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Preface

This solutions manual for Discrete-Time Control

Systems, second edition, contains solutions to all B
problems (unsolved problems in the text).

All the materials in the text may be covered in
two quarters. In a semester course, the instructor
will have some flexibility in choosing the subjects
to be covered. If the student has an adequate back-
ground in the vector-matrix analysis, then by leaving
approximately 10 percent of the text material to the
student's self study, most of the important subjects
of the text may be covered in one semester. In a
quarter course, a good part of the first six chapters

may be covered.

Katsuhiko Ogata






CHAPTER 2

B-2-1 -
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B-2-2
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-1 -1 -1
2 z 1+ z
2[k] = —2——, 3 1 =
iR e
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_ 00
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B-2-3.
Method 1: Noting that
z%[te—at] _ 78T, 1
(1 _ e—aTZ-l)Z
we have
i -aT -1
2%[t26—at] _ 2% [__gz_ . —at] _ E?a Te_ Tz_l .
- (1-e?*z)
_ T2e_aT(l + e—a'Tz_l)z_l
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Referring to Problem A-2-2, we have

%l}Ze—at] _ Tze_aTz_l(l + e_aTz_l)
(1 - e—aTz_l)3

B-2-4
3] = 3] - 32 3D]
_ 971 _ 1 N 3
(1-2aH% 1-227F  1-571
- 2 + z_2
(1 - 22793 - z7h
B-2-5. Referring to Problem A-2-4, we have
k
} Z a | = 1 =) X(z)
h=0 1l1-3
where
_ [.h]_ 1
#e) = 2%.La ] 1- az—l



Hence

h=0
e
M k1] I 3 2
Fle]-g (5] 5l ()
_ P z
) (1 - az_l)2 (z - a)2
}[k(k"l) 4] }[%( kl)] i :a[(z:)z}
_ 2z __ (2=
(z-2)°  (z-a)
}/[k(k - 1) (k- h+ 1)ak h]
= %[—_j—k(k ~1)c-«(k - h+2) kh+1]
i = % X(z, a)
X(z, a) = —ihz:~lli3§—
Hence )
%[k(k 1) - -(k-h+ 1)ak‘h] - % X(z, a)
= (h-1)! zh(z - a) 2L = (Zhi :,)h+l
b2-7.  mom igwe 2.8 vetave
x(0) = 0, x(1) = 0, x(2) = 0, x(3) = —31—
x(ll'):-;—, x(k) =1 for k=35, 6,7, ...
Then o
X(z) = Zz x(k) s
k=0



=L ;3,2 z_L'L + 3704 2_6 + 270 4.
3 3
_ _ -5
= —%— (z 34 22 4) + z T
1-3
- 1 z_3+z_u+z_5
3 ZL—znl
B-2-8. By dividing both numerator and denominator by z4, we have

X(z) =5 + 4z-1 + 3272 + 223 + z4

This last equation is already in the form of a power series in z-l. By inspec-
tion, we have

x(0) =5
x(1) = 4
x(2) = 3
x(3) =2
x(4) =1
x(k) =0 k>5

Note that the given X(z) is the z transform of a signal of finite length.

B-2-9
1. Partial-fraction-expansion method:
X(Z) - Z-l(o.s - z—l)' - Z(OoSZ — l)
(1 - 0.5z71)(1 - 0.82-1)2 (2 - 0.5)(z - 0.8)2

Hence,

_X(z) _ _ 8.3333 , 8:3333 2

z z - 0.5 z - 0.8 (z - 0.8)2

or

X(z) = - 823333 8.3333 _ 2z-1

1-0.5271 1 _-o0.82-1 (1 - 0.82-1)2

Thus,

x(k) = -8.3333(0.5)K + 8.3333(0.8)k - 2x(0.8)k-1, k=0, 1, 2, ...

2. Computational solution with MATLAB:




»% MATLAB Program for Problem B-2-9

»

»%0 ----- Finding inverse z transform -----
»

»num=[0 0.5 -1 O];

»den=[1 -2.1 144 -0.32}];

»u=[1 zeros(1,40)};

»X = filter(num,den,u)

Columns 1 through 7

0 05000 0.0500 -0.6150 -1.2035

Columns 8 through 14

-1.9875 -1.9899 -19177 -1.7977 -1.6505

Columns 15 through 21

-1.1733 -1.0265 -0.8915 -0.7694 -0.6606

Columns 22 through 28

-0.4074 -03443 -0.2902 -0.2440 -0.2046

Columns 29 through 35

-0.1193 -0.0993 -0.0825 -0.0685 -0.0568

Columns 36 through 41

-0.0321 -0.0265 -0.0219 -0.0180 -0.0148

-1.6257

-1.4910

-0.5645

-0.1713

-0.0470

-0.0122

-1.8778

-1.3296

-0.4804

-0.1431

-0.0389




x(0) = 1im X(z) = 1lim T z T 5= =0
z —>00 z—oo (1L -2z 7)(1+ 1.3z~ + 0.4z7°)
-1
-1 Z 1
x(e0) = 1im | (1 - z )X(z)|= 1im =
7 1 [ ] Zz >1 1+ 1.3z +0.4z7% 27

Notice that
(2) 2
X(z
(1 -2 5+ 1.3 + 04572
2
Z

(z - 1)(z + 0.8)(z + 0.5)

_ 1 Z Lz 3z
= 2.7<. z-1  2z+0.8 © z+0.5 )

Hence
x(k) = E%? [1 - u(-0.8)F + 3(-0.5)k]
B-2-11.
1. Inversion integral method:
X(z) = 1+t _52 _ 22+ g - 1
! (z - 1)z
Hence

k-1

2
X(z)zk_l _ (= Ezz-—l%;z

For k = O:

2
X(Z)Zk_l _ Z + z ‘21
(z - 1)z
Thus,

2
x(0) = | residue of —EL—i¥E—:§l— at pole z =1
(z - 1)z

z2 + z -1
(z - 1)22

= 13 B z2 +z -1
zla-l [( g (z - l)z2 }

1 . dl| .2 z2 +3 -1
YR lim — |27 ————=—|=1+0=1
2-1): ;50 9= [ (z - 1)22 }

+ [%esidue of at double pole z = O}




For k = 1:
2
X(Z)Zk_l z +z -1

T (z - 1)z

2
_ . z + 2 -1 -
x(1) = [%e51due of - 1)z at pole z 1}

2
+ [residue of —Ezgi:giigl— at pole z = 01

-

2 2
+z -1 . z +z -1
1im |(z - 1) —EL——————-——1 + lim (; —————————-——]
g 1 [ (z - 1)z y ool (z2-1)z

1+1=2

For k=2, 3, 4, ...:

X(z) k-1 _ (z2 + 7z - ZL)zk-2
%)% = —
Hence
2 k-2
x(k) = [residue or {2 * i — %)Z at pole z = 1]
2 k-2
= lim [(z - 1) (2 +3z - 1)z I: 1
z -1
z—>1 4
Therefore,
x(0) =1
x(1) =2
x(k) =1 for k = 2, 3, 4,

2. Computational solution with MATLAB:

»% MATLAB Program for Problem B-2-11

»

»% —--- Finding inverse z transform -----
»

»num =1 1 -1];

»den=[1 -1 O];

»u=[1 zeros(1,40)];

»X = filter(num,den,u)




Columns 1 through 12

B-2-12. 3
X(z) = z = <
(1 - Z—l)(1 _ O.Zz_l) z(z - 1)(z - 0.2)

_ 5 ,_1.25 _ _6.25

Tz z - 1 z - 0.2
Hence

k-1 _
x(k) = 5 So(k - 1) + 1.25 - 6.25(0.2) for k =1, 2, 3, ...

That is,

x(k) =0 for k =0, 1, 2

= 1.25(1 - o.2k'2) for k =3, 4, 5, ...
B-2-13
%(z) = 14 6575 4 570 _ 20+ 6m + 1
(l _ Z—l>(l _ O.ZZ—l) Z(Z - l)(Z = 0-2)

1 _ (23 + 6z + l)zk_l
T z(z -1)(z - 0.2)

X(z)zk_



For k = 0:

o.z}

3
X(Z)Zkl— z7 + 6z + 1
z (z - 1)(z - 0.2)
Hence
3
x(0) = | residue of 5 2+ bz + 1 at double pole z =
z7(z - 1)(z - 0.2)
_ 3 -
+ | residue of > z” + bz + 1 at pole z = 1
i z (z - 1)(z - 0.2)
B 3
+ | residue of > z” + 6z + 1 at pole z =
i z7(z - 1)(z - 0.2)
_ 1 11 _d 22 + 62 + 1
Sz -1 Z_fo dz | (z - 1)(z - 0.2)
& 1ip 20 + 6z + 1 + lim 2> + 67 + 1
251 2°(z-0.2) | z+02| 25z -1)
=60+ 10 - 69 =1
For k = 1:
X(Z)Zk—l _ 23 + 6z + 1
" z(z - 1)(z - 0.2)
Hence
3
x(1) = | residue of 2+ 6z + 1 at pole z = 0
z(z - 1)(z - 0.2)
3
. z7 + 6z + 1 _
+ [re51due of z(z < ) (z - 0.2) at pole z = l}
3
. z” + 6z + 1 _
+ [re51due of z2(z - 1)(z = 0.2) at pole z =
= 1im 20 + 6z + 1 + 1in 23 + 6z + l]
2 >0 (z - 1)(z - 0.2) 7 1 z(z - 0.2)
3
+ lim [Z +6Z+1]=5+1O—13.8=1.2
z(z - 1
z »0.2
For k =2, 3, 4, ...:

-1 _ (ZB + 6z + 1)z5 7
T (z -1)(z - 0.2)

(23 + 6z + :L)zk—2
(z - 1)(z - 0.2)

X(z)zk

x(k) = [residue of at pole z = 1}

3 k-2
+ Lresidue of K? + 6z + l)z

(z - D(z - 0.2)

at pole z = O.Z:I



- 1lip [KZB + b6z + l)zk_z} + lim [KZB + bz + l)zk_z}

z =1 z - 0.2 Z 0.2 z-1

10 - 2.76(0.2)57%

In summarizing, we have

x(0) =1
x(1) = 1.2
k-2

x(k) = 10 - 2.76(0.2) for k =2, 3, 4, ...
B-2-14
1 Direct division method:

-1 -3 _ _
X(z) = 2 & I = 2 L 3z 34 52_5 Sl e
1+2z2 + 3z

Hence

X(O> =0, X(l) =1, X(Z) = 0, X(B) = =3

x(4) =0, x(5) = 5, x(6) = 0, x(7) = =7, ...

2. Computational solution with MATLAB:

»% MATLAB Program for Problem B-2-14

»

»Po —--- Finding inverse z transform -----
»

»num=[0 1 0 -1 O];

»den=[1 0 2 0 1]

»u=[1 zeros(1,40)];

»x = filter(num,den,u)

Columns 1 through 12

0O 1.0 3 0 5 0-7 0 9 0-11

Columns 13 through 24

0 13 0-15 0 17 0 -19 0 21 O -23

10



Columns 25 through 36
025 0-27 0 29 0 -31 0 33 0 -35
Columns 37 through 41

0 37 0 -39 0

B-2-15 >
_0.368z" + 0.478z + 0.154
x(z) = 5
(z - 1)z
k-1 _ (0.368z2 + 0.478z + o.152+)zk'l
X(z)z = 5
(z - 1)z
For k = 0: >
k-1 _ 0.368z° + 0.478z + 0.154
X(z)z = 3
(z - D=z
2
x(0) = [residue of 0.368z" + 0'47823+ 0.154 at triple pole z = O]
(z - 1)z
68z° + 0.4 1
+ [;esidue of 0.3682z" ~+ 0. 7823+ 0.1 at pole z = %J
(z - 1)z
2 2
_ 1 1im d [ 0.368z" + 0.478z + 0.154 ]
G- [0 o2 z - 1
2
+ lim [ 0.368z° + O.LBVPBZ + 0.154 :l e 14+1=0
z »1 z
‘For k = 1: »
X(Z)Zk_l - 0'3682 + 014782 + 0-1524‘
(z - 1)z
Il 2 =
_ 1 . a 0.368z" + 0.478z + 0.154
O A ) dzL z - 1
2
+ 1lim [ 0.368z" + 0'3782 + 0.154 J = -0.632 + 1 = 0.368
z >1 z
For k = 2:

2
x(2)2 L = 0.368z zzol4Z§2 + 0,154

11



2
x(2) = 1lim ( 0.368z +ZO:4§82 + 0.154 ]

z »0 L

+ 1in [-0.36822 + 0.4787 + 0.154

z =1 z

] = -0.154 + 1 = 0.846

For k = 3, 4, 5, ...:

X(z)zk_

1 (0.3682° + 0.478z + 0.154)z573
- z -1

x(k) = 1lim [(0.36822 + 0.478z + 0.154)zk_3] =1

z -1

In summary, we have

x(0) =0
x(1) = 0.368
x(2) = 0.846
x(k) =1 for k = 3, 4, 5,
B-2-16.
Case 1:
u(k) =1 for k =0, 1, 2, ...

=0 for k<0

The z transform of the given difference equation is

22X(z) - 1.32X(2) + 0.4X(z) = U(z) = — 2 .
or
X(z) = z - __l6.66662_+ 6.6666z + 10z
(z - 0.8)(z - 0.5)(z - 1) z-0.8 =z -0.5 z -1
Hence
x(k) = -16.6666(0.8)K + 6.6666(0.5)K + 10 for k =0, 1, 2, ...
Case 2:
u(0) =1
u(k) =0 fork #0

The z transform of the given difference equation is

(z2 - 1.3z + 0.4)X(z) =U(z) = 1
or

X(z) = 1 _ 3.3333 _ 3.3333
(z - 0.8)(z - 0.5) z-0.8 4 -0.5

12



Hence,

x(0) 0

x(k)

Computational solution with MATLAB:

»% MATLAB Program for Problem B-2-16 (Part 1)

»

»% ----- Unit-step response -—--
»

»pum=[0 0 1];

»den=[1 -13 04];

»u = ones(1,41);

»v=[0 40 O 15];

»axis(v);
»k = 0:40;
»X = filter(num,den,u);
»plot(k,x,'0")
»grid
»title("Unit-Step Response’)
»xlabel('k")
»ylabel(*x(k)")
15 Unit-Step Response
10 -—---..........; .............. .g. ............ é'é‘ﬁ'@'iﬁ{é'ﬂ'ﬂ'ﬂﬂ'é'e'ﬂ'ﬂ'ﬁ'é'cla"a'&é'g'a'g'a'ﬂ
: : B : : : :
- 57" :
~4 Qo :
=1 oo :
Q :
‘o :
S5hc, O SO SOOI OO OO SOUURR SR _
o
o
0 ;
0 5 10 15 20 25 30 35 40

13

3.3333(0.8)k-1 - 3.3333(0.5)k-1, fork=1, 2, 3, ..



»% MATLAB Program for Problem B-2-16 (Part 2)

»

»% --—- Response to Kronecker deita input ——
»

»num =[0 0 1};

»den=[1 -13 04];

»u=[1 zeros(1,40)];

»v=[0 40 -1 2];

»axis(v);

»k = 0:40;

»X = filter(num,den,u);
»plot(k,x,'0'.k,x,'-")

»grid

»title('Response to Kronecker Delta Input')
»xlabel(’k")

»ylabel('x(k)")
»
Response to Kronecker Delta Input
5 10 15 20 25 30 35
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B-2-17.
x(k +2) - x(k+ 1) + 0.25x(k) = u(k + 2)

The z transform of this difference equation is
2 2
[z X(z) - z7x(0) - zx(l)] - [zX(z) - ZX(O).I + 0.25%(z)
= zzU(z) - zzu(O) - zu(1)

Substituting the initial data into this last equation, we get

(z° - 2z + 0.25)X(z) = —
or
3
X(Z) = 22
(z - l)(z - Z + 0.25)
_ _ b= _ 3z ~ 0.5z
z - 1 2-05 " (5 0.5?2

Hence
x(k) =4 - (3+K)(0.5%  fork=0,1,2, ...

Computational solution with MATLAB:

»% MATLAB Program for Problem B-2-17

»

»%o —--- Unit-step repone -——---
»

»num=[1 0 O];
»den=[1 -1 0.25];

»u = ones(1,41);

»v=[0 40 0 5];
»axis(v);

»k = 0:40;

»X = filter(num,den,u);
»plot(k,x,'0")

»grid

»title("Unit-Step Response’)
»xlabel('k")

»ylabel('x(k)")

15



Unit-Step Response

5 T
4 T ;..,.:;.g.‘:l.a,é.g.Qaﬁ.é.o.e-@@.é.a.a.‘zg @.é.c’.g.@Gé.e.o.a.@é.o.g.g.@‘*
,3? : : M g : M
o :
i 3 St S U SO SRR U S-SR .
—~ o
= :
= :
2o e PO SO SO -
Tt ........................................ i
0 i H
0 5 10 15 20 25 30 35 40
k
B-2-18

x(k + 2) - 1.3679x(k + 1) + 0.3679x(k) = 0.3679u(k + 1) + 0.2642u(k)
The z transform of this equation is
sz(z) - ZZX(O) - zx(1) - 1.3679 [éx(z) - zx(o)] + 0.3679%(z)
= 0.3679 [20(z) - zu(0)] + 0.2642 U(z)
Noting that x(0) = 0 and x(1) = 0.5820, we have

(z2 - 1.3679z + 0.3679)X(z) = (0.3679z + 0.2642)U(z)

oxr
X%zg __0.36795"% + 0.264257"
utz 1 - 1.36792 7 + 0.3679272
Since
U(z) = 1.5820 - 0.5820% "
e have 0.5820z "% + 0.203827% - 0.15382 72
2(z) = 2 . .

1- 1.3679z‘l + 0.3679z'2

0.58202 L + 272 4 273 4+ . -

16



Hence

x(0) =0
x(1)

x(k)

0.5820
1 for k =2, 3, 4, ...

Complitational solution with MATLAB:

»% MATLAB Program for Problem B-2-18

»

»pum = [0 03679 0.2642];
»den =[1 -1.3679 0.3679];
»u=[1.582 -0.5820 zeros(1,24)};
»v=[0 25 0 2}

»axis(v);
»k = 0;25;
»Xx = filter(num,den,u);
»plot(k,x,'0")
»grid
»title('Reponse of System to Arbitrarily Specified Input')
»xlabel(’k")
»ylabel('x(k)")
» Reponse of System to Arbitrarily Specified Input
1.5k i, ...................... ..................... ]
s;: 1 EPTNN g..e...,:..é,..o...;:....g...,:_';...gf,..@...;:...@...,:‘..é...o..&..g..ng..é..e...5_',..@....3...!
052, ...................... ..................... -
O é -
0 S 10 15 20 25
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CHAPTER 3

B-3-1. When the switch is closed, the input voltage is transmitted to the
output. Assume that the switch stays closed for a period kT £ t< kT + 4,
where A is very small compared to the sampling period T. The transfer

function for this closed period is

R
M(s) _ 0 L1
E(s) ~ Ry(RCs + 1) + R, ~ R.Cs + 1 (R{ < Rj)

The charge up time constant R;C must be very small so that the capacitor will
be charged to voltage e(kT) almost instantaneously.

Whenh the switch is open, the hold capacitor C will start discharging
through the resistor RO. The output voltage will decay exponentially, but

if R.C is large compared to the sampling period T, the circuit will appear
to hdld the voltage e(kT) for the time period kT < t < (k + 1)T. Thus,

m(t)

Hence the circuit acts as a zero-order hold.

olls

e(kT) KT < t< (k+ 1)T

B-3-2. The differential equation for the circuit is

RCX + X = e

For kT £ t < (k + 1)T, e(t) = e(kT) = constant. Thus, we have

RCx + x = e(kT) kT £ t < (k + 1)T

Taking the Laplace transform of this last equation and considering t = kT to
be the initial time, we obtain

RC [sX(s) - x(k’I‘)] £ x(s) = &)

S

or

X(s) = mor T [eﬂf) + RCX(kT)] - el B [;glfi - ()]

The inverse Laplace transform of this last equation is

x(t) = e(kT) + [x(kT) - e(k’I‘)] e ﬁ'é“(t -KD) g t< (k41T

Substituting t = (k + 1)T - 0 into this last equation, we obtain the desired
difference equation as follows:

18



B-3-3.
hold can be sketched as shown in the figure below.

curve y(t) is

y(t) = (¢t - T)1(t - T) + TI(t - T)

y(t) A

y(t)

x(t)=1t

| l | ! ! .

0 T 2T 3T 4T 5T 6T t

The Laplace transform of this last equation gives

Y(s) = 1 oTs 4 L qe-Ts = ¢-Ts L+ TS
g2 s g2

The Laplace transform of the pulsed unit-ramp function

x*(t) = 2. kT3 (t - KT)
k=0
is

X*(s)

=0

Te—TS
( 1 - e—TS ) 2

Hence, the transfer function of the first-order hold is

e-TS(7s + 1)/s2

For the unit-ramp input x(t), the output y(t) of the first-order
The equation for the

-
2% kTeKTs = Te-TS + 27e-2TS 4 37e-3TS 4 . . -

Te-TS/(1 - e-TS)2 T

Ts + 1 (1 - e Ts

S

)2

B-3-4.
1. Residue method:

X(z) = [residue of ——KKEQEE— at pole s =
z - e

T

]

at pole s = —2}

+ [residue of ——zjfil*—-
Z_

Z
Ts
e

19



= 1lim [(S +1) (s +§i§72 +2) —ZeTs ]

s » -1

+ lim [(s *2) 73 +81§(g ¥2) i _Ts ]

s = -2

2z Z _ 2 1

T -2T T -1 2T T

Z - e Z - e l-e "z 1

1+ e—T(l - 2e_T)z_l
(1 - e—Tz_l)(l - e_ZTz—l)

2. Method based on impulse response function:

2 1
+

X(S) = (S + i)?53+ 2) R 1 s + 2

The inverse Laplace transform of this‘equation gives

x(t) = 2e - 72t
Hence
2 1
X(z) = e -
1-e Tt 1 - e 2Ty
1+ e_T(l - 2e_T)z—l
(l e Tz_l)(l =27 l)
B-3-5.

X(s) = (s + a)%s ¥ b) D % a ( s i a s 1 b )

1. Residue method:

X(z) = [residue of ——§£§1%5~ at pole s = -
z - e

o]

1im (:(s + a) (S + a)%s + b) Z —ZeTS ]

|
®
(|

0]

+ [%esidue of ——§£§l%g— at pole
Z - e

S > -a
K Z
+ lim  |(s + D) ]
o = b [ (s+a)(s+d) _ _ oIS
_ K z + X Z
b - a 5 - e—aT a-b 5 - e-bT
e o)
b-a | _ oal-1 | _ b -1
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2. Method based on impulse response function:

_ K -at _ _-bt
x(t) = =K (2 - oY)
Hence
K 1 1
X(z) = — — >
b -a < N R g
B-3-6
-Ts
X(S)= 1—se 1 5
(s + a)
-
-1 1
X(z) = (1 -2 ) E} —
s(s + a)
1 (1 1 1 1 1 1
=(1-2 ) z% - -
i a2 s a2 s + a a (s + a)z
1 1 1 1 1
=(1-2"7) — -
2 1,1 T2 ar 1
A Ta._aTz—l
a (1 e—aTZ—l)Z
- 1
1 (1-e aT) 1 1 _(A-= l)Te aT
= : s
a2 1 - aT -1 a (1 aT 1)
B-3-7

y(k + 1) + 0.5y(k) = x(k), y(0) =0

The z transform-of this equation is

z¥(z) - zy(0) + 0.5Y(z) = X(2) = 54—

Solving this equation for Y(z), noting that y(O) = 0, we obtain

_ 7z A— 1 7z 1 2
(2) =505 G -1 - 1.5 2705 t1.5 7 -1

Hence

1}

s = - 25 (0.5 ¢ 25 =2 [1 - (0.5

Computational solution with MATLAB;




»% MATLAB Program for Problem B-3-7

»num = [0 1];
»den=[1 0.5];

»X = ones(1,41);
»v=[0 40 0 1.2];
»axis(v);

»k = 0:40;

»y = filter(num,den,x);
»plot(k,y,'0")

»grid

»title("Unit-Step Response')
»xlabel('’k")
»ylabel('y(k)")

1.2

Unit-Step Response

V67 SORSRSTUE OSSO N S— SR S— S—— e -

e

— @ o000 0000000050000500000000080000
:; 0-6— ........ g..; .............. E .............. S .............. E .............. E. ............. E ............. 3. ............ -
Q : : : : : : :
04F.oennnn. N O e Do P EI T .
0.2k s i, Lreeeriiniaa. Mrrereneanans e Teriie, .

vk + 2) + y(x) = x(k), y(k) = 0 for k<0
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Since x(k) is a unit-step sequence, we have
z
X2) = 2—7

The initial data are

y(0) = x(-2) - y(-2) = 0, y(1) = x(-1) - y(-1) =0
Hence
2 _ _ Z

z°Y(z) + ¥(z) = X(z) = -1

or -
1 z 1 1+ 2 1
- IEWEYY. RO
Fr1 21 2 l+z _ gt

from which we obtain

Y(k)=—%<cos—k2ﬁ+sink—27‘:—l> kK=0,1, 2, ...

Computational solution with MATLAB:

»% MATLAB Program for Problem B-3-8

»

»% ----- Unit-step response ---—-
»

»oum=[0 O 1};
»den=[1 O 1];

»X = ones(1,41);

»v=[0 40 0 1.2};
»axis(v);

»k = 0:40;

»y = filter(num,den,x);
»plot(k,y,'0")

»grid

»title("Unit-Step Response’)
»xlabel('k")

»ylabel('y(k)')
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12 Unit-Step Response
1 - -@G ....... a.@. ------ Q'C‘ ...... G.G ...... .E}G..;.....a.& ...... 00 ...... Q.G ...... .@G ....... E!-E}—
0.8 _, ............. ............. ............. I s SO S -
Z 0.6l ion S S S S S e 1
® 0° : s : z : § :
1321 SRR SR S T S T S |
0.2 r .............. ............. ............. ............. ............. ............. ............ -
Ot-5 % S . S = ”" L S5 3
0 5 10 15 20 25 30 35 40
k
B-3-9.
y(k) - ay(k - 1) = x(k) -l<a< 1

The z transform of this equation is

Y(z) - az_lY(z) = X(z)

Hence
Y(z) = __Eﬁzl_:i_
1-az ™
Then
_ Y=z _ 1
G(z) = ng; - -1
1l - az

and the weighting sequence g(k) is given by

k
gk) = a
If two systems which are described by the given difference equation are
connected in series, then the weighting sequence go(k) of the resulting
system can be obtained as the inverse z transform of
-1
1 1 z
G,(z) = =z
0 1-azt 1-az?t (1 - az 1)2

or



B-3-10. The z transform of the given difference equation is

Y(z) - z_lY(z) + O.ZQZ_ZY(Z) = X(z) + Z_lX(Z)

from which we get

-1
Y(z) 1+ z
G = =
(=) = x(a) 1 -2t 4028272
- 8 - 7
1 - O.6z_l 1 - 0.42-1

Hence, the weighting sequence g(k) is
k
g(k) = 8(0.6)% - 7(0.4)k

For the unit-step sequence input we have

X(z) = —L

1- z‘l
and the output Y(z) becomes
-1
¥(z) = 1-1 - ) : 1
1 -2 7 + 0.24z 1-2
_ 14 1 i 12 , 25 1
3 1.0zt 100657t 3 1.5

Thus,

_ 14 k k 25
y(k) = 3 (0.4)" - 12(0.6)" + 3

where k = 0, 1, 2,

Computational solution with MATLAB:

»% MATLAB Program for Problem B-3-10

»%0 ----- Unit-step response ---—
»

»num=[1 1 O];

»den=[1 -1 0.24];

»X = ones(1,41);

»w=[0 40 0 10];

»axis(v);
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»k = 0:40;
»y = filter(num,den,x);
»plot(k,y,'0")
»grid
»title('Unit-Step Response")
»xlabel('k")
»ylabel('y(k)")
10 " Unit-Step Response
8k QOGC’GODO°°°°”°9°°°°”°°°°°°°°°°°°°_*
80 : : : : :
o :
6. D U SRR SRRSO . ........................................ -
3 :
= o :
Al e e e e, T - i
o :
21 IS S S A SR S N R |
OT F i
0 5 10 15 20 25 30 35 40

-1
Y(z 1 - 0.5z
G = =
(=) ngg (1 - 0.3271)(1 + 0.727h)

where

The output Y(z) is given by

1-0.507+ 1
(1-035@+0.721) 1-z

Y(z)

-1

3 1 L, b2 1 50 1

+
35 1 032t 8 1ot 19,1
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Hence

b2
85

y(K) = =2z (0.3)" +

Computational solution with MATLAB:

Wk

(-0.7)" +

20
119

»% MATLAB Program for Problem B-3-11

»

»

»nmum =[1 -0.5 0];
»den={[1 04 -0.21];
»X = ones(1,41);
»v=[0 40 0 1];
»axis(v);

»k = 0:40;

»y = filter(num,den,x);
»plot(k,y,'0")

»grid

»title('Unit-Step Response')

»xlabel('k")
»ylabel('y(k)")
1 Unit-Step Response
0.8k e ................................................................................................. i
0.6L..c....... STV SR SRR SO SORRE ST SRS -
o
o :
0.4 e, el0f00820000000200000020080202.0.0009
2
o :
02b. SOV SN SO SOROTTON: ORI ZSUR PR -
0 : 5 a : z :
0 5 10 15 20 25 30 35 40
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- 1 _ 1 1
¥(s) = (s+1)(s+2) Xx(s) = (3T - 5% z¥(s)
By taking the starred Laplace transform of this last equation, We obtain

1#(s) = () ¥x(s) - (o5 )¥x(s)

s +
Hence
1 1
(=) =7 I—?rl—} X(2) - }[*S—J,TJ x(2)
-1 _ 1
= 71 X=) 27 1 X=)
1 -¢e 'z 1 --e Z
Since
1
X(Z) = 1
1 -2z
we have
1 1 1 1
Y(z) = = = - S -
1l -e Tz 1 1 -2z 1 1--¢e ZTZ 1 1-2z 1
_ et 1 L1 1
e T _1 1-¢T,71 1-eT 1_g1
A 1 1 1
-2T o1 1 - e—ZTZ—l 1 - e—ZT 1 Z—l
Hence
-T =27
e -T\k 1 e -2T\k 1
y(61) = — (e - =T ~ 2T (e ™) - 2T
e -1 1-e e -1 1l -e

For T = 0.1 we have

y(k) = - 9.5083(0.9048)% + 4.5167(0.8187)K + 4.9917

B-3-13
_0.520 + 0.41272° + 0.17477 - 0.0874
H(z) =
73
= 0.5+ 0.41272 1 + 0.17472 7% - 0.0874z ">
Hence
h(0) = 0.5
h(1) = 0.4127
h(2) = 0.1747
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h(3) = -0.0874
h(k) = 0 for k = 4, 5, 6, ...

Noting that

u(k) =1 for k =0, 1, 2, ...
and Kk
y(®) = ). h(k - D)
3=0
we have 0
y(0) = ) 10 - 3)u() = h(0)u(0) = 0.5 x 1 = 0.5
3=0
1
y(1) = 2 h(1 - 3)u(s) = h(1)u(0) + h(0)u(1)
3=0
= 04127 x 1 + 0.5x 1 = 0.9127
2
y(2) = ), h(2 - 3)u(3) = b(2)u(0) + h(1)u(1) + h(0)u(2)
j=0
= 0.1747 x 1+ 04127 x 1 + 0.5x 1 = 1.0874
3
y(3) = ) 803 - Hu(3) = n(3)u(0) + h(2)u(1)
j=0

+ h(1)u(2) + h(0)u(3)
= -0.0874 x 1 + 0.1747 x 1 + 0.4127 x 1 + 0.5 x 1

=1
L

y(#) = ). B - 5)u(3) = 8E)u0) + w(3)u(1) + h(2)u(2)

3=0

+ b(1)u(3) + h(0)u(t)
=0x1-0.0874x1+0.1747 x1+ 0.4127 x1
+0.5x1=1

y(k) =1 for k = 5, 6, 7, ...
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B-3-14. Since

oo
Y*(s) = —=— 27 G(s + j @ gK)X*(5 + j &) k)
and T
=— 00
o0
X*(s) = = > X(s + j wgh) + - x(0+)
T 2
h=-ce
we have oo
* . _ 1 . . 1
X*(s + j a k) = Z X(s + jawgh + jawgk) +TX(0+)
h=-x
By letting h + k = m, we obtain
oo
: _ 1 ; 1 -
Xt(s + J W k) = . X(s+ jwen) + —-x(0+) = X*(s)
m=-— o

Substitution of this last equation into the expression for Y*(s) gives

- -4
Y*(s) = —%7-221 G(s + j Wk)X*(s)
=— 0
Since G*(s) can be given by
00
G*(s) = - G(s + j W gk)
T Kk=-— o0
we obtain
Y*(s) = G*(s)X*(s)
B-3-15. From Figure 3-67 we obtain
a(s) = G(s)E*(s)
E(s) = R(s) - HZ(S)M*(S>
M(s) = Hl(s)G(s)E*(s)

By taking the starred Laplace transforms of the preceding equations, we
obtain

c*(s) = G*(s)Ex(s)
Ex(s) = R*(s) - HZ*(S)M*(S)
w*(s) = [GHl(s)]*E*(s)
Hence
E*(s) = B*(s) - Hy*(s) [GHl(s)] *B%(s)
(o) o R¥(s)
d B*(s) 1+ H,%(s) [:GHl(s):l*
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G*(s)R*(s)

C*(s) =
1+ Hy(s) [GHl(s)]*
Thus,
Cx(s) _ G*(s)
BLe) T 1w () [y ()] >
c(z) _ G(z)
R(2) 1 + Hy(2)GH (2)
B-3-16 -
G(z) = % LGho(s) = :|: (-2 }[_S('SK—+5)—}
e i e OIS
Then
c(z) _ __a(z) _ K - et
R(2) 1+ 6(2) a + [K - (xk + a)e—éjz—l
B-3-17
c(s) = GZ(S)M*(S)
M(s) = Gl(s)E*(s) - GZ(S)M*(S)
E(s) = R(s) - H(s)G,(s)Mx(s)
Hence
M*(s) = Gl*(s)E*(s) - Gz*(s)M*(s)
B*(s) = R*(s) - [ch(s)]*m*(s)
Thus,
M (s) = Gl*(s){R*(s) - [ch(s>]*m*(s>} - G*(s)M*(s)
(o) - Gl*(s)R*.(s)
1+ G *(s) [HGZ(S)J* + G*(s)
Since
C*(s) = GZ*(S)M*(S)
we have
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Gl*(s)Gz*(s)R*(s)

1 + Gy*(s) [ng(si]* + Gy*(s)

c*(s) =

i G,(2)G,(2)R(2)
c(z) = 1 + G1(2>HG2(Z) + GZ(Z)

The continuous-time output C(s) can be given by

¢(s) = GZ(S)M*(S)
Thus
) G, (8)G*(s)R*(s)
¢(s) = 7= G *(s) [HG,(S)]* + G,*(s)

(1- 2"
Since T = 1, We have
-1
Kz
G(z) = =
1-2 1
Hence
c(z) _ ___G(=) _ k2L
R(z) 1+G(z) 1+ (kK - 1)zt
Since
1
R(z) = ——
1-2
we have
-1
Kz 1
C(z) = 1 =)
1+ (K-1z 1-2
= : T 7 - 1
1+ (K- 1)z 1-2
The inverse z transform of C(z) gives
e(k) = - (1 -x)F+1

The output sequence c(k) will converge to 1 if 0 < K< 2.  Otherwise, c(k)
approaches infinity as k approaches infinity.
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Continuous-time output c(t): From Figure 3-70 we have

-Ts
_[ K 1-¢
o(s) = (- 22— ) mx(s)
E(s) =R(s) - C(s)
Thus
E*(s) = R*(s) - 0*(s)
-Ts
_ (K _1-¢e *
= e(s) - (L 2t (o)
or
E*(S) = R*(SL T x
K 1-¢ °°
1+ ( S S )
Hence
K 1-e 'S
- S 5 *
C(S) - X 1 Ts x* R (S)
1+ ( - © )
S s
Since
-Ts -1
}/[I; 1 —Se \l= (l _ Z_l) 5/ K2 = Kz —
. s 1l-2
by substituting z = eTS = ¢° into this last equation, Wwe obtain
<K 1 -8 >* __ke®
s S 1 - ¢S
Therefore,
-s
X l-e
c(s) = 5

s 14+ (K -1)e®

—% [1 - Ke ® + k(K - 1)e'ZS - k(X - 1)2e'3s + e ]
S

The inverse Laplace transform of this last equation gives
2
c(t) =Kt - K (t - 1)1(t - 1) + KZ(K - 1(t - 2)1(t - 2)

2 2
- K5 (K - 1)%(t - 3)(t -3) + - -
B-3-19. Since T = 1, wWe have
Ts

G(z) = %li : _se— s(s -]i- 17]




-1 -1 -2

e 7z - 2e 2_2 + z
(1 - z_l)(l - e—lz—l)

1

Hence
C(z) __ G(z) _ elat - 2e7la? 4 57
R(z) 1+ G(2) 1 - Z_l _ e_lZ_z R Z_2
For a Kronecker delta input
R(z) =1
Hence
C(z) = Z (T -2l 4 2 27(0.3679 + 0.264227)
1ozt e (1o e 1-214+0.6321 57%
-1
- O-3679z'l< 10 )
1-2 " + 0.6321z
-1 0.6182z"%
+ 0.7250z i Z .
1-2~ +0.6321z

The inverse z transform of this last equation gives
(k) = 0.3679 (0.7951)% 1 cos(0.8907(k - 1))
+ 0.7250 (0.7951)% T s1n(0.8907(k - 1))

Notice that

c(0) =0
c(1) = 0.3679
c(2) = 0.6321
c(3) = 0.399%
B-3-20. From Figure 3-72 we obtain
¢(s) = G(s)E(s)
E(s) = R(s) - B(s)
~-Ts
B(s) = l-e " o*(s)

s
Thus

6(2) = G(e) [2(s) - ()] = G()R(e) - 6() L ca(s)
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Hence

c*(s) = [GR(S)]* - [C—(s) 1—;25—]* cx(s)

or

[cr(s)]*

1 - e—Ts *
+ G(S) ——S————
Note that for T = 0.2 we have

o] o- ]

-1
) =N _ _0.1813z
=(1-2 ) E%’[ s(s + 1) ] 1 - 0.81872_l

C*(S) =

and
[er(s)] = =[—s—11— %J )
or -1
GR(z) = ?i18132 —~
(L -2z 7)(1 - 0.8187z )
Hence 1
o(z) = 0.1813z

1 - 1.63752° % + 0.63752°%

0.1813z 7L + 0.2968272 + 0.37052™> + 04174z 4 « « .

The final value c(o9) can be obtained as follows:

c(ee) = lim P(l - z'l)c(z)]
z »1 *“-

j 1
= 1lim (1 _ Z—l) 0.18%§Z —
z -1 (L -0.63752 )(L -2z ™)

B-3-21
K -
M(z) = _1—_I_z‘—1_ [7(2) - c(a)] - [KP + 0 - 5] o(a)
c(z) = G(z)M(z)
K
= G(z) = R(z) - G(z) [ + K+ Kb(l -z } c(z)
1- 1 -
Thus
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G(z) 1
¢(z) -z
R(z) K
I -1
1+G(z)[l_ _1+KP+KD(1—Z )]
B-3-22.
1. Direct programming: The z transform of the given difference equation
becomes
Y(z) + a z_lY(z) + a z—ZY(z) = b.X(z) + b z_lX(z)
1 2 1 2
Thus

> Y@
X(®) r;:ﬂ’
1 !
2. Standard programming:
Y(z _ -
H%z; B b1 + b,z
H(z) 1
X(z) - -2
1+ alz + azz
, 2 ,
. 1241
X(® - Y@
\452\, ‘lg—q o 2] : I s bz
a; p—
a
=2zr
3. Ladder programming:
-1 2
v(z) _ bl + bzz B blz + bZZ
X(z) ~ -1 -2
1+ alz + azz z  + alz + a,
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= A +
0 B.z + 1
1 1
A+
1 Bz + 1
2 A2
where
AO = bl
1
B =
1 b2 - albl
o - b2 - albl
. a2b1 + a
b2 - albl 1
2% s
. b2 albl 1
2
2% - 20y .
a.b
a2b1 21
+ a
b2 - alb1 1
1 _ -1
A2 b2 - alb1
a.b + b1
21 + a
b2 - albl 1
X&) Y®
4] % -
! o 7]
B; =
/
A - A
! A
/ =i
32 £
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B-3-23.

Series scheme: -1 -1
1+ 0.1z l+z
G(z) =2 1 -1
1-0.2z 1+ 0.6z
X@ Y&)
2 | >z 0.7 | Z ;®—->-

0. ‘ || '
2 0.6 |
Parallel scheme: 5 9
G(z)=—§- T—l"' 2 -
1+ 0.6z 1-0.2%
£
3
X e
‘O > Z"/ > % D~
0.6 =
I 14
,%;() x/ >
0.2 |-
Ladder scheme: 2
G(z) _ 2; + 2.2z + 0.2
z 4+ 0.4z - 0.12
1
SE 1 zZ + =
1.4 49 + 1
3T, L
28 20
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X&) Y®
2 ‘@ >
4
i
3 Y
*__j “E3 > 71
A
1l
20
B-3-24. From Figure 3-63, we have

V(z) = —%&-(1 - z7H)x(2)

When the input x(k) is a unit-step sequence,

1

Xz) = 7=

Hence,

V(z) = == (1 - z-1) =
T 1

The inverse z transform of V(z) gives

v(0) = 1

v(k) =0, k=1, 2, 3, ...

The output v(k) versus k is shown below.
V) b

L
T

39



or

From Figure 3-73 we have

Y(z) T
X(z) 1-2z1
Y(z) = T

Note that in Problem A-2-4 we showed that

Hence

k

Tot

x(hil = —I—:l;:I‘ X(z)

- T - k j
Y(z) = ﬁX(Z) = T 9« hZJO X(hT)J

The inverse z transform of this last equation gives

y(KT)

h=0

k
T >, x(hT)

T[x(0) + x(T) + - - - + x(kT)]

Thus, y(KT) approximates an area made by the input. [Note that y(0) is Tx(0).]
The system acts as an integrator.

When the input x(kT) is a unit-step sequence,

y(XT)

T(1 + 1 +

T[x(0) + x(T) + - -+ + x(kT)]

-+ +1) = T(k + 1)

A plot of the output y(kT) versus kT is shown below.

YT b
Tr 4
3T °
27 | o
T ¢
t i | —
o 7 27 ST kT
B-3-26. From Figure 3-74, we obtain
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e o ()

X(z) 1-2z1
Hence,
Y(z) = T —2Z1  x(2)
1-21
In Problem A-2-4 we showed that
[ k-1
— 71
?} Y. x(h) | = —EF——x(2)
1 - z-1
| h=0
Hence, -
o1 k-1
— —— - N7
¥(z) =T ——"——X(z) = TZ; 7. x(hT)
=0
The inverse z transform of this last equation gives
(k-1 j
y(kT) = T ZZ x(hT)
= T[x(0) + x(T) + - -~ + x((k - 1)T)]
or
y(0) =0
y(T) = Tx(0)
y(2T) = T[x(0) + x(T)]
y(3T) = T[x(0) + x(T) + x(2T)]

.

-

The output approximates the area made by the input. The output y(KT) versus
kT when the input x(kT) is a unit-step sequence is shown below.

)
4T °
37T 1 °
27 2
7 F 0
] i I ] P
0 T 2T 3T 4T AT
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B-3-27. From Figure 3-75 we obtain

Y(z) T 1 , 2zt
X(z) 2 \1-2z1 1-2z1
. Hence, _
__T 1 -1
Y(z) = > L 1 - -1 X(z) + —I-%—;:I— X(Z?J

Referring to Problem A-2-4, we have

K k-1 7
¥(z) = —- %[z x(hT)| + ? > x(nr)
Lh=0 i _h=0

The inverse z transform of this last equation gives
[ k —
T k-1

— x(hT) + < x(hT

| > xm) + 5 x(nm)
=0 h=0

y(kT)

% [%(0) + x(T) + - -+ + x(kT) + x(0) + x(T)

+e--+%x((k -1)T)]
Hence, '
y(0) = %Tx(0)

y(T) = T[x(0) + %x(T)]
y(2T) = T[x(0) + x(T) + %x(2T)]
y(3T) = T[x(0) + x(T) + x(2T) + 1x(3T) ]

When the input x(KT) is a unit-step sequence, we have

y(0) = 0.5T
y(T) = 1.5T
y(2T) = 2.5T
y(KT) = (k + 0.5)T

A plot of y(kT) versus kT, when the input x(kT) is a unit-step sequence, is
shown on next page.
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CHAPTER 4

B-4-1.
() Iim 4
7
0.259
Re
(v)
B-4-2. We shall apply the Jury stability test to this problem.
P(z) = 27 + 2.12° + 1.44z + 0.32
_ 3
=apz” +az +ayz+ 2g
Thus
ay = 1, a, = 2.1, a, = 1.44, a3 = 0.32
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The conditions for stability are

1. |a31 < a,

=

This condition is safisfied, since |0.32] <
2. P(1)>o0

Since
P(1) =1+ 2.1 + 1.44 + 0.32 = 4.86 >0

the condition is satisfied.
3. P(-1)< o0

This condition is also satisfied, since

P(-1) = -1 + 2.1 - 1.44 + 0.32 = - 0.02< 0
b lbzl > | %]
Since
a a 0.32 1
b2 =] 3 0l - = - 0.8976
ao a3 1 0.32
a a 0.32 1.44
bo = 3 2 = = - 0.768
2, aq 1 2.1
the condition is satisfied.
Thus, Wwe see that all conditions for stability are satisfied. Hence, no

roots of the characteristic equation lie outside the unit circle centered at
the origin of the z plane.

B-4-3.
Y%z; — 1
X(z
27+ 0.5% - 1.3z + 0.24
Define
" P(z) = 2o + 0.5Z2 - 1.34z + 0.24
= a z3 + z2 + a.z +
"~ %0 l 8% * ag
Then
ag = 1
al = 0.5
a, = - 1.34
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a3 = 0.24

The Jury stability conditions are
1. laBl < 3,
This condition is satisfied.
2. P(1)>0
Since
P(1) =1+ 0.5- 1.3% + 0.24 = 0.4 >0
the condition is satisfied.
3. P(-1)<0
Since
P(-1) = -1 + 0.5+ 1.3% + 0.24 =1.08 >0
the condition is not satisfied.
b oy > [y |

Since condition (3) is not satisfied (the system is unstable), it is
not necessary to test condition (4).

The conclusion is that the system is unstable.

K [e_lz_l + (1 - Ze_l)z_z]
(1 - z_l)(l - e—lz_l)

Hence

c(z) _ K I:e—lz_:L + (1 - 2e_l)z_2]
R(z) 1 - z-l)(l - e_lz—l) + K l:e—lz—l + (1 - Ze_l)z_z]

Noting that e—l = 0.3679, the characteristic equation of the system becomes

2% _ (1.3679 - 0.3679K)z + 0.3679 + 0.2642K = 0

Define

P(z) = z° - (1.3679 - 0.3679K)z + 0.3679 + 0.2642K

a022 + alz + a2

Then
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ar = 1

- 1.3679 + 0.3679K

o
1l

0.3679 + 0.2642K

o
]

For stability, we must have
|22 ] < 23
P(1)> 0

P(-1) > 0

Therefore, we require
|0.3679 + 0.2642x | < 1
which yields
- 5.1775 <K < 2.3925 (1)

Also, from

P(1) =1 - (1.3679 - 0.3679K) + 0.3679 + 0.2642K

= 0.6321K > 0
we obtain
K >0 (2)
and from
P(-1) =1 + 1.3679 - 0.3679K + 0.3679 + 0.2642K
= 2.7358 - 0.1037K >0
we have

26.38 > K (3)

From Inequalities (1), (2), and (3), we obtain the range of gain K for
stability to be

0 <K< 2.3925

P(z) = 2% - (1.3679 - 0.3679K)z + 0.3679 + 0.2642K = 0
By substituting z = (w + 1)/(w - 1) into this last equation, we obtain

, 2
(L"—l—)) - (1.3679 - 0.3679K) f{f le + 0.3679 + 0.2642K = 0

w -1
which can be simplified to

0.6321Kw2 + (1.2642 - 0.5284K)w + 2.7358 - 0.1037K = 0
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The Routh array becomes

w2 0.6321K 2.7358 - 0.1037K
Wt 1.2642 - 0.5284K 0
w0 2.7358 - 0.1037K

For stability, we require

0.6321K > 0 or 0< K
1.2642 - 0.5284K > 0O or K < 2.3925
2.7358 - 0.1037K > 0 or K < 26.38
Hence
0 <K< 2.3925
B-4-6.
v(z by + blz—l forec+ Dbz
X(z) G(z) = -1 -n
1+ alz + - + a z

Since the output Y(z) is given by
¥(z) = G(z)X(z)
we have
k | k
ly®)] =| 2 et - myx(o) |<| > el - mhy

' h=0 h=0

Since all poles of G(z) lie inside the unit circle in the z plane, the
system is stable. For such a stable system

ls)] < "< 2

where a is a constant, 0 < a < 1. Hence

|79« |[609 + & - 1) + -+ ()], |

< |(ank raf ey 1)Mll

By defining
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we have
k+1 k+1
1 -a a
Iy(k)|$ 1-a MJ_SMZ— l1-a MlsMZ

Thus, the output y(k) is bounded.

Stability: The system is stable if the weighting sequence g(kT) vanishes for
large k.

Instability: The system is unstable if g(KT) grows without bound as k increses
indefinitely.

Critical stability: The system is critically stable if g(kT) approaches a
constant nonzero value or a bounded oscillation for large values of k.

¢(2) = 7= Ifg?;-l%.eo@)

The characteristic equation for the system is
22 + (K - 1.6065)z + 0.6065 + K = 0

The critical value of gain K for stability can be determined easily by use
of the Jury stability criterion. Define

P(z) = 22 + (K - 1.6065)z + 0.6065 + K

2 —-—
zZ + alz + a, = 0

N

)

Then

ag = 1, a; = K - 1.6065, a, = 0.6065 + ¥

The conditions for stability are
1. la2|< ay
2. P(1)>0
3. P(-1)>0

Thus we require
|0.6065 + K[ < 1

P(1) = 1 + K - 1.6065 + 0.6065 + K = 2K > 0

P(-1) =1 - XK + 1.6065 + 0.6065 + K = 3.213 > 0
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Hence
0< K< 0.3935

The critical value of gain K for stability is 0.3935.

Since
_ K(z + 1)
¢(2) = =1)(z < 0.6063)
we have
/G(z) =/ z+1-/2-1-[z-0.6065
Define

z =0+ ja
The angle condition is

Jo+ jw+1- /0+ jw-1- [0+ j& - 0.6065 = 180°

Hence

1 &
o - 0.6065

tan—l Y tan—l

w o -
1 s—T = 180"+ tan

Taking the tangent of both sides of this equation and simplifying, we get
w =0 and (6 +1)% +w? = (1.7925)°
Thus, the root loci consist of a part of the real axis (between -1 and - oo )

and a circle with center at & = -1, e = 0 and the radius equal to 1.7925, as
shown below.

The value of gain K that will yield the damping ratio & of the closed-
loop poles equal to 0.5 can be determined from Equations (4-29) and (4-30).
Since T is given as 0.1 sec, We have
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lz| - 01 x0.5¢ _ -0.05W

. 2
Ei=OJxL%1Jl-OJ = 0.0866 W _

By trial and error we find that the point that corresponds to & = 0.5 and
W, = 4 rad/sec, that is, the point for which

lzl = e_o'05 x 4 = 0.8187

[z = 0.0866 x 4 = 0.3464 rad = 19.847°

is on the root locus. This point is

¢0:05 x & [ 19.847°= 0.8187 [ 19.847°

0.7701 + 30.2780

The value of gain K that corresponds to this closed-loop pole is found from

the magnitude condition

K(Z'i'l) =1
(z - I)(z - 0.6065) | , = 0,7701 + 30.2780

as follows:

0.3606 x 0.3226
1.7918

K= = 0.0649

When gain K is set to 0.0649, or K = 0.0649, the damping ratio & of the
dominant closed-loop poles is 0.5. With this gain value, the damped
natural frequency 2F) is found as

wd:“"n\/ 1—';2:4:\/1-0.52:3.464

The number of samples per cycle of the damped sinusoidal oscillation is

or 18.14 samples per cycle.

1l -e 1 _ -1, . [
%% [ s s(s + 1)] =(1-2"7) 2}’[s2(sl+ 1>}

_(r-1+ e—T)z_l + (1 - e T _ Te_T)z_2
(1 - Z-l)(l - e_Tz_l)

()
—~
N
~
]

Since T = 0.1 sec, G(z) becomes
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0.0048372 1 (1 + 0.96742™) _ _0.004837(z + 0.9674)
(1 _ Z—l) (1 _ O-9048Z_1) (Z - l) (Z - 0.9048)

G(z) =

Since the number of samples per cycle of damped sinusoidal oscillation is
specified as 8, one of the dominant closed-loop poles must be on the line
having an angle of 45° and passimg through the origin. Thus, the desired
dominant closed-loop pole location in the upper half z plane can be deter-
mined as the intersection of the line having an angle of 45° and the ¥ = 0.5

locus. The equations for the constant § locus are
l l 2wz Wa
z| =exp |- = W
1-3 S
and a%i
z =2
/ %ws

and

lzlzexp(_Z’/‘Cx 0.5 l)zeXP<_£6z%>=o'6354

The desired dominant closed-loop pole in the upper half z plane is located at
z = 0.635%4 / 45°= 0.4493 + j0.4493

In order to have a closed-loop pole at this location, we need to add a phase
lead angle of 78.59°. The digital controller must give this necessary phase
lead angle.

We shall choose the digital controller GD(Z) to be

_ z +X z - 0.9048
GD(Z)—KZ+/3’" z+ B

(Here we chose X = - 0.9048.) Then, from the angle condition we find that
the controller pole must be located at z = 0.1554, or‘B = - 0.15%4. (See

the diagram next page.)

The controller Gp(z) is now given by

The open-loop pulse transfer function becomes

_ 0.004837(z 0.9674
ap()a(z) = K O HE 0
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g |

N\

0.4493 fooem- 45°
/ :
i

~0.967L 0 0.4493 (\j_ o-
0.1554

0.9048

b

Using the magnitude condition, the gain K can be determined as follows:

y _0+004837(z + 0.9674)
(z - 0.1554)(z - 1)

=1
z = 0.4493 + 30.4493

oxr

K = 53.08
Thus, the digital controller has the following pulse transfer function:

_ z - 0.9048
GD(Z) = 53.08 —E—j—éTEBBEf

The static velocity error constant KV is determined as follows:

-1
R 1 -2z z - 0.9048 (0.004837)(z + 0.9674)
K= B T (53.08) =5 T8 — (2 - 1)(z - 0.9048)
= 5.98
We shall next obtain the unit-step response sequence. Since the open-

loop pulse transfer function is

z + 0.9674
ep(2)G(2) = 0.2567 —— 0_15%4)(2 —

the closed-loop pulse transfer function becomes

C(z) 0.2567(z + 0.9674)
R(z) (2 - 0.1554)(z - 1) + 0.2567(z + 0.9674)

0.25672"% &+ 0.24832"%
1 - 0.8987z" % + 0.4037z"2
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Since the input is
R(z) = 1

we obtain
-1 -2
o(z) 0'2567f1 + 0.2483z2 -
(1 - 0.8987z ~ + 0.4037z °)(1 - 2 )

0.25672" % + 0.2483272
1 - 1.898727 1 + 1.302457% - 0.4037272

0.25672‘l + 0.7357z'2 + 1.0625z'3 + 1.1629z‘LL

6

+ 1.1212z'5 + 1.0431z  + 0.9898z'7 + 0.97352_8

+0.9803% 7 + 0.99302 710 + 1.00172" 1L + 1.0083z712

Computational solution with MATLAB:

»% MATLAB Program for Problem B-4-9

»

»num = [0 0.2567 0.2483};
»den =[1 -0.8987 0.4037];
»r = ones(1,41);

»v=[0 40 0 14];
»axis(v);

»k = 0:40;

»c = filter(num,den,r);
»plot(k,c,'0")

»gﬁd

»title("Unit-Step Response’)
»xlabel('k")

»ylabel('c(k)")
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1.4 Unit-Step Response
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B-4-10. Assume that the digital controller is of proportional-plus-

integral type.

K (k) ke
1-z ) 1 -5t
“P+%MZ-7g§%;>

1

7 -

Gy (2)

n
o
+
I
!

Noting that the sampling period T is 0.2 sec, We obtain

Ts

G(z) = 2}'[ s —se (s + 1%%3 + 5) ]

(- Z_l) 2;’[ s(s + l%%s + 5)

0.1372(z + 0.6706)
(z - 0.8187)(z - 0.3679)

1]

Hence, the open-loop pulse transfer function becomes

or

GD(Z)G(Z) =

s

)
Kp t & 0.1372(z + 0.6706)
1 (z - 0.8187)(z - 0.3679)

(KP + KI)(Z -

7 -

Let us choose the controller zero to cancel the plant pole at z =
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— P _0.8187 (1)

Then

=) = (g + Kp) 5210

and

(X, + KI)(Z - 0.8187) 0.1372(z + 0.6706)
Gy (2)G(z) = = (z - 1) (z - 0.8187;(2 - 0.3679)

Referring to the root-locus plot for this system shown on next page, the
circular locus intersects the § = 0.5 locus at point P, where

0.7099 /34°

0.5885 + j0.3970

Z

]

The number of samples per cycle of sinusoidal oscillation is

360°

31_],0
Since this number is greater than 8, the requirement is satisfied. Thus,
point P is satisfactory as a closed-loop pole location.

= 10.59

The magnitude of gain KP + KI can be determined from the magnitude
condition.

(Kp + X)(0.1372)(z + 0.6706)
=1
(z - 1)(z - 0.3679) z = 0.5885 + j0.3970

or
Kp + K = 1.4337 (2)
From Equations (1) and (2), we have

KP = 1.1738 and KI = 0.2599

Hence the open-loop pulse transfer function becomes

_ z - 0.8187 0.1372(z + 0.6706)
Cp(2)G(z) = 1.4337 ———7 (z - 0.8187)(z - 0.3679)
- 0.19%7 z‘l(l + 0.6706z'1)

(1 - z'l)(l - o.3679z'1)

The static velocity error constant KV is obtained as

-1 -1 1
K, = lin ——=2— (0.19%7) Z_l(l + 0.6706z _%
z>1 (1 -2 ) - 0.367% )

= 2.599
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0.8187

B-4-11. Let us choose the sampling period T to be 5 sec. Then

G(z)

I
— 1
I_l
1
0)
o
3
)
0
+(DI
o
[0
=
| D—
]
~~
l_l
I
N
'_l
p—
N
I.-J
Tl !
N
[0
+ |-
o
=
R
| CO—

2.1617
z(z - 0.1353)

The PI controller has the following pulse transfer function:

KI K, + K
1 - Z—l = (KP + KI) Z

GD(Z) = Kp +

The location of the dominant closed-loop pole in the upper half z plane may

be determined from .
2 S wd)
lz' = exp (—

/1_52 Wg

7
[z=2T 4
12

S
For § = 0.5 and /z = 27%/10 we have

“a _ 1
aJS 10

Hence



lz ‘ = eXxp <— Z%X 0.5 lO) = exp(—0.3628) = 0.6958

v1- 0.52 '

Thus the desired location for the dominant closed-loop pole in the upper half
z plane is

z = 0.6958 {36°= 0.5629 + 30.4090

The open-loop pulse transfer function is

I 2
+ K
6y (e0(a) = (6 + 1) ——Eo L 2617

The angle contributions of the poles at z = 0, z = 0.1353, and z = 1 at the .
closed-loop pole at z = 0.5629 + jO0.4090 are -36.002°, -43.726°, and -136.902,
respectively. Thus, the total angle contribution becomes

-36.002° - 43.726°- 136.902°= -216.63°

Hence, the angle deficiency is 36.63°. To add the phase lead angle of

36.63° to the system, we need to choose the zero of the controller at z =
0.0127. That is, we choose

KP
————— = 0.0127 (1)
KP + K
I
Then, the open-loop pulse transfer function becomes
_ z - 0.0127 2.1617
Gp(2)6(z) = (Kp + Kp) —— 7 2(z - 0.1353)
and the magnitude condition becomes
- 0.0127 2.1617 _
(K, + K.) =2 =1
P z-1 2(z - 0.1353) |, _ .5629 + 30.4090
or
K, + Kp = 0.1663 (2)

From Equations (1) and (2) we find

KP = 0.002 and KI = 0.1643

The open-loop pulse transfer function now becomes

_ z - 0.0127
Gp(2)6(2) = 0.3595 < —7y7(z - 0.1353)

and the closed-loop pulse transfer function is
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c(z) _ 0.3595(z - 0.0127)
R(z) (z - z(z - 0.1353) + 0.3595(z - 0.0127)

0.35952 - 0.004566
23 ~ 1.13532° + 0.4948z - 0.004566

0.35952"2 - 0.0045662 2
1 - 1.1353z‘1 + 0.4948z"2 - o.ooLp566z‘3

For the unit-step input

1
R(z) = — 22—
1 - z—l
we have
_ 0.35952"% — 0.004566% >
0(z) = ) 2 3 ]
(1 - 1.1353z C + 0.494827% - 0.00456622)(1 - z )
- 0.35952"% - 0.00456627>
1 - 2.13532_1 + 1.6301z‘2 - 0.4994z'3 + 0.004566z"4
- 0.3595272 + 0.7631z3 + 1.0434z " + 1.16367 7
+1.16312°0 + 1.1005%77 + 1.03862°C + 0.9929577
+0.97332 710 & 0.9734z" 1L + 0.98302712 + 0.9937713
+1.001227 % 4. .,
B-4-12.
w,=w N1 - 52 - uy1 - 0.5% = 3.4641
2w 2/
Wy =7~ =1 - 0283
Thus
W
d - 0.05513

S

The dominant closed-loop pole in the upper half z plane is at

|| = exp (_ 2R’x0.5 4 o.o5513> = exp(-0.2000) = 0.8187

Y1 - 0.5
[z =2T Zd

S

= 27 x 0.05513 = 0.3464 rad = 19.847°

' The PD controller has the following pulse transfer function:
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Kp + KD(l - z_l)

Gp(2)

(KP * KD) Z

The pulse transfer function of the plant is

-—

2}_{ 1 —Se"TS 12 - Q- z_l) 2} [;%3]

_ (o.1)2z‘1(1_1 g‘1)= 0.005 21
2(L -2z 7) (z - 1)

G(z)

]

Thus, the open-loop pulse transfer function is

%+ 5

Z

z + 1
(0.005) — =

(z - 1)

Gy(z)a(z) = (K + Xp)

The location of the desired closed-loop pole in the upper half z plane is

z = 0.8187 /19.847°= 0.7701 + j0.2780

The total angle contribution from the zero at z = - 1, the pole at z = 0,
and the double pole at z = 1 is -270.10°. Hence, the controller zero must
contribute 90.10°. This requires that the zero be located at z = 0.7719.
That is,

_ 5
Kp + Ky

The open-loop pulse transfer function becomes

= 0.7719 (1)

GD(Z)G(Z) = (KP + Kb) _E_:_%;ZZlg_ (0.005) (z + i)z

The magnitude condition is

z + 1

(kp + ¥) 227722 (0,005) Y

z = 0.7701 + 30.2780

=1

or

K, + Ky = 42.779 (2)

From Equations (1) and (2) we have
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K, =9.758 and K, = 33.021

and the desired digital controller is given by

= 2 - 0.7719
GD(Z) = 42,779 p

= 42.779(1 - 0.771971)

The number of samples per cycle of damped sinusoidal oscillation is

__360°  _
n 19.847° 18.14
B-4-13. In order to increase the value of static velocity error constant

K, to 12 sec—l, we modify GD(Z) as follows:

A _ z - 0.8187 =z - 0.96
Gp(2) =K 201595 5 - 0.99

Since the added pole and zero are close together, the closed-loop pole loca-

tions will not be changed very much. The open-loop pulse transfer function
becomes

n _ . (z - 0.96)(0.01873)(z + 0.9356)
Cp(2)6(2) = K =5 15957 (= - 0.99)(z = 1)

The magnitude condition is

(z - 0.96)(0.01873)(z + 0.9356) -1
(z - 0.1595)(z - 0.99)(z - 1) z = 0.4493 + 350.1493

K

from which we obtain

K = 14.40
Thus

-1 -1
GD(z) = 14,40 L= 0-81872_1 1- 0.96z_1
1 -0.15952 1-0.99

The static velocity error constant Kv is obtained as

-1

s 1l -2 -~

K, = lim ——Fp— GD(Z)G(Z)
z > 1

L - -1
- 1im 12 10y (L= 0.5 1)(0.01873) (1 + 0.93562 1)

z =1 (1 - 0.15952 1) (1 - 0.9927 1) (1 - z71)

12.42

1l

-This value of Kv is satisfactory.

61



The closed-loop pulse transfer function can be obtained as

c(z) _ _ 0.26972"1 - 0.00662™% - 0.242227>
R(z) 1 - 1.8798z‘l + 1.3008z"2 - 0.4001z73

The unit-step response and unit-ramp response of the system can be obtained by
use of MATLAB as shown below.

»% MATLAB Program for Problem B-4-13 (Part 1)

»

»% ~---- Unit-step response -----

»

»num =[0 0.2697 -0.0066 -0.2422];
»den =[1 -1.8798 1.3008 -0.4001};
»r = ones(1,41);

»v=[0 40 0 1.4];

»axis(v);

»k = 0:40;

»c = filter(num,den,r);

»plot(k,c,'0")

»grid

»title('Unit-Step Response')

»xlabel('k")
»ylabel('c(k)")
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c(k)

10

»% MATLAB Program for Problem B-4-13 (Part 2)

»

»% ----- Unit-ramp response -----

»

»num = [0 0.2697 -0.0066 -0.2422];
»den =[1 -1.8798 1.3008 -0.4001];
»v=[0 50 0 10},

»axis(v);

»k = 0:50;

»r = [0.2%k];

»c = filter(num,den,r);
»plot(k,c,'o"k,c,'-',k,0.2%k,"'--")
»grid

»title("Unit-Ramp Response')
»xlabel(’k")

»ylabel('c(k)")

Unit-Ramp Response
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B-4-14.

Since T =

6(2)

’ _ e—Ts -
%[KG(S)] =’_§'[1 = =(s E 10)] = (-2 %[;é(—s—K:-—lO—)-‘J

0.26422°° + 0367921 _ 0.3679 K(z + 0.7181)
(1 _ Z_l)(l _ 0.36792_1) 100(2 - l) (Z - O.%79)

0.01 K

0.1, we have

_ 1+ 3Tw 1+ 0.05w
Z=T_Itw _ 1-0.054

Then, a(w) becomes as follows:

G(w)

0.3679 K (——i—%w— + o.7181>‘

- 0.05w
- 1+ 0.05w 1+ 0.05w
100( T - 0.05w 1)( 1 - 0.05w 0'3679)

0.1 X(1 - 0.05w)(0.0082w + 1)
w(0.1082w + 1)

0.1 K (1 - W+ 1)

1 1
20 ")( 121.9%
W+ 1)

1
w( 9.2421

The Bode diagram of G(Jl’) with K = 1 is shown below. At ¥ = 5 rad/sec
the phase angle is -130° and the magnitude |G(j5)] is -34.8 dB, Henge, to
obtain the phase margin of 50°, we need to increase the magnitude of G(35)
by 34.8 dB. (That is, the entire magnitude curve must be raised by 34.8 dB.)

dB

20

T i
i .

-20

-60

-80

N S -180°

o

-270

0.1

1 5 10 100 &
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Thus, we require that the gain K be set such that

20 log K dB = 34.8 dB
or
= 55.0

With this gain value, the gain margin is 173 dB. The static velocity error
constant Kv is obtained as

K, = lim W(w) = lin w2 5001 = ggg%éo+og§2w *1) _ 5.50
w >0 w =0
B-4-15 e -
1l -e K -1y K
= 1 -
G(Z) }[ S S(S + 0'5)] ( z ) 2/ s (S + 0 5)

0.0049182" L + 0.00483627%
(1 - z71)(1 - 0.951227%)

z + 0.9835
0.00%918 X ——7y(7 = 0.9512)

=K

]

Noting that T = 0.1 sec, We have

Lo L 3TW 1+ 0.05w
T 1 -itw T 1 -0.05v
Hence
K(!;il%Fggg + O.9835>
G(w) = 0.004918 —
( + _ ;)(1 + 0.05w 0 9512)
1 - 1 - 0.05w )

2K(1 - 55 W)( 1+ _§%6E7 ")

w(l +

___l._.vw)
0.5002

Assume that the controller GD(W) has the unity gain at w = 0, or

Gy (0) =
Then, using the requirement that KV = 20 sec_l, we determine gain K.

K, = lim WG (w)G(w)
w -0

1 1
2K(1 - 35 W) (1 + —por W)
lim WGD(W) = 2K = 20

1
w >0 w(l + 05002 W)

Hence

=
1]

10
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A Bode diagram of

1 1
2000 - 55 M@ * nor ™)

T
W(1+ 5555~ )

G(w) =

is shown below.

By use of the conventional design technique, we find that the following lag-
lead network will satisfy the requirements:

1 1
_ (l + m W) (1 + '63 W)
Gp() = 1 1
(1 + 501 w) (1 + T W)
The gain crossover frequency is ¥V = 2.3 rad/sec. The phase margin is
approximately 53° and the gain margin is 18 dB.
Next, we transform GD(W) into GD(Z). Since
-2 z-1 z - 1
v T z+1-2 z + 1
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we have

1
* 5.08

1 z -1 1
+ 5o 20 g7 (@ + 5 20

z - 1
(1 20 ;5 + 57520 ;5 7)

G, (2)

(1

z - 0.9920)(z - 0.
0

(
0.8572 15 -70.9990) (7 -

Noting that

_ z + 0.9833
G(z) = 0.04918 (z - 1)(z - 0.9512)

we have
(z - 0.9920)(z + 0.9833)
Gp(2)G(2) = 0.04216 (z - 0.9990)(z - 0.6267)(2 - 1)

The characteristic equation of the closed-loop system is
(z - 0.9990)(z - 0.6667)(z - 1) + 0.04216(z - 0.9920)(z + 0.9833)
=0

This is a third degree equation. One root is located near z = 0.999. The
other two roots are obtained from

2% - 1.6245z + 0.7080 = 0

Thus, the dominant closed-loop poles, Wwhich are the roots of this last equa-
tion, are located at

z = 0.812 + j0.220 = 0.841 /15.2°

Hence, the number of samples per cycle of damped sinusoidal oscillations is

_360°_ _
15.20 = 23-7
B-4-16. For T = 0.1 sec, wWe have

-Ts '
G(z) = }[ == o 1§(s 3 2)]= (1-27 B'I:s(s ¥ 1)5(5 7 2)]

_0.02263(z + 0.9061)
~ (z - 0.9048)(z - 0.8187)

Using the transformation

g = L 2w 1+ 0.05w
T 1-4Tw 1 - 0.05v

we have
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0.02263 (LM + 0,9061)

1 - 0.05w
G(w) =
1+ 0.05w 1+ 0.05w
(———l oo - O 90@8)(————0 ooy - 0.8187)

1 1

2500 (1 - =5 w)(l + 755 %)

B 1

(1 + w) (1 + 17998 w>
Notice that in order to have the static velocity error constant K =5 sec_l,

we need the controller G (w) to include an integrator.

Using the conventlonal design approach, we find the following GD(W) will
satisfy the requirements that the phase margin be 60°, the gain margin be not
less than 12 db, and K be equal to 5 sec -1,

2 1+ B%E'W \'

W 1 / 1
R A G

1+ w

GD(W) =

Then the open-loop pulse transfer function becomes

5 (2 )2 - 2 (2 * e )
" (1o )(1+ I5 " Xl"WW)

From the Bode diagram of GD(W)G(W) (see next page), we find the phase margin
to be approximately 60° and the gain margin to be approximately 22 dB. The

gain crossover frequency is = 0.5 rad/sec The phase crossover frequency
is y = 3.5 rad/sec.
Next, using the following transformation:

GD (W)G(W) =

2 z -1 z - 1
“0.1z + 1 =20 z + 1

we obtain GD(Z) as follows:

1

. 2(1+0.120Z+1)(1+20 +1)
D 1 z - 1 l zZ - 1
20(z+l)(1+0.01 20z+1)(1+ 10 20z+1)

(z +1)(z - 0.9900)(z - 0.9048)
0.07035 =, "1)(z = 0.9990)(z - 0.3333)

The digital controller GD(Z) defined by this last equation satisfies all the
requirements of the problem and is, therefore, satisfactory.
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B-4-17. Noting that T = 0.1 sec, we have

Ts

: 1-¢e
E% [ s s(s +1)(0.28 + 1)

1-21 2 { _ K(2s + 1)
s7(s + 1)(0.2s + 1)

K(2s + 1)

G(z)

]

(z - 0.9512)(z + 0.8328)
(z - 1)(z - 0.9048)(z - 0.6065)

]
o
o
T
]—l
o)
=

Using the transformation

gy oL+ 2Tw _ 1+ 0.05%
T 1-3Tw ~ 1-0.05%
we obtain
1+ 0.05w )L+ 0.05¢ )
G(w) = 0.0419 K(l - 0.05w 0'95]2)(1 ~o.o5 + 08348
= 0. 1+ 0.05w 1 1+ 0.05w 0.9048 1+ 0.05w 6
(1 - 0.05W )(l - 0,05w - 9 >(l _ 0.05W - 0. 065)
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K(l——%@(“%wx“ﬁz“)
w(l + w)(l + 4 % )

Assume that the digital controller G (W) to be designed here has the low-
frequency gain of unity, or

GD(O) =1

The requirement that the static velocity error constant be 10 sec":L deter-
mines the value of gain K.

K, = lim WGy (w)g(w) =K = 10
v
w =0
Thus
K =10

A Bode diagram for the following G(w) is shown below.

o) = b +5%3W><1 "%‘OWXI +2_1%’.§w>

w(l + w) (1 + E%§5 W)

1 _180°

-270°
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Using the conventional design approach we find the following G (w) will
satisfy all the requirements of the system:

1 1
B 1+ - W {l + 1.90 w
Gp () T \ 1
l+6':3W l+l_9.gw
Noting that
2 -1 z -1
eIz 1 Vv
we obtain
1 z - 1 1 z - 1
_(l+7202+1)<1+4.90202+1)
Dl®) = 11220 222 (1 4+ 2 20 22
( 0.5 z-+l)( 19.6 z + 1
_ (z - 0.8182)(z - 0.6065)
= 0.6748 1755159 (2 = 0.0101)

The gain crossover frequency is V = 5.2 rad/sec and the phase margin is 51.8?
The phase crossover frequency is /= 21 rad/sec and the gain margin is 12.1

ds. Also, KV = 10 sec 1. Thus, all requirements are met. Since

(z - 0.8182)(z + 0.8328)
- 0.0101)(z - 1)(z - 0.9048)

GD(z)G(Z) = 0.2827 C

the characteristic equation for the closed-loop system is
(z - 0.0101)(z - 1)(z - 0.9048) + 0.2827(z - 0.8182)(z + 0.8328)

=0
or
3 2
z@ - 1.6322z" + 0.9282z - 0.2018 =

which can be factored as follows:
(z - 0.761)(z - 0.4361 + jO.2741)(z - 0.4361 - jO.2741) =

Notice that the real closed-loop pole at z = 0.761 is close to a zero at z =
0.8182. The zero nearby at the closed-loop pole effectively cancel the
effects of this closed-loop pole. Therefore, a pair of complex conjugate
poles at z = 0.4361 £ jO.2741 can be considered dominant. The closed-loop
pole at

= 0.4361 + jO.2741 = 0.5151 4 32.15°

is located on a line having an angle of 32.15°. Hence, the number of
samples per cycle of damped oscillations is

360°
32.15°

=11.2




B-4-18. Since T = 1 sec, We have
Ts

% I:——————l —Se_ GP(S):I -(1-2) 5—[_——3(81_,_ 2):’

0.43232" %
1 - 0.1353z =

G(2)

Define the closed-loop pulse transfer function as F(z), or

Z% _ Gpla)e(@) o) 0
1+ Gp(z)e(z)

If G(z) is expanded into a series in 21 ,then the first term is 0.43232_1.
Hence, F(z) must begin with a term in z™+, or

_ -1 -N
F(z) = a2 Tt ays T e+ as (2)

where N > n and n is the order of the system.

Since the input is a unit-step function, from Equation (4-48) we have
1-r(z)=( - z_l)N(z)

Notice that G(z) involves neither zero nor pole outside the unit circle.
Therefore, there is no requirement on 1 - F(z) from the stability viewpoint.

Since the system should not exhibit intersampling ripples after steady-
state is reached, we require U(z) to be of the following type of series in
-1
Z 3

-N+1 -N , -N-1

U(z) = b + bz T 4.t +b(z " +z o)

o™ "1 N-1%

Because the plant transfer function G_(s) does not involve an integrator, b
must not be zero. From Figure 4-75,

R - e AR

-1
1 1 -0.1353z

1-232 0.4323z
Since U(z) should be of an infinite series, F(z) should not be divisible by
1 - z_l.

In the absence of other requirements on F(z), we may choose N(z) = 1,

or

1-F(z) =1-2"
Then
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F(z) = z-1

(4)

Thus, in Equation (2), a; =1, ap =az =-->=ay = 0. Clearly, F(z) is not

divisible by the factor 1 - z-1l.
From Equation (1) we obtain
F(z) 271

c(z) [1 - F(z)] ) 0.4323271 (1-2h
1 - 0.13532 ©

G.(z) =

1 - 0.1353z_1

1 - z—l

2.3132

Note that from Equations (3) and (4) we have

1 - 0.1353z"l

1 - z_l

1l

U(z) = 2.3132

23132 + 2(z L+ 2 P 4 a0 4o .)

The sequence u(k) in the unit-step response is constant for k = 1, 2, 3,
The system output stays constant at unity and there is no intersampling
ripples after the settling time is reached.
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CHAPTER 5

B-5-1
[xl(k + 1)] _ [ 0 1} {kl(k)} . {o} -
xz(k + 1) -3 -4 xz(k) 1
- x. (k)
y(k) = Lz i] [ t }
B-5-2
xl(k + 1) 0 0 -6 xl(k) b
xz(k + 1) =11 0 -11 xz(k) + 1 Ju(k)
x3(k + 1) 0 1 -6 x3(k) 0
y@=[o o 1]z
x5(k)
Bss.
Y(z) _ 1+ 62T + 8z—2 _ 2° & bz + 8 14+ 1.5 , 0.5
u(z) 1+Llrz_l+3z_2—z2+4z+3_ z+l z+3

Referring to Equation (5-112), we have p; = -1, pp = -3, bg = 1, c; = 1.5, and
c2 = 0.5. Hence

x(x+1)] [-1 0 |[x. (k) 1
OS(E N N
xZ(k + 1) i 0 -3 xz(k) 1

(z) _ z + 2 _ z ~ + 2%
) 2 - -2
zZ + 2 + 0.16 1+ 2 + 0.16z

Direct programming:
%, (k + 1) 0 1) [%, (k) 0|
1 = 1 + u(k)
xz(k +1) -0.16 -1 xz(k) 1
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) - [2 1] {xl(k)}
Nested programmings

{kl(k + 1)] _ o -0.16 xl(k)J . [2 )
xz(k + 1) _1 -1 Xz(k) 1
) = :o 1] {kl(k)}

Partial-fraction-expansion programming:
x, (k + 1) -0.2 0o 1[x, (%) 1]
[ 1 ] = J { 1 + u(k)
Xz(k + 1)_ 0 -0.8 xz(k)_j 1

- x. (k)
y(x) = [3 —2] [1 }
x, (8)

B-5-5.
xl(k + 1) 0 1 0 Xl(k) 0
x2(k +1)| =10 0 1 x,(k) | + |0 [u(k)
x3(k + 1) 2 -2, -a, xB(k)! 1
x, () |
y(k) = | oy + a5by i b, - a,b, ; b, - albo] x, (k) | + Dyu(k)
x4(k)
B-5-6. From the block diagram we obtain
x)(k + 1) = xp(k)
xp(k + 1) = x3(k)
x3(k + 1) = =0.2x7(k) - x5(k) - 0.5x3(k) + u(k)
and
y(k) = 0.6%; (k) + 2x5(k) + x3(k) + 2u(k)
Hence,
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—Xl(k + 1) T o 1 O_I Xl(k) h_oqi

Xk +1)| =] 0 0 1 [lxx|+]|0]ux)
| x3(k + 1) -0.2 -1 -0.5]|x3(k) 1J
x1 (k)

y(k) = [0.6 2 1] xz(k)1 + 2u(k)

x3(k) (
(This is in a controllable canonical form.)
B-5-7. From the block diagram we obtain
y(k) = h(0)u(k) + h(1)x;(k) + h(2)xp(k) + > - + h(n)xu(k)
and
x1(k + 1) = u(k)
xp(k + 1) = x1(k)
X3(k + 1) = Xz(k)
xp(k + 1) = xp_7(k)

Thus, the state-space representation for the system becomes

|31 (k + 1) 0o 0 ++-0 o0llxm]| [1
xp(k + 1) 1 o ---0 0 ||x2(k) 0
N = . . - . . + - u(k)
Xp(k + l)J 0 0 «--1 0 ||xn(k) LO
le(kf
x5 (k)
y(k) = [h(1)  h(2) .-.h@]| " |+ hOu)
Xn(k)
B-5-8. From Figure 5-14 we obtain the following discrete-time state space
equations:
X1(k + 1) = xp(k) + up(k)
xo(k + 1) = 3x;(k) + 2x3(k)
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x3(k + 1) -12x; (k) - 7xp(k) - 6x3(k) + upy(k)

Yl(k) 2X2(k.) + 2ul(k)
y2(k) = x3(k) + up(k)

Rewriting in the form of vector-matrix equations, we obtain

xik+1)] [0 1 o]lxm] [1 o).
juy (k)
xp(k +1)| =| 3 0 2| |xp(k)| + {0 0

uZ(kl

x3(k +1)| |12 -7 -6 |x3(k) o 1|-

_ - [x1(x)] .
vik)] fo 2 o 2 o] [ur(x)]
= Xz(k) + ‘
ly20)| [0 0 1] 0 1] |up(k)]

x3(k) |

These two equations are state-space equations for the system being considered.
To diagonalize the state matrix, let us define

-

| o 1 o

9\ = 3 0 2
-12 -7 -6

-

Then, the characteristic equation becomes
NL-G|=(A+1(A+2)(N+3)=0

The characteristic roots are N7 = -1, Ay = -2, and )\3 = -3. The matrix G
can be diagonalized by use of the following transformation matrix P:

|1 2 1
P=|-1 -4 -3
i—l 1 3J

(For information on obtaining such a diagonalizing transformation matrix P, see
Appendix A.) The inverse of matrix P is ~”

4.5 2.5 1]

p-1 =| -3 -2 -1
2.5 1.5 1]

Thus,
1o 01
p-lgp=| 0 -2 0]
{
L 0 0 _3_!



Now let us define a new state vector % as follows:

X =

wA

$%>

Then, in terms of the new state vector, state space equations can be written as
follows:

#xk+1] -1 0o ollx k] [45 1] _
. | [uy (%)

x(k+1)| =| 0 -2 0 |[x2(k)| + |-3 -1
A ~ uy (k)
X3(k + 1) LO 0 -3 X3(k) 2.5 -
_ _ _ _r§1(kf1 _
y1 (k) 2 -8 -6/l | [2 o'\ ug (k)

= Xz(k) +

sz(k) B 3J R 0 1 ||uz(x)
- X3(k) -

Notice that the initial data §1(0), §2(0), and §§(O) are obtained from

%1(0) | 4.5 2.5 1] [x(0)

%(0) | = P71x(0) = [-3 -2 -1 |xp(0)

x3(0) 12.5 1.5 1]|x3(0)
B-5-9
x,(k + 1) [0 0 -0.2 | [x, (¥) 0.6
xz(k +1)| =11 0 -1 xz(k) + [ 2 | uk)
x3(k + 1) _o 1 -0.5 x3(k)J 1
) ) x, (k)
y(k) = |0 0 1_] %, (k) | + 2u(k)
x5(k)
B-5-10
-Ts 2 -1 1
e(a) = E}.[l - e 'iii} - z%’[ iB} . ?1 Elz+l)2 )
Hence
¥(z) c(z) 2 11+ 2 )
u(z) 1+ c(z) 2(1 - z_l)2 + Tzz_l(l + z_l)
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- ATZ L + %-TZZ_2
1- (2 -2t s (1 + 279572
Notice that for this system, bo = 0, bl = %TZ, b2 = %Tz, al = -2+ %T , and
2
a, =1+ ir~,
Direct programming:
xl(k + 1) 0 1 xl(k) 0
= L2 L2 + u(k)
xz(k + 1) -1 - 3T 2 - 3T xz(k) 1
r %, (k)
y() = |37 %Tz] !
x,, (k)
Nested programming:
x (k+1)] [o 1 - 47 %, () 172
= 5 + 5 u(k)
xz(k + 1) 1 2 - 3T xz(k) 3T
- xl(k)
y@) =[o 1]
- x,, (k)
B-5-11.
Y(z) _ 214 on7? _ z + 2
Uz) 1 so0e s 0.120° 22+ 0.7z + 0.12
17 16
z + 0.3 z + 0.4
Hence
—xl(k +1)] [-0.3 0 Xl(k)— 1
= + u(k)
xz(k + 1) i 0 -0.4 xz(k)d 1
B Xl(k)
y(k) = |17 —16]
x,, (k)
B-5-12.
Y(z) _ 1 0.5 1, 0.5
U(z) = (z+1)(z+2)(z+3) z+1 z+2 zZ+3
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Also,

zY(z) 0.5 2 1.5
U(z) ~ T z+17z+2 z+3
22¥(z) 0.5 4 4.5
U(z) z+1 z+2 z+3
Hence
v(z)/u(z) | 0.5 -1 0.5 1/(z + 1)
zY(z)/u(z) | = | -0.5 2 -1.5 1/(z + 2)
52¥(2)/u(z) 0.5 -k 4.5 || 1/(z + 3)
Define
() L) x02)
U(z) =z+1°’ U(z) z+2° U(z) z + 3
Then
le(z) = - Xl(z) + U(z)
zxz(z) = —2X2(z) + U(z)
zx3(z) = —3X3(z) + U(z)
Therefore,
xl(k + 1) -1 0 0 xl(k) 1
Xz(k +1) =0 -2 0 xz(k) + 11| u(k)
x3(k + 1) I 0 0 -3_ _XB(k)— 1
x, (k)
y® =[o.5 1 0.5]|x,(%)
%, (k)
The initial data are obtained as follows:
x, ] [os5 2 o5 [y@] [6 5 1|]s0)
xz(o) =1-0.5 2 -1.5 y(1) |=1]3 L 1 |y(1)
x3(o) 0.5 -4 4.5 y(2) 2 3 1] |y(2)
B-5-13. We shall assume that n = 3. (It is a simple matter to extend

the derivation here to the case of an arbitrary positive integer n.)
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y(k +3) + a)(K)y(k + 2) + a(K)y(k + 1) + az(k)y(k)
= bo(k)u(k +3) + bl(k)u(k +2) + bz(k)u(k + 1) + b3(k)u(k)
Define
x, (k) = y(k) - hy(K)u(k)
and
x (& + 1) = x,(k) + hy (k)u(k)
x,(k + 1) = x5(k) + hy(k)u(k)

x3(k +1) = - a3(k)xl(k) - az(k)xz(k) - al(k)XB(k) + h3(k)u(k)
where ho(k), hl(k), hz(k), and h3(k) are undetermined functions at this stage.

Then
y(k + 1) = xl(k + 1) + ho(k + Du(k + 1)
= xz(k) + hl(k)u(k) + ho(k + Du(k + 1)

y(k +2) = x,(k + 1) + hy(k + Lu(k + 1) + hy(k + 2)u(k + 2)

x3(k) + hz(k)u(k) + hl(k + Du(k + 1)

+ ho(k + 2)u(k + 2)

y(k + 3) x3(k + 1) + hy(k + Lu(k + 1) + hy(k + 2)u(k + 2)
+ ho(k + 3)u(k + 3)
- a3(k)x1(k) - az(k)xz(k) - al(k)XB(k) + h3(k)u(k)

+ h2(k + Lu(k + 1) + hl(k + 2)u(k + 2)

+ ho(k + 3)u(k + 3)

and we have

+

y(k + 3) + a)(K)y(k + 2) + ay(K)y(k + 1) + a5(k)y(k)

[hB(k) + a) (K)hy (k) + ay(k)hy (k) + a3(k)ho(ki]u(k)

+ [ny(k + 1) + a ()b (k + 1) + a,(k)n, (k + 1)]ulk + 1)
+ [y (k + 2) + a (k)b (k + 2)]u(k + 2)

+ hy(k + 3)uk + 3)

= b3(k)u(k) + bz(k)u(k + 1) + bl(k)u(k + 2)

+ bo(k)u(k + 3)
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Hence we obtain
[hy(k) + 2, (), (k) + a,(1)n (K) + a (I)hy (k) - By(k) Ju(k)
+ [hz(k + 1) + a (k)b (k + 1) + a,(K)py(k + 1) - b, (k) Ju(k + 1)
+ [hl(k +2) + a (k)hy(k + 2) - bl(k)] u(k + 2)
+ [hy(k +3) - By(K) Ju(x + 3) =0
This last equation must hold for any u(k), u(k + 1), u(k + 2), and u(k + 3).

Hence, each of the coefficients of u(k), u(k + 1), u(k + 2), and u(k + 3)
must be equal to zero. Thus, we obtain

ok + 3) = By(K)

h (k + 2) + a (K)hy(k + 2) = b, (k)

hz(k + 1) + al(k)hl(k + 1) + az(k)ho(k +1) = bz(k)
h3(k) + al(k)hz(k) + az(k)hl(k) + a3(k)h0(k) = b3(k)
It follows that
hy(k) = o,(k - 3)
hl(k) = bl(k -2) - al(k - 2)bo(k - 3)
hy(k) = by(k - 1) - az(k - l)bo(k -3) - al(k -1) [bl(k - 2)
- a (k- 2)b (k - 3)]
by(k) = (k) - as(k)by(k - 3) - [a,(k) - a)(K)a (k - 1)]
o[}l(k - 2) - a (k - 2)by(k - 3}]
- a (k) [bz(k - 1) - a,(k - 1)b(k - 3)]
The initial conditions are given by
x,(0) = y(0) - ny(0)u(0)
x,(0) = ¥(1) - hy(1)u() - b (0)u(0)

x5(0) = (2) - Bo(2)u(2) - hy(u(1) - hy(0)u(0)

B-5-14. Note first that
) 0 _ _
gl(g) = (9 - Zk;v‘) = EE, gz(%) - 9\ - ZkE\
0
g(z)) = (2 - 2)" =1, gylz) =2 -7
0
g1(25) = (25 - z)" =1, gy(z) =2, - 5
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Thus,

[
<

g,(Q) = g,(2)%; + £,(8,)%, = (2, - 2% + (3, - )X,
Rewriting, we have
L& vk
G-zl= (Zl - Zk)§ + (ZZ - Zk)éz

The eigenvalues of the given g‘are

Zl =0, 22 = -2
Now choose zk = Zl' Then
L=%+1%
G =298 *+ 2%y = - 2Ky
from which we obtain
1 0.5 0 -0.5
X. = , X, =
wl 0 0 w2 0 1
Hence
2
-1 . X X % 5 L
(zI -G) ~ = Zi = =
w - zZ - Zk Z - Zl zZ - z2 4 zZ + 2
k=1
(1 a1 [, ___1
z 27 2(z + 2)
= +
1
| 0 0 0 z + 2
M1 1]
Z z(z + 2
1
| 0 z + 2
B-5-15. Note that
Z + a a a. 17t
1 2 3
(I - G)_l =| -1 z 0
0 -1 Z
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z —(azz + a3) ~aqz
= 1 V4 Z2 + a. z -a
z3 + a122 +oayz + ag & 3
1 z + ap z + alz + a,
Hence o
2
VA
(zI - G)—lH =3 L z
z7 + a;z + ayz + ag
1
Thus, B
-1 2
oL - 978 -
! 1
= b - b ' - ! -
[1 21% i P 7 330 i P3 asbo] 3 2 z
z” + a %z + a,z + a
1 2 3
1
and
F(z) = C(2I - .g,.)—l‘,H.,\ +D
2
B (bl - albo)z + (b2 - a,by)z + (b3 - aBbO) e
B 3 2 0
27 + a;z” +ayz + a3
3 2
_ boz + blz + bzz + b3
= 3 5
27 + 22" + ayz + aq
B-5-16. The pulse transfer function F(z) is given by
F(z) = C(zI - G)~IH + D
era o] 2w
=[1 0 0] az z -1 hy | + bg
aj 0 zZ h3
First note that ,
|2I - G| =23 + a122 + apz + a3
and
_ _-1 -
lz +a; -1 0 | z2 z 1
an z -1 =—|‘—l—|' —(azZ + a3) (z + al)z z + aj
2L - G|
[ a3 0 Z»l -a3z -az z(z + ap) +
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Then, F(z) can be written as follows:

hl‘
F(z) = —2— [22 z 1] |hy| + by
[ZI - 91 L
-—1 (h122 + hgoz + h3) + Dby
|21 - ¢|

hyz2 + hpz + hj
= +b0

Z3 + a122 + anz + a3y

Thus, the pulse transfer function for the system is

boz3 + (albO + 'hl)zz + (a2b0 + hZ)Z + azbg + hj

F(z) =
z3 + a;z2 + azz + as

_ bg + (ajbg + hl)z"l + (agbg + h2)z'2 + (agzbg + h3)Z_3

1+ ajz~l + apz=2 + azz=3

B-5-17.
_ 1 1
¥, (=) =RHOR S 2-1 Uy(2)
Y (2) = —L1——— U_(2) + 1+t U_(z)
2 1+ 0,621 1 1+ 06571 2
Hence
1 (z) = 2= U (z) + 22 i U,(2)
YZ(Z) Tzt O 6 1(2) T+ O 6 2(z>

which can be modified to

¥,(2) = U (2) + =27 U (2) + Uy(2) + 2= U (a) (1)
7,(2) = U,(z) - ~ 2'2_6 U (2) + Uy(2) + —2F y(2) 2)

Now define state variables Xl(z) and XZ(Z> as follows:

X (z) = [U (z) + 2U2(z)J
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Xz(z) = 5—126?3 [—O.éUl(z) + O.4U2(z)]

Then

zXl(z) X(z) + Ul(z) + 2U,(2)

zX (z) = —O.6X2(z)

In terms of the state variables X ( ) and X (z) Equations (1) and (2) become,

respectively, as follows:
Y (2) =
¥, (2)

- 0.6U (z) + O.QUZ(Z)

Xl(z) + Ul(z) + Uz(z)

XZ(Z) + Ul(z) + U2(z)

Hence, the state equation and the output equation for the given system are

1.2(=0.8)F + 1.2(-0.6)%

xl(k + 1) 1 0 xl(k) 2 ul(k)
= +
xz(k + 1)_ | 0 -0.6 xz(k) -0.6 0.4 uz(k)
v, (k) 1 0], (k) 1 1| (k)
= +
v, (k) 0 1|{x,(k) 1 1| uy(k)
B-5-18 The state transition matrix is given by
-1
¥(k) = Sk = % [(ZE - 9)'1z:l
Since
1 [z R 1 z + 1 1]
zI - G) ~ = =
N P B CER DI RN PP
wWe have
3z _ 27 bz _ 5% T
-17 1 1|z + 0.4 2+ 0.6 z + 0.4 z + 0.6
% L(zI - Q) z1 =
- 1.2z 1.2z e, _ 3=
" Zz+ 0.8z + 0.6 Tz + 0.4 z+ 0.6
Hence _ . .
3(-0.1)% - 2(-0.6)% 5(-0.4)% - 5(-0.6)
g(k) = Sk =

_2(-0.8)F + 3(-0.6)F



Define steady-state vectors of x(k) and y(k) as X and y_,

B-5-19.
Tespectively. Then, we have

X = G T Y

Ze - CX * Bvlf}O
where u, = constant vector. By solving these two equations for x and y _,
we obtaln e e

_ -1
Ze T (5 - 9) iy,
_ -1

Je ~ E(£ - 9) Hag + Du

B-5-20. Since
x(k) = §"(0)
we have
00 o0 -
1= > pmem = Y [d0)]x [¢%0)]
k=0 k=0
< k
= x¢(0) | 7. (@)*eg" [ %(0)
| k=0
Define

o0

k
V. (et =P
k=0

Although matrix P is the sum of an infinite series, it is a finite matrix

because G is a stable matrix. (See Problem A-5-19.) The matrix P can be

written as follows:

oG o0 (> o]
k_k < kK k K+1 _ k+
p= Q2 @)Ei=ar 2 @)gi=ar > @) g™
k=0 k=1 k=0 :
=q+ox | ) (@)% | =g+ g
wa m [y wan 'S wA WA viaaa
=0 ]
Using this matrix E, we have
. -
3 =x0) | 2. (@)™ [ x(0) = x*(0)Px(0)
=0

87



B-5-21. In the Liapunov equation
G*PG - P = - Q
WA A “aA (2%

let us choose Q to be I. Then
WA (2%

1 0.5 || P11 P12 1 -1.2 P11 P12
-1.2 0 | P12 P22 0.5 0 1 P12 p22 | |0
or
— - -
P12 + 0.25p22 -l.2p11 - 1.6p12 -1 0
—1.2p11 - l.6p12 l.44pll - P22 0 -1

which yields
P12 + 0.25ppp = -1
-1.2p3; - 1.6p32 =0
1.44p1;) - p22 = -1

Solving these three equations for pjj;, p;2, and ppp, we obtain

__10 ____5 _ _17.52
P11 =312+ P12 2.08 ' 2277312
Hence, matrix|£.is given by
10 _ 5
3.12 2.08
5 17.52
2.08 3.12

Clearly, matrix B\is positive definite.
A Liapunov function V(Eﬁk)) is given by

V(x(K)) = x*(k)Px(k)

B-5-22. Define
M1 3 0
¢=|-3 -2 -3
1 0 0
Then

Iz£ - g} = 23 + z2 + 7z + 9 =0
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Define

- 3 2 - 3 2 =
P(zg) =27 + 2"+ 72+ 9= 2" + 32" + ayz + ag = 0
Then
ao =1, al =1, 32 =7, 33 =9
The first requirement of Jury stability test
23] < 2
is not satisfied. Therefore, the origin of the system is unstable.
B-5-23. Define
cos T sin T |
G:
” -sin T cos T
Then, the characteristic equation becomes
z - cos T -sin T 2
IZ£ - gJ = =g -2z cos T+ 1
sin T %z - cos T

(z-cosT+ jsinT)(z -cos T - jsinT) =0

Thus, two roots of the characteristic equation lie on the unit circle in the

z plane. Thus, the system is stable in the sense of Liapunov, but is not
asymptotically stable. [Note that if T =", 2%, 3, ..., then the
state variables xl(k) and xz(k) are uncoupled.]

B-5-24. Since the system equations are

1]

xl(k + 1) xl(k) + o.2x2(k) + 0.4

xz(k + 1) O.5xl(k) - 0.5

the equilibrium state can be determined from

X X, 4+ 0.2x, + 0.4

le le 2e
Xpo = O.5x1e - 0.5
as follows:
e T =3 %26 T -2
Define
Xl(k) = x]_(k) - Xle = Xl(k) + 3

ﬁz(k) = x,(k) - x5, = x,(k) + 2

Then, the original system equations are modified into
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% (k+ 1) = % (k) + 0.2%,(k)

§é(k +1) = o.5§1(k)

or
2 (k + ] 1 0.2 | ’ﬁl(k)"
ﬁz(k + 1) 0.5 0 ﬁé(k)
Define
1 0.2
G =
= 0.5 0

Then, the eigenvalues of G are found as

= 1.0916, = -0.0916

%1 %2
Since Izll > 1, the equilibrium state of the system is unstable.
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CHAPTER 6

B-6-1. For complete state controllability, we require
1 a+b

rank |H . Qﬂj = rank =2
= 1 c+d

Thus, the condition is a + b # ¢ + 4.
For complete observability, we require

1 a
rank [C* . G*g*] = rank =2
RO 0 b
The condition is b # 0.
B-6-2. Note that x(2) is given by

x(2) = ¢%x(0) + gHu(0) + Hu(1)

X -0.16 - X .
1(2) ) 0.1 1 l(o) . 0.5 a(0) + 1 a(1)
x2(2) 0.16 0.84 xz(o) -0.66 0.5
Hence
xl(Z) =-1 = —O.l6xl(0) - x,(0) + 0.5u(0) + u(1)

n

x,(2)

Since xl(O) =1 and X2(0> = -1, we find

2 = 0.16x1(o) + o.84x2(o) - 0.66u(0) + 0.5u(1)

u(0) = - 3.9560, u(1) = 0.1380
B-6-3. Notice that
1 -0.8
rank [ﬁ : GH] = rank =1
S -0.8 0.6k

Since the rank of the controllability matrix is 1, the system is not comple-
tely state controllable. However, some state can be controllable. That
means some states can be brought to some other states. Notice that

x(2) = g?x(o) + ggu(o) + Hu(1)

or
x. (2) -0.16 -1 =%,(0) 0.8 1
1 = 1 + u(0) + u(1)
x2(2) 0.16 0.84 | | x,(0) 0.64 -0.8
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1.)

0 -0.16 -1 1] [-0.8 1
= + u(0) + u(1)
~0.008 0.16 0.84 | |-1 0.64 -0.8

or
-0.8 u(0) + u(1) = - 0.84
0.64 u(0) - 0.8 u(1) = 0.672

These twWwo equations can be satisfied by an infinite number of combinations
of u(0) and u(l). For example,

u(0) = 0, u(l) = -0.84
will satisfy the two equations. Hence it is possible to bring the given
initial state to
0
-0.008
2.)
[-1 -0.16 -1 1l [-0.8 1
= + u(0) + u(1)
2 0.16 0.84 || -1 0.64 -0.8

or

-0.8 u(0) + u(1) = -1.84
0.64 u(0) - 0.8 u(1) = 2.68

There is no set of values u(0) and u(l) that satisfies these two equations.
Hence, it is not possible to bring the given initial state to

-1
2
B-6-4 _
0 1 0
rank [H v GH GZH] =rank | 1 0 bi=2
WA ' owran g v
0 b 0

Hence, the system is not completely state controllable. Note that X(B) is
given by

2(3) = x(0) + CHu(0) + GHu(1) + Hu(2)

1.) _ - -
xl(B) 0 a2 b - —%— . 1 0 1 0{lu(0)
x,(3)| = [o]=] - = 0 b+~ 1{+|bv 0 1{|u(2)

3 < 2
x3(3) 0 ab + % W2 - (b + .i.z_)J 1 0 b O u(Z)J
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or

O=a+b- —%— + u(1) = (1)
2 2
0=--2+ b+ 4+ bu(0) + u(2) (2)
b
3 3
O=ab+-——a—2+b2—a——-a-’§+bu(l) (3)
b b

From Equation (1) we have

u(l) =-a-b +-—%— (1)

By substituting Equation (4) into Equation (3), we have

W

a 1
(1L-=—-)=0
5 b

This last equation is satisfied if a = 0, or b=1, ora =0 and b =1,
If a =0 or b =1, then Equation (2) can be written as

N

bu(0) + u(2) = - b ifa=0 (5)

u(0) +u(2) = -1 if b=1 (6)

There exist infinitely many sets of u(0) and u(2) that satisfy Equation (5)
or (6). Thus, if a =0 or b=1 or a =0 and b =1, then it is possible
to bring x(3) to the origin. Otherwise, it is not possible to bring x(3)
to the origin. ~

2.) If the initial state is x(0) = 0, then

x(3) = CHu(0) + Gru(1) + Hu(2)

1 0 0 |ju(0)
1|=1b 1 |lu(l)
1 0 b 0 |{u(2)
1= u(1)

1 = bu(0) + u(2)

1 = bu(l)

If b = 1, then there are infinitely many sets of u(0) and u(2) that satisfy
the last three equations. Hence, if b = 1, then it is possible to bring
the initial state x(0) = 0 to the given state x(3); otherwise it is not
possible. ~ . -
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B-6-5. Note that

y(0) = x(0)  and  y(1) = x (1)

Thus,
xl(O) =1 and Xl(l) =2

Also, from the state equation,

x,(1) = %,(0)
Thus,
x2(0) =2
Therefore,
1
x(0) =
- 2
State x(1) is obtained as follows:
()] [ o 1][2 ol 2
= + l?l =
x2(1) L—o 16 -11{|2 1]~ -0.16
and state x(2) is
= (2)] [ o 1|[ 2 [o -0.16
1 = + [—l—l =
x, (2) ~0.16 -1{|-0.16 1l- 7 | -1.16
B-6-6 Define H = GC¥ Then the state equation becomes

Notice that
[0 o o 1]

0 0 1 0

sy |
e
(]
N
b o
QKA)
fm
1

3
H
§

- ~ 0 1 0 0

1 0 0 0
Hence
. -
rank [H ' GH | GH . GH|=4
D I AT TR 2 2 L 2 VN
Therefore, the system is completely state controllable.

The observability matrix becomes as follows:
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1 0 0o 0]
2 ‘ 3 0 1 0 0
[9* ' GXCx (6%) c* (G*) QTJ =
‘ " - 0 0 1 0
0 0 0 1
— -

Hence
rank [g% E G*Cx E (G*)zgf E (G*)Bg?] =4
and the system is completely observable.

Next, we shall show that every initial state can be brought to the

origin in at most 4 sampling periods if and only if the control signal is
given by

u(k) = - gx(K) (1)
Noting that for the system
x(k + 1) = gx(k) + Gcxu(k)
we have
= H 3 2
x(#) = ¢'5(0) + P(eeu(0) + g7(aeX)u(1)
+ G(aox)u(2) + goru(3)

= ¢*(0) + G*exu(0) + Toru(1)

w

+ 2C*u(z) + GC*u(3)

s nn

Let us set x(¥) = Then, we obtain

0 = g'%(0) + g'gxu(0) + ¢exu(1) + c%oxu(2) + coxu(3)

wa

which may be solved for x(0) as follows:

x(0) = - g*u(0) - g lgru() - g %gru(2) - ¢ 7gru(3)

[, (0)] (1] (0] (0] 0]
xz(o) 0 1 0 0

= - u(0) - u(1) - u(2) - u(3)
x5(0) 0 0 1 0
_xu(O)_ _Od _O_ _OJ _1_

Hence we get
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EXOIEREO]
x.(0) u(1)
N EE (2)
XB(O) u(2)
_Xl.p(o)_ LU(B)_

Every initial state can be brought to the origin, that is, x(&) = 0, if and
only if Equation (2) is satisfied. Equation (2) can be written in the form
of Equation (1) as derived below.

From the state equation we have

xl(k +1) = Xz(k)
xz(k +1) = x3(k)
x3(k + 1) = xh(k)
xu(k + 1) = xl(k) + u(k)

Therefore, Equation (2) can be written as follows:

u(0) = - xl(O)

u(l) = - xz(o) = ~ xl(l)
u(2) = - xj(o) = -~ xl(Z)
u(3) = - %,(0) = - x,(3)

which can be combined into one equation as follows:

) (8)|
w(®) = - [1 0 0 o] * %)
XB(k)
|7 (k)
= - 0x(k) (3)

The control law given by Equation (3) is the only control law for this system
that will bring any given initial state x(0) to the origin in at most 4 sampl-
ing periods. ™
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B-6-7. _ -

e_BT(cos 4T + -ﬁ— sin 4T) % e 3T sin ur
E.,A(T) = eénT =
- 22 e 3T sin 47 e_BT(cos 47 - —2— sin LLT)—
T
_}L— eI sin bt
H(T) = dt

0 e—Bt(cos Lt - % sin 4t)

p— —

1—:'0‘0 il (-3 sin 4T - 4 cos 4T) + %5
—2;— e_BT sin 4T
If T = ®n/4, then
_37n
e 4 cosnw 0
(4
() = xn
0 e QT_ cos n7
and
_3%n
[-—%5 (L-e 4 cosnmw)
n
() =

0

Using G(7n/k) and H(®n/4) thus obtained, we have

rank [H | GH]< 2
and

rank [g* 1 g*g*]< 2

Thus, the system is uncontrollable and unobservable if T = /4.
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B-6-8.

1. Controllable canonical form:

x (& + 1) ={o 1| [x, (%) . 0 "
x2(k + 1) 10-25 0 xz(k) 1

% (k)
(k) = '
v(k [1 1] LZ(R)J

2. Observable canonical form:

x (k + 1) 0 0.25 ’xl(k)' 1
= + u(k)
xz(k + 1) 1 0 | Lz(k)J 1

o(x) = [b 1] [%l(k)}

x, (8)

3. Diagonal canonical form:

x(k+1)]| [-0.5 o x, (k) | 1
= + u(k)
xz(k + 1) | 0 0.5 ||*%,(k) 1|

x, (k)
B-6-9
1. Controllable canonical form:
x(k+1] [ o 1[x. @] [o
! = S { ] u(k)
xz(k + 1) _—0.5 1 xz(k) ._lJ
- x, (k)
(k) = [-0.5 1.8] e
- x,, (k)
2. Observable canonical form:

x,(k + 1) 0 -0.5 || %, (k) -0.5
1 - 1 + u(k)
xz(k + 1) 1 1 xz(k) 1.8

v = o 1] [%l(k)J + u(k)

x, ()
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3 Diagonal canonical form:

_ - -
xl(k + 1) 0.5 - jO.5 0 xl(k) 1
= + U.(k)
xz(k + 1) 0 0.5+ jO0.5 xz(k) 1
- , [, (1) ]
y(k) = 0.9+ jo.4 :+ 0.9 - jo.uj + u(k)
B-6-10. The system equations in the controllable canonical form are

ii(k + 1) =£§(k) +‘AI:Iu(k)
y(k) = Cx(k) + Du(k)

By use of the transformation x(k) = Q}’E(k), these two equations become
wt an

Q(k +1) = Q-lGQQ(k) + 0-lHu(k)
vy e WM WA e
y(k) = COx(k) + Du(k)
where
0O O -aj3

N
Referring to Section 6-4, the transformation matrix Q that will give this G
matrix can be given by ™

Q = (wN*)-1
[N nwAan
where
raz a,:L 1
EA: al 1 0
1 0 0
‘and _
N =[c* GrCx X (G*)Zg*]
" Define B
b, - a.b. |
3 370
C¥ = -
- by = 3y,
|°1 ™ 1%
Then



a.zb3 - a3b2 a1b3 - a3bl b3 - a3bo
yﬁf = alb3 - aBbl alb2 - azbl + b3 - a3bo b2 - a2bo
b3 - a3b0 b2 - azbo bl - albo

The desired transformation matrix Q is given by

g = ()"t
B-6-11. First note that the rank of the controllability matrix [H ! GH|
is two. So, arbitrary pole placement is possible. Define '
X = [kl |
Then
_ %, (KT)
u(kr) = - | K kz.l
L . Xz(kT)
and wWe have
i 1T 1 m2 1 qe
xl((k + 1)T) i} 1 T xl(kT) Bk Tk, z Tk, xl(k‘l‘)
sz((k + 1)T)J _o 1 _xz(kT) | Tk, Tk, _xz(kT)
or
r 7T 2 2.7
xl((k + 1)T) _ 1-%7 k) T-%T k, xl(kT)
—xz((k + 1)T)- |- Tk, 1 - Tk, | xz(kT)
The characteristic equation becomes
z-1+%T2kl —T+%T2k2
zI - (G - HK) | =
Tkl z - 1+ Tk2
c (ot . _
=z + (-2+ 2T2‘kl+Tk2)z+gT2kl—Tk2+l—O

The desired characteristic equation is
2 . -
(z—/«tl)(z—/d»z)—z —(/Al+/bi2)z+/ul/uz—0

By equating the coefficients of the corresponding terms of the two character-
istic equations, we obtain

2

. _ 1 _
/«Ll+/u2—2 szl Tk’2
2
=4 _
/u 1/42 =5 T kl Tk2 + 1
from which k, and k. are determined as follows:

, a0 Ky
S _:1:—5 (L -ty ~pig 4piafin)s ey =g (3 py ~pp )
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Thus,

- A -
K [Tz (L -peq pp i pp) o B -pg M ‘/“1/"‘2)]
B-6-12. First note that the rank of the controllability matrix is 3 and,

therefore, it is possible to determine the necessary state feedback gain
matrix X for deadbeat response.

Referring to Equation (6-65) and noting that for deadbeat response ¢(; =
Ky = 3 =0, we have

‘ .o 1 -1
5”["(3"&3 P X T A “1'%]3

= [—a3 E -a, ' —a1] Efl
where
a, = 0, a, = -0.84, a3 = 0.16
and
Matrices g\and W are given by
_ 1 1
w=lnadnl-n 0.68
1 0.68 0.68
—a2 ay 1 [—0.84 0 ]
E\= ay 1 =
1
Hence
0.16
’g~= %H =1-0.16
-0.16 0.68
and
3.125 -3.125 0
3’1= 0 3.125 -3.125
0.5 -2.625 3.125
Thus
3.125 -3.125 0
K = -0.16 0.84 o] 0 3.125 -3.125
0.5 -2.625 3.125



B-6-13. First, notice that G is a nonsingular matrix. Then check the
observability condition. -

1 ~0.16

1
N

VowA

rank [C* 3 G*C*] = rank
- 1 0

Hence the eigenvalues of E - KGG can be arbitrarily placed in the z plane
by a proper choice of K- Referring to Equation (6-137), we have

[ce ]-1 [o
k= #(%)
leg®) L1

For the deadbeat response, ﬁ(z), the desired characteristic polynomial of the

error dynamics, is zz. Hence
2
#(c) = ¢
Since
oG = [-0.16 oJ , et = [o -0.16J
we obtain Ee as follows:
=~ l bl
) GZ cG [-11]0 ) -0.16 -1 - 5.18 0 0
we = ge? 1 0.16  0.84 0 - 6—1—1— 1
6.25
-5.25
The desired current observer is then given by
- - - - -
x (k + 1) z (k + 1) 6.25 z_(k + 1)
1 11 1
N = + y(k+1) - {1 1
x,(k + 1) z (k + 1) -5.25 - ~“lz,(k + 1)
12 R L 72 - - L2 A
(2 (e + nl | o 1 'il(k)_ [o
= ~ + u(k)
_zz(k + 1)_ L—O.lé -1 xz(k) 1
B-6-14. Note that for this system -
1
Gaa =0, gab = [9 —0’25] ! Gba = 0
o o | 0]
G, = , H =1, H =
bb 1 0.5 a wb 1

Referring to Equation (6-153) we have
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Gab -1 10
vIv{\e - ﬂ{(gbb) c .G 1
—wabWbbJ B
where for deadbeat response
_ 2
B(Grp) = G
Since
4 5 0 0 - -
(G..) =G..% = , e :L-o.25 -0.125
wmbb wbb 0.5 0.25 wsa bbb _I
We have
0 o [ o -0.25 -1 [o] 0
~® lo.5 0.25]|-0.25 -0.125 1 -2
The equations for the minimum-order observer are
0] [7,0] [o
00| |5.00] |2 T
X k -2
3 5
and
o] . 1 0
7(&+1) = 7 (k) + y(k) + u(k)
3
B-6-15

% ***** This program determines state feedback gain matrix
% K for deadbeat response using Ackermann's formula *****

% ***** Enter matrices G and H *****
G=[0 1;-0.16 -1];
H=[0;1];

% ***** Enter the controllability matrix M and check its
% rank **¥**

M=[H G*H];
rank(M)
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ans =
2

% ***** Since the rank of M is 2, the system is completely

% state controllable and thus arbitrary pole placement is

% possible *¥***

% ***** For deadbeat response, the desired characteristic
% polynomial becomes Phi = GA2 *****

Phi = GA2;
% ***** State feedback gain matrix K can.be given by ***xx
K=[0 1]*inv(M)*Phi
K=
-0.1600 -1.0000
k1 =K(1), k2 =K(2)
k1=

-0.1600

k2 =

-1

B-6-16.

MATLAB Program for Problem B-6-16

9% ***** This program determines state observer gain matrix Ke
% by use of Ackermann's formula *****

% ***** Enter matrices G and C *****

G=[0 -0.16;1 -1];
C=[0 1];
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% ***** Enter the observability matrix N and check its rank *****
Y

N=[C' G*C';
rank(N)

ans =
2

% ***** Since the rank of the observability matrix is 2, design
% of observer is possible *****

% ***** Enter the desired characteristic polynomial by defining
% the following matrix ] and entering statement poly(J) *****

J=[0.5405% O
0 0.5-0.5*];

Jj = poly()
)=
1.0000  -1.0000 0.5000
% ***** Enter characteristic polynomial Phj *****
Phi = polyvalm(poly()),G);
% ***** The observer gain matrix Ke is obtained from *****

Ke = Phi*inv(N'}*[0;1]

Ke =
0.3400
-2.0000
B-6-17. The system equations are
x(k + 1) = 0.5 x(k) + u(k)
y(k) = x(k)
v(k + 1) = v(k) + r(k) - y(k)

u(k)

Klv(k) - sz(k)
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Thus,
u(k + 1)

—sz(k + 1) + Klv(k + 1)
- K, [0.5 x(%) + u(®) ] + ¥, [v(x) + =(x) - y(k)]

(0.5 K, - Kl)x(k) + (1 - Kz)u(k) + Klr(k)

Hence, the state equation in terms of x and u becomes

x(k + 0.5 1 [ x(k 0
e Nl e @

_u(k + 1) 0.5K, - Ky 1- K | u(k) Ky

énd the output equation becomes

_ x(x) |
(k) =1 0
w0 =2 o] |
Define
x (k) = x(k) - x(o0)
ug (k) = u(k) - u(eo)
Then
x_(k + 1) | 0.5 1] _xe(k)
ue(k + 1) ) 0.5K, - ¥ 1- K2‘| Le(k)

The characteristic equation is
z - 0.5 -1

—0.5KZ+K:L Z—l+K2

2
=z +(K2-l.5)z+0.5—K2+Kl=O

The desired characteristic equation is
z2 =0

Hence we choose Kl =1 and K2 = 1.5. Thus, the integral gain constant K1 is

[It is noted that Equation (6-193) must be modified if it is to be applied to
this problem, since the configuration of the integral controller is different
from that shown in Figure 6-18.]
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To determine the output y(k), notice that

y(k) = x(k)

By substituting X; =1, K, = 1.5, and r(k) = 1 into Equation (1), we obtain
[x(k + 1) 0.5 1 | [x(x) 0
_u(k + 1) ) -0.25 -0.5 || u(k) | " 1
Assume that the initial state is
x(0)] [a]
[u(O) i b
where a and b are arbitrary. Then
—x(l)‘1 i 0.5 1 1[a 0 0.5a+ Db
L u(1) | i [-0.25  -0.5]|Db i 1 i -0.25a - 0.5b + 1
x(2)1 [ 0.5 170.5a + b o] 1
_X(Z)_ i | -0.25 -0.5 [—0.25 a-0.5bp+1 ' 14= 0.5
and
(x(x)] [ 1
= for k =3, 4, 5, ...
lu(x) | |0.5
Hence
y(0) = x(0) = a
y(1) =x(1) =0.5a+ b
y(k) = x(k) =1 for k =2, 3, 4, ....
y(k)
o0& ~—r0 arbitrary points
1 ¢ ° ] ° e e
0.5a+ b | °
i I i il i i .
0 1 2 3 L 5 6 k

107



B-6-18. The system equations are

x(k + 1) = 0.5 x(k) + u(k)
y(k) = x(k)
u(k) = - Kx(k) + Klv(k)
v(k) = v(k - 1) + r(k) - y(k)
Hence
uk + 1) = - sz(k + 1) + Klv(k + 1)

- &, [0.5 x(k) + u(®@)]+ Kk [v(R) ~ g+ 1)+ 2k 1]
(0.5K2 - O.5K1)X(k) + (1 -K

1 - Kz)u(k) + Klr(k + 1)

Considering x(k) and u(k) to be new state variables, We can obtain the
following state space equations:

x(k +1)| | 0.5 1x(x) 0
- r(k + 1) (1)
u(k + 1) 0.5k, - 0.5K; 1-K u(k) Kl
_ [x(x)
y® =[1 o]
" uk)
where r(k) =1 for k =0, 1, 2, .... Define
xg() = x(k) - x(o0)
5 (6) = u(k) - u(0)
Then
xe(k + 1) 0.5 1 xe(k)
ue(k + 1)4 0.5, - o.5K1 1-k -K ue(k)
Define
e ®] fo.s5 1 o
,G = = ] H=
~ 1o 0 0 0 ~ |1

Note that Equation (6-193) applies to this system, since the configuration of
the integral controller is the same as that shown in Figure 6-18. Matrix K
can be determined from

k=0 1f[E G 4Q
() =

wWhere

108



Thus,

. o 1|-1[0.25 0.5
k=[0o 1] ) -[0.25 0.5]

are determined from Equation (6-193).

0 0 0
Then constants Kl and K2

[ w]=[ozs 15] °j 1‘2[0.5 ,]
That is,

K1 =1 and K2 = 0.5

The output y(k) can be obtained as follows: First note that
y(k) = x(k)
By substituting X, =1, K, = 0.5, and r(k) = 1 into Equation (1), we obtain
[x(k +1)] [ 0.5 1 [x(x)] [o0]
= +
u(k + 1) -0.25 -0.5 ||u(k) | |1

Now assume that the initial state is

ﬁx(O)— a
u(0) | ||
where a and b are arbitrary constants. Then
[x(1)] [ 0.5 1 1[a] [o 0.5a+b ]
= + =
ju(1)| [-0.25 -0.5f|b 1 -0.25a - 0.5Db + 1]
x(2)] [ 0.5 1] 0.5a+D 0 1
= + =
lu(2)] [-0.25 -0.5]|-0.25a - 0.5 b+ 1| |1 0.5
and
x(x)] [ 1
= for k = 3, 4, 5,
_u(k)_ 0.5
Hence,
y(0) = x(0) = a
y(1) = x(1) =0.5a+ b
y(k) = x(k) =1 for k =2, 3, 4,
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The output sequence y(k) for a unit step input is shown below.

y(k)
/___/ arbitrary points
. .
1 ° ® ® ® ®
0.5a+ b °
| { i ! | {
0 1 2 3 L 5 6
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CHAPTER 7

B-7-1. For this problem
ag = -(A1+A2), ax=N1 A2, bp=b, Dby=-bAz
Thus,
A1 A2 0 -bAs 0
-(A1 +A2) AL b -b A3
- 1 ~(A1+Xx) 0 b
i 0 1 0 0
The determinant of B\ can be expanded as follows:
|E|= A Xz, o |lo b _i/\,h 0 b bA
" -(h+A) MWAaello of l1 "0:*/’\7—)': 0 0
Mz 0 (b DA | i-(td) A, jl-bAs O
1o 1l w» T =0 +h) l o 0
“0) Arzll-bk, o] 1 ~0th)|bAs O |
) 0 1 0 b | 1o 1 J b -b>\3§’

=0-0+A3A02 +0 - (A7 +A2)b2A 3 + b2} 32

= /\1>\2b2 _2(A] tA) A3+ 2N 32
=2 (A1 - A 3)(A2 - A3)

B-7-2.

s

[ 0.1 0
-0.7 0.1
1 ~0.7
0 1

Define matrices D and M as follows:
wA wA

Sylvester matrix E is given by
(2N

-0.24 0
0.2 -0.24
1 0.2
0 1
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Then %his obtained from

- o oA _
ds 1 1
dp 0 0
= ’ M =
dy 0 - F1
(do| (0] 2o
M=E1lD
wA wa wa

A MATLAB solution for determining M is shown below.
wA

0.100¢C
-0.7800C
1.0068

-29.5455

o -0.2400
0.1000C G.2000
-0.7000 1.0000
1.0008¢8 g
12.2727 -4 8384
189.3182 -8.4091
-5.1138 -1.8318
18.3182 g.4081
07;
%D

OO

. 2400
L2008
.0000

.0182
.8545

.8409
.8545

Thus, < (z) and f?(z) are determined as follows:

X (z)

B (2)

-51.1364z - 29.5455

51.1364z - 16.4773
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B-7-3. The following Diophantine equation
/(Z)A(Z) + B (2)B(z) = F(z)[H(z) - A(z)]
can be written as

[[(Z) + F(z)]A(z) + /3(Z)B(Z) = F(z)H(z)

Define
(z) + F(z) =« (2)
Then J(
Y (z2) =« (2) - F(z2)
and

_ X(z) - F(z) z
u(z) = - 2L U(z) - {ii(;)L ¥(z)

=[—M+1]U(z) _ L) vy

F(z) F(z)
which can be simplified to

Wz) ___B(z)
Y(z) o (2)

The block diagram for this system is shown below.

&R,

Ke) =0 @U@ B2 _
AR)

B&)

x[2)

Note that AB(z)/«(z) is the observed-state feedback regulator. The block
diagram shown above is the same as that shown in Figure 7-3 which represents
an observed-state feedback regulator system.

[Note that in Example 6-11 we designed an observed-state feedback regulator
system. The block diagram for the system was shown in Figure 6-13. The feed-
forward transfer function was the plant transfer function and the feedback
transfer function was an observed-state feedback regulator. ]
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B-7-4. From Figure 7-6(a) we have

U(z) = 8R(z) - | -U(z) + M#;&Y(z) +—Z+TO°3—2—-U(z)l

[=.

Hence
U(z) = -0.32z-1u(z) - 24Y(z) + 16z-1ly(z) + 8R(z) (1)

By taking the inverse z transform of this last equation, we obtain

u(k) = -0.32u(k - 1) - 24y(kx) + 16y(k - 1) + 8r(k)
k=1, 2, 3, ...

u(0)

-24y(0) + 8r(0)

To find u(k) versus k for the unit-step input r(k) = 1, we need to find
U(z)/R(z). From Figure 7-6(b), we have

Y(z) _ _8(0.02z + 0.02)
R(z) zZ - 1.2z + 0.52
Hence,
8(0.02z + 0.02)
Y(z) = R(z 2
(=) z2 - 1.2z + 0.52 (2) (2)
Equation (1) can be written as
(z + 0.32)U(z) = -(24z - 16)Y(z) + 8zR(z) (3)

By substituting Equation (2) into Equation (3), we obtain

z2 - 1.2z + 0.52

(z + 0.32)U(z)

8z3 _ 13.44z2 + 2.88z + 2.56
z2 _ 1.2z + 0.52

R(Zz)

By dividing both sides of this last equation by (z + 0.32), we obtain

822 - 16z + 8 R(Z)

U(z) =
z2 - 1.2z + 0.52
Hence,
U(z) _ 822 — 16z + 8
R(z) ~ 22 - 1.2z + 0.52

The same equation as above can also be obtained as follows:

U(z) _ _U(z) Y(z) _ (z-1)2 _8(0.02z + 0.02)
R(z) =~ Y(z) R(z) = 0.02(z +1) 22 _ 1.2z + 0.52
- 8(z - 1)2 _ 822 — 16z + 8

z2 — 1.2z + 0.52 z2 1.2z + 0.52
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The following MATLAB program will give u(k) versus k for the unit-step sequence,
r(k) =1 (k=0,1, 2, ...).

»% MATLAB Program for Problem B-7-4

»

»% ---— Plot of u(k) verus k when r(k) is a unit-step function -----
»

»num = [8 -16 8];
»den=[1 -12 0.52];

»r = ones(1,41);

»v=[0 40 -10 10};
»axis(v);

»k = 0:40;

»u = filter(num,den,r);
»plot(k,u,'o")

»grid

»title('Plot of u(k) versus k')
»xlabel('k")

»ylabel('u(k)")

Plot of u(k) versus k

10 :
h : :
Sl .......................................... ...................................................... i
I
.fg‘, [ 0] f ..6.&.‘?.?.?.‘3.@\3.0.43.5.99@.@,.g.g.@@.é.g.g.@.}é.g.g.g.@é.g.g.g@;;
. S
00
S e e e ........................................ .
0 5 10 15 20 25 30 35 40
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B-7-5.

F(z) =C(zI -6)-lH+D
Uz -1 0]-1 {-O—i
=[1 0 0] |0 z -1 0
0.16 -0.84 z [1
_ 1
z3 - 0.84z + 0.16
Hence,
Y(z) _ 1 _ _B(z)
U(z) z3 - 0.84z + 0.16 A(z)
where
A(z) = z3 - 0.84z + 0.16
B(z) =1

Next, solving the following Diophantine equation:

«(z)A(z) + B(z)B(z) = H(z)F(z)
or

A(z)(z3 - 0.84z + 0.16) + 'B(z) = zd
we obtain

X(z) = z2 + 0.84

/B(Z)

Referring to Figure 7-4, we have

Y(z) _,  X(2)B(z) _ , _2z2+0.84

R(z) H(z)F(z) 0 z5

-0.162z2 + 0.7056z - 0.1344

To determine gain Kp, we set y(e¢) = 1 for the unit-step input.

lim y(k) = 1lim (1 - z-1)Y(z) = 1im (z - l><Ko z2 4 0.84\(' z )
k—oc 7 —1 7 —1 zZ 25 /z_l/
= l°84KO =1
from which we get 1
Kgp = —— = 0.5435
1.84
Hence
Y(z) _ _0.5435(z2 + 0.84)
R(z) z5

To obtain the unit-step response, we may enter the next MATLAB program into the
computer.
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k)

»% MATLAB Program for Problem B-7-5 (Part 1)

»

»% ----- Unit-step response -----
»

»num =[0 0 0 0.5435 0.4565];
»den=[1 0 0O O O]

»r = ones(1,41);

»v=[0 40 O 1.6];

»axis(v);

»k = 0:40;

»y = filter(num,den,r);
»plot(k,y,'0")

»grid

»title("Unit-Step Response')
»xlabel('k")

»ylabel('y(k)")

1.6

1.2

0.8
0.6

0.2

| AU WU U SV USSR SO SO

- S-S S -
R - - - N .

Unit-Step Response
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To obtain the unit-ramp response, the following MATLAB program may be entered
into the computer.

»% MATLAB Program for Problem B-7-5 (Part 2)

»

»num =[0 0 0 0.5435 0.4565];
»den=[1 0 0 O Of;
»v=[0 40 O 40];
»axis(v);

»k = 0:40;

»r = [K];

»y = filter(num,den,r);
»plot(k,y,'0".k,y,"-".k.k,"--")
»grid

»title('Unit-Ramp Repone')
»xlabel('k")

»ylabel('y(k)")

Unit-Ramp Repone

k)
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B-7-6. Referring to the solution to Problem B-7-5, Y(z)/U(z) can be obtained

Y(z) _ 1 _ _B(z)

U(z) z3 - 0.84z + 0.16 A(z)

where
A(z) = 23 - 0.84z + 0.16
B(z) =1

The solution to the following Diophantine equation

& (z)A(z) + g(z)B(z) = H(z)F(z)

where

H(z) z3

F(z) z2

was obtained in the solution to Problem B-7-5 as

X (z) = z2 + 0.84

B(2)

Referring to Figure 7-5, we have

-0.16z2 + 0.7056z - 0.1344

Y(z) _ KoB,(Z,) _ Ko
R(z) =~ H(z) =~ 23

To determine constant Kg, we require y(e®) in the unit-step response to be
unity, or

lim y(k) = lim ( z -1 )(hKO }( z

k- o0 z-»1 Z z3/\Z-l/
=Ky =1
Hence
Y(z) __ 1
R(z) z3

The system has three closed-loop poles at the origin. Hence, the system is a
dead-beat system.

To obtain the unit-step response, we may enter the following MATLAB pro-
gram into the computer.
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wk

»% MATLAB Program for Problem B-7-6 (Part 1)

»

»% ---— Unit-step reponse -----
»

»num=[0 0 0 1];
»den=f1 0 0 O};

»r = ones(1,41);

»w=[0 40 0 1.6];
»axis(v);

»k = 0:40;

»y = filter(num,den,r);
»plot(k,y,'o0")

»grid

»title('Unit-Step Reponse')
»xlabel('k")
»ylabel('y(k)")

1.6

0.8}

0.6k ........... .............. .............. .............. ............. ............. ............ ]
0.4 oo e e e e e, J
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To obtain the unit-ramp fesponse, the following MATLAB program may be entered
into the computer.

»% MATLAB Program for Problem B-7-6 (Part 2)

»

»% ----- Unit-ramp response ---—-
»

»oum=[0 0 0 1;
»den=[1 0 O 0];

»v=[0 40 O 40];
»axis(v);

»k = 0:40;

»r = [k];

»y = filter(num,den,r);
»plot(k,y,'o".k,y,"-.k.k,'--")
»grid

»title('Unit-Ramp Response')
»xlabel('k")

»ylabel('y(k)")

Unit-Ramp Response

k)

b
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B-7-7. First, we determine the transfer function Y(z)/U(z).

X(z) C(zI - ¢)-1u
wiowa s wA

U(z)
=
4 0 0.25 -1 1
=[1 0 0] |- 4 0 0
0 -1 z - 0.5 1
- z2 - 0.75z _ _B(z)
z3 - 0.5z2 + 0.25 A(z)
Hence
A(z) = z3 - 0.5z2 + 0.25
B(z) = z2 - 0.75z
Thus,

a3 = -0.5, a =0, a3z =0.25

bp=0, by =1, by=-0.75, b3z=0
Next, we solve the following Diophantine equation:

o (z)A(z) + B(2)B(z) = H(2)F(2)
or

o (2)(23 - 0.522 + 0.25) + £ (2)(z2 - 0.75z) = z°

where

& (z) = Xgz2 + X 1z + X

ﬂ(z) éozz + g1z + B2

To determine < (z) and {3 (z) we define Sylvester matrix E.

i 0.25 0] 0 0 0 0 §
0 0.25 0 -0.75 0 0
-0.5 0 0.25 1 -0.75 0
E‘ ) 1 -0.5 0 0 1 -0.75
0 1 -0.5 0 0] 1
B 0] 0 1 0 0 0
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We also define matrices D and pl:'I« as follows:
- roo) r -

ds 0 ‘XZ
dg 0 o
o d3 ) 0 , Y g
™o jd2 0 ~ B
di 0 !Bl
_dO- L1 Po

Then "1\3 is determined from

M=Eg1lp
wA @A

4

A MATLAB solution for determining M is shown below.
wA

txj
1

0.2500 0 0 0 0
; 0 0.2500 0 -0.7500 0
% -0.5000 0 0.2500 1.0000 -0.7500
1.0000 -C.5000 G G 1.0000
0 1.0000 -0.5000 8 0
0 0 1.0000 0 0

{0;0;0;0;0;17;
inv{(E*D

e}

.0600
.0000
.0200
. 3600
.4400

QOO

QOO0

-0.7500
1.0000

]

Thus, o (z) and ﬁ (z) are determined as follows:
X (z) = z2 + 0.06z
B(z) = 0.44z2 + 0.36z + 0.02

The block diagram for the designed system is shown on next page.
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R(z) U(z) z2 - 0.75z ¥(z)
—] Ko + N hd o
| ‘ \_J z3 - 0.522 + 0.25

-

z2 + 0.06z Ve 0.44z2 + 0.36z + 0.02
72 z2

The gain constant Kg is determined from the requirement that y(e0) is unity in
the unit-step response. Since

Y(z) _ KoF(z)B(z) _ KoB(z) _ Ko(z - 0.75)
R(z) - H(z)F(z) - H(z) - z2
we have
lim y(k) = lim (-2=1 )[ Ro(z - 0.75) ]( z )
K> z->1 Z ZZ 7z -1
= 0.25Kp = 1

Hence K is determined as
Ko = 4

The designed system is of second order.

B-7-8. We shall assume that the designed system has the block diagram of
Figure 7-9. For the given plant,
Y(z) _ 0.6z + 0.5 _ _B(z)
U(z) (z - 1)2 A(z)
Thus,
A(z) =(z-1)2=22-2z2+1=22+ayz+ay
B(z) = 0.6z + 0.5 = bgz2 + byz + by
Hence,

a; = -2, ap) =1, bO =0, bl = 0.6, b2 = 0.5
[Clearly, there are no common factors between A(z) and B(z) and the numerator
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B(z) is a stable polynomial. ]

In the design process we choose H(z) as the desired characteristic poly-
Let us choose a stable polynomial of degree 1 as Hy(z), or

nomial of degree 2.

Hl(Z) =z + 0.5

[Choice of Hy(z) is, in a sense, arbitrary as long as it is a stable polynomial. ]
1

Now define

(This is the desired characteristic polynomial for this system.)

choose

[F(z) can be any stable first-degree polynomial. ]

Hence,

H(z) = B(z)H;(z) = (0.6z + 0.5)(z + 0.5)

F(z) = z

D(z) = F(z)B(z)H;(z)
= 0.6z3 + 0.82z2
dg = 0.6, d; =0.8, dp=

Define

z(0.6z + 0.5)(z + 0.5)

+ 0.25z

0.25, d3 =0

Next, we

We determine first-degree polynomials & (z) and ﬁ'(z) by solving the following
Diophantine equation: ‘

or

o (z)A(z) + B (2)B(z) = F(z)B(z)H(z) = D(2)

v

o (z)(z2 - 2z + 1) + £(2)(0.6z + 0.5) =

The 4 x 4 Sylvester matrix E for this problem becomes as follows:

Define

St

az

ai

0 by
a by
a3y bp
1 0
as] [
dp

D = =

= g
_do_ -

o] |1
by -2
by I
b0~ 3 0
o
0.25
’ M=
0.8 e
0.6
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z(0.6z + 0.5)(z + 0.5)

0 0.5
1 0.6
) 0
1 0

o

X0

0

0.5

0.6
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Then matrix M can be obtained from

M=E1lD
The MATLAB solution for 34“ is

0.5
0.6

N=1a
2.5

« (z) and ﬁ(z) are given by
x(z) = Xpz + X1 = 0.6z + 0.5

§(Z) Boz * By =252 -1

However, Equation (1) can be solved easily without using MATLAB. Since Equa-
tion (1) can be written as

X (z)(z2 - 2z + 1) = (0.6z + 0.5)z2 + (0.62 + 0.5)[-g(2z) + 0.52] (2)

and B (z) is a first-degree polynomial, the coefficients of the z2 terms must
be the same. Thus,

X (z) = 0.6z + 0.5
Then Equation (2) can be simplified té
z2—22+1=22—/6(z)+0.52
from which we obtain
B(z) =2.52 -1
This result is the same as the MATLAB solution.

Using « (z) and {8 (z) thus determined, Y(z)/V(z) becomes as follows:

Y(z) _ F(z)B(z) _ 1 _ 1
V(z) =~ F(z)B(z)Hy(z) = Hy(2) z + 0.5
Since V(z)/R(z) is
_%(E)L = Gpoge1 Hi(2) = 'izz_;l" (z + 0.5)

the pulse transfer function Y(z)/R(z) becomes

Y(z) _ _¥(z) V(z) _ _22-1 _
R(z)  Vv(z) R(z) 22 Cmodel

The designed model-matching control system has the block diagram as shown in
the next page.
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|

v(z)
R(z) |27 - 1)(z + 0.5)‘_{:@\ U(z) 0.6z + 0.5 Y(ZL
z2 } 1‘/ (z - 1)2
Cmode1 Hi(2)
\
0.6z ; 0.5 A@(_ 2.5zz- 1.

The unit-step response of this system can be obtained by entering the

following MATLAB program into the computer.

»% MATLAB Program for Problem B-7-8 (Part 1)

»

»% --—-- Unit-step response -----
»

»num ={0 2 -1};
»den=[1 0 O}

»r = ones(1,41);

»v=[0 40 0 3};
»axis(v);

»k = 0:40;

»y = filter(num,den,r);
»plot(k,y,'0")

»grd

»title('Unit-Step Response')
»xlabel('k")

»ylabel("y(k)")
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Unit-Step Response
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The unit-ramp response of the system can be obtained by entering the following
MATLAB program into the computer.

»% MATLAB Program for Problem B-7-8 (Part 2)

»

»% ----- Unit-ramp response -—--
»

»num =[{0 2 -1}

»den=[1 0O O];

»v=[0 20 0 20];
»axis(v);

»k = 0:20;

»r = [k];

»y = filter(num,den,r);
»plot(k,y,'o".k,y,-" . k,k,'--")
»grid

»title("Unit-Ramp Response")
»xlabel(’k")

»ylabel('y(k)")

128



20

Unit-Ramp Response

=
B
k
B-7-9. We shall assume that the designed system has the same block diagram
as that of Figure 7-9. For the given plant,
¥Y(z) _ _ 0.01873z + 0.01752 _ B(z)
U(z) 22 _1.8187z + 0.8187  A(z)
Thus,
A(z) = 22 - 1.8187z + 0.8187 = z2 + ajz + ap
B(z) = 0.01873z + 0.01752 = bpz2 + byz + by
Hence,
a; = -1.8187, ap = 0.8187
bp =0, Dby =0.01873, by = 0.01752

[Clearly, there are no common factors between A(z) and B(z) and the numerator
B(z) is a stable polynomial.]

In the design process we choose H(z) as the desired characteristic poly-

nomial of degree 2. Let us choose a stable polynomial of degree 1 as Hj(z),
or

Hl(Z) =z + 0.5

[Choice of Hy(z) is, in a sense, arbitrary as long as it is a stable polynomial. ]
Now define

H(z) = B(z)H1(z) = (0.01873z + 0.01752)(z + 0.5)
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(This is the desired characteristic polynomial for this system.) Next, we
choose

F(z) = z

[F(z) can be any stable first-degree polynomial.] Define

D(z) = F(z)B(z)Hy(z)

z(0.01873z + 0.01752)(z + 0.5)

0.01873z3 + 0.026885z2 + 0.00876z

Hence,
dp = 0.01873, d; = 0.026885, dp = 0.00876, d3 =0
Define
o (z) = xpz + oy
!8(2) =/302+ '81

We determine (X (z) and f?(z) by solving the following Diophantine equation:
o (z)A(z) + /9(Z)B(Z) = F(z)B(z)Hy(z) = D(z)

or

& (z)(22 - 1.8187z + 0.8187) + B (z)(0.01873z + 0.01752)
= 0.01873z3 + 0.026885z2 + 0.00876z

The 4 x 4 Sylvester matrix E for this problem becomes as follows:

f‘ =
0.8187 0 0.01752 0
-1.8187 0.8187 0.01873 0.01752
E =
w 1 -1.8187 o 0.01873
0 1 0 0
Define
rd3 0 4 1
dy 0.00876 g
D = = ’ M =
- dy 0.026885 (9 1
| do | |0.01873 | JB 0]

Then matrix M can be determined from
A
M=©c1D
A wA 2%
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A MATLAB solution for the determination of M is given below.

E =
0.8187 0 0.0175 0
-1.8187 0.8187 0.0187 0.0175
1.0000 -1.8187 8] 0.0187
0 1.0000 0 0
e = [0;0.00876;0.026885;0.018737;

s

D
/ format long
S M = inv{E XD

&

M

0.01752000000000
0.01873000000000
-0.81870000000000
2.31870000000000

Hence
% (2z) = A gz + X7 = 0.01873z + 0.01752
!B(z) = Boz + ‘51 = 2.3187z - 0.8187
Using X (z) and F;(z) thus determiﬁed, Y(z)/V(z) becomes as follows:
Y(z) _ F(z)B(z) : 1 - 1
V(z) F(z)B(z)H;(z) Hy(z) z + 0.5
Since V(z)/R(z) is
%(%)L = Cmoder M1(2) = —5— 1(.);22+ 050 21O
the pulse transfer function Y(z)/R(z) becomes
Y(z) - _Y(z) _Vv(z) - 0.32 = G,
R(z)  V(z) R(z)  22-1.2z+0.52 "%l

The designed model-matching control system has the block diagram as shown in
the next page.
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R(z)

0.32(z + 0.5) |7 Ulz)

0.01873 z + 0.01752

Y(z)

72 = 1.2 z + 0.52 o/

72 ~ 1.8187 z + 0.8187

Gmode1 Hi(2)

0.01873 z + 0.01752 & 2.3187 z - 0.8187
n—_.), ” -
z ) Pa—

The unit-step response of this system can be obtained by entering the
following MATLAB program into the computer.

»% MATLAB Program for Problem B-7-9 (Part 1)

»

»

»num = [0 0 0.32];
»den=[1 -1.2 0.52];
»r = ones(1,41);
»v=[0 40 O 1.5];
»axis(v);

»k = 0:40;

»y = filter(num,den,r);
»plot(k,y,'o")

»grid

»title('Unit-Step Reponse')
»xlabel('k")
»ylabel('y(k)")
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Unit-Step Reponse
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The unit-ramp response of the system can be obtained by entering the following
MATLAB program into the computer.

»% MATLAB Program for Problem B-7-9 (Part 2)

»

»% ----- Unit-ramp respone -----
»

»num = [0 0 0.32];

»den=[1 -1.2 0.52];

»v=[0 20 0 4];

»axis(v);

»k = 0:20;

»r = [0.2¥%k];

»y = filter(num,den,r);
»plot(k,y,'o'.k,y,-',k,0.2%k,"'--")
»grid

»title("Unit-Ramp Reponse')
»xlabel(’k")

»ylabel('y(k)")
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Unit-Ramp Reponse
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CHAPTER 8

B-8-1. Referring to Equation (8-23), we have
B =g+ @pkr 1) [1+E PR+ D] T g
_ 1 ol . 0 -0.5] [pll(k +1) ok + 1)}
|0 1) |2 1] _plz(k + 1) p22(k + 1)

0] 1 1) e (k+1)  p(k+1) 1o 1
X +
0 1] |1 1 [plz(k + 1) p22(k + 1) -0.5 1

The boundary condition for P(k) is

1 0
P(8) =8 =
Hence -
1 0] fo -0.371 ol{pm o7 1 1171 o}t
P(7) = + +
~ o 1f{lo 1] [1 1jlo 1)
1.1667 -0.16671
X
 -0.5 | -0.1667 1.66674
P1 d} ~0.57 T 1.1667 -0.1667
P(6) =
™~ 0 1] |-0.1667 - 1.6667 |
0] [1.1667 -0.1667V7E ] o 1
X +
o 1} |1 1]]-0.1667 1.6667 -0.5 1]
1.2560 ~0.2143
10,2143 1.7143 |
Similarly, we can obtain P(5) P(@), veny P(O) as shown in Table B-8-1.

Next we determine the feedback gain matrix K(k) Referring to Equation
(8-27), we have

(k) = R H*(G*) -1 [P(k) - Q:]
0 -0.5] 7 (e () )] {1 o]
p(K) Py, (K) 0 1j

ool e ]

Plz(k> P22(k> -1

]

=

= [P0 Py -
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Hence, we find
k(8) = [o 0]
K(7) = [-0.1667  0.6667]
(6) = [-0.2143 0.7143 ]

Similarly, we get &(5), K(&), v.uy gﬁo) as given in Table B-8-1.

To compute x(k), first define

Ko = [1®) k)

Then
w(k) = - XKz = - K E)] x(E
and
x(k + 1) = E§(k) + Eu(k) = Bi - gg(k)] x(k)
_ [ - Ky (k) 1- Kz(k)] [xl(k)
-0.5 - Kl(k) 1 - Kz(k)_ %, (k)
Hence
[ 0.2114 0.28031[2 0.9834
X(l) = =
- -0.2886 0.2803 | |2 | -0.0166
| 0.2114 0.280371T 0.9834 0.2032
X(Z) = =
” -0.2886 0.2803 | | -0.0166 -0.2885
Similarly, we can obtain &(3), 5‘4), ey X(8).
Since the control sequence u(k) is given by
u(k) = - K(k)x(k)
we find
_[2
u(0) = - k(0)x(0) = - [-0.212%  0.7197] = - 1.0166
2
[ 0.9834
u(1) = - k(1)x(1) = - [-0.2114 0.7197] = 0.2198
- ~0.0166
Similarly, we obtain u(2), u(3), ..., u(?7).

Finally, the minimum value of J is obtained as follows:

1 1 1.2705 -0.2114 || 2
ain = 2 FOEORO) =3[z 2]
-0.2114 1.7197 | |2

5.1348

oy
1]

1]
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Table B-8-1

k 2(k) X(k) x(k) u(k)
[ 1.2705  -0.2114] | _ - 2

0 ~0.2114 0.7197 ~1.0166
_0.2114 1.7197] | - - 2 |
[ 1.2705  -0.2114] | - | [ o.9834]

1 ~0.2114 0.7197 0.2198
-0.211%4 1.7197) | - = | 1-0.0166
[ 1.2705  -0.2114] | - o | [ 0.2033]

2 -0.2114 0.7197 0.2506
-0.2114 1.7197] | - = | 1-0.2885
1.2704  -0.2114] | - [ 0.0379 |

3 ~0.2114 0. 7197] 0.0924

-0.2114 1.71974 | ~ -0.1395]
[ 1.2703  -0.2113] | - - | [~0.0u71]

N -0.2113 0.7194 0.0103
-0.2113 17094 | - - | |-0.0282
1.2697  -0.2118] | - - | J~0.0179]

5 -0.2118 0.7176 -0.0079
-0.2118 171761 | - = | | 0.0057]
[1.2560  -0.2143] | - o | [~0.0022]

6 -0.2143 0.7143 -0.0053
-0.2143 1.7483) | - < 1 1 0.0068]
[1.1667  -0.1667] | - o | [o.0015]

7 -0.1667 0.6667 -0.0015
-0.1667 1.6667) | - 10.0026 |

| 0.0004 |

B-8-2. Referring to Equation (8-74), matrix P can be determined from

E = Q + G*P(I + M}E—lg*p)—lg

VA va

By substituting the given matrices G, H, 9, and R into this last equation, we

obtain
P11 P12 1 0 0 -0.5 | [p13 Plz‘l
= +

P12 P22 {0 0.5 |0 1 ||p12 P22
/ o r .l
{ 1 0 ! 1 o pll p12 -1 0 O[
X ( + |jn ol |
< - 0.5 1
\ 0 1] {0} P12 pzzd/ |



or
- -
P11 P12 1 0 -0.5p32 -0.5p22 |

M1
|
= + !
P12 P22 0 0.5 P12 P22 1+ pyq LO
r o 0]
X
-0.5 1
By simplifying this last equation,
P11 PlZ{ ( 0_]+ 1 [-0.25p152 + 0.25py,(1 + p11)
. 1+
Piz P22 [ 0.5] P11 10.5p152 - 0.5p22(1 + p11)
0.5p122 - 0.5ppa(1 + plli]
-p122 + p22(1 + p11)
from which we obtain
p1; =1+ N — [-—O.25p122 + 0.25ppo(1 + pi1)]
1 +pn
- 1 ‘
P12 = ———— [0.5p792 - 0.5pyo(1 + )1

1

p22 = 0.5 + T+ ppg [-p122 + poo(l + p17)]

From Equation (3) we get
p122= 0.5(1 + pll)

By substituting Equation (4) into Equation (1), we obtain

p11 = 0.875 + 0.25ppp
Substitution of Equation (4) into Equation (2) yields
p12 = 0.25 - 0.5ppo
From Equations (4) and (5), we have
p122 = 0.9375 + 0.125py;
From Equations (6) and (7), we obtain
p122 + 0.25pjp - 1 =0
from which we get

P12 = - 1.1328 or 0.8828

Since‘P being a positive definite matrix requires ppy >

P12 = -1.1328
[See Equation (6).] Then, from Equation (6),
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pyy = 0.5 - 2p1p = 2.7656
From Equation. (5) we get

0.875 + 0.25 x 2.7656 = 1.5664

P11

The Bkmatrix is thus determined as

1.5664  -1.1328 |
P =
- |-1.1328 2.7656 |
Notice that matrix P is positive definite. Thus, it is the desired P matrix.

Referring to Equation (8-79), the optimal control law is given by

u() = - (8 + BT EEG(K)
= - [o.2207  -0.mb1s]x(k) = - Kx (k)
wWhere
K = [6.2207 -o.4a14]

The minimum value of J is given by

N S -
J i, =5 K (0)Px(0) = 4.1328
B-8-3. From Equation (8-87) we have
GEe-E=-8
oxr
1 a | 1 1 1 0
J Pin P2 C P Pz _
1 I[P P> 1 P Py 10 0.5
which can be simplified to
2ap., + azp + (a - 2) 1 0
12 22 P11 P12 = @z |
Pyt (2 -2y - apy oy - 2Ry ° 05

This equation is equivalent to the following three equations:
2
28p)p * @ Py, = -1
Py * (3 - 2)pp - apy, = 0
Ppp 2Py = 05

Solving these three equations for the pij's, we obtain
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_ 2+ O.5a2 0.5 - 1
ala + 2 ala + 2)

P =
- 0.5a - 1 _ 2
ala + 2) a(a + 2)

Since -1 a < 0, 3 is positive definite.

The performance index J can now be written as

1 —O.5a2 +a-56

- L -
Jd = 2 2‘(_\*(0>£}£(0> -2 a(a + 2)
To obtain the optimal value of a, we set
ds_ _ 0
da

This yields
a=-0.8730 or 6.8730

Since -1 £ a < 0, we discard a = 6.8730. Since d2J/daZ > 0 with a = -0.8730,

the minimum value of J occurs when a = -0.8730. The minimum value of J becomes
1 -0.5%:°+a-6
Inin T 72 . ala + 2) = 3.6865
a =- 0.8730
B-8-4. The optimal control law is given by
w(k) = - xx(k)
where K is the undetermined gain constant. Hence

x(k + 1) = (0.3679 - 0.6321 K)x(k)

The pérformance index can be written as
o 00
7= 2 [xz(k) + szz(k):l -2 7 @+
k=0 k=
Referring to Equation (8-94), we have

1
I

(1 + Kz)xz(k) - [pxz(k + 1) pxz(k)]

- [(0.3679 - 0.6321 ©)*°(x) - px°(x)|

1l

Hence _
1+ K + p(0.3679 - 0.6321 k)% - p].xz(k) =0
This last equation must hold for any x(k). Therefore, wWe require that
1+ K2 + p(0.3679 - 0.6321 K)2 -p=0
or
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1+ K2

1 - (0.3679 - 0.6321 K)2

Noting that the performance index J can be given by
3= p(0)
to minimize this value of J[for a given X(OX]with respect to K, we set
g9 _

dK
or

a2k [1 - (0.3679 - 0.6321 ©%] - (1 + &) [2(0.3679 - 0.6321 K)0.6321)
dK [1 = (0.3679 - 0.6321 K)2]2

=0
which can be simplified as
KZ + 54363 K-1=0
from which we obtain
K = -5.6144 or 0.1781

For K = 0.1781, we have p = 1.1037. For K = -5.6144, p becomes negative.

Hence we choose

X

0.1781, p = 1.1037
Thus, the optimal control law is given by
u(k) = ~ 0.1781 x(k)

and the minimum value of the performance index is given by

3, =—— (1.1037)x°(0) = 0.5518 x*(0)

B-8-5. Suppose that we attempt to find a positive definite matrix P for
this system. Let us assume that Q = I and R = 1. Since the given G matrix
is nonsingular, Equation (8-101):

P=0Q+ S*Eﬂl + Eg—lgfg)—l(;
can be rewritten as follows:

(g7l = (g")lged + p(T + FR1EeE) 1)

Noting that
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-0.5 0 |-1 -2 0
(6*)-1 = =
- |-0.5 1.5 | -2/3  2/3]
-0.5 -0.5 |-1 -2 -2/3
G—l - E
i | 0 1.5 0 2/3

Equation (1) can be written as

- b ~ = -1
M2 0 o1 plz_l( -2 -2/31‘ -2 o1 ol[-2 -2/3
L-2/3 2/3 || p12 p22J|| 0 2/3| |-2/3 2/3} 0 1J 0 2/3
¥ S ol 1 ol [p P 7 -1
lpll P12 ( 1 11 12 1
+ | l \ +
P12 p22| \LO 0 0| |P12 P22 | }
which can be simplified to
4p11 (4/3)P11 - (4/3)p12
(4/3)p11 - (4/3)p12 (4/9)p11 - (4/9)p12 - (4/9)p12 + (4/9)P22
4 4/3] 1 | P11 P12 0
= + —_—
L4/3 8/9 1 +pn1 P12 -p122 + ppo(1l + Pll)J

from which we get the following three equations:

P11
4 =4 + ———
P11 1+ pig
4 4 -4 . P12
3 P11 - 737 P12 3 1+p;
4 P11 - & P12 + = P22 = 5 4 1 [-9122 + pp2(1 + p11)]
9 9 9 9 1+ pp;

Solving the first of the three equations, we obtain
P11 7 1.1328

Solving the second equation gives
0.09825

]

P12
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The last of the three equations yields
P22 = -0.8428
Hence

[1.1328 0.09825_)

3
i

0.09825 -0.8428 J

Clearly, P is not positive definite. For this system no positive-definite
matrix P exists that satisfy the Riccati equation. (This means that the
quadratlc optimal control approach can not be applied to this system.)

B-8-6. Consider the dual counterpart of the original system
x(k + 1) = gex(k) + gru(k) (1)

Since the original system is completely state controllable and observable,

the system defined by Equation (1) is completely state controllable. The
Riccati equation considered here is

P =+ GBG* - GRO*(R + GRCX) T GRGH (2)

H

Consider the equation

A/\ N N A
P = Q+ K¥RK + (G - K*¥C)P(G¥ - C*K) (3)
Assume here that G - K*C is a stable matrix. (We shall later prove that it
is a stable matrixX.)

We shall first prove that matrix P satisfying Equatlon (3) is unique.
Then we show that matrix P satisfying Equatlon (2) is unique. Suppose that
there exist two matrices Pl and Py that satisfy Equation (3). Then

Bl =q+ 54*1313 + (g - K*g)Pl(G* o) (%)
P, =8 KRR + (G - K*E)EZ(G* B 93@ (5)

Subtracting Equation (5) from Equation (4), we obtain

N A
Py - By = (G- k¥C)(B) - By)(G* - C¥K)
Define
VaS
31 '.Ez - E
Then
A A A A
P = (G - K*C)P(G* - C*K) (6)

Notice that if P # O, then there exists an eigenvector X5 of matrix (G - K*C)*
such that

Px%

]
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Let us define the eigenvalue that is associated with the eilgenvector x. to
be A Then =1

A
(G - RK*¥C)*xj = Aixi
Hence, from Equation (6) we have

A A A
G - K*C)P(G* - g*gg)ggi - Bx. (G - K*C)P A - Px.

] M“V\l
A

=[* <G-K*c>-1]gx =0 (7

Equation (7) implies that >\i_1 is an eigenvalue of G - K*C. Since 'Ai|< 1,
—l' . . A WA na
Wwe have in |>-1. This contradicts the assumption that G - K*C is a stable
matrix. Hence, glmust be a zero matrix, or
=5

Thus, we have proved the uniqueness of matrix 3 that satisfies Equation (3).

Notice that Equatidn (3) can be written as follows:

A N A A
P = Q + K¥RK + (G - K*C)P(G* -~ C*K)

wA

Q + K*RK + GPG* - K*CPG* - GPC*K + K*CPC*K

M

1]

g+ @+ [(B+ 00 - (R + gRor) Fgrgr ]
EWN _i -
°|:(R + CPC*)?K - (R + CEC¥) ZCPG*] - GPC*(R + CPC¥) lggc* (8)
If we choose
= (R + cPc*)'lcPG* (9)
then Equations (8) and (2) become identical. (Note that K is the optimal gain

matrix that minimizes the performance index.). Hence, matrix E\satlsfylng
Equation (2) is unique.

Next, we shall prove that matrix P is positive definite. Notice that
P =g+ 0RK + (¢ - BOR(ex - ¢¥K) (10)
may be written as
o0 .
d A A A
P= Z (G - ﬁ*g)k(q + K*RK) (G* - g*K)k (11)
k=0
because
A V) A A
P = (G- K*C)O(Q + ®*RR) (o* - cxk)°

Z (¢ - Kx0)" (g + RxBK) (G* - C*K)k

k=1
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o0

A A A e A

Q+ K¥BK + (G - kxC) | > (G - g*g)k(q + K*RK)
k=0

A N
o(gf _ Ef§>k (Ef - Efﬁ?

A N A A
o+ e+ @ - bope - ob

Since Q + K*RK is a positive definite matrix, from Equatlon (11), matrix P is
also pos1t1ve € definite. Hence, matrix D given by Eguatlon (10) is pos1€§ve
definite. Consequently, ‘we have shown that if G - R*C is a stable matrix and
if K is given by Equation (9), or

N

= (R + CPC*)~1cpG*

then matrix P that satisfies Equation (2) is unique and is positive definite.

Finally, we shall prove,_ that if Equation (3) is satisfied by positive
definite matrices P and Q + ngﬁ, then matrix G - K*C is a stable matrlx.

Let us define the elgenvector associated with an elgenvalue A of (G - K*C)*
as X. . Then
1 A
- K* =
(G - KXC)*x, = A%

By premultiplying both sides of Equation (3) by xj* and postmultiplying both
sides by Xj, we obtain

X, *¥Px, = ﬁi*(Q + K*RK)X + X, *(G - K*C)P(G* - C*K)x

]l ] chwl

Hence
A N~ -_ )\

X.¥PX. = X.*¥ + K¥RK)x. + X, ¥ .X

2¥BE = 5@ BEROX ¢ AGXKE ALK,
or

2
AL|T x*¥Px, - x. *PX, = - X *(Q + K*RK)X

which can be written as
2 _
( |>‘ il - 1)x%Px; = - x,%(Q + K¥RK)x,

A A
. % - -
Since both Xy ggi and fi*(3,+ g*RK)§i are positive definite, we have
2
I’\i| -1<0
or

/\.1]<1

A
Hence, we have proved that matrix (G - K¥C)* is a stable matrix.
Next, for the original system
x(k + 1) = Gx(k) + Hu(k)

replace all G's by G*'s and all C's by H¥'s in the Riccati equation (2) to
get
P = Q + GXPG - GXPH(R + H¥PH) T HYEQ (12)

wn
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Then, by exactly the same approach, it can be proved that this Riccati .
equation [Equation (12)] has a unique positive definite solution and matrix
% - gva is a stable matrix.

MATLAB Program for Problem B-8-7

% ***** Solution of minimum-energy control problem, where
% the number of unknown variables is greater than that of
% equations, is obtained by use of the right pseudoinverse *****

% ***** Enter matrices G, H, and x0 *****
G=[1 0.6321;,0 0.3679];

H = [0.3679;0.6321];

x0 = [5;-5];

% ***** Enter matrices 1, f2, and f3 **x**
f1 = inv(G)*H;

2 = inv(G)A2*H;

3 = inv(G)A3*H;

% ***** Enter matrix F = [f1 f2 f3] and compute the right
% pseudoinverse FRM = F'*inv(F*F') *****

F=I[f1 f2 f3];
FRM = F*inv(F*F')
FRM =

0.7910 0.7191
0.5000 0.4738
-0.2910  -0.1929
% ***** Optimal control uopt can be given by *****
uopt= - FRM*x0
uopt =
-0.3598
-0.1310
0.4908
u0 = uopt(1), ul = uopt(2), u2 = uopt(3)

u0 =

-0.3598
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ul

-0.1310
u2 =
0.4908

% ***** The minimum value of performance index ] can be
% given by *¥***

Jmin = 0.5*uopt"*uopt
Jmin =

0.1937

B-8-8. Notice that the rank of [H GH] is two and the given system is
completely state controllable. We shall solve three cases separately.

Case 1 n = 2: Using the right pseudoinverse we shall determine u(0), u(1),
and u(2). Since state 5(3) can be given by

x(3) = &>x(0) + G°Hu(0) + GHu(1) + Hu(2)

if we set 33(3) = 0, then

x(0) = - g H(0) - ¢ (1) - G 7Hu(2)
Define .
. =G H
w1 WA v
Then
£(0) = - £33(0) - £,u(1) - £5(2) (v
where - - -
1 0 1
f = G_lH = , f, = G_ZH = ’ f, = G_3 =
lml WA A o “\2 Wi 1 WB v -1
Hence, Equation (1) becomes
x,(0) 1 o0 17 [2(0)
= - u(l)
x,(0) o1 -1

By use of the right pseudoinverse, we obtain
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-1 |%,00)
()| = - M x(0) = - pr(EE0 | Y
u(2) _XZ(O)
Wwhere
1 0 1
F =
“ 0 1 -1
and _ -
2 L
1 ) RE 3 3
FRM = F*(FF*)_l = - L 2
1 2 3 3
1 -1 {5 Jd
. S
3 3
Hence - -
[u(0) =z 1 =
3 3 |y
1 2
)] =-1x2 21| |=|2 (2)
3 3
1
2 - - = 0
u(2) E 3 | i
The minimum value of J is given by
-1 T2 2 2(2)] = L _
I =2 [u(o)+u(1)+u(g)__ L (1+1+0) =1

Notice that by using the control sequence given by Equation (2) we have

le(l) _—1 x,(2) e

x,(1) 0| x,(2) 0

The state x(2) becomes Q in two sampling periods, or x(2) = 0. Thus, in this
case the minimum energy control is the same as the time optimal control.

Case 2 n = 3: State x(4) can be given by
(TN

x(4) = 6%(0) + G3Hu(0) + G2Hu(1) + GHu(2) + Hu(3)

Substituting Q‘for 3(4) in this equation yields

x(0) = - G~Hu(0) - G~2Hu(1) - G~3Hu(2) - g~%Hu(3)
Define
fi=¢H
Then
x(0) = - £3u(0) - fou(l) - f3u(2) - £4u(3) (3)
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where _

Hence, Equation (3) becomes

:u(O{
x1(0) 1 0 1 -1|u(1)
x2(0) T 0o 1 -1 zJ u(2)
i u(3)
By use of the right pseudoinverse, we obtain
1(0) |
u(1) [%1(0)
= - FRM x(0) = - F*(FF*)-1
u(2) . e x2(0)
..u(3)_
where
1 o 1 -1]
F =
~ oo 1 -1 2|
and
(2/3  1/3]
FRM = Fx(FF*)-1 = Vs
- oo 1/3 0
| 0 1/3]
Hence
wo)| (23 1/3] 1]
u(1) 173 13 |[1] 2/3
u(2) T 1/3 0 1~J= ) 1/3
u(3)] |0 1/3 | |1/3 |

Then, the minimum value of J, when n = 3, can be obtained as

Imin = % [u2(0) + u2(1) + u2(2) + u2(3)] = _2_
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Case 3 n = 4: State §j4) can be given by

x(5) = G5§(O) + gﬂﬁu(o) + §3yu(1) + g?ﬂu(Z) + GHu(3) + Hu(4)

Substituting 0 for §(5) in this last equation yields

x(0) = - ¢71Hu(0) - G~2Hu(1) - G~3Hu(2) - ¢~4Hu(3) - G Hu(4)
Define
£i=GH
Then
x(0) = - £7u(0) —szu(l) - f3u(2) - f4u(3) - £5u(4)
where -
1 0 1 -1
fi=) 0 E2=| | f3% r fas r £s
0 1 . -1 2

Hence Equation (4) becomes

u(0)
— lu(1)
%7 (0) 1 0 1 -1 2
= - u(2)
x5(0) o 1 -1 2 -3
- - (u(3)
u(4)
By use of the right pseudoinverse, we obtain
u(0)
u(l)
x1(0)
u(2) | = - FRMx(0) = - F*(FF*)-1
a x2(0)
u(3) -
u(4)
where
1 0 1 -1 2
F:
~ 1o 1 -1 2 -3
5/8 3/8 |
3/8 7/24
FRM = px(FF*)~1 = | 1/4 1/12
1/8 5/24
1/8 -1/8

(4)



Hence,

- —_ — —_

[u(0) | 5/8 3/8 1

u(1) 3/8 7/24 || 1 2/3
u(2)| =-11/4 1/12 =-11/3
u(3) 1/8 5/24 1 1/3
| u(4) | /8 -1/8 | | 0|

Then, the minimum value of J is obtained as

Inin = == [82(0) + w2(1) + u2(2) + v2(3) + w2(4)] = -

Note that in this case we have u(4) = 0. However, this is not always the
case. If the initial state were x;(0) # xp(0), i.e.,

1
x(0) =
;2
then u(4) would be 1/8.
B-8-9. From Figure 8-11 we obtain the following equations:
x(k + 1) = 0.5x(k) + 2u(k)
u(k) = kyv(k) - kox(k)
v(k) = £(k) - y(k) + v(k - 1)
y(k) = x(k)

where k; is the integral gain constant and ky is the feedback gain constant.

In this problem, k; and kj are variables and must be determined such that the
system is stable and will exhibit an acceptable transient response to the unit-
step input.

Since
vik +1) =r(k +1) - y(k + 1) + v(k)
= -0.5x(k) + v(k) - 2u(k) + r(k + 1)
we obtain
[x(x +1)] [o0.5 oﬁ‘ x(k) !" 2 To}
= + u(k) + r(k + 1) (1)
v(k +1)| |-0.5 1 j|v(k) L-zJ {1

For k =02 , we have
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— - -

r
i

x(e0) | (0.5 0l[x(ee)] 2 Po]
| - |+ fu(ee) + | x(e0)  (2)
[v(e0)| [-0.5 1 ][v(e0)] |-2] |1l

For any step input, r(k + 1) = r(e0) = r. Define

Xa(k) = x(k) - x(o90)
Ve(k) = v(k) - v(eo)
ue(k) = u(k) - u(eo)

Subtracting Equation (2) from Equation (1), we obtain

I

%ok + 1)] J0.5 0] EXQ) 2 |
= ! + ue(k) (3)
velk +1)| =05 1 |[velk) L-2J
Note that
Ue(k) = kK1ve(k) - koxa(k)
Define

x1(k) = xa(k)

w(k) = ug(k)

Then, Equation (3) can be written as follows:

-

i‘xl(k + 1)1 ] {o.s OH:Xl(k)} .

xp(k + 1)1 [-0.5 1
where

r
wk) = - [ky k] i

Rewriting, we have

x(k + 1) = 6x(k) + “I:I‘W(k)
w(k) = -Kx(k)
where - 1
%1 (%)| (0.5 0 2]
|
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MATLAB program for Problem B-8-10 (Part 1)

Yo ------n--~ Design of a servo system based on minimization
% of a quadratic performance index ----------

% ***** The following program solves steady-state Riccati equation and gives
% optimal feedback gain matrix K *****

% ***** Enter matrices G, H, Q, and R *****

G=[0.5 0;-0.5 1];

H=[2;-2];
Q=1[100 0;0 1];
R=[1];

% ***** Start with the solution of steady-state Riccati equation
% with P=[0 0;0 0] *****

P=[0 0,0 0];
P =Q + G"*P*G - G*P*H*inv(R+H"'*P*H)*H"*P*G;

% ***** Check solution P every 10 or 20 steps of iteration.
% Stop iteration when P stays constant *****

fori=1:20,
P = Q + G"*P*G - G"*P*H*inv(R+H"*P*H)*H"*P*G;
end
P
P=

100.0624 -0.0115
-0.0115  10.1892

fori=1:20,
P =Q + G"*P*G - G"*P*H*inv(R+H'*P*H)*H'*P*G;
end
P
P=

100.0624 -0.0119
-0.0119  10.5107

fori=1:20,
P = Q + G"*P*G - G*P*H*inv(R+H"*P*H)*H'*P*G;
end
P
P=

100.0624 -0.0119
-0.0119  10.5167
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fori=1:20,
P =Q + G"*P*G - G'*P*H*inv(R+H"*P*H)*H"*P*G;
end

p
P=
100.0624 -0.0119
-0.0119  10.5168
fori=1:20,

P =Q + G"*P*G - G*P*H*inv(R+H"*P*H)*H"*P*G;
end ’
P
p=

100.0624 -0.0119
-0.0119  10.5168

% ***** P matrix stays constant. Thus steady state has
% been reached. The steady state P matrix is *****

P
P=

100.0624 -0.0119
-0.0119  10.5168

% ****x Optimal feedback gain matrix K is obtained from *****
K = invR + H*P*H)*H'*P*G
K=

0.2494 -0.0475

0.2494
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To obtain the unit-step response curve [y(k) versus k], we may proceed as
follows: Since

x(k + 1) = 0.5x(k) + 2u(k)
= 0.5x(k) + 2[-kox(k) + kyv(k)]
= (0.5 - 2kp)x(k) + 2kyv(k)
and
vik + 1) =v(k) + r(k +1) - y(k + 1)
= v(k) + r - (0.5 - 2kp)x(k) - 2kyv(k)
= (1 - 2k;)v(k) + (0.5 + 2kp)x(k) + r
we get
!-x(k +1)| [ 0.5-2x 2Ky qff-x(k)_’ 0]
! =i il + I r (l)
[_V(k + 1) L_O'S + 2k2 1 - 2kl_l _V(k)_l Ll_‘
[x(x)]
y(k) = x(k) = [1 0] L + [0]r (2)
v(k)

For a unit-step input, r = 1.

The unit-step response y(k) versus k can be obtained by first converting
the state-space equations [Equations (1) and (2)] into the pulse transfer func-
tion Y(z)/R(z):

[num, den] = ss2tf(GG,HH,CC,DD)

where
GG = [0.5 - 2k 2k1;-0.5 + 2kp 1 - 2Kk;]
HH = [0;1]
cCc =[1 0]
DD = [0]

and then using the command filter as follows:
y = filter(num,den,r)

where r is a unit-step function.
To obtain the response v(k), first note that

[x(x) ] Tx(x) ]
v(k) = [0 1] = FF
v(k) ™ v(k)
L |
where FF = [0 1]. Then use the following command:

WA

[numv,denv] = ss2tf(GG,HH,FF,DD)

v = filter(numv,denv,r)

MATLAB program shown next yields the response y(k) versus k and v(k) versus k.
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MATLAB Program for Problem B-8-10 (Part 2)

% ***** This program calculates the response of the system

% when subjected to a.unit-step input. The values that are

% used for k1 and k2 are computed in MATLAB Program Part 1. The
% response is obtained using the method to convert the discrete-

% time state-space equations into pulse transfer function form. The

% response is then found with the conventional filter' command *****

% ***** Enter values of k1 and k2 *****
k1 = 0.0475; k2 = 0.2494;
% ***¥** Enter matrices GG,HH,CC,FF,DD *****

GG =[0.5-2*k2 2*k1;-0.5+2*k2 1-2*k1];

HH = [0;1];
CC=[ o]
FF=[0 1];
DD = [0];

% ***** To obtain the response y(k), convert state-space equations
% into pulse transfer function Y(z)/R(z) *****

[num,den] = ss2tf(GG,HH,CC,DD);
% ***** Enter command to obtain unit-step response y(k) *****

r=ones(1,101);

axis([0 - 100 0 1.2]);

k = 0:100;

y = filter(num,den,r);
plot(k,y,'o",k,y,'-")

grid

title('Output y(k) to Unit-Step Input')
xlabel('k')

ylabel('y(k)")

% ***** To obtain the response v(k), convert state-space equations
% into pulse transfer function V(z)/R(z) *****

[numv,denv] = ssth(GG,HH,FF,DD),;
% ***** Enter command to obtain v(k) *****

axis([0 100 0 12));

k =0:100;

v = filter(numv,denv,r);
plot(k,v,'o',k,v,'-")

grid

title('Output v(k) of Integrator')
xlabel('k')

ylabel('v(k)")
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The unit-step response y(k) versus k is shown in Figure (a). The response
v(k) versus k is shown in Figure (b).
Notice that the system is stable and exhibits nonoscillatory response

characteristics. The response characteristics depend on a set of Q and R chosen
in the performance index J. ~

Output y(k) to Unit-Step Input

=
<3 i
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) .
Figure (a)
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Figure (b)
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