 3.3486 |corrector
3.7703 |predictor
0.9%0 3.7703 |corrector
4.2280 |predictor
1.00 4.2280 |corrector
x{n} yin} x({n)} yin)
0.00 0.0000 |initial condition 0.00 0.0000 |initial condition
0.20 0.0026 |Runge-Kutta 0.10 0.0003% [Runge-Kutta
.40 0.0201 {Runge-Hutta 0.20 0.0026 |Runge-Kutta
0.60 0.0630 |Runge-Kutta 0.30 0.0087 |Runge-Kutta
0.1362 |predictor 0.0201 |{predictor
.80 0.1360 jcorrector 0.40 0.0300 |corrector
0.2372 |predictor ¢.0379 |predictor
1.00 0.2385 lcorrector 0.50 0.0379 |corrector
0.0630 |predictor
0.80 0.0629% |corrector
0.0856 |predictor
o.70 0.0858 |corrector
¢.1359 |predictor
0.80 0.1360 |corrector
0.1837 |predictor
0.90 0.1837 Jcorrector
#.2384 |predictoer
1.00 0.2384 |corrector




Exercises 9.5

8. [xtny | _xin) x(n) | yin)
¢.00 1.0000 {initial condition 0.00 1.0000 |initial condition

0.20 1.2337 ]Runge-Kutta 0.10 1.1079 |Runge-Kutta
0.40 1.5531 |Runge-Kutta 6.20 1.2337 |Runge-Kutta
0.60 1.9961 |Runge-Kutta 0.30 1.3807 |Runge-Kutta

2.6180 |predictor 1.5530 |predictor

0.80 2.6214 |corrector 0.40 1.5531 |corrector

3.5151 |predictor i 1.7560 |predictor

1.00 3.5208 |corrector 0.50 1.7561 |corrector

1.5960 |predictor

0.60 1.9%61 |[corrector

2.2811 |predictor

0.70 2.2812 |corrector

2.6211 |predictor

0.80 2.6213 |corrector

3.0289 |predictor

.90 3.0291 {(corrector

2.5203 |predictor

1.00 3.5207 Joorrector

9. x(n) y(n)

0.00 1.0000 initial condition
0.10 1.0052 Runge-Kutta

0.20 1.0214 Runge-Kutta

0.30 1.0499 Runge-Kutta
1.0918 | predictor

0.40 1.0918 corrector

Exercises 9.6

1. Since the improved Euler method is a second-order Runge-Kutta method, the formula agrees with
the Taylor polynomial through & = 2. The local truncation error is thus

h3
¥"(c) 3 where 1, < ¢ < Tpy1-

2. Since the three-term Taylor formula is the Taylor polynomial through k& = 2, the local truncation

error is

h3
¥ (c) ;T where =z, < e < Tpt1.

8. Since the fourth-order Runge-Kutta formula agrees with the Taylor polynomial through k = 4, the

local truncation error is

h5
y[5)(c) ] where =z, < ¢ < Tpy1-

4. {a) Using the Euler method we obtain y(0.1) =~ y; = 1.2.
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(b)

(c)
(d)
(e)

- (a)

(c)
(d)
(e)

. (a)
(b)

(c)

(d)

Exercises 9.6

Using ¥ = 4¢®* we see that the local truncation error is
R? 1)?
Y@ = 4e* @2—) = 0.02¢%,

Since €®* is an increasing function, e2¢ < ¢2®Y = ¢02 for 0 < ¢ < 0.1. Thus an upper bound
for the local truncation error is 0.02e%2 = 0.0244.

Since (0.1) = %2 = 1.2214, the actual error is y(0.1) — 4 = 0.0214, which is less than 0.0244.
Using the Euler method with h = 0.05 we obtain {0.1) & 5 = 1.21.
The error in (d) is 1.2214 —~ 1.21 = 0.0114. With global truncation error O{k), when the
step size is halved we expect the error for £ = 0.05 to be one-half the error when £ = 0.1,
Comparing 0.0114 with 0.214 we see that this is the case.
Using the improved Euler method we obtain y{0.1) = y; = 1.22.
Using 3" = 8¢** we see that the local truncation error is

h3

3
ym(c) il 862{: {OIJ

= 0.001333e%°.
g 5 33e

Since €27 is an incressing function, e < ¢2(01) = ¢%2 for 0 < ¢ < 0.1, Thus an upper bound

for the Jocal truncation error is 0.001333e%2 = 0.001628,

Since y{0.1) = ¢*? = 1.221403, the actual error is ¥{0.1} — v; = 0.001403 which is less than
0.001628.

Using the improved Euler method with h = 0.05 we obtain y{0.1) = y» = 1.221025,

The error in (d) is 1.221403 — 1.221025 = 0.000378. With global truncation error O(h?), when

the step size is halved we expect the error for & = 0.05 to be one-fourth the error for h = 0.1.
Comparing 0.000378 with 0.001403 we see that this is the case.

Using the three-term Taylor method we obtain ¢(0.1) == ¢ = 1.22.
Using 3™ = 8¢%® we see that the local truncation error is
3 3
¥ () % ~ e LO—;-)— — 0.001333¢%.

Since €2% is an increasing function, e < ¢2®1) = ¢%2 for 0 < ¢ < 0.1. Thus an upper bound
for the local truncation error is 0.001333¢%2 = 0.001628.

Since y(0.1) = €92 = 1.221403, the actual error is y(0.1) — y = 0.001403 which is less than
0.001628.

Using the three-term Taylor method with A = 0.05 we obtain y(0.1} = yo = 1.221025.
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(e)

. (a)
(b)

(d)

(e)

- (a)

(c)
(d)
(e}

(b)

The error in (d) is 1.221403 — 1.221025 = 0.000378. With global truncation error O(k%), when

the step size is halved we expect the error for A = 0.05 to be one-fourth the error for h = 0.1.

Comparing 0.000378 with 0.001403 we see that this is the case.

Using the fourth-order Runge-Kutta method we obtain y(0.1) = g = 1.2214.

Using ¢ (z) = 32¢%* we see that the local truncation error is

(0.1)°
120

Since ¢2* is an increasing function, €% < e2(®!) = 02 for 0 < ¢ < 0.1. Thus an upper bound

for the local truncation error is 0.000002667¢°2 = 0.000003257,

Since y(0.1) = %% = 1.221402758, the actual error is ¥(0.1) — yy = 0.000002758 which is less

than 0.000003257.

Using the fourth-erder Runge-Kutta formula with A = 0.05 we obtain

y(0.1) a2 yo = 1.22140257].

The error in {d} is 1.221402758 — 1.221402571 = 0.000000187. With global truncation error

O(h%), when the step size is halved we expect the error for A = 0.05 to be one-sixteenth the

error for h = 0.1. Comparing .000000187 with 0.000002758 we see that this is the case.

= 0.000002667¢2%¢.

e} P _ e
AT

Using the Euler method we obtain y(0.1) = y; = 0.8.
Using 3 = 5~ %% we see that the local truncation error is
2
52 (1) _ o goge-2e

2
Since e~ 2 is a decreasing function, e 2 < e =1for 0 <c<0.1. Thus an upper bound for
the local truncation error is 0.025(1) = 0.025.
Since y(0.1) = 0.8234, the actual error is y(0.1) — y; = 0.0234, which is less than 0.025.
Using the Euler method with A = 0.05 we obtain ¢(0.1) = ¥ = 0.8125.

The error in (d) is 0.8234 — 0.8125 = 0.0109. With global truncation error O(k), when the
step size is halved we expect the error for A = 0.05 to be one-half the error when h = 0.1,
Comparing 0.0109 with 0.0234 we see that this is the case.

Using the improved Euler method we obtain 4(0.1) =~ y; = 0.825.

Using y™ = —10e 2% we see that the loeal truncation error is
0.1
10e%¢ (—6—)— = 0.001667¢%.

Since e~ %* is a decreasing function, 7% < ¢¥ = 1 for 0 < ¢ < 0.1. Thus an upper bound for
the local truncation error is (1.001667(1) = 0.001667.
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10. (a)
(b)

(c)
(d)
(e)

11. (a)
(b)

(c)

(d)

(e)

12. (a)
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Since y(0.1} = 0.823413, the actual error is (0.1} —y; = 0.001587, which is less than 0.001667.
Using the improved Euler method with h = 0.05 we obtain ¢{0.1) = yo = 0.823781.

The error in {d) is |0.823413 — 0.8237181| = 0.000305. With global truncation error O(h2),
when the step size is halved we expect the error for A = 0.05 to be one-fourth the error when
h = 0.1. Comparing 0.000305 with 0.001587 we see that this is the case.

Using the three-term Taylor method we obtain (0.1} = 3 = 0.825.

Using 3" = —10e™ 2% we see that the local truncation error is
0.1)3
10e~% (—6—) = (.001667e ¢,

Since e~ % is a decreasing function, e 2 < ¥ = 1 for 0 < ¢ < 0.1. Thus an upper bound for
the local truncation error is 0.001667(1) = 0.001667.

Since y{0.1) = 0.823413, the actual error is y{0.1) — g = 0.001587, which is less than 0.001667.
Using the three-term Taylor method with & = 0.05 we obtain (0.1} & ys = 0.823781.

The error in (d) is |0.823413 — 0.8237181| = 0.000305. With global truncation error O(h%),
when the step size is halved we expect the error for & = (.05 to be one-fourth the error when
h = 0.1, Comparing 0.000305 with 0.001587 we see that this is the case.

Using the fourth-order Runge-Kutta method we obtain y(0.1) a2 yy = 0.823416667.

Using y(5) (z) = —40e™2% we see that the local truncation error is
_00 (0.1)°
a0e=2 27 4 000003333,
T

Since =% is a decreasing function, e < % = 1 for 0 < ¢ < 0.1. Thus an upper bound for
the local truncation error is .000003333(1) = 0.000003333.

Since y(0.1) = 0.823413441, the actual error is |y(0.1) — | = 0.000003225, which is less than
0.000003333.

Using the fourth-order Runge-Kutta method with h = 0.05 we obtain
y{0.1} == yo = (.823413627.

The error in (d) is |0.823413441 — 0.823413627| = 0.000000185. With global truncation error
O(h?), when the step size is halved we expect the error for o = 0.05 to be one-sixteenth the
error when h = 0.1. Comparing (.000000185 with 0.000003225 we see that this is the case.

Using 3" = 38¢ 731 we see that the local truncation error is

h,2 hz
y'(c) T 383 1) 5 = 19h%e—8e—1),
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(b)

(c)

(d)

(b)

()

(d}

(a)

(c)

(d)

Since e~3@1) jg a decreasing function for 1 < z < 1.5, e 3D e 30-D) _ 1 fori <e< 1.5
and
h2
3" (c) 5 £ 19(0.1)2(1) = 0.19.
Using the Euler method with A = 0.1 we obtain y(1.5) = 1.8207. With & = 0.05 we obtain
y(1‘5) == 1.0424,

Since y(1.5) = 2.0532, the error for h = 0.1 is Ep; = 0.2325, while the error for & = 0.05 is
Eg.0s = 0.1109. With global truncation error O(h) we expect Ey.1/Ep 05 = 2. We actually have
Ep1/Eops = 2.10.

Using 3" = —114e3(=-1) we see that the local truncation error is

h3 h3
¥"(e) 5 | = 114727 = = 19h%e 3,

Since e 3=~ jg » decreasing function for 1 < x < 1.5, e~3e-) < e=¥-1) 1 for 1 < c< 1.5
and

3
) %| < 19(0.1)%(1) = 0.019.

Using the improved Euler methed with £ = 0.1 we obtain y{1.5} =~ 2.080108. With h = 0.05
we obtain y(1.5) = 2.059166.

Since y(1.5) = 2.053218, the error for k = 0.1 is Fp1 = 0.026892, while the error for h = 0.05 is
Eoos = 0.005950. With global truncation error O(h?) we expect Ep1/Epos ~ 4. We actually
have Ep1/Foos = 4.52.

Using y™ = —114e~3*~1) we see that the local truncation error is

3 3
|‘ym(6) % = 114¢30"1) % = 19R3¢~3(e-1),

Since ¢ 3=V j5 5 decreasing function for 1 < z < 1.5, e~ 3le-1) < e300~ — 1 for 1 <e<1lbh

and

3
|y"’(c) %—! < 19(0.13(1) = 0.019.

Using the three-term Taylor method with A = 0.1 we obtain ¥(1.5) & 2.080108, With A = 0.05
we obtain y(1.5) ~ 2.059166.

Since y(1.5) = 2.0532186, the error for k = 0.1 is Ey,; = 0.026892, while the error for h = 0.05 is
Fo.05 = 0.005950. With global truncation error O(h%) we expect Eo.1/Fo.05 ~ 4. We actually
have Fy.1/Fg.05 = 4.52.
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15. (a) Using y® = —1026e~3-1} we see that the local truncation error is

R
B (o) —| = 8.5545¢—3(c—1)
¥ (c) 120’ 8.55h°e .

(b} Since e~3*~1} is a decreasing function for 1 <z < 1.5, eV < e 3-D =1for 1 < ¢ < 1.5
and

b
¥ ) %ﬁ < 8.55(0.1)°(1) = 0.0000855.

(¢} Using the fourth-order Runge-Kutta method with A = 0.1 we obtain y(1.5) = 2.053338827.
With h = 0.05 we obtain y(1.5) ~ 2.053222989.

{d)} Since y(1.5) = 2.053216232, the error for h = 0.1 is Ey; = 0.000122595, while the error for
h = 0.05 is Epgs = 0.000006757. With global truncation error O(h*) we expect Eg1/Eo.05 ~
16. We actually have Fy1/Ep o5 = 18.14.

16. (a) Using y" = —(—-}F we see that the local truncation error is
£

h? 1 A2

i I

yie 2’_(C+1)2 7

(b) Since —1-— is a decreasing function for 0 < z < 0.5 L < 1 =l1lfor0<e<05
(z+ 1) £ =TT T e+ 1)2 T (041)2 - =
and
2 1 2
y"(c) % < (1) (0'2) = 0.005.

(c) Using the Buler method with A = 0.1 we obtain y{0.5) ~ 0.4198. With k = 0.05 we obtain
(0.5) ~ 0.4124.

(d} Since y{0.5) = 0.4055, the error for A = 0.1 is Ep,; = 0.0143, while the error for h = 0.05 is
Ep o5 = 0.0069. With global truncation error O(h) we expect Ey 1/ Fo0s = 2. We actually have

Eo.1/Epos = 2.06.
17. (a) Using i = (_fl_)3 we see that the local truncation error is
x

R? 1 A

ne _ -

VO =r 5

(b) Since 1 is a decreasing function for 0 £ x < 0.5 1 1 lfor0<e<05
(+1)8 ¢ SR CE S Vel (S Ve R

and
3 3
y"(c) %— < (1) % = 0.000333.
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(c)

(d)

(b)

(c)

(b)

(d)

Using the improved Euler method with A = 0.1 we obtain »(0.5) = 0.405281. With A = (.05
we obtain y{0.5) = 0.405419.

Since y(0.5) = 0.405465, the error for h = 0.1 is g1 = 0.000184, while the error for h = 0.05 is
Eoos = 0.000046. With global truncation error O(h%) we expect Ep1/Epgs = 4. We actually

have Ep1/Fops = 3.98.

2
Using 4" m we see that the local truncation error is

B3 1 A
et _ o
V)T = e s
Si ;isadecreasin function for 0 < z < 0.5 ! < ! =1for0<ec<05
mee Ty 8 R S TR N =T
and

(0. 1)3

y"(c ) < (1) = (.000333.

Using the three-term Taylor method with 2 = 0.1 we obtain (0.5) =~ 0.404643. With k = 0.05
we obtain y(0.5) s= 0.405270.

Since y(0.5) = 0.405465, the error for h = 0.1 is Ep 1 = 0.000823, while the error for i = 0.05 is
Egos = 0.000195. With global truncation error O(h?) we expect Eg 1/ Eoos = 4. We actually
have Eg1/Egos = 4.22.

4
Using ¢y = @ i 0 we gee that the local truncation error is
5 5
ey 1 »
120 (c+1P 5
Since 1 is a decreasing functionfor 0 < z < 0.5 ! < ! =1for0<e<05
(z + 1)5 & SESEN TR SO =e=v
and

(0.1)° 1)

y® (e ) i (1) 2224 = 0.000002.

Using the fourth-order Runge-Kutta method with £ = 0.1 we obtain y(0.5) =~ 0.405465168.
With 2 = 0.05 we obtain y(0.5) =~ 0.405465111.
Since y(0.5) = 0.405465108, the error for h = 0.1 is Ep1 = 9.000000060, while the error for

h = 0.05 is Eggs = 0.000000003. With global truncation error O(h?) we expect Eg1/Foos =
16. We actually have Ep1/Eqos = 17.64.
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Exercises 9.7

1. The substitution ¢ = u leads to the iteration formulas
Ynil = Yn + hug, Unt1 = U + R(du, — 4y ).
The initial conditions are yg = —2 and up = 1. Then

y1 =yo+01lug=—-2+01(1}) = -1.8
up = ug+ 0.1{dug - dyp) = 1+ 0L1{4 +8) = 2.2

yo =1+ 0.1y = -1.9+0.1(2.2) = —1.68.

The general solution of the differential equation is y = ¢1€%* + ¢yze?*. From the initial conditions
we find c; = -2 and cg = 5. Thus y = —2¢** + 52z¢®* and y(0.2) = 1.4918.

2. The substitution ¢ = u leads to the iteration formulas

Ynpl = Yo thiun,  wppi=unth (%un - %yn) .
The initial conditions are yo = 4 and up = 9. Then
yi=w+01upy=4+01(9) =49
uy = ug + 0.1 (%ug - %yg) =9+ 0.1[2(9) — 2(4)] = 10
y2 =41 + 0.1y = 4.9+ 0.1(10) = 5.9.
The general solution of the Cauchy-Euler differential equation is y = ¢;z + cpx?. From the initial
conditions we find ¢; = —1 and ¢3 = 5. Thus y = —z + 52% and y(1.2) = 6.
3. The substitution 3 = u leads to the system
¥y =u, u' = 4u — 4y,
Using formulas (5) and {6) in the text with = corresponding to ¢, y corresponding to z, and u

corresponding to y, we obtain

Runge-Kutta method with h=0.2
mi m2 m3 m4 ki k2 k3 k4 X ¥y u

0.00 -2.0000 1.0000
0.2000 0.4400 ©0.5280 0.9072 2.4000 3.2800 3.5360 4.8064 0.20 -1.4928 4.4731

Runge-Kutta method with h=0.1
ml mZ m3 md k1 k2 k3 kd x ¥ u
0.00 -2.0000 1.0000

0.1000 0.1600 0.1710 0.2452 1.2000 1.4200 1.4530 1.7124 0.10 -1.8321 2_4427
0.,2443 00,3298 0.3444 (.4487 1.709% 2.0031 2.044¢ 2.3%00 0.20 -1.491% 4.4753
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4. The substitution y* = u leads to the system

Using formulas (5) and (6) in the text with 2 corresponding to ¢, y corresponding to z, and u
corresponding to y, we obtain
Runge-Xugta method with h=0.2

mi m2 m3 md k1 k2 k3 kd x Yy u

1.00 4.0000 9.0000
1.8000 2.0000 2.0017 2.1973 2.0000 2.0165 1.9865 1.%950 1.20 6.0001 11.0002

Runge-Kutta method with h=0.1

mi ma m3 mid k1 k2 k3 x4 x ¥y u

1.00 4.0000 9.0000
0.9000 0.9500 0.%501 0.99%2 1.0000 1.0023 0.997% (0.9%96 1.10 4.9%9500 10.0000C
1.0000 1,0500 1.0501 1.0998 1.0000 1.001% 0.9983 0.5597 1.20 6.0000 11.0000

5. The substitution ¥’ = u leads to the system
¥ =u, o =2u—2y+ecost.

Using formulas {5} and (8) in the text with y corresponding to z and u corresponding to y, we
obtain
Runge-Kutta method with h=0.2

ml mz2 m3 md k1 k2 k3 kd t Y u

0.00 1.0000 2.0000
0.4000 0.4600 0.4660 0.5320 0.6000 0.6599 0.6595 0.7170 0.20 1.4640 2.6594

Runge-Kutta method with h=0.1

ml m2 m3 md k1 k2 k3 kd t ¥ u

0.00 1.0000 2.0000
0.2000 0.2150 0.215%7 0.2315 0.3000 0.3150 0.3150 0.3298 0.10 1.2155 2,3150
0.2315 0.2480 0.2487 0,2659 0.329% 0.3446 0.3444 0.3587 0.20 1.4640 2.6554

6. Runge-Kutta method with h=0.1
ml m2 m3 mnd ki k2 k3 k¢ t i1 iz
0.00 0.0000 0.0000
10.0000 ©.0000 12.5000 -20.0000 0.0000 5.0000 -5.0000 22,5000 0.10 2.5000 3.7500
8.7500 -2.5000 13.4375 -28.7500 -5.0000 4.3750 -10.6250 29.6875 0.20 2.8125 5,7813
10.1563 -4,3750 17.0703 -40.0000 -8,7500 5.0781 -16.0156 40,3516 0.30 2.0703 7.4023
13.2617 -6.3672 22.5443 -55.1758 -12.7344 6.6309 -22.5488 55,3076 0.40 0.6104 $.1919
17.9712 -8.8B867 31.3507 -75.9326 -17.7734 §.9856 -31.2024 75.9821 0.5¢ -1.5619 11.4877
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Runge-Kutta method with h=0.2

mi m2 m3 md ki k2 k3 k4 e x ¥

0.00 6.0000 2.0000
2.0000 2.2800 2.3160 2.6408 1.2000 1.4000 1.4280 1.6£32 0.20 8.3055 3.4199

Runge-kKutta method with h=0.1

ml mz m3 md ki k2 k3 k4 t x ¥

0.00 6.0000 22,0000
1.0000 1.0700 1.0745 1.14%6 0.6000 0.6500 0.6535 0.7075 0.10 7.0731 2.6524
1.1494 1.2289 1.2340 1.3193 0.7073 0.7648 0.768B8 0.8307 0.20 8.3055 3.4199

Runge-Kutta method with h=0.2

mi m2 m3 m4 ki k2 k3 ke t x ¥

Q.00 1.0000 1.0000
0.6000 0.9400 1.1060 1.7788 11,4000 2.0600 2.3940 3.7212 0.20 2.0785 3.3382

Runga-Kutta method with h=0.1

ml m2 m3 m4 k1 k2 k3 k4 [ x Y

0.00 1.0000 1.0000
.3850 0.4058 0.521% 0.7000 O.B650 0.9068 1.1343 0.10 1.4006 1.8963
L6582 0.6925 0.8828 1.1291 1.4024 1.4711 1.8474 0.20 2.0845 3.3502

0.3000
0.5193

o O

Runge-Kutta method with h=0.2

ml m2 m3 md ki k2 K3 k4 t x ¥

0.00 -3.0000 5.0000
-1.0000 -0.9200 -0.5080 -0.8176 ~-0.6000 -0.7200 -0.7120 -0.8216 0.20 -3.5123 4.2857

Runge-Kutta method with h=0.1

ml m2 m3 md k1 k2 k3 k4 £ x ¥

0.00 -3.0000 5.0000
-0.5000 ~0.4800 -0._4785 -0.4571 -0.,30600 -0.3300 -0.32350 -0.3%72 0.10 -3.4790 4.6707
-0,4571 -0.4342 -0.4328 -0.4086 -0.3579 -0.3858 -0.3846 -0.4112 0.20 -3.9123 4.2857

Runge-¥Kutta method with h=0.2

ml ma m3 mq - k1 k2 k3 kd t x ¥

0.00 0.5000 ©.2000
0.6400 1.2760 1.7028 3.3558 1.3200 1.7720 2.1620 3.5794 0.20 2.1589 2.3279

Runge-FKutta method with h=0.1

mi m2 m3 m4é k1 k2 k3 k4 4 x Y

0.00 0.5000 0.2000

0.3200 ©.4790 0.5324 0.7816 0.6600 0.7730 0.8218 1.0125 0.10 1.0207 1.0115
0.7736 1.0862 1.192% 1.6862 1.0117 1.2682 1.3682 1.7996 0.20 2.1904 2.3592
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- We identify P(r) =0, Q(z) = 9, f(z) = 0, and h = (2 - 0)/4 = 0.5. Then the finite difference
equation is
Yi+1 +0.20% + 41 =0.

The solution of the corresponding linear system gives

X 0.0 0.5 1.9 1.5 2.0
¥y ) 4.0000 -5.6774 -2.5807 6.3226 1.0000

. We identify P(z) = 0, Q{x) = —1, f(z) = 2% and h = (1 — 0)/4 = 0.25. Then the finite difference
equation is
ir1 — 2.0625%; + yi.y = 0.0625z7.

The solution of the corresponding linear system gives

x 0.00 0.25 0.50 0.75 1.00
y | 0.0000 -0.0172 -0.0316 -0,0324 0.0000

. We identify P(z) = 2, (z} =1, f(z) = 5z, and A = (1 — 0}/5 = 0.2. Then the finite difference
equation is
1.2yi41 — L.96y; + 0.8y;_1 = 0.04(5x;).

The solution of the corresponding linear system gives

x 0.0 0.2 0.4 0.6 0.8 1.0
v ] 0.0000 -0.2259 -0,3356 -0.3308 -0.2167 0.00090

. We identify P(r) = —10, @{z) = 25, f(z) =1, and h = (1 — 0}/5 = 0.2. Then the finite difference
equation is
—yi + 2yi—; = 0.04,

The solution of the corresponding linear system gives

X 0.0 0.2 0.4 0.6 0.8 1.0
y | 1.0000 1.960C 3.8B00 7.7200 15.4000 0.0000

. We identify P{zx) = —4, Q{z) =4, f{z) = (1 + z)e?*, and h = (1 — 0)/6 = 0.1667. Then the finite

difference equation is
0.6667yi41 — 1.8889y; + 1.3333y;_y = 0.2778(1 + x;)e?™,

The solution of the corresponding linear system gives

x| 0.0000 0.1667 0.3333 0.5000 0..6667 0.8333 1.0000
y|3.0000 3.3751 3.6306 3.6448 3.2355 2.1411 0.0000
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We identify P(x) = 5, Q(z) = 0, f(z) = 4/z, and b = {2 — 1)/6 = 0.1667. Then the finite
difference equation is
1.4167y;11 — 2y; + 0.5833y,_1 = 0.2778(4,/Z; ).

The solution of the corresponding linear system gives

x| 1.0000 1.1667 1.3333 1.5000 1.6667 1.8333 2.0000
v |1.0000 -0.5918 -1.1626 -1.3070 -1.2704 -1.1541 -1.0000

We identify P{z) = 3/z, Q(z) = 3/z%, f(z) =0, and h = {2 — 1)/8 = 0.125. Then the finite
difference equation is

0.1875 0.0469 0.1875
(1+ z )§£+1+ _2+T yi+(1— p )ya'—l ={,

t 1 T

The solution of the corresponding linear system gives

x| 1.000 1.125 1.25¢0 1.375 1.500 1.625 1.750 1.875 2.000
v 15.0000 3.8842 2.9640 2.2064 1.5826 1.0681 0.6430 0.2913 0.000C

. We identify P{z) = —1/z, Q(z) = x~%, f(z) = Inx/1?% end h = (2 —1)/8 = 0.125. Then the finite

difference equation is

(1 _ 0.0625

) Yi~1 = 0.0156 In x;.

i3

0.0156 0.0625
)y¢+1+ -2+ 22 y£-+~(1+

i 1

The solution of the corresponding linear system gives

X3 1.000 1.125 1,250 1.375 1.500 1.625 1.750 1.875 2.000
v | 0.0000 -0.1988 -0.4168 -0.6510 -0.8%92 -1.1594 -1.4304 -1.7109 -2.0000

. Weidentify P(z) = 1—z, Q{z) =z, f(z) = z, and h = (1 —0)/10 = 0.1. Then the finite difference

equation is
[t +0.05(1 — )y + [—2+ 0.01z}w: + {1 —0.05(1 — z)]ys~1 = 0.01x;.

The solution of the corresponding linear system gives

x 0.0 0.1 0.2 0.3 .4 0.5 0.6
v {0.0000 0.2660 0.5087 0.735%7 0.947%1 1.1465 1.3353
0.7 0.8 6.9 1.0

1.514% 1.6855 1.8474 2.0000

We identify P(z) = z, Q(z) = 1, f{z) =z, and h = (1 — 0)/10 = 0.1. Then the finite difference
equation is
{1+ 0.05z; ) g1 — 1.99y; + {1 — 0.052;)t -1 = 0.01x;.

The solution of the correspending linear system gives
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x 6.0 0.1 0.2 0.3 0.4 0.5 0.8
y]1.0000 0.8929 0.7789 0.6615 0.5440 0.4296 0.3216
0.7 0.8 0.9 1.0

0.2225 0.1347 0.0601 0.0000

We identify P{z) =0, Q(z) = —4, f{x) =0, and h = (1 — 0)/8 = 0.125. Then the finite difference
equation is
Yirr — 2.0625y; + v, = 0.

The solution of the corresponding linear system gives

x{ 0.000 0.125% ¢.250 0.375 ¢.500 0.625% 0.750 0.875 1.000Q
y10.0000 0.3492 0.7202 1.1363 1.6233 2.2118 2.9386 3.8490 5.0000

We identify P(r) = 2/r, Q(r) =0, f{r) =0, and h = (4 — 1}/6 = 0.5. Then the finite difference

equation is
0.5 0.5
(1+—)uz-+1—2u,'+ (1~—)u,-_1 =0.
Ti LK
The solution of the corresponding linear system gives

r 1.0 1.5 2.0 2.5 3.0 3.5 4.0

y $50.0000 72.22232 83.3333 S0.0000 94,4444 97.6190 100.0000

(a) The difference equa.tion
1 i = 2 2 i 2) h2
t 2 i ¥t ( + h Qi)yz' 1- 3 i | Yi-1 = ft

is the same as the one derived on page 530 in the text. The equations are the same because
the derivation was based only on the differential equation, not the boundary conditions. If we
allow ¢ to range from 0 to n — 1 we obtain n equations in the n + 1 unknowns y_1, vo, 1, - ..,
Yn-1- Since yy is one of the given boundary conditions, it is not an unknown.

(b) Identifying yo = ¥(0), y—1 = y{(0 — &), and y1 = y(0 + k) we have from (5) in the text

1
ﬁ[yl-y—1]=y'(0)=1 or g —y-1 = 2h.

‘The difference equation corresponding to i =0,
h h
(1 + -2-Po) y1 + (=2 + h*Qo)yo + (1 - EPo) y-1=h*fo
becomes, with y_; = y; — 2h,
h h
(158 )u 2 mQom+ (1 5R) 0n - 20 = 02
or 21 + (-2 + %Qo)yo = hifo + 2k — Po.
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Alternatively, we may simply add the equation y, —y_1 = 2k to the list of n difference equations
obtaining n + 1 equations in the n + 1 unknowns y_1, vo, ¥1, .- ., Yn-1i-

(¢} Using n = 5 we obtain

x 0.0 0.2 0.4 0.6 0.8 1.0
-2.2755 -2.0755 -1.8588 -1.6126 -1.3275 -1.0000

Chapter 9 Review Exercises

2,
\
\
\
Y
A
h=0.21 IMPROVED| 3-TERM RUNGE
x{n) EULER EULER TAYLOR KUTTAa
1.00| 2.0000 | 2.0000 | 2.0000 | 2.0000
1.10| 2.1386 | 2.1549 | 2.1556 | 2.1E56
1.20) 2.3087 | 2.3439 | 2.3446 | 2.3454
1.30 | 2.5136 [ 2.5672 | 2.5680 | 2.5695
1.40| 2.7504 | 2.8246 | 2.8255 | 2.8278
1.50/ 3.0201 } 3.1157 } 3.1167 } 3.1187
h=0.05 IMPROVED| 3-TERM RUNGE
x(n) EULER BEULER TAYLOR KUTTA
1.00 | 2.0000 | 2.0000 | 2.0000 | 2.0000
1.05 | 2.0693 | 2.0735 | 2.0735 | 2.0736
1.10 | 2.1469 | 2.1554 | 2.1555 | 2.1556
1.15 | 2.2328 | 2.2459 | 2.2460 | 2.2462
1.20 | 2.3272 | 2.3450 | 2.3451 | 2.3454
1.25 | 2.4295% | 2.4527 | 2.4528 | 2.4532
1.30 | 2.5409 | 2.5689 | 2.5690 | 2.5695
1.35 ] 2.6604 | 2.6937 | 2.6938 | 2.6944
1.40 § 2.7883 | 2.8269 | 2.8271 | 2.8278
1.45 { 2.9245 | 2.9686 | 2.9688 | 2.9696
1.50 | 3.0690 ] 3.1187 ] 3.1188 | 3.1197
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h=0.1 IMPROVED| 3-TERM | RUNGE
x¢{n) | EULER EULER | TavLor | kuTra
0.00] 0.0000 | 0.0000 | 0.0000 | 0.0000
0.10] 0.1000 0.1005 $6.1000 0.1003
0.20] 0.2010 0.2030 0.2025 0.2026
0.30] 0.3049 0.3092 0.3087 0.3087
0.40| 0.4135 | 0.4207 | 0.4202 | 0.4201
0.504f 0.5279 0.5382 0.5377 0.5376
h=0.05 IMPROVED] 3—TERM | RUNGE
x(n) EULER EULER | TAYLOR | KUTTA
D.00 | 0.0000 | 0.0000 ] 0.0000 | 0.0000
0.05 | 0.0500 | 0.0501 | 0.0500 | 0.0500
0.10 [ 0.1001 | 0.1004 | 0.1003 | 0.1003
0.15 | 0.1506 | 0.1512 | 0.1511 | 0.1511
0.20 { 0.2017 | 0.2027 | 0.2027 | 0.2026
0.25 0.2537 0.2552 0.2551 0.2551
0.30 | 0.3067 { 0.3088 | 0.3088 | 0.3087
0.35 0.3610 D.3638 0.3638 0.3637
0.40 | 0.4167 | 0.4202 { 0.4202 | 0.4201
0.45 | 0.4739 | 0.4782 | 0.4782 [ 0.4781
0.50 | 0.5327 | 0.5378 | 0.5377 | 0.5376
h=0.1 TMPROVED] 3-TERM | RUNGE
x{n} | EULER EULER | TayrLor | rurTA
0.50| 0.500C | 0.5000 | 0.5000 { 0.5000
0.60| 0.6000 | 0.5048 | 0.6050 | 0.56049
.70} 0.7095 | 0.7191 | 0.7194 | 0.7194
0.80]| 0.8283 0.8427% 0.8429 0.8431
6.90| 0.9559 | 0.9752 | 0.9754 | 0.9757
1.00] 1.0821 1.1163 1.1166 1.1169
h=0.05 IMPROVED| 3-TERM | RUNGE
x {1} EULER EULER | TAYLOR | KUTTA
0.50 | 0.5000 | 0.5000 | 0.5000 | 0.5000
0.55 | 0.5500 | 0.5512 | 0.5513 | 0.5512
0.60 0.6024 0.6049 0.6049 0.6049
0.65 0.65%73 0.6609 0.6610 0.6610
0.70 | 0.7144 } 0.7193 | 0.7194 | 0.7194
0.75 0.7739 0.7800 0.7801 0.7801
6.80 | 0.8356 | 0.8430 | 0.8430 | 0.8431
0.85 | 0.8996 | 0.9082 | 0.9082 | 0.9083
0.90 | 0.9657 | 0.9755 | 0.9756 | 0.9757
0.95 | 1.0340 | 1.0451 | 1.0451 | 1.0452
1.00 | 1.1044 | 1.3168 | 1.1168 } 1.1169

400
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8. (h=0.1 IMPROVED{ 3-TERM RUNGE
x(n) BEULER EULER TAYLOR KUTTA
1.00] 1.0000 1.0000 1.0000 1.0000
1.10} 1.2000 1.2380 1.2350 1.2415
1.201 1.4760 1.5910 1.5866 1.6036
1.30( 1.8710 2.1524 2.1453 2.1909
1.40 ¢ 2.4643 3.1458 3.1329 3.2745
1.50] 3.4165 5.2510 5.2208 5.8338
h=0.05 IMPROVED| 3-TERM RUNGE
x{n) EULER EULER TAYLOR KUTTA
1.00 1.0000 1.0000 1.0000 1.0000

1.05 1.1000 1.1091 1.1088 1.1085

1.10 1.2183 1.2405 1.2401 1.2415

1.15 1.3585 1.4010 1.4004 1.40629

1.20 1.5300 1.6001 1.5964 1.6036

1.25 1.7389 1.8523 1.8515 1.8586

1.30 1.9588 2.1798 2.1789 2.1811

1.35 2.3284 2.6197 2.6182 2.6401

1.40 2.7567 3.2360 3.2340 3.2755

1.45 3.3296 4.1528 4.,1497 4.2363

1.50 44,1253 5.6404 5.6350 5,8446

7. Using

Ynel = ¥n + hug, yo=3
Un4l == Un + h(2xu + l)yﬂv =1

we obtain (when h = 0.2) y1 = y{0.2) = yp + hug = 3+ {0.2)1 = 3.2. When 2 = 0.1 we have
yi=yo+01lup=3+(01)1=31
ur = o +0.1(270 + Dyo =1 +0.1(1)3 = 1.3

y2 =y1 +0.1u; = 3.1+ 0.1(1.3) = 3.23.

8, [x(n) | v(n)
0.00 1 2.0000 Jinitial condition
0.1¢ 2.4734 |Runge-Kutta
0D.20 3.1781 [Runge-Kutta
0.30 4,.3925 |Runge-Kutta
6.7689 |predictor
0.40 7.0783 |corrector

9. Using xg =1, y9 = 2, and h = 0.1 we have
z1=1xo+ h{za+yo) =1 +0.1{1 +2) =13

=y +h{zg—ywl=2+01{1-2)=19
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—

and

‘Ta=m +h(zy+41) =13+01(1.3419) =1
w=nthlzr—yn)=19+01{13-19) =1

Thus, £(0.2} & 1.62 and (0.2) ~ 1.84.

We identify P(z) = 0, Q(z) = 6.55(1 + 2}, f(z) =1, and A = (1 — 0)/10 = 0.1, Then t.

difference equation is

Yiv1 + [—2 + 0.0655(1 + )]y + vi—1 = 0.001
or

62
84.

yie1 + (0.0655z; — 1.9345)y; + i1 = 0.001.

The solution of the corresponding linear system gives

x c.0 0.1 0.2 0.3 0.4 0.5 0.6

vy 10.0000 4.1987 8.1049 11.3840 13.7038 14.7770 14.4083
0.7 0.8 0.g 1.0
12.5396  9.2847 4.9450 -0000
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