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CALCULUS:
A New Horizon from Ancient Roots

EXERCISE SET FOR INTRODUCTION

123 41
1. (a) 2 =0.123123123...; 1000z = 123.123123123... = 123 + 2; 9992 = 123; v = — = ——
999 333
115
(b) x=12.7777...; 102 = 127.7777...,80 9z = 10z — z = 115; = = o
(c) z=38.07818181...; 100z = 3807.818181...; 99z = 3769.74;
IA473769.74‘7 376974 41886 20943
099 9900 1100 550
4296 537
d) 0.42 .=04206= —— = ——
() 96000 04296 10000 ~ 1250
repeats

22
2. (a)  isirrational, and thus has a nonrepeating decimal expansion, whereas - = 3.142857 ...

22
(b) 7 >
223 333 63 [ 174155 355 22 63 [ 17+ 15v5
3. (a) e < — +—\/_ < = (b) _— +7\/_
71 106 25 \ 7+155 13 = 7 25\ 7+ 155
333 63 (17+15V5
© oq ) =7
106 25 \ 7+15V5
. , 8 V' /16 \ 256 , _ o
4. (a) Ifris the radius, then D = 2r so §D =\9o7") =% " The area of a circle of radius r is

7r? so 256/81 was the approximation used for 7.
(b) 256/81 ~ 3.16049, 22/7 ~ 3.14268, and 7 ~ 3.14159 so 256/81 is worse than 22/7

5. The first series, taken to ten terms, adds to 3.0418; the second, as printed, adds to 3.1416.

6. (a) ' ooty oot L
R R 710 T 100 T 1000 T 10000 ' 100000 ' 1000000
2 18 5 1 8 5
b) — =0.185185...= — + — .
(b) o7 = 0185185 10 7700 T 1000 " 10000 T 100000 " 1000000
14 31 1 1 1 1
031111 = .
(€©) 5=03 10 " 700 T 1000 10000 T 100000 | 1000000
7 6 3 6 3 6 3
7. ~ =0. = e .
(a) 37 =0.636363 10 " 700 " 7000 T 10000 T 100000 T 1000000 T
8 2 4 2 4 2 4
b) — =0.242424. .. = — 4 — .
(b) 33 =0 10 " 700 " 1000 " 10000 ' 100000 © 1000000
5 4 1 6 6 6 6
= = 0.416666... = — + — .
© 1 10 " 700 T 7000 T 10000 T 100000 © 1000000 T
8. (a) 1,2, 1.75, 1.7321 (b) 1,3, 2.33, 2.238, 2.2361
9. (a) 1,4,2.875, 2.6549, 2.6458 (b) 1,25.5, 13.7, 8.69, 7.22, 7.0726, 7.0711

10. (a) Letax; = %(a—l—b), Ty = %(a—i—gcl)7 T3 = %(a—l—m)7 etc. Thenb >z > a0 > - > 21 > Ty, > a
so all the x;’s are distinct, there are infinitely many of them and they all lie between a and b.

(b) 2=0.99999..., 102 =9.99999...,92 =9,z =1
(c) (1.999999...)/2 =0.999999... = 1; yes it is consistent, as all three are equal.
(d) 10x=9+=x,s0x=9/9=1. They are equal.



CHAPTER 1
Functions

EXERCISE SET 1.1

10.

(a)
(c)
(e)

(a)

(a)
(d)

(a)
(d)

(a)
(a)

(a)
(b)

(a)
(b)
(a)

(b)

(a)
(c)

around 1943 (b) 1960; 4200

no; you need the year’s population (d) war; marketing techniques

news of health risk; social pressure, antismoking campaigns, increased taxation

1989; $35,600  (b) 1983; $32,000  (c) the first two years; the curve is steeper (downbhill)
—2.9,-2.0,2.35,2.9 (b) mnone (c) y=0

—1.75 < x <215 (€) Ymax =2.8at = —2.6; ypin = —2.2 at z = 1.2

x=-1,4 (b) none (¢) y=-1

r=0,3,5 (€) Ymx=9at z=06; ypn=—-2atxz=0

r=2,4 (b) none () 2<2;4<z (d)  Ymin = —1; no maximum value
=09 (b) none (¢) z>25 (d)  Ymin = 1; no maximum value
Breaks could be caused by war, pestilence, flood, earthquakes, for example.

C decreases for eight hours, takes a jump upwards, and then repeats.

Yes, if the thermometer is not near a window or door or other source of sudden temperature
change.

The number is always an integer, so the changes are in movements (jumps) of at least one unit.
If the side adjacent to the building has length x then L = z + 2y. Since A = xy = 1000,
L =2+ 2000/x.

x > 0 and & must be smaller than the width of the building, which was not given.

120 (d) Ly ~ 89.44
20 / 80

80

V =lwh = (6 — 22)(6 — 22)x (b) From the figure it is clear that 0 < z < 3.

20 (d) ‘/max ~ 16
0& ~/ 3

0



11.

12.

(a)

(b)

(c)
(a)

(b)

(c)
(d)

Chapter 1

500
V =500 = 7r2h so h = —- Then
r

C = (0.02)(2)wr? + (0.01)27rh = 0.0477? + 0.027r7"%

1
= 0.047r% + 70; Cuin =~ 4.39 at r =~ 3.4, h ~ 13.8.

10
C = (0.02)(2)(2r)? + (0.01)27rh = 0.16r° + gt Since 7
0.047 < 0.16, the top and bottom now get more weight.

Since they cost more, we diminish their sizes in the solution, L
and the cans become taller.

L5 =/ 55

r~3.1, h~16.0, C ~ 4.76

The length of a track with straightaways of length L and semicircles of radius r is
P = (2)L + (2)(nr) ft. Let L = 360 and r = 80 to get P = 720 + 1607 = 1222.65 ft.
Since this is less than 1320 ft (a quarter-mile), a solution is possible.

P=2L+ 2xr = 1320 and 2r = 2z + 160, so 450
L= 1(1320 — 27r) = £(1320 — 27(80 + z)) = 660 — 807 — mx. 7

0 =/ 100

The shortest straightaway is L = 360, so x = 15.49 ft.
The longest straightaway occurs when z = 0, so L = 660 — 80w = 408.67 ft.

EXERCISE SET 1.2

1.

(a)

(b)

(a)

(b)

(a)

£(0) = 3(0) =2 = —2; £(2) = 3(2)2 — 2 = 10; f(~2) = 3(~2)> — 2 = 10; f(3) = 3(3)2 — 2 = 25;

F(0) = 2(0) = 0;£(2) = 2(2) = 4 £(=2) = 2=2) = —4;£(3) = 23) = 6: f(2) = 2V
fBt)y=1/3t for t > 1 and f(3t) = 6¢ for t < 1.
o) = 553 =% o0 = P = o) = T oo = ST = Ty = g

g(3) = V3+1 = 2;g(-1) = 3;9(r) = Vr+1;9(-1.1) = 3; g(t* — 1) = 3 if * < 2 and
g —1)=Vt2—1+1=|t]if t*? >2.

x#£3 (b) x< —v3orz>+V3
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13.

14.

(c)

(d)

(a)
(b)

(c)

(d)
(e)

(a)
(a)

(a)
(c)

2?2 — 2z + 5 = 0 has no real solutions so 2> — 2z + 5 is always positive or always negative. If
x =0, then 2% — 22 + 5 = 5 > 0; domain: (—o0, +00).

x#0 (e) sinz#1,s0x# (2n+ 5)m,
n=041,42,...

7

1
x — 322 must be nonnegative; y = x — 3x? is a parabola that crosses the z-axis at = 0, 3 and

1
opens downward, thus 0 <z < -

-3
2 —4 9 9
1 >0,s02"—4>0and z—4 >0, thusx > 4; or 2° —4 < 0and z — 4 < 0, thus
T —
—2<r<?2
r# —1

cosx <1<2, 2—cosx>0,all x

x <3 (b) —2<x<2 (c) z>0 (d) allz (e) allz
2 3 3

ng (b) —§§x§§ (¢) z>0 (d) =z#0 () z>0

yes (b) yes

no (vertical line test fails) (d) mno (vertical line test fails)

The sine of 6/2 is (L/2)/10 (side opposite over hypotenuse), so that L = 20sin(6/2).

The cosine of 0 is (L — h)/L (side adjacent over hypotenuse), so h = L(1 — cos6).

11. b 12. v
t
t
| :
5 10 15
(@) If x < 0, then |z| = —z so f(z) = —z +3x+1 =22+ 1. If x > 0, then [z] = z so
flz)=z+3r+1=4z+1;
_J 2z+1, <0
f(x)_{4x+1, x>0
(b) Ifz <O, then |z|=—-zand |z —1|=1—2s0g(z)=—2z+1—2=1-22 If 0 <z <1, then
gl =zand |zr—1|=1—2xsog(z)=ax+1—a=1.Ifz>1 then|z|=zand |z — 1| =z —1
sog(z)=x4+c—-1=2z—-1;
1 -2z, z <0
g(x) = 1, 0<z<l1
2x — 1, xr>1
(a) Ifx <5/2,then |20—5| =5-2zso f(x) =3+(5—2x) =8—2zx. If > 5/2, then |2z —5| =2z—5

so f(x) =34 (22 —5) =2z — 2;

| 8—2z, x<5/2
f(“)_{ 20 —2, x>5/2



15.

16.

17.

18.

19.

20.

21.

22.

23.

Chapter 1

(b) Ifz<—-1,then|z—2|=2—zand|z+1]=—-2x—1s0g(x)=32—2)—(—2z—1)=T7—2z. If
—1<z<2/then|z—2|=2—-zand [z +1|=z+1s0og(x)=32—z)—(r+1)=5—4x. If
x>2then|z—2/=z—-2and [z +1=2z+1s0g(x)=3(zx—-2)—(z+1)=22-T;

7 —2x, r<—1
glz)=¢ b—4dz, -1<z<2
20 — 17, x> 2
(a) V=(8-2z)(15—2z)x (b) —o0o <z < +00,—00 <V < 400 (¢) 0<z<4

(d) minimum value at = 0 or at z = 4; maximum value somewhere in between (can be approxi-
mated by zooming with graphing calculator)

(a) x=3000tané (b) 0 # nw+m/2 for n an integer, —oo < n < 0o
(c) 0<0<m/2,0<z<+00 (d) 3000 ft

6000

)

0 5 )
(i) =z =1,—-2 causes division by zero (i) g(z)=z+1,allx
(i) =z =0 causes division by zero (i) g(z)=+vx+1lforz>0
(a) 25°F (b) 2°F (c) —15°F

If v = 48 then —60 = WCI = 1.6 — 55; thus T = (—60 + 55)/1.6 ~ —3°F.

If v = 8 then —10 = WCI = 91.4 + (91.4 — T)(0.0203(8) — 0.3041/8 — 0.474); thus

T =91.4 + (10 + 91.4)/(0.0203(8) — 0.304v/8 — 0.474) and T = 5°F

The WCI is given by three formulae, but the first and third don’t work with the data. Hence
—15=WCI = 91.4 + (91.4 — 20)(0.0203v — 0.304\/v — 0.474); set = /v so that v = 2> and obtain

0.020322 — 0.304z — 0.474 + (15 + 91.4)/(91.4 — 20) = 0. Use the quadratic formula to find the two
roots. Square them to get v and discard the spurious solution, leaving v ~ 25.

Let ¢t denote time in minutes after 9:23 AM. Then D(t) = 1000 — 20¢ ft.

EXERCISE SET 1.3

1.

(e) seems best, though only (a) is bad. 2. (e) seems best, though only (a) is bad and (b) is
y not good.
05 y
05
X
1
X
1 1
05

-05
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3. (b) and (c) are good; (a) is very bad. 4. (b) and (c) are good; (a) is very bad.
y y
15 -1
14
13 -13
-14
X X
2 1 o0 1 2 2 1 0 1 2
5. [-3,3] x [0,5] 6. [4,2] x [0,3]
y y
1
2 3 2 1 T
X
321 1 2 3
7. (a) window too narrow, too short (b) window wide enough, but too short
(c) good window, good spacing (d) window too narrow, too short
y
/T |
5 5 10 §5 20
0
-400
00
400
-500

(e) window too narrow, too short

8. (a) window too narrow (b) window too short

(c¢) good window, good tick spacing (d) window too narrow, too short

(e) shows one local minimum only, window too narrow, too short



9. [-5,14] x [—60, 40]

<

/.

11. [-0.1,0.1] x [—

13. [—250,1050] x

3,3]

[—1500000, 600000]

y

-1000

1000

15. [—2,2] x [-20,

20

10

X

20]

y

2 -1 1 2
-10
-20

17. depends on graphing utility

10. [6,12] x [—100, 100]

y
100

50

I
I
I
|
I
I
|
|10 12
|
-50 |
I
I
-100 |

12. [—1000,1000] x [—13,13]

y
10
5
X
-1000 1¢oo

14. [—3,20] x [—3500,3000]

y
OOOV\
/
5 10

15

16. [1.6,2] x [0,2]

y
2

15
1

0.5

16 17 19

18. depends on graphing utility

6 |
4 |

I
2 |

I
B} f
-4 }
6l

Chapter 1
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19. (a) f(z)=+v16—2?

3

2

1
)

y

y
+ X
2 4
X
2

(c)

(@ 3

w

N

=

~
L/

(e) No; the vertical line test fails.

20. (a) y==+3/1—2%/4 (b) y==xvar+1

21 (a) y b) Y (©)

: ) N~

; ; X ‘ X
1 ‘ 1 ‘ 1 2 R)

(d) v (e) y (f) y

SR /” _l \ _1\x i

22, "

23. The portions of the graph of y = f(z) which lie below the x-axis are reflected over the z-axis to give the
graph of y = | f(z)].



9 Chapter 1

24. Erase the portion of the graph of y = f(x) which lies in the left-half plane and replace it with the reflection
over the y-axis of the portion in the right-half plane (symmetry over the y-axis) and you obtain the graph

of y = f(|z|).
25. (a) for example, let a =1.1 (b)
y 3
2
1
u
X
i 2 3
26. They are identical. 27. y
y
151
101
x 5]

28. This graph is very complex. We show three views, small (near the origin), medium and large:

(a) y (b) y (©

i

10

t f— X
1000 |
L X
~ o |
29. (a) y (b) y
15 1
05
1
X
3 2 -1 1 2 3
05 05
1
X

(c) (d) y

0.5
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30. y
L1
X
2
31. (a) stretches or shrinks the graph in the (b) As c increases, the parabola moves down
y-direction; flips it if ¢ changes sign and to the left. If ¢ increases, up and right.

y
8 c=+2
c=.5
6 c=-1
\\:%
\\_/ X
2N\L_ V71 2

32. (a) 1

(b) a-intercepts at = 0,a,b. Assume a < b and let a approach b. The two branches of the curve
come together. If a moves past b then a and b switch roles.

y y
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33. The curve oscillates between the lines
y = x and y = —x with increasing ra-
pidity as |z| increases.

y
30
20
10

-10
-20

-30

Chapter 1

34. The curve oscillates between the lines
y = +1 and y = —1, infinitely many times
in any neighborhood of z = 0.

35. Plot f(x) on [—10,10]; then on [—1,0], [-0.7,—0.6], [-0.65, —0.64], [—0.646, —0.645]; for the other
root use [4, 5], [4.6,4.7], [4.64,4.65], [4.645, 4.646]; roots —0.6455,4.6455.

36. Plot f(z) on [—10,10]; then on [—4, —3], [-3.7, —3.6], [~3.61, —3.60], [—3.606, —3.605]; for the other
root use [3,4], [3.6,3.7], [3.60,3.61], [3.605, 3.606]; roots 3.6055, —3.6055.

EXERCISE SET 1.4

1. (a) y

X
1/ 0 1 2
1

(c) ,
2. (a) y
(c) A

(b) ¥
1 2 3 X
(d) ,
(b) |
(d) y
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3. (a) (b) 1

y
1V\
X
i 2
X
5 3

[

-0.5 /5 1 15

, @
O\ AVE

-1 1

(c)

4. 5. Translate right 2 units, and up one unit.

y y

2 2 4 6
6. Translate left 1 unit, reflect over z-axis, and 7. Translate left 1 unit, stretch vertically by
translate up 2 units. a factor of 2, reflect over x-axis, translate
down 3 units.
y
y
8 6 -4 -2 2 4 6
X
+ X
1
1=

8. Translate right 3 units, compress vertically 9. y = (z+3)% —9; translate left 3 units and

by a factor of %, and translate up 2 units. down 9 units.
y y
15
10
X
21 8 4 2 2

-5

+ X

4
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10. y = (z + 3)% — 19; translate left 3 units 11. y = —(x — 1)? + 2; translate right 1 unit,
and down 19 units. reflect over x-axis, translate up 2 units.
y
4 y
t X
15 X
3 4
12. y = i[(z — 1)® + 2]; translate left 1 unit 13. Translate left 1 unit, reflect over z-axis,
and up 2 units, compress vertically by translate up 3 units.
a factor of %
y
y
2
1
X
2 4 6 8 12
‘ X AN
1
14. Translate right 4 units and up 1 unit. 15. Compress vertically by a factor of %,
translate up 1 unit.
y
y
2
41
14
X
4 10
X
1 2 3
16. Stretch vertically by a factor of v/3 and 17. Translate right 3 units.
reflect over z-axis. ,
y 10 |
2 1
‘ x |
1 % a 6

-10
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18. Translate right 1 unit and reflect 19. Translate left 1 unit, reflect over z-axis,
over r-axis. translate up 2 units.
y y
1 |12
i ' 10
. s
2+ /1 i 6
— . X i 4
B ! SEREREEEES B R
Lo | X
} 4 3 2 ﬁ‘, L 12
AT | -a
1 i | -6
I -8
20. y=1—1/z; reflect over z-axis, translate 21. Translate left 2 units and down 2 units.
up 1 unit.
y
y
,j \ T/ X
I . x -2
2
,5,

22. Translate right 3 units, reflect over z-axis, 23. Stretch vertically by a factor of 2, translate

translate up 1 unit. right 1 unit and up 1 unit.
y y
1 4
AN
5
-1
2

2
24. y = |z — 2|; translate right 2 units. 25. Stretch vertically by a factor of 2, reflect
over x-axis, translate up 2 units.
y
) y
4
1 3
\ 2 a ’
1

X
-2 2
-1
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26. Translate right 2 units and down 3 units. 27. Translate left 1 unit and up 2 units.
y y
X
2 1/
-2 2
1
- X
3 2 1 1

28. Translate right 2 units, reflect over z-axis.

y

~

1+

29. (a) y (b) y:{OifoO

2rif0<x

30. y

.

31. z2+2z+1,all z; 20 — 22 — 1, all z; 223 + 22, all x; 22/(2% + 1), all x

32. 3z —2+ x|, all z; 3z — 2 — |z|, all x; 3z|z| — 2|z|, all z; (3z — 2)/|z|, all x # 0

33. 3WVz—Lz>LVer—1,z>1;20 -2, 2>1;2, z>1

34. (222 +1)/x(z*+ 1), allz #0; —1/z(z? + 1), allz #0; 1/(2® + 1), all £ 0; 22/(2? + 1), all 2 # 0
35. (a) 3 (b)) 9 (¢) 2 (d) 2

36. (a) m—1 (b) 0 (¢) —m*+3r—1 (d) 1



37.

38.

39.

41.

43.

45.

47.

48.

49.

50.

51.

52.

53.

Exercise Set 1.4
(a) t'+1 (b) t*4+4t+5 (¢) 2 +4z+5 (d) %+1
(e) z>+2zh+h?+1 (f) 22+1 (g) z+1 (h) 922 +1
(a) V5s+2 (b) VVz+2 (c) 3V5z (d) 1/Vx
(e) Vx (f) 0 (8) 1/V= (h) |z —1f
222 —2x+1, all z; 42%+ 22, all = 40. 2 — 25 all z; —2% + 627 — 1222 + 8, all
l—z,2<1;vVl—2? |z <1 42. \/Var4+3-3, |z > V6; VI, 2 >3
1_12x,x7é%,1;—%—%,x7£0,1 44. %H,xyéo;im,x;éo
v 0 +1 46. —
z+1
(a) g(z) =, h(z)=z+2 (b) g(z) = |z|, h(z) =2 =3z +5
(a) g(x)=2+1, h(z) = 22 (b) g(x)=1/z, h(z) =2 —3
(a) g(x) =22 h(z) =sinz (b) g(z) =3/z, h(z) =5+ cosz
(a) g(x) =3sinz, h(x) = 2* (b) g(x) =32 + 4z, h(z) =sinz
(@) f(z) =15 g(x) = 1 +sinz, hz) = 2 (b) (@)= V&, g(x) = 1 -, hiz) = ¥&
(@) f(z)=1/z, g(z) =1- =, h(z) = 2* (b) f(z)=lz|, g(x) =5+ =, h(z) =2z
y 54. {-2,-1,0,1,2,3}
2
1
3 2 1 12 3"
. -1
2
3
-4

55.

Note that f(g(—z)) = f(~g(x)) = f(g(x)), so f(g(x)) is even.

y

f(9(9)
1

-3 -1
-1
-3

16



17

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Chapter 1
Note that g(f(—x)) = g(f(z)), so g(f(x)) is even.
y
3
9(f(9)
1
3 1 1 3
4
f(g(x)) = 0 when g(z) = £2, so z = £1.4; g(f(z)) = 0 when f(z) =0, so z = £2.
flg(x))=0at x = —1and g(f(x)) =0at x = —1
3(x + h)?—5— (322 - 5) _ 6xh + 3h* 6z 4 3h
h h
(x—|—h)2+6(x—f|;h) — (2% + 62) _ 2xh—|—22—|—6h o ha6
l/(x+h)—1/z x—(x+h) -1
h ~ zh(z+h)  z(z+h)
1/(x+h)?—1/2*> a?—(x+h)?* 2r+h

h T 2?h(z+ R 22(z+h)?

(a) the origin (b) the z-axis (c) the y-axis (d) mnone
(a) VV\ (b) /\yy\ (c) L,\

r | -3|-2]-1|0 213 r | -3|-2]-1(0|1| 2| 3
@ Fo T 1T =lo = =s1] ® [Fo [ 1 5 =101 =51
(a) y (b) f

\ | ) §
(a) even (b) odd (c) odd (d) neither

neither; odd; even

(a) f(-2) = (-2)* =2" = f(z), even (b) f(-a)=(-2)’=—2*=—f(z), odd
(c) f(—z)=|—=z|=lz| = f(x), even (d) f(—z)= —z+ 1, neither

(2P —(2) 4w
(e) f(—.’IJ) - 1+ (71,)2 - 1+ 22 = _f<-’15), odd

(f) f(-z)=2= f(z), even
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70. (a) z-axis, because x = 5(—y)? + 9 gives x = 5y> + 9

(b) z-axis, y-axis, and origin, because 22 — 2(—y)? = 3, (—x)? — 2y> = 3, and
(—x)? — 2(—y)? = 3 all give 22 — 2y> =3
(c) origin, because (—z)(—y) =5 gives zy =5

71. (a) y-axis, because (—x)* = 2y° + y gives 2* = 2¢° +y

(—x) x

(b) origin, because (—y) = 31 (2 gives y = Py
(c) =-axis, y-axis, and origin because (—y)? = || — 5, y* = | — 2| — 5, and (—y)? = | — x| — 5 all give
y?=lz| =5
72. 3 73. 2

74. (a) Whether we replace x with —x, y with —y, or both, we obtain the same equation, so by Theorem
1.4.3 the graph is symmetric about the z-axis, the y-axis and the origin.

(b) y= (1)

(c) For quadrant II, the same; for ITT and IV use y = —(1 —2%/3)%/2. (For graphing it may be helpful
to use the tricks that precede Exercise 29 in Section 1.3.)

75.

<

76. y

7. (a) (b)

NV, NN

-2 -z T 2r
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78. (a) y (b) ,
—o
)

! o-e 1 eo

A—i—o—i—o—o—>x 1 1
- X

4 23

—o

(d)

79. Yes, e.g. f(r) = 2 and g(z) = 2" where k and n are integers.

80. If z >0 then |z| =2 and f(z) = g(x). If x < 0 then f(z) = |z|?/ if p is even and f(x) = —|z|P/7 if p
is odd; in both cases f(z) agrees with g(x).

EXERCISE SET 1.5

L (a) 3-0_ 33-(8/3) 1 0-(8/3) 2
) 0—2 20 0—-6 18 2—-6 3

(b) Yes; the first and third slopes above are negative reciprocals of each other.
—1—(-1) -1-3 3—-3 -1-3
2. —= =0 =2 =0 =2

@ 5 =57 "2 Y S0

(b) Yes; there are two pairs of equal slopes, so two pairs of parallel lines.

3. MMI<II<IV<I
4. MMI<IV<I<II

1—(-5 —5— (-1 1—(-1
5. (a) = 2_2; =2, — £ 0 ) =2, 1 E 0 ) = 2. Since the slopes connecting all pairs of points are
equal, they lie on a line.
4-—2 2—-5 4-5

1
(b) o= -1, 1= 3, 51— 3 Since the slopes connecting the pairs of points are not
equal, the points do not lie on a line.

6. The slope, m = —2, is obtained from Y and thus y — 5= —2(z — 7).

-7

(a) Ifx=09theny=1. (b) If y =12 then x =7/2.

-2
7. The slope, m = 3, is equal to Y T and thus y — 2 =3(z — 1).
-

(a) If x =5 then y = 14. (b) If y=—2then x =—1/3.
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~0 1 _
8. (a) Compute the slopes: 4 =—ory=ux/2. Also Y
T —

0 2
to obtain x = 6,y = 3.

20

5
- = 2 or y = 2 —9. Solve simultaneously

2 — -0
9. (a) The first slope is 1 and the second is —. Since they are negatives of each other we get
2(4 —xz)=-5(1—x) or Tx =13, z = 13/7.
10. (a) 27° (b) 135° (c) 63° (d) 91°
11. (a) 153° (b) 45° (¢) 117° (d) 89°
12. (a) m=tan¢ = —/3/3,s0 ¢ = 150° (b) m=tan¢ =4, so ¢ = 76°
13. (a) m =tan¢ = /3, s0 ¢ = 60° (b) m=tan¢ =-2,s0 ¢ =117°
14. y =0 and = = 0 respectively 15. y=—-2z+4
6
-1\ 1
0
16. y=5x—3 17. Parallel means the lines have equal slopes, so
2 y=4x+7.
Al -/ 1, =
-8 —1\% J1
0
18. The slope of both lines is —3/2, so y — 2 = (=3/2)(z — (-1)), 4
ordz+2y=1 \L
=21 : { \‘ 1
—4
. . . 1
19. The negative reciprocal of 5 is —1/5, so y = —ggc + 6. 12

\\\\\\\\1\9
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20. The slope of  — 4y = 7 is 1/4 whose negative reciprocal 9
is —4,s0y — (—4) = —4(x —3) or y + 4z = 8.

21.

22,

23.

24.

25.

26.

27.

Chapter 1

0 “/18
)(

-3
y— (=7 _4-(=7)
= = — 7
p— 51 ,ory =11z — 18 -
o|- // N
~9
-1 6—1
Y = ,ory=—5r—9 15

r—(-2) -3-(-2) 3

()
(c)
(d)

()
(c)

(e)

(a)
(b)

(a)
(b)

(b)
(c)

(d)

my = mo = 4, parallel (b) m; =2 = —1/mgy, perpendicular

my = mg = 5/3, parallel

If A+# 0 and B # 0 then m;y = —A/B = —1/ma, perpendicular; if A = 0 or B = 0 (not both)
then one line is horizontal, the other vertical, so perpendicular.

neither
my = mgy = —5, parallel (b) m; =2 = —1/may, perpendicular
my = —4/5 = —1/my, perpendicular (d) If B#0,m; =me=—A/B;if B=0Dboth
are vertical, so parallel

neither
m=(0-(-3))/(2-0))=3/2s0y=3x/2—-3
m=(-3-0)/(4—0)=-3/4s0y=—-3x/4
m=(0-2)/(2-0)=—-1soy=—z+2
m=(2-0)/(3—0)=2/3s0y=2x/3

N ... b—(—9)
The velocity is the slope, which is To—o0 — 9/10 ft/s.

r=—4

The line has slope 9/10 and passes through (0, —4), so has equation = = 9¢/10 — 4; at t = 2,
r=—22.

t=80/9
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28. (a) v:%sz/s (b) z—1=2(t—-2)orxz=2t—3 (c) z=-3

3—(-1 4
29. (a) The acceleration is the slope of the velocity, so a = # =-3 ft/s%.

1-4
4 4 13 13
(b) v—3=—§(t—1),0rv=—§t—|—§ (C) ’Uzgft/s
o . 0-5 5 1.,
30. (a) The acceleration is the slope of the velocity, so a = —— = —— = — ft/s".
10-0 10 2

(b) v=5ft/s (c) v=4ft/s (d) t=4s

31. (a) It moves (to the left) 6 units with velocity v = —3 c¢m/s, then remains motionless for 5 s, then
moves 3 units to the left with velocity v = —1 cm/s.
0-9 9
b = e S
(b) vave = 35775 = ~1g /s

(c) Since the motion is in one direction only, the speed is the negative of the velocity, so

Save = cm/s.

10
32. It moves right with constant velocity v = 5 km/h; then accelerates; then moves with constant, though
increased, velocity again; then slows down.

33. (a) If x; denotes the final position and x( the initial position, then v = (z; —x¢)/(t1 —to) = 0 mi/h,
since x1 = xg.

(b) If the distance traveled in one direction is d, then the outward journey took ¢ = d/40 h. Thus

total dist 2d 80t .
Save = . - = =48 I’Ill/h
total time ¢4 (2/3)t  t+ (2/3)¢

(¢) t+(2/3)t =5,s0t =3 and 2d = 80t = 240 mi round trip

34. (a) down, since v <0 (b) v=0att=2 (c) TIt’s constant at 32 ft/s%.
10t if 0<t< 10
35. (a) v (b) v=1{ 100 if 10<t <100

600 — 5t if 100<¢ <120
100

80
60

20

t
20 40 60 80 100 120

36. X
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37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

Chapter 1
(a) y=20-15=>5 when x =45, so 5 = 45k,  (b) y
k=1/9,y=x/9
056
04
0.2
2 4 6 "
(c) 1=15+y=154+100(1/9) = 26.11 in. (d) If Ymax = 15 then solve 15 = kx = /9 for
x =135 1b.
(a) Sincey=02=(1)k,k=1/5andy=2/5 (b) vy
1
2 4 & "
(c) y=3k=3/5s500.6 ft. (d)  Ymax = (1/2)3 = 1.5 so solve 1.5 = z/5 for

T = 7.5 tons

Each increment of 1 in the value of x yields the increment of 1.2 for y, so the relationship is linear. If
y=mx +bthen m =1.2; from z =0, y = 2, follows b =2, so y = 1.2x + 2

Each increment of 1 in the value of x yields the increment of —2.1 for y, so the relationship is linear.
If y = mx + b then m = —2.1; from = = 0, y = 10.5 follows b = 10.5, so y = —2.1z 4+ 10.5

(a)

(b)
(d)
(a)
(b)

(a)
(a)
(b)

(a)
(b)
(a)

(b)

Tp—100 0 — 100 5
- Tp = 2(Ty — 32).
To 212 30212 To = (Tr = 32)

With TF as independent variable, we have
5/9 (c) SetTp=Tc= g(TF — 32) and solve for Tr: Tr = Te = —40° (F or C).

37° C

One degree Celsius is one degree Kelvin, so the slope is the ratio 1/1 = 1. Thus T = T —273.15.
Te =0—273.15 = -273.15° C

-1 5.9—-1
2)—4) =g P= 0.098h + 1 (b) when p=2,or h=1/0.098 ~ 10.20 m
R—123.4 133.9-123.4
T-20  45-20
T = 32.38°C

, 50 R =0.42T + 115.

r—0.80 0.75—0.80
t—0  4-0
64 days

so r = —0.0125¢ 4+ 0.8

Let the position at rest be yg. Then yo+y = yo+ kx; with = 11 we get yo+kx = yo+ 11k = 40,
and with x = 24 we get yo + kx = yo + 24k = 60. Solve to get k = 20/13 and yy = 300/13.

300/13 + (20/13)W = 30, so W = (390 — 300)/20 = 9/2 g.
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47. (a) For z trips we have C; = 2z and (b) 2z =25+ x/4, or x = 100/7, so the com-
Cy =25+ 12/4 muter pass becomes worthwhile at x = 15.
c
60
40
20
5 10 15 20 25 30
48. If the student drives = miles, then the total costs would be Cy = 4000 + (1.25/20)z and
Cp = 5500 + (1.25/30)x. Set 4000 + 52/80 = 5500 + 52/120 and solve for z = 72,000 mi.
49. (a) H ~20000/110 ~ 181
d 1 1 9.408 x 10"*km
b) One light is 9.408 x 1012 k dt=-=—== =
(b)  One light year is % L an v H  20km/s/Mly 20km/s
=4.704 x 10" s = 1.492 x 10'° years.
(c¢) The Universe would be even older.
EXERCISE SET 1.6
1. (a) y=3z+0b (b) y=3z+6
(C) M y=3x+6
10 y=3x+2
/ y=3x-4
-2/ /{ 5%
/.1;
. . . 1
2. Since the slopes are negative reciprocals, y = —gx +b.
3. (a) y=maz+2 (b) m=tan¢ =tan135°=—-1,soy=—x+2
(c) ! meis
5
m=-1
4
m=1

4. (a) y=mx (b) y=m(z-1)
(c) y=—-24+m(z—-1) (d) 2z+4y=C
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5.

6.

Chapter 1

(a) The slope is —1. (b) The y-intercept is y = —1.
y y
; 4
2 /
5 1 I

(d) The a-intercept is x = 1.

y

3

2

1

X

NG5 2

-1

-2

-3

(a) horizontal lines (b) The y-intercept is y = —1/2.

y

+2

(d) They pass through (—1,1).

y

Let the line be tangent to the circle at the point (z,y) where 23 + 32 = 9. The slope of the tangent
line is the negative reciprocal of yo/xo (why?), so m = —zo/yo and y = —(zo/yo)x + b. Substituting
9 — xgx

the point (z¢,y0) as well as yp = £+/9 — 2% we get y = +

1
Solve the simultaneous equations to get the point (—2,1/3) of intersection. Then y = 3 +m(z + 2).
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9.

10.

11.

12.

13.

The z-intercept is £ = 10 so that with depreciation at 10% per year the final value is always zero, and
hence y = m(x — 10). The y-intercept is the original value.

y

A line through (6, —1) has the form y+1 = m(x—6). The intercepts are ¢ = 6+1/m and y = —6m—1.
Set —(6+1/m)(6m+1) = 3, or 36m?+15m+1 = (12m+1)(3m+1) = 0 with roots m = —1/12, —1/3;
thus y +1 = —(1/3)(x — 6) and y + 1 = —(1/12)(z — 6).

(a) VI (b) IV (c) I (d)y Vv (e) I (f) I
In all cases k must be positive, or negative values would appear in the chart. Only kz =2 decreases, so
that must be f(z). Next, kz? grows faster than kz%?2, so that would be g(z), which grows faster than

h(z) (to see this, consider ratios of successive values of the functions). Finally, experimentation (a
spreadsheet is handy) for values of k yields (approximately) f(z) = 10272, g(z) = 2%/2, h(z) = 2215.

(a) !

(b) ?
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(c)
(c)

- 4
© <
7__ >

(b)
(b)

(a)
(a)

15
16.

1 2 3N4 5

gk e

(b)




28

Exercise Set 1.6

(c)

18.

(d)

1 2 N4 5 6

(b)

0.5+

-0.5¢

19.

(d)

301
20+
10+

(a)

20.

10+
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29
(c) it (d) 1
l T 15,,
10+
= X
1 1 5
X
-106+ 4 -2 2
21. {
15+
10+
5,,
4 -2 2 X
22. (a) (b) {
15+
l,,
0.5
X + X
-2 2
23. t=0.445Vd
23
0 > 25
0
24. (a) t=0.373r"° (b) 238,000 km (c) 1.89 days
25. (a) Nm (b) 20 N-m
(c) V(L) 0.25 0.5 1.0 1.5 2.0
P (N/m?) | 80 x 10° | 40 x 10% | 20 x 10° | 13.3 x 10% | 10 x 10°

26. If the side of the square base is # and the height of the container is y then V = 2%y = 100; minimize
A =222 + 4xy = 202 +400/x. A graphing utility with a zoom feature suggests that the solution is a

cube of side 1005 cm.

27. (a) F =k/2?so 0.0005 = k/(0.3)? and (b) 0.000005 N
k = 0.000045 N-m?2.
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28.

29.

30.

31.

32.

33.

34.

35.

(c)

(a)

(c)

(a)
(c)

105

d

5 10

2000 = C'/(4000)?, so C = 3.2 x 10'? Ib-mi?

20000 +
15000 +
10000 +

5000 +

2000 4000 6000 5000 10000
ILy=12x=-1,2
IV y =2

(d)

(b)

(d)

(b)
(d)

30

When they approach one another, the force
becomes infinite; when they get far apart it
tends to zero.

W = C/5000% = (3.2 x 10)/(25 x 10°) =
1280 1b.

No, but W is very small when z is large.

Ly=0,z=-2,3
L y =0,z = -2

The denominator has roots = +1, so % — 1 is the denominator. To determine k use the point (0, —1)
toget k=1,y=1/(x>—1).

Order the six trigonometric functions as sin, cos, tan, cot, sec, csc:

()
(c)
(e)

()
(c)
(e)

()
(c)
(e)

(a)
(c)

(e)

(a)
(c)
(e)
(8)
(i)
(k)

pos, pos, Pos, pos, Pos, pos
pos, neg, neg, neg, neg, pos

neg, neg, pos, pos, neg, neg

neg, zero, undef, zero, undef, neg
zero, neg, zero, undef, neg, undef

neg, neg, pos, pos, neg, neg

sin(m — ) = sinx; 0.588

sin(2r + ) = sinx; 0.588

sin2x = +2sinz\/1 —sin’z; use the +
sign for x small and positive; 0.951

sin(37 + z) = —sinx; —0.588

sin(8m 4+ x) = sinx ; 0.588

cos(3m + 3x) = —4cos® x + 3cosz; —0.384

—a
—C
—b
+2bv/1 — b2
1/b
1/c

(b)
(d)
(f)

(b)
(d)
(f)

(b)
(d)
(f)

(b)
(d)

(f)

(b)
(d)
(f)
(h)
6)
M)

neg, zero, undef, zero, undef, neg
neg, pos, neg, neg, pos, neg

neg, pos, neg, neg, pos, neg

pos, neg, neg, neg, neg, pos
pos, zero, undef, zero, undef, pos

neg, neg, pos, pos, neg, neg

cos(—x) = cosx; 0.924

cos(m — ) = —cosx; —0.924

cos’x = 1 — sin? z; 0.654

cos(—x — 2m) = cosx; 0.924

sin(x/2) = £4/(1 — cosx)/2; use the nega-
tive sign for x small and negative; —0.195
1— 2
tan2z = —" 20 0.172
cos?
b
+V1—a?
—a
20 — 1
—1/a

(1-b)/2
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Chapter 1

(a) The distance is 36/360 = 1/10th of a great ~ (b) 36/360 = 1/10
circle, so it is (1/10)27r = 2,513.27 mi.

27y
f:—togethSO 936 km.

If the arc length is 1, then solve the ratio
1 295

The distance travelled is equal to the length of that portion of the circumference of the wheel which
touches the road, and that is the fraction 225/360 of a circumference, so a distance of (225/360)(27)3 =
11.78 ft

The second quarter revolves twice (720°) about its own center.

Add r to itself until you exceed 27r; since 6r < 27r < 7r, you can cut off 6 pieces of pie, but there’s
not enough for a full seventh piece. We conclude that there is no exact solution of the equation
‘One pie = 277,

(a) y=3sin(x/2) (b) y=4cos2z (¢) y=—bsindx

(a) y=1+cosmx (b) y=1+42sinx (¢) y=—5cosdx

(a) y=sin(z+7/2)
(b) y =3+ 3sin(2z/9)
(¢) y=142sin(2(x—n/4))

V = 1204/25sin(1207t)

(a) 3,7/2,0 (b) 2,2,0 (c) 1,47,0

y 24 y

: 3

l 4 4

w2 * ’ o i
-2 \/ \/ 2‘ 1
2m 4 6n X

(a) 4,70 (b) 1/2,2w/3,7/3 (c) 4,6m, —67

y y y

N

2 /\ /\ 7] 4
— 4+ L X il
w4 [ 3wa\ sma [ 7rva)
3 \ 273
- 021 a2 o2 \15m2f 212
-4 1 -2

-4

N

(a) Asin(wt+6) = Asin(wt) cosd + A cos(wt) sinf = A; sin(wt) + Az cos(wt)
(b) A; = Acosf, Ay = Asinf, so A =/A? + A% and 0 = tan~'(Ay/4,).

1
c) A=5/13/2,0=tan"t —;
(c) / an” o

St AR
RUATAY
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48. three; x =0, x = £1.8955
3

EXERCISE SET 1.7
1. (a) z+l=t=y—-1l,y=xz+2

t=5

3. t=(x+4)/3;y=2z+10

5. cost=ux/2, sint=y/5;2%/4+y*/25 =1

4.

6.

() [¢t] 0[1[2[3[4][5
z|—-1]0[1[2]3]4
y 23456

(¢) [¢]0]0.2500]050] 0.7500] 1
2 [ 1]0.7071 [ 0.00 | —0.7071 | —1
y | 0[0.7071 [ 1.00| 0.7071] 0

t=z+3y=3r+2,-3<x<0

t=x2y=222+4, >0

32
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)

7. cost = (z — 3)/2,sint = (y — 2)/4; 8. sec’t — tan’t = 1;22 — 2 = 1
(r —3)%/4+ (y—2)*/16 =1 r<-landy>0

y
X
-1

y

9. 10. t=(x—3)/4y=(x—3)2—-9
y
X
(3.-9)
11. z/2+4+y/3=1,0<2<20<y<3 12. y=z—1,z>1,y>0
y y
3
1
X
X 1
2
13. x=5cost, y=—5sint, 0 <t < 2w 14. z =cost, y =sint, 7 <t < 37/2
1
_7.5\\\\\\ \\7.5 —1l ‘1
-5 1
15. z=2,y=t 16. z =2cost, y=3sint, 0 <t <27
- 3
-2 2
0 |3 L
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17.

19.

20.

21.

22,

=t y=t —-1<t<1 18. z=1+44cost,y=—3+4sint, 0 <t <2r

(b)
(c)
(d)

(e)
(f)

(a)
(b)
(c)
(d)

(e)

(f)

(a)

(c)

IV, because = always increases whereas y oscillates.
II, because (x/2)? + (y/3)? = 1, an ellipse.
V, because 22 + 3> = t? increases in magnitude while 2 and y keep changing sign.

VI; examine the cases t < —1 and ¢ > —1 and you see the curve lies in the first, second and
fourth quadrants only.

IIT because y > 0.

I; since x and y are bounded, the answer must be I or II; but as ¢ runs, say, from 0 to 7, x goes
directly from 2 to —2, but y goes from 0 to 1 to 0 to —1 and back to 0, which describes I but
not II.

from left to right
counterclockwise
counterclockwise

As t travels from —oo to —1, the curve goes from (near) the origin in the third quadrant and
travels up and left. As ¢t travels from —1 to +o0o the curve comes from way down in the second
quadrant, hits the origin at ¢ = 0, and then makes the loop clockwise and finally approaches the
origin again as t — +00.

from left to right

Starting, say, at (1,0), the curve goes up into the first quadrant, loops back through the origin
and into the third quadrant, and then continues the figure-eight.

14 (b) [t]0] 1 2] 3| 4 5
x|0|55 8|45 |—-8|—-325
y 115|355 9| 135

=35\ —
0

r =0 when t = 0,2V/3. (d) for0<t<2y2 (e) att=2

(b) y is always > 1 since cost < 1

(¢) greater than 5, since cost > —1
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23. (a) 3 (b) 2

-5 -2r
24. (a) 17 (b) z
—_—
_2‘3 2.3 _10 L Il Il Il Il L L L 1 J 10
S J
-1.7 7
2
25. (a) Tt _ YT (b) Sett =0 to get (zo,y0); t =1 for (z1,y1)-
T1—To Y1 —Yo
(c) z=14t,y=-2+6t (d) z=2—-t,y=4—6t
26. (a) z=-3-2t,y=—-4+5t¢ (b) z=uat,y=0(1-1)

27. (a) |[R—P]>=(z—z0)*+(y—u)* = t*[(x1 — 20)* + (11 —0)*] and |Q — P|> = (x1 —0)* + (y1 — 0)?,
sor=|R—P|=|Q — P|t =qt.

(b) t=1/2 (c) t=3/4

28. z=24+t,y=—-1+2¢
(@) (5/2,0) (b) (9/4,-1/2) (c) (11/4,1/2)

29. The two branches corresponding to —1 <t < 0 and 0 <t <1 coincide.

t—t - -
30. (a) Eliminate 0 to obtain 20 = S0
t1 — 1t rT—xy T1—To
(b) from (z0,y0) to (z1,y1) (¢) z=3-2(t-1),y=-1+5(—-1)
5
0 . 15
I N\
)
—b —d
31. (a) =Y (b) ¥
a 4
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32.

33.

34.

35.

36.

37.
38.

(a) If a =0 the line segment is vertical; if ¢ = 0 it is horizontal.
(b) The curve degenerates to the point (b, d).

y

2]
154

1l

051

i 05 i

x=1/2 — 4t y=1/2 for 0<t<1/4

z=-1/2, y=1/2 —4(t—1/4) for 1/4<t<1/2
z=—1/244(t—1/2), y=-1/2 for 1/2<t<3/4

x=1/2, y=-1/24+4(t —3/4) for 3/4<t<1
(a) x=4cost, y=3sint (b) z=-144cost,y =2+ 3sint
(c)

a =X vocosoz,soy:xtana—gx Uy COS .

t 2 /(203 cos?
(b) y

12000

10000

8000

6000

4000

2000

40000 80000 X
(a) From Exercise 36, x = 400v/2t, y = 400/2t — 4.9t%. (b) 16,326.53m  (c) 65,306.12 m
(a) 15 (b) 15

15

=25 25

a=3,b=2 a=2b=3 a=2,b=7
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39. Assume that a # 0 and b # 0; eliminate the parameter to get (z —h)?/a®+ (y — k)?/b* = 1. If |a] = |b]
the curve is a circle with center (h, k) and radius |al|; if |a| # |b] the curve is an ellipse with center
(h, k) and major axis parallel to the x-axis when |a| > |b|, or major axis parallel to the y-axis when
la] < bl.

(a) ellipses with a fixed center and varying axes of symmetry
(b) (assume a # 0 and b # 0) ellipses with varying center and fixed axes of symmetry

(c) circles of radius 1 with centers on the line y =z — 1

40. Refer to the diagram to get b0 = a¢, 8 = ad/b but § —a = ¢ + 7/2 y
soa=0—¢—7/2=(a/b—1)p—m/2
= (a—b)cos¢p — bsina a-b .

a—b ™ / ,/ba%

= (a — b) cos ¢ + bcos 5 o, oila |,
y=(a—b)sing —bcosa
:(a—b)sinqﬁ—bsin(aT_I))qﬁ.

41. (a)

(b) Use b=a/4 in the equations of Exercise 40 to get
3 1 3 1
T = Zacosqﬂ— Zacos?)qﬁ, Yy = Zasintb - Zasin?)gzﬁ;
but trigonometric identities yield cos 3¢ = 4 cos® ¢ — 3 cos ¢, sin 3¢ = 3sin ¢ — 4sin® ¢,

S0 £ = acos’ ¢, y = asin® ¢.

(c) 23 +y*3 = a*3(cos® ¢ + sin® ¢) = a*/?

50 +

- X X

N

-50 +

50+

50+
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CHAPTER 1 SUPPLEMENTARY EXERCISES

10.

11.

12.

13.

15.

1940-45; the greatest five-year slope

(a) f(-1)=33,9(3)=2 (b) z=-3,3
(c) z<—-2,2>3 (d) the domain is —5 < x < 5 and the range is
-5<y<4
(e) the domain is —4 < z < 4.1, the range is () f(z)=0at x=-3,5 g(x) =0 at
—3<y<5 r =32
T 4. X

t : t
0 2 4 6 5 8 13

If the side has length x and height h, then V = 8 = 22h, so h = 8/2?. Then the cost C' = 522 +
2(4)(xh) = 52% + 64 /.

Assume that the paint is applied in a thin veneer of uniform thickness, so that the quantity of paint
to be used is proportional to the area covered. If P is the amount of paint to be used, P = knr?. The

constant k£ depends on physical factors, such as the thickness of the paint, absorption of the wood,
etc.

X
—5 ] 5

Suppose the radius of the uncoated ball is  and that of the coated ball is » + h. Then the plastic has

4 4 4
volume equal to the difference of the volumes, i.e. V = gﬂ'(?‘ +h)— —mrd = gﬂ'h[?ﬂ“z + 3rh + h?] in®.

3

(a) The base has sides (10 — 2x)/2 and 6 — 2, and the height is z, so V = (6 — 2z)(5 — z)z ft3.
(b) From the picture we see that x < 5 and 2z < 6,500 < = < 3.
(c) 3.57 ft x3.79 ft x1.21 ft

{x # 0} and 0 (the empty set)

impossible; we would have to solve 2(3x —2) — 5 =3(2z —5) — 2, or —9 = —17

(a) B—ua)/z (b) no; f(g(x)) can be defined at x = 1,
whereas g, and therefore f o g, requires
x#1
1/(2 — 2?) 14. g(z)=a2*+22
T 41 -3|-2|-1 0 1 2 3 4
7@) 0| -1| 2| 1| 3| 2| 3| 4|4
9(2) 31 2 1|-3|-1|-4| 4] -2 0
(Fog)@)| 4|-3|-2|-1] 1| 0|-4| 2| 3
(gof)(x) | —-1]-3| 4| —-4] -2 1 2 0 3
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16.

17.

18.

19.

20.

21.

22,

23.

24.

Chapter 1

(@) y=lz-1 y=I[(-2) -1 =|z+1], (b)
y=2z+1f, y=2z+1| -3,
y=-2lz+1]+3

y
M N
- 2

(a) even x odd = odd (b) a square is even
(c) even + odd is neither (d) odd x odd = even

3 5 7 11
(a) y:cosx—2sinxcosx:(I—QSinx)cos:c,som::I:E, —W,Z,—W,——W, =T
2 2°6 6 6 6

3T

i m 5T T 117
5)0)7 (:l:??())v (87 \/§/2)7 (F? _\/5/2)’ (_?7 _\/5/2)7 (_T’ \/5/2)

(b) (+

(a) If x denotes the distance from A to the base of the tower, and y the distance from B to the
base, then x? + d? = y?. Moreover h = ztana = ytan 3, so d> = y? — 22 = h%(cot? 8 — cot? @),
9 d? d?sin? asin’ 3

= =— . The trigonometric identity

acos? f — cos? asin?
2

cot? 3 —cot?a  sin
dsin asin 8

V/sin(a + B) sin(a — 3) .

sin(a + B) sin(a — 8) = sin? a cos? B — cos® asin’ 3 yields h =

(b) 295.72 ft.

2
(a) v (b) when W:;(t —101) = 37” or t = 374.75,
which is the same date as t = 9.75, so dur-
ing the night of January 10th-11th

60t

20+

t + + t
100 200 30
204+

(c) fromt¢ =0 to¢="70.58 and from ¢ = 313.92 to t = 365 (the same date as ¢t = 0) , for a total of
about 122 days

C' is the highest nearby point on the graph; zoom to find that the coordinates of C are (2.0944,1.9132).

Similarly, D is the lowest nearby point, and its coordinates are (4.1888,1.2284). Since f(x) = %xfsinsc

is an odd function, the coordinates of B are (—2.0944, —1.9132) and those of A are (—4.1888, —1.2284).

Let y = A+ Bsin(at + b). Since the maximum and minimum values of y are 35 and 5, A+ B = 35
and A— B =5, s0 A =20, B = 15. The period is 12 hours, so 12a = 27 and a = 7/6. The
maximum occurs at ¢t = 2, so 1 = sin(2a +b) = sin(7/3+b), 7/3+b=7/2, b=7/2 —7/3 = 7/6 and
y =20+ 15sin(7t/6 + 7/6).

(a) The circle of radius 1 centered at (a,a?); therefore, the family of all circles of radius 1 with

centers on the parabola y = z2.

(b) All parabolas which open up, have latus rectum equal to 1 and vertex on the line y = x/2.

(a) z=f(1-1),y=g(1-1 25. {
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26.

27.

28.

29.

30.

31.

32.

33.

Let y = ax® + bx + c. Then 4a +2b+ ¢ = 0,64a + 8b + ¢ = 18,64a — 8b + ¢ = 18, from which b = 0
3 6

d 60a = 18, or finally y = —a% — _.

an a , or finally y 10:10 =

y

(a) R = Ry is the R-intercept, Ryk is the slope, (b) —1/k=-273,0r k=1/273
and T'= —1/k is the T-intercept
(c) 1.1=Ry(1+420/273), or Ry = 1.025 (d) T =126.55°C

<

d= Vo= 17+ (Vo - 2%
d=9.1 at z = 1.358094

d=+/(x—1)2+1/z% "
d =0.82 at = = 1.380278 2
18

16

14

12

1

08

05 1 15 2 25 3

w = 63.9V, w = 63.97h*(5/2 — h/3); h = 0.48 ft when w = 108 Ib

(a) w (b) w = 63.97h*(5/2 — h/3); at h = 5/2,
4000+ w = 2091.12 1b
3000
2000}
10001
h

(a) N (b) N =80 when t =9.35 yrs

200y (c) 220 sheep
150

100 +

50 +

————F——+—+» 1
10 20 30 40 50
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34.

35.

36.

37.

38.

39.

(@& T

10+

(@)

20

20+

(b)

(b)
(c)

Chapter 1

T = 17°F, 27°F, 32°F

T = 3°F, —11°F, —18°F, —22°F
v =35,19,12,7 mi/h

The domain is the set of all x, the range is —0.1746 < y < 0.1227.

The domain is the set —0.7245 < x < 1.2207, the range is —1.0551 < y < 1.4902.

(a) The potato is done in the interval
27.65 <t < 32.71.

(a)

254
20+
154

10+

(c) For large t the velocity approaches c.

t

1 2 3 4 5

(e) 3.013s

CHAPTER 1 HORIZON MODULE

1.

(b)

(b)

(d)

91.54 min.

As t — o0, (0.273)" — 0, and thus
v — 24.61 ft/s.

No; but it comes very close (arbitrarily
close).

(a) 0.25,6.25 x 1072,3.91 x 107,1.53 x 107°,2.32 x 10719,5.42 x 1072°,2.94 x 107%,8.64 x 10778,
7.46 x 10719°,5.56 x 10730,
1,1,1,1,1,1,1,1,1,1;

) ) ) ) ) ) ) ) ) b

4,16, 256,65536,4.29 x 10°,1.84 x 10'?,3.40 x 10%,1.16 x 107",1.34 x 10'*,1.80 x 1038

2,2.25,2.2361111, 2.23606798, 2.23606798, . . .

1111 1 1

(a) Yn+1 = 1.05yy,
(b)  yo =81000, y1 =$1050, y, =§1102.50, y5 =$1157.62, ys =$§1215.51, y5 =$1276.28
(¢) ynt1 =1.05y, forn >1

(b)

1
ynZQ_n

(d) v, = (1.05)"1000; y15 =$2078.93



Horizon Module 1

5. (a) «l/2,zl/4 gl/8, gl/16 1/32

) )

42

(b) They tend to the horizontal line y = 1, with
a hole at x = 0.

1.8
0\ /3
0

234 5 8

34 55 89 144

21, 34, 55, 89 ;

each new numerator is the sum of the previous two numerators.

1597 2584 4181 6765 10946

1 2 3 5 8 13
6 @ 53535 13 7
() 1, 2, 3, 5 8 13
144 233 377 610 987
(c)
(d) F():lvFl:laFn:
(e) the positive solution
7. (@) y=c,p=apn=c? yy=c y=cr
(b) yn=cr"
(c)

(tends to +00).

2337 377’ 6107 987  1597° 2584 41817 6765° 10946 17711
n—1 1+ F‘an for n Z 2.

4

If r = 1 then y,, = c¢ for all n; if » < 1 then y, tends to zero; if r > 1, then y, gets ever larger

8. The first point on the curve is (¢, ke(1 — ¢)), so y1 = kc(1 — ¢) and hence g, is the first iterate. The
point on the line to the right of this point has equal coordinates (y1,y1), and so the point above it on
the curve has coordinates (yi, kyi1(1 — y1)); thus yo = ky; (1 — y1), and ys is the second iterate, etc.

9. (a) 0.261,0.559,0.715,0.591,0.701

(b)

It appears to approach a point somewhere near 0.65.



CHAPTER 2
Limits and Continuity

EXERCISE SET 2.1

1.

10.

11.

12.

13.

15.

16.

(a)
(d)

(a)
(d)

(a)
(a)
(a)
(a)

(a)
(d)

(a)
(a)

(a)
(d)

(a)
(d)

(a)
(d)

-1 (b)
1 (e)
2 (b)
2 (e)
1 (b) 1 (c)
3 (b) 3 (c)
0 (b) 0 (c)
2 (b) 2 (c)
—00 (b)
undef (e)
+00 (b) + (c)
—00 (b) — (c)
1 (b)
-2 (e)
0 (b)
0 (e)
3 (b)
3 (e)

for all xy # —4

(a)
(b)
(c)

(a)
(b)
(c)

3
-1
0
0
1 (d)
3 (d)
0 (d)
2 (d)
+00
2
+00 (d)
—00 (d)
+oo
0

does not exist

3
does not exist

14. for all xg # —6,3

At = 3 the one-sided limits fail to exist.

At = —2 the two-sided limit exists but is not equal to F(—2).

At x = 3 the limit fails to exist.

At z = 2 the two-sided limit fails to exist.

At 2 = 3 the two-sided limit exists but is not equal to F(3).

At z = 0 the two-sided limit fails to exist.

43

undef

(c) does not exist
(f) 3

(c) does not exist
(f) 2

(e) —oo (f)
(e) oo (f)
(e) oo (f)
(e) —oo (f)

(c) does not exist
(f) o

(e) 0 (f)
(e) 1 (f)

(c) does not exist
(f) +o0

(c) O

(f) does not exist

(c) 3
(f) 0

“+00

+oo

+o0o

+oo

-1

2
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17. (a) 2 1.5 1.1 1.01 | 1.001 0 0.5 0.9 0.99 | 0.999
0.1429 | 0.2105 | 0.3021 | 0.3300 | 0.3330 | 1.0000 | 0.5714 | 0.3690 | 0.3367 | 0.3337
The limit is 1/3.
(b) 2 1.5 1.1 | 1.01 [1.001 [ 1.0001
0.4286 | 1.0526 | 6.344 | 66.33 | 666.3 | 6666.3
20
I The limit is +oo.
1\ =/ 2
(c) 0 0.5 0.9 0.99 0.999 [ 0.9999
—1|—1.7143 | =7.0111 | —67.001 | —667.0 | —6667.0
0
0 \!  The limit is —oo.
_s0
18. (a) [ —0.25 [ —0.1 [ —0.001 [ —0.0001 [ 0.0001 | 0.001 0.1 0.25
0.5359 | 0.5132 | 0.5001 | 0.5000 | 0.5000 | 0.4999 | 0.4881 | 0.4721

The limit is 1/2.

44
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(b) [ 025 0.1 | 0.001 | 0.0001
8.4721 | 20.488 | 2000.5 | 20001

100
. The limit is 4+o00.
0\ 025
0

(¢) [ =025 —0.1 | —0.001 | —0.0001
74641 | —19.487 | —1999.5 | —20000
0
—0.25 FF 0

The limit is —oo.

|
—
o\t 1 1111
(=]

19. (a) [ -0.25] —0.1 | —0.001 [ —0.0001 [ 0.0001 [ 0.001 0.1 0.25
2.7266 | 2.9552 | 3.0000 | 3.0000 | 3.0000 | 3.0000 | 2.9552 | 2.7266

3

/_\ The limit is 3.

(b) [0] =05 | —09 | —099[—-0.999] —1.5 ~11 | —1.01 | —1.001
1] 1.7552 | 6.2161 | 54.87 | 541.1 | —0.1415 | —4.536 | —53.19 | —539.5

60

‘ : The limit does not exist.
| ‘

—-1.5(!
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20. (a) 0 —05 | =09 [ =099 [ —0999 [ —15 [ —1.1 | —=1.01 | —1.001
1.5574 [ 1.0926 | 1.0033 | 1.0000 | 1.0000 | 1.0926 | 1.0033 | 1.0000 | 1.0000
The limit is 1.
(b) [=0.25 [ —0.1 [ —0.001 | —0.0001 | 0.0001 | 0.001 | 0.1 0.25
1.9794 | 2.4132 | 2.5000 | 2.5000 | 2.5000 | 2.5000 | 2.4132 | 1.9794
2.5
The limit is 5/2.
0.25 & ! ! Y 0.25
2
21. (a) [—=100,000,000 [ —100,000 | —1000 | —100 | —10 10 100 | 1000
2.0000 2.0001 | 2.0050 | 2.0521 | 2.8333 | 1.6429 | 1.9519 | 1.9950
100,000 | 100,000,000
2.0000 2.0000

40

’ ﬁ asymptote y = 2 as £ — o0
[ ——

-14

i

—40

6

(b) [=100,000,000 | —100,000 | —1000 | —100 | —10 10 100 1000

20.0855 20.0864 | 20.1763 | 21.0294 | 35.4013 | 13.7858 | 19.2186 | 19.9955
100,000 | 100,000,000
20.0846 | 20.0855

7

_J

—160 \e=!

0
asymptote y = 20.086.
\\\\\\\\\\\1\160
0
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(¢) [ —100,000,000 | —100,000 [ —1000 [ —100 —10 | 10 | 100 | 1000 | 100,000 | 100,000,000
—100,000,001 | —100,000 | —1001 | —101.0 | —11.2{ 9.2 ] 99.0 | 999.0 | 99,999 | 99,999,999
50
(E/ no horizontal asymptote
20/]E L1119
-50
22. (a) [ —100,000,000 [ —100,000 [ —1000 | —100 -10 10 100 1000 | 100,000 | 100,000,000
0.2000 0.2000 | 0.2000 | 0.2000 | 0.1976 | 0.1976 | 0.2000 | 0.2000 | 0.2000 0.2000
0.2
—10f——s NI/ 110 asymptote y = 1/5 as © — +o0
-1.2
(b) [ =100,000,000 [ —100,000 [ —1000 [ —100 | —10 10 100
0.0000 0.0000 | 0.0000 | 0.0000 | 0.0016 | 1668.0 | 2.09 x 10™®
1000 100,000 | 100,000,000
1.77 x 10371 ? ?
asymptote y = 0 as * — —o0, none as
Tr — +00
_6 \\ I | I I T | 1\ 6
0
(¢) [—=100,000,000 [ —100,000 [ —1000 [ —100 —10 10 100
0.0000 0.0000 | 0.0008 | —0.0051 | —0.0544 | —0.0544 | —0.0051
1000 | 100,000 | 100,000,000
0.0008 | 0.0000 0.0000
1.1
asymptote y = 0 as x — £o0
-30 30
-0.3
. sinz . oz—1 . 1a
2@ b e (© i +20
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cosx 1 2\"

24. li li li 14—
@ e © i (1+2)
25. (a) y (b) yes; for example f(x) = (sinz)/x

26. (a) no

(b) yes; tanx and secx at * = nw + 7/2, and cot x and cscx at & = nw, n =0,+1,+2,...

29. (a) The plot over the interval [—a, a] becomes subject to catastrophic subtraction if a is small enough
(the size depending on the machine).

(c) Tt does not.

EXERCISE SET 2.2

1. (a) —6 (b) 13 (c) -8 (d) 16 (e) 2 (f) —-1/2
(g) The limit doesn’t exist because the denominator tends to zero but the numerator doesn’t.

(h) The limit doesn’t exist because the denominator tends to zero but the numerator doesn’t.

2. (a) 0O
(b) The limit doesn’t exist because lim f doesn’t exist and lim g does.
(c) O (d) 3 (e) 0

(f) The limit doesn’t exist because the denominator tends to zero but the numerator doesn’t.

(g) The limit doesn’t exist because / f(x) is not defined for 0 < z < 2.

(h) 1

3. (a) 7 (b) -3 (c) = (d) -6 (e) 36 (f) —o0

4. (a) 1 (b) -1 (c) 1 (d) -1 (e) 1 £ -1

5 0 6. 3/4 7. 8 8. -3 9. 4
10. 12 11. —4/5 12. 0 13. 3/2 14. 4/3
15. 0 16. 0 17. 0 18. 5/3 19. —/5
20. /3/2 21. 1/v6 22. 5 23. V3 24. —1/v6
25. +o0o 26. /3 27. does not exist 28. —oo 29. —oo
30. +oo 31. +oo 32. does not exist 33. does not exist 34. —oo
35. +oo 36. —oo 37. —o0 38. does not exist 39. —1/7

40. +oo 41. 6 42. +o0 43. +oo 44. 4
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45.

49.

50.

51.

52.

53.

54.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

Chapter 2

400 46. oo 47. —oo 48. +oo
(a) 2 (b) 2 (c) 2
(a) -2 (b) O (c) does not exist

(a) 3 (b) y

(a) -6 (b) F(x)=2-3

(a) Theorem 2.2.2(a) doesn’t apply; moreover one cannot add/subtract infinities.

. 1 1 . r—1
(b)  lim (; - 9) :}L%h( 2 ) =

1 1 r+1 . x 1
li - =1 = 55. lim —— = -
0 <x + xQ) e oo =0 g (\/ac +4+ 2) 4

SL‘2

lim ———— =0

zﬂOx( m+4—|—2)

Ve?+3+x 3
lim (Va2 +3—2)———— = lim —— =
l‘—’+00( >\/m2+3+x w—+oo \/32 + 3+ 1

Var -3z +x -3z
lim (V22 -32—-2)——— = lim —— = -3/2
J:—>+OO( )\/x2_3x+m T—+00 \/x2_3x+x /

Va2 +ax +x ax
lim (\/x2+aa:—x)7: lim ——— =a/2
2—+00 Va+axr+ax ot Valtar+x /
Va2 +ax + Vo +bx . (a —b)x a—1b

lim ( 2+ ar — x2—|—bx) = lim =
T—+oo v v Va2 +ax + Va2 +bx ot /22 +ax + Va? + br 2

lim p(z) = (—1)"o0 and lim p(x) = 400

Tr—+00 T——00

If m > n the limits are both zero. If m = n the limits are both 1. If n > m the limits are (—1)""™oo
and 400, respectively.

If m > n the limits are both zero. If m = n the limits are both equal to a,,, the leading coefficient of
p. If n > m the limits are +0o0 where the sign depends on the sign of a,, and whether n is even or
odd.

(@) p(z)=q(x) == (b) plx)==z4q(x)==
(c) plz)=2% q(z) =2z (d) px)=z+3,qz)==

[}

The left and/or right limits could be plus or minus infinity; or the limit could exist, or equal any
preassigned real number. For example, let g(z) =  — xy and let p(x) = a(x — )" where n takes on
the values 0, 1, 2.
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66. If m > n the limit is zero. If m = n the limit is ¢,,/d,. If n > m the limit is +o0o0, where the sign
depends on the signs of ¢, and d,,.

EXERCISE SET 2.3

1. (a) |f(z)— f(0)]=|xr+2—2|=|z|] <0.1if and only if || < 0.1
(®) |f(x)— f3)|=|(4x —5) — 7| = 4]z — 3| < 0.1 if and only if |z — 3| < (0.1)/4 = 0.0025

(¢) |f(z)— f(4)] = |2® — 16] < € if |z — 4] < 6. We get f(z) = 16 + ¢ = 16.001 at = = 4.000124998,
which corresponds to 6 = 0.000124998; and f(z) = 16 — e = 15.999 at x = 3.999874998, for
which § = 0.000125002. Use the smaller ¢: thus |f(z) — 16| < € provided |z — 4| < 0.000125 (to
six decimals).

2. (a) |f(z)— f(0)] =22+ 3 —3|=2|z| <0.1if and only if |z| < 0.05
(b) |f(x)— f(0)] = |22+ 3 — 3] = 2|z| < 0.01 if and only if |z| < 0.005
(c) |f(z)— f(0)] = |2z + 3 — 3| = 2|x| < 0.0012 if and only if |x| < 0.0006

3. (a) = (1.95)? = 3.8025, 1 = (2.05)? = 4.2025
(b) &= min (|4 — 3.8025], |4 — 4.2025|) = 0.1975

4. (a) x=1/(1.1)=0.909090... 25 =1/(0.9) = 1.111111 ...
(b) 6= min(|1 — 0.909090], |1 — 1.111111] ) = 0.0909090. . .

5. |2z —8| =2z —4]| < 0.1if |z — 4] < 0.05, 6§ = 0.05

6. |z/2+1]=(1/2)|z — (=2)| < 0.1if [z + 2| < 0.2, § = 0.2

1 1
. (=) =Tl — (—1)] < 0.01if [z +1] < —, 6§ = —
7. [To+5—(-2)| =Tl = (~1)] < 00Lif o+ 1] < oo, 6 =
8. |5r—2—13=5lc—3 < 0.01if [r—3| < —, § = —
. — — = — . 1 — _— = —
v . . 500" 500
2_4 2_4_dx+8
9. [T | o [T AT 91 < 0.05 if v — 2| < 0.05, § = 0.05
xr—2 r—2
2 2 149542
10 |l gy | T R 1) < 0.05f |2+ 1] < 0.05, § = 0.05
x+1 r+1
11. if6<1then|a:2—16|:|ar:—4||x—|—4|<9\ar:—4|<0.001if|x—4\<L (5:L
9000" ° = 9000

12. if 6 <1 then |\/z — 3|

3 9 —9 1
ﬁ*‘ 2 =91 J2 =9 L g1 < 0.001 i [ — 9] < 0.004, 6 = 0.004

= < < -
Vr+3| Yz +3] T V8+3 4

1‘_x—5| |z — 5]

| = < <0.05if [z —5/<1,6=1

51| — 20

1
13. if 6 <1 then
x

14. |z —0| = |z| < 0.05 if |z| < 0.05, § = 0.05 15. |3z — 15| =3z — 5| <€ if |z — 5| < 3¢, 6 = Le
16. |4z —5)—7 =z — 12 =4z —3| <eif |z —3| < 1, 6 = Le

17. 22 —-7—(=3)| =2z —2|<eif [z —2| < Le, § = je
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2-3z—5|=3lz+1| <eif [z + 1] < 3¢, 6 = 3¢

2 —9

z+3

x2+x
x

—(—6)’:x+3|<eif|x—|—3|<e,6:e

—1’:|x|<eif|x|<e76:6 20.

if § <1 then |22? — 2| = 2|z — 1||z + 1| < 6]z — 1| < € if [z — 1| < ¢, 6 = min(1, ge)

if § <1 then |22 =5 —4| = |z —3|[z + 3| < 7|z — 3| < €if |z — 3| < 1€, § = min(1, Te)

3o —
L
3

]

1
if§<6then <18|$7—|<61f|1’7—|< —e, 6 =min(}, ke)

1
Z 3=
x ‘ 18

1 5 3 1 1
If6<5and|ac—(—2)|<6then—§<x<—§,x+1<—§,|x—|—1|>§,then
1 | + 2| 1
ac—l—l(1)‘_|x+1|<2|x+2|<61f|m+2< —¢, 6 =min(3, 1¢)
VI +2 x—4 1
—2| = -2 -4 flr—4] <2, 6=2
VE -2 = |(va- Yt = | SR < Glo—dl < cit o 4] < 26,6 = 2
Vr+3+3 |z — 6] 1
T+ 3‘ < -lr—6|<eif |t —6| < 3¢, 6 = 3¢
Vares || Y = 2 < S o <cif o6

If(z)=3|=lz+2-3|=|z—1|<eif O< |z —1|<¢, d=¢

If 6§ <1then [(22+3z—1)—9|=|(z —2)(z +5)| <8z —2| <eif [z — 2| < 16 § =min (1, ge)

(a) \f(x)fL|:%<O.1ifx>\/l—0,N:\/1—O

30.

31.

32.

33.

T 1
b —L| = —1|=|——|<0.01if z+1>100, N =
(®) |f(z)—L| =gl <00 a4 1> 100, 99
(©) |f() Ll = | =] < if |z > 10, 2 < ~10, N = ~10
I _ -
<000 1T ’
xX
d — L= —1|=|——|<o0.01if 1] > 100, —z — 1> 1 101, N = —101
(d) |f(x) | po ‘ 'm+1'<00 if |z + 1| > 100, —x > 100, x < —101, 0
(a) —[ <01, x> 103, N =10'/3 (b) |=|<0.01, z>100"3 N =100"/3
(¢) |—=|<0.001, x>10, N =10
2 2
x] 1—ce€ x5 1—e€
:1— = — N :1— =
(@) 1—|—a?% & e’ 1+x§ o2 €
1-— 1—
(b) N=,/— (€) N=—y/—
€
(@) zy=-1/¢ 2y=1/é (b) N=1/é (c) N=-1/¢

1
— < 0.01if |2 > 10, N = 10
X
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1
34. —— < 0.005 if | + 2| > 200, x > 198, N = 198
T+ 2
1
35. |2 1| =|——|<0.001if |z + 1| > 1000, = > 999, N' = 999
z+1 z+1
4r —1 11
/=2 = dif |2 110, 2 1 N = 52.
36 25 ‘ ‘2$+5‘<0 if |22 4+ 5| > 110, 2z > 105, 52.5
BT, |5 0‘ < 0.005 if |z + 2| > 200, —z — 2 > 200, z < —202, N = —202
X
38. || <0.01if |z > 10, —2 > 10, z < —10, N = 10
X
4r —1 .
39. |~ 9| = < 0.1if |22 + 5] > 110, =22 — 5 > 110, 22 < —115, 2 < —57.5, N = —57.5
2x + 5 2x 4+ 5
1
40. x —1|=|——| <0.001 if |z + 1] > 1000, —z — 1 > 1000, x < —1001, N = —1001
z+1 z+1
1 1 1 1 1 1 1
41. || <eifjz| > —, N=— 42. |—|<eif|z|>=-, —z>-,2<——, N=—=
x? Ve Ve x € € € €
1 1 1 1
43. ‘<eif|x+2>—,—x—2<—,x>—2——,N:—2——
T+2 € € € €
1 1 1 1 1
44. ‘<eif|x+2>—,x+2>—,x>——2,N:——2
T+2 € € € €
1 1 1
45. |2 1| = <eiflr+1]>>,2>--1,N==-—1
r+1 z+1 € € €
1 1 1 1
46. |2 1| = <eiflg+1]>>, —a-1>-,0<-1-~-, N=-1--
r+1 z+1 € € € €
dz —1 11 11 11 11 11 5 5 11
a7, |2 —2|= if |2045] > —, —22-5> —, 20 < ———5 — -2 N=---2=
2% + 5 ‘ ‘2x+5‘<“|“>e’ T TS T TS Ty Ty 2 2
dz — 1 11 11 11 11 5 11 5
48. 2| = if 22 +5]>—, 22> — —5 —_ S N=—-2
27 +5 ‘ 2x+5‘<€1|x+>6’x>6 e T Y % 2
49. (a) 1>100'f||<1 (b) ! > 1000 if |z — 1| < !
. a - 1I |T — I— I |r — —
2 10 |z — 1] 1000
(c) -1 1000 if |z — 3| < ! (d) L 10000 i 2t < — ||<1
C — — I (T — S —_ — I & X —
(z —3)? 101/10 ! 10000 10
50. (a) L S 10if and only if [z — 1] < — (b) L 1000 if and only if
. a — 1II and on 1T |\ — —— — 1II and on 1
(z =17 ' V10 (w1 Y
1
r—1 < ——
| | 10v/10
1 1
¢ > 100000 if and only if |z — 1| < ———
() e yif | | 100Vis
51. if M >0 th ! >M,0<( 3)2<1 0<|r—3|< LI L
| en ——— , T — —, T — —, 0= —
(x — 3)? M VM VM
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52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

Chapter 2

if M <0 th 1 <M,0< (z—-3)?%< ! 0<l|z—3< L s !
1 en ——— , xr — - T — —— . 6=

(x —3)? M vV-M vV—-M
if M > 0 the 1>MO<\|<1 6 !
1 n — [ =

T N VAV
ifM>0then#>M 0<|an—1|<i 5—i

|z — 1] ’ M T M

_ 1 . 1 1 1
if M < 0 then I <M,0<z'< U |z < a7 5= EE

. 1 L1 1 1
lfM>0theHg>M,0<$ <M,Z’<W,6—W

ifx>2then|z+1-3|=|z—-2=z-2<ceif2<z<2+¢ 6=c¢
ifz<1lthen[3z+2—-5|=[3z-3|=3lz—1=3(1-2)<eifl—z<iel—-fe<a<1,6=3e
ifex>4then vz —4d<eifr—4<e d<z<d+é, 6=¢

ifx<0then v—zr<eif —x<e, —€2<x<0,8§=¢€

ifx>2then |[f(z)—2|=|z—2/=0—-2<eif2<x<2+¢bd=c¢

if £ <2 then [f(z) —6| =83z — 6] =3z —2|=302—2)<eif2—zx < fe2—fe<x <2, 6=1c

1 1 1
1_36<M,x—1<—M,1<x<1—M,6_—M

(a) if M <0and z > 1 then

1 1 1 1
b) if M 1 th M, 1-— —, 1 - — 1,6 = —
(b) i >0and z < tenl_x> , af<M, M<x< , 0 7
(a) if M >0and z>0th 1>M <1 0< <1 6—1
i and en — T < 35 T <45 0= 7
(b) if M <0andz <0 th 1<M < ! 1< <0,6= !
i and en — , —X 2 <r<06=—5
(a) Given any M > 0 there corresponds N > 0 such that if x > N then f(z) > M, z+1 > M,
e>M—1,N=M—1.
(b) Given any M < 0 there corresponds N < 0 such that if x < N then f(z) < M, z+1< M,
r<M—1,N=M—1.

(a) Given any M > 0 there corresponds N > 0 such that if z > N then f(x) > M, 2> -3 > M,
x>+VM+3, N=+vM+3.

(b) Given any M < 0 there corresponds N < 0 such that if x < N then f(z) < M, 2° +5 < M,
r< (M —5)3 N=(M-5)".

if 6§ <2then [z —3] <2, —2<2-3<2,1<z<5, and |2° — 9| = |z + 3||z — 3| < 8|z — 3| < e if
|z — 3| < %€, § = min (2, L)

(a) We don’t care about the value of f at x = a, because the limit is only concerned with values of
x near a. The condition that f be defined for all = (except possibly = a) is necessary, because
if some points were excluded then the limit may not exist; for example, let f(z) = x if 1/x is
not an integer and f(1/n) = 6. Then liH(l] f(x) does not exist but it would if the points 1/n were

Tr—

excluded.
(b) when z < 0 then /z is not defined (c) yes;if 6§ <0.01 then x > 0, so v/z is defined
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69. |(23—42+5)—2| < 0.05, —0.05 < (23 —4z+5)—2 < 0.05, 1.95 < 23 — 4z +5 < 2.05; 23— 4z +5 = 1.95
=2.05 at 2 = 0.9558; § = min (1.0616 — 1,1 — 0.9558) = 0.0442

at z = 1.0616, 2° —4x + 5
2.2

0.9

7 1.1

1.9

70. iz +1l=35atz =225 5z +1=45atz =385 500 =min(3 — 2.25,3.85 — 3) = 0.75

EXERCISE SET 2.4
1. (a) no,z=2
(e) yes

2. (a) no,xz=2

() no,xz=2

3. (a) no,z=1,3

(e) no,z=3

4. (a) no,z=3

(e) no,z=3

5. (a) 3
6. —2/5
7. (a)

y

B

(b)
(f)

(b)
(f)

(b)
(f)

(b)
(f)

(b)

no, x = 2

yes

no, x = 2

yes

yes

yes

yes

yes

3

(b)

(c)

(c)

(c)

(c)

no, x = 2
no, x =
no, r =1
yes

(d)

(d)

(d)

(d)

yes

yes

yes

yes
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10.

11.

14.

16.

18.

20.

21.

22,

23.

24.

Chapter 2

() d
1] °
[ ]
‘ ; Q x
1
: : X
:J/\ 2 3
0 if =0
x
(a) C (b) One second could cost you one dollar.
o_.O—.
$ o—oo_.o_.
IR TR ‘

(a) no; disasters (war, flood, famine, pestilence, for example) can cause discontinuities
(b) continuous
(c) not usually continuous; see Exercise 9

(d) continuous

none 12. none 13. none

f is not defined at z = +1 15. f is not defined at x = +4
-7+ /57 17. is not defined at © = +3

f is not defined atx:# Jisn . v

f is not defined at z =0, —4 19. none

f is not defined at z =0,—-3

16
none; f(z) = 2z 4 3 is continuous on = < 4 and f(z) = 7+ — is continuous on 4 < z;
x

,.hrilf flz) = ,li% f(z) = f(4) = 11 so f is continuous at z = 4

lirq f(x) does not exist so f is discontinuous at = 1
T—

(a) f is continuous for z < 1, and for z > 1; lir?i flz) =5, lir?+ f(z) =k, soif k =5 then f is

continuous for all =

(b) f is continuous for x < 2, and for = > 2; lirgli f(z) = 4k, hI;lA flx) =4+k soif 4k = 4+ k,

k =4/3 then f is continuous for all z

(a) no, fis not defined at z = 2 (b) no, f is not defined for x <2
(c) yes (d) no, f is not defined for x < 2
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25.

26.

27.

28.

29.

(a)

(a)
(b)

(c)

(a)
(b)
(c)

(a)

(b)
(c)

(a)

y (b) v

N N

f(e) = lim f(z)
}}E} flz) =2 limg(x) =1

z—1

/ 10—
X
1 X
1

Define f(1) = 2 and redefine g(1) = 1.

x =0, h%lﬁ fl@y=—-1#+1= .lirél+ f(z) so the discontinuity is not removable
x = —3; define f(—3) = -3 = lim3f(:c), then the discontinuity is removable
T——

f is undefined at z = +2; at x = 2, lin% f(x) =1, so define f(2) =1 and f becomes continuous

there; at x = —2, lim does not exist, so the discontinuity is not removable

T——2

2 1
f is not defined at & = 2; lim f(x) = lim — +

1
Lgm = 3,80 define f(2) = 3 and f becomes

continuous there

”1111217 flz)=1#4= 1111[21+ f(z), so f has a nonremovable discontinuity at z = 2

hrr% f(x) =8# f(1), so f has a removable discontinuity at z = 1

discontinuity at z = 1/2, not removable; at ~ (b) 22+ 5z —3 = (22 — 1)(z + 3)
r = —3, removable
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Chapter 2

(a) there appears to be one discontinuity near ~ (b) one discontinuity at z = —1.52
z = —1.52
4
-3 3
4

For z > 0, f(z) = 2%/° = (2%)'/ is the composition (Theorem 2.4.6) of the two continuous functions

g(x) = 2* and h(x) = £'/° and is thus continuous. For z < 0, f(z) = f(—2) which is the composition
of the continuous functions f(z) (for positive x) and the continuous function y = —z. Hence f(—z) is
continuous for all z > 0. At x =0, f(0) = lin(l) f(z)=0.

T—

2t 4+ 722+ 1> 1 > 0, thus f(z) is the composition of the polynomial z* 4 72 + 1, the square root
vz, and the function 1/x and is therefore continuous by Theorem 2.4.6.

(a) Let f(z) =k for x # cand f(c) =0; g(x) =1 for x # c and g(¢) = 0. If k = — then f + g is
continuous; otherwise it’s not.

(b) f(x)=kforz#ec, f(c)=1;g(x)=1#0for x # ¢, g(c) = 1. If kl =1, then fg is continuous;
otherwise it is not.

A rational function is the quotient f(x)/g(z) of two polynomials f(x) and g(z). By Theorem 2.4.2 f
and g are continuous everywhere; by Theorem 2.4.3 f/g is continuous except when g(z) = 0.

Since f and g are continuous at x = ¢ we know that lim f(z) = f(c) and limg(z) = g(c). In the

following we use Theorem 2.2.2.
(@) f(e) +g(c) =lim f(x) +lim g(z) = lim(f(z) + g(x)) so f + g is continuous at x = c.

(b) same as (a) except the + sign becomes a — sign

fo Mm@ @) g

c —r ==—"—— =1Ilim so = is continuous at x = c
©) 50 = Hmg@) ~ @) * g

h(z) = f(x) — g(z) satisfies h(a) > 0, h(b) < 0. Use the Intermediate Value Theorem or Theorem
2.4.9.

Of course such a function must be discontinuous. Let f(z) = 1on 0 < z < 1, and f(z) = —1 on
1< <2,

A square whose diagonal has length r has area f(r) = 72/2. Note that
f(r)=7%/2 < 7r?/2 < 2r* = f(2r). By the Intermediate Value Theorem there must be a value
¢ between r and 2r such that f(c) = 7r%/2, i.e. a square of diagonal ¢ whose area is 772 /2.

The cone has volume 7wr2h/3. The function V(1) = mr2h (for variable r and fixed h) gives the volume
of a right circular cylinder of height h and radius r, and satisfies V(0) < 7r?h/3 < V(r). By the
Intermediate Value Theorem there is a value ¢ between 0 and r such that V(c) = mr?h/3, so the
cylinder of radius ¢ (and height h) has volume equal to that of the cone.

If f(z) = 2® — 42 + 1 then f(0) =1, f(1) = —2. Use Theorem 2.4.9.

If f(z) = 2® + 2% — 22 then f(—1) =2, f(1) = 0. Use the Intermediate Value Theorem.
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Since lim p(z) = —oo and liril p(x) = +oo (or vice versa, if the leading coefficient of p is negative),
T——00 T—+00
it follows that for M = —1 there corresponds N; < 0, and for M = 1 there is Ny > 0, such that

p(z) < =1 for z < Ny and p(x) > 1 for > Ny. Choose z; < Ny and 2 > Ny and use Theorem 2.4.9
on the interval [z1, x5] to find a solution of p(x) = 0.

For the negative root, use intervals on the z-axis as follows: [—2,—1]; since f(—1.3) < 0 and
f(=1.2) > 0, the midpoint © = —1.25 of [-1.3,—1.2] is the required approximation of the root.
For the positive root use the interval [0, 1]; since f(0.7) < 0 and f(0.8) > 0, the midpoint z = 0.75 of
[0.7,0.8] is the required approximation.

z = —1.25 and z = 0.75.

(R ) g
(=]
—_

0.7 '10.8
=2 -1
= -1
For the negative root, use intervals on the z-axis as follows: [—2,—1]; since f(—1.7) < 0 and
f(=1.6) > 0, use the interval [—1.7,—1.6]. Since f(—1.61) < 0 and f(—1.60) > 0 the midpoint
x = —1.605 of [—1.61,—1.60] is the required approximation of the root. For the positive root use

the interval [1,2]; since f(1.3) > 0 and f(1.4) < 0, use the interval [1.3,1.4]. Since f(1.37) > 0 and
f(1.38) < 0, the midpoint = = 1.375 of [1.37,1.38] is the required approximation.

z = —1.605 and x = 1.375.

-L.7]| -1.6

T = 2.24.

b
Set f(x) = x;il + ——3 Since mhj% f(z) = 400 and lim f(x) = —oo there exist 1 > 1 and x5 < 3

z—3"
(with g > 1) such that f(z) > 1for 1 <z < x; and f(z) < —1 for 22 < < 3. Choose z3 in (1, ;)
and x4 in (z2,3) and apply Theorem 2.4.9 on [x3, 24].

The uncoated sphere has volume 47 (x —1)?/3 and the coated sphere has volume 47z /3. If the volume
of the uncoated sphere and of the coating itself are the same, then the coated sphere has twice the
volume of the uncoated sphere. Thus 2(47(z — 1)3/3) = 4r23/3, or 3 — 622 + 62 — 2 = 0, with the
solution z = 4.847 cm.

Let g(t) denote the altitude of the monk at time ¢ measured in hours from noon of day one, and let f(t)
denote the altitude of the monk at time ¢ measured in hours from noon of day two. Then ¢g(0) < f(0)
and ¢g(12) > f(12). Use Exercise 36.

We must show lim f(x) = f(¢). Let € > 0; then there exists § > 0 such that if |z — ¢| < é then
|f(z) — f(c)] < e. But this certainly satisfies Definition 2.3.3.
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EXERCISE SET 2.5

Chapter 2

1. none 2. z=m 3. z=nm,n=0,%+1,%+2,...
4. z=nn+n/2,n=0,£1,£2, ... 5. x=nm,n=0,+1,+2...
6. none 7. mnone 8. z=nm+w/2,n=0,+1,+2 ...
9. 2nm+7/6,2nw+57/6, n =0,+1,+2,... 10. none
11. (a) sinz,2®+7r+1 (b) |z|,sinx (c) a3 cosz,r+1
(d) Vz,3+ x,sinx,2x (e) sinz,sinx (f) 2°—22%+1,cosz
1
12. (a) Use Theorem 2.4.6. (b) g(z) =cosz, g(x) = T g(z)=2>+1
x
o1 . .2 .
13. cos| lim — ) =cos0=1 14. sin| lim — ) =sin0=0
T—+00 I r—+00 T
T m V3 1 sinh 1
15. sin | i - (7_) _ V2 - _1
s (ziﬂnoo 2~ 3x) T3 2 16. o jm == =3
i S n9
17 31im S0 _ 3 18. ( > lim 25% = oo
6—0 36 0—0*
; 1 sinx 1
sinx :
19. — i =_1 20. - <hm ) ==
.’tl—%l* T 3\e—0 3
21. - lim vz lim ST _ 22. s%n6;v _ Osinbe 'Sx , s0 lim s?n6x 0.3
=0T =0t X sin8r 8 6z sin8x a—0sin8¢ 8 4
tan 7x 7 sin7r 3z tan 7x 7 7
23. - 3 = — 1 1 = —
sin3z  3cos7r Tr sm3z - a0 sindz 3(1)( ) 3
S sin 0 )
24. limsinf | lim — =0 25. lim cosh | lim =
—0 0—0 h—0 h—0sinh
26 sin h sinh 1+4cosh sinh(l+cosh) 1+cosh limit
. = = = ; no limi
1—cosh 1—coshl+cosh 1—cos?h sinh ’
6>  1+4cosf  62(1+cosb) 9 \? 2
27. = = 1 0) so lim ———— = (1)’2 =2
1—cosf1+cosb 1—cos?6 (sin9> (1 cos) so 1201 —cosl (1)
28. cos(im —x) =sin(in)sinz = sinx, so hm# =1
(3 ) (Gm) a0 cos (37 — )
2 t\° £
29. 0 30. —— = — lim ——
1—cos?t (sint> 0T —cos?t
31 1—cos5h (1 —cos5h)(1+cos5h)(1+cosTh) 25 (sin5h\> [ 7Th \* 1+ cosTh
" cosTh—1 (cosTh —1)(1 4+ cosbh)(1+cos7h) 49 \ 5h sin7h / 14 cosbh
1—cosdh 25
Py cosTh—1 49
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32.

34.

36.

37.

38.

39.

40.

41.

42.

43.

45.

47.

48.

.1 . . . 1 .
lim sin [ — ) = lim sint; 33. lim cos| — ) = lim cost;
r—0" x t——+o0 r—0t xX t——400
limit does not exist limit does not exist
lim 2 — 3 lim " = —3 35. 2+lim " —3
z—0 z—0 X xz—0
in 3 in 3
k= f(0) = lim 2% = 31im 22" =3 so k=3
z—0 X z—0 oy
lim f() = klim —2F i f() = 262, so k= 2K2, =
im f(r) =klim — = im f(z) = so k= ==
20" @0 kx cos kx " 250+ ’ ’ 2
No; sin «/|x| has unequal one-sided limits.
int 1-— t
(a) lim 220 =1 (b) lim — 2" — () (Theorem 2.5.3)
t—0t ¢ t—0- t
(¢) sin(w —t) =sint, so lim 77 fm =1
71 SinT t—0 sint
5 — 2t)sint — 2t int
cos (Z — t) =sint, so lim cos(m/z) = lim (r ) sin —lim Z lim mmr_ T
2 z—2 1 —2 t—0 4t t—0 4 t—0 t 4
. . . . sin(mx) . sinmt
t = — 1; sin(mx) = sin(wt + 7) = —sin7t; and lim =—-lm——=—nx
»—1 xr—1 t—0 t
2sint . tanx — 1 2sint

t=x—m7/4; tanz — 1=

——; lim = lim
cost —sint’ /s v — /4 150 t(cost — sint)

50 50
—x < xcos <_7r) <z 44. —2% < z2sin (—W> < 2
z Jx
liII(l] f(z) = 1 by the Squeezing Theorem 46. lirf f(z) = 0 by the Squeezing Theorem
= r—+00

1 1 i
Let g(z) = - and h(z) = = thus lim Sl% = 0 by the Squeezing Theorem.

T—+00

60
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49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Chapter 2
(a) sinz = sint where x is measured in degrees, ¢ is measured in radians and ¢t = % Thus
. sinz . sint s
lim = lim =_—.
z—0 X t—0 (180t/ﬂ') 180
cosx = cost where = is measured in degrees, ¢ in radians, and t = % Thus
. 1—cosz . 1—cost
lim = lim =
=0 @ t—0 (180t/m)
(a) sin10° = 0.17365 (b) sin10° = sin 118 ~ 1”—8 = 0.17453
(a) cosf=cos2a=1-—2sin*(/2) (b) cos10° = 0.98481
~1-2(0/2)2=1— 167
(c) cosl0° =1~ (1)2 ~ 0.98477
o218/ T
(a) 0.08749 (b) tan5® ~ % = 0.08727
(a) h=>52.551t (b) Since « is small, tana® =~ % is a good
approximation.
(¢) h=~5236ft
(a) Let f(z) = x —cosz; f(0) = —1, f(7/2) = w/2. By the IVT there must be a solution of
f(z) =0.
(b) v (c) 0.739
15
y=x
1
05 _
y=cosx
v X
0 2
(a) f(z)=xz+sinz—1; f(0)=-1, f(r/6) =7/6 —1/2 > 0. By the IVT there must be a solution
of f(zx) =0.
(b) y (c) x=0.511.
y=1-sinx
y=Xx
05/
+ X
0 6
(a) There is symmetry about the equatorial plane.
(b) Let g(¢) be the given function. Then g(38) < 9.8 and g(39) > 9.8, so by the Intermediate Value
Theorem there is a value ¢ between 38 and 39 for which g(c) = 9.8 exactly.
(a) does not exist

(b)

the limit is zero
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(c¢) For part (a) consider the fact that given any § > 0 there are infinitely many rational numbers x
satisfying |z| < 6 and there are infinitely many irrational numbers satisfying the same condition.
Thus if the limit were to exist, it could not be zero because of the rational numbers, and it could
not be 1 because of the irrational numbers, and it could not be anything else because of all the
numbers. Hence the limit cannot exist. For part (b) use the Squeezing Theorem with 4+ and

—z as the ‘squeezers’.

CHAPTER 2 SUPPLEMENTARY EXERCISES

(a) 1 (b) no limit (¢) no limit d) 1
(f) 0 (g) O (h) 2 (i) 1/2
(@) flz)=2z/(x—-1) (®)

‘

b b
at and f(z) =1 for ot

fl@y=—1lfora<a< <z <hb.

(e) 3

1
(a) 0.222...,0.24390,0.24938,0.24994, 0.24999, 0.25000; for z # 2, f(x) = ——, so the limit is 1/4;
X

the limit is 4.

+2

tan4 sin 4 4 sin4d
(b) 1.15782,4.22793,4.00213, 4.00002, 4.00000, 4.00000; to prove, use ——r = 2T _ ST
x rcosdxr  cosdx 4dx
(a) y=0 (b) none (c) y=2
(a) X 1 0.1 0.01 |0.001 | 0.0001 | 0.00001 |0.000001
f(x) | 1.000 | 0.443 | 0.409 | 0.406 | 0.406 | 0.405 0.405
(b) y
051
/ . X
1 i
3
(a) 0.4 amperes (b) [0.3947,0.4054] (c) {%—&—5’ m]
(d) 0.0187 (e) It becomes infinite.
(a) v (b) Let g(x) = x — f(x). Then g(1) > 0 and
! ¢(0) < 0; by the Intermediate Value Theo-

0.4

02 o8

rem there is a solution ¢ in [0, 1] of g(¢) = 0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

24.

28.

30.

Chapter 2

1 —cosé 1 —cosf 1 —cos?f
(a) %imtan (&) = tan (lim ﬂ) = tan (lim $> =tan0 =0

—0 0 6—0 0 6—0 0(1 + cos 0)

t—1  t—1 i+l (t—-1)(VE+1) o B
(b) i il — \f+1hm\/__ lim(VE+1) =2
(C) (2.%'—1)5 _ (2—1/1')5 _)25/3:32/3 as T — 400

Bx2+2x —7)(x3—92) (B3+2/x—"T/2?)(1—9/x?)

in(6 —sind
(d) sin(d +7)=sinfcosm — cosfsinm = —sinb, so é%cos(%#)z}g%cos( Zlﬁn)
. —sinf
—cos(gi% 50 >_cos(—%)

If, on the contrary, f(zy) < 0 for some zy in [0, 1], then by the Intermediate Value Theorem we would
have a solution of f(xz) =0 in [0, x¢], contrary to the hypothesis.

For x < 2 f is a polynomial and is continuous; for > 2 f is a polynomial and is continuous. At
x=2, f(2)=—-13#13 = 111121+ f(z) so f is not continuous there.
Tr—

f(=6) =185, f(0) = —1, f(2) = 65; apply Theorem 2.4.9 twice, once on [—6,0] and once on [0, 2]
3.317

Let € = f(x9)/2 > 0; then there corresponds § > 0 such that if |z — x¢| < ¢ then |f(zx) — f(x0)] < ¢,
—e < f(x) — f(mg) <€, f(x) > f(xo) —e= f(x0)/2>0for zp — 6 < & < xg + 6.

(a) 1.449 (z must be > —1) (b) z=0,+£1.896

Since lirr(l) sin(1/x) does not exist, no conclusions can be drawn.
€Tr—

(a) /5, no limit, v/10, v/10, no limit, +oo, (b) 5,10,0,0,10, —o0, +00

no limit
(a) —1/5,400,—1/10,—1/10, no limit, 0, 0 (b) —1,+1,—1, -1, no limit, —1,+1
a/b 22, 1 23. does not exist
2 25. 0 26. k? 27. 3-k

The numerator satisfies: |22 + 2 sin3x| < |22| + |z| = 3|z|. Since the denominator grows like 2, the
limit is 0.

(a) Va2 4+4—2 Va2 +4+42 2 1
a = = , SO
2 VaeZ +4+2  22(Va?+442)  VaZ+4+2
24+4-2 1 1
i e+ I

w22 eardte 4
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(b) x 1 0.1 0.01 0.001 |0.0001 |0.00001
f(z) | 0.236 | 0.2498 | 0.2500 | 0.2500 | 0.25000 | 0.00000
The division may entail division by zero (e.g. on an HP 42S), or the numerator may be inaccurate
(catastrophic subtraction, e.g.).
(c) in the 3d picture, catastrophic subtraction
31. x 0.1 | 0.01 | 0.001 | 0.0001 | 0.00001 | 0.000001
flx) | 259 | 2.70 | 2.717 | 2.718 | 2.7183 | 2.71828
32. x 3.1 | 3.01 | 3.001 | 3.0001 | 3.00001 | 3.000001
f(x) | 5.74 | 556 | 5.547 | 5.545 | 5.5452 | 5.54518
33. z | 1.1 | 1.01 ] 1.001 | 1.0001 | 1.00001 | 1.000001
f(x) | 0.49 | 0.54 | 0.540 | 0.5403 | 0.54030 | 0.54030
34. x 0.1 | 0.01 0.001 0.0001 | 0.00001 0.000001
f(x) 1 99.0 | 9048.8 | 368063.3 | 4562.7 | 3.9 x 10~** | 0
35. x 100 1000 10* 10° 10° 107
f(x) | 0.48809 | 0.49611 | 0.49876 | 0.49961 | 0.49988 | 0.49996

36. For large values of z (not much more than 100) the computer can’t handle 5% or 3%, yet the limit is 5.

37. 6=0.07747

39. (a) 2?-2-1=0,2=a+1, 2=z +1.

40. (a)

20 4

104

X1 Xp X3

2
X1 X2

41. z =~v/z +2; 1.267168

38. $2,001.60, $2,009.66, $2,013.62, $2013.75

(b) y

(d) 1,1.26,1.31,1.322,1.324,1.3246,1.3247

(b) 0,—1,-2,—9,—730

42. z = cosx; 0.739085 (after 33 iterations!).



CHAPTER 3
The Derivative

EXERCISE SET 3.1

_f@-fB) _@r2-3)22 T
1. (a) Mgec = 4_3 = 1 — 7
o Ja) @) al2-9)
(b) Mtan = J}lll'_}ng p— = g}llgg p—
2 - J—
i L9 g @@ =3 a3
z1—3 2(1’1 — 3) x1—3 2((51 _ 3) 713 )
(©) e = lim L) =0 @ ,
xr1—X0 (El — xo N
= lim M Tangent
T1—%0 1 — 2o
— lim T -z
Tr1—T) 2(581 — SCO) f
: X
= lim m — 33() d 5
) 2
2) — 1 23 _ 13
2. (a) mseC:f(;_{(): : _~
- 1 31 -1 2 1
(b) Mg = lim fla) = f(1) T R T (x1 —D(zi+x1+1)
m—l o —1 n-la —1 21 T, — 1

= m (el 1) =3

(d) Y

(C) Mtan = lim

Tangent

= lim (a7 + 2120 + ()

T1—T)

2333(2) 1 :

fB)—f2) _1/3-1/2 1

3-2 1 6
o @)@ 12
r1—2 T — 2 r1—2 xry — 2
. 2—x . -1
=lim —— = lim —
-2 221 (.131 — 2) z1—2 201
i 4 @) = f(=0)

T1—=To T — o

imw 4

3. (a) Mgec =

(b) Mtan

1
4

(C) Mtan =

=1
T1—Xg Tr1 — X
. Ty — I1
= lim ———
T1—T) .'I,'()l'l(l‘l — ZC()) Seoni ==
. -1 1
= lim =-=
Tr1—xo L1 Ty

65
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f2)-r@) _1/4-1 3
4. sec — = = - =
(@) m 21 1 1
o fl) @) /a1
(b) Mhtan = 1111211 T — 1 - 3611113}1 1 — 1
1—a? . (1 +1)
- a1 1 - 2 = —2
21—1 xl(gjl — 1) z1—1 iy
o flan) = flxo)
an = llm —————— d
(€) muan = lim pra— (d) y
— lim M
L1 T1 — X
2 .2
= lim ———-—— 1;0 adl
o—w 251 (X1 — Xo) =S
— lim *(1312+2:L'0) _ 33 Tangent Secant
= THTT xp
— 241) — (22 +1
5. (a) mum = lim fla) = fxo) _ lim (z1+1) — (25 +1)
T1—To Tr1 — o T1—T0 Tr1 — 2o
2 .2
= lim 270 = |im (21 + x) = 20
xr1—X0 :El — xo r1—X0
(b) M =2(2) =4
- 3 2) — (3 2
6. (a) mum = lim fa) = flzo) _ - (&1 + 31 +2) — (a5 + 30 +2)
T1—To 1 — Xg T1—To 1 — X
2 2 B
= lim (xl xO) + 3(.%1 %0) = lim (131 + x0 + 3) = 21‘0 +3
T1—=T0 1 — X 120
(b) 1 =2(2) +3=7
7. (a) Mg = lim Fla) = flao) = lim VI T VT
T1—0 Tl — Ig T1—=x0 X1 — X
. 1 1
= lim =
nom I+ B 23
1 1
b) Mun = —= = =
— 1 —1
8. (a) Mgan = lim Fla) = flzo) = lim —/\/x—l AV
10 Tl — Io 10 T1 — Ig
= lim VT~ VT = lim -1 B
o T o (@1 —20) | mem /@ Vo (Vo yE) | 2g)
1 1
(b) mtan:_W:_E
9. (a) Mtan = (50 - 10)/(15 - 5) (b) V(e|n?/(;i)ty
= 40/10
=4m/s
4

t(s)

66
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10.

11.

12.

13.

14.

15.

16.

17.

Chapter 3

(a) (10-10)/(3—0)=0cm/s
(b) t=0,t=2, and ¢t = 4.2 (horizontal tangent line)
(¢) maximum: ¢=1 (slope > 0) minimum: ¢ =3 (slope < 0)

(d) (3—18)/(4—2) = —T7.5 cm/s (slope of estimated tangent line to curve at ¢t = 3)

From the figure:

S

A

‘ ot ta

(a) The particle is moving faster at time t; because the slope of the tangent to the curve at ¢ is
greater than that at ¢o.

(b) The initial velocity is 0 because the slope of a horizontal line is 0.
(c¢) The particle is speeding up because the slope increases as ¢ increases from ty to ;.

(d) The particle is slowing down because the slope decreases as t increases from t; to ts.

‘ ot

It is a straight line with slope equal to the velocity.

(a) decreasing (slope of tangent line decreases with increasing time)
(b) increasing (slope of tangent line increases with increasing time)
(c) increasing (slope of tangent line increases with increasing time)

(d) decreasing (slope of tangent line decreases with increasing time)

(a) 72°F at about 4:30 P.M. (b) about (67 —43)/6 = 4°F/h

(c) decreasing most rapidly at about 9 P.M.; rate of change of temperature is about —7°F/h (slope
of estimated tangent line to curve at 9 P.M.)

For V' = 10 the slope of the tangent line is about —0.25 atm/L, for V' = 25 the slope is
about —0.04 atm/L.

(a) during the first year after birth

(b) about 6 cm/year (slope of estimated tangent line at age 5)
(c) the growth rate is greatest at about age 14; about 10 cm/year
(d) Growth rate

(cm/year)

40
30
20
10
t(yrs)

5 10 15 20
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16(6)% — 16(0)?
18. (a) The rock will hit the ground when (b)  Vaye = M =96 ft/s

162 = 576, 12 = 36, t = 6 s (only ¢ > 0 6-0
is meaningful)
_16(3)% — 16(0)® 1662 -16(6)2 . 16(t2 — 36)
(C) Vave — ? =48 ft/S (d) Vinst — }ll£n>6 tlT = t111£n>6 tlT
= tlimﬁ 16(t; +6) = 192 ft /s
1—}
19. (a) 5(40)3 = 320,000 ft (b)  Vave = 320,000/40 = 8,000 ft /s

. t3 — 5(4 3 t3 — 4 3
(c) 5t3 =135 when the rocket has gone 135 ft,  (d) vus = lim 5t = S(40)” = li 5t — 40°%)
3 _ _ . t—40  t; —40 t1—40  t1 — 40
sot? =27,1t=3s;

Vave = 135/3 = 45 ft/s. = lim 5(t1 + 40t; +1600) = 24,000 ft/s
1—?
243 - [3(1)2+1
20. (a) Vae = 33”31 = BT+ _ g mi/h
3-1
L B+t -4 B4 (-1 L
(b) Vgt = t111£r}1 P— = tl}{n}1 o1 = tlll_rpl(?)tl +4) =7mi/h

6(4)" —6(2)!

21. () Vae = 13 = 720 ft/min
t4 — 2 4 t4 -1
(b)  Vinst = lim w = lim u
t—2 ] — 2 ho2 ) — 2
12 4+ 4)(t2 — 4
= )i MY 6(t2 + 4)(t; + 2) = 192 ft/min
=2 t —2 1—2

EXERCISE SET 3.2

1. f,(l) = 25 f’(S) = 07 f/(s) = 725 f/(ﬁ) = 71/2
2. f(4) < f(0) < f(2) <0< f(=3)

3. (b) f(2)=m=3 (c) the same, f'(2) =3
4. f(-D=m=g 4_?_31) =1
5 , 6. y

7. y—(-1)=5(x—-3), y=>5x—16 8 y—3=—-4(x+2),y=—4x-5

3(x? + 2zh + h?) — 322

h) —
o )= i SN IW
7

A = }liH(1)3(237 +h) = 6x; f(3) = 3(3)® = 27,
F'(3) = 18 50 y — 27 = 18(z — 3), y = 18z — 27
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Chapter 3

flx+h)— f(x) (x+h)? = (x+h) — (22 — x)

/ — — = — = — 1
f(x)_}g% - }1113(1) ; }1L1£1(1](237+h 1) =2z -1;
f(2)=22-2=2, f/(2)=3s0y—2=3(x—2), y=3x—4

. fx+h)—f(x) .. (x+h)pP—2a3 ) s
' _ — wrr o . =03 =
o) = i T — iy S = S(0) = 0 0

f(0)=0s0y—0=(0)(z—0),y=0

f(z) i 20z +h)P+1—(22° +1)

: +h) - : 2 2 2
/ _ _ — — .
fl(z) = }lllil(l) o lim 5 }lllir(l](ﬁx + 6zh + 2h%) 6x°;
F(=1) = 2021 £ 12 1, f(—1) =650 y+1=6(x+1), y = 6z +5
, flx+h)—flx) . Ve+l+h—Vo+1
flo) == =l i
— lim Vi+l+h—vVe+1 Ve+1+h+Vo+1 o 1 1
~ h Vitith+vVotl hdvatith+varl 2vzil
1 1 1 5
f(8)=v8+1=3, f’(8):6509—326(3?—8)73/:6534'5
h h 4 _ 4
flx) = }llirr(l)f(x—’_—)f() - ii%w = lm(e® + 62°h + 4ol + h¥) = da’;
f(=2)=(-2)*=16, f'(-2) = —32s0 y — 16 = —32(z + 2), y = —32z — 48
1 1 xz — (x4 Ax)
f(x)= lim +Ar = lim _z(z+Ax)
Az—0 Ax Az—0 Ax
= lim A lim 1
Av—0 zAz(x 4+ Az)  Ae—0  x(x+ Az) a2
1 1 22 — (v + Ax)?
v (4 Az)?2 2?2 22(z + Ax)?
Fo=m A =4 ar
22 — 22 — 2xAx — Ax? . —2xAx — Ax? . -2z — Ax 2
= lim =lm —————— = lim ——— = ——
Az—0  2?Az(x + Az)? Az—0 22 Az(z + Az)?  Aa—0 22(z + Az)? x3

[a(z + Ax)? +b] — [ax® + b] ar? + 2axAz + a(Azx)? + b —azx’ — b

N s o
fz)= A, Az = Am, Az
2
= lim 2022 + a(AT) = lim (2az + aAz) = 2ax
Az—0 Az Az—0
1 1 (x+1)—(x+Az+1)
oy (@+Ax)+1 x4l (z+D(z+Ax+1)
fw)= dm, As = Az
~ lim r+1l—2z—-Ax—1 ~ lim —Azx
Av—0 Az(z + 1) (z+ Az +1)  20—0 Az(z + 1)(z + Az + 1)

-1 1
li =
a0 @+ @+ Ar+1)  (z+1)2

1 1
f/(:r) ’\/17+AZE \/_ — lim \/—_\/.T-i-A(E
AL—»O ALHO Amﬁ\/m
x — (x4 Ax) I -1 1

AL—>0 Az + Ax(\/T + Vx + Ax) AEEO Vv + Azx(yz + Vo + Ax) L
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(z + Az)/3 — 213

20. f'(x) = AI;%:IBO , but a® — b = (a — b)(a® + ab + b?) so with a = (z + Ax)'/?

Az
and b = 2!/3
. (x 4+ Az) —x
/ -]
@) A0 Az|(x + Ax)?3 + (z + Ax)V/3z1/3 + 22/3)
1 1

= 1' -
Aro (x 4+ Az)23 + (x + Ax)Y321/3 + 223 3223

ft+h) — f(t) [4(t + h)? + (t+ h)] — [4% + 1]

. fl(t)=1 =1
21 SO =jm = hmg h
. AP+ Sth+4h> +t+h — 4> —t
= lim
h—0 h
8th+4h’> + h
S TP e =lim(8t +4h+1) =8t + 1
h—0 h h—0
4 . 4 4 . ) .
v —m(r4h)® — 73 —7(r3 + 3r2h 4 3rh* + b3 — 1?)
22. — =lim 3 3 = lim
dr  h—0 h h—0 h

4
= llin% §7r(3r2 + 3rh + h?) = 47r?

23. (a) D (b) F (c) B (d) C (e) A (f) E
24. Any function of the form f(x) = x + k has slope 1, and thus the derivative must be equal to 1
everywhere.
y
=

=

25. (a y (b)

26. (a) y (b) v (c) y

I\

27. (a) f(z)=2*and a=3 (b) f(z)=+vzxanda=1
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28.

29.

30.

31.

33.

34.

35.

36.

37.

38.

dy _

dx

dy
dx

= limy, o

Chapter 3

f(r)=coszanda=m (b) f(z)=2"anda=1

[4(z + h)? + 1] — [42® + 1] 42% + 8zh + 4h* + 1 — 42? — 1

= lim = lim = ’lirr[l](8x +4h) =8z

h—0 h h—0 h

< 5 +1)(§+1) 55 5z —5(x + h)
. z+h x . x+h =z . z(z +h)
lim im———

h—0 h h—0 h h—0 h

5t —5x—5h . 5 5

S tim— =
hxz(x + h) hlg(l)x(x—&—h) x?

z=—2 (_2>2

_5
1

W

(b)

(b)

(a)
(b)
(c)
(d)

(a)
(b)
(c)
(d)
()
(a)

(b)

-3

h 0.5 0.1 0.01 ] 0.001 |0.0001 | 0.00001
(f+h) — f(1))/h | 1.6569 | 1.4355 | 1.3911 | 1.3868 | 1.3863 | 1.3863

h 0.5 0.1 0.01 0.001 ] 0.0001 | 0.00001
(F(1+h) — F(1))/Rh | 0.50489 | 0.67060 | 0.70356 | 0.70675 | 0.70707 | 0.70710

dollars/ft

As you go deeper the price per foot may increase dramatically, so f’(x) is roughly the price per
additional foot.

If each additional foot costs extra money (this is to be expected) then f/(z) remains positive.
£(301) — f(300)

From the approximation 1000 = f’(300) ~ 301 = 300

we see that f(301) = £(300) -+ 1000,

so the extra foot will cost around $1000.

gallons/dollar
The increase in the amount of paint that would be sold for one extra dollar.

It should be negative since an increase in the price of paint would decrease the amount of paint
sold.

11) — f(10
From —100 = f/(10) ~ % we see that f(11) ~ f(10) — 100, so an increase of one
dollar would decrease the amount of paint sold by around 100 gallons.

F ~ 200 b, dF/d6 ~ 60 1b/rad (b) p=(dF/df)/F ~ 60/200 = 0.3

dN/dt ~ 34 million/year; in 1950 the world population was increasing at the rate of about 34
million per year.
dN/dt 34

N~ 5200~ 0.014 = 1.4 %/year
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39.

41.

42.

43.

44.

45.

46.

47.

(a) T ~120°F, dT/dt ~ —4.5°F /min
(b) k= (dT/dt)/(T — Tp) ~ (—4.5)/(120 — 75) = —0.1

liH(l) flx) = lir%% = 0= f(0), so f is continuous at z = 0. y
Tr— Ir—
L SO+ —f0) o VR0 _ _
i h = T limges = oo, so ?
1/(0) does not exist.
2 2 "
lim f(z) = lim(z — 2)%3 =0 = f(2) so f is continuous at z = 2. y
. f2+h)-—f©2 . RB-0 1 . . 5
}1713(1) Y = }IIILI(l) o = ]1713(1) B which does not exist

so f'(2) does not exist.

,hnl“, flz) = h]f{l+ f(z) = f(1), so f is continuous at = = 1.

— 2 —
i LAFMZFA) g (AR =2 opy =
h—0~ (1 hf)L f(l) h—0~ 2(1 n h)h 5 h—0~
. f(I+h)— . -2 _ 1y
g T S T = 2= 2se r() =2
3 [ ER
linll flx) = lir{l f(x) = f(1) so f is continuous at x = 1. y
x—1" =1t
1 -1 1 24+2]— -
limwzlim [(L+h)" +2] 3:lim(2+h):2; 5,
ey ety ;
. - . - — . — !
A R A = Lso S0 7
does not exist. .
3 i 3

f is continuous at 2 = 1 because it is differentiable there, thus /liH(l) f(A+h)=f(1) and so f(1) =0

1+h 1+h)—f(1 1+h
because lim fa+h) exists; f/(1) = lim fa+h = f) = lim fa+h
h—0 h h—0 h h—0 h

=9.

flz+h) - f(z)

Let x = y = 0 to get f(0) = f(0) + f(0) +0so f(0) =0. f'(z) = }11131(1] A , but (with
y=nh) flx+h)= f(x)+ f(h) +5xh so f(x +h) — f(x) = f(h) +5zh and f'(z) :}IILI%M =

D2 4 5a) = 3 4 5a.

F/ (@) = limy_g w _
= f(x)f'(0) = f(x)
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EXERCISE SET 3.3

1. 2826 2. 36zt 3. 242" +2 4. 223
L. 6 2
5. 0 6. V2 7. —§(7x +2) 8. 2
9. 3ax®+2bz+c 10. (2 + ! 11. 2429+ 1/ 12, —427— O
' " a b ' NG
13. -3z *-7z78 1. L 1L
. —O — . 2\/5 $2

15. f'(z)= (32® + 6)% (2x - i) + <2x — i) %(312 +6) = (322 +6)(2) + <2x - i) (6)
=182 — 3z + 12

16. fl(a)=(2—z— 3x3)%

= —242" — 62° 4+ 10z* — 6322 — 7

(7+2°) + (7+x5)dd

_x(2 —x—32%) = (2 -2 —32%)(52") + (T + 2°)(~1 — 927)
17. fl(x)= (2 + 722 —8)— 2z + 2™ + (227 + x74)%(aj5 + 7% = 8)
= (23 + 72? — 8)(—6z~* —4zx7%) + (2272 + 27)(32% + 142) = —15272 — 1423 + 48z ~* + 32275

d . d
18. fi(w)= (7! +27) (32" +27) + (B2’ +27) - (a7 + 277

= (z7 '+ 272)(92%) + (323 + 27)(—2 7% — 2273) = 3+ 62 — 2722 — Hda 3

19. 122322 +1) 20. f(z) =20 4 425 + 422, f'(x) = 102° + 242° + 8z
d d
(5z —3)—(1) = (1)— (52 — 3)
21, W dz dz =2 (1) =5/
dx (5x — 3)2 (5x — 3)?

dy T3 3 (Va4 )

22. = WD = -3/2Vz(Vx +2)% y'(1) = -3/18 = —1/6
d d

03, d_x _ (2t + 1)@(315) - (3t)£(2t+ 1) _ (2t +1)(3) — (3t)(2) _ 3

dt (2t +1)? (2t +1)? (2t 4+1)2

d d
dt (3t)2 9¢2 3¢
43 Lr—1)- @2 -1L@+3)

be W _ i i @@ -@e-1Q) _ 7 dy| T

dx (z +3)2 (z +3)2 (x+3)? dr|,_, 16

d d
s, W _ (2 =5)——(dz + 1) — (4o + 1) (2" = 5) (@ -5)(4) -~ (dr+1)(2r) | 4a® +22 420,
dz (22 —5)? (22 —5)2 (zZ—5)2
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27.

28.

29.

33.

35.

36.

37.

38.

39.

40.

41.

T

@_ 3r+ 2 i _5 _5 i 3r+2
dz_( )dz(x +1) + (z +1)d ( - )
)

% = 5(=5) +2(~2) = —29
dy o d (-1 r—1\ d 9
= & ) (:c—i—l) + <x+1 az 2 =)

= (227 — 2?) { s 1)((1; —1(:v2— 1)(1)] + <i _T_ 1) (1425 — 2z)

2 z—1

= (227 — 2?%) - CESY) " 1> (142° — 22);
j_i _(2- 1)2 +0(14—2) =
32t 30. 27 31. 3mr? 32. —2a?2+1

dv dv

(a) o= 4 (b) |~ 47(5)? = 1007
(@) () = VAL @)+ 5 f (). (4) = (2)(-5) + () = —37/4

(b) 4'(z) =

(@) ¢'(z)=6x—5f(z), g'(3) =6(3) —5(4) = -2

oy 2f(@) = Qe +1)f'(z) _2=2)-74) _
(b) () = G g - 22 s
(a) F'(z)=5f"(x)+ 24 (x),F'(2) =5(4) +2(-5) =10
(b) F'(z) = f/(x) - 3¢/(x), F'(2) = 4 — 3(~5) = 19
(c) F'(z)=f(z)g'(x)+g(x)f (), F'(2) = (-1)(=5) + (1)(4) =9
(d) F'(z) = [g(a)f'(x) — f(2)g'(2)]/g*(x), F'(2) = [(1)(4) = (=1)(=5)]/(1)? = ~1
dy (I+z)(—-1)—(1—x)(1) 2 dy B
i (+2) ——(1+z)2,EwZQ——gandy———forx—QSoanequatlonof
the tangent line is y — <—%> = —g(:c —2),ory= —gm + é
y—2=5(x+3),y=>5x+17

6 5

% PQAOJFAOA ] 271/\0 ddA(M“J”\6> fAO(A“w) - Agir?\j

(a) dy/dx =212° — 10z + 1, d®y/dx® = 422 — 10
Xr = xr — xre =
(b) dy/dx = 24x — 2, d*y/dx® = 24
c) dy/dr=-1/z% d°y/dz® =2/x
dy/d 1/2% d?y/da? = 2/x3
(d) y=352°— 1623 — 32, dy/dw = 175" — 482% — 3, d’y/dx® = 700> — 96z
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42.

43.

44.

45.

46.

47.

48.

49.

51.

Chapter 3

(a) o =28z% — 1522 + 2, ¥ = 1682° — 30z
(b) ¥ =3,4"=0

2 !

4
(c) y’:@,y’:_

513

(d) y=22"+32% 10z — 15, ¢/ = 823 + 92° — 10, ¢ = 242 + 182
(a) ¥ = 5204524 ¢ =30277 + 2023, y" = —21027° + 602°
(b) y=aty=—a?y =27 y" =—627"

() ¥ =3az’+0b,y" =6azx,y" =6a

(a) dy/dx =10x — 4, d*y/dz* = 10, d3y/dz* =0
(b) dy/dx=—6x"3 -4z 2+ 1, d>y/dx® = 18z~* + 8z 73, dPy/dx® = —7227° — 242~
(c) dy/dx = dax® + 2bx, d*y/dz* = 12az* + 2b, d*y/dx® = 24ax

(@) [f'(z) =6z, f"(x) =6, f"(x) =0, ["(2) =0

dy 4 d*y 3 d*y
b) -2 =302' -8z, —2 =120 — 8, —2| =112
(b) Ir 302" — 8z, 7n2 0z° — 8, |

d 3 P 5o d oo dbr -7
(c) %[a: ]2—335 ,@[a: ]2121‘ 7$[33]:—60x ,@[!E }:3601‘ ,

4
d—4 [z7%]] =360
dx w1

(a) oy =162+ 622, ¢ = 482% + 12z, v = 96z + 12, 3/ (0) = 12

dy = d’y ¢ dy _dy _
_ —4 _ 5 _ 6 _ 7 _ 8
d*y
— = 5040
d.’II4 =1

y =322+ 3,%y" = 6z, and y” =6 so
" +ay’ — 2y =6+ x(6z) —2(32° +3) =6+ 62 — 622 — 6 =0

Yy = LL'_l, y’ — —:L'_Z’ y” = 21‘_3 SO
2y + 2%y —vy =233 + 2} (-2 -2z ) =2-1-1=0

Fl(a) = af'(x) + f(z), F'(z) = 2f"(z) + ['(z) + ['(z) = 2 f"(x) + 2f'(2)

d
The graph has a horizontal tangent at points where d_y =0, but L5
" ”

d

d—y =2 3r+2=(x—1)(x—2)=0ifx =1,2. The
z L

corresponding values of y are 5/6 and 2/3 so the tangent line is

horizontal at (1,5/6) and (2,2/3). |
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52.

53.

54.

55.

57.

58.

59.

60.

61.

62.

63.

64.

dy 9—z2 dy

dr ~ (22492 dz
(3,1/6) and (—3,—1/6).

= 0 when 22 = 9 so = £3. The points are 0.2

FLO1) = £(1) _ 0.999699 — (—1)

o . . . / o 2 _ 9 _
0.01 001 = 0.0301, and by differentiation, f'(1) =3(1)* -3 =10

()=~

F(1.01) — f(1)  1.01504 — 1

Ly _ _ . .
i) = 001 001 1.504, and by differentiation,
x
"1) = — =1.
= (va+ 5z )] =18
f(1)y=0 56. f'(1) =1

The y-intercept is —2 so the point (0, —2) is on the graph; —2 = a(0)?> + b(0) + ¢, ¢ = —2. The
a-intercept is 1 so the point (1,0) is on the graph; 0 = a + b — 2. The slope is dy/dz = 2ax + b; at
x = 0 the slope is b so b = —1, thus a = 3. The function is y = 32> — z — 2.

d
Let P(xg,y0) be the point where y = 2 + k is tangent to y = 22. The slope of the curve is d—y =2

x
and the slope of the line is 2 thus at P, 2xg = 2 so xp = 1. But P is on the line, so yy = 2z = 2.
Because P is also on the curve we get yo = 23 + kso k =y — 23 =2 — (1) = 1.

The points (—1,1) and (2,4) are on the secant line so its slope is (4 — 1)/(2 + 1) = 1. The slope of
the tangent line to y = 2% isy/ =2rso 2z =1, x = 1/2.

The points (1,1) and (4,2) are on the secant line so its slope is 1/3. The slope of the tangent line to

y=+Vxisy =1/(2y/x) so 1/(2y/x) =1/3, 2/x =3, 2 =9/4.

Yy = —2x, so at any point (xg,1) on y = 1 — 22 the tangent line is y — yo = —2xo(z — ), or
y = —2xox + 22 + 1. The point (2,0) is to be on the line, so 0 = —4xy + 23 + 1, 22 — 429+ 1 = 0. Use

44416 -4
— =2+ V3.
2 V3

the quadratic formula to get zy =

Let Pi(x1,az?) and Py(x9,az3) be the points of tangency. 3’ = 2ax so the tangent lines at P; and P,

2 _ 2 _ _ 1 A
are y —axy = 2ari(x —x1) and y — axy = 2axs9(r — ). Solve for x to get x = 5(x1 + x2) which is the
z-coordinate of a point on the vertical line halfway between P; and Ps.

y' = 3ax® + b; the tangent line at x = g is y — yo = (3ax3 + b)(z — ) where yo = az} + bxy. Solve
with y = az® 4 bz to get
(ax® + bz) — (azd + bxo) = (3axd + b)(z — xp)
ax® + bx — axd — brg = 3axdx — 3axd + bz — by
23— 3xdx + 223 =0
(z — 20)(2® + 320 — 223) =0
(x — 20)%(z + 220) = 0, s0 T = 2.

Let (x0,y0) be the point of tangency. Refer to the solution to Exercise 65 to see that the endpoints of
the line segment are at (2x0,0) and (0, 2yo), so (xg, yo) is the midpoint of the segment.
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65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

Chapter 3

/

2
0 ) Zo

1
crosses the z-axis at 2z, the y-axis at 2/x¢, so that the area of the triangle is 5(2/1:0)(2:00) =2.

f'(z) = 3ax® + 2bx + c; there is a horizontal tangent where f’(z) = 0. Use the quadratic formula on
3ax? +2bx + ¢ = 0 to get * = (—b=+ Vb2 — 3ac)/(3a) which gives two real solutions, one real solution,

or none if

(a) b —3ac>0 (b) ¥ —3ac=0 (¢) b —3ac<0

F =GmMr—2, Cfl—F = —2GmMr—3 = _2GmM
r

r3

dR/dT = 0.04124 — 3.558 x 107°T which decreases as T increases from 0 to 700. When 7' = 0,
dR/dT = 0.04124Q/°C; when T = 700, dR/dT = 0.016332/°C. The resistance is most sensitive to

temperature changes at T' = 0°C, least sensitive at T' = 700°C.

fl(@)=1+1/2> >0 for all x 6

| v
pd|

-6
2?2 —4 15
/ _ . .
f(iC) - 5(.172+4)27
f'(x) >0 when 22 < 4, ie. on —2 < z < 2
-5 \/iz I I I I 15
-1.5

(f-g-h) =[(f-9)-B = (F-gh +h(f-9) = (f -9 +hlfg + ['g] = fgh' + fg'h + ['gh
(flf? o fn)/ = (f{fQ ’ "fn) + (flfé ’ "fn) toeet (flfQ o f'r,L)
(@) 204+ @2+ + Rz +D(—z )@+ 7))+ e+ 1)1 +27) (3274
(b) (2" +22x—-3)3= (2" + 22 — 3)(2" + 22 — 3)(z" + 22 — 3) so
%(x7—|—23:—3)3: (72% +2)(2" 4 2z — 3) (27 + 22 — 3)
+(2" + 22 — 3)(725 + 2) (2" + 22 — 3)

+(z" + 22 — 3) (2" + 22 — 3) (725 + 2)
=3(72% + 2) (27 + 22 — 3)?

(a) -5z %2 +2x)(4 —3x)(22 + 1) + 27° (2 + 2)(4 — 32)(22° + 1)
+z70(2? + 22)(—3)(22° + 1) + 27 (2 + 22) (4 — 3z)(182%)

1 1 T 2
Yy = ——5; the tangent line at z =z s y — yo = ——(x —x¢), or y = —— + —. The tangent line
x x
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75.

76.

7.

78.

79.

80.

81.

82.

83.

() @2+ = (@2 +1)(2*+1)--- (2% + 1), where (2> + 1) occurs 50 times so
d =
%(:ﬁ + 1) =[22) (2 + 1) (2® + D]+ [(2* + 1)(22) - - - (2° + 1)]
ot @+ D@+ 1) - (20))
=2z(x2 + ¥ 222 + )Y + .- +2z(2? + 1)Y
= 100z (2% + 1)* because 2z(z? 4+ 1)* occurs 50 times.

f is continuous at 1 because ,1111117 fz) = hnll+ f(z) = f(1), also hnlr{ fl(z) = ,,hn{{ 2z = 2 and
lim f'(z) = so f is not differentiable at 1.

r—1t T~>14r 2\/_ 5
f is continuous at 1/2 because limi flx) = him/2+ f(z) = f(1/2), also
lim f'(z) = lim 32 =3/4 and hm f( )= hm 336/2 3/4 s0 f'(1/2) = 3/4.

x—1/2- r—1/2-

If f is differentiable at = 1, then f is continuous there;
lim flz) = lir{l flz)=f(1)=3,a+b=3; lir?+ f'(z) = a and
r—1" T—

hr{{f( x)=6soa=6and b=3—-6=—3.

(a) h%l f(z) = lirgl 2z = 0 and lirg f(z) = lirgl 2z = 0; f/(0) does not exist because f is not
r—0" r—0~ r—0t r—0t
continuous at x = 0.

(b) 1ir})17 f(z)= 1i1’61+ f'(z) =0 and f is continuous at x = 0, so f'(0) = 0;
1i1})17 f"(x) = lim (2) = 2 and lirg+ f(z) = lirgl+ 6z =0, so f”(0) does not exist.

z—0~

(a) f(z)=3zx—2ifx > 2/3, f(x) = =3z + 2 if x < 2/3 so f is differentiable everywhere except
perhaps at 2/3. f is continuous at 2/3, also lign/3 f(z) = 112m/3 (=3) = —3 and 112m/3 f(x) =
z—2/3" —2/3" z—2/3%

li§1/13‘ (3) = 3 so f is not differentiable at z = 2/3.

(b) f(z) = 2> —4if |z| > 2, f(z) = —2% + 4 if |2] < 2 so f is differentiable everywhere except
perhaps at +2. f is continuous at —2 and 2, also lim f(z)= 11%17(—233) = —4 and 1iI£1+ f(z)=
hrg+ (22) =4 so f is not differentiable at z = 2. Slmllarly, f is not differentiable at x = —2.
(@) F@) =) f'@) = @ Da, @)= (32 Dot
(n) _(_ n’l’L(’I’L—l)(TL—Q)l
7 ) = (- M=V
(b) fl(z)=—-2277, f'(x) = (3-2)a~", f"(x) = —(4-3-2)a"
(n+1)(n)(n—-1)---2

£ () = (- D
@) galef@] = 5 | lef@)| = & [ @] =cgt | £ @] = el
2@ 4] = g | L@ 4o = & | LU+ L] = @]+ o)

(b) yes, by repeated application of the procedure illustrated in part (a)
(fr9)=rfg+af (f-9)=fg"+g [ +a9f"+[9=Ffg+2fd+[fg"

(@) fl(x)=na"", f"(z) = (n - 1) "2 (@) = n(n = 1) (n - 2)2" 0,
f(@) =n(n—1)(n-2)-
(b) from part (a), f®(z) =k(k —1)(k—2)---1so fE*D(z) =0 thus f™(z) =0if n >k
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(c) from parts (a) and (b), f™(z) = a,n(n —1)(n —2)---1

84. lim Fe+h - 2

lim - = f"(2): f'(x) =8z — 2, f"(x) = 5625, so f"(2) = 56(2°) = 3584.

85. (a) If a function is differentiable at a point then it is continuous at that point, thus f’ is continuous
on (a,b) and consequently so is f.

(b) f and all its derivatives up to f~!(z) are continuous on (a, b)

EXERCISE SET 3.4

1. f'(z) = —2sinz — 3cosx

2. f'(z) =sinz(—sinxz) + cos x(cos ) = cos’? x — sin® z = cos 2z
3. flx) = x(cos x) —QSin:c(l) _ zcosw 2— sin x

x x
4. f'(x) = 2*(—sinz) + (cosx)(22) = —a?sinx + 2z cos v

5. f'(x) = 2%(cosz) + (sinz)(32?) — 5(—sinz) = 2° cosx + (32% + 5) sinx

6. f(x)= cotx (because C?Sx = cot ), f(z) = x(—csc? z) — (cot z)(1) _ _xcchx +cotx
T sinx 22 5

x
7. f'(z) =secrtanz — v2sec’ x

8. f'(x) = (2> + 1)secxtanz + (secw)(2z) = (2% + 1) secx tanx + 2z secw

9. f/(x) = secx(sec? z) + (tanz)(sec z tan ) = sec® x + sec x tan’ x

(1+ tanx)(secztanz) — (secz)(sec’z)  secxtanx + secz tan®z — sec

10. ! - =
@) (1 + tanz)? (1 + tanz)?
_ secz(tanz + tan’z — sec?z)  secz(tanz — 1)
(1+tanz)? ~ (1+tanz)?
11.  f'(z) = (cscz)(—csc® x) + (cot z)(— cscx cot ) = — csc® x — cscx cot® o

12. f'(x) =1+ 4cscxcotr —2csc’x

(14 cscx)(—csc?z) — cot 2(0 — csczcotx)  cscx(—cscx — csc x + cot? x)

13. f(x) = = but
@) (14 cscx)? (14 cscx)? "
1+ cot?z = csc? z (identity) thus cot? z — csc? x = —1 so

cscx(—cscx — 1) cscx
f/(it) = 2 =
(14 cscx) 1+cscx

14, flz) = tan z(— csc x cot .1;) — cscx(sec? x) __csc z(1 4—25e02 x)

tan® x tan®x

15. f(z) =sin’z + cos’ x = 1 (identity) so f'(z) =0

1
16. f(z) = p— tanz, so f'(x) = sec®x
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t
17.  f(x)= % (because sinzsecz = (sinx)(1/cosz) = tanx),
() (1 + xtanx)(sec’ x) — tan x[z(sec’ x) + (tanz)(1)]
xT)=
(1+ ztanx)?
2. _ t 2 1
_Xerm (because sec?z — tan®x = 1)
(I+ztanz)> (14 xtanz)?
2 +1) cot
18. f(x)= @+ Dotz (because coszcscx = (cosz)(1/sinz) = cotx),
3—cotx
') (3 —cotz)2zcotx — (22 + 1) esc® ] — (22 + 1) cot z csc?
xT)=
(3 — cot x)?
_ bzcotz — 2z cot’x — 3(x? 4 1) csc’
(3 — cot z)?
19. dy/dxr = —xsinz + cosz, d*y/dx? = —xcosx —sinx — sinz = —rcosx — 2sinx
20. dy/dz = —cscxcotz, d?y/dx® = —[(cscx)(—csc? z) + (cot x)(— cscz cot )] = esc® x + cscx cot® x

21. dy/dx = x(cosz) + (sinx)(1) — 3(—sinz) = zcosx + 4sin z,
d*y/dx?® = x(—sinz) + (cosx)(1) + 4cosx = —xsinz + Hcosx

22. dy/dx = 2*(—sinx) + (cosx)(2z) + 4cosz = —x?sinz + 2x cosx + 4 cos z,
d*y/dx? = —[2*(cosx) + (sinz)(2x)] + 2[z(—sinx) + cosz] — 4sinx = (2 — 2%) cosx — 4(x + 1) sinz

23. dy/dr = (sinz)(—sinz) + (cosz)(cos x) = cos’ z — sin’ z,

d*y/dz* = (cosx)(—sinz) + (cosz)(—sinz) — [(sinz)(cos ) + (sinx)(cos x)] = —4sinz cosz
24. dy/dx = sec’ z; d*y/dx® = 2sec’ vtanw

26. Let f(x) =sinz, then f'(z) = cosz.
() £(0)=0and f(0) =150y —0=(1)(x—0),y=ax
(b) f(m)=0and f'(r) = —-1soy— O—(—l)( ),yz—x+7r

1 ) 1

(c) f():ﬁandf(z>zﬁso —2—
27. Let f(x) = tanz, then f'(r) = sec? x.

(a) f(0)=0and f(0)=1s0oy—0=(1)(z—0),y==x.

(b) f(%)flandf’(%):2s0y71:2(x72),y:2xfg+1.

(c) f( ):—landf’(—%):280y+1:2(x+£),y:2x+g71.

L =

N
l\.')

VS
v
[\DH
B

521
~is

28. (a) Ify=cosz theny = —sinz and ¢y’ = —cosz s0 3y’ + y = (—cosx) + (cosz) = 0;
if y = sinx then y' = cosx and ¢y’ = —sinz so ¥y’ +y = (—sinx) + (sinz) = 0.
(b) ¢ = Acosz — Bsinz, y" = —Asinz — Bcosx so
y'+y=(—Asinz — Bcosz) + (Asinz + Bcosz) = 0.

29. (a) f'(z)=cosz=0atx==xn/2,+37/2.
(b) fl(x)=1-sinz=0atz=-31/2,7/2.
(c) f'(z) =sec’z > 1 always, so no horizontal tangent line.
(d) f'(z) =secxtanz =0 when sinz =0, z = £27, £7,0
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30.

31.

32.

33.

34.

35.

36.

37.

(a)

(b)

=1

Chapter 3

R Y]

A\
VY

y =sinzcosx = (1/2)sin 2z and 3 = cos2z. So 3y’ = 0 when 22 = (2n + 1)7/2 for n =0,1,2,3
or x =m/4,3w/4,5m/4,Tr /4

o
— O
—

=
W

0sin, dz/df = 10cos6; if § = 60°, then

dx/df =10(1/2) =5 ft/rad = 7/36 ft/deg ~ 0.087 ft/deg

s =3800csch,ds/df = —3800 csc 0 cot 0; if 6 = 30°, then
ds/df = —3800(2)(v/3) = —7600v/3 ft/rad = —380v/37/9 ft/deg ~ —230 ft/deg

D =50tan®,dD/df = 50 sec? §; if § = 45°, then

dD/df = 50(v/2)* = 100 m/rad = 57/9 m/deg ~ 1.75 m/deg
(a) From the right triangle shown, sinf =r/(r +h) sor+ h =rcscf, h = r(csc — 1).
(b) dh/df = —rcsccot; if 6 = 30°, then
dh/df = —6378(2)(v/3) ~ —22,094 km/rad ~ —386 km/deg
d4 d4k d87 d3 d4-21 d3
(a) ey sinz = sinx, so gy sinx = sinx; o sinz = 08 gt sinx = o sinz = —cosx
100 d4k‘
(b) 100 COSE = —p COST = cOST
. . ? .
@[Ismx]:xcostrsmz w[msmx]:fxsmechosx
d3 4
@[xsinx]:fxcosxf?)sinx @[xsinx]:xsinxfélcosx

By mathematical induction one can show

J4k JAk+1
W[x sinz] = zsinx — (4k) cos z; W[x sinz] = xcosx + (4k + 1) sinz;
x x
k2 JA+3
W[m sinz] = —zsinz + (4k + 2) cos z; W[az sinz] = —xcosx — (4k + 3) sinx;
17
Since 17=4-4+1, W[msinx] =zcosz+ 17sinx
(a) allz (b) allx
(¢) z#m/24+nm,n=0,£1,%+2,... (d) z#nm,n=0,%+1,%2,...
() z#7/24nm,n=0,%1,£2,... (f) z#nm,n=0,£1,£2,...
(g) 2z 2n+1)mr,n=0,%+1,+2,... (h) z#nn/2,n=0,+1,42,...

(i)

all z
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d cos(z + h) — cosx cosx cosh —sinxsinh — cos
. — =li =i
38. (a) g lcosa]=lim h e h
h—1 inh
=lim |cosz [ 20T ) —sina 2o = (cosx)(0) — (sinz)(1) = —sinx
h—0 h h
d d 1 cosz(0) — (1)(—sinz)  sinz
b) — = — = = = t
(b) dx [seca] dx Los x} cos? x costg | oorend
d d [cosz sinx(—sinx) — cos z(cos x)
L= 2 [22] -
(c) dx [cot z] dr Lsinx sin?
—sin’x — cos’ -1 9
= ) =5 = —cCcsc'xw
sin” z sin® x
d d 1 sinz(0) — (1)(cosx) cos x
d _ S = — = = — = — t
() dx [esca] dx Lin x] sin® x sin? z emeote
39. f'(x) = —sinx, f"(x) = —cosz, f"(x) = sinz, and f¥(2) = cosz with higher order derivatives
repeating this pattern, so f)(z) = sinz for n = 3,7,11,...
( sinh ) (sin h)
tan h cosh h 1
40. lim —— =i =1li =-=1
(2) heo R e h o cosh 1
tanx + tanh ¢
d tan(w+h) —tanz 1 tanatanh
(b) dx [tan 2] e h oy h
. tanx +tanh —tanx +tan’rtanh . tanh(l + tan®2)
= lim = lim
h—0 h(1 — tanz tan h) h—0 h(1 — tan z tan h)
tan h
. tan hsec? x 9 . h
= lim =sec” x lim ———
h—0 h(1 — tanz tan h) h—01 — tanz tanh
. tanh
lim
=sec’x h0 =sec’z
’liH(l)(l — tanx tan h)

¢ 4 ¢ h) —t d
41, Qg @ FY) —tany o tan(y+h) —tany - (tany) = sec’y
y

z—0 x h—0 h

180
43. Let t be the radian measure, then h = —t and cos h = cost, sinh = sint.
7r

cosh—1 . cost—1 m .. cost—1

1' = = — =
(@) Jim— 00 180t/r 1800 ¢ 0
(b) lim sin h ~ im sint T tim sint _ T
h=0  h t—0 180t/m 180 t=0 ¢ 180
d . . . . cosh—1 . sinh . s
(c) %[Slnx] =sinz IILI(I] — + COS{E}}LI(I] = sin z(0) + cos z(7/180) = 150 €%

EXERCISE SET 3.5

1. f'(x) =37(z* + 21:)36%(5&‘ + 2z) = 37(2® + 22)*% (327 + 2)

2. f'(x) =6(32> + 2z —1) dd

5_:5(39”2 + 22— 1) = 6(32% + 22 — 1)°(6x + 2) = 12(32% + 22 — 1)°(3z + 1)



83

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Chapter 3

fl)=(2°—-z+1)7°,
fl(x) = —-9(z° —x + 1)’10%@5 e 1) =9 — 1) (5t —1) = — 9(5z* — 1)

(x> —x+ 110

flx) =4(32% — 22 +1)73,

24(1 — 3z)

fl(x) = —12(32% — 2z + 1)*4i(3;v2 — 2z +1) = —12(32* — 22 + 1) (62 — 2) =

dx (3z2 — 2z + 1)4
, 1 d, 322 — 2
fla) 2vVa3 —2x+5 dx(x @ +5) 2va3 =2z +5
, 1 d 3
)= —m= —(@4+3Vr) = ———
@ 2/4 + 3/ d:c( va) 4/T\/4+ 3T

d
f'(x) = 3sin’ ma(sinm) = 3sin’zcosx

fl(x) = cos(x3)%(as3) = 322 cos(2?)

f'(x )—2008(3\/_) —lcos(3v/2)] = ~2cos(3v/r) sin(3v/z) (3\/—) 3COS(3\/5);in(3\/E)

f(z) = secQ(4x2)%(4w2) = 8z sec?(4x?)

. d
f(x) =12 cot3md—(cot z) = 12cot? 2(—csc? ) = —12cot® rcsc? x
x
d
fl(x) =20 cos4a:d—(cos z) = 20 cos’ z(—sinz) = —20cos’ zsinx
x

f'(x) = —csc(x®) COt(l’B)%(IES) = —32% cse(2?) cot(x?)
f(z)= cos(l/mQ)%(l/xQ) = —% cos(1/z?)

f'(z) = 4tan®(z?) d(i [tan(z®)] = 4 tan®(2?) secQ(IS)%( %) = 1227 tan® (2°) sec? (2?)

f(x) = 4sec(z") % [sec(z”)] = 4sec(z”) sec(x”) tan(z") %(aﬂ) = 282%sec?(2") tan(x")

s () () s () o)

= — 3 cos? a: sin x
o (z41)2 x+1 x+1

/ R 5sin(5x)
Jle) = 2\/COS 5x) dx [cos(5a)] = 9 cos(bx)
(@) 1 d sin?(42)] = 3— 881n(4x) cos(4x)

= — |3z —
2¢/3x — sin?(4x) dac[ 3z — sin’(4x)
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21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

fl(z)= =3 [z + csc(2® + 3)]74 dii: [z + cse(z® + 3)]

= -3 [z + csc(z’ + 3)]74 [1 — csc(2® + 3) cot(2® + 3)%(3}3 + 3)}
= =3 [z + csc(2® + 3)] - [1— 32” csc(z® + 3) cot(2® + 3)]
fl(z)=—4[z" — sec(42”® — 2)] - % [2" — sec(42® — 2)]
= —4 [2" — sec(4z” — 2)] - {43:3 — sec(4z”® — 2) tan(4a? — 2)%(43;2 - 2)]

= —16z [z* — sec(42® — 2)] - [2° — 2 sec(4a® — 2) tan(42® — 2)]

-2 10 — 322
f'(x):x2.—x+2x‘/5_$2zw

2v/5 — a2 Vb — a2
) = V1—22(1) —x(—z/vV1—-12?) 1
v 1— a2 T (1 - 22)n
Z_:ZZ = 2%(2sin 5x)%(sin 5z) + 3x% sin® 5z = 102° sin 5z cos 5z + 322 sin”® 5z
W _ /z [3tan2 (V) set(vVE)—m | + —— tan’(v/2) = 5 tan?(v/2) sec* (V) + = tan®(y/2)
da N PN 2 2T

1 1 1 1 1 1 1 1
dy_ 2’sec | — | tan  — d (1 +sec| =) (5t =a’sec| = )tan | = ) [ == | + 5z’ sec | —
dx T z /) dr \x T T T 2 T

= —x"sec| — |tan | — | + 5z " sec | —
T T T

dy  sec(3xz +1)cosx — 3sinzsec(3x + 1) tan(3z +1)  cosz — 3sinztan(3z + 1)

dr sec?(3z + 1) B sec(3z + 1)
dy__ sin(cos z) —(cos ) = —sin(cosz)(—sinz) = sin(cos ) sin

dr dz N N

dy = cos(tan 3z)—— (tan 3x) = 3sec’ 3z cos(tan 3z)

dz dz

dy

d d
e 3 cos?(sin 22) ——[cos(sin 2z)] = 3 cos?(sin 2x)[— sin(sin 2z)] . (sin2z)
x x
= —6 cos?(sin 2z) sin(sin 2z) cos 2z

dy (1 —cota?)(—2xcsca? cot z?) — (1 + csca?)(2x csc? 2?) 5 1+ cot % csc

= —2xcscx

dr (1 = cot 2)? (1 — cot x2)?
d_ (52 4 8)312(x* + 7x)“i(x3 +72) + (2° + 72)?13(5z + 8)12i(5x +8)
dx dx dx
=12(5z + 8)"¥(2® + 72)" (32 + 7) + 65(2® + T2)"*(5x + 8)"2
dy

5= (2o 5)23(x? + 4)2(2x) 4 (2% 4 4)32(2z — 5)(2) = 62(2z — 5)*(2® +4)* + 4(2z — 5)(z? + 4)*
=2(2z — 5)(2* + 4)*(82* — 152 + 8)

84
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35.

36.

37.

38.

39.

40.

41.

42.

43.

45.

46.

dy
dr

z=51"d [2-5 gz 11 33(x —5)?
20+ 1] dr |20+1] " |20+1] (2z+1)2  (2z+1)4

@:17<1+x2)16 d (1+x2> :17(1+x2>16 (1—22)(22) — (1 + 2?)(—2x)

dx 1—22) do \1—22 1—2a2 (1 — 22)?
17 1+22\°  4a _ 68z(1+a%)'°
B 1—22) (1—-22)2  (1—2a2)8
dy  (42° = 1)%(3)(2z 4 3)*(2) — (2= + 3)*(8) (4 — 1)"(8x)
dr (422 —1)16
_ 22z +3)* (40 —1)7[3(42” —1) — 3222z +3)] _ 2(2x + 3)*(522> + 96z + 3)
N (422 — 1)16 B (422 — 1)
dy 30 sy 4 s03(..5
T 12[1 4 sin’(z°)] d:c[l + sin”(z°)]
= 12[1 + sin®(2°)]"'3 sin2(sr‘r’)di sin(z”) = 1802[1 + sin®(2°)]" sin?(2”) cos(z”)
x
dy

—= =5 [zsin2z + tan4(z7)]4 % [ sin 2z tan” (27)]

4

d d
=5 [zsin2z + tan'(z")]" |z cos 2xd—(2x) + sin 2z + 4tan3(x7)d— tan(z")
x z

4

=5 [zsin 2z + tan*(2")]" [22 cos 22 + sin 2z + 282° tan® (z”) sec?(z7)]

dy _ 9 d 2y 9.2
e cos(3x )dx(Bx ) = 62 cos(3z7),
d’y d
i 6x(— sin(SxQ))%(BxQ) + 6 cos(3z%) = —362% sin(32%) + 6 cos(32?)
dy . d .ood
e x(— Sln(51‘))£(5$) + cos(bx) — 2 smm%(sm x)
= —5xsin(5z) + cos(bx) — 2sinx cosx = —bxsin(5x) + cos(5x) — sin(2x),
a2y d , . d d
e -5z cos(5x)£(5x) — 5sin(bz) — Sln(5$)£(5x) - cos(2x)E(2x)

= —25z cos(bx) — 10sin(5z) — 2 cos(2x)

dy o1\ d (1 1 1 5 (1 1
— =gxsec"|— | —|—]+tan|— ) =——sec” | — ] +tan| — ],
dx x ) dr \x T T T T

d’y 2 1\ d 1 1 5, /1 o (1) d (1 2 L /(1
@:—Esec E %sec E —&-ﬁsec ; + sec E % E :;sec 5 tan .

dy (1-2)4+(142) 2 d*y

1

Chapter 3

)

4 _ = =2(1—x)%and —5 = —2(2)(-1)(1 —2)* =41 —z)®
= = o =20 and G = 20) ()2t =4 - )
dy . . dy

— = —3zsin3z+cos3z;if r =mtheny=—mand —=—-1lsoy+n=—(z—7),y=—x
dx dx

dy

d
—2 = 3x% cos(1 + 2%); if £ = —3 then y = sin(—26) = — sin 26 and d_y = 27 cos 26
x
S0 y + sin 26 = 27(cos 26)(x + 3)
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47.

48.

49.

50.

51.

52.

53.

dy
dx
soy+1=(0)(z+7/2),y=-1

d
= —3sec®(n/2 — ) tan(r/2 — x); if £ = —7/2 then y = —1 and d—y =0
x

d d
% = 3(z — 1/2)*(1 + 1/2%); if z = 2 then y = 27/8 and % =135/16
soy— L 1B g, 135, 2T

Y78 T 6 T 6T 2

y = cot}(m — 0) = — cot® 0 so dy/dx = 3cot® fcsc? 0
6 au+bY ad—be
cu+d) (cu+d)?

2

d . . .
—[a cos? mw + bsin? Tw] = —27a cos Tw sin Tw + 27b sin Tw cos Tw

dw

=7(b—a)(2sin7w cosw) = 7(b — a) sin 27w

2csc? (/3 — y) cot(m/3 — y)

-2
(d) f(1)=+3and f'(1) = 2 so the tangent line has the equation y — /3 = i(96 —1).
V3 V3
3
0 }2
0
(a) 05 (c) f'(z) = 2w cosx? cosx — sin x sin 22

2N
| Y

[SIE

|
SIS
( \
N—
ST
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(d) f(1)=sinlcosl and f'(1) = 2cos?1 —sin? 1, so the tangent line has the equation
y—sinlcosl = (2cos’1 —sin?1)(z — 1).

55.

56.

57.

58.

59.

60.

61.

62.

0.8

S

0

\
[SIE}

(a) dy/dt = —Awsin (A)t, d2y/dt2 = —AwZ cos wt = _w2y

(b) one complete oscillation occurs when wt increases over an interval of length 27, or if ¢ increases
over an interval of length 27 /w

() f=UT

(d)

amplitude = 0.6 cm,

T =27 /15 s/oscillation,  f = 15/(27) oscillations/s

dy/dt = 3A cos 3t, d*y/dt?* = —9Asin 3t, so —9A sin 3t + 2A sin 3t = 4sin 3¢,
_7Asin3t = 4dsindt, TA=4,A= 47

(a) p=~ 10 Ib/in?, dp/dh ~ —2 Ib/in? /mi
dp dpdh _ B . 9
(b) %= dh ~ (—2)(0.3) = —0.6 Ib/in*/s
(a) _ 45 dF _ 45(—sinf 4 0.3cosd)
~ cosf+0.3sinf’ df (cosf 4 0.3sin6)? ’
if # = 30°, then dF/df ~ 10.5 Ib/rad ~ 0.18 1b/deg
dF  dF df
(b) = ===~ (018)(~0.5) = —0.09 Ib/s
) ) d, . d d du d cosz, u>0
With u = sin z, %(\slnx\) = E(|u|) = %(|u|)% = %(|u|)c05x = { —cosz, u<0

cosx, sinz >0 { cos x, O<z<m

—cosz, sinx <0 —cosz, —m<x<0
d . . .
%(cosx) = %[Sln(ﬂ'/Q —1z)] = —cos(n/2 —x) = —sinx
1 1 1 1 1 1
(a) forz#0, f'(z) == <cos —> <——2) +sin — = ——cos — + sin —
x x x r oz x
1
(b) glgii%xsing =0= f(0)
hsin —
— 1
(¢) lim S0 +1) = J(0) = lim = lim sin —, which does not exist
h—0 h h—0 h— h
1 1 1 1
(a) fl(z)=2" (cos —) <—2) +2xsin — = —cos — + 2zsin—, x # 0
x x x x x
1
(b) limz?sin — =0 = f(0)

z—0 X
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63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

1
h?sin —
. fO+h) - fO0) oo g L
/ = -—_— — = S —_ =
© 10 =fim = fimg 5 = i = 0

1
(d) lim f'(x) does not exist because cos — oscillates between 1 and —1
x

z—0

(@) ¢') =3[ @f (), ¢(2) = BFRPF(2) = BL)A7) = 21
(b) (x) = f'(a*)(32%), }(2) = F'(8)(12) = (~3)(12) = —36

F/(2) = fg(@)g'(x) = f'(v3z = 1) ¢3i~—_1 _ (%V?jcl;i . 3?; - %

1) = F162) (@), thus F(a2)(20) = % s0 f/(a?) = /22 £ 0

%[ £(32)] = f’(3x)%(3x) — 3/(32) = 6z, so f'(3x) = 2. Let u= 3z to get f/(u) = gu;

L p@) = @) = 2

(2) IF f(—2) = f(a), then “[f(—a)] = 7)), f/(~a)(~1) = F'(@), f'(~2) = ~F'(x) s0
#is odd.

(b) T f(~2) = ~f(@), then L [(~2)] = - [f(@)], f(~2)(~1) = ~f(a), () = f'(x) so
' is even.

For an even function, the graph is symmetric about the y-axis; the slope of the tangent line at
(a, f(a)) is the negative of the slope of the tangent line at (—a, f(—a). For an odd function, the graph
is symmetric about the origin; the slope of the tangent line at (a, f(a)) is the same as the slope of the
tangent line at (—a, f(—a).

y y

f(x) f(x)
f(x)
——__ )
X

/

dy dy du dv dw

dr  du dv dw dz

f1(x)

b)) = - [Flo@)], u=h(a)
d du , ,, L du , , ,
= L ) 3 = Flo)g 5 = 7o) () (@)
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EXERCISE SET 3.6

1. (a) dy=f'(x)dz =2zdr=4(1) =4 and (b) y
Ay=(z+Azx)?—22=(2+1)2-22=5 ]
1 L (
J i ay &
47 I :
I I
2. (a) dy=3z’dx =3(1)*(1) =3 and (b) y
Ay=(@+AzP -2 =(1+1P-13=7
8’ | 1
2y
ifiy
) !
L L dx X
1 2
3. (a) dy=(-1/2%)dx = (-1)(-0.5) = 0.5 and (b) Y
Ay=1/(z+Az)—1/z=1/(1-05)—1/1=2-1=1
2 ay=17)
dyzo.%]
11 |
I
05 1

4. (a) dy=(1/2y/x)dz = (1/(2-3))(—1) = —1/6 ~ —0.167 and (b) Y
Ay=vVr+Az—r=+/9+(-1)-V9=v/8-3~-0.172

5. dy = 3z%dx;
Ay = (z + Az)® — 2 = 2% 4+ 32 Az + 32(Az)* + (Ax)® — 2% = 322 Ax + 3z(Az)? + (Az)?

6. dy =8dr; Ay = [8(x + Ax) — 4] — [8z — 4] = 8Ax

7. dy =2z — 2)dx;
Ay=[(z+ Az)? — 2(z + Az) + 1] — [2? — 22 + 1]
=22+ 21 Av+ (Az)? — 22— 2Ax + 1 — 22 + 22 — 1 = 22 Az + (Az)? — 2Az

8. dy = cosxzdxr; Ay =sin(x + Ax) —sinz
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10.

11.

12.

13.

14.

15.

16.

17.

18.

(a) dy= (1222 — 14x)dx

(b) dy=xd(cosz)+ cosxzdr = x(—sinz)dr + cosxdr = (—xsinx + cosz)dx

(a) dy=(—1/2%)dx (b) dy =5sec?zdy

(a) dy= <m— 2\/136——:1:) do = 2%@

(b) dy=—17(1+2) Bdz

@ - & 1)d§2§ - (11)Zd(as3 -1) _ (@~ 1()22)_—121)%%: o (x33f21)2 "
) dy— - x)(S:cQ)(;l:c_xgi — 2%)(~1)dz _ 213(2_61;: 1

(a) fley=fOH+f(Q)(z—-1)=14+3(z—-1) (b)) fA+Az)~ f(1)+ f'(1)Az =1+ 3Azx
(¢) From part (a), (1.02)% ~ 1+ 3(0.02) = 1.06. From part (b), (1.02)% ~ 1 + 3(0.02) = 1.06.

(a) f(@)=f@)+2)(e=2)=1/2+(-1/2°)(z —2) = (1/2) = (1/4)(x - 2)
(b) f(2+Az)~ f(2) + f(2)Az =1/2 — (1/4)Ax

(c¢) From part (a), 1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875, and from part (b),
1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875.

(@) f(z) = f(xo) + f(zo)(x — x0) 1+ (1/(2v1)(z — 0) = 1 + (1/2)z, so with zp = 0 and
x = —0.1, we have v/0.9 = f(—0.1) = 1 + (1/2)(=0.1) = 1 — 0.05 = 0.95. With = = 0.1 we have
V1.1 = f(0.1) = 1+ (1/2)(0.1) = 1.05.

(b) y

dy

A ‘
Yo DAY
I

//:Z* dy

X

Il Il
-0.1 0.1

(@) f(z)~ flzo) + f(zo)(z — m9) = 1/2 — [1/(2-4%?)] (z — 4) = 1/2 — (z — 4)/16, so with z; = 4
and z = 3.9 we have 1/1/3.9 = f(3.9) ~ 0.5 — (—0.1)/16 = 0.50625. If 2y = 4 and = = 4.1 then
1/v4.1 = f(4.1) = 0.5 — (0.1)/16 = 0.49375

(b) |

dyﬂ%ﬁw

Ay

39 4 41

(14 z)'% and zp = 0. Thus (1 + z)1 =~ f(zg) + f/'(z0)(z — 20) = 1+ 15(1)*(z — 0) = 1 + 15z.

=
8

~—
I

f(z) = 11—33 and xy = 0, so 11—33 ~ fxo) + f'(wo)(x — x0) = 1+ W(x_

0)=1+4xz/2
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19.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 3

1 -1
Rl+—=@-0)=1—-=x

tanz ~ tan(0) + sec?(0)(z — 0) =z 20. 12 150

ot~ (D)1 4+ 4(1)3%(x — 1). Set Ax =2 — 1; then z = A+ 1 and (1 + Az)? =1+ 4Az.

1
\/Ezﬁ—i—m(x—l),andx:1+Aa:,so\/1+AJ;z1+Aa:/2

1 1 1 1 1
s a1 Eaip @ a2 b =3+ Arso g = o

—Z_ A
3+Az 3 v

1
9

(4+2)3=@A+1)P+34+1)*(x —1) so, with 4 + 2 =5+ Az we get (5 + Ax)? = 125 + 7T5Ax

(a) The local linear approximation sinz ~ x gives sin 1° = sin(r/180) ~ 7/180 = 0.0174533 and
a calculator gives sin1° = 0.0174524. The relative error |sin(7w/180) — (7/180)|/(sin7/180) =

0.000051 is very small, so for such a small value of z the approximation is very good.

(b) Use zy = 45° (this assumes you know, or can approximate, v/2/2).

44 4 44
(c) 44° = é radians, and 45° = 1%; = % radians. \j;i_th x\/:_ Kg and x) = 2 we obtain
447 s m\ (447 7 2 2 (—m
in44° = sin - & sin ~ (-) TOT) 2 M2 V(T 0694765, With
sin sin =5 sin - + (cos 1 (180 4> 5 + 5 (180) 0.694765. With a

calculator, sin44° = 0.694658.

(a) tanz ~ tan0 + sec’0(z — 0) = x, so tan2° = tan(27/180) ~ 27/180 = 0.034907, and with a

calculator tan2° = 0.034921
(b) use xy = 7/3 because we know tan 60° = tan(r/3) = /3

T 607 61w 61m ™ T 6lr

i h = = = — = — h 10 = — ) — (‘ 2 _> _ - —

(¢) with g 3 = 180 and 1gp Ve have tan 6 tan 180 tan 3 + ( sec 3 180 " 3
V3 + 417;—0 = 1.8019, and with a calculator tan61° = 1.8040

flx)=at, f(x) =423, 29 = 3, Az = 0.02; (3.02)* ~ 3% + (108)(0.02) = 81 + 2.16 = 83.16

flx) =23, f'(x) = 322, 29 = 2, Az = —0.03; (1.97)% ~ 23 + (12)(—0.03) = 8 — 0.36 = 7.64

1 1 1
= (7)) = ——, 29 = 64, Az = 1; V65 ~ V64 + — (1) = 8 + — = 8.062

f(z) =z, f'(z) N 64, Az =1; V6 64+ 7=(1) = 8+ 15 = 8.0625

1 1
flx) =V, fl(x) = SN 25, Az = —1; V24 ~ V25 + (D =5-01=49

1 1
f@)=Va, f(z) = =—=, 79 = 81, Az = —0.1; V/80.9 &~ V81 + —(—0.1) ~ 8.9944

2,z 18

1 1

flz) = vz, fl(z) = N 36, Az = 0.03; V36.03 ~ V36 + 5 (0.03) = 6 + 0.0025 = 6.0025
X

f(x) =sinz, f'(x) =cosz, o =0, Az = 0.1; sin0.1 ~ sin 0 + (cos0)(0.1) = 0.1
f(x) =tanz, f'(z) =sec’z, 19 = 0, Az = 0.2; tan 0.2 ~ tan 0 + (sec’ 0)(0.2) = 0.2

f(z) =cosz, f'(z) = —sinz, zg = 7/6, Az = 7/180;

1 (0 \/3 T
1° =~ P —= (—)—_———% .
cos 3 cos 30 < 2) 130 2 360 0.8573
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36. (a) Let f(z) = (1+ )" and p = 0. Then (1 + z)* ~ 1% + k(1)*'(x — 0) = 1 + kx. Set k = 37 and

2 = 0.001 to obtain (1.001)%" ~ 1.037.
(b) With a calculator (1.001)%" = 1.03767.

(c) The approximation is (1.1)3" ~ 1 + 37(0.1) = 4.7, and the calculator value is 34.004. The error
is due to the relative largeness of f'(1)Az = 37(0.1) = 3.7.

37. f(x)=+z+3and 2y =0, so
1 1
VI+3~V3+ —=(z—-0)=V3+——z, and
x V3 2\/§(x ) 2\/§x an
’f(x) - <\/§+ 2%/530)‘ < 0.1if |z| < 1.692.

1 1 1 N 1 1
= SO ~ —— —— o
Vi—z  VI9—x V9 2(9-0)32

1 1
-+ = 1 0114
f(z) (3+54x>‘<011f|z|<551

38. f(x)

3

and

39. tanz =~ tan0+ (sec?0)(z — 0) = z, and [tanx — z| < 0.1 if
lz| < 0.6316

1 1 ~5(2)
40. ~ (¢ —0)=1— 10z, and
Gx27 “x20F Tageop@ Y o an

f(z) — (1 — 10z)| < 0.1 if || < 0.0372

3

(96—0)2——1—i

o4

z,

3
41. dy= ———=dx, r =2, dx = 0.03; Ay =~ dy = 1(0.03) =0.0225

23— 2
X

42. dy = ———
Y Va? 48

dz, z = 1, dz = —0.03; Ay ~ dy = (1/3)(—0.03) = —0.01

\ 2

-0.1

‘f(x)—(\/§ + %x)|

0.06

-0.8\&

1f0) —x|

0.06

-0.8\¢

0
1fG) —x|
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43.

44.

45.

46.

47.

48.

49.

50.

Chapter 3

1—2? 3
dy = ———d =2,dr=-0.04; Ay =dy = —= ) (—0.04) = 0.0048
y (IQ + 1)2 ‘r7 Y ) x ? y y ( 25> ( )
4z
dy = ([ —— 4 Br 1) de, =3, de = 0.05;: Ay ~ dy = (37/5)(0.05) = 0.37
v= (o 4 VBT T =3 o = dy = (37/5)(0.05)
(a) A =2? where x is the length of a side; dA = 2z dx = 2(10)(40.1) = £2 ft*.
. L dr £0.1 L . .
(b) relative error in x is = — =0 = +0.01 so percentage error in x is ~ +1%; relative error in
dA  2xd d
Ais~ = = L 9% — 9(+0.01) = +£0.02 so percentage error in A is &~ +2%
x x

(a) V = z® where z is the length of a side; dV = 3z°dx = 3(25)%(£1) = +£1875 cm?.

d +1
(b) relative error in x is & @ _ %% = +0.04 so percentage error in x is & +4%; relative error in V
x
AV 3x2%d d
s = 2O g0 3(£0.04) = +0.12 so percentage error in V' is =~ +£12%
x

\% 3

(a) z=10sin6, y = 10cosf (see figure),

dx=10cos0df = 10 (cos %) (+5;) = 10 (‘/73> (+55) 10"

~ £0.151 in, 0 '
dy= —10(sin§)df = —10 (sin I) (£15) = —10 (1) (£1%) 7

~ £0.087 in

(b) relative error in x is & d?x = (cot 0)df = (cot E) (j:i) =3 (:I:IFE) ~ £0.030

so percentage error in z is ~ £3.0%;

d 1
relative error in y is ~ Ey = —tanfdf = — (tan %) (ﬂ%) = _ﬁ (ilg—o) ~ £+0.010

so percentage error in y is ~ £1.0%

(a) x=25cot0, y=25csch (see figure);
dr = —25csc? 0df = —25 (csc2 E) (:l:i>
4 3 360
T
=925 (§> (i%) ~ 40.291 cm, y 250m
dy= —25cscfcot8df = —25 (cse I) (cot Z) (ii)
N ) 3 3 360 0
T
=-25(—= — | £=—=) = £0.145 X
(\/3) <\/§>( 360) .
(b) relative error in x is de csc” 0 4/3 (:l: T ) +0.020 so percentage
Vi ~ — = — = ——F — | =X .
r  cotd 1/v/3 V7360 P &
d 1
error in x is & +2.0%; relative error in y is ~ Ey = —cot0df = —% (i%) ~ +0.005

so percentage error in y is ~ £0.5%

dR —2k/r3)d d d dR
= = % = —2%, but % ~ £0.05 so = ~ —2(+0.05) = £0.10; percentage error in R is
~ +10%

h = 12sin6 thus dh = 12 cosfdf so, with § = 60° = 7/3 radians and df = —1° = —n /180 radians,
dh =12 cos(m/3)(—m/180) = —7w/30 = —0.105 ft
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51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

1
A= 1(4)2 sin 20 = 4 sin 26 thus dA = 8 cos 20d6 so, with § = 30° = /6 radians and
df = £15" = 41/4° = +7/720 radians, dA = 8 cos(r/3)(£m/720) = +7/180 ~ £0.017 cm?

dAd _2wdr _ode (9T 1001 so
X xr

A = 2? where z is the length of a side;

A 2?2
dA . .
i 2(£0.01) = +0.02; percentage error in A is ~ +2%
. v 32%d d d
V = 23 where z is the length of a side; — = ﬂ = 3_x , but & +0.02
v T3 T T

dv
s0 4 & 3(£0.02) = +0.06; percentage error in V is = +6%.

av 47r3d d av d d
= ﬁ - 3%, but T ~ 0.03 s0 3{ ~ +0.03, 77" ~ +0.01; maximum permissible
percentage error in r is ~ +1%.
1 dA D/2)dD dD dA
A= ZT{'DQ where D is the diameter of the circle; 0= % = 23, but T ~ +0.01 so

dD dD
23 ~ £0.01, ) ~ £0.005; maximum permissible percentage error in D is =~ +0.5%.

V = 2% where z is the length of a side; approximate AV by dV if x = 1 and dz = Az = 0.02,
dV = 32%dx = 3(1)%(0.02) = 0.06 in®.

V = volume of cylindrical rod = 7r*h = 7r?(15) = 157r%; approximate AV by dV if » = 2.5 and
dr = Ar =0.001. dV = 30mr dr = 30m(2.5)(0.001) ~ 0.236 cm?.

PZQ—F\/Z,dP—QTF 1 T dP_ldL

Vi = Gt T avi™ P T oL

error in L. Thus the percentage error in P is ~ 3 the percentage error in L.

1
so the relative error in P ~ 3 the relative

(a) «=AL/(LAT)=0.006/(40 x 10) = 1.5 x 107%/°C
(b) AL =2.3x107°(180)(25) ~ 0.1 cm, so the pole is about 180.1 cm long.

AV = 7.5 x 1074(4000)(—20) = —60 gallons; the truck delivers 4000 — 60 = 3940 gallons.

CHAPTER 3 SUPPLEMENTARY EXERCISES

4.

—4(z+h)—V9—4 - —(9—
(a) @:lim\/g (z+h)—+/9 T _m (9—4(x+h)— (9 —4x)
dr  h—0 h =0 h(\/9 — 4(x + h) + /9 — 4x)
. —4h 4 =
=0 h(y/9—4(x +h) +9—4z) 2V9—4z VI-4x
x+h T
dy . zth+l z+1 ., (@+h)(z+1)—z@+h+1)
b) = =1 =1
(b) Gy = im h 0 h(z+h+ )z +1)
1

= 1'
roh(z+h+ )@+l (z+1)?
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10.

11.

12.

13.

14.

Chapter 3

Set f'(x) = 0: f'(z) =6(2)2x+7)°(x —2)° +52r +7)(x —2)' =0,502x +7=00rx—-2=0
or, factoring out (2x + 7)°(z — 2)*, 12(x — 2) + 5(2z + 7) = 0. This reduces to z = —7/2, x = 2, or
22z + 11 = 0, so the tangent line is horizontal at © = —7/2,2, —1/2.

22 x)(x—3)% — (2 x — 3)?

numerator equals zero. So either z—3 = 0 or, after factoring out (z—3)?, 4(2?+2z)—(22+2)(x—3) = 0,

, and a fraction can equal zero only if its

—64+36—4.-
22% + 12z + 6 = 0, whose roots are (by the quadratic formula) z = 6 ?2)6 3 =-3++6. So
the tangent line is horizontal at x = 3, —3 + /6.
3
Set f'(x) = %/Tﬁm — 1> 4+2V3x+1(x—1)=0. If = 1 then v/ = 0. If  # 1 then divide out

x—1 and multiply through by 2+/3x + 1 (at points where f is differentiable we must have /32 + 1 # 0)
to obtain 3(x — 1) +4(3z + 1) =0, or 152 + 1 = 0. So the tangent line is horizontal at © = 1, —1/15.

= 0.

) = 3 3r+1\* d3x+1 _ (3x+1\*2°(3) - Bz +1(2z) NS ? 322 4 2
B x? de 2 x? x* B x? x*

If f/(z) = 0 then (3z + 1)%(322 + 2x) = 0. The tangent line is horizontal at x* = —1/3,-2/3 (z =0 is
ruled out from the definition of f).

(a) r=-2,-1,1,3 (b) (_OO’_2)a (_171)3 (37+OO) (C) (_27_1)7 (173)
(d) ¢"(z) = f"(z)sinx + 2f(x) cosx — f(x)sinzx; ¢"(0) = 2f'(0) cos0 = 2(2)(1) =4

(@) f(Mg()+f(1)g'(1) =3(=2) + 1(-1) = =7

(b) g M) - fWg'@M) _ —2B3) 1= _ 5
g9(1)? (=2) 4
L (1) = L3 _3 (d) 0 (because f(1)¢'(1) is constant)
2\/f(1) 21 2

(c)

The equations of such a line has the form y = max. The points (x¢, yp) which lie on both the line and
the parabola and for which the slopes of both curves are equal satisfy yo = mzy = 2§ — 923 — 162y,
so that m = 2 — 9z — 16. By differentiating, the slope is also given by m = 322 — 18x¢ — 16.
Equating, we have x% — 929 — 16 = BxS — 18z — 16, or 2x8 —9z2y = 0. The root xy = 0 corresponds
to m = =16,y = 0 and the root zy = 9/2 corresponds to m = —145/4,yy = —1305/8. So the line
y = —16z is tangent to the curve at the point (0,0), and the line y = —145x /4 is tangent to the curve
at the point (9/2, —1305/8).

The slope of the line x 4+ 4y = 10 is m; = —1/4, so we set the negative reciprocal

1£yI+24
ST =

d
4d=my= d—(2x3—x2) = 62 — 22 and obtain 622 — 22 —4 = 0 with roots x = 1,-2/3.
x

2 2

d
The line y — z = 2 has slope m; = 1 so we set my = d—(3:z:ftanx) =3—secz =1, or sec®z = 2,
x

secx = +v/2 so © = nm 4+ 7/4 where n = 0, 41,42, .. ..

f() is continuous and differentiable at any « # 1, so we consider x = 1.

(a) ;}H{l— (x? = 1) = }LH11+ k(z —1)=0= f(1), so any value of k gives continuity at x = 1.

(b) lim f'(z) = :L‘li_>nlli 2¢ =2, and lim f'(z) = lim k = k, so only if k = 2 is f(z) differentiable at

r—1- r—1t z—1t
=1
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15.

16.

17.

18.

19.

20.

21.

22,

The slope of the tangent line is the derivative y
y =2z = a + b. The slope of the secant is
r=1(a+b)
2 _p2
a”—b (b,b)2
= a + b, so they are equal.
a—b
(a,@)2
+ + + X
a 2p

To average 60 mi/h one would have to complete the trip in two hours. At 50 mi/h, 100 miles are
completed after two hours. Thus time is up, and the speed for the remaining 20 miles would have to
be infinite.

-1 -1
(a) Az=15-2=-05;dy= @ 1)2Ax = oo (—0.5) = 0.5; and

(15-1) (2-1)
(b) Az =0-—(—w/4) =7/4; dy = (sec’(—7/4)) (v/4) = 7/2; and Ay = tan0 — tan(—7/4) = 1.
- -0

c) Ax=3-0=3;dy= = 3) = 0; and

(©) VT s V25 — (0)2( )
Ay=+v25-32—-+/25-02=4—-5=—1.
43— 2% 56 2 2

(a) T 5 =28 (b) (dV/dl)|,_s = 30*|,_, =3(5)* =175
aw daw

(a) i 200(t—15); at t = 5, T —2000; the water is running out at the rate of 2000 gal/min.
W(5)—-W(0 10000 — 22500

(b) ( Q, 0 ©) = 7 = —2500; the average rate of flow out is 2500 gal/min.

46 46

cot 46° = cot é; let z¢ = % and x = Kg Then
o —cotz=cot & — (es T} (3= ) =12 (20T _T) _ :

cot 46° = cot x = cot 1 (csc 4) (x 4) =1-2 (180 4) = 0.9651;

with a calculator, cot 46° = 0.9657.

1
(a) h=115tan¢, dh = 115sec? ¢ d; with ¢ = 51° = %w radians and d¢ = +0.5° = £0.5 (l)

180
radians, h £+ dh = 115(1.2349) + 2.5340 = 142.0135 £ 2.5340, so the height lies between
139.48 m and 144.55 m.

(b) If |dh| <5 then |d¢| < 3= cos? 457 ~ 0.017 radians, or |d¢| < 0.98°.

dT 2 1 1

N AN NGNS

(b) s/m

. dT . . . . . Do .
(¢) Since — > 0 an increase in L gives an increase in T', which is the period. To speed up a clock,

decrease the period; to decrease T', decrease L.

dT VL

(d) o= o < 0; a decrease in g will increase T and the clock runs slower
g g

© Do ()= () &/m
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23.

24.

25.

26.

27.

28.

30.

31.

32.

34.

36.

37.

(a) f'(x)=2=x,f(1.8)=3.6
(b) f(z) = (2% —4x)/(z — 2)*, f'(3.5) ~ —0.777778

Chapter 3

(a) f/(x) =32 — 20, f/(2.3) = 1127 (b) F(@) = (1-2%)/(x* + 1%, J'(~0.5) = 0.48

F(z) =2"1n2; f/(2) ~ 2.772589

f'(xz) = "% (cosxInz +sinz/z); f/(2) = 0.312141

. 3(h+1)*>+580h —3 1 d_ o 1 L5
inst = 1 =584 — —3z~ =58+ —(2.5)(3)(1)"” = 58.75 ft
Vinst = 50 107 T @t | T a0 /s
164 ft/s 29. Solve 322 — cosx = 0 to get = +0.535428.
2500
1 =/ 20
0

When 2* — 2 —1>0, f(z) =2* — 20 — 1; when 2* —2 — 1 <0,

f(x) = —2* + 1, and f is differentiable in both cases. The roots of L5
2 —x—1=0are z; = —0.724492, 5 = 1.220744. Soz* —z—1>0 \/—
on (—oo,z;1) and (29, +00), and 2* — 2 —1 < 0 on (21, 22). Then \
lim f/(z) = lim (42° — 2) = 42? — 2 and -15( ‘ —|2
T—oT) T—x) L
lim f/(z) = lim —42® = —42? which is not equal to 423 — 2, so - \/
z—a) z—x) L
f is not differentiable at x = z;; similarly f is not differentiable at _15
Xr = I9.
(a) f'(x)= 52" (b) f(z)=-1/a (c) fz)=~1/22""
(d) f'(z)=-3/(x—1)* (e) f'(z)=3x/V32>+5 (f) f'(x) =3cos3z
1—2y/zsin2zx
f(z) =2zsinz + 22 cosx 33. f'(z) = 2\/_7
62> + 8x — 17 (1+ 2?)sec’ r — 2z tanx
g = - 35. ! =
f'(@) 3z + 2)? 1) (14 x2)?
() = 2% cos \/z — 22/ sin \/x
f J?) - 2.177/2
() —22° sinx — 22 cosx + 4at + 62° sinx + 62 — 3z cosz — drsinx + 4cosx — 8
xTr) =

222/t — 3+ 2(2 — cos x)?
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CHAPTER 3 HORIZON MODULE

1.

x1 = lycosby,xo = lycos(0) + 63), so x = x1 + x9 = lj cos by + Iy cos(6) + 62) (see Figure 3 in text);
similarly y; = Iy sin 0y + o sin(6; + 6).

Fix 6, for the moment and let 6, vary; then the distance r from (x,y) to the origin (see Figure 3 in
text) is at most l; + Iy and at least I} — Iy if I > Iy and Iy — [; otherwise. For any fixed 65 let 6, vary
and the point traces out a circle of radius r.

(@) {(z,y):0<a?+y* <2h}
(b) {(zy):h—lb<a®+y* <h+1l}
(© {(y):lb—h<a®+y* <h+l}

(z,y) = (l1 cos @ + Iy cos(01 + 63), 11 sin Oy + Iy sin(f; + 65))

— (cos(m/4) + 3cos(5m/12), sin(r/4) + 3sin(57/12)) = (ﬁ 23‘/6, 2 I 3\/6>

x = (1) cos 2t + (1) cos(2t + 3t) = cos 2t + cos 5t,
y = (1)sin2¢ + (1) sin(2t + 3¢) = sin 2t 4 sin 5¢

y y y
@X @x @X
0;=3,0,=5 0= w,=4 w1=40,=1

x = 2cost, y = 2sint, a circle of radius 2

(a) 9=[3sin(01 + 62)]*> + [3cos(01 + 62)]> =[5 — 3sin61]* + [3 — 3cos 6,]?
=25—30sin6; +9sin’H, +9 — 18 cosh; + 9cos? 6, = 43 — 30sin b, — 18 cos b,
so 15sin#; + 9cos ) = 17

17— 9cos by
(b) 1 = sin? 0 + cos? 0y, = (%) + cos 6y, or 306 cos? 61 — 306 cosf; = —64
1 5\/ 17
(c) cosb = (153 +\/(153)2 — 4(153)(3 )) /306 = 5 & 2t

(e) 1If 0; = 0.792436 rad, then 6, = 0.475882 rad ~ 27.2660°;
if 6, = 1.26832 rad, then 0y = —0.475882 rad ~ —27.2660°.

dx ) dé . db do db do
i -3 sm@ld—l — (3sin(6; + 67)) <d_tl + d—;) = —3d—;(51n91 +sin(0; +63)) — 3 (sin(6y + 62)) dt2
_ay do dy  doy do dv  dy
=Y 3(sin(by + 67))— e ; similarly — pria e + 3(cos(6r + 02))— Now set i 0, e 1.

(a) = = 3cos(m/3) + 3cos(—7/3) = 6% = 3 and y = 3sin(n/3) — 3sin(n/3) = 0; equations (4)

become 3sm(7r/3)639t =0, 3% + 3 cos(m /?))d—92 = 1 with solution dfy/dt = 0, df;/dt = 1/3.
do do do
(b) z=-3,y=3, 50 —:';d—t1 =0 and sd—tl — :sd—t2 = 1, with solution df; /dt = 0, df/dt = —1/3.



CHAPTER 4
Logarithmic and Exponential Functions

EXERCISE SET 4.1

1.

(a)
(b)
(c)
(d)

(a)

(b)

(c)

(d)

(a)
(b)

(a)
(b)
(c)

flg(z)) =4(x/4) =, g(f(z)) = (4x)/4 = x, f and g are inverse functions

(9(x)
(9(x)
flg(x)

~

33x—1)+1=92 —2+# z so f and ¢ are not inverse functions

s

~

)
)
Y= (23 4+2)—2=2z, g(f(z)) = (x —2)+2 ==, f and g are inverse functions
) = (2YHt = 2, g(f(x)) = (x")/* = |z| # z, f and g are not inverse functions

They are inverse functions. 2

The graphs are not reflections of each other 2

about the line y = z. /F/
21 | | |2

They are inverse functions provided the domain of 5
g is restricted to [0, +00)

0
They are inverse functions provided the domain of f(x) 2
is restricted to [0, +00)
0 =/ 2
0

yes; all outputs (the elements of row two) are distinct

no; f(1) = f(6)

no; it is easy to conceive of, say, 8 people in line at two different times
no; perhaps your weight remains constant for more than a year

yes, since the function is increasing, in the sense that the greater the volume, the greater the
weight

99
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5. (a) yes (b) yes (c) no (d) yes (e) mno (f) no
6. (a) no, the horizontal line test fails (b) yes, horizontal line test
6 10
1 ’: / 3
AW J
) -10
7. (a) no, the horizontal line test fails 8. (a) no, the horizontal line test fails
(b) no, the horizontal line test fails (b) no, the horizontal line test fails
(c) yes, horizontal line test (c) yes, horizontal line test
9. (a) f has an inverse because the graph passes the horizontal line test. To compute f~1(2) start at
2 on the y-axis and go to the curve and then down, so f~1(2) = 8; similarly, f~!(—1) = —1 and
771(0) = 0.
(b) domain of f~!is [~2,2], range is [—8, §] (c) y
8,
4,
X
12
10. (a) the horizontal line test fails
(b) —co<z<-1;-1<z<2and2<x < +o0.
11. (a) f'(x)=2x+8; f <0on (—oo,—4) and f' > 0 on (—4,+00); not one-to-one
(b)  f'(z) = 102" + 32> +3 > 3 > 0; f'(x) is positive for all z, so f is one-to-one
(¢) fl(z)=24cosz>1>0forall z, so f is one-to-one
12. (a) f'(z) =32+ 62z = x(3x + 6) changes sign at x = —2,0, so f is not one-to-one
(b) f'(z) =52 + 2422 +2 > 2 > 0; f' is positive for all x, so f is one-to-one
1
(¢) fl(z)= m; f is one-to-one because:

if 21 < xo < —1 then f' > 0 on [x1, 9], so f(x1)
if =1 <y <9 then f' > 0 on [z1,22], so f(x1)
if 1 < —1 < x5 then f(x1) > 1> f(xs) since f(x)

13. y=f'),z=f(y) =y, y=2""=f"(a)

14, y= () 2= () =6y, y = go = /(@)
15. y=f"'2),2=f(y)=Ty—6,y=

16. y=[f"(z), z=f(y) =

soy—r=y+1l (z-Ny=z+1,y=
1 T

I
I
>

IQ)
.rg)

1on (—oo,—1) and f(x) < 1on (—1,400)

4
#

1 _
20 +6)= ()
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17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Chapter 4

y=[f"z),z=Ffly) =3y’ -5, y=/(z+5)/3=f"(z)
y=i7@), v = fly) = VT y = (@~ 2) = [ ()
Y= ) o= f) =V Ly = (4 1)/2= ()

) A
—m,y— - =f(x)

y=fYa), z=fly) =3/, y=—3/x=f"(a)

y=f1(x),x:f(y)={zg: I y=f1<x>={%j 250

y=1 =t ={ Por Sy == P 2

y=p '), z=ply) =y -3 +3y—1=(y—-1)% y=aP+1=p(x)
y=F"),z=fly)=(y+2) fory>0,y=f"'(z) =2"" —2forz>16
y=[f"x), z=fly) =Vy+3fory>-3,y=f"(z)=2-3forz>0

y=ftx),z=fy)=—v3—2yfory<3/2,y=fla)=B8-2%/2forx<0

), x=fly) =3y*+5y—2fory >0,3y> +5y —2—ax =0 for y > 0,

y=1r

y=f"(2) = (-5+ 120+ 49)/6 for z > —2
y=f"a),z=fly)=y -5yt fory>1,52—y+z=0fory>1,
y=fz)= (14 +/1—20x)/10 for z < —4

(a) C= g(F—32)

(b) how many degrees Celsius given the Fahrenheit temperature
(c) C = -273.15° C is equivalent to F = —459.67° F, so the domain is F' > —459.67, the range is
C > —-273.15
10*
6.214

(2) y=f(x)=(6.214 x 10z (b) o=f"0)= >y

(c) how many meters in y miles
f and f~! are continuous so f(3) = lim f(x) = 7; then f~'(7) = 3, and
lim /(@) = £ (lime) = (7)) = 3
(@) flo(x)= (V) (b) v

=(Wa)? =z,2> 1

9(f(x)) = g(a?) pood
= v$2:x,$>1 T l’ y:g()()
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34.

35.

36.

37.

38.

39.

40.

41.

45.

46.

(¢) no, because f(g(x)) = x for every x in the domain of g is not satisfied (the domain of g is x > 0)

y=fYa), 2 = fly) = ay> + by + ¢, ay’> + by + ¢ — x = 0, use the quadratic formula to get

_ —b£\/b* —4da(c—x)
B 2a ’

b+ /b? — 4da(c — ) b—/b>—4da(c—x)

(a) 1) = - (b) fe) =
33—z

@ S == =g e S
11—z

(b) symmetric about the line y = x

y = m(x — xp) is an equation of the line. The graph of the inverse of f(z) = m(x — x¢) will be the
reflection of this line about y = x. Solve y = m(x — xg) for = to get * = y/m + xo = f1(y) so
y=fYz)=x/m + .

(a) flz)=2°—-322+2x =2(xz —1)(z —2) so f(0) = f(1) = f(2) = 0 thus f is not one-to-one.

(b) f'(z) =32*—62+2, f'(z) =0 when x = W =1++/3/3. f'(x) > 0 (f is increasing)

if 2 <1—+/3/3, f/(x) <0 (f is decreasing) if 1 —/3/3 < x < 1++/3/3, so f(x) takes on values
less than f(1 —+/3/3) on both sides of 1 — 1/3/3 thus 1 — v/3/3 is the largest value of k.

(a) f(z)=2*(x —2) so f(0) = f(2) = 0 thus f is not one to one.

(b) f'(z) = 423 — 62% = 42®(z — 3/2), f'(x) = 0 when = = 0 or 3/2; f is decreasing on (—o0,3/2]
and increasing on [3/2, +00) so 3/2 is the smallest value of k.

-

s

if f71(z) =1, then z = f(1) =2(1)* +5(1) +3 =10

if f71(z) =2, then z = £(2) = (2)%/[(2)> + 1] = 8/5

6 42.
-5

-5
44. 6

0

0

f(f(x)) = z thus f = f~! so the graph is symmetric about y = .

(a) Suppose x1 # xo where z1 and x5 are in the domain of g and g(x1), g(z9) are in the domain of f
then g(z1) # g(x2) because g is one-to-one so f(g(z1)) # f(g(x2)) because f is one-to-one thus
f o g is one-to-one because (f o g)(z1) # (f o g)(xa) if 21 # xa.
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47.

48.

49.

Chapter 4

(b) f, g, and f o g all have inverses because they are all one-to-one. Let h = (f o g)~! then
(fog)(h(z)) = flg(h(x))] = x, apply f~! to both sides to get g(h(x)) = f~!(z), then apply g
to get h(z) =g~ (f ' (x)) = (g7 o f)(x),s0 h=g "o f

Suppose that g and h are both inverses of f then f(g(z)) = z, h[f(g(z))] = h(z), but h[f(g(z))] = g(x)
because h is an inverse of f so g(z) = h(x).

). By inspection f(1)

Fl(x) = 2f'(29(z))g'(x) so F'(3) = 2f'(29(3))d'( =
! (1) = 1/7 because f'(x

)
and ¢'(3) = (f7')(3) = 1/f(f'(3) = 1/
FI(3) = 21" (2)(1/7) = 2(44)(1/7) = 88/17.

3, 50 9(3) = 3 =1
) = x—l—Sx Thus

EXERCISE SET 4.2

10.

11.

12.

13.

(a) —4 (b) 4 (c) 1/4
(a) 1/16 (b) 8 (c) 1/3
(a) 2.9690 (b) 0.0341
(a) 1.8882 (b) 0.9381
1
(a) logy 16 = logy(2") = 4 ) g, (35 ) =loma(279) = -3
(¢) logy4=1 (d) logy3 = logy(9'/?) =1/2
(a) 1log(0.001) = log;((107%) = -3 (b) logy(10*) =
(c) In(e?)=3 (d) In(yv/e) =In(e'/?) =1/2
(a) 1.3655 (b) —0.3011
(a) —0.5229 (b) 1.1447
(a) 2Ina+- lnb+ 1nc—2r—|—s/2+t/2 (b) Inb—3lna—Ilnec=s—3r—t
1 1
(a) glnc—lna—lnb:t/?)—r—s (b) 5(1na+3lnb—21nc):r/2+33/2—t
1 , 1.,
(a) 1—|—logac—|—§log(as—3) (b) 21n\x|—|—31ns1nx—§ln(x +1)
1 1, 1.,
(a) 3 log(z + 2) — log cos 5z (b) 3 In(z*+1) — 5 In(z” +5)
4
. 1
log %16) = log(256/3) 14. log+/z — log(sin® 22) + log 100 = log sion%\gi
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15.

17.

19.

21.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

In %;1)2 16. 1+ z = 10%= 1000, z = 999
VZ=10"1=0.1, 2 =0.01 18. z?=¢t x = +é?

lJz=e? z=0¢ 20. z="7

20 =8, x =4 22. logjyx® =30, 2% = 10%, z = 10'°

logyz =5, x = 10°

, 4 4 . 5
Indz —Ilnzb =1n2, In—=1In2 <=2, =2 z=2
T x°

104

In22? =1n3, 222 = 3, 2> = 3/2, v = 1/3/2 (we discard —/3/2 because it does not satisfy the original

equation)
In2
In3*=In2, xln3 =12, = e
In3
In3
In5% =In3, —2zln5=1 =—
nb n3, xlnd n3, x In 5

e =5/3, =22 =1In(5/3), z = f% In(5/3)

& =7/2, 3r=Wn(1/2), v =5 In(7/?)

e’(1 —2x) =0so e¢” =0 (impossible) or 1 =2z =0, v =1/2

e “(x+2)=0s0e® =0 (impossible) or z +2 =0, z = -2

e* — e — 6= (e — 3)(e* +2) = 0 s0 e® = —2 (impossible) or e* =3, x = In 3

e —3e " +2=(e"-2)(e*—1)=0s0e?=22=—In20ore*=1,2=0

(a) y (b) y
.
(a) y (b) y
AN N
2 ~S—___ 4
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36.

37.

38.

40.

41.

42.

43.

Chapter 4

(a) y (b) y

log, 7.35 = (log 7.35)/(log 2) = (In7.35)/(In 2) ~ 2.8777;
log; 0.6 = (log0.6)/(log5) = (In0.6)/(In5) =~ —0.3174

10 39. 2

0 2
-5 -3

(a) Let X =log,z and Y = log, x. Then b¥ = z and a¥ = z so a” = b¥, or a"/X = b, which means

1 1
log, b=Y/X. Substituting for ¥ and X yields Bl log, b, log, x = Bal
log, log, b

(b) Let x =a to get log, a = (log, a)/(log, b) = 1/(log, b) so (log, b)(log, a) = 1.
(log, 81)(logs 32) = (log,[3"]) (logs[2°]) = (41og, 3)(5logs 2) = 20(log, 3)(logs 2) = 20

x = 3.6641,y = 1.2958

a

Since the units are billions, one trillion is 1,000 units. Solve 1000 = 0.051517(1.1306727)" for x by
taking common logarithms, resulting in 3 = log0.051517 4+ x1log 1.1306727, which yields x ~ 77.4, so
the debt first reached one trillion dollars around 1977.

(a) no, the curve passes through the origin (b) y=2"/*
() y=27" (d) y=(5H)"
5
-1\ J2
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44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

(a) Asz — +oo the function grows very slowly, (b) y
but it is always increasing and tends to +oo.
As x — 17 the function tends to —oo. ( ‘ T

log(1/2) < 0 so 3log(1/2) < 2log(1/2)

Let x = log, a and y = logy, ¢, so a = b* and ¢ = DY.

First, ac = b"bY = b*1¥ or equivalently, log,(ac) = x + y = log, a + logyc.
Secondly, a/c = b*/b¥ = b" ¥ or equivalently, log,(a/c) = z — y = log;, a — log, c.
Next, a” = (b%)" = b"™ or equivalently, log, a” = rz = rlog, a.

Finally, 1/¢ = 1/bY = b or equivalently, log,(1/¢) = —y = —log, c.

75e7t12 = 15, = —1251n(1/5) = 1251n 5 ~ 201 days.

(a) Ift =0, then Q = 12 grams (b) Q= 1270950 = 127022 ~ 9.63 grams
(c) 1270055 = 6 e~ 0055 — .5 t = —(In0.5)/(0.055) ~ 12.6 hours

(a) 7.4; basic (b) 4.2; acidic (c) 6.4; acidic (d) 5.9; acidic
(a) log[H']=—2.44,[H"] =10"2" ~ 3.6 x 107® mol/L

(b) log[H"] = —8.06,[H"] =107%% ~ 8.7 x 107 mol/L

(a) 140 dB; damage (b) 120 dB; damage
(c) 80 dB; no damage (d) 75 dB; no damage

Suppose that Iy = 31, and By = 10log,, I1 /1y, B2 = 10log;y I2/1y. Then
Il/Io = 3[2/]0, logm Il/Io = logw 3]2/]0 = 1Og103 + lOgm 12/107 ﬂl =10 IOgIO 3+ 52,
B — B> = 10log;, 3 ~ 4.8 decibels.

Let I4 and I be the intensities of the automobile and blender, respectively. Then
logyy I4/Iy = 7 and logy Ip/Iy = 9.3, I4 = 1071y and Ip = 1031y, so Ip/I4 = 10>3 =~ 200.

The decibel level of the nth echo is 120(2/3)";
log(1/12)  log12
log(2/3)  loglb

120(2/3)" < 10if (2/3)" < 1/12,n > ~ 6.13 so 6 echoes can be heard.

(a) logE=4.4+15(82)=16.7,E=10"%"~5x 106J

(b) Let M; and M; be the magnitudes of earthquakes with energies of E and 10F,
respectively. Then 1.5(My — M;) = log(10E) — log E =log 10 =1,
My — My =1/1.5 = 2/3 ~ 0.67.

Let Ey and E, be the energies of earthquakes with magnitudes M and M + 1, respectively. Then
IOg E2 — log E1 = IOg(EQ/El) = 1.5,E2/E1 = 101'5 ~ 31.6.

If t = —2x, then x = —¢/2 and lirr[lj(l —2z)l/" = yn&(l +1)7 = %m&[(l + 1)V =2,

If t = 3/x, then o =3/t and lim (1+3/x)" = Jim (1 + t)3/t = Jim [(1+ HY1? = e,
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EXERCISE SET 4.3

2
1. y=(2z—5)"Y3 dy/de = §(2x — 5)72/3

2. dy/dx = % 2 + tan(z?)] %3 sec?(2?)(2z) = %:E sec’(2%) [2 + tan(z?)] 2/

1 1/2 1 1 1/2
3 dy/dajz§ < d |z = 9 z
2 |z +2 dr |x +2 2 +2)? |z+2
4 dyje— L[TH TP fa241] 1[2241]7 —122 0 6 [2241]7°
VI =9122-5]  dr|2?-5] 2|22-5] (22-52  (22—-5) |22 —5

. 2 : . 1 .
5. dy/dx = z* <_§) (522 +1)7°3(10z) + 32% (52 + 1) 723 = §x2(5x2 +1)7°3(252% + 9)

x2§(3 —22)1/3(=2) — (3 — 22)"3(2x) (3 22)'3(2z — 9)

x4 3a3

6. dy/dr =

15[sin(3/x)]*/% cos(3/x)
222

7. dy/dx = g[sin(3/a:)]3/2[cos(S/z)](fi%/xQ) =-

1 _ 3 _
8. dy/dx = —5 [cos(m3)] 3/2 [— sin(m3)] (32%) = 53:2 sin(2?) [cos(sc?’)] 3/2
dy dy 2-3z%—y
9. 302 4o Ly 90— XY 270 7Y
(@) 3e Jrzjdac ty " dx x
1+2z—2% 1 , dy 1
(b) vy - x+ @ 80 — o x
dy 2-322—y 2-32>—(1/v+2—a? 1
(c¢) from part (a), ﬁ = 3;? v _ 3z (a:/er z7) = 9 — g
1 _dy . dy -
10. — 1229 L — 27— 9%
(a) 2y Ir e 0 or Ir ey
d ) )
(b) Y= (2_|_6T)2 =9 +4em +62m so % — 46416 + 262])
d . ' '
(¢) from part (a), d—y =2e"\/y = 2¢"(2 + €") = de” + 2%
T
d d
dx dx Y
dy dy dy dy x> -2y
12. 322 —3y*—= =6(z—= —(312 4+ 62)=2 = 6y — 322 s0 =2 =
v Y da (mdx +y), —By+ qu)dac Yo sy y? + 22

d d
13. 2% 4y ouy +323) Y 432 —1=0
dx dx

dy . dy 1—2zy— 333
2 2 3
9 _— = 1 —_ 2 —_ 3 S _——-w — mm
(274 9zy )dm YOS 2% + 9xy?
d, d
14. x3(2y)—y + 327y — 502 102y +1=0
dz dx

@ _ 10zy — 3x%y? — 1
de  2x3y — ba?

. d
22y — 51‘2)% = 10zy — 3z%y* — 1 so
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ldy 1 dy >
15. —— Y~ g0 - Y
5 yrdr a2 050 dx x?
16. 9y — =y +dy/dr) - (z +y)(1 — dy/dz)

(z —y)? ’

d d z(z —y)? +
2$($—y)2:—2y+2md—i =) d—iz%

dy dy 1 - 2zy?cos(z%y?)
17. 202 | 22(2y) =2 + 2242 | =1, -2 =
cos(a”y”) | (2y) ar T " dx 212y cos(x2y?)

(1 + cscy)(— csc? y)(dy/dx) — (cot y)(— cscy cot y)(dy/dx)

18. 2z =
v (1 +cscy)? ’

d
22(1 4 cscy)? = — cscy(cscy + csc? y — cot? y) Y

%7
d 2x(1
but cacty — cot?y = 1, s0 2L = — 220+ c509)
dx cscy
d d
19. 3tan2(xy2 _|_y) SeCZ(,]jy2 +y) (Ql‘yd—y +y2 n d_y> .
T T

dy 1 — 3y? tan®(zy? + y) sec(zy® + y)
S0 - =
dr  3(2xy + 1) tan®(zy? + y) sec?(xy? + y)

(14 secy)[3zy*(dy/dx) + y*] — zy?(secy tany)(dy/dx) 5 dy

20. =4
(1 + secy)? Vi
d
multiply through by (1 + secy)? and solve for d—y
T
dy y(1 + secy)
to get — =
dr  4y(1 +secy)? — 3x(1 + secy) + xysecy tany
91 dy 3z @ ~ (4y)(3) — (3z)(4dy/dx) 12y —12z(3z/(4y))  12y* — 92>  —3(3z? —4y?)
Codr 4y’ da? 162 N 162 163 16y3 ’
2y —3(7) 21
but 322 — dy? = 7 s0 2 = -
ut 3z Y 7 so s 1647 1647
9o W _ @ Py y(2) —a?(ydy/dr) 2wy’ —2Py(—a?/y’) _ 22(y’ +27)
Y odr y2’ dr? y Yy - Yo ’
. . d*y 2z
3 .3 _ _
butx +y 7180W77E
o3, W _ y Ay _ aldy/de)—y()) _ x(-y/v)-y 2
T odx x’ dx? x2 x? x2
00, W_ Y
dr y—=zx
: oo (L) - (L -1)
&y (y—x)(dy/dz) —y(dy/dx —1) _ y—x y—x
da? (y — ) (y — )
2 2
Y- — 2xy 9 d7y 3
=2 "% hut y? — 2y = -3, s0 —2 = — ‘
—ap T T e T Ty
dy o APy o, . dy siny
25. L—(1 S - _sing) ¥ - S0y
e (14 cosy)™ ', I (14 cosy) *(—siny) e~ (1t cosy)
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26.

27.

28.

29.

30.

31.

32.

34.

Chapter 4

dy  cosy

dr 1 +xsiny’

d*y (1 + xsiny)(—siny)(dy/dz) — (cosy)|(z cos y)(dy/dz) + siny]
da? (14 zsiny)?

2siny cosy + (x cosy)(2sin’y + cos®y)
(14 zsiny)?

)

but zcosy =y, 2siny cosy = sin 2y, and sin®y + cos’>y = 1 so
d’y  sin2y+ y(sin®y + 1)

da? (14 zsiny)?
d
By implicit differentiation, 2x+2y(dy/dx) = 0, d—y =—"sat (1/v2,1/V/2), d_y = —1;at (1/v2,-1/V2),
x
d d —
dz = +1. Directly, at the upper point y = V1 — z2, d_?;: = \/% = —1 and at the lower point
d
y——\/l—mz,—y z =+1

If y» — 2+ 1 = 0, then y = v/x — 1 goes through the point (10,3) so dy/dz = 1/(2y/x —1).
implicit differentiation dy/dz = 1/(2y). In both cases, dy/dz|,,; = 1/6. Similarly y = —vz —1

goes through (10, —3) so dy/dx = —1/(2v/x — 1) = —1/6 which ylelds dy/dx =1/(2y) = —1/6.

3 dy dy z° 1
dy 9 dy dy dy y+1
3y° —+2 276_,0 — =-2r—————=0atz=
Y — dr + 2? dr + 2zy + 22 yd SO e x3y2+x2—6y at x

dy dy
A2 +y)) (22 4+2y—=2 ) =25 22 — 2y—=
(@ y)(:}: ydm) 5( v ydz)’

dy _ o25 = 42> + 1)
dr  y[25+ 4(a? + y?)]

cat (3,1) Z— =-9/13

9 ‘ d d 1/3
S (e By ) — o, 2 Y B at (<1,3V3)
3 dx T

(a) y

0 1
21

(b) QyZ—Z = (z —a)(x —b) + z(xz —b) + x(x — a) = 32° — 2(a + b)x + ab. If;l—:yc = 0 then

3z% — 2(a + b)z + ab = 0. By the quadratic formula
2(a+b) £ \/4(a+b)>—4-3ab 1

6 -3

(¢) y = t+v/z(x —a)(x —b). The square root is only defined for nonnegative arguments, so it is
necessary that all three of the factors x, £ — a, x — b be nonnegative, or that two of them be

nonpositive. If, for example, 0 < a < b then the function is defined on the disjoint intervals
0 <2 <aandb<z <400, so there are two parts.

{a%—b:l: (a® +b* — ab)lﬂ]
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35.

36.

37.

38.

40.

41.

42,

43.

44.

(a) y (b) +1.1547

/).
S/

d d d -2 d
(¢) TImplicit differentiation yields 2z — e y+ 2y—y — 0. Solve for ¥ =472 1t Y _ () then
dx dx de  2y—=z dx
2
y—2r=0o0ry=2x. Thus4=2%—ay+1y°> =22 - 22> + 42> =322, o = £ .
V3
Lowpde 1oy o odu  Vu
2 dv = 2 dv NG
da da da da 2t + 3a®
4a® — — 43 = 24 2at— lve for — ¢ t — = ———
“at 6(a+adt ) SOWE IO OB I T 0w3 —6at
dx dx 1 dw dw b2\
]_ = _ = = 2 - 2 e - =
(cosz) i 0 dy ~ cosz sec T 39. 2a W +2b6°X =0 so N oy

Let P(zg,y0) be the required point. The slope of the line 4z — 3y + 1 = 0 is 4/3 so the slope of
the tangent to y?> = 223 at P must be —3/4. By implicit differentiation dy/dr = 322 /y, so at P,

Sx%/yg = —-3/4, or yp = 74503. But yg = 2:08 because P is on the curve y?> = 2z%. Elimination of v
gives 16z3 = 223, 23(8z9 — 1) = 0, so 29 = 0 or 1/8. From yy = —4a? it follows that yy = 0 when
2o =0, and yop = —1/16 when zy = 1/8. It does not follow, however, that (0,0) is a solution because

dy/dx = 3x*/y (the slope of the curve as determined by implicit differentiation) is valid only if y # 0.
Further analysis shows that the curve is tangent to the z-axis at (0,0), so the point (1/8, —1/16) is
the only solution.

The point (1,1) is on the graph, so 1 +a = b. The slope of the tangent line at (1,1) is —4/3; use

2xy 2 4
Y o at (1,1), — = 2 142 =3/2,a=1/4and
so at (1,1) T 2 3 +2a=3/2,a=1/4 an

implicit differentiation to get Y _

r 22+ 2ay
hence b=1+1/4=5/4.

Use implicit differentiation to get dy/dr = (y — 32%)/(3y* — x), so dy/dz = 0 if y = 32°. Substitute
this into 2* — zy + y* = 0 to obtain 272 — 223 = 0,2% = 2/27, 2 = v/2/3 and hence y = v/4/3.

Let P(x,y) be a point where a line through the origin is tangent to the curve

22 — 4z 4+ y> + 3 = 0. Implicit differentiation applied to the equation of the curve gives

dy/dx = (2 — z)/y. At P the slope of the curve must equal the slope of the line so

(2 — m0)/yo = yo/xo, or Y3 = 220 — 23, But 23 — 429 + 3 + 3 = 0 because (g, o) is on the curve,
and elimination of ¢ in the latter two equations gives 22 — 4z + (2x9 — 22) + 3 = 0, 29 = 3/2 which
when substituted into y? = 2xq — 23 yields y3 = 3/4, so yo = :I:\/§/2. The slopes of the lines are
(£v/3/2)/(3/2) = +£+/3/3 and their equations are y = (v/3/3)x and y = —(+/3/3)x.

By implicit differentiation, dy/dx = k/(2y) so the slope of the tangent to 3* = kx at (z¢,10) is
k

k/(2yo) if yo # 0. The tangent line in this case is y — yy = 2—(m — 1), or 2yoy — 28 = kx — k.
Yo

But y? = kxg because (zg,yo) is on the curve y? = kz, so the equation of the tangent line becomes

2yoy — 2kxo = kx — kxg which gives yoy = k(z + z0)/2. If yo = 0, then xy = 0; the graph of y*> = kx

has a vertical tangent at (0,0) so its equation is = 0, but yoy = k(x + 0)/2 gives the same result

when ¢y = yo = 0.
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Chapter 4

d dy dt
By the chain rule, A Use implicit differentiation on 2y%t + t*y = 1 to get
dr  dt dx
dy 2y +3t% . a1 dy 2y3 + 3ty
dt 6ty +13’ dr  cost dr  (6ty’+t5)cost’
dy dr dy dy 3x2y? dx
2 3, 27 3 2,27 -J 9 _ hated
TV T T T T sy 1 dt
dy g dx dx dy 3cos 3z — 12 dx
2zy— =y"— =3 3z —_——
War =Y =S G T T o
4 4 .
(@) fl(x) =" f'(2) = g2
3 9
a 28 4/ 28 .
(b) f(@) =52, 1) = Sal®, f"(w) = a0

(c) generalize parts (a) and (b) with k=(n—-1)+1/3=n—-2/3

y =ra" Ly =r(r—1)2"2 so 3z* [T(T — 1)33"'_2} + 4z (Tﬂc”"_l) —2z" =0,
3r(r—1)a" +4ra” — 22" = 0,(3r> +r — 2)2" =0,
3r’4+r—2=0,3r—2)(r+1)=0;r=-1,2/3

y =ra" Yy =r(r—1)a"? so 1627 [r(r — 1)a" 2] + 24z (ra" ') + 2" = 0,
167(r — 1)a” + 24ra” + 2" = 0, (1672 + 8r + 1)a" = 0,
16r2+8r+1=0,(4r +1)2=0;r=-1/4

We shall find when the curves intersect and check that the slopes are negative reciprocals. For the
intersection solve the simultaneous equations 2 + (y — ¢)> = ¢ and (z — k)? + y*> = k* to obtain

1 — —k
cy:kxzi(:ﬁ—l—y?). Thus 22 + 9% = cy + kzx, or 32 — cy = —a® + kuz, and =€ - _Z .
T Y
d d —k
Differentiating the two families yields (black) dy —L, and (gray) dy _z . But it was
i y—c
proven that these quantities are negative reciprocals of each other.
. L : dy dy
Differentiating, we get the equations (black) T +y =0 and (gray) 2z — de— = 0. The first says
x x
the (black) slope is = Y and the second says the (gray) slope is f, and these are negative reciprocals
T Yy

of each other.

dx dy 1
= fHx), z= =5y —T7, — =15241, 2L =——
y=f"=z),z=fy) =5 +y "y R P Ak

dy  dy dy 1
heck: 1 = 15y°—> + —, — = ————
enee do " Ao T4

dx s dy
= -1 = :1 2 —:_2 3 7 — _ 3 2.
y=r"@)e=f) =1y 3 v = Y2

_ady dy
3_ _:_y3/2

heck: 1 = -2
chec Y dr dr
- . dx dy 1
— (1 = =20 +yP+1, — =10y" +3¢%, = = ————;
Yy f (‘T>7‘T f(y) vty +1 dy Y+ oy, dz 10y4+3y2’
d dy d 1
check: 1= 10y*Y +3,2% Y —

dx dr’ dz  10y* + 332
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56.

. dx
y=[f"(z), = f(y) = by —sin 2y, &

d
check: 1= (5 — QCOSQQ)%’ dr ~ 5—2cos2y

EXERCISE SET 4.4

11.

13.

15.

17.

19.

21.

23.

24.

25.

27.

29.

1

%(2) =1/x
2(Inx) (i) = 21;1x
9 sec?
tansc(seC x) - tanx
1 {(1—&—332)(1) — z(22)
x/(1+ 2?) (14 22)?
322 — 14z

3 —Ta? -3

1 1
~(Inz)~/? <—) = —F
2( ) T 2zvVInx

1
—Zsin(l
o sin(ln x)

322 log, (3 — 2z) +

2z(1 +logx) — x/(In10)

o1+ 22)

(In2)(3 — 22)

(1+logx)?

767m

e’ + 3x2e” = x%e" (v + 3)

d
=95 — 2cos 2y, el

10.
12.

14.

16.

18.
20.

22.

dy (" +e™)(e+e™) = (e —e ) (e —e )

dr (e” + e 7)2
(621 + 924+ 6721) _

(621 — 24+ 6721)

(ear + e—:):)Q

e* cos(e”)

(rsec’ x + tan x)e® e

(1 — 3¢37)ela=e")

(r—1)e™* x—1

1—ze® et —x

26.

28.

30.

1
de 5 —2cos2y’

%(3332) —3/a

1

sinx

(cosz) = cotx

1

2+1ﬁ (255) T 2Va(2+ Vi)

1 y 1
Inz \z/) zlz

1
3 (—) + (32%) Inz = 2*(1 + 31Inx)
T

%2(1nx)(1/x) B Inx

\/1—1—1112;10 a zV1+1In’x

1
2sin(lnz) cos(lnz)— =
x

loga (a2 — 20)])" + 82 floga(a? — 22))" g s

1/[z(In10)(1 + log x)?]

—10ze 5"

_ 4/(ez + efx)Q

dy (Inx)e* —e*(1/x)

sin(In %)
x

112

20— 2

e'(xlnx —1)

de (Inz)?

z(Inx)?

15
?ch(l + 52°) 2 exp(v/1 + 5a3)

1
cos(e”)

[—sin(e”)]e” = —e” tan(e”)
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 4
dy 1 ( dy dy y
AT ) -0 - _
dz+xy (xdx+ ) "d z(y+1)
dy _ 1 (s ™ fiany) W tany
de  xtany Yix V) = z(tany — sec?y)
d
. [1ncosx —In(4 -3z )} = —tanz + 1 3§$2

% <%[ln(x— 1) —In(z + 1)]) = % (ﬁ N x—ls-l)

1 2x
Inly|=In|z|+ = ln|1+x2| __gm/l_i_ { _~_7)}

301+

1 dy 1,/z—1 1 1
In|y| = =[In|z —1] -1 1], & = Z¢/ _
nyl 5[n|x | —lnfz+ 10, 5 de  5Vaz+1 [x—l x—i—l]

1 1
1n|y\:§1n|x2_8|+§1n|x3+1|—ln\m6—7a:+5|

dy (2% — 8)1/3/x3 4 1 2z n 3z? 62° — 7

dv 25— Tz+5 3(22—-8) 2(3+1) ab—Tx+5
. 1

In|y| =In|sinz|+In|cosz| + 3In|tan x| — 5]n\x|

@_Sinxcosxtanrjx cotx—tanm—i—?)secjx—i

de NG tan 2x

1
f/(l') =2"In2; y =27, lny:m]nz ;y/ =1In2, y/ :y1n2 =971 2

1
f(x)=-37"I3;y=3%Iny=—-2xln3, -y =—-In3,y = —yln3 =-3"%In3
Y

f'(z) = 7% (In ) cos x;

. 1 .
y =71 Iny = (sinz)In7, —~y' = (In7) cosz, y = m2%(Inn) cos
Yy

f'(x) = 7%t (In 1) (2 sec® z + tan x);
1
y =m0 Iny = (rtanz)Inm, ;y' = (In7)(zsec’ z + tan )

y = wrt e (In ) (x sec? z + tan z)

1d 322 1
Iny = (Inz) In(z® — 2x), - ; di x§_2 Inz+ — ln(x —2x),
d 22 1
ﬁ = (2% — 22)" i;ﬂj Inz+ — ln(x - 2z)}

1d i d . i
Iny = (sinz)Inzx, ; d_i = Slzx + (cosx) lnx,ﬁ — pSinz {Slﬂ + (cosz) Inz
1d 1

Iny = (tanz) In(Inz), ; d—y = iz tanz + (sec’ z) In(Inz),
dy _ (Inz)tane tan v + (sec? z) In(In z)
dz zlnz



Exercise Set 4.4

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

1d 2 1
Iny = (Inx) In(z? + 3), ; % = :L'Z—iiilnx + Eln(ﬂc2 +3),
dy 2 m | 2T 1 2
ﬁz(x +3) x2+3lnz+gln(x +3)

y = Ae* + Be ™ ¢ = 24e¥ — 4Be ™ ' = 44e¥ 4+ 16Be™* so0
Y+ 2y — 8y = (44e* + 16Be ) + 2(24e?* — 4Be ") — 8(Ae* + Be ™) =0

y = Aekt dy/dt = kAeF = k(AeM) = ky

(a) f/(.I) — kekw, f”(l’) —_ k.Qek'w, f”l((E) _ k36k457 » .7f('rz)($) = kneke
(b) f’(x) _ —keikw, f”(x) — k2efkar7 f///(l') _ —k367k1', . .7f<TL)(1.) _ (—1)"1€”67]”

d
Y~ e MwAcoswt — wBsinwt) + (—\)e M (Asinwt + B cos wt)

dt
= e M[(wA — AB) coswt — (wB + \A) sin wt]
1 Liz—p\?| d | 1[/z—p\
o 1 R
f(@) = 27mexp 2( o ) dx 2< o >

- ) 6)

= —ﬁ(w — 1) exp l—% <IO_”>Z]

(a) yYy=—ze*+e*=e*1—2a),zy =ze*(1l—z)=y(l —x)
(b) o = —a2e 242 =21 —2a?), xy = ze 21— 22) = y(1 — z?)

Ine 1 d 1
1 = — = — — 1 —_
(a) loge Inz Inz’dx [log ] z(Inx)?
In2 d In2
b) log.2=— —J[log.2] = —
(b) log, Inz’ dx[ng ] z(Inz)?
3 10
—10log I — 10log Iy, 22 =
f=10log I =10log o, 77 = 7795
ap 1 ag 1
i - db/W /m? by & -
(@) dl]l_l% Tymo 4b/W/m (b) dIL_lO% 101y 1n 10
g 1
i -~ db/W/m?
(©) dl] oo, 100Z,1n 10 /W/m
dk T - Tp) q qko q(T —Tp)
&g _aE —ho) o gy ko 4~ to)
ar ~ 0P { 0T, T ( 2T2) o2 P 2T, T

(a) because x” is not of the form a* where a is constant

1
(b) y=a",Iny=xlnwz, gy’ =14z, y =2"(1+Inz)

f(w) = eat !

db/W /m?

114
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58. Let P(x0,%0) be a point on y = €% then yy = €3, dy/dxr = 3e*" 50 My = 33 at P and an equation
of the tangent line at P is y — yo = 3e3*(z — x¢), y — > = 33 (x — x). If the line passes through
the origin then (0,0) must satisfy the equation so —e3* = —3zge3* which gives zo = 1/3 and thus
yo = e. The point is (1/3,e).

. In(14+h)—Inl . In(l4+h) 1
— . / — j— [ —
59. (a) f(z)=Inz; f'(1)= }Ll_)n’(l] A = llzli% - =2l 1
) f@) =107 ) =1m L= = Laon|  Z10rmi0] =m0
’ h—0 h dx =0 =0
In(e? +h) —2 d 1
60. (2) f(@)=Inz; (") = hﬂ% = &Y e Tl o
b) f@) =2 r0) =tim 22— Lo Zotma|  —2m2
’ a—1 x—1 dx 1 1
dy 1 1 dy
61. (b L _ 2502 <0at
(b) Jy (c) de 2 xsodx< &
6 dy
z=1land —>0atx=c¢
dx
A
2,,
—
1 2 3 4

(d) The slope is a continuous function which goes from a negative value to a positive value; therefore
it must take the value zero in between, by the Intermediate Value Theorem.

d
(e) %zOWh«mx:Q

62. (a) 100 (c) 125

[~/

i INpA

-100 -25

(d) z=-2,5/3

63. (a) e*cosmz oscillates between +e* and —e” (b)
as cos wx oscillates between —1 and +1. 20

y
% X
N

-20
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64. (a)
. . 60 60 60
(b) P tends to 12 as t gets large; tlgnoo P(t) = fll»gloo 5rTel 5o 7tlir+n e 12
(c) the rate of population growth tends to zero
32
—/9
65. (a)
>~ 8
(b) ast tends to 400, the population tends to 19
. . 95 95 95
L, P@#) = L 5—4e Yt 5_4 lim et 5 19
t—+00
(c) the rate of population growth tends to zero
0
0/ =\ 8
-80
EXERCISE SET 4.5
1. (a) —7/2 (b) = (¢) —m/4 (d) o
2. (a) w/3 (b) =/3 (¢) w/4 (d) 4n/3

3. 0= —7/3;cos6=1/2, tan = —/3, cot O = —1//3, sech = 2, csch = —2//3
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4. 0 =7/3;sinf =+/3/2, tanf = /3, cot § = 1/1/3, sec = 2, csc = 2//3

5. tanf =4/3, 0 < 0 < 7/2; use the triangle shown to get sinf = 4/5,
cosf = 3/5, cot® = 3/4, secd =5/3, csc =5/4

6. domain range
sin™! | [~1,1] [—7/2,7/2]
cos™! | [-1,1] [0, 7]
tan~! | (—o0, +00) (—=7/2,7/2)
cot™! | (=00, +0) (0,7)
sec™! | (=00, —1]U[1,+00) | [0,7/2) U [, 37/2)
csc™t | (=00, —1] U1, +00) | (0,7/2] U (—m, —7/2]
7. (a) w/7 (b) sin!(sin7) = sin"!(sin0) =0

(c) sin~!(sin(57/7)) = sin!(sin(27/7)) = 27/7

(d) Note that 7/2 < 630 — 2007 < 7 so
sin(630) = sin(630 — 2007) = sin(7 — (630 — 2007)) = sin(2017 — 630) where
0 < 2017 — 630 < 7/2; sin~"(sin 630) = sin~ (sin(2017 — 630)) = 2017 — 630.

8. (a) w/7 (b) =
(c) cos™(cos(127/7)) = cos~!(cos(27/7)) = 27 /T

(d) Note that —m/2 < 200 — 647 < 0 so cos(200) = cos(200 — 647) = cos(64m — 200) where
0 < 647 — 200 < 7/2; cos™*(cos 200) = cos™!(cos(64m — 200)) = 64w — 200.

9. (a) 0<z<m (b) —-1<z<1
(¢) —7/2<z<m/2 (d) —oco<z<+4x

10. Let 6 =sin~'(—3/4) then sinf = —3/4, —7/2 < § < 0 and
(see figure) secf = 4//7

=7

)

-3

11. Let 0 = cos™1(3/5), sin20 = 2sinf cos O = 2(4/5)(3/5) = 24/25
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/1 — 22
12. (a) sin(cos !'x) =1 — 22 (b) tan(cos_lx)zix
x
y - 1 1-x2
cos1x cos-1x
X
X
N
(c) csc(tan’lx):¢ (d) sin(tan™'z) = gc
xT ‘/1+I’2
Nere ; )
tan™1x
1
13. (a) cos(tan'z) = L (b) tan(cot™'z) =~
Vil r
1+ 2 N1+ x2 1
X
tan~1x cot™1x
1 X
. . | .
(c) sin(sec™ ) = ——— (d) cot(esc™ ) = Va?r—1
x
X
Xi he-1 1
sec1x oI
1 Vx2-1
14. (a) T —1.00 | -0.80| —-0.6 | —0.40| —0.20 | 0.00 | 0.20 | 0.40 | 0.60 | 0.80 | 1.00
sin 'z | —1.57 [ —0.93 | —0.64 | —0.41 | —0.20 [ 0.00 | 0.20 | 0.41 | 0.64 | 0.93 | 1.57
cos 'z 3.14 2.50 2.21 1.98 1.771.57{1.37| 1.16 | 0.93 | 0.64 | 0.00
® (c) y

0.5 1

118
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

(a)

(b)
(a)

(b)
(c)

(a)
(a)
(a)
(a)

(a)

(a)

(a)

(a)
(b)

(a)

(a)

(a)

(a)

o fatanly = e, 32 +

Chapter 4
y
w2 K
X
v\ 1 s
-10 \ 10 X 2
The domain of cot™! x is (—o0, +00), the range is (0, 7); the domain of csc™! x is
(—o0, =1 U[1, +00), the range is [-7/2,0) U (0, 7/2].
y=cot tz, z=coty, tany = 1/x, y = tan"1(1/x)
y=sec lx, x =secy, cosy =1/z,y =cos !(1/z)
y=csc la, x=cscy, siny = 1/, y = sin"'(1/z)
55.0° (b) 33.6° (c) 25.8°
r =7 —sin"1(0.37) ~ 2.7626 rad (b) 6 =180° +sin1(0.61) ~ 217.6°
xr =7+ cos 1(0.85) ~ 3.6964 rad (b) 6= —cos1(0.23) ~ —76.7°
r =tan 1(3.16) — m ~ —1.8773 (b) 6 =180° — tan"'(0.45) ~ 155.8°
1
—(1/3) =1/V9 — 22 (b) —-2//1—(2z +1)2
V1—2%/9
1 1 1
922/(1 + a* b) - e [ —
#/(1+a%) (b) 1+x(2x 2(1+2)v/z
;(mﬁ) = _ 7 (b) —1/4 [e25 _ ]
o7/ -1 o/ —1
y=1/tanz = cotz, dy/dxr = —csc’z
1
y = (tan ' 2)7!, dy/dx = —(tan"' )2 (m>
1 (—1/2%) = — 1 (b) sinz  sinz _{ 1, sinz>0
V1 —1/z2 |z|vz? —1 V1—cos?z |sinz -1, sinz <0
1 (b) 1
(cos~!z)V/1 — a2 2Vcot L x(1 + 22)
e’ . 3z%(sin ! z)? . 1 3
+e'sec b) ————— +2z(sin” z
Va2 —1 (®) V1— a2 ( )
0 (b) O
x (3z% + tan~!y)(1 + 9?)

/t—lzy/,/:
1+y2y+an y=evy,y

L+l —a
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30.

31.

33.

34.

35.

36.

37.

38.

39.

40.

sin ™! (zy) = cos™H(z — y),

Y

(a)

(a)
(b)

(a)

(a)
(c)

(b)

(a)

(b)

p_ V1 (@ -y + /1 -2y

1—22y? —zy/1— (x—y)?

sin"10.9 > 1, so it is not in the domain of sin™!

—1<sin'z< 1lis necessary, or —0.841471 < x < 0.841471

y (b) y
T
=L L
2
X X
-05 05
T s I
2 n
2
xr =21 —cos 'k (b) z=7m+tan'k

20 =sin'kor2z=nm—sin 'ksor=1isin'korx=m/2—1sin"'k

f = sin! R sin~! 0378 23°

R+h 16,378

If v = 90°, then siny =1, \/1 — sin? ¢sin®y = \/1 — sin% ¢ = cos ¢,
D = tan ¢ tan A = (tan 23.55°)(tan 65°) ~ 0.934684245 so h ~ 21.2 hours.

If v = 270°, then siny = —1, D = —tan ¢ tan A = —0.934684245 so h ~ 2.8 hours.

sin20 = gR/v? = (9.8)(18)/(14)? = 0.9, 26 = sin*(0.9) or 20 = 180° — sin *(0.9) so
0 = 2sin'(0.9) ~ 32° or = 90° — $sin"'(0.9) ~ 58°. The ball will have a lower

parabolic trajectory for 8 = 32° and hence will result in the shorter time of flight.

42 =22+ 3% —2(2)(3) cosh, cos = —1/4, § = cos™}(—1/4) ~ 104°
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41. y =0 when 2?2 = 6000v?/g, = 10v+/60/g = 10004/30 for v = 400 and g = 32;
tan @ = 3000/z = 3//30, 6 = tan~'(3/v/30) ~ 29°.

42. 0=a—f,cota = x andcotﬂzfso
a+b b

—cot X ot tE
6 = cot P cot 2
43. (a) Let § = sin"!(—z) then sind = —z, —7/2 < 6 < 7/2. But sin(—f) = —sinf and

—71/2 < —0 < 71/2 50 sin(—0) = —(—x) =z, —0 =sin 'z, § = —sin" ' .
(b) proof is similar to that in part (a)

44. (a) Let 0 = cos™'(—x) then cos = —z, 0 < § < 7. But cos(m — 0) = — cos and

0§7r—9§7rsocos(7r—9):ac77r—9:cos’1x,9:7r—cos’1a:

(b) Let 6 = sec”!(—z) for z > 1; then secd = —z and 7/2 < 0§ < 7. So 0 <7 —60 < 7/2 and

7 — 0 =sec !sec(m — 0) =sec ! (—sec) =sec !x, or sec!(—x) =7 —sec lx.

45. (a) sin'z =tan™!

x
V1 — 22

sinIx

+1 -x2

1 1 1

(b) sin'az4costa=7/2;coslx=7/2—sin"tx=7/2 —tan~

T
V1-—a?
tan o + tan 3

46. tan(a+3) = T tanatand’

tan(tan ' tan(tan '
tan(tan! z + tan~1 y) = an(tan 1:_)1+ an(tan _1y) _ Tty
1 —tan(tan™! z)tan(tan™'y) 1—ay

1 T+y

so tan !z +tanly=tan"
1 -2y

1 L1243

47. (a) tan 1§+tan g = tan W = tan 1 —71'/4
. 1/3+1/3

1-(1/3)(1/3)
L1 3/A4 )T

+ tan 1?—tan IW

1 3
(b) 2tan' - =tan’ 3 Ftan” o = tan~! = tan~! T

2tan~!

W= Wl
B~ W Wl

1
+ tan ™! 7= tan~! =tan 'l =7/4

48. sin(sec™!z) = sin(cos™!(1/2)) = 1/1 — (1)2 _ Var—1
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EXERCISE SET 4.6

1.

dA dzx
A = 2 —_— = 2 i
dA d dA
(d) Find — given that & = 2. From part (c), — =2(3)(2) = 12 ft*/min.
dt |, 4 dt |, 4 dt |, 4
dA dr
—_ 2 — = —
(b) A=mr (c) p 27y n
dA d dA
(d) Find — given that & = 2. From part (c), —| = 27(5)(2) = 207 cm?/s
dt r=>5 dt r=>5 dt r=5

dv dh dr
= 2 _— = 2— —_—
(a) V =mrh,so 7 71'(7“ dt—|—2rhdt>.

d dh d
(b) Find d_‘t/ given that T =1 and d_r = —1. From part (a),
h=6, h=6, h=6,

r=10 r=10 r=10

% = 7[10%(1) 4+ 2(10)(6)(—1)] = —207 in®/s; the volume is decreasing.
h=6,
r=10
e 1 dx dy
P R R R R . A
(@) YL S0 g Z(xdt+ydt>
1 1
(b) Find Z—i given that C(li—f =3 and % =-7
=3,

y=4

From part (a) and the fact that £ =5 when © = 3 and y = 4,

dl 1 1 1 1
pn - =3 [3 <§) +4 (—Zﬂ =1 ft/s; the diagonal is increasing.
xdy dx
Y 5, d0 a Yar d9_c0520 dy dx
(a) tanﬁ—?sosec GE_T’E_ el Gl
., do . dx dy 1
(b) Find o ~ given that — ~ =1 and g o =7

1
When z =2 and y = 2, tan0:2/2:1809:%andcosO:cosgzﬁ. Thus

o] (1/v2)? 1 5 e .
from part (a), Tl 5 2 1) 2| = BT rad/s; 0 is decreasing.
y=2
., dz ) dx B dy B
Find Tl given that i —2 and Tl = 3.
y=2 y=2 y=2
& do d:

d
= 2x3y—y + 327y

i I 12)(=2) = —12 units/s: = i i
7 o TRl (4)(3) + (12)(-2) units/s; z is decreasing

=1,
y=2

Let A be the area swept out, and 6 the angle through which the minute hand has rotated.

4 _ 8d9 _ A in? /min.

. L dA do s ) 1,
Find g given that — = — rad/min; A = 57 0 =86, so P

da 30

122
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10.

11.

12.

13.

14.

Chapter 4

dA d
Let r be the radius and A the area enclosed by the ripple. We want g given that d_: =3. We
t=10

d d
know that A = 72, so i 2ﬂrd—z. Because r is increasing at the constant rate of 3 ft/s, it follows
dA
that » = 30 ft after 10 seconds so e = 27(30)(3) = 1807 ft?/s.
=10
d d dA d d 1 dA
Find d_: - given that o 6. From A = 7r? we get o 27r7“d—:; SO d—; =5 g If A =9 then

d
7t =9, r=3//7 so d—:

1 .
" 2 O = Vi

4 . D
The volume V of a sphere of radius r is given by V = 5771’5 or, because r = > where D

d
given that —V = 3. From

4 (DY 1 dD
is the diameter, V = -7 | = | = =7 D?. We want —
3 6 1 dt

2 dt

1 . av 1 dD dD 2 dv dD 2 3

V= _nD? t — =D’ — — = — = 3) = — ft/min.
gD weset G =omD w Tapra ™ ar |, T aep®) T gy H/min
d d 4 . d d

Find d—‘t/ » given that d_; = —15. From V = §7rr3 we get d—‘t/ = 47rr2d—: SO

av

= 4m(9)*(—15) = —48607. Air must be removed at the rate of 48607 cm?/min.
r=9

dt

Let  and y be the distances shown in the diagram. We want to find

d d

il given that o 5. From 22 + y? = 17 we get

dt =8 dt T /\

dx dy dy x dx
20— 4+2y— =0 — =———_. Wh =8, 22+ 82 =17 oy
Ta T =0 g y dt eny=6 4 ’ Y \
9 dy 15 75 { >
x? =289 — 64 =225, 2 =15s0 — = ——(5) = —— ft/s; the -
dt y=8 8 8 ‘_7)(4»‘

top of the ladder is moving down the wall at a rate of 75/8 ft/s.

d d
Find d_x given that d_zt/ = —2. From 22 + y? = 132 we get

y=5

dx dy dx y dy
2r— +2y—= =080 — = —=—=. Use 22 4+ y? = 169 to find that -+
T + Yt Ot cdt " Ty o md tha I \
x =12 when y =5 so dr = —3(—2) _5 ft/s 1 \
i |, , 120 7767 | \/

[-—x—]

de
Let 0 be the acute angle, and x the distance of the bottom of the plank from the wall. Find —

dt =2
given that T =3 ft/s. The variables 6 and = are related by the equation cosf = 0 SO
=2
do 1 dx df 1 dx
—sin—=——, — =———+——. Wh =2, th f the plank is v/102 — 22 = /96 f
sm@dt o0d at 10500 dt When x , the top of the plank is v/10 96 ft above
db 1 1 1
the ground so sinf = v/96/10 and — =———|—=) = ——= = 0.051 rad/s.
& / dt|,_, V96 ( 2) 2/96 /
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15.

16.

17.

18.

19.

20.

Let x denote the distance from first base and y the distance from

dx
home plate. Then 2? + 60? = y? and 2x— =2y—

then y = 10v6 150—:——:

Find d_:c

when £ =4 so —

d
Find &

dy

dt dt
T dr 50 125

(25) = NG

When z = 50

ft/s.

First

dt  ydt 1061

Home

= 2000. From 2? + 5% = y? we get Rocket

dy
iven that —
glven a dt -

dt r=4

o dy de ydy B L

=2y— it SO i E% Use 22 + 25 = 42 to find that y = V41 y X

d 41 !
Zl = —V4(2000) — 500v/41 mi/h.

dt |,

station

d
given that @ = 880. From y? = x? 4 30007 Rocket
2=4000 dt | ,— 4000 A
x dy x dx 0

dt

dy
we get 2y— = 2z— so — = — —. If x = 4000, then y = 5000 so

dy
dt

dx
Find —

dzx

(a)

(b)

(a)

(b)

s=to00 D000

i 3000(sec? ¢)

dt dt - dt oy dt v
4000
——(880) = 704 ft/s. Camera -~

[+~— 3000 ft ——

d
given that —¢

7 = 0.2. But x = 3000 tan ¢ so

¢=m/4

dt ¢=m/4

dé dzx

d¢ dz _ T — 1200 f
5 — 3000 (sec 4)(0 2) = 1200 ft/s.

o=m/4

If « denotes the altitude, then r» — z = 3960, the radius of the Earth. # = 0 at perigee, so
r = 4995/1.12 & 4460; the altitude is z = 4460 — 3960 = 500 miles. 6 = 7 at apogee, so
r = 4995/0.88 ~ 5676; the altitude is = 5676 — 3960 = 1716 miles.

If 6 = 120°, then r = 4995/0.94 ~ 5314; the altitude is 5314 — 3960 = 1354 miles. The rate of
change of the altitude is given by
de dr drdf  4995(0.12sin6) do

dt — dt  dodt  (1+0.12cos0)? dt
Use 0 = 120° and df/dt = 2.7°/min = (2.7)(7/180) rad/min to get dr/dt ~ 27.7 mi/min.

Let = be the horizontal distance shown in the figure. Then z = 4000 cot 6 and

dz do dd  sin’6 dx .
E——4000CSC Gd— SO T 1000 A Use 6 = 30° and

dz/dt = 300 mi/h = 300(5280/3600) ft/s = 440 ft/s to get
df/dt = —0.0275 rad/s ~ —1.6°/s; 0 is decreasing at the rate of 1.6°/s.
Let y be the distance between the observation point and the aircraft. Then y = 4000 cscf so

dy/dt = —4000(csc 0 cot 8)(df/dt). Use 6 = 30° and df/dt = —0.0275 rad/s to get dy/dt ~ 381
ft/s.
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21.

22,

23.

24.

25.

Find d—h

d
given that o 20. The volume of water in the tank
h=16

1
at a depth his V = §7r7“2h. Use similar triangles (see figure) to get
r 10 5 1 (5 YV 25
Y SO 1 = —h thus V = 37 —h) h= 132 mh?,
dv. 25 dh. dh 144 dV dh 144 9

T T or s i = ———(20) = —
dt 1447 dt’ dt  25wh? dt dt he16 257r(16)2( ) 207

ft /min
av 1
given that — = 8. V = —7r?h, butr——h SO
het dt 3
1h2 3 AV _ 1 adh dh 4dV
V—§ (5)" Eh PR T e
4
% = (6] (8):9—ft/m1n
h=6
v dh 1
7 given that%—f) V—§7r7”2h butr——h SO
WA 5
V= gﬂ'( )h—ﬁﬂ'h
av 1 ,dh dV 1
87 ot 8 = —7(10)%(5) = 1257 ft*/min.
p 1 mh? at dt |, 47T( 0)*(5) 57 ft° /min

Let » and h be as shown in the figure. If C' is the circumference of

ac av
the base, then we want to find — given that o 10. Tt is
h=8
1
given that r = §h, thus C' = 2mr = wh so

=t o
Use V= %m“Qh = liwh3 to get % = lth% SO
= @
Substitution of (2) into (1) gives % = % Cfi_‘t/ S0

dC 4

&~ 1 —ft in.
dt |, = 51(10) = g ft/min

dh
With s and h as shown in the figure, we want to find T given that

d 1
d_i = 500. From the figure, h = ssin30° = 55 80

dh 1ds 1

T 5(500) = 250 mi/h.

Ground

Chapter 4
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d d
26. Find ar given that W _ —20. From z2 + 10% = 3 we get
y=125 dt Pulley
dx dy de ydy
20— =2y—=s0 — = = —. 2 +100 = 4 to find th
T ydtsodt N Use x4+ 100 = y* to find that
x = +/15,525 = 15v/69 when y = 125 so
dx 125 500 Boat
— = ——(—20) = ———. The boat is approaching the X
dt|,_1p5  15v69 3169
dock at the rate of S0 ft /min.
3v69
27. Find % iven that @ = —12. From 2% + 102 = y? we get
' dt ® dt |15 ' yowes Pulley
d d d d
Qxd—f = 2yd—:i SO d_gt/ = gd_gtc Use 22 4+ 100 = y? to find that
T = /15,525 = 15v69 when y = 125 so font
dy  15v/69 361/69 °
d_gtJ = 1o (-12) = — ;é_ The rope must be pulled at the rate
of 36v69 ft /min.
25
28. (a) Let z and y be as shown in the figure. It is required to find Light
de iven that dy 3. By similar triangles T_THY
—_— Vi — = —9I. — =
it ® dt Y X S 6T 18
18x = 6z + 6y, 12z = 6y, x = iy, o) "
de 1ldy 1 3 Man
— =—-—=—(=3)=—= ft/s.
it " zat 2T snadow " |
—
A
(b) The tip of the shadow is z = = + y feet from the street light, thus the rate at which it is
d d d d 3 d
r;loving is given by d—j = d—gtg d_th In part (a) we found that d_atc =3 when d_lz{ = -3 so
d_j = (=3/2)+(—3) = —9/2 ft/s; the tip of the shadow is moving at the rate of 9/2 ft/s toward

the street light.

29. Find dr given that @ T rad/s. Then
tg—r/a dt 10 5

dx do
=4 fi — = 4sec’H—
x tan 6 (see figure) so g sec edt’

RIC ORI

N
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d
30. If z, y, and z are as shown in the figure, then we want &

. given P x  Aircraft
y=4
d d
that & _ —600 and cd = —1200. But 22 = 22 4+ y% so
dt dt :r:j y
-
dz dx dy dz 1 dx dy z
22— =20—42y—, — =~ |z— — |. Wh =2 and
S A T T TR (zdt erdt) When =2 an
y=4,22=22442=20, z = /20 = 2V/5 so
dz = L[2(—600) + 4(—1200)] = 3000 —600v/5 mi/h; the Missle
dt]—= 25 V5 ’
distance between missile and aircraft is decreasing at the rate of
600v/5 mi/h.
d d d
31. We wish to find = given 600 and 2| = —1200 (see
dt ;j dt dt ;zf P x  Aircraft

figure). From the law of cosines,
22 = 2% +y? — 22y cos 120° = 2% + ¢* — 22y(—1/2) = 22 + y* + 2y, s0
2dz 2dx+2 dy+ dy+ dx y
z— = 20— — 4tz — z
v yélt dt yélt’

z x Y
— =12 — + (2 —|. Wh =2andy=4

== 5 [(m—f—y)dt-f—(y-l-x)dt} When z and y = 4,
22 =22 4 4% 4 (2)(4) = 28, s0 z = /28 = 2/7, thus Missile

dz 1 4200

— = ——[(2(2) +4)(—600) + (2(4) +2)(—1200)] = ——= =

. = 3oy (D + (600 + (200)+ 2)(-1200) =~

—600V/7 mi/h; the distance between missile and aircraft is
decreasing at the rate of 600v/7 mi/h.

d d
32. (a) Letx,y, and z be the distances shown in the first figure. Find d_i given that d—f = —75 and
=2,
y=0
d
W _ —100. In order to find an equation relating x, y, and z, first draw the line segment that

joins the point P to the car, as shown in the second figure. Because triangle OPC is a right

triangle, it follows that PC has length /2 + (1/2)?; but triangle H PC is also a right triangle

2 d d d
0 22 — ( x2+(1/2)2) +y' =2’ +y*+1/4and 2zd—j = 2. 12y 1o,

dt dt
dz 1 dx dy 9 9 9
—(z—+y— ). Now,whenz =2and y =0, z° = (2)°+ (0)° + 1/4 =17/4, z = V/17/2
z

dt dt dt
dz 1
so —| = ———[2(=75) + 0(=100)] = —300/+/17 mi/h
North
L mi p %mi P

2 .
y i Car y 1 \\‘\\ c
West 72X e o East O:—\ X e
z z
Helicopter H

d
(b) decreasing, because d_j <0.
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33.

34.

35.

36.

37.

38.

39.

d d
(a) We want d_:Z given that d_x = 6. For convenience, first rewrite the equation as
= =
8 8 o dy .dr 16 dy dy Y3 dzx
3 3

= then 3 — =— —_—

oy = 5+ 5v° then 3oy G +0" G = TG G = T ;dt ™
BV

d 23
& (6) = —60/7 units/s.
dt z=1 ]-6

d
(b) falling, because d—:g <0

d d .
Find &% given that i = 2. Square and rearrange to get z* = y? — 17
dt o5 dt |5
o dx dy dx 2y dy dx 5 5
32— =2y—, — = —, — = (=) (2) = = units/s.
At T ar dt T 3a?dt dt|y;  \6 (2) = 3 units/s

The coordinates of P are (z,2z), so the distance between P and the point (3,0) is

= —-2.

dD
D= \/x— (2z -0 )2:\/5:E2—6x+9.FindE
=3

iven that °%
1ven at —
& dt

=3
ap 5r — 3 dx dD

- = ——, 80 —/—
dt Vbx2 —6x+9dt dt |, _5

12
= ——(—2) = —4 units/s.
T2 /

r=3 =3

dD 2 — 3
D=(z-2?+y?=/(z—-224+2=V22-3r+4s0 — = ————u;
V=22 4y =/(-2) dt 2/ 3z 14

dD
(a) Let D be the distance between P and (2,0). Find e

) dx
given that 7

ap)_ 3 _ 3
dt z:372\/174

do
(b) Let 0 be the angle of inclination. Find s

units/s.

=4.
=3

iven that 2
1ven at —
=3 & dt

tanf = —4— = Ve soseczﬁﬁ:—z—wd—x d_@z_ 08? ) ———"—— vr2 do

r—2 x-2 dt 2/x(x —2)2 dt’ dt 2/@(x —2)2 dt’

df 1 5
= _(4)=—
=3 42\/§(>

1
When x = 3, D—2$00089—§and

ﬁ rad/s.

d dx d dy d
Solve ¥ — 3% given y = zIlnx. Then Y _ e

dx
1+1 1+1 =3,1 =2, z=e.
o o Tl dt =1+lnz)— I sol+Inz=3,Inx T=e

dx dy dy dzx 16
322 &2 18y — = 0; f—:— 0, th 32 18 =0, 32 8y =0,y = ——
Car +56 dt 400dt dt i 81en ( x;_ y)d 9 A 136/59 , y16 9"
1622 + 998—1x = 14416?x = 144, 2% = o5 T = j:5 Ifz = R then y = “95= "5 Similarly,
ifx:—g,thenyZF. The points are (5,—3 —).

. s . ds 1 1 1 1 ds 1dS
Find G|, gven that G| = 7 Fem St g = gt Gy s~ 0
d 2d 1 1 1 d 22
d_f i dj If s = 10, then 10 + <% Wthh gives S = 15. So d_f = 7%(72) =4.5 cm/s.

The image is moving away from the lens.
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40.

41.

42,

43.

Chapter 4

Suppose that the reservoir has height H and that the radius at the top is R. At any instant of time
let h and r be the corresponding dimensions of the cone of water (see figure). We want to show that

— is constant and independent of H and R, given that o —kA where V is the volume of water,

A is the area of a circle of radius r, and k is a positive constant. The volume of a cone of radius r and

1 R R 1 (RY
height his V = §7rr2h. By similar triangles % = = ﬁh thus V = §7r (—) h? so

H" H

av RY . ,dh

b — e s 1

a (H) L )

dv RY

But it is given that o —kA or, because A =nr =7 (E) h?,
av RY , . . . . .
i —km T h?, which when substituted into equation (1) gives

RY , RY ,dh dh

dr
Let r be the radius, V' the volume, and A the surface area of a sphere. Show that — is a constant

d 4 .
given that v —kA, where k is a positive constant. Because V = gmﬂ‘g,
dv dr
— =A4nr’— 1
at O dt )
o av , AV 2 . . .
But it is given that g —kA or, because A = 4nr=, o —47mr*k which when substituted into
dr dr
tion (1) gives —4rr’k = dmr®—, — = —k.
equation (1) gives —4mr T

Let x be the distance between the tips of the minute and hour hands, and « and § the angles shown
in the figure. Because the minute hand makes one revolution in 60 minutes,

d 2

d—?: = 6_7(; = /30 rad/min; the hour hand makes one revolution in 12 hours (720 minutes), thus
d 2 d d d

d—f = 777; = /360 rad/min. We want to find & . given that d—(; = /30 and d—f = m/360.

B=3m/2
Using the law of cosines on the triangle shown in the figure,
22 =32+ 4% —2(3)(4) cos(a — ) = 25 — 24 cos(a — 3), s0

dx da df
2250 = 0+ 24sin(a — 8) [ = - &2
T 0+ 24sin(a — ) n )
de 12 (da dB\ .
pri i (% - E) sin(a — 8). When a = 27 and 8 = 37/2,
2% = 25 — 24 cos(2m — 37/2) = 25, x = 5; s0
dol 12 s~ 360) sin(2m — 37/2) = 1T in/min
dt o 5 T T T 5 '

B=3r/2

Extend sides of cup to complete the cone and let V) be the volume

1
of the portion added, then (see figure) V = ~mr*h — Vi where T !

41 1 e 1 T i
T 1
—===c =-handV=cr<|h—Vy=—=7mh® -V !
ho12 30 T3t 37 \3 0T g™ T NN 1
v 1 _,dh dh 9 dV dh 9 90) = 20 s 6 S
_— - _— _—=——— _— = = — 1m .
at 9" dt’ dt  wh?dt’ dt|,_, m(9) or | j
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EXERCISE SET 4.7

2_4 -2 2 2 2
1 (a) lm—t =t gy, @D wH2 2
=222 422 —8 -2 (zx+4)(x—2) —2z+4 3
5
2— lim —
2 _5 T—+00 2
Ttoo SF + 3+ lim —
T——+00 I
2. (a) ST sinz 2% = cosa so lim et = 0
tanx sinx z—0 tanx
-1 (z—-1(x+1)  x+1 L oxr—1 2

P = S 1 _ = =
»—-1 (z—1)(a2+x+1) Ptz +l i1 3

1/x . 2cos2zx
g 4. 1 =2/5
3 }H1 1 1 :vlg(l) 5 cos bx /
5. i t 1 6. li L =1/5
: z%cosx_ ) mlg}%(ix—lii_
2 9 t t t
7. lim 2 8. lim =% -4
=0 1 t—0 —et
9. lim % _ 10. lim S8 — 1o
z—7t 1 z—0t 2%
) 1 3 3z 9 3z
1. 1w LE 12, lim 2 = lim 2 = 40
T—+00 1 r—+00 2.’E T——+00 2
2
- - -1
13. lim wer lim _;r =lim — =-—
a0t 1/x e—0t sinx  2—0+ 2sinx cosx
—1/z x
14. lim — 2  — fim — =0
oo (—1/z2)el/T  atr eI/
1 99 1 98 1 (1
15.  lim 00x — lim (100)(99)x o~ lim (100)(99)(98) - - - (1) ~0
z—+oo  ev z——400 e’ r—-+400 e’
i NP
16. lim cozxﬂ = lim cos’z =1 17. lim 2/14436 =9
e—0+ sec?x/tanx -0t 20 1
1 1
. B 1+ 22 . 1 1 . _ . € . 1
18. lim—F* =lim ——— = — . Tz - Rl - =
8 Tlg(l) 3x2 :zclir(l) 3(1 + :UZ) 3 19 :EETQQ re TEELnoo et TEEI}OO e 0
20. lim(x — 7) tan(z/2) = lim —— " — 1 ! 2
. lim(z — 7) tan(x = lim = lim = -
o a—w cot(x/2)  w—r —(1/2) csc?(x/2)
. - 2
21 i rsinn/o) = i 7 = i ST < i weoste/n) <
1 1 _ ain? —94i .
22. lim tanxIlnz = lim Ny lim [z = lim ST lim —asmarcosy =0
20+ =0t cotx  a—0t —cscix  a—0t T 70+ 1
5 —5sinb —5(+1 5
23. lim sec3zcosbr = lim cosor _ im s?n T (+1) = —=
a—(m/2)" a—(r/2)- cos3x  z—(r/2)- —3sin3x  (—=3)(—1) 3
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24. lim(m—ﬂ)cotm:limx_wzlim =1
P z—m tanx  2—m sec2 x
. . ln(l — 3/%) . -3 . —3
25. =(1- S| Iny= 1 — =] =-3, 1 =
Y ( 3/.’E) ’ ‘L*{IPOO ny zirpoo 1/.1: r—+00 1 — 3/3;‘ 37 Jlrfooy €
. . 3In(1 +2z) . 6 . _
= —3/z = [ Sl e _ - _ _ 6
26 = (2o iy = i T T T YT

In(e” +z) lim e’ +1

27. y=(e* + )", limlny = lim =2, limy = ¢’
z—0 z—0 z—0

T =0 e¥ + T
bIn(1 b
28 y=(1+o/ol, lim Iy = tim S i o oty
) . In(2—2) . 2sin®(rz/2) .
— _ \tan(mz/2) _ _ — _ o2/m
29. y=(2-1x) ) glglir%lny }CILI% cot(mz/2) lim 21 2/m, :lvlir%y e

Incos(2/x) ~ lim (—2/2%)(—tan(2/z)) ~ lim —tan(2/x)

30. y=[cos(2/)]"", lim Iny= lim

T—+00 T—-+00 1/x2 T—+00 —2/333 T—+00 1/1‘
. 2/x?) sec?(2/x . _
=lim, o0 % = -2, IETooy — o2
1 1 — si 1-— i
31, lim(— — =) =lim " —lim — " _fim "
250 \sinz = a0 xsinz 2250 rcosT +sine  z—02cosx — wsinx
1—cos3 3sin 3 9 9
32 lim — 220 — 1im 222 i~ cos 3z = -
z—0 T z—0 2z z—0 2 2
. (2?4 x)—a? . x ) 1
33. lim —(—~—— = lim ———— = lim —— =1/2
gotoe a4 x 4 et /pl4r 4 ot /14 1/x+1 /
34. lim < T lim — =lim—— =1/2
=0 zet —x =0 ze? +e* —1  2-0 xe® 4 2e*
35. i —In(z’+1)] = lim [Ine® —In(z? +1)] = lim In ———
Jim [z —In(a? + 1) = T e —In(a? 1)) = lim
lim e im < lim “ =400 so lim [z —In(z® 4+ 1)] = +o0
T—+400 £U2 —+ 1 B r—+00 201 B r—+00 2 B r—400 o
. 1
36. lim hn——= lim ln— =1In(1)=0
g—too 14z  aoto 1/z+1
| 1 1
38. (a) lim — = lim /xl = lim =0
r—+o0 " z—-+o0 NI z—+00 NI
n n—1
(b) lim g = lim S = lim ne’ = oo
3z -2 1 0
39. (a) L’Hopital’s Rule does not apply to the problem hn% % because it is not a 0 form
T— XTe — 2T
327 — 2z + 1
(b) lim srt—2r A+l
a—1 3x? — 2z
4 — 1222 + 120 —4 . 1227 — 24z +12 24z —24

40. lim

— - -0
ol A2 — 022 + 67 — 1 o1 1222 — 182+ 6 o 247 — 18
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1/(x1nz) 2
41. lim L) = - =
st 1/(2y/x) s Vrlnz
42 * . lim 1 lim 27 _ 0, li 1
. =2% lim lny = lim — = lim —z = im y =
4 T 20t Y x—0* 1/37 z—0* G Y
43 = (sinz)¥™* lim Iny = lim Slusinz _ lim (3 cos ) =
Y= e sinz
lim y = ¢?
x—0t
4s 2
44. im _aseer im — =
z—n/2- secxtanx  z—r/2- sinx
1 Tlnx —1
45. Inz—e*=lnz— — &?
67‘1/ e*‘L
. a . Inz . 1/z e s 1
lim e “lnz = lim = lim —— = 0 by L’Hopital’s Rule, so
T—+00 z—+o0 e¥ z—+o00 e¥
N -] -1
lim [Inz —e*] = lim € ATT L
T—+00 z—+00 e
e.’(/’
46. lim [lne” —In(1+ 2¢")] = lim 1
6 a:—lvr-i{loo[ ne n( +2e )] z—lgloo n 1+ 2e®
1
= lim In =In—;
T—+00 e %4 2 2
horizontal asymptote y = —In 2

132

0.15

=/ 0.5

-1.2
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In(1 1
47. y=(Inz)’/*, lim lny= lim n(lnz) = lim =0; 1.02
z—+00 z—+00 X z—+oo xlnx
lirf y =1, y = 1 is the horizontal asymptote
T—~400

-

100 =/ 10000
1

r+ 1Y
48. = 1
v=(255)
rz+1
ln T 2 _xQ
JLiTw ny ¢ir+rlm 1/x aHHJPoo (z+1D(z+2) ’
liIJZl y = e ! is the horizontal asymptote
0\ =/ 50
0
49. (a) 0 (b) +oo (c) 0 (d) —o0 (e) +oo (f) —o0
e . (ma)lnz . (lna)/z . B : e
50- (@) =l ny = lg e T Ty T g naslhe figy=tia
(b) same as part (a) with x — 400
B me . . (Ima)ln(z+1) . Ina R
() y=(r s gy =y =i T ey = =
1+2 2 in 2 in 2
51. lim 1 h2coscy does not exist, nor is it £oo; lim LA smer = lim <1 + S a:) =1
T—+00 1 T—+00 T T—+00 xT
2— 22 — si 2 — (si 2
52. lim £ COST does not exist, nor is it +0o; lim w = lim M = -
z—+00 3 4 cosx z—+00 3x +sinx  v—+00 34 (sinz)/xz 3
24sin2 24sin2
53. lim (24 cos2z+sin2x) does not exist, nor is it +00; lim (2 + sin2z) = lim w, which
T+00 T—400 x+1 r—+oo 1+ l/x

does not exist because sin 2z oscillates between —1 and 1 as * — +00

. 1 1 sinx . ..
54. lim [ —+ —cosz+ does not exist, nor is it +o0;
z—+oo \ & 2 2x
(2 + sinx) . 2+4sinz
———~ = lim —— =
T—+00 24+ 1 z—+o00 T + 1/1‘

% e Rt/L Vi

55. lim =————
R0 1 L
2 — -1
56. (a) lim (7/2—z)tanz = lim T2z = lim = lim sin’z =1
a—T/2 1—m/2 cotx a—m/2 —CSC2 T w—m/2

1 1 i — 2 — i
(b) lim { ——— —tanz|= lim {—— — PRT) — oy 2 (/2 = @) sine
a2 \ T2 — @ aor/2 \T/2—x  cosx w72 (/2 — x)cosx

= lim
a—r/2 —(7/2 — x) sinx — cosx

—(m/2 —x)cosx

— lim (W/Qfx)sinercos.x —0
a—r/2 —(7/2 — x)cosx + 2sinx
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(c) 1/(m/2— 1.57) ~ 1255.765849, tan 1.57 ~ 1255.765592;
1/(r/2 — 1.57) — tan 1.57 ~ 0.000265

. K1 In k)k!
57. (b) lim (k" — 1) = lim = lim % —Ink

T—+00 t—0+ t t—0+

(c) In0.3=-1.20397, 1024 ( '¥/0.3 — 1) = —1.20327; In2 = 0.69315, 1024 ( V/2 — 1) = 0.69338

58. (a) No;sin(1/x) oscillates as @ — 0. (b) 0.05

-0.35 0.35

-0.05

(c) For the limit as z — 0% use the Squeezing Theorem together with the inequalities —z? <
x?sin(1/z) < 2% For x — 0~ do the same; thus liII(lJ f(z)=0.
T—!

k ¥
59. If k # —1 then liH(l)(k +coslx)=k+1#0,so hrr(l) % = +o00. Hence k = —1, and by the rule
-1 14 —{sin /. —?cos/ 72
R kAN T . LG T A M S T SRS Y
x—0 22 —0 2x z—0 2 2

—cos(1/x) + 2z sin(1/x)

60. (a) Apply the rule to get Hn% which does not exist (nor is it £00).

(b) Rewrite as lim [ = ] [xsin(1/z)], but lim —— = lim
2—0 Lsinz e=0sine 20 cosx

| sin1/a)] = (1)0) =0

=1 and lirr(l)a:sin(l/a:) = 0, thus

lim [ -
z—0 Lsinx

(1 .
im 51'11( /z) , lim 0T _ 1 but lim sin(1/x) does not exist because sin(1/x) oscillates between —1
e—0t (sinz)/x’ z—0t  x a—0*

. xsin(l/x
and 1 as ¢ — +00, so lim ﬂ
z—0* sinx

61.

does not exist.

CHAPTER 4 SUPPLEMENTARY EXERCISES

1. (a) f(g(z)) == for all z in the domain of g, and g(f(z)) = z for all = in the domain of f.
(b) They are reflections of each other through the line y = x.
(c) The domain of one is the range of the other and vice versa.

(d) The equation y = f(z) can always be solved for x as a function of y. Functions with no inverses
include y = 22, y = sinx.

(e€) Yes, g is continuous; this is evident from the statement about the graphs in part (b) above.

(f) Yes, g must be differentiable (where f’ £ 0); this can be inferred from the graphs. Note that if

f/ =0 at a point then ¢’ cannot exist (infinite slope).

2. (a) For sinz, —7m/2 < z < w/2; for cosz, 0 < x < m; for tanz, —7w/2 < & < 7/2; for secz,
0<z<mw/2orm/2<x<m.
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(b) y y = sin-1x y

1,
y = sinx y:cok
- X 1
X

NG
1l y = cosx

y y
y = tanx

= sec-l
Y = secX y = secx
21 y = tan-1x 2

y = sec-1x

‘ e /_
-T2 2 L «

w2

-1
-2 f: secx

(a) when the limit takes the form 0/0 or co/co

(b) Not necessarily; only if lim f(z) = 0. Consider g(z) = x; hn(l)g(m) = 0. For f(z) choose
Tr— 9

O . Cosx . . X
cosz, 2, and \J;|1/2. There are three possibilities; hn(l)— does not exist; hH(l)— = 0, and
Tr— €T x—0 @
) ‘ 1,|1/2
lim =400
x—0 1‘2

In the case +00—(—00) the limit is 4+00; in the case —oo—(400) the limit is —oo, because large positive
(negative) quantities are being added to large positive (negative) quantities. The cases +00 — (+00)
and —oco — (—o0) are indeterminate; large numbers of opposite sign are being subtracted, and more
information about the sizes is needed.

- 1/3
(a) w=ﬂm=8f—hy:f1@w:<*‘> S

8
(b) f(z) = (z — 1)%) f does not have an inverse because f is not one-to-one, for example
f0)=f(2) =1

(© = f)= (P +Ly=F"(2)=lnyz—T=1Lln@—1)

Y+ 2 . T+ 2
d = = — = =
@ o= 1=y = @ =1

, ad —bc . . . .

fl(x) = 53 if ad—bc = 0 then the function represents a horizontal line, no inverse. If ad—bc # 0

(cx + d)

then f/(x) > 0 or f'(z) < 0so f is invertible. If x = f(y) = ay +b b—zd

h = f1 =
g heny=1 (z)

rc—a

2 2 A
(a) Differentiating, gfb’l/g — gy’I/Sy’ —9 =0. Atz =1and y = —1, ¥ = 2. The tangent line is
y+1=2(xz—-1).

(b) (zy +y)coszy = y'. With x = 7/2 and y = 1 this becomes y' = 0, so the equation of the
tangent lineisy — 1 =0(z —7/2) or y = 1.

Draw equilateral triangles of sides 5, 12, 13, and 3, 4, 5. Then sin[cos~!(4/5)] = 3/5,
sin[cos™!(5/13)] = 12/13, cos[sin~!(4/5)] = 3/5, cos[sin"'(5/13)] = 12/13

(a) cos[cos™(4/5) +sin~'(5/13)] = cos(cos~!(4/5)) cos(sin ! (5/13)) — sin(cos~!(4/5)) sin(sin ! (5/13))
412 35 33

T 513 513 65
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10.

11.

12.

13.

14.

15.

16.

17.

136

(b) sin[sin!(4/5) 4+ cos™1(5/13)] = sin(sin(4/5)) cos(cos ! (5/13)) + cos(sin~*(4/5)) sin(cos*(5/13))

312 56

5
37513 65

i
4
)

3In (e*"(e")?) 4+ 2exp(In1) = 3Ine* + 3In(e”)® +2-1 =3(22) + (3-3)x + 2 = 15z + 2

Y =In(Ce") =InC + Ine! = InC + kt, a line with slope k and Y-intercept In C

xZ xZ xZ

: T 2\ 15 20,0 /.2 : 6_ — i R R
(a) ‘LEEIOC(e r ) Lkinoox (e /LL' 1)7 but :EEIFOC x ¢Egloo 2z ¢Er+noo 2 +oo

so lim (e“/2® — 1) = 400 and thus lim z*(e”/2* —1) = +o0
r——+00 T—+00

. Inz . 1/ 1 Inx . Inz 1
“)mﬁ_1£M§zﬂ¢ﬁqﬁﬂﬁ4§

(¢) lima®lna=Ina

z—0

y' = ae®® sin bz + be™ cos br and 3" = (a® — b%)e™ sin bx + 2abe® cos bz, so y” — 2ay’ + (a* + b*)y

= (a® — b?)e™ sin bx + 2abe®™ cos br — 2a(ae sin bx + be® cos bx) + (a? + b?)e™ sin bx = 0.

1 —2x

sin(tan™'2) = 2/v/1+ 22 and cos(tan"'x) = 1/y/1+ 22, and 3y = y" = 5, hence

1+ 22’ (14 22)
. -2 1
y" +2sinycos®y = T o9 T =0.

(+ a2 VT o (L 22

d d
Iny =2xIn3+ 7x1n5; d—z/y =2In3+ 7In5, or d—i =(2In3+7Inb5)y

do d d
Find — given @ a and & —b. From the figure
x=1 dt dt

dt
y=1

sinf =y/z; when x =y = 1, 2 = v/2. So 6 = sin"!(y/z) and
do 1 (1 dy vy dz) o @ Y

= — whenx =y =1.

T —2/22 2 I

X

(8) e = ~8/(e+ 1) M= f(4) = 3/(y+1) then y = (&) = (8/a) — 1, 50 - H(a) = s
L (@ 33
T 15 S R
(b) f(z) =€ f'(z) = 1e?/% If z = f(y) = €¥/? then y = f!(z) = 2Inz, so %f‘l(x) = ;; and
L o @2 gy e g1 _ 2
ey e
(a) y (b) The curve y = e */?sin 2z has z-intercepts
2 at x = 0,7/2. It intersects the curve y =

i; y=—e"?at x = —m/4,3n/4.
X

e %/ at 2 = 7 /4, and it intersects the curve
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18.

19.

20.

21.

(a)

(c)

(a)

(b)
(c)
(d)

(e)

(f)

(a)

(b)
(a)

(b)

Chapter 4

y (b) y
T 24
2}
X t X
1 1
y (d) y
2
- X
+ X 1
5
-2
In _In(l+2) ¥ z/(+2)-In(l+z) 1 (1 +2)
v= r oy x2 z(l+2) z?2

dy 1 oo (L))
—:—(1+x)<1/)1742

1
dr =z T In(L+ z)

! 1 d . 1 SR -
Iny =e’Inz, Y _ e (— +1nx>, Y peer (— +1nx> =e" [z + 2% Inz]
Y T dx x
y=2°+1s0y =322

—T
/

_ abe
Y= W +be )y

2 d 2 d
gxyfl/?’% + 23 4 gyxfl/g + xz/3£ = 2z. Multiply by 3z'/3y'/3:
. d . . 2 d a1
21:4/3d—y + 32"y + 29" + 3zy1/3d—y = 62*/%y'/3. Regroup:
T x
dy (o 43 13\ _ a.4/3.1/3 1/3 w3 dy 63y /3 — a3y — 293
%(Zz + 3zy >f6z y ' =3y — 2y e 915 + 3uy!/s

1 1
y= 51nx+ gln(x+ 1) —Insinz + Incos z, so

,_i+ 1 _cosz  sinz  Sx+3 — otz — tang
Y=o 3(x+1) sinz cosx 6x(z+1) ’

Find 2 when y = 5-12 = 60 in. Since y = logx, = 10Y = 10% in. This is approximately
2.68 x 10*? light-years, so even in astronomical terms it is a fabulously long distance.

Find = when y = 100(5280)(12) in. Since y = 10%, z = logy = 6.80 in or 0.57 ft, approximately.

0.2

The function Inz — 2" is negative at x = 1 and positive at © = 4, so it must be zero in between

(IVT).
z = 3.654
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22,

23.

24.

(a)
(b)

(c)

Inz 1

If 2¥ = e then klnz =z, or — = T The steps are reversible.
x

By zooming it is seen that the maximum value of y is
approximately 0.368 (actually, 1/e), so there are two distinct
solutions of z¥ = e” whenever k > 1/0.368 ~ 2.717.

xr =1.155

1 1
Set y =log,z and solvey =1: ¥y = —— =1soxz = b The

n

zIn
curves intersect when (z, ) lies on the graph of y = log, z, so

x = logy x. From Formula (9), Section 4.2, log, x =

Inb

Inz=1,2z=¢,Inb=1/e, b= e/ ~ 1.4447.

(a)

(b)

Find the point of intersection: f(z) =/ +k =Inxz. The
1

—_— = 2 = 4'

2\/57 \/E y L

slopes are equal, so m; = — =mgy =
x

Then In4d = V4 +k, k=1n4 — 2.

k 1
m:mgzg,sok\/}ZQ.
At the point of intersection kv/z = Inz, 2 =1Inz, z = €2,
kE=2]e.

Since the slopes are equal m; =

ey from which

138
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CHAPTER 5
Analysis of Functions and Their Graphs

EXERCISE SET 5.1

1. (a) f/'>0and f">0 (b) f'>0and f" <0

y y

/. S
/ / |

/
(¢) ff<Oand f">0 (d) ff<0Oand f"<0
y y

NG \
2. (a) y (b) y
(c) y (d) y

| NI

3. A:dy/dr <0, d’y/dz* >0 4. A: dy/dx <0, d*y/dz* <0
B: dy/dx > 0, d’y/dz* <0 B: dy/dx < 0, d*y/dz* >0
C: dy/dx <0, d’y/dx?* <0 C: dy/dx > 0, d*y/dx* < 0

139
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10.

11.

12.

13.

14.

15.

16.

17.

An inflection point occurs when f” changes sign: at x = —1,0,1 and 2.

(a) f(0) < f(1) since f' > 0 on (0,1).
(¢) f'(0) > 0 by inspection.

(e) f"(0) < 0 since f’ is decreasing there.

140

(b) f(1) > f(2) since f' <0 on (1,2).

(d) f’(1) =0 by inspection.

(f) f"(2) =0 since f’ has a minimum there.

(a) [4,6] (b) [1,4] and [6,7]
(d) (2,3) and (5,7) () ©=2,3,5
(1,2) | (2,3) | (3,4) | (4,5) | (5,6) | (6,7)
1 - - - + +
Fl+ [ -1+ 1+ -1-
fl(x)y=2x -5 (a) [5/2,+)
f(x) =2 (c) (—00,+00)
(e) none
fl(z) ==2(z+3/2) (a) (—o00,—3/2]
f”(x) =_92 (C) none
(e) none
f'(x) = 3(z +2)* (a) (—o0,+00)
f"(z) = 6(z +2) (c) (=2,+00)
(e) -2
f(x) =3(4 —a?) (a) [-2,2]
f'(x) = =6z (¢) (-00,0)
(e) 0
f(z) = 122%(x — 1) (a) [1,400)
f(z) = 36z(z —2/3) (c) (-00,0), (2/3,+00)
(e) 0,2/3
f(x) = dx(z® — 4) (a) [-2,0], [2,+00)
f'(x) = 12(2 — 4/3) () (—00,-2/V3), (2/V3,+00)
(e) —2/V3,2/V3
iy Az neoN 3z% -2
Fo)=Garae 0=y
(@) [0,+00) (b) (—00,0]
(d) (=00,—1/2/3), (+1/2/3,+0) () —/2/3,1/2/3
b 2— 22 v 2z(z% - 6)
(a) [7\/§a \/5} (b) (7007 7\/5]5 [\/57 +OO)
(d) (o0, —V6), (0,V6) (e) —v6,0,V6
fl@) = j(x+2)723 Ea) (=00, +00)
M) = —2(gp -5/3 c) (—o0,—-2)
(@) = =3 +2) ©

(c)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)

(d)

(c)

(c)

(b)
(d)

(1,2) and (3,5)

(—OO, 1]
(0,2/3)

(—o00, 2], [0,2]
(=2/V3,2/V3)

(=v/2/3,+v/2/3)

(—v6,0), (v/6,+00)

none
(_2’ +OO>
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18.

19.

20.

21.

22.

23.

24.

25.

26.

Fla) = 2217
f”(x) _gx—4/3
f,(x) = 4(;1;;31)
f,(x) = 4('1:3;2/13/4)
, 4z +1/2

fl(a) = (22 + 1)e”
f(x) = 22(222 + 3)e”’

" _ 1— 22
f(z) = 2m

() =22Inz +1)
f'(x)=2Inz+3

f(x) = —sinx
f'(x) = —cosx
(a) [, 2]

(¢) (w/2,37/2)
(e) =w/2,37m/2

f(xz) = 2sin4x
f"(x) = 8cosdx
(a) (0,7/4], [7/2,3m/4]

(a)
(c)
()

(a)
(c)
(e)

(a)
(c)
(e)

(a)
(c)
(e)

(a)
(c)
(e)

(a)

(c) (

(e)

(a)
(c)
(e)

(b)
(d)

(b)

(c) (0,7/8), (37/8,57/8), (7Tn/8,m) (d)

(e) =/8,3n/8, 57/8, Tr/8

[1/4,+00)
(—00, —1/2), (0, +00)
-1/2,0

(_007 O]
(—o0, —1), (1,+00)
1,1

(0,7/2), (37/2,27)

[w/4,7/2], [37 /4,7
(7/8,31/8), (57/8,Tm/8)

(b)
(d)

(b)
(d)

(b)
(d)

(b)

(d) (

(b)
(d)

(b)
(d)

(b)
(d)

Chapter 5
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27.

28.

29.

30.

31.

f'(x) = sec’ x

f"(x) = 2sec’ztanz

(a) (—w/2,7/2) (b) none

(c) (0,7/2) (d) (=7/2,0)
(e) 0

fl(x) =2 —csc’z

f(x) =2csc’xcotax = 2:1(;1832

(a) [m/4,3m/4] (b) (0,7/4],[37/4, )
(c) (0,7/2) (d) (7/2,m)
(e) w/2

f(x) = cos2x

f"(x) = —2sin2z

(a) [0,m/4], [37/4, ] (b) [7/4,37/4]
(c) (m/2,m) (d) (0,7/2)
(e) =/2

fl(x) = —2cosxsinz — 2cosx = —2cos z(1 + sin x)

-0.5

142

10
r r
2 2
-10
8
0 \}W
-2
0.5

f"(x) =2sinz (sinxz + 1) — 2cos’z = 2sinz(sinz + 1) — 2 + 2sin’ z = 4(1 + sinz) (sinz — 1/2)

Note: 1 +sinx > 0

(@) [r/2,3m/2]
(c) (7/6,57/6)
(e) w/6,57/6

(@ v

(b)

(b)
(d)

[0,7/2], [37/2, 2]
(0,7/6), (57/6,2m)

2

A/

/
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32.

33.

34.

35.

36.

37.

38.

Chapter 5

(@ v (b) v () v

41 4% 4

(a) f(x)=
(b) f(x)

For n > 2, f"(z) = n(n — 1)(x — a)""?; there is a sign change of f” (point of inflection) at (a, 0) if and
only if n is odd. For n =1, y = & — a, so there is no point of inflection.

(x —a)?, f"(z)

3 6(xz — a); inflection point is (a,0)
Az —a)’, f'(z) =1

2(x — a)?; no inflection points

f'(x) =1/3 —1/[3(1 + 2)*?] so f is increasing on [0, +-00) thus if 25

x>0, then f(z) > f(0)=0,14+2/3—-v1+x>0, i

Vi4+ax<1l42/3. -
0 = 10

0

f'(z) =sec’x — 1 so f is increasing on [0,7/2) thus if 0 < z < 7/2, 10

then f(z) > f(0) =0, tanz —z > 0, z < tanz.

o
\L
[SIE]

x > sinx on [0,+00): let f(x) =z —sinz. Then f(0) =0 and 4
f(x) =1—cosx >0, so f(x) is increasing on [0, +00).

07 \‘4

-1

(a) Let h(z) =e*—1—xz for x > 0. Then h(0) =0 and h'(z) =e* —1 > 0 for > 0, so h(x) is
increasing.
et h(z) =¢e*—1—2 — 52°. en =0 an r)=¢e"—1—x. Bypart (a),e*—1—2 >
b) Let h r—1 122, Then h(0) = 0 and A/ *—1-z. B r—1 0
for x > 0, so h(x) is increasing.
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39.

40.

41.

42,

43.

44.

45.

46.

() ¢
0 /2 0 2
0 0
Points of inflection at © = —2,+2. Concave up on (—5, —2) and 250

(2,5); concave down on (—2,2). Increasing on [—3.5829,0.2513] and
[3.3316, 5] , and decreasing on [—5, —3.5829] and [0.2513, 3.3316].

=250

Points of inflection at = +1/+/3. Concave up on (-5, —1/4/3) and 1
(1/+/3,5), and concave down on (—1/+/3,1/+/3). Increasing on
[—5, 0] and decreasing on [0, 5].

|
O
[

-2

Break the interval [—5, 5] into ten subintervals and check f”(x) at each endpoint. We find f”(—1) > 0
and f”(0) < 0. Refine [—1, 0] into ten subintervals; f”(—0.2) > 0, f”/(—0.1) < 0; repeat, f”(—0.18) > 0,
f"(—=0.17) < 0, so © = —0.175 is correct to two decimal places. Note also that f”(1) = 0 so there are
two inflection points.

Break the interval [—5,5] into ten subintervals and check f”(x) at each endpoint. We discover
f"(=1) >0, f"(0) < 0and f”(1) > 0. Refine [—1, 0] into ten subintervals and we see that f”(—0.6) > 0,
f"(=0.5) < 0. Subdivide [—0.6,—0.5] into 10 subintervals and we see that f”(—0.58) > 0 and
f"(—=0.57) < 0. Thus « = —0.575 is within 0.005 of the true root and is thus correct to two dec-
imal places. For the other root we could proceed in a similar manner, but it easier to note that f”(z)
is an even function and thus the other root is x = 0.575 to two decimal places.

(@) = 290303 — 8122 — 5852 + 397
(322 — bz + 8)3

the z-coordinates of the points of inflection of f(x) are the roots of the numerator (if it changes sign).

A plot of the numerator over [—5, 5] shows roots lying in [—3, —2], [0, 1], and [2, 3]. Breaking each of

these intervals into ten subintervals locates the roots in [—2.5, —2.4], [0.6,0.7] and [2.7,2.8]. Thus to

one decimal place the roots are x = —2.45,0.65, 2.75.

. The denominator has complex roots, so is always positive; hence

Y 225 + 523 + 1422 + 30z — 7
f(z) =
(22 + 1)52

. Points of inflection will occur when the numerator changes sign,

since the denominator is always positive. A plot of y = 22° + 523 4 142 + 30z — 7 suggests that there
is only one root and it lies in [0,1]. Subdivide into ten subintervals and determine that the root lies
between x = 0.2 and x = 0.3. Thus to one decimal place the point of inflection is located at = = 0.25.

flxy) — f(ao) = 22 — 22 = (w1 + 22) (21 — 29) < 0if 21 < 29 for 1, x5 in [0, +00), so f(x1) < f(x2)
and f is thus increasing.

1 1 —
fl@) = fla) = —— — = PP S 0if ay < s for x1, T3 in (0,400), so f(z1) > f(z2) and thus f
Iy X2 T1T2

is decreasing.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

Chapter 5

(a) If 2y < zy where x1 and x5 are in I, then f(z1) < f(z2) and g(z1) < g(z2), so f(x1) + g(x1) <
f(z2) + g(x2), (f +9)(z1) < (f + g)(z2). Thus f + g is increasing on I.

(b) Casel: If f and g are > 0 on I, and if 1 < x9 where z; and x5 are in I, then 0 < f(z1) < f(z2)
and 0 < g(z1) < g(x2), so f(z1)g(x1) < f(z2)g(wa2), (f - 9)(w1) < (f - g)(x2). Thus f-g is
increasing on I.

Case II: If f and g are not necessarily positive on I then no conclusion can be drawn: for example,
f(x) = g(x) = z are both increasing on (—o0,0), but (f - g)(x) = 2? is decreasing there.

(@) f(x) ==, g(x) =2z (b) flz)=a,g(x)=z+6 () flz)=2z,9(z)=x
1 b 1 b . . . .
(a) f"(x)=6ax+ 2b=6a(x + 3—), f"(x) =0 when z = ~3. f changes its direction of concavity
a a
at x = —— so —— is an inflection point.
3a 3a

(b) If f(z) = ax® + bx? + cx + d has three z-intercepts, then it has three roots, say x1, 2 and w3, so
we can write f(z) = a(x — z1)(z — x2)(x — x3) = az® + bx® + cx + d, from which it follows that

b 1
b= —a(x; + x2 + z3). Thus . g(xl + X9 + x3), which is the average.
a

(c) f(x)=a(2* - 322 +2) = x(x — 1)(z — 2) so the intercepts are 0, 1, and 2 and the average is 1.
f"(x) = 6x —6 = 6(x — 1) changes sign at z = 1.

b
f"(x) = 6z + 2b, so the point of inflection is at x = —3 Thus an increase in b moves the point of
inflection to the left.

(a) Let z; < x belong to (a,b). If both belong to (a,c] or both belong to [c,b) then we have
f(z1) < f(z2) by hypothesis. So assume 1 < ¢ < xy. We know by hypothesis that f(z;) < f(c),
and f(c) < f(z2). We conclude that f(z1) < f(z2).

(b) Use the same argument as in part (a), but with inequalities reversed.
By Theorem 5.1.2, f is increasing on any interval ((2n — 1)7,2(n + 1)7) (n = 0,£1,42,---), because

f'(x) =1+4cosz > 0on [(2n—1)7, (2n+1)7]. By Exercise 51 (a) we can piece these intervals together
to show that f(z) is increasing on (—o0, +00).

=767 1000
0 / 15
0

By zooming on the graph of 3/(t), maximum increase is at * = —0.577 and maximum decrease is at
x = 0.577.

y 56. y
2 41

infl pt

1 N 3

infl pts —>,

t 24 /\
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EXERCISE SET 5.2

1.

(a)

(c)

(a)

(c)

(a)
(b)

(a)

(b)

(c)

(a)
(b)

y (b) y
)

.

y (d) y

f(x)
f(x)

(b)

\X
—.
—

(d)

<

f'(x) =6x — 6 and f"(x) =6, with f/(1) = 0. For the first derivative test, f’ < 0 for z < 1 and
f/ >0 for x > 1. For the second derivative test, f”(1) > 0.

f'(z) =322 — 3 and f"(z) = 6z. f'(x) = 0 at x = £1. First derivative test: f’ > 0 for x < —1
and z > 1, and f' < 0 for —1 < z < 1, so there is a relative maximum at x = —1, and a relative
minimum at = 1. Second derivative test: f” < 0 at x = —1, a relative maximum; and f” > 0
at x = 1, a relative minimum.

f/(x) = 2sinz cosz = sin2x (so f/(0) = 0) and f”(x) = 2cos2z. First derivative test: if x is
near 0 then f/ < 0 for x < 0 and f' > 0 for x > 0, so a relative minimum at x = 0. Second
derivative test: f”(0) =2 > 0, so relative minimum at 2 = 0.

d(z) = 2tanzsec’z (so ¢’(0) = 0) and ¢"(x) = 2sec® x(sec’ x + 2tan’ z). First derivative test:
g <0 forx <0andg >0 for x> 0, so a relative minimum at = 0. Second derivative test:
g"(0) = 2 > 0, relative minimum at x = 0.

Both functions are squares, and so are positive for values of x near zero; both functions are zero
at x = 0, so that must be a relative minimum.

f(x) =4(x —1)3, ¢ (z) = 32> — 62+ 3 s0 f'(1) = g'(1) = 0.
f"(z) =12(z — 1)2, ¢"(x) = 62 — 6, so f"(1) = ¢"(1) = 0, which yields no information.

ff < 0forx < 1and f/ > 0 for z > 1, so there is a relative minimum at z = 1;
g'(x) = 3(x — 1)® > 0 on both sides of # = 1, so there is no relative extremum at = = 1.
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10.

11.

12.

13.

14.

15.

16.

(a)
(b)
(c)

(a)
(b)

(a)
(b)

(a)
(b)

(a)
(b)

(a)
(b)

(a)

(b)

(a)
(b)

(a)
(a)

(b)

(a)

Chapter 5

f'(x) = =52%, ¢'(z) = 122° — 242? s0 £'(0) = ¢'(0) = 0.
f"(z) = —202%, ¢"(z) = 362* — 48z, so f”(0) = ¢”(0) = 0, which yields no information.

f' < 0 on both sides of z = 0, so there is no relative extremum there; ¢'(z) = 122%(z — 2) < 0
on both sides of x = 0 (for = near 0), so again there is no relative extremum there.

() =322+ 62 —9=3(x+3)(z—1), f(x) =0 when x = —3,1 (stationary points).
f'(z) = da(x? = 3), f'(z) = 0 when x = 0, +1/3 (stationary points).

f'(x) = 6(z* — 1), f'(x) = 0 when z = £1 (stationary points).
f(x) =122 — 122? = 122%(x — 1), f'(z) = 0 when z = 0, 1 (stationary points).
f(x) 22) /(2% +2)%, f'(z) = 0 when x = £+/2 (stationary points).

f(x) = 22713 = 2/(32'/3), f'(x) does not exist when z = 0.

f'(x) =8z/(x*> + 1)2, f'(z) = 0 when 2 = 0 (stationary point).
f(x) = Yz +2)"2/3, f'(x) does not exist when z = —2.

4 1
f(z) = %, f/(x) =0 when 2 = —1 (stationary point), f’'(x) does not exist when x = 0.

f(x)= —3sin3x, f'() = 0 when sin3z = 0,3z = nm,n =0,£1,£2,---
x=nn/3,n=0,£1,%2, --- (stationary points)

4(x —3/2
f(z) = %, f'(x) =0 when x = 3/2 (stationary point), f'(x) does not exist when x = 0.
x
. sinz, sinx >0 cosz, sinx >0
fl@) = |sinz] = —sinz, sinz<0 °° Filz) = { —cosz, sinz <0 and f'(z) does not

exist when z = nm, n = 0,£1,£2,--- (sinz = 0) because lim, .- f'(z) # lmy_p.+ f/(z) (see
Theorem preceding Exercise 75, Section 3.3). Now f’(x) = 0 when + cosx = 0 provided sinz # 0
sox=7/2+nm,n=0,+1,£2 --- are stationary points.

x = 2 because f'(z) changes sign from — to + there.

x = 0 because f'(x) changes sign from + to — there.

x = 1,3 because f”(x) (the slope of the graph of f/(z)) changes sign at these points.

z=1 (b) z=5 (¢) z=-1,0,3

--0++0--0++

critical points z = 0, £v/5; f ‘ ‘ ‘
-5 0 5

x = 0: relative maximum; z = £+/5: relative minimum

oy . - == 0 + + +
critical point z = 0; f”: .
0
x = 0: relative minimum
s . +++0-0---0+
critical points z = 0,-1/2,1; f" L ‘
-1 9 1
2

x = 0: neither; z = —1/2: relative maximum; z = 1: relative minimum
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(b) critical points: x = £3/2, —1; f: 0" I**0°-
_3 -1 3
2 2
x = £3/2: relative maximum; z = —1: relative minimum

17. f'(x) = —2(z + 2); critical point = —2; f'(x): 7 0---
2

f(x) ==2; f"(-2) <0, f(—2) = 5; relative max of 5 at z = —2

+++0---0++ +
1 1

18. f'(z) = 6(z — 2)(x — 1); critical points = = 1,2; f'(z) :
1 2

f(x) =122 — 18; f"(1) <0, f7(2) > 0, f(1) =5, f(2) = 4; relative min of 4 at x = 2, relative max
of 5atx =1

19. f/(x) = 2sinxcosz = sin 2x; critical points x = /2, 7, 37/2; f/(x): 07 "0**0° "
m 3
2 2

m

f'(z) = 2cos2x; f"(7/2) <0, f'(m) >0, f"(37/2) <0, f(x/2) = f(37/2) =1,

f(m) = 0; relative min of 0 at x = m, relative max of 1 at = 7 /2, 37/2

--0+++++0- -
1

20. f'(z) =1/2 — cosz; critical points = 7/3, 57/3; f'(x):

f'(x) = —sinx; f’(w/3) <0, f"(57/3) > 0
f(n/3) = m/6 = /3/2, f(5m/3) = 57/6 + V/3/2;
relative min of 7/6 — v/3/2 at x = 7/3, relative max of 57/6 + v/3/2 at « = 57/3

21. f'(z) = 32% + 5; no relative extrema because there are no critical points.

22. f'(z) = 4z(2® — 1); critical points = = 0,1, -1
f"(x) = 1222 — 4; £7(0) < 0, f"(1) >0, f"(-=1) >0
relative min of 6 at x = 1, —1, relative max of 7 at z =0

23. f'(z) = (x — 1)(3xz — 1); critical points x =1,1/3
f(x) =6x—4; f"(1) >0, f'(1/3) <0
relative min of 0 at « = 1, relative max of 4/27 at z = 1/3

24. f'(z) = 22°(2z + 3); critical points z = 0, —3/2
relative min of —27/16 at x = —3/2 (first derivative test)

25. f'(z) = 4x(1 — 2?); critical points x = 0,1, —1
f”(l’) — 4 _ 12‘,1;27 f//(O) > 0’ f'//(l) < 07 f”(*l) < 0
relative min of 0 at x = 0, relative max of 1 at x =1, —1

26. f'(z) = 10(2z — 1)*; critical point = = 1/2; no relative extrema (first derivative test)
27. f'(z) = %x_1/5; critical point z = 0; relative min of 0 at x = 0 (first derivative test)

28. f'(z) =2+ 227 '/3; critical points z = 0, —1/27

relative min of 0 at « = 0, relative max of 1/27 at z = —1/27

29. f'(x) = 2x/(x® + 1)?; critical point x = 0; relative min of 0 at x = 0
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30.

31.

32.

33.

34.

35.

36.

37.

38.

Chapter 5

f'(z) = 2/(x + 2)% no critical points (xr = —2 is not in the domain of f) no relative extrema

f'(x) = 2z/(1 + 2?); critical point at = 0; relative min of 0 at x = 0 (first derivative test)

f'(x) = x(2 + z)e*; critical points at = = 0, —2; relative min of 0 at z = 0 and relative max of 4/e? at

x = —2 (first derivative test)

flx) =2 if |z| > 2, f(z) = 2z if |z| < 2,
f/(x) does not exist when x = £2; critical points z = 0,2, —2

relative min of 0 at x = 2, —2, relative max of 4 at z =0

fllx)y=—=1ifx <3, f'(x) =2z if > 3, f/(3) does not exist;

critical point x = 3, relative min of 6 at x = 3

f'(z) =2cos2zx if sin2z > 0, f'(x) = —2cos 2z if sin 2z < 0,
f(z) does not exist when x = 7/2, 7, 3w /2;

critical points © = 7 /4,37 /4,57 /4, Tr /4,7 /2, 7,37 /2
relative min of 0 at = 7/2, m, 37w/2; relative max of 1 at
x=m7/4,3n/4,57 /4, Tw /4

f'(x) = v/3 4+ 2cos x; critical points x = 57 /6,77 /6
relative min of 7v/37/6 — 1 at x = 77/6; relative max of
5v3m/6+1 at © = 57/6

f'(z) = —sin 2x; critical points = /2, 7, 37/2
relative min of 0 at x = 7/2,37/2; relative max of 1 at x =7

f'(z) = (2cosx — 1) /(2 — cos x)?; critical points x = 7/3,57/3
relative max of v/3/3 at x = /3, relative min of
—V/3/3 at x = 57/3

2r

TTTT T o0

L o o

oo (T T
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39.

40.

41.

42.

43.

44.

fl@) =z +1, f'(x) =1/z; f'(1/e) =0, f'(1/e) > 0;

relative min of —1/e at z = 1/e

T _ -
f(z)= —QL = 0 when z = 0. By the first derivative test
(ez + 671)2
f'(z) >0 for x <0 and f'(x) <0 for z > 0; relative max of 1 at
z=0

fl(x)=2z(1-2)e*®=0at 2 =0,1. f'(z) = (42° — 8z + 2)e **
f7(0) > 0 and f"(1) <0, so a relative min of 0 at z = 0 and a
relative max of 1/e? at x = 1.

/() =10/x — 1 =0 at z = 10; f"(z) = —10/2* < 0;

relative max of 10(In(10) — 1) ~ 13.03 at « = 10

Relative minima at x = —3.58,3.33; relative max at x = 0.25

Relative min at x = —0.84; relative max at x = 0.84

)
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-0.5
1
-2\ ]2
0
0.14
03[ }4
0

—
—T T T T T\ &
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45.

47.

48.

49.

50.

51.

Chapter 5

relative max at x = 0.255 46. relative max at x = 0.845

Relative min at x = —1.20 and a relative max at £ = 1.80

Relative max at x = —0.78 and a relative min at = 1.55
5 Kk , ko 223 —k ) 3
(a) Let f(x) = 2°+—, then f'(z) = 2r— — = ———. [ has arelative extremum when 22° —k = 0,
x x x

so k =223 = 2(3) = 54.
k — 2?

(b) Let f(z) = SUQL @+ R?

+k
k=2>=3>=09.

, then f'(z) =

(a) one relative maximum, located at x = n

0.3
Om 14
0
(®) f(z)=cx" Y-z +n)e®=0at x=n. Since f'(z) >0 for x < n and f'(z) <0 for
x > n it’s a maximum.

(a) f'(x) = —=xf(x). Since f(zx) is always (b) 1 U o(d)

positive, f'(x) =0at =0, f'(z) >0 et
for x < 0 and f'(x) <0 for z > 0, so
z = 0 is a maximum.

U

. f has a relative extremum when k — 22 = 0, so
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52. (a) relative minima at x = +0.6436,

relative max at x =0

y

2
18
16
14
12

-15 -1 -05

05 1 15

(b)

z = +0.6436,0

152

53. f'(x) = 3ax®+2bxr+c and f'(x) has roots at z = 0,1, so f/(x) must be of the form f'(x) = 3ax(x —1);
thus ¢ = 0 and 2b = —3a, b = —3a/2. f"(x) = 6ax + 2b = 6ax — 3a, so f’(0) > 0 and f"(1) <O
provided a < 0. Finally f(0) =d,sod=0; and f(1)=a+b+c+d=a+b=—a/2s0a= —2. Thus

f(z) = —22% + 322,

54. (a) Because h and g have relative maxima at xg, h(z) < h(z) for all z in I and g(z) < g(zo) for all
x in Iy, where I; and I, are open intervals containing x(. If z is in I; N I then both inequalities
are true and by addition so is h(z) 4+ g(x) < h(xo) + g(zo) which shows that h + g has a relative

maximum at x.

(b) By counterexample; both h(z) = —2? and g(x) = —22° have relative maxima at z = 0 but
h(z) — g(x) = 2? has a relative minimum at z = 0 so in general h — g does not necessarily have

a relative maximum at xg.

55. (a) y

f(zp) is not an extreme value.

EXERCISE SET 5.3

1. y=2%-22—3;
Y =2(z—1)
y/l:2

(b)

f(zp) is a relative maximum.

N

(c)

( )
\ ]

X0

-4

f(xg) is a relative minimum.
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2. y=1+x—2% y
Y =—2(x—1/2);
y'=-2 (3:2)

3. y:.CUS—3CC+1; y

' =3(z% - 1); ]

Y =3( ) “s

y" =6z ]
\©.)

la™

4. y=22% 32>+ 122+ 9; y
Y =6(2? —x +2);
y'=12(x - 1/2)

5. y=a'+22% - 1; y
y' = 4z*(z + 3/2); \ /
y'=12z(z + 1) N R %

TH -2
3 .43
(579
6. y=ua'—222—12; y
y = da(z? - 1);
10]

Y =12(z% - 1/3)
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7. y=a332% - 5);
y = 1522 (2 — 1);
y" = 30z(22% — 1)

1.-2
8. y=3x3(z+4/3); y
y =122 (x + 1);
y" = 36x(z + 2/3)
0,0
@ (35)

9. y=ua(xr—1)3%
y' = (e —1)(z-1)%
y' =612z —1)(x—1)

10. y =%z +5); y
y' = 52°(z +4);
y" = 2022 (x + 3)

(-4,256) 3007

/ (-3,162) 7(0’ 0

11. y=2z/(z—3); y

Y ==~ A\
y'=12/(x — 3)3 y=2 1 |

~—
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’—_ﬂ.
= (1271)27

(22 = 1)}

<

2 -1’

R P
bt
Yy = <x2_1)3

2’ —1

2?41

;o dr
Yy = ($2+1)27
" 4(1 —3372)

ERCESY

14. y=

X x ?

/_2$3+1

Yy = PR

/ /1
y =0 when z = — 5
R Ca)
Yy = o

20 — 1
Yy = p R

;2
Yy peg
//77£

=-—

Chapter 5

~(08,19) |

o
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-1
17. = —
YT B
;o 6> )
y_(x3+1)27
y 122(1—227)
o @+
8
18 =
Y 12
, 16z
V= a—)?
y 16(32% +4)
T (-2
rz—1
19. = —
y x2_47
;. 2 —2r+4
R
4 4
20 y=3—-—-—-—=7;
T
4z +2)
/ .
y_ xg I
v 8(z+3)
Il
z—1)2
21. y—( xQ);
2(x —1)
/_ .
y xs b
//_2(3_23:)
- 4

156
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Chapter 5
3 1
22, y=2+>-—; i
TSt T/ (V2,2+35y2)
;31 —a%) .~ W2,2+3
y = T
7 S == S
6(x2 —
y// — (‘T _ ) X
zd
23. (a) VI (b) I (c) III (d) Vv (e) IV (f) 1
24. (a) When n is even the function is defined only for « > 0; as n increases the graph approaches the
line y =1 for > 0.
y

(b) When n is odd the graph is symmetric with respect to the origin; as n increases the graph
approaches the line y = 1 for > 0 and the line y = —1 for = < 0.

25. y=+va2—-1; y
r_ T . 3
22—1
y// 1
2 _1)3/2
(22 —1)3/ ! X
26. v 12 — 4;
p 2z

Y7302 a4
S = 2(3z% + 4)
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27. y =2z + 3273,

y =2+ 22713
"n_ 72‘%74/3
3

29. y=ux(3— )/

32—=x)

23—z’

" _ 3(1‘ — 4)
4(3 — x)3/2

—

158

(0,0) 4

Ly

2.2

10

L3

(-2,-632)
-10

64 15

(4.2 (@* ?)

15
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32.

33.

34.

35.

36.

" 3vr—1

VTR o)

y = x + sinz;

y =1+cosz, y =0 when z = 7 + 2nm;

/!

n=0,+1,+2,...

Y =T — COST;

y =1+sinx;

y' =0 when z = —7/2 4 2nm;
y" = cos;

y" =0 when x = 7/2+nw
n=041,42,...

Yy =sinz 4 cosx;

1y = cosx — sinx;

y' =0 when © = 7/4 + nm;
Z

y" = —sinz — cos x;

y" =0 when x = 3r/4+ nr

Y= \/gcosx—i—sinx;

y = —v/3sinz + cos x;

y' =0 when z = 7/6 + n;
i

y' = —\/gcosx —sinz;
y”" =0 when x = 27/3 + nrw

Yy’ = —sinz; ¥ =0 when z = nrw

,,,,,,,,,,,,,,,,,,,,,,,,,,

Chapter 5
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37. y=sin’z, 0 << 2m
y' = 2sinz cos x = sin 2x;

y’ = 2cos2x

38. y==xatanz, —7/2 <z < 7/2;
y = zsec’ x + tanx;
y' = 0 when z = 0;
y" = 2sec’ z(z tanz + 1), which is always

positive for —7/2 < x < w/2

39. (a) lim ze® =400, lim ze" =0

T—+00 r——00
(b) y=wze"
y = (z+1)e

y/l — ($ + 2)627

40. (a) lim ze > =0, lim ze * = —o0

(b) y=ze2 ¢ =2 <x — —> e 2, y'=4(x — 1)67296

.t .t
41. (a) TEIFOC pri 0, zEIEloo pori —+00
(b) Y= 1’2/621 — 1’26721;
y =2z(1 — x)e
y" = 2(22% — 4z + 1)e 2
y" = 0if 222 — 42 + 1 = 0, when

g 3EVI6-8 V416_8 = 14+2/2~0.20,1.71

42. (a) lim z%e* = +oo, lim 2%e* =0.

T—+00 r——00

0.3

0.1

(0.5,0.18)

(1,0.14)

-0.1f

0.3

(1,0.14)

(1.71,0.10)

\\

0.0

1 2
(0.29, 0.05)

3

160
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43.

44.

45.

46.

(b)

(b)

(a)
(b)

(a)

(b)

(a)

(b)

Chapter 5

Y= 33262‘%; y
y = 2z(z + 1)e*;
Y = 2(22% + 4z + 1)e*; 03
y" = 0if 222 + 42+ 1 = 0, when 1,014 %2
—4++/16 -8
7= VS = 1 V228 029, -1T1 2N
3 2 1/ 00
(-0.29,0.05)
lir+n f(x) = +o0, lim f(z)= —o0
y = ze’’; _ y
y = (1+222)e"; 4 100
y" = 2x(3 + 22?)e”
no relative extrema, inflection point at (0,0) 0.0)
2 5
-100
h, S =1
fl(x) =223 V" so f'(x) <0 for & <0 and f/(x) >0 for . y
x > 0. By L’Hoépital’s Rule lim, . f'(z) = 0, so (by the first 1
derivative test) f(z) has a minimum at 2 = 0. A
f"(z) = (—62* + 42~ 5)e /" so f(x) has points of inflection
at = £,/2/3
0.
(—V273, e732) 4i¢ (V213, e32)
X

10 5 (0,00 5 10

1 1
ne _ . /x

lim y = lim zlnz = lim — = lim =0; y
x—>0+y .’L‘LOJr v z—0*t 1/.’17 z—0*" —1/.2?2 k

lim y =400

T—+00

y=zlnx,

y=1+nz, ¢y =1/z,
Yy =0 when x = ¢!

(et -eY)

Inx 1/z
lim y = lim —2 = lim —/>_ =0, y
rLH[]l*y IE’%}* 1/.’E2 QI“LH’OIJr —2/1’3
y=2a2’Inz,y =z(1 +2Inz), 01
y" =3+ 2Inuz, (e2 -39 .
y =0ifx=e1/? o1l
y' =0if x =e 32 '
hrgl+ y =0 -02 (ev2,-Le1)
T—
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47.

48.

49.

(a)

(b)

(a)

(b)

(a)

(b)

(c)

lim y = lim —- = —o0;

Iyl =

. . 1 1/x

Jm oy = Tm =5 = lim oy =0
Inz , 1—2Inz

lim (Inx)/v/x = —oo by inspection, lir+n (Inz)/Vx =

z—0*"

Rule.

Inz , 2-Inz

V=Y = e
_ —8+3nx

Y Ax5/2
y =0if x = €2,
Y 0

if x = e8/3

1"

lim y = —o0, lim y = +o0;
T——00 T—+00

curve crosses z-axis at x = 0,1, —1

lim y = 4o0;
r—+00
curve never crosses r-axis

lim y=—o0, lim y = 4o0;
T——00 r—+00
curve crosses r-axis at x = —1

li

r—

162

(ev2, 3e) (esi5, S e509)

X

1/x

12V

0.5

li 2
m —=
T—+00 \/E

= 0, L’Hopital’s

(e2, 2/e) (98/3' 36-4/3)

'
N

'
.

0.2

0.1

0.41

0.21

-0.21
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(d) lim y=+o0; y
r—+00
curve crosses z-axis at x =0, 1
04
AN
-1 1
50. (a) y y y
a b N a b X
/ |
a b
(b) y y
/\V a b
X
a b X
() y
a b g
X
51. (a) horizontal asymptote y = 3 as  — +o00, vertical asymptotes of Y
x =42 B
st
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(b) horizontal asymptote of y = 1 as x — Fo0, vertical asymptotes e
at z = +1 104 L
———————— N,
5 | | 5
ol b
(c) horizontal asymptote of y = —1 as & — £o00, vertical ‘
asymptotes at x = —2, 1 \
| x
T B
(d) horizontal asymptote of y = 1 as © — *o0, .
vertical asymptote at x = —1,2 10, \\
=
-5 ! 5
-10! :
52. y
arfwb
53. (d) v = (1 —bx)e ™, ¢y = b’(x — 2/b)e;
relative max at x = 1/b, y = 1/be; point of
inflection at & = 2/b, y = 2/be®. Increasing
b moves the relative max and the point of
o5l inflection to the left and down, i.e. towards
A the origin.
-0.2
54. (a) 1 (b) y = —2bze ™, y" = 2b(—1 + 2bx?)e ",

relative max at * = 0, y = 1; points
of inflection at z = :l:\/l/2 y = 1/4/e.
Increasing b moves the points of inflection
towards the y-axis; the relative max doesn’t
move.
-2 2
0
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55. (a) The oscillations of e* cos z about zero (b) y
increase as * — oo so the limit does not
exist.

2 1
(¢) The curve y = e* cos bz oscillates between y = ¢* and y = —e®. The frequency of oscillation
increases when b increases.
y a=3
101
j A
1 05 1 ‘ X
b=1
P R
56. lim [ﬂ — (ax + b)] = lim (z) = 0 because the degree of R(z) is less than
r—+00 Q(x) x—+00 Q(x)
the degree of Q(x).
22 2
57. y= x =x— — S0 y
x x
y = x is an oblique asymptote;
;o 22 +2
= I42 ,
X
y// _ _E
58 x> —2x—3 At 5 y
. ==z - SO
4 x4+ 2 x4+ 2 !
y = x — 4 is an oblique asymptote;
,_12+4:c—1 0 10 x=-2
@+2? VT @r2p |
0 Y 10
y=x-4 1| =(024,-15)
AN
| [2(-4.24,-10.48)
—2)3 122 — 8
59. y:Q:x—G—F x2 S0 y
x x
y = x — 6 is an oblique asymptote;
,_ (@—2=+4) ’
Yy=—"—""3 "> ’
x [/
, 24(z —2) ET R "
y'=——0 )
x (-4,-135) ]
e
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60.

61.

62.

63.

64.

65.

4— g3
y=—
,_ T+
3
//:%
24
1 1 (r—1)(z+1)?
y=otl x  a? 22 ’

y = x + 1 is an oblique asymptote;
,_ (e +1)(e? —x +2)

3 ’
y_ 2(z+3)

x4

The oblique asymptote is y = 22 so (22 — 3 +4) /2> =22, -3z +4 =0, x = 4/3.

lim [f(z) — 2% = lim (1/2) =0

r—+o00 r—+00
y:x2+l:x3+1 y/:2x_i:£
? 2 2 )
P 2(@3+1) ! v
Y'=2+ 5 ="F—",¢y =0whenz =1/V2~ 038,
X X

y=3V2/2~19;y"=0whenz=—1,y=0

2 2+ 3z — a8 2 2z + 1
y=3-—aty =217 x":*%*—?:*(xj)’
T 3x2 T T
(23 —
y”——2+—3:—Lj),y’:Owhenx:—l,y:&
T x
y" =0 whenz=v2~13,y=3

Let y be the length of the other side of the rectangle, then
L =2z + 2y and zy = 400 so y = 400/x and hence L = 2z + 800/x.

L = 2z is an oblique asymptote (see Exercise 48)

2(z? 4+ 4 2(z? -4
D oggy B0 2P HA00) 4, 800 (et 400)
T

x x
1600

L' = — L' =0 when z = 20, L = 80
x

T

100

20
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66. Let y be the height of the box, then S = x? + 4xy and 2%y = 500 so
y = 500/2” and hence S = x + 2000/ .

10001
The graph approaches the curve S = 22 asymptotically

(see Exercise 63)

2 342 2 2(z -1
G gp 2000 2000 o, 0(2)0: ( 2000)’ -
T % 2000) T T 30
4000 2
S =24 — = (2 =2 §7 = 0 when # = 10,8 = 300
x T
67. y =0.12*(6x — 5); y

critical points: z =0, x = 5/6;
relative minimum at z = 5/6,
y~—6.7x 1073

0,01
1 ~4
68. o' =0.1z'(z +1)(7z +5); y
critical points: © =0, v = —1, x = —=5/7,
relative maximum at x = —1, y = 0;
relative minimum at r = —5/7, y ~ —1.5 x 107*
0.001
77 X
1
kL?Ae "t kL?A
69. (a) Pt)= ——2C G s0oP(0)= """

(14 AekLt)2™7 (1+ A)?
(b) The rate of growth increases to its maximum, which occurs when P is halfway between 0 and

1
L, or when t = Tk In A; it then decreases back towards zero.

apP
(c¢) From (6) one sees that — is maximized when P lies half way between 0 and L, i.e. P = L/2.
This follows since the right side of (6) is a parabola (with P as independent variable) with

1
P-intercepts P = 0, L. The value P = L/2 corresponds to t = T In A, from (8).

70. Since 0 < P < L the right-hand side of (7) can change sign only if the factor L — 2P changes sign,

L 1
which it does when P = L/2 From (5) we have 5 = m, 1= Aekat, t= E In A.

SUPPLEMENTARY EXERCISES FOR CHAPTER 5

3 2?

4. (a) False; an example is y = 3 g on [—2,2]; = 0 is a relative maximum and z = 1 is a relative

1
minimum, but y = 0 is not the largest value of y on the interval, nor is y = 6 the smallest.
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6.

10.

(b)
(c)

(a)

(a)

(b)

(c)

(a)

(b)

(c)

lim

T——00

f'(z)

relative min at = = 0,
points of inflection when z =1/2,1,
no asymptotes

true

False; for example y = 2 on (—1,1) which has a critical point but no relative extrema

y (b) y (c)

T(x—=T)(x—1)
() —

f (.’I}) - 3CE2/3
neither at « = 0, relative max at « = 1, relative min at x = 7 (first derivative test)
f(x) =2cosxz(1 4 2sinz); critical points at « = 7/2,3w /2,77 /6, 117/6;

relative max at ¢ = 7/2,37/2, relative min at = 77 /6, 117/6

3vVr—1

; critical points at z = 0,1, 7;

fl(xz)=3- 5 critical points at x = 5; relative max at ¢ =5
_ 27 _

fl(x) = fSij f'(x) = ﬁ; critical point at x = 9; f”(9) > 0, relative min at z =9
3 —4 3 +8

pay =25t g =2t 1

critical point at x = 43, f(41/3) > 0, relative min at z = 4'/3

f'(x) =sinx(2cosx + 1), f"(x) = 2cos® x — 2sin® x + cos x; critical points at x = 27/3, 7,47 /3;
f"(2m/3) < 0, relative max at « = 2m/3; f”(7) > 0, relative min at = = m; f"(47/3) < 0, relative
max at x = 47 /3

() = +oo, lim_f(x) = +oo

= z(42® — 92 +6), f"(x) = 6(2z — 1)(z — 1)

1 2

TEIElocf(x) = —00, TETOOf(x) =400 (:0.42,0.18) | (.09
f(x) =23z — 2)2, f'(z) = 2*(5x — 6)(z — 2), ('0‘63’0'27)/\1- /1 — ’
" (z) = 4z(52% — 12z + 6)

» _ 8 +2V/31 o0
critical points at x = 0, E—

-200
8 —2v31
relative max at t = —— = —0.63
5 (2.82,-165.00) (3.83,-261.31)

relative min at x =

points of inflection at x = 0,

8 +2v31
+T\/_:3'83

Gi)—\/% =0,-0.42,2.82

no asymptotes
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11.

12.

13.

14.

15.

lim f(z) doesn’t exist
r—F00
f(z) = 2zsec?(z? + 1),
f"(x) = 2sec?(z? 4+ 1) [1 + 42? tan(2? + 1)]
critical point at x = 0; relative min at x =0

point of inflection when 1 + 422 tan(z® 4+ 1) = 0

vertical asymptotes at x = £, /7(n + %) -1,n=0,1,2,...

lim f(z) = —o0, lim f(x)=+4oc0
T——00 r—+400
fl(x) =1+sinz, f’(x) = cosx

critical points at x = 2nw + /2, n =0, £1,4+2,.. .,

no extrema because f’ > 0 and by Exercise 51 of Section 5.1,
f is increasing on (—oo, +00)

inflections points at © = nw + 7/2, n =0,+1,+2,...

no asymptotes

, z(z+5) . 223 + 152% — 25
o B —— =2——F——
F'(w) (22 4 2z + 5)2’ /@) (x2 4 22 + 5)3
critical points at x = —5,0;
relative max at x = —5,

relative min at x =0
points of inflection at x = —7.26, —1.44,1.20

horizontal asymptote y =1 as x — £o00

2 2 _
Py =32 22 ey = 62 22

critical points at x = +5v/3/3; )
relative max at x = —5v/3/3,

relative min at x = +5v/3/3

inflection points at x = :i:5\/m
horizontal asymptote of y = 0 as x — +o0,

vertical asymptote z =0

lim f(z) = +oo, liI+n flx)=—oc0
, T . <0
= f
F@) {—296 ' {x >0

critical point at x = 0, no extrema
inflection point at x = 0 (f changes concavity)

no asymptotes

Chapter 5

—TU
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16.

17.

18.

19.

20.

5—3x
3(1+ 2)V/3(3 — x)%/3’

f'@) =

" —
F@) = S )3 = 2y
critical point at x = 5/3;

relative max at x = 5/3
cusp at x = —1;
point of inflection at x = 3

oblique asymptote y = —x as * — o0

TETOCJC(J:) = +00

fllx) =14z, f"(x)=1/x
Ji () =0, i 1) = =
critical point at = 1/e;
relative min at z = 1/e

no points of inflection, no asymptotes

lim f(x)=+o0

r——+00

flx)y=22lnx+1), f'() =2Inz+3
lim f(z) =0, lim f'(z) =0

critical point at x = e~ /2,
relative min at z = e~ /2
point of inflection at z = e 3/2
1—2Inzx 6lnz —5
") = ‘ () =
flla) = = ) =
critical point at x = e/,
relative max at = = e!/2
5/6

point of inflection at x = e

horizontal asymptote y = 0 as  — 400

lim f(z) =+o0

T—F00 )
2x 11—z
/ "
= — = 2—
f (IIJ) .132+ 13 f (fﬂ) (Z‘2+1)2

critical point at x = 0;
relative min at £ = 0
points of inflection at z = £1

no asymptotes

170

[N
N

-0.1
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21.

22,

23.

24.

25.

1
1) = e, () =

critical point at x = 1;

T — 1x272$+2
er—mm8———

3

relative min at z = 1
no points of inflection
vertical asymptote = = 0,

horizontal asymptote y = 0 for £ — —o0

fl@) =1 —z)e™, ['(x) = (x—2)e™"
critical point at « = 1; relative max at x = 1
point of inflection at x = 2

horizontal asymptote y = 0 as x — +oo, lim f(z) = —o0
r——00

fl(x) =22 —2x)e! ™2, f"(x) = (2° — 4z + 2)el
critical points at x = 0, 2;
relative min at z = 0,
relative max at x = 2
points of inflection at z = 2 + /2
horizontal asymptote y = 0 as ¢ — +o0,
lim f(z) =400
T——00
fl(z) =223+ x)e" 1, f"(x) = z(x? + 62 + 6)e* !
critical points at x = —3, 0;
relative min at x = —3
points of inflection at z = 0, -3 £ /3
horizontal asymptote y =0 as + — —o0

lim f(x)=+o0
r——+00

(a) i (b)

—40

0.2

Chapter 5

0.4

400

(@) = 2% — —, f'(z) = 2
1

itical points at = +—;
critical pommts at * 120

relative max at x = —

relative min at x = —

20

2_05

-04
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(c) The finer details can be seen when graphing over 0.0001
a much smaller z-window.
-0.1 / / 0.1
—0.0001
26. (a) 200 (b) critical points at z = £v/2, %, 2;
relative max at x = —\/5,
relative min at z = /2,
_5 L ——— 1 J 5
relative max at z = %,
relative min at z = 2

27. (a) 6 (b) Divide y = 2%+ 1 into y = 2° — 8 to get the
asymptote ax + b=z

28. (a) plx)=2°—x (b) p(z) =2t —2?
(c) px)=a°—a2*— 23+ 22 (d) p(z)=2a"—a3

29. f'(z) =42% — 182 + 24z — 8, f'(z) = 12(x — 1)(z — 2)
ff(1)=0, (1) =2, f(1) =2; f"(2) =0, f'(2) =0, f(2) =3,
so the tangent lines at the inflection points are y = 22 and y = 3.

dy _dy dy dy cosx

30. cosz — (siny)— —=; == = 0 when cosz = 0. Use the first derivative test: —— = ———— an
(siny) dz dx’ dx dr  2+siny
2+siny > 0, so critical points when cosz = 0, relative maxima when z = 2nw + 7/2, relative minima

when ¢ =2nr — /2, n =0,+£1,42,...
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31.

32.

33.

34.

35.

Chapter 5

2z —1)(2*+x—7) P +x—7

= = 1/2 y
G v T e e vy LR ) |
horizontal asymptote: y = 1/3, 1‘\
vertical asymptotes: © = (—1++/13)/6

(x = 2)(2* + 2 +1)(2* — 2)

= b y
(a) f(x) @2 2+ 1) (b) i
a4l 4 3
- (@ =2)(=? +1) | |
2 i 1 i 3
| -2 |
(a) sinx = —1 yields the smallest values, and 3

sinx = 41 yields the largest

0

(b) f'(z) = €% cos z; relative maxima at x = 2nm + /2, y = e; relative minima at z = 2n7 — 7/2,
y=1/e;n=0,£1,£2,... (first derivative test)
(c) f"(z) = (1 —sinz —sin®x)es™?; f’(x) = 0 when sinz = t, a root of >+t —1 =0,
—1+v5 -1-+5
t = — ;sinx = —

145
%f, or & = 0.66624,2.47535

is impossible. So the points of inflection on 0 < x < 27 occur

when sinz =

f'(z) = 3az® +2bx +¢; f'(x) > 0 or f/(x) < 0 on (—o0,+0o0) if f/(x) = 0 has no real solutions so
from the quadratic formula (2b)? — 4(3a)c < 0, 4b* — 12ac < 0, b*> — 3ac < 0. If b* — 3ac = 0, then
f(x) = 0 has only one real solution at, say, = ¢ so f is always increasing or always decreasing on
both (—o0,c] and [¢, +00), and hence on (—oo, +00) because f is continuous everywhere. Thus f is

always increasing or decreasing if b> — 3ac < 0.
2
_1 \L/ / }

-0.5

(a) relative minimum —0.232466 at x = 0.450184
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36.

37.

38.

(b)

(c)

(b)
(a)

(c)
(d)

(a)

(b)
(c)

(d)
(e)

relative maximum 0 at = 0; 0.2
relative minimum —0.107587 at x = £0.674841

—-1.2|

1.2

-0.15

relative maximum 0.876839; at x = 0.886352; 1
relative minimum —0.355977 at © = —1.244155

15l . . 15

-0.4

f'(z) = 2+ 32% — 423 has one real root at z = 1.14, a relative max; so f is one-to-one for z < 1.14

f(1.14) = 3.07 so the domain of f~! is (—00,3.07) and the range is (—o0, 1.14); f~1(=1) = —0.70

0.5 (b) y=0atz=0; lim y=0

~ T—+00

0 - =/ 5
0

relative max at = 1/a, inflection point at x = 2/a

As a increases, the z-coordinate of the maximum and the inflection point move towards the
origin.

-2\ =2 -2\ =2

0 0

y=latz=a; lim y=4o0, lim y=0
T—+00

Tr——00

Since 3/ is always negative and 3" is always positive, there are
no relative extrema and no inflection points.

An increase in b makes the graph flatter.

An increase in a shifts the graph to the right.
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1 1
39. fl(z)=In(1+1/x)— - and f"(x) = m; so f” > 0if > 1 and therefore f’ is increasing on
[1,+00). Next, f/(1) =In2 — 1 < 0. Then by L’Hépital’s Rule,
In(1+1 —1/2?
lim zln(1+41/z) = lim M: lim [z =1
T—+00 T—+00 1/1‘ T—+00 (1 + 1/m)(—1/x2)
In(1+1 -1
and thus lirll fl(z)= hr+n zin(l + 1/z) is indeterminate.
T——+00 T—+00 xT

T z+1
Thus on [1,4+00) the function f’ starts negative and increases towards zero, so it is negative
on the whole interval. So f(z) is decreasing, and f(z) > f(z + 1). Set = n and obtain
In(1+1/n)"" > In(1+1/(n+ 1))"*2. Since Inz and its inverse function e® are both increasing,
it follows that (1+1/n)"™ > (14 1/(n+ 1))"*2.

1 1
By L’Hopital’s Rule lir+n f(z)= ligrn {ln (1 + —) — ] =0.

CALCULUS HORIZON MODULE CHAPTER 5

1. The sum of the squares for the residuals for line I is approximately 12+12+124024-224124+124+12 = 10,
and the same for line II is approximately 0%+ (0.4)? + (1.2)2 4+ 0%+ (2.2)? + (0.6)> + (0.2)? + 07 = 6.84;
line IT is the regression line.

2. (a) y=5.0357142862 — 4.232142857 O

14

10

4. r=0.9907002406
5. (a) S =2.155239850¢ + 190.3600714; r = 0.9569426456

(b) yes, because r is close to 1
(c) 244.241068 mi/h
(d) It is assumed that the line still gives a good estimate in the year 2000.

6. (a) Y =Iny=bx+Ina has slope b and Y-intercept Ina.
(b) y =a+ bX has slope b and y-intercept a.
(c) Y=Iny=blnzx+1Ina=>bX +1Ina has slope b and Y-intercept lna.
(d) The same algebraic rules hold.

7. (a) y = 3.923208367 - 02034589528 () v
30+
251
20 1
151
101

12345867
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8. (a) Tt appears that logT = a + blogd, so T = 10°d", an exponential model.
(b) logT = 1.719666407 x 10~* + 1.499661719 log d
(c) T = 1.000396046 d'-+99661719

(d) “The squares of the periods of revolution of the planets are proportional to the cubes of their
mean distances”

9. (a) T =27+57.8¢ 0041 (b) Ty =284.9°C (c) 53.19 min



CHAPTER 6
Applications of the Derivative

EXERCISE SET 6.1

1. relative maxima at x = 2, 6; absolute maximum at z = 6; relative and absolute minimum at z = 4

2. relative maximum at x = 3; absolute maximum at x = 7; relative minima at x = 1, 5; absolute minima

at x =1,5 y
3. (a) v (b) v (c) )
3 7
L O
‘\2/ 7
4. (a) y (b) NY/ (c) y
‘ X

5. f'(z) =8z —4, f'(x) =0 when x = 1/2; f(0) =1, f(1/2) =0, f(1) = 1 so the maximum value is 1
at x = 0,1 and the minimum value is 0 at = 1/2.

6. f'(x) =8—2x, f'(x) =0 when z =4; f(0) =0, f(4) = 16, f(6) = 12 so the maximum value is 16 at
x = 4 and the minimum value is 0 at z = 0.

7. f(z)=3(z—1)% f'(x) =0 when z = 1; f(0) = —1, f(1) =0, f(4) = 27 so the maximum value is 27

at £ = 4 and the minimum value is —1 at z = 0.

8. fl(x) = 622 —6x — 12 = 6(x + 1)(x — 2), f'(z) = 0 when z = —1,2; f(-2) = —4, f(-1) =7,
f(2) = —20, f(3) = —9 so the maximum value is 7 at x = —1 and the minimum value is —20 at z = 2.

9. f'(z) = 3/(42* + 1)*?, no critical points; f(—1) = —3/v/5, f(1) = 3/4/5 so the maximum value is
3/\/5 at = 1 and the minimum value is —3/\/5 at x = —1.

, 22z + 1
10. f(z) = W

f(=2) =23 f(=1) =0, f(—=1/2) = 4723, f(0) = 0, f(3) = 123 so the maximum value is 12%/% at
x = 3 and the minimum value is 0 at x = —1, 0.

f'(z) = 0 when = —1/2 and f'(z) does not exist when z = —1,0;

11. f'(z) = 1 —sec’z, f'(x) = 0 for x in (—7/4,m/4) when z = 0; f(—n/4) = 1 —m/4, f(0) = 0,
f(m/4) = w/4 — 1 so the maximum value is 1 — 7/4 at x = —7/4 and the minimum value is 7/4 — 1
at © = /4.

177
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

f'(x) = cosx +sinx, f(x) =0 for x in (0,7) when = = 37/4; f(0) = —1, f(37/4) = /2, f(x) =1 so
the maximum value is v/2 at z = 3m/4 and the minimum value is —1 at = 0.

_ p2 < _
10—-a’, |z] <3 f’()z{ 2o, o <3 thus f'(z) = 0 when = = 0,

_ 2
fay=1+p-at={ DT P28

2z, |z|>3
f/(x) does not exist for z in (—5,1) when x = —3 because /,hr%, fl(z) # “lin}ﬁ f'(z) (see Theorem
preceding Exercise 75, Section 3.3); f(—=5) = 17, f(=3) = 1, f(0) = 10, f(1) = 9 so the maximum
value is 17 at £ = —5 and the minimum value is 1 at z = —3.
e _ 6—4z, x<3/2 ooy -4, x<3/2 , .

f(z) =16 — 4z| = { 644z, w>3/2 fl(x) = L z>3/2 f/(x) does not exist when
x = 3/2 thus 3/2 is the only critical point in (—3,3); f(—=3) = 18, f(3/2) = 0, f(3) = 6 so the
maximum value is 18 at = —3 and the minimum value is 0 at « = 3/2.

f(x) = 2x — 3; critical point = 3/2. Minimum value f(3/2) = —13/4, no maximum.

f(z) = —4(xz 4 1); critical point z = —1. Maximum value f(—1) = 5, no minimum.
f'(x) = 122%(1 — x); critical points z = 0, 1. Maximum value f(1) = 1, no minimum because
lim f(z) = —oc.
T—+00
f'(x) = 4(2® + 1); critical point z = —1. Minimum value f(—1) = —3, no maximum.
No maximum or minimum because liz_n f(z) =400 and lim f(z) = —c0.
r—+00 T——00
No maximum or minimum because lir+n f(z) =400 and lim f(z)= —o0.

f(z) = z(z + 2)/(z + 1)% critical point # = —2 in (=5,—1). Maximum value f(—2) = —4, no
minimum.

f'(z) = —6/(x — 3)% no critical points in [~5,5] (z = 3 is not in the domain of f). No maximum or
minimum because lilgl+ f(z) = 400 and lirgl f(z) = —o0.

xr— r—9o
(22 — 1)? can never be less than zero because it is the square of 10

2? — 1; the minimum value is 0 for = 1, no maximum because
lim f(z) = +o0.

T—+00

-2 2
0
(r —1)%(x + 2)? can never be less than zero because it is the product 15
of two squares; the minimum value is 0 for x = 1 or —2, no
maximum because lim f(z) = 4oc.
T—+00
-3 /2
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25.

26.

27.

28.

29.

30.

5(8 —
f(z)= (3—1/;:), f/(x) =0 when x = 8 and f/(x) does not exist
T
when = =0; f(—1) =21, f(0) =0, f(8) =48, f(20) =0 so the
maximum value is 48 at x = 8 and the minimum value is 0 at
z = 0,20.

f(x) = (2— 2 /(x* +2)%, f'(x) =0 for z in the interval (—1,4)
when z = v/2; f(—1) = —1/3, f(v/2) = V2/4, f(4) = 2/9 so the
maximum value is v/2 /4 at x = V2 and the minimum value is
—1/3 at z = —1.

f'(z) = —1/2% no maximum or minimum because there are no
critical points in (0, 4+00).

f'(z) = (1 — %) /(2 + 1)?; critical point x = 1. Maximum value
f(1) = 1/2, minimum value 0 because f(x) is never less than zero
on [0,400) and f(0) = 0.

f'(z) = 2secwtanx —sec’ v = (2sinx — 1)/ cos® x, f/(x) = 0 for z in
(0,7/4) when = = 7/6; f(0) =2, f(7/6) = /3, f(7/4) =2v2 — 150
the maximum value is 2 at = 0 and the minimum value is v/3 at

x =7/6.

f'(z) =2sinzcosz —sinz =sinz(2cosz — 1), f/(x) =0 for z in
(—=m,7) when z =0, £+7/3; f(—7) = =1, f(—7/3) =5/4, f(0) =1,
f(m/3) =5/4, f(7) = —1 so the maximum value is 5/4 at

x = £7/3 and the minimum value is —1 at © = +.

= =
-~ > -~

N

Chapter 6

-0.4
25
0 PR — ] 10
0
0.5

20
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31.

32.

33.

34.

35.

36.

37.

f'(x) = 2?(2z — 3)e 2%, f'(x) = 0 for z in [1,4] when z = 3/2; 0.2
27 .
if  =1,3/2,4, then f(z) = e 2, §€73,64€78;

27
critical point at z = 3/2; absolute maximum of §6_3 at x = 3/2, L

absolute minimum of 64e8 at z = 4 |

-~/
~

0
, l1—-Inz
fl(x) = 5 , /() = 0 when z = ¢; 04
- -
absolute minimum of 0 at =z = 1;
absolute maximum of 1/e at z = e i
1 e
0
f(x) = —[cos(cosz)|sinz; f'(x) =0 if sinz = 0 or if cos(cosz) = 0. L
If sinxz = 0, then « = 7 is the critical point in (0, 27); cos(cosz) =0
has no solutions because —1 < cosz < 1. Thus f(0) = sin(1), \ /
f(m) =sin(—1) = —sin(1), and f(27) = sin(1) so the maximum 0 ‘ on
value is sin(1) =~ 0.84147 and the minimum value is
—sin(1) &~ —0.84147. -
-1
f(x) = —[sin(sinz)] cosz; f'(x) =0 if cosz = 0 or if sin(sinz) = 0. 15
If cosx = 0, then & = 7/2 is the critical point in (0, 7);
sin(sinx) = 0 if sinx = 0, which gives no critical points in (0, 7).
Thus f(0) =1, f(7/2) = cos(1), and f(7) =1 so the maximum \/
value is 1 and the minimum value is cos(1) ~ 0.54030. |
0 &
0
y 4, z<1 , . .
fl(x) = 9p— 5 w51 5O f'(x) =0 when z = 5/2, and f'(z) does not exist when z = 1 because

liI{li f(z) # 111{1+ f'(z) (see Theorem preceding Exercise 75, Section 3.3); f(1/2) = 0, f(1) = 2,
f(5/2) = —=1/4, f(7/2) = 3/4 so the maximum value is 2 and the minimum value is —1/4.

f'(x) = 2x + p which exists throughout the interval (0,2) for all values of p so f'(1) = 0 because
f(1) is an extreme value, thus 2 +p = 0, p = —2. f(1) = 3 so 12 + (=2)(1) + ¢ = 3, ¢ = 4 thus
f(x) =2% -2z +4 and f(0) =4, f(2) =4 so f(1) is the minimum value.

sin 2z has a period of 7, and sin4x a period of 7/2 so f(x) is periodic with period m. Consider the
interval [0, 71]. f'(x) = 4cos 2z +4cosdx, f'(x) = 0 when cos 2z + cos4x = 0, but cos 4z = 2 cos® 2z — 1
(trig identity) so
2cos’ 2z 4+ cos2r — 1 =0
(2cos2x —1)(cos22x+1) =0
cos2x =1/2 or cos2z = —1.
From cos2z = 1/2, 2z = w/3 or 57/3 so x = 7/6 or 5m/6. From cos2x = —1, 2x = 7 so x = /2.
f(0) =0, f(r/6) = 3/3/2, f(n/2) =0, f(57/6) = —3v/3/2, f(7) = 0. The maximum value is 3v/3/2
at x = 7/6 4+ nm and the minimum value is —3v/3/2 at = 57/6 + nm, n =0, £1,42, - - -.
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38.

39.

40.

41.

42.

43.

44.

Chapter 6

cos g has a period of 67, and cos g a period of 47, so f(x) has a period of 127. Consider the interval

[0,127]. f'(z) = —sing — sin g, f'(x) = 0 when sin% + sing = 0 thus, by use of the trig identity

b —-b 5 5
sina + sinb = 2sina+ cosa—, 2sin or cos (71) = 0 so Sin—x =0 or cosi = 0. Solve
2 2 12 12 12 12

)
sinl—g = 0 to get x = 12« /5, 247/5, 367 /5, 487w /5 and then solve cos % = 0 to get x = 6m. The

corresponding values of f(x) are —4.0450,1.5450,1.5450, —4.0450,1,5,5 so the maximum value is 5
and the minimum value is —4.0450 (approximately).

Let f(z) = x —sinz, then f'(x) =1 — cosz and so f'(z) = 0 when cosxz = 1 which has no solution
for 0 < # < 27 thus the minimum value of f must occur at 0 or 27. f(0) =0, f(27) = 27 so 0 is the
minimum value on [0, 27] thus  —sinz > 0, sinz < z for all z in [0, 27].

Let f(z) =Ilnx — x4+ 1, then f'(z) =1/x — 1 and so f'(z) =0 at = = 1. Since ‘lir{)l+ f(z) = —o0 and
lim f(x) = —oo, f(z) has a maximum of f(1) =0 at x = 1 and so f(z) <0 for 0 < z < +00, so

T—+00

Inz <2 —1 on (0,+00).

Let m = slope at x, then m = f'(z) = 32 — 6z + 5, dm/dx = 6z — 6; critical point for m is x = 1,
minimum value of m is f'(1) = 2

64cosz  27sinz  —64cos’z + 27sin’x
a "(x) = — + = , f'(z) = 0 when
() /X ) sin’ x cos? x sin’ x cos? @)
27sin*x = 64cos’x, tan®x = 64/27, tanxz = 4/3 so the critical point is = z, where

tanzy = 4/3 and 0 < zy < 7/2. To test x( first rewrite f'(x) as

() = 27 cos® z(tan® x — 64/27) 27 cos z(tan® x — 64/27)

; X ;
sin® z cos? x sin’ x

if x < o then tanz < 4/3 and f'(x) < 0, if £ > x( then tanxz > 4/3 and f'(z) > 0 so f(=z) is
the minimum value. f has no maximum because ,,h%ﬂ f(x) = +o0.

(b) If tanzy = 4/3 then (see figure)
sinzy = 4/5 and coszg = 3/5
so f(xg)=64/sinxy + 27/ cosxg

= 64/(4/5) +27/(3/5) 7|
=80+ 45 = 125
3
22(2% — 2422 + 1922 — 640 [
F(z) = oz v e ); real root of % — 2422 4+ 192z — 640 at = = 4(2 + /2). Since

(x —8)?
lirél‘ flz) = 1i111 f(z) = 400 and there is only one relative extremum, it must be a minimum.
€r— T—1T00

ac K Cat bt ac B
(a) 7 7a—b(ae be ™) so i =0att=

C(0) =0, Hlir+n C(t)=0, C(t) >0 for 0 <t < 400, so it is an absolute maximum.

1 b
_n(a/ b)' This is the only stationary point and

(b) 07
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45.

46.

47.

48.

49.

50.

The slope of the line is —1, and the slope of the tangent to y = —2? is —2x so -2z = —1, z = 1/2.
The line lies above the curve so the vertical distance is given by F(z) = 2 — 2 + 2% F(-1) = 4,
F(1/2) =17/4, F(3/2) = 11/4. The point (1/2,—1/4) is closest, the point (—1,—1) farthest.

The slope of the line is 4/3; and the slope of the tangent to y = 2® is 322 so 32% = 4/3, 2® = 4/9,
x = £2/3. The line lies below the curve so the vertical distance is given by F(z) = 2® — 42/3 + 1;
F(-1) =4/3, F(-2/3) = 43/27, F(2/3) = 11/27, F(1) = 2/3. The closest point is (2/3,8/27), the
farthest is (—2/3, —8/27

The absolute extrema of y(t) can occur at the endpoints ¢t = 0,12 or when dy/dt = 2sint = 0, i.e.
t=0,12,kn, k = 1,2, 3; the absolute maximum is y = 4 at ¢t = 7, 37; the absolute minimum is y = 0
at t =0,2m7.

(a) The absolute extrema of y(t) can occur at the endpoints ¢ = 0, 27 or when
dy/dt = 2cos2t — 4sintcost = 2cos2t —2sin2¢t =0, t = 0, 2w, /8, 57/8,97/8,137/8,;
the absolute maximum is y = 3.4142 at t = 7/8,97/8; the absolute minimum is y = 0.5859
at t = 5m/8,13w/8.
dx 2sint 41

(b) The absolute extrema of z(t) occur at the endpoints ¢ = 0, 27 or when pri @t smi? =0,

t =7m/6,117/6. The absolute maximum is = 0.5774 at ¢t = 117/6 and the absolute minimum
is x = —0.5774 at t = 77 /6.

b
f/(x) = 2ax + b; critical point is z = ~ 5

is the minimum value of f, but

f”()2a>030f< >
f (i) = a( ) < > b24—;4ac thus f(z) > 0 if and only if
>

32
f<£>20 b + 4dac

e 0, —b>+4ac>0, > —4ac <0

Use the proof given in the text, replacing “maximum” by “minimum” and “largest” by “smallest” and
reversing the order of all inequality symbols.

EXERCISE SET 6.2

1.

Let = one number, y = the other number, and P = xy where z + y = 10. Thus y = 10 — z so
P = 2(10 — z) = 10z — 2? for x in [0,10]. dP/dz = 10 — 2x, dP/dx = 0 when z = 5. If x = 0,5,10
then P =0,25,0 so P is maximum when z = 5 and, from y = 10 — z, when y = 5.

Let z and y be nonnegative numbers and z the sum of their squares, then z = 22 + 4. But t+y = 1,
y=l-zsoz=a’+(1—-2)>=222-20+1for 0 <2 < 1. dz/dx = 4x — 2, dz/dx = 0 when z = 1/2.
If 2 =0,1/2,1 then 2 = 1,1/2,1 so

(a) zis as large as possible when one number is 0 and the other is 1.

(b) =z is as small as possible when both numbers are 1/2.

If y=a+1/x for 1/2 < 2 < 3/2 then dy/dxr = 1 —1/2> = (2* — 1)/2?, dy/dx = 0 when z = 1. If
x=1/2,1,3/2 then y =5/2,2,13/6 so

(a) y is as small as possible when z = 1. (b) y is as large as possible when z = 1/2.
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10.

A = 2y where x + 2y = 1000 so y = 500 — 2/2 and A = 500z — 2°/2
for  in [0,1000]; dA/dx = 500 — z, dA/dz = 0 when x = 500. If

2 = 0 or 1000 then A = 0, if z = 500 then A = 125,000 so the area
is maximum when = = 500 ft and y = 500 — 500/2 = 250 ft.

Let  and y be the dimensions shown in the figure and A the area,
then A = zy subject to the cost condition 3(2x) + 2(2y) = 6000, or
y = 1500 — 3z/2. Thus A = (1500 — 3z/2) = 1500z — 3x%/2 for = in
[0,1000]. dA/dx = 1500 — 3z, dA/dx = 0 when x = 500. If x =0 or
1000 then A = 0, if x = 500 then A = 375,000 so the area is greatest
when = 500 ft and (from y = 1500 — 3x/2) when y = 750 ft.

Let x and y be the dimensions shown in the figure and A the area of
the rectangle, then A = zy and, by similar triangles,

/6= (8—1y)/8, y=8—4x/3 s0o A= x(8 — 4z/3) = 8z — 42?/3 for
x in [0,6]. dA/dx =8 — 8z/3, dA/dx =0 when z =3. If 2 =0, 3,6
then A =0,12,0 so the area is greatest when = 3 in and (from
y=8—4x/3) y=4in.

Let z, y, and z be as shown in the figure and A the area of the
rectangle, then A = xy and, by similar triangles, z/10 = y/6,

z = 5y/3; also /10 = (8 — z)/8 = (8 — 5y/3)/8 thus
y=24/5—12x/25 so A = x(24/5 — 122/25) = 24z /5 — 122% /25 for
x in [0,10]. dA/dx = 24/5 — 24x/25, dA/dx = 0 when = = 5. If

x =0,5,10 then A =0,12,0 so the area is greatest when z = 5 in.
and y = 12/5 in.

A = (2z)y = 2ry where y = 16 — 22 so A = 32z — 223 for 0 < x < 4;
dA/dx = 32 — 622, dA/dx = 0 when x = 4/V/3. If x = 0,4//3,4
then A = 0,256/(3v/3),0 so the area is largest when = = 4/v/3 and
y = 32/3. The dimensions of the rectangle with largest area are
8/v/3 by 32/3.

A = xy where 2% + y? = 20% = 400 so y = v/400 — 22 and

A = 2400 — 22 for 0 < x < 20; dA/dz = 2(200 — 2%)/+/400 — 22,
dA/dx = 0 when = /200 = 10v/2. If 2 = 0,10v/2, 20 then

A =0,200,0 so the area is maximum when z = 10v/2 and

y = /400 — 200 = 10v/2.

Let x and y be the dimensions shown in the figure, then the area of
the rectangle is A = xy.

2 1
But (3) +y* = B2 thus y = VB2 = 27/4 = S VAR =27 so
1
A= 22V 4R? — 22 for 0 < x < 2R. dA/dx = (2R* — 2?) /V4R? — 22,

dA/dr = 0 when x = v2R. If x = 0,/2R,2R then A =0, R?,0 so
the greatest area occurs when x = V2R and Yy = \/§R/2.

Stream

Heavy-duty

Standard
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11.

12.

13.

14.

15.

16.

17.

Let z = length of each side that uses the $1 per foot fencing,
y= length of each side that uses the $2 per foot fencing.
The cost is C = (1)(2z) + (2)(2y) = 2z + 4y, but A = zy = 3200 thus y = 3200/ so
C'=2x+12800/x for x > 0,
dC/dx =2 — 12800/22, dC/dx = 0 when z = 80, d*C/dz* > 0 so

C is least when x = 80, y = 40.

A =zy where 20 +2y =psoy =p/2 —z and A = px/2 — 2% for =
in [0,p/2]; dA/dx = p/2 — 2z, dA/dx =0 when z = p/4. f z =0 or y
p/2 then A =0, if x = p/4 then A = p?/16 so the area is maximum
when & = p/4 and y = p/2 — p/4 = p/4, which is a square.

Let = and y be the dimensions of a rectangle; the perimeter is p = 2z + 2y. But A = xy thus
y=Ajx sop=2x+2A/x for x >0, dp/dx = 2 — 2A/2> = 2(2> — A)/2*, dp/dx = 0 when = = VA,
d*p/dx?® = 4A/x* > 0 if x > 0 so p is a minimum when z = VA and y = VA and thus the rectangle
is a square.

With z, y, r, and s as shown in the figure, the sum of the enclosed | 12 |
Y & e Xy |

m
circumference of the circle and y is the perimeter of the square, thus
2 2
Azx——i—y—. But z+y =12, s0 y =12 — x and
4r 16
22 (12—-2)* 7+4 , 3
= = - = f <z <12.
T lor © gt tofrOsws

dA 7w+4 3 dA 127 127
= —_—_ — = VVh = . If = -
dx st ¢ 2 dr 0 when & T+d 7 0’71'—!-4

then A =9, ﬁ, % so the sum of the enclosed areas is
T+4 7

(a) a maximum when z =12 in. (when all of the wire is used for the circle)

areas is A = mr? + s where r = 5 and s = 1 because x is the o

.12

(b) a minimum when z = 127 /(7 + 4) in.

dN
(a) — =250(20 - t)e ™ =0 at t = 20, N(0) = 125000, N (20) ~ 161788, and N(100) ~ 128,369;

the absolute maximum is N = 161788 at ¢t = 20, the absolute minimum is N = 125000 at t = 0.

» dN &N L
(b) The absolute minimum of —; oceurs when proa 12.5(t — 40)e™"*" =0, ¢t = 40.

The area of the window is A = 2rh + 7r?/2, the perimeter is

1
p:2r—|—2h+7r7“thush:5[p—(2+7r)7“]so !
A=r[p— (2+m)r] +7mr?/2
=pr—(2+m/2)r? for 0 <r <p/(2+7),
dA/dr =p— (4+m)r, dA/dr =0 when r = p/(4 + 7) and

d?A/dr* < 0, so A is maximum when r = p/(4 + 7). —2r—

V =x2(12 —2z)? for 0 < 2 < 6; dV/dz = 12(x — 2)(x — 6), e

dV/dx =0 when x =2 for 0 < x < 6. If x = 0,2,6 then [ X

V =0,128,0 so the volume is largest when z = 2 in. X X
1

I
|
I
L [12-2x
|
I
|
I
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20.
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22.

23.

24.
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The dimensions of the box will be (k —2x) by (k—2x) by x so V = (k — 22)%x = 42® — 4ka® + k*x for
zin [0,k/2]. dV/dx = 122% — 8kx + k* = (6x — k)(2z — k), dV/dx = 0 for z in (0,k/2) when x = k/6.
If # = 0,k/6,k/2 then V = 0,2k®/27,0 so V is maximum when z = k/6. The squares should have
dimensions k/6 by k/6.

Let = be the length of each side of a square, then V = (3 — 2x)(8 — 2x) = 42° — 222% 4 24z for
0<x<3/2; dV/de =122 — 44z + 24 = 4(3x — 2)(z — 3), dV/dx = 0 when x = 2/3 for 0 < z < 3/2.
If £ = 0,2/3,3/2 then V = 0,200/27,0 so the maximum volume is 200/27 ft3,

Let © = length of each edge of base, y = height. The cost is

C = (cost of top and bottom) + (cost of sides) = (2)(222) + (3)(4zy) = 42? + 122y, but

V = 2%y = 2250 thus y = 2250/2% so C = 422 + 27000/ for z > 0, dC/dzx = 8z — 27000/ x?,
dC/dx = 0 when x = v/3375 = 15, d>C'/dz* > 0 so C' is least when z = 15, y = 10.

Let x = length of each edge of base, y = height, k = $/cm? for the sides. The cost is
C = (2k)(22°) + (k)(4zy) = 4k(2? + xy), but V = 2%y = 2000 thus y = 2000/2? so
C = 4k(z* 4+ 2000/z) for x > 0 dC/dx = 4k(2x — 2000/2?), dC/dz = 0 when

= /1000 = 10, d*C/dx® > 0 so C is least when z = 10, y = 20.

Let = and y be the dimensions shown in the figure and V' the
volume, then V = z2y. The amount of material is to be 1000 ft, '
thus (area of base) + (area of sides) = 1000, z% + 4zy = 1000, Y
1000 — 22 1000 — 2% 1
y:szoV:xQTx:Z(IOOOx—x?’) for i -
(gl; *310 av
1

I 4(1000 32?), i 0 when z = /1000/3 = 10,/10/3.

x x

5000
If 2 = 0,10,/10/3,10/10 then V = 0, —\/10 ,0;
the volume is greatest for x = 10,/10/3 ft and y = 54/10/3 ft.

Let © = height and width, y = length. The surface area is S = 22+ 3xy where 2%y =V, so y = V/x?
and S = 22% + 3V/z for x > 0; dS/dx = 4x — 3V /22, dS/dx = 0 when x = {/3V /4, d*S/dx* > 0 so S

s/ 3V 4,13
is minimum Whenx:\s/z7 y= -9 _V
4 3V 4

Let r and h be the dimensions shown in the figure, then the volume

of the insgribed cylinder is V' = 7r2h. But — 6
r2+<g):R2thusr2:R2—hZ2 i

h? B3
o =e (=) rme () ANEID
for 0 < h < 2R. %ZW(R__}LQ) Cg}i 0 ~——%,

4 .
when h = 2R/v3. If h = 0, 2R//3,2R then V = 0, —FRS,O so the volume is largest when

3v3
h=2R/v/3 and r = \/2/3R.
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25.

26.

27.

28.

29.

Let r and A be the dimensions shown in the figure, then the surface
area is S = 2mrh + 2mr.

h

But 7% + ( > = R? thus h = 2V/R? — % so
S =4nrvVR2 —r2 + 2112 for 0 < r < R,
dS  4n(R%—2r?%) ds
— = —————2>+47r; — =0 when
dr R? —r? dr ~—=

R? — 2r? i

Sl — ()

RZ_ 2

R?* —2r* = —p/R2 — 2
R —4AR*r? + 4rt = r?(R? — r?)
5r —5R*r? + R* =0

2+ /25R" — 20R* + [5+
and using the quadratic formula 7 = gl 15(? 0Ff = _2 \/_ R of which

only r =4/ s \/_R satisfies (). If r = 0,4/ bt \/_R 0 then S = 0, (54 V5)7R%, 27 R? so the surface

area is greatest when r = 4/ > J;O\/BR and, from h = 2/ R2 — 12, h = 2 5— \/5R.

Let R and H be the radius and height of the cone, and r and A the
radius and height of the cylinder (see figure), then the volume of the

—h
cylinder is V = mr?h. By similar triangles (see figure) T = %
thus I I I
h = E(Rfr) soV = WE(R* r)r? = WE(RT2 —r3) for 0 <r <R.
dv H H dv

- == N — 2 — J— — _— =
o 7rR(2Rr 3r) WRT(QR 3r), o Ofor0<r<R

when r = 2R/3. If r = 0,2R/3, R then V = 0,47 R*H /27,0 so the

ATR’H 41
W27 =537 TR’H = g (volume of cone).

maximum volume is

From (13), S = 27r? + 2nrh. But V = 7r?h thus h = V/(7r?) and so S = 2mwr? + 2V/r for r > 0.
dS/dr = 4rr — 2V/r?,dS/dr = 0 if r = J/V/(27). Since d*S/dr* = 47 + 4V /r® > 0, the minimum
surface area is achieved when r = {/V/2m and so h = V/(nr?) = [V/(7r?)|r = 2r.

S — 27r? 1
V = 7r’h where S = 2712 + 27rh so h = 27:7“, V= 5(57“ —27r®) for 7 > 0.
T
v 1 %
= 2(5 6mr?) = 0 if r = \/S/(67), e —67r < 0 so V' is maximum when
S—2nr? S —2mr? S—5/3
S/(6m) and h = 2m7~TT = an??W r o= 5/3/ r = 2r, thus the height is equal to the

diameter of the base.

The surface area is S = 7r® 4+ 2wrh where V = mr?h = 500 so
h = 500/(mwr?) and S = 7r? + 1000/r for 7 > 0;

dS/dr = 2mr — 1000/r% = (2773 — 1000) /72, dS/dr = 0 when
r = /500/m, d*S/dr* > 0 for r > 0 so S is minimum when

500 500 500
= = — = — =
r = +/500/7 and h = e B4 7r(500/77)\/500/7r
= {/500/7.
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32.
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The total area of material used is
A = Atop + Abottom + Asiae = (2r)* + (2r)? + 27rh = 87 + 27rh.

The volume is V = 7r?h thus h = V/(7r?) so A = 8% + 2V/r for r > 0,
dA/dr = 16r — 2V/r? = 2(8r* — V) /r?, dA/dr = 0 when r = v/V /2. This is the only critical point,

d’?A/dr? > 0 there so the least material is used when r = V'V /2, % = V/(:AW'Q) = %73 and, for
5 T TV ow
—VV/2, - = = _.
rEVV TR TR

Let 2 be the length of each side of the squares and y the height of the frame, then the volume is V' = 22y.
The total length of the wire is L thus 8z +4y = L, y = (L—8z)/4s0 V = 2?(L—8z)/4 = (Lz*—82%) /4
for 0 < o < L/8. dV/dx = (2Lz — 242%)/4, dV/dx = 0 for 0 < < L/8 when z = L/12. If
x=0,L/12,L/8 then V = 0, L3/1728,0 so the volume is greatest when x = L/12 and y = L/12.

(a) Let x = diameter of the sphere, y = length of an edge of the cube. The combined volume is

1 o 2\1/2
V= éwxg + ¢* and the surface area is S = mx? + 6y> = constant. Thus y = % and
ooy (S —ma?)?? /S
V—EZE —l—TforOSxS ;,
d d
% = ng - %x(s — ma®)'? = 2\/— (\/_x — VS — ma?). —V = 0 when z = 0, or when

V6z = /S — a2, 622 = S — ma?, 2t = 6—1—77 \/ + x =0, 6+7r \/ , then

53/2 53/2 53/2
T 627 66 L1 6y

thus z = y.

)

so that V is smallest when z = and hence when y =
6+T 6+ﬂ

(b) From part (a), the sum of the volumes is greatest when there is no cube.

Let h and r be the dimensions shown in the figure, then the volume
1
isV = 577’%. But 72 + h? = L? thus > = L?> — h? so

1 1
V= §7T(L2 —hHh = gﬂ'(Lzh —h¥) for 0 < h < L.

av. 1 9 oy AV B B
= 37T(L 3h?). T =0 when h = L/V3. If h=0,L/v/3,0
then V =0, —71-L37 0 so the volume is as large as possible when

9v3
h=L/V3andr=/2/3L.

Let r and h be the radius and height of the cone (see figure). The

slant height of any such cone will be R, the radius of the circular

sheet. Refer to the solution of Exercise 33 to find that the largest
2 ‘

volume is —WRs.

9v/3

=
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35.

36.

37.

38.

39.

The area of the paper is A = 7rL = 7rv/r?2 4+ h?, but
1
V= gwrzh =10 thus h = 30/(77?) so A = wr/r2 4+ 900/ (m2r4).

To simplify the computations let S = A2,

900 900
G — 222 (r +ﬂ) :772¢4+—2 for r > 0,
r

1800  4(m%r5 — 450)
o 5= = , dS/dr =0 when

r = y/450/72, d*S/dr* > 0, so S and hence A is least when

r = /A0, h = 20 3/x2450.
™

1
The area of the triangle is A = ihb' By similar triangles (see figure)

b/2 R 2Rh RR?
ovE b= s0 A= ———— for h > 2R,
h Vh>—2Rh VhE —2Rh h? —2Rh

dA  Rh*(h—3R) dA
= g o = 0 fi 2R when h = he fi
dh  (h*—2Rh)%?’ dh 0 for h > 2R when h = 3R, by the first

derivative test A is minimum when A = 3R. If h = 3R then
b = 2v/3R (the triangle is equilateral).

1
The volume of the cone is V' = §7r7°2h. By similar triangles (see

f e)r R Rh
ur -
S \/h2 RL I  — 2Rh
3
- 24__ 2
V—37TR W _oRh Rh_2Rforh>2R,
V. _ 1 pellh—4R) ﬂ:()forh>23whenh:43,bythe

dh ~ 3" (h—2R)?’ dh
first derivative test V' is minimum when h = 4R. If h = 4R then

r =+2R.

The area is (see figure)
A= - ! (2 sin 0)(4 + 4 cos 6)
= 4(s1n 6 + sin 6 cos 6)

for 0 <0 < 7/2;

dA/df = 4(cos 0 — sin® 0 + cos® )

= 4(cosf — [1 — cos® 0] + cos? 0)

= 4(2cos* 0 + cosf — 1)

=4(2cosf — 1)(cosf + 1)
dA/df =0 when § = 7/3 for 0 < 6 < 7w/2. If 6 = 0,7/3,7/2 then
A=0, 3\/§, 4 30 the maximum area is 3v/3.

Let b and h be the dimensions shown in the figure, then the |

1
cross-sectional area is A = §h(5 +b). But h = 5sin6 and

5

b=5+4+2(5cosf) =5+ 10cosf so A = 531110(10 + 10 cos 0)
= 25sin6(1 + cos ) for 0 < 4§ < /2.
dA/df = —25 sin? 6 + 25 cos 0(1 + cos )

= 25(— sin® 0 + cos 0 + cos? 0)

= 25(—1 + cos® § + cos 0 + cos® )

= 25(2cos?§ + cos — 1) = 25(2cos — 1)(cos 6 + 1).
dA/df =0 for 0 < 0 < w/2 when cosf =1/2, 0 =7 /3. If
0 =0,7/3,7/2 then A =0,75v/3/4,25 so the cross-sectional area is
greatest when 6 = /3.

188
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41.

42,

43.

44.

45.
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I = k:M k the constant of proportionality. If h is the height of the lamp above the table then

02
h h dI r? — 2h? dI
COSQZS:h/EaHdg:\/h2+TZSOI:k£—3:km forh>0,%: m,%:

when h =r/ \/5, by the first derivative test I is maximum when h = r/ V2.

0

Let L, L1, and Ly be as shown in the figure, then
L=1Ly+ Ly =28cscH +sech,

dL
= —8cschcot B +sechtanf, 0 < 0 < 7/2
778COS€ sinf 78c0530+sin30.
L sin@ = cos2f  sin?6cos?f
0 0 if sin® @ = 8cos® 0, tan® § = 8, tan# = 2 which gives the
absolute minimum for L because 0111% L= , 1111/12 L =+oo. If

tan# = 2, then cscf = \/3/2 and sec = /5 so
L=8(V5/2) + V5 =5V5 ft.

Let x = number of steers per acre

w = average market weight per steer

T = total market weight per acre
then T = zw where w = 2000 — 50(z — 20) = 3000 — 50z
so  T=x(3000 — 50z) = 3000z — 5022 for 0 < x < 60,

dT'/dx = 3000 — 100z and dT'/dx = 0 when x = 30. If z = 0, 30,60 then T' = 0,45000, 0 so the total
market weight per acre is largest when 30 steers per acre are allowed.

(a) The daily profit is
P= (revenue) — (production cost) = 100z — (100,000 + 50z + 0.0025x2)
= —100,000 + 50z — 0.0025z>

for 0 < x < 7000, so dP/dx = 50 — 0.005x and dP/dx = 0 when x = 10,000. Because 10,000
is not in the interval [0, 7000], the maximum profit must occur at an endpoint. When z = 0,
P = —100,000; when x = 7000, P = 127,500 so 7000 units should be manufactured and sold
daily.

(b) Yes, because dP/dx > 0 when x = 7000 so profit is increasing at this production level.

(a) R(x)=pz but p=1000 — z so R(z) = (1000 — z)x
(b) P(z) = R(z) — C(x) = (1000 — z)z — (3000 + 20z) = —3000 + 980z — x>

(¢) P'(z) =980 —2x, P'(z) =0 for 0 < z < 500 when x = 490; test the points 0,490, 500 to find
that the profit is a maximum when z = 490.

(d) P(490) = 237,100
(e) p=1000—z = 1000 — 490 = 510.

The profit is
P = (profit on nondefective) — (loss on defective) = 100(x — y) — 20y = 100x — 120y

but y = 0.01z + 0.00003z* so P = 100z — 120(0.012 + 0.00003x2) = 98.8x — 0.00362> for = > 0,
dP/dx = 98.8 — 0.0072x, dP/dz = 0 when z = 98.8/0.0072 ~ 13,722, d>P/dz* < 0 so the profit is
maximum at a production level of about 13,722 pounds.
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48.
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52.

53.

The total cost C' is
C = c¢- (hours to travel 3000 mi at a speed of v mi/h)

. 3000 (a + bv")—3000 =3000(av™" + bv" 1) for v > 0,
v

dC'/dv = 3000[—av~2 + b(n — 1)v" %] = 3000[—a + b(n — 1)v"]/v?,

1/n
a4 )} . This is the only critical point and dC'/dv changes sign from — to

dC/d'U =0 when v = |:b(n——1

a )} . mi/h.

+ at this point so the total cost is least when v = {b(il
n—

The distance between the particles is D = /(1 —t — )2+ (t —2t)2 = /512 — 4t + 1 for t > 0. For
convenience, we minimize D? instead, so D? = 5t> —4t + 1, dD?/dt = 10t — 4, which is 0 when t = 2/5.
d’D?/dt* > 0 so D? and hence D is minimum when ¢ = 2/5. The minimum distance is D = 1/+/5.

The distance between the particles is D = /(2t —¢)2+ (2 —¢2)2 = Vt1 =312 +4 for t > 0. For
convenience we minimize D? instead so D? = t* — 3% + 4, dD?/dt = 4> — 6t = 4t(¢* — 3/2), which is
0 for t > 0 when t = \/3/2. d?D?/dt* = 12t> — 6 > 0 when ¢ = \/3/2 so D? and hence D is minimum
there. The minimum distance is D = \/7/2

Let P(x,y) be a point on the curve 2 + y?> = 1. The distance between P(z,y) and Py(2,0) is
D= \/(z—22+y2 but y> =1—-2so D = /(z—22+1—22 = 5—4dz for -1 <z <1,
dD 2

= ————— which has no critical points for —1 < =z < 1. If x = —1,1 then D = 3,1 so the

dr Vb —dx

closest point occurs when x =1 and y = 0.

Let P(x,y) be a point on y = v/, then the distance D between P and (2,0) is

D=\/(x-22+y2=/(x—2)2+2 =22 -3z +4, for 0 < 2 < 3. For convenience we find the
extrema for D? instead, so D? = 22 — 3z + 4, dD*/dx = 22 — 3 = 0 when z = 3/2. If z = 0,3/2,3
then D> = 4,7/4,4 so D = 2,1/7/2,2. The points (0,0) and (3,+/3) are at the greatest distance, and
(3/2,1/3/2) the shortest distance from (2,0).

Let (z,y) be a point on the curve, then the square of the distance between (x,y) and (0,2) is
S=z2+(y—2)° where 2 — 32 =1, 2> =y*> + 1 s0

S=(?+1)+ (y—2)°=2y>—4y+5 for any y, dS/dy = 4y — 4, dS/dy = 0 when y = 1,
d?S/dy* > 0 so S is least when y = 1 and 2 = +/2.
The square of the distance between a point (x,y) on the curve and the point (0,9) is

S =2+ (y — 9)? where z = 2% so S = 4y* + (y — 9)? for any v,

dS/dy = 16y +2(y — 9) = 2(8y* +y — 9), dS/dy = 0 when y = 1 (which is the only real solution),
d*S/dy? > 0 so S is least when y =1, z = 2.

If P(xo,10) is on the curve y = 1/2%, then yo = 1/23. At P the slope of the tangent line is —2/z3 so its
1

equation is y — — = —— (v — ), or y = ——x + —. The tangent line crosses the y-axis at —, and

0 0 o T T

. 3 ) 9 9, .
the z-axis at §x0. The length of the segment then is L = |/ — + Z% for g > 0. For convenience,

Lo

P s 9 9, dL? 36 9 9y —8) .. . 6

we minimize L* instead, so L = — + —x5, — = —— + ;w9 = ——=—, which is 0 when z3 = 8,
x5 4 7 dxg xy 2 2
d’L?
ro = V2. — > 0s0 L? and hence L is minimum when zy = v/2, yo = 1/2.

2
dzxj
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If P(xo,10) is on the curve y = 1 — 22, then yy = 1 — 2. At P the slope of the tangent line is —2z so
its equation is y — (1 — 23) = —2x¢(z — x0), or y = —2x¢x + 23 + 1. The y-intercept is 23 + 1 and the
1 .
x-intercept is 5(1:04—1/350) so the area A of the triangle is A = Z(a:(2)+1)(a:0+1/x0) = Z(x8+2x0+1/m0)
for0<zy<1.
1 1
dA/dxy = Z(Sm% +2—1/23) = 1(3953 + 222 — 1) /2 which is 0 when 22 = —1 (reject), or
1
when 23 = 1/3 s0 29 = 1/v/3. d*A/dx} = Z(Gxo +2/x3) > 0 at zp = 1/+/3 so a relative minimum and
hence the absolute minimum occurs there.

d 2z
At each point (x,y) on the curve the slope of the tangent line is m = Y _ ——— v for any =,

dx (1+2?)
d 2(322 - 1) d
an_ M, an_ 0 when z = +1/ V3, by the first derivative test the only relative maximum
dx (14 22)3 7 dx

occurs at x = —1/ \/3, which is the absolute maximum because lim m = 0. The tangent line has

r—100

greatest slope at the point (—1//3,3/4).
Let = be how far P is upstream from where the man starts DU J—
(see figure), then the total time to reach T is ~x— |
t= (time from M to P)+ (time from P to T P T

211 11—

_yet + xforOSxﬁl, 1

TR w
where rr and ry are the rates at which he can row and walk,
respectively. M

241 1- dt 1 dt

(a) t= Tt + - . — 80 — = 0 when 5z = 3y/ 2% + 1,

3 5 'dr 3Jz2+1 5  dx
2522 = 9(z% 4+ 1),2% = 9/16, x = 3/4. If £ = 0,3/4,1 then t = 8/15,7/15,1/2/3 so the time is a
minimum when z = 3/4 mile.

241 1-— dt 1 t
x4+ + 5 I, ar 4\/% g0 = 0 when = = 4/3 which is not in the interval
[0,1]. Check the endpoints to find that the time is a minimum when = 1 (he should row
directly to the town).

(b) 1=

With = and y as shown in the figure, the maximum length of pipe
will be the smallest value of L = x + y. By similar triangles

Yy xT X 8
- = s = SO
8  Vz2-16 Y Va2 —16

8x dL 128 dL
L:$+ﬂf0rl'>47@:1*m,%:0When X =16
(z% —16)%/% = 128 2

2% — 16 = 12823 = 16(2%/?)
2= 16(1 + 22/3)
z=4(1+2%3)12,

d>L/dx* = 384x/(x* — 16)°/% > 0 if x > 4 so L is smallest when z = 4(1 + 2%/3)1/2,
For this value of x, L = 4(1 + 2%/3)3/2 ft.
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58.

59.

60.

61.

62.

63.

s= (11— %)+ (22— )%+ + (v, — 7)%,
ds/dz= —2(x1 — %) — 2(xg — %) — - -+ — 2(x, — T),
ds/dz = 0 when

(.’L‘l—j)+($2—.f)+~-~+($,L—.f):O
(t1+z2+-x)—(Z+T+---+2)=0
(t1+z2+--+2x,) —nZ=0
1

z=—(a1tat+ ),

1
d?s/dz* =2+2+---+2=2n >0, so s is minimum when z = —(z1 + x93 + -+ + x,).
n

Let = = distance from the weaker light source, I = the intensity at that point, and k the constant of
proportionality. Then

kS 8kS
I = — N — f .

2 + (90— 2)? if 0 <z < 90;
dI_ 2kS | 16kS _ 2kS[8a’ = (90— a)’) _ | kS(x—30)(a +2700)
de — x3 (90 —z)3 23(90 — z)3 N x3(z — 90)3 ’

dI dI
which is 0 when x = 30; — < 0 if x < 30, and T > 0 if z > 30, so the intensity is minimum at a
T

T
distance of 30 cm from the weaker source.

If f(xp) is a maximum then f(z) < f(xy) for all z in some open interval containing z, thus

Vf(x) < /f(zg) because y/x is an increasing function, so 4/ f(zp) is a maximum of /f(x) at

xp. The proof is similar for a minimum value, simply replace < by >.

Let v = speed of light in the medium. The total time required for the light to travel from A to P to
Bis

1
t = (total distance from A to P to B)/v = ;(\/(c — )2 +a’+ Va? +b?),

ﬁ _l _ c—T n T

dr v | \Jlc—x)?+a> Va?+?b?
dt T c—T

and — = 0 when = . But 2/vz? + b2 =sinf, and
dx Va2 + b2 \/(Cfx)QJraQ / 2

(c—x)/y/(c—2)?+ a®> = sin6; thus dt/dx = 0 when sinfy = sin6; so 6, = 0.

The total time required for the light to travel from A to P to B is
Var+a2  f(c—z)2+ b2

t = (time from A to P) 4+ (time from P to B) = + . ,
U1 2
dt T c—x
- = — but z/vx2 + a2 = sin 6, and
dr uvva?+a®  ve/(c—xz)2+ b2 / '
dt sin in 0 dt sin 0 sin 6
(c—x)/+/(c—x)? 4+ b? =sinby thus — = S smo so 2 — 0 when o271 — H0%2
dx v Vg dx v Vg

(a) The rate at which the farmer walks is analogous to the speed of light in Fermat’s principle.

(b) the best path occurs when 6; = 6, (c) by similar triangles,
(see figure). x/(1/4)= (1 —2)/(3/4)
3z=1—-=x

dr=1
x=1/4 mi.
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EXERCISE SET 6.3

1. (a) positive, negative, slowing down (b) positive, positive, speeding up
(c) negative, positive, slowing down

2. (a) positive, slowing down (b) negative, slowing down
(c) positive, speeding up

3. (a) left because v =ds/dt < 0 at ¢,
(b) negative because a = d?s/dt? and the curve is concave down at ty(d*s/dt> < 0)

(c) speeding up because v and a have the same sign

(d) v<0anda>0 at t; so the particle is slowing down because v and @ have opposite signs.

4. (a) C (b) A (c) B
5. sm
t(s)
6. (a) whens>0,s00<t<2and4<t<8 (b) when the slope is zero, at t = 3

(c) when s is decreasing, so 0 <t < 3

257 =157

AWANR
\

8. (a) v~ (30—10)/(15—10) =20/5 =4 m/s
(b) v a

VAR |

25 25

(1) ®)]

9. (a) At 60 mi/h the slope of the estimated tangent line is about 4.6 mi/h/s. Use 1 mi = 5,280 ft
and 1 h = 3600 s to get a = dv/dt ~ 4.6(5,280)/(3600) =~ 6.7 ft/s’.

(b) The slope of the tangent to the curve is maximum at ¢t = 0 s.
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10.

11.

12.

13.

14.

15.

(@ [t 1 2 3 4 5
s| 0.71 1.00 0.71 0.00 | —0.71
v| 0.56 | 0.00 | —0.56| —0.79 | —0.56
a|—0.44 | -0.62 | —0.44 | 0.00 0.44
(b) to the right at ¢t = 1, stopped at ¢t = 2, otherwise to the left
(c) speeding up at ¢t = 3; slowing down at t = 1, 5; neither at t = 2,4
(a) w(t) =32 —12t, a(t) = 6t — 12
(b) s(1) = —5ft, v(1) = —9 ft /s, speed = 9 ft /s, a(1) = —6 ft /s
() v=0att=0,4
(d) fort >0, v(t) changes sign at t = 4, and a(¢) changes sign at ¢ = 2; so the particle is speeding
up for 0 <t < 2 and 4 <t and is slowing down for 2 <t < 4
(e) total distance = |s(4) — s(0)] +|s(5) —s(4)] =] —32—0| + | —25 —(—32)| =39 ft
(a) w(t) =4t — 4, a(t) = 12>
(b) s(1) = —1ft, v(1) =0 ft/s, speed = 0 ft/s, a(1) = 12 ft/s
(c) v=0att=1
(d) speeding up for ¢ > 1, slowing down for 0 < ¢ < 1
(e) total distance = |s(1) — s(0)] +|s(5) — s(1)] = | — 1 —2| + 1607 — (—=1)| = 611 ft
(a) wv(t) = —(3n/2)sin(nt/2), a(t) = —(37%/4) cos(nt/2)
(b) s(1) =0 ft, v(1) = —37/2 ft/s, speed = 37/2 ft /s, a(1) = 0 ft /s>
(¢) v=0att=0,2,4
(d) w changes sign at t = 0,2,4 and a changes sign at ¢t = 1,3, 5, so the particle is speeding up for
0<t<l,2<t<3and4<t<b, and it is slowing down for 1 <t <2and 3 <t <4
(e) total distance = |s(2) — s(0)] + |s(4) — s(2)| + |s(5) — s(4)|
=|-3-3]4+13=(=3)|+]0-3] =15 ft
2 2
@) o) = e a0 = 2
(b) s(1) =1/5 ft, v(1) = 3/25 ft/s, speed = 3/25 ft/s, a(1) = —22/125 ft /s’
() v=0att=2
(d) a changes sign at ¢ = 2v/3, so the particle is speeding up for 2 < t < 21/3 and it is slowing down
for 0 <t < 2and for 2¢/3 < t
1 5 1 19
(e) total distance = |s(2) — s(0)] + |s(5) — s(2)] = ‘Z - 0‘ + 29~ Z’ =3 ft
5— t? 2t(t* — 15
o) = G 0 = ey
0.2 0.91
0 10
0 \-‘% /120 I

-0.05 V() -0.15 a(t)
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(a) v=0att=+/5 (b) s=+/5/10at t=+/5

(c) @ changes sign at t = /15, so the particle is speeding up for v/5 < t < v/15 and slowing down
for 0 <t < +/5and V15 <t

16. v(t)=(1—t)et, at) = (t —2)e!

0.4 1 0.1

o I
s(t) 02 ut) - a(t)

(a) v=0att=1 (b) s=1l/eatt=1

(¢) a changes sign at ¢ = 2, so the particle is speeding up for 1 < ¢t < 2 and slowing down for
0<t<land2<t

17. s=-3t+2 Constantspeed _\ _ s
v =3 2
a=0
18. s=t3—6t24+9t+1  Speeding up
v=3(t—-1)(t—3) (Stopped) t = 3 =2/
= 1 (Stopped
— 6t —2) 0 = 1o
1 )/ 3 5 s
Slowing down
19. s=1>— 92 + 24¢ ) Speeding up
Slowing down
v=3(t—2)(t—4) (Stopped)t:A_.)'d7L
a:6(t—3) t=0 . t=3 )t=2(Stopped)
161820 g
Slowing down
9 .
20. s=t+ —— Speeding up
t+1 (Stopped) t = 2
_+9-2) AT I
(t+ 1) o
B 18
a= e
21 cost 0<t<2r Slowing down (Stopped
) t> 27 / t= 311/N pefmartleftlzy)
=~ o
_ smt 0<t<2mw t=m2 f t=0
o t>2m 1 o N\J1 s
Speedi
. —cost 0<t<2mr o
o t> 27
5t2 — 6t + 2 15t% — 6t — 2 3++/39
22. o(t) = o bt is always positive, a(t) = ———=-—— has a positive root at t = StV

2¢3/2

Vit

Slowing down Speeding up

15
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

(a) v =10t—22, speed = |v| = |10t — 22|. d|v|/dt does not exist at ¢ = 2.2 which is the only critical
point. If ¢ =1,2.2,3 then |v| = 12,0, 8. The maximum speed is 12 ft/s.

(b) the distance from the origin is |s| = |5t> — 22t] = [t(5t — 22)|, but t(5t — 22) < 0 for
1<t <3so0ls| =—(5t2 —22t) = 22t — 52, d|s|/dt = 22 — 10t, thus the only critical point is
t = 2.2. d?|s|/dt* < 0 so the particle is farthest from the origin when ¢t = 2.2. Its position is
s =5(2.2)% — 22(2.2) = —24.2.

200¢ d = o] 200t for £> 0 dv|  600(4 —t?)
————, speed = |v| = ——— for S —— =
@ +12)2 P (& + 12)? =7 a2+ 12)8
only critical point in (0,+00). By the first derivative test there is a relative maximum, and hence an
absolute maximum, at ¢ = 2. The maximum speed is 25/16 ft/s to the left.

v=— = 0 when t = 2, which is the

s(t) = so— 39t = so —4.9t> m, v = —9.8¢t m/s, a = —9.8 m/s’
(a) |s(1.5) —s(0)] = 11.025 m

(b) w(1.5) = —14.7 m/s

(c) |v(t)] =12 when ¢t = 12/9.8 = 1.2245 s

(d) s(t) — sy = —100 when 4.9t2 = 100, t = 4.5175 s

(a) s(t) =so— sgt* =800 — 16> ft, s(t) = 0 when t = 1/% =52

(b) w(t) = —32t and v(5v/2) = —160v/2 ~ 226.27 ft/s = 154.28 mi/h
s(t) = so +vot — 3gt* = 60t — 4.9¢> m and v(t) = vy — gt = 60 — 9.8t m/s

(a) v(t) =0whent=260/9.8~6.12s
(b) s(60/9.8) =~ 183.67 m

(c) another 6.12 s; solve for ¢ in s(t) = 0 to get this result, or use the symmetry of the parabola
s = 60t — 4.9¢> about the line ¢t = 6.12 in the t-s plane

(d) also 60 m/s, as seen from the symmetry of the parabola (or compute v(6.12))

(a) they are the same

(b) s(t) = vot — 2gt* and v(t) = vy — gt; s(t) = 0 when t = 0, 2vy/g;
v(0) = vy and v(2vy/g) = vo — g(2v9/g) = —vy so the speed is the same
at launch (¢ = 0) and at return (¢ = 2vy/g).

If g = 32 ft /82, 59 = 7 and vy is unknown, then s(t) = 7+ vot — 16t> and v(t) = vy — 32t; 8 = Syax When
v =0, or t = 1y/32; and Syax = 208 yields 208 = s(vo/32) = 7 + v (v0/32) — 16(vo/32)? = 7 + v3 /64,
so vy = 8v/201 ~ 113.42 ft/s.

(a) Use (6) and then (5) to get v* = v} — 2vygt + ¢*t* = v — 2g(vot — $gt*) = v — 2g(s — so).

(b) Add vy to both sides of (6): 2vy — gt = vy + v, vg — gt = 1(vy + v);
from (5) s = sg + t(vg — 59t) = so + 3(vo + V)t

(c) Add v to both sides of (6): 2v0+gt = vg+v, v+1gt = L(vy+v); from part (b), s = s+ 5 (vg+v)t =
So + vt + %th

vo =0 and g = 9.8, so v? = —19.6(s — sp); since v = 24 when s = 0 it follows that 19.6sp = 242 or
So — 29.39 m.

s = 1000 + vt + (32)2 = 1000 + vt + 16¢%; s = 0 when t = 5, s0 v = —(1000 + 16 - 52) /5 = —280 ft/s.
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33. (a) 5= Spax when v =0, 50 0 = v — 29(Smax — 50), Smax = V3/29 + So-

(b) s =7, Smax = 208, g = 32 and vy is unknown, so from part (a) v3 = 2¢(208 — 7) = 64 - 201,
vo = 8v/201 &~ 113.42 ft/s.

34. s=1t3—6t>+1,v=23t>—12t, a = 6t — 12.
(a) a=0whent=2;s=-15v=—12.
(b) v=0when3t? - 12t =3t(t —4)=0,t=0o0rt =4. If t =0, then s = 1 and a = —12; if t = 4,
then s = —31 and a = 12.

2t
35. (a) 15 (b) v=——+——=, lim v=

2
| | 2 _ 5
2 22 41 t—=+oo \/§

0 /5
36. (a) _ v dvds @ because v = ﬁ
: Tdt  dsdt  'ds Cdt
3 3 dv 3 9
b _ = . - .a=——"_=_9/500
®) o= s T e 22T e Y

1 1 3
37. (a) s = sy if they collide, so §t2 —t+3= —ZtQ +t+1, ZtQ — 2t 4+ 2 = 0 which has no real solution.

f 3
(b) Find the minimum value of D = |s; — $9| = ‘%tQ —2t+2|. From part (a), ZtQ -2t 42

3
is never zero, and for ¢ = 0 it is positive, hence it is always positive, so D = ZtQ — 2t + 2.

dD 4 d*D 2
Ezgth:OWhentfg F>OsoDlsm1mmumwhentf ,ng.

1
(c) vlzt—l,vgz—§t+l. m<0if0<t<l,vy >0ift>1;v<0ift>2, v, >0if0<t<2.
They are moving in opposite directions during the intervals 0 <t < 1 and ¢t > 2.
38. (a) sa—sp=20—0=20"ft
(b) sa = sp, 15t2 + 10t + 20 = 5t* + 40t, 10t> =30t +20=0, (t —2)(t —1) =0, t =1lort =2s.

(c) wva =wp, 30t + 10 = 10t + 40, 20t = 30, t = 3/2 s. When t = 3/2, sy = 275/4 and sp = 285/4
so car B is ahead of car A.

39. (a) From the estimated tangent to the graph at the point where v = 2000, dv/ds ~ —1.25 ft/s/ft.
(b) a=wvdv/ds~ (2000)(—1.25) = —2500 ft /s’

40. '(t) = 2v(t /[24/v%(t)] = v(t)a(t)/|v(t)] so ' (t) > 0 (speed is increasing) if v and @ have the same
sign, and r ( ) < 0 speed 15 decreaslng) if v and a have opposite signs.

EXERCISE SET 6.4

2
-2
1. f(x) =’ — 2, f/(l') = 2z, Tpt1 = Tp — x;
Ln

21 =1, 25 = 1.5, 23 = 1.416666667, - - -, x5 = 76 = 1.414213562
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10.

11.

2
T, — 7

= 2 —_ 4 = 2 = n —
fl) ==z 7, f'(z) T, Tpy1 =2 %,

1 = 3, Ta = 2.666666667, T3 = 2.645833333, - - -, 5 = e = 2.645751311

3
z, —6
2
3x2

f(l') = 1’3 - 6a f/(.’L') = 33727 Tp+l1 = Tp —

T1 = 2, zo = 1.833333333, x3 = 1.817263545, - - -, x5 = x¢ = 1.817120593

" —a=0
3 / 2 xi — Ty +3
fl)=2"—2+3, fl(z) =32" -1, $n+1:xn_w
Ty = —2, xo = —1.727272727, x3 = —1.673691174, - - -, x5 = x5 = —1.671699882
f@)=2*+2 -1, flla) =322+ 1, 2,4, =2 7—:10‘;3,/—1—:571—1
- ) - sy n+l — Ln 3.27% + 1
r1 =1, x9 = 0.75, x3 = 0.686046512, - - -, x5 = x5 = 0.682327804
. . o+t -5
f(SC) =x° —+ x4 — 5, f/(.'L’) = 5«I4 + 4.’,55, Tpt1l = Tp — m
r1 =1, x9 = 1.333333333, x3 = 1.239420573, - - -,z = x7 = 1.224439550
x® —x, +1
f($) :$5—$+17 f/(l') :5]}4—1, Tp+1l = Tp — n5$;lli].

21 = —1, 3y = —1.25, 73 = —1.178459394, - - -, x5 = 7 = —1.167303978

4
n 3
f@)=a'+2-3, f(2) =42’ + 1, 21 = 20 — %
r1 = —2, x9 = —1.645161290,

z3 = —1.485723955, - -, 16 = x7 = —1.452626879

5 — bl —2
f(z) =25 — 523 -2, f'(z) =5z* — 1522, xpp1 = ), — %

T1 =2, 1y = 2.5, 13 = 2.327384615, - - -, 27 = a5 = 2.273791732

2sinz, — x,
z)=2sinz —z, f'(x) =2cosz -1, zp1 =2y — ————
f( ) af( ) y In+l n 2COSZ’n—1

T1 = 2, z9 = 1.900995594, z3 = 1.895511645, x4 = x5 = 1.895494267

198

15
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12.

13.

14.

15.

16.

17.

2

sinx, — x;

f(x) =sinx — 3327 f/(x) = cosx — 2z, Tpil = Ty —

21 = 1, 5 = 0.891395995,
23 = 0.876984845, - - -, 15 = 26 = 0.876726215

cos T, — 2x,

f(x) =z —tanz, f'(z) =1 —sec’z = —tan’x,
T, —tanx,

Tyl = Tp + ——5——
tan® x,,

1 = 4.9, T = 4.493613903, x5 = 4.493409655,
T4 = x5 = 4.493409458

f(z)

Tpt1 = T

1—e"cosz, f'(x) =e"(sinx — cosx),
1—ecosz
e?(sinx — cosx)
x1 =1, 9 = 1.572512605, x3 = 1.363631415, 7 = g = 1.292695719

At the point of intersection, z* = 0.5z — 1, 2> — 0.5z +1 = 0. Let
f(x) = 2% — 0.52 + 1. By graphing y = 23 and y = 0.5x — 1 it is
evident that there is only one point of intersection and it occurs in
the interval [—2, —1]; note that f(—2) < 0 and f(—1) > 0.
f'(x) =322 - 0.5 s0

3
%; = —1, 29 = —1.2,
r3 = —1.166492147, - - -,
x5 = x6 = —1.165373043

T+l = Ty —

The graphs of y = e™ and y = Inx intersect near x = 1.3; let
flx)y=e*—Inz, f'(r)=—e*—1/z, v, = 1.3,

~m ing,
¢ B = 1.309759929, 24 = x5 — 1.309799586

T = e

The graphs of y = 2% and y = /2x + 1 intersect at points near
r=-05andr=1;22=2x+1,2* —22 — 1 =0. Let
f(x) =2* — 2x — 1, then f'(x) = 42® — 2 s0
xf‘L —2x, —1
4o — 2
If 2y = —0.5, then o = —0.475, x5 = —0.474626695,
x4y = x5 = —0.474626618; if 1 = 1, then x5 = 2,
x3 = 1.633333333, - - -, x5 = 9 = 1.395336994.

T+l = Ty —

(=]
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18.

19.

20.

21.

22,

23.

24.

25.

26.

The graphs of y = #3/8 + 1 and y = cos 2z intersect at x = 0 and at 2

a point near x = —2; I
23/8+1 = cos2x, 13 —8cos2x +8 = 0. Let f(x) = 23 — 8cos 2z +8,
x3 — 8cos 2z, + 8 73\ ﬂ ‘ 1,

then f/(x) = 32 4+ 16 sin 22 50 7,41 = T, — 302 165m 20, \/
o) = =2, 3y — —2.216897577, .

x5 = —2.193821581, - - -, 25 = 26 = —2.193618950.

2

— 1
(a) f(.’l?) =a? — a, f/(m) =2z, Tpt1 = Tp — xgxna = 5 (xn + %)

(b) a=10; x; =3, x2 = 3.166666667, r3 = 3.162280702, =4 = x5 = 3.162277660

(@) S@)= 5=, [@) = =5, Gu = (2 — az,)

(b) a=17; 21 =0.05, z3 = 0.0575, x5 = 0.058793750, x5 = x5 = 0.058823529

f'(z) = 23 + 2z + 5; solve f'(x) = 0 to find the critical points. Graph y = 2 and y = —2x — 5 to see
3+ 21, +5

3z2 +2
21 = —1, 29 = =14, x3 = —1.330964467, - - -, x5 = ¢ = —1.328268856 so the minimum value of f(z)
occurs at x &~ —1.328268856 because f”(x) > 0; its value is approximately —4.098859132.

that they intersect at a point near x = —1; f”(z) = 32 + 2 50 T 41 = T, —

From a rough sketch of y = xsinz we see that the maximum occurs at a point near x = 2, which will
be a point where f'(x) = zcosx +sinz = 0. f"(x) =2cosz — zsinz so
TpCOSTy +SInT, T, + tanz,

Tn+l = Tp — N = Tp — .
2cosx, — x,sinx, 2 —x,tanx,

r1 = 2, x5 = 2.029048281, x3 = 2.028757866, x4 = x5 = 2.028757838; the maximum value is approxi-
mately 1.819705741.

Let f(x) be the square of the distance between (1,0) and any point (x,2?) on the parabola, then
f@)=(z—-1)%+(@*>-02=2"+2> - 22+ 1 and f'(z) = 423 + 2z — 2. Solve f'(x) = 0 to find
41“%—1—21‘"—2 _ 2xi—|—xn—1

1222 +2 "7 T 62+ 1
9 = 0.714285714, x3 = 0.605168701, - - -, 26 = z7 = 0.589754512; the coordinates are approximately
(0.589754512,0.347810385).

the critical points; f”(z) = 122% + 2 s0 x,11 = ¥, — .ox =1,

The area is A = xy = x cosz so dA/dx = cosz — xsinz. Find x so that dA/dx = 0;

. CcoS T, — Ty, Sinx, 1—2xz,tanx,
dQA/dx2:—251nx—mcosx SO Tpy1 = Tp + — =z, + —.
2sinx, + x, COS T, 2tanx, + x,

1 = 1, 29 = 0.864536397, z3 = 0.860339078, x4 = x5 = 0.860333589; y ~ 0.652184624.

(a) Let s be the arc length, and L the length of the chord, then s = 1.5L. But s = rf and
L = 2rsin(6/2) so rf = 3rsin(6/2), 6 — 3sin(0/2) = 0.

0., — 3sin(0,
(b) Let f(0) =0 — 3sin(0/2), then f'(§) =1 —1.5¢c08(6/2) so 0,11 =06, — = 1'358(108((0711//22)).

01 = 3, 0 = 2.991592920, 05 = 2.991563137, 04 = 05 = 2.991563136 rad so 6 ~ 171°.

r2(6 —sin®)/2 = 7r?/4 s0 0 —sinf — /2 = 0. Let f(0) = 6 —sinf — 7/2, then f'(§) = 1 — cosf so
0, —sinf, — /2

1—cosf,
0, = 2. 0, = 2.339014106, O3 = 2.310063197, - - - . 0 = 05 = 2.309881460 rad; 6 ~ 132°.

9n+1 =
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27.

28.

29.

30.

31.
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Ifzx=1,theny* +y=1,9v" +y—1=0. Graph z = y* and z = 1 — y to see that they intersect near
4
n— 1
y=—landy=1 Let f(y) =y'+y —1, then f'(y) = 4y> + 1 50 Y1 =yn—%
4y +1
If y1 = —1, then yo = —1.333333333, y3 = —1.235807860, - - -, ys = y7 = —1.220744085;
if y; =1, then yo = 0.8, y3 = 0.731233596, - - -, ys = y7 = 0.724491959.

If x =1, then 2y — cosy = 0. Graph z = 2y and z = cosy to see that they intersect near y = 0.5. Let
2 n n

f(y) =2y — cosy, then f'(y) =2 +siny s0 Ynt1 = yn — Z+S—ICI?ZJ

y1 = 0.5, yo = 0.450626693, y3 = 0.450183648, y, = y5 = 0.450183611.

5000

S(25) = 250000 = — [(1+4)* —1]; set f(i) = 50i — (1 +4)* + 1, f/(i) = 50 — 25(1 + 7)*}; solve
f(@) = 0. Set ig = .06 and irsy = i — [50i — (14 i) 4 1] / [50 — 25(1 +i)**]. Then 41 = 0.05430,
iy = 0.05338, i3 = 0.05336, - - -, i = 0.053362.

(a) x =2, 1y =5.3333, 05
r3 = 11.055, x4 = 22.293,
x5 = 44.676 l
0 J 15
0

(b) x1 =0.5, xz9 = —0.3333, 3 = 0.0833, 24 = —0.0012, =5 = 0.0000 (and x,, = 0 for n > 6)

(a) T 1) T3 T4 5 T T7 g Ty T10
0.5000 | —0.7500 | 0.2917 | —1.5685 | —0.4654 | 0.8415 | —0.1734 | 2.7970 | 1.2197 | 0.1999

(b) The sequence z,, must diverge, since if it did converge then f(z) = 2? + 1 = 0 would have a
solution. It seems the x, are oscillating back and forth in a quasi-cyclical fashion.

EXERCISE SET 6.5

F(0)=f(4)=0; f(3)=0;[0,4], c=3 2. f(=3)=f(3)=0; f'(0)=0
f2)=f4)=0, f(x)=22—-6,2c—6=0,c=3

6+ /36 —24
f(0) = f(2) =0, f'(x) = 32> — 6z + 2, 302—60—1—2:0;0:#

=1++3/3
f(n/2) = f(37/2) =0, f'(x) = —sinz, —sinc=0,c=7

22 —4r+1 A —4e+1
=0,c2—-14 1=0
@-27 * (c—zz ¢ THF

f(=1) =f(1) =0, fi(z) =

C:—4i 216_4:2:|:\/g,ofwhichonlyc:Q—\/ﬁisin(71,1)
1 1 1 1
= 4: / - —_ - - — —_ = :1
F0) = F@) = 0. f@) = 5= 3= 5~ 572 = Orc
3 =0 fa) =2y 24 _ 0 cm
) =1B3) =0, f()= -5+ 35 —5+35 =0 —6+4c=0,c=3/2
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9.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

f@&)—f0) 6 _3_ L f4) - f) ’
g —g= = /AAie=151 10. S =119 = £(0.77)
f(=4) =12, £(6) =42, f'(z) = 22 + 1, 20—1—1:642_;(_15):370—1

f(=1)=—6, f(2) =6, f'(z) =322 +1,37 +1 = 2_4(_6) =4, =1, c= %1 of which only ¢ =1 is
in (~1,2)

1 1 2-1

fO)=1f3) =2 @)= == 5757 "3-0 "

1
3 Ve+1=3/2,¢+1=9/4,c=5/4

F3) =103, 70 = 17/4, F0) =11/t 1 - 1)@ = T i1z, @ =12, e = 2y of
which only ¢ = 2v/3 is in (3,4)
f(=5)=0, f(3) =4, f'(x) = * c_. 40 _1 —2c = /25— ¢2,

V2522 V25-& 3—(-5) 2
462:25762, 02:5,027\/5
(we reject ¢ = v/5 because it does not satisfy the equation —2¢ = v/25 — ¢?)

, _ 9 1 _1/4—1_ 1 9 _
f(2):17f(5):1/4’f(x)__1/(m_1)7_(6_1)2— 5_9 ——Z, (C—l) =4, c—1=+2,
¢ = —1 (reject), or ¢ =3
(&) f(=2)=f(1)=0 (b) ¢=-1.29

6

_2]. / t 15

(C) Ty = 71, xTr1 = 71.5, X9 = 7132, T3 = 71290, T4 = —1.2885843

f(=2) - (1) _-16-5 __ _
(a) m= "1 =3 =7s0y—5="T(x-1), (d) 5

y="Tx—2 ‘ | /|//1

-2
(b) f'(z) = 32® + 4 = 7 has solutions = = +1;
discard = 1,80 c = —1

(€) y—f(=1)=T(&—(~1)) ory = Tw +2

-20

(a) f'(x) = sec’® x, sec?

¢ = 0 has no solution (b) tanz is not continuous on [0, 7]
/ 2 -1/3
(a) J(-1)=1,f(8) =4 [(x) = ou
. 4—-1 1 .
178 = Ry i ¢'/3 =2, ¢ = 8 which is not in (—1,8).

(b) 2% is not differentiable at 2 = 0, which is in (—1,8).

2
—c
3



203

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 6

(a) Two z-intercepts of f determine two solutions a and b of f(x) = 0; by Rolle’s Theorem there
exists a point ¢ between a and b such that f'(¢) =0, i.e. ¢ is an z-intercept for f’.

(b) f(x) =sinz =0 at x = nm, and f'(z) = cosz = 0 at © = nw + 7/2, which lies between nr and
(n+1)m, (n=0,%+1,%£2,...)

f@1) = f(20)
Tr1 — X
Mean-Value Theorem there is a value c in (zg, z1) such that the instantaneous rate of change f'(c) =

f@1) = f (o)

Tr1 — o

is the average rate of change of y with respect to x on the interval [zy,z1]. By the

Let s(t) be the position function of the automobile for 0 < ¢ < 5, then by the Mean-Value Theorem
there is at least one point ¢ in (0,5) where

§'(c) = v(c) = [s(5) — s(0)]/(5 —0) =4/5 = 0.8 mi/min = 48 mi/h.
Let T'(t) denote the temperature at time with ¢ = 0 denoting 11 AM, then T'(0) = 76 and T'(12) = 52.

(a) By the Mean-Value Theorem there is a value ¢ between 0 and 12 such that
T'(c) = [T(12) — T(0)]/(12 — 0) = (52 — 76)/(12) = —2° F/h.

(b) Assume that T'(¢;) = 88°F where 0 < ¢; < 12, then there is at least one point ¢ in (¢;,12) where
T'(c) =[T(12) = T(t1)]/(12 — ;) = (52 — 88) /(12 — ;) = —36/(12 — ¢1). But 12 —¢; < 12 so
T'(c) < —36/12 = —3°F /h.

Let f(t) and g(t) denote the distances from the first and second runners to the starting point, and let
h(t) = f(t) —g(t). Since they start (at ¢ = 0) and finish (at ¢ = ¢;) at the same time, h(0) = h(t;) = 0,
so by Rolle’s Theorem there is a time ¢y for which A/(t2) = 0, i.e. f'(t2) = ¢'(t2); so they have the
same velocity at time 5.

f(x) = 2% — 222 + z satisfies f(0) = f(1) = 0, so by Rolle’s Theorem f'(c) = 0 for some c in (0, 1).

(a) By the Constant Difference Theorem f(z) — g(x) = k for some k; since f(xg) = g(x9), k = 0, so
f(z) = g(z) for all x.

(b) Set f(x) = sin’z + cos’z, g(z) = 1; then f'(z) = 2sinzcosx — 2cosxsinz = 0 = ¢'(z). Since
f(0) =1=g(0), f(z) = g(z) for all .

(a) By the Constant Difference Theorem f(z) — g(x) = k for some k; since f(xo) —g(xo) = ¢, k = ¢,
so f(z) — g(x) = ¢ for all z.

(b) Set f(z) = (z— 1), g(x) = (2® + 3)(x — 3). Then

fl(x)=3(x—-1)2 ¢(x) = (@*+3)+2x(x —3) =32 =62+ 3 =3(2® =22+ 1) = 3(z — 1),
so f'(z) = ¢'(z) and hence f(z) — g(x) = k. Expand f(z) and g(z) to get
h(z) = f(x) —g(x) = (:v —322+3r—1) — (2* - 32> + 32 — 9) = 8.
() hx)=2°-322+3x—1— (23 -322+32-9)=8
(a) If x,y belong to I and x < y then for some c in I, % = f'(c),
S(l) |f}(1x%d— F) =110z —y| < M|z —y|; if z > y exchange = and y; if £ = y the inequality
also holds.
(b) f(z) =sinz, f'(z) = cosz, |f'(z)| < 1= M, so |f(z) - f(y)| < |z —y|or [sinz —siny| < |z —y].
(a) If z,y belong to I and = < y then for some ¢ in I, W = f'(c),

so |[f(z) = f)| =1f(o)]|lx —y| = M|x — y|; if x > y exchange z and y; if
x = y the inequality also holds.

(b) If z and y belong to (—7/2,7/2) and f(z) = tanx, then |f'(x)| = sec’z > 1 and
|tanx — tany| > |v —y
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31.

32.

33.

34.

35.

36.

37.

38.

39.

(¢) yliesin (—m/2,7/2) if and only if —y does; use part (b) and replace y with —y

(a) Let f(z) = /x. By the Mean-Value Theorem there is a number ¢ between z and y such that

1
=—— < —= for cin (z,y),
x

\F

1
(b) multiply through and rearrange to get \/zy < i(x +v).

Suppose that f(z) has at least two distinct real solutions r; and r9 in I. Then

f(r1) = f(r2) = 0 so by Rolle’s Theorem there is at least one number between r and 7y where
f(x) =0, but this contradicts the assumption that f'(z) # 0, so f(x) = 0 must have fewer than two
distinct solutions in I.

(a) If f(z) = 2® + 42 — 1 then f'(x) = 322 + 4 is never zero, so by Exercise 32 f has at most one real
root; since f is a cubic polynomial it has at least one real root, so it has exactly one real root.

(b) Let f(x) = ax®+bx? + cx +d. If f(z) = 0 has at least two distinct real solutions 7; and 7, then
f (7“1) f(r2) = 0 and by Rolle’s Theorem there is at least one number between r; and r where
( =0. But f'(z) = 3ax® + 2bx + ¢ = 0 for

)
= (—=2b+ V402 — 12ac)/(6a) = (—b £ v/b> — 3ac)/(3a), which are not real if b> — 3ac < 0
s0 f(

x) = 0 must have fewer than two distinct real solutions.
11 Vi-3 1 1
' =2- But — for ¢ in (3,4
fl(z)= N 2\/_ —3 V3. <2\/_ \/_0r01n(7)so
1
1<2—f< \/g 0.25 <2—+/3<0.29, —1.75 < =3 < —1.71, 1.71 < V/3 < 1.75.

(a) %[fz(x) +g%(2)] = 2f (2) f'(2) + 29(2)g () = 2f (2)g(x) + 29(x) [~ f(x)] = 0,
so f%(z) + g*(x) is constant.

(b) f(z) =sinx and g(z) = cosx

(a) %[Jﬂ(x) — ()] = 2f(2) f'(2) — 29(2)g'(x) = 2f (x)g(x) — 29(x) f(z) = 0 50 f*(2) — ¢*(w)
is constant.

() F(a) = e =) = gle) and (&) = 4(e" + ) = f(0)

If f'(z) =¢'(x), then f(x) =g(x)+ k. Let z =1,

f)=g)+k=01P-41)+6+k=3+k=2,50 k=—1. f(x) =2 — 4o + 5.

Let h = f — g, then h is continuous on [a,b], differentiable on (a,b), and h(a) = f(a) — g(a) = 0,
h(b ) = b) g(b) = 0. By Rolle’s Theorem there is some ¢ in (a,b) where h'(¢) = 0. But
= f'(c) =g'(c) so f'(¢c) = g'(c) = 0, f'(c) = g'(0).
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40.

41.

42.
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(a) Suppose f'(z) = 0 more than once in (a,b), say at ¢; and c3. Then f'(¢;) = f'(c2) = 0 and
by using Rolle’s Theorem on f’, there is some ¢ between ¢; and ¢ where f”(¢) = 0, which
contradicts the fact that f”(z) > 0 so f'(z) = 0 at most once in (a,b).

(b) If f’(z) > 0 for all x in (a,b), then f is concave up on (a,b) and has at most one relative
extremum, which would be a relative minimum, on (a,b).

similar to the proof of part (a) with f/'(¢) <0

similar to the proof of part (a) with f'(c) =0

CHAPTER 6 SUPPLEMENTARY EXERCISES

11.

12.

(a) If f has an absolute extremum at a point of (a, b) then it must, by Theorem 6.1.4, be at a critical
point of f; since f is differentiable on (a,b) the critical point is a stationary point.

(b) It could occur at a critical point which is not a stationary point: for example, f(z) = |z| on
[—1,1] has an absolute minimum at = 0 but is not differentiable there.

No; speeding up means the velocity and acceleration have the same sign, i.e. av > 0; the velocity is
increasing when the acceleration is positive, i.e. a > 0. These are not the same thing. An example is
s=t—t’att=1, wherev=—1and a =—2, so av > 0 but a < 0.

f(0) — f(a)

Yes; by the Mean Value Theorem there is a point ¢ in (a, b) such that f'(c¢) = I)):ia = 0.

(a) f'(x) = —1/2% # 0, no critical points; by inspection M = —1/2 at z = —2; m = -l at x = —1

(b) fl(z) =32 —423 =0at x =0,3/4; f(—1) = =2, f(0) =0, f(3/4) = 27/256, f(3/2) = —27/16,
som=—-2atz=—1, M =27/256 at x = 3/4

—12 144 [ 2\
(¢) fl(z) = %, critical points at x = 12/7,2; m = f(12/7) = Ty (?> ~ —1.9356 at
x=12/7, M =9 at z =3
(-2
(d) ].iI(I)l f(z) = HI_P f(z) = 400 and f'(z) = Lig), stationary point at * = 2; by Theorem
r—0t r——+00 €T

6.1.5 f(x) has an absolute minimum at z = 2, and m = ¢?/4.

N
(a) f(x)—me
M:\/§/3atx:\/§.

(b) f'(x) = 1023 (x—2), critical points at x = 0, 2; )E?— f(x) = 88, so f(x) has no maximum; m = —9

critical point at x = /3. Since lirgl+ f(z) =0, f(x) has no minimum, and
T—

at x =2
(c) critical pointat z =2;m=—-3atx =3, M =0at z =2
(d) f'(z) = (1 +Inz)z”, critical point at © = 1/e; liron+ f(z) = lir(IJl+ ethe — q, Hlir+n f(x) = 4o00; no

absolute maximum, absolute minimum m = e~"/¢ at x = 1/e
x = 2.3561945 10. = = —2.11491,0.25410, 1.86081

(a) yes; f'(0)=0 (b) no, f is not differentiable on (—1,1)
(¢) ves, f'(Vm/2) =0

(a) no, f is not differentiable on (—2,2) (b) yes, f(S);g

- @ _ - pasve
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(¢) lim f(z) = 2, ’lir{h f(x) = 2 so f is continuous on [0,2]; lim f'(x) = lim —2x = —2 and

r—1- r—1- r—1-

lim f'(x) = lim (=2/2%) = —2, so f is differentiable on (0,2); and F=70) —1=f'(V2)

z—1+ T—1+ 2—-0
13. Let k£ be the amount of light admitted per unit area of clear glass. The total amount of light admitted
by the entire window is
1 1
T =k - (area of clear glass) + §k: - (area of blue glass) = 2krh + ZﬁkTZ.
But P = 2h + 2r + mr which gives 2h = P — 2r — 71 so

T:kr(P—Qr—ﬂ'r)—l—iﬂ'er =k [Pr_ (2+7r— %) TZ]

P
=k Pr—8+3ﬁr2 forO<r < ——,
4 247
d—T:k P78+37Tr ,d—T:()Whenr: 2P
dr 2 d 8 + 3w

This is the only critical point and d*T'/dr? < 0 there so the most light is admitted when
r=2P/(8+ 3m) ft.

14. If one corner of the rectangle is at (z,y) with x > 0, y > 0, then A = 4oy, y = 3/1 — (x/4)?,

dA 8 — 2?2
A=12x+/1— (z/4)? = 3216 — 22, — = 6———, critical point at x = 24/2. Since A = 0 when
(/4) dx V16 — z2 P

x =0,4 and A > 0 otherwise, there is an absolute maximum A = 24 at z = 2v/2.

15. (a) If a =k, a constant, then v = kt + b where b is constant; so v

the velocity changes sign at t = —b/k.
Thik
e

(b) Consider the equation s =5 — /6, v = —t%/2, a = —t. Then v
for t > 0, a is decreasing and av > 0, so the particle is
speeding up.

16. s(t) =t/(t2+5), v(t) = (5—t3)/(#* +5)%, a(t) = 2t(t* — 15)/(t* + 5)*

(a) 025 0.2 0.01
0
[ N— (20
0 ~0.05 -0.15

s(t) v(t) a(t)

(b) v changes sign at t = /5 (¢) s=+/5/10,v =0, a=—/5/50

10
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17.

18.

19.

20.

21.

(d)

(e)

(a)

(b)

(a)

(b)
(c)

(a)

(a)

(b)
(c)

(a)

Chapter 6

a changes sign at t = /15, so the particle is speeding up for /5 < t < v/15, and it is slowing
down for 0 < t < v/5 and V15 < t

v(0) = 1/5, flir+n v(t) = 0, v(t) has one t-intercept at t = v/5 and v(t) has one critical point at

t = v/15. Consequently the maximum velocity occurs when ¢ = 0 and the minimum velocity
occurs when ¢t = 1/15.

s(t) = s+ vot — 3gt* = vt — 4.9t%, v(t) = vy — 9.8¢; Spax occurs when v = 0, i.e. t = v/9.8,
and then 0.76 = Spax = v9(v9/9.8) —4.9(v/9.8)? = v3/19.6, so vy = v/0.76 - 19.6 = 3.86 m/s and
s(t) = 3.86t — 4.9t%. Then s(t) = 0 when t = 0,0.7878, s(t) = 0.15 when ¢t = 0.0410, 0.7468, and
s(t) = 0.76—0.15 = 0.61 when t = 0.2188,0.5689, so the player spends 0.5689—0.2188 = 0.3501 s
in the top 15.0 cm of the jump and 0.0410 + (0.7878 — 0.7468) = 0.0820 s in the bottom
15.0 cm.

The height vs time plot is a parabola that opens down, and the slope is smallest near the top
of the parabola, so a given change Ah in height corresponds to a large time change At near the
top of the parabola and a narrower time change at points farther away from the top.

s(t) = 8o + vg — 4.9t%; assume sy = vy = 0, so s(t) = —4.9t>, v(t) = —9.8¢

t|0 1 2 3 4
5|0 —-49 | —-19.6 | —44.1 | —784
v|{0|—-98|—-19.6 | —29.4 | —39.2

The formula for v is linear (with no constant term).

The formula for s is quadratic (with no linear or constant term).

2.1 (b) minimum: (—2.111985, —0.355116)
maximum: (0.372591, 2.012931)

-10f =y [ 10
-05
y
— X
0.2 06
-0.5
-1
-15
-2

The distance between the boat and the origin is y/22 + 32, where y = (2'%% —1)/(22%*3). The
minimum distance is 0.8247 mi when x = 0.6598 mi. The boat gets swept downstream.

Use the equation of the path to obtain dy/dt = (dy/dz)(dx/dt), dx/dt = (dy/dt)/(dy/dz). Let
dy/dt = —4 and find the value of dy/dx for the value of x obtained in part (b) to get
dx/dt = —3 mi/h.

tt+202—1) 3P+ 10t — 12¢* — 62 + 1

v=- (t'+1)2 » &= (th+1)3
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22,

23.

24.

(b) s v a
12 )
1 0.4
0.2 1
08 .
— t
06 021 |F 2 45 6 2 3 4 5 6
0.4 -0.4 -1
-06
02 08 -2
t 1 3
1 2 3 4 5 6

(c) Tt is farthest from the origin at approximately ¢ = 0.64 (when v = 0) and s = 1.2

(d) Find ¢ so that the velocity v = ds/dt > 0. The particle is moving in the positive direction for
0<t<0.64s.

(e) Tt is speeding up when a,v > 0 or a,v < 0, so for 0 < ¢t < 0.36 and 0.64 < ¢ < 1.1, otherwise it
is slowing down.

(f) Find the maximum value of |v| to obtain: maximum speed = 1.05 m/s when ¢ = 1.10 s.

Find ¢ so that N'(¢) is maximum. The size of the population is increasing most rapidly when ¢ = 8.4
years.

Solve ¢ — 0.0167sin ¢ = 27(90)/365 to get ¢ = 1.565978 so
7 =150 x 10°(1 — 0.0167 cos ¢) = 149.988 x 105 km.

Solve ¢ — 0.0934 sin ¢ = 27w(1)/1.88 to get ¢ = 3.325078 so
r =228 x 10°(1 — 0.0934 cos ¢) = 248.938 x 10° km.



EXERCISE SET 7.1

CHAPTER 7
Integration

SN

12
1. A=1(1)/2=1/2% Az = (b—a)/n = 1/n, x} = k/n, f(z}) = k/n, Ay = |~ + = + -+~
n n
n | 1 7 3 1 5 G 7 g 9 10
A, | 1.0000 | 0.7500 | 0.6666 | 0.6250 | 0.6000 | 0.5833 | 0.5714 | 0.5625 | 0.5556 | 0.5500
2. )/2=4; Az = (b—a)/n =2/n, x5 = 2k/n, f(z}) =4—202k/n) =4 —4k/n = 4(1 — k/n),

A= 42
An:4[(1——

i)+(1—%)+--~+(

ik

n

1

2

3

4

5

6 7

8

9

10

A'Il

0.0000

2.0000

2.6667

3.0000

3.2000 | 3.3333 | 3.4286

3.50000

3.5556

3.6000

3. A =22+14)/2 =

n= (1) (10 2) o

16; Az = (b —a)/n = 2/n, z; = 2k/n,

ik

f(zz) = 2+ 12k/n = 2(1 + 6k/n),

n
n 1 2 3 4 5 6 7 8 9 10
A, | 28.0000 | 22.0000 | 20.0000 | 19.0000 | 18.4000 | 18.0000 | 17.7143 | 17.5000 | 17.3333 | 17.2000
4. A=7n(1)}/d=n/4 Az = (b—a)/n=1/n, z; =k/n, f(z) =1 — (k/n)?,
1
A, = [\/1+ (1/n)>+/1+ (2/n)? 1+ (n/n)2] -
n 1 2 3 4 5 6 7 8 9 10
A,, | 0.0000 | 0.4330 | 0.5627 | 0.6239 | 0.6593 | 0.6822 | 0.6982 | 0.7100 | 0.7190 | 0.7261
5. A(1) — A(0) = 1/2 6. A(2)— A(0) =4
7. A(2) - A(0) =16 8. A1) —A(0)= -1 =7/4

EXERCISE SET 7.2

1. (a) /ﬁdw =v1+224C (b) /(x—l—l)emdx =ze’ 4+ C
d . . .
2. (a) %(s1nx—xcosx+0):cosa:—cos:c+;vsm:c:a:s1nz
o o o) VIEERS TR
dx ./1 — 1 — 22 (1 — 22)3/2
d 322
3. — [Va? = /23
= [vai+s] = e /ng_ Vab 154 C
d x 3—a? 3—a? x
4. — = =" dr= "
dx [12+3} (2% 4 3)? % /(502+3)2dx x2+3 e

209
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10.

11.

12.

13.

14.

15.

16.

17.

18.

20.

22,

24.

26.

28.

d .. cos (2y/x) cos (2y/) . .
- [sm (2\/5)} = T S0 Tdm = sin (2\/5) +C

d

d—[sinxfxcosx] =uzsinz  so /xsinxd:c:sinxf:z:cosx+c

x

7 2

(a) 2°/9+C (b) ﬁx12/7+c (c) §x9/2+0
e b) —sr®4+C =t C 81/ + C

(a) R (b) Tt T =oE T (c) 8z +
1 -3 L o 4 2

(a) 5 a:‘dz::fz:r +C (b) uw*'/4—u*+Tu+C

§x5/3 —52%° 4 4z + C

1 2 12 1
/(x’?’ + 2% = 324 4 2 dx = —555’2 + §m3/2 - 3305/4 + gx?’ +C

/(7y*3/4 _ g a2y — 28yt — 2y4/3 n gyi’)/? LC
/(:1: +atde =222+ 2°/5+ C

4 51
/(4+4y2+y4)dy:4y+—y3+—y5+C

3 5
1/3 N 1/3 43 TN ad3 12 g 3 g3
P4 —de+27)de = | (da'? — 42*° + 2"°)dx = 3z - —&—Em +C
2_ .3 Lo, 25 1,
2-—z+22°—2)de =20 — —2°+ z2°——2"+C
2 3 4

/(z+2x72fz’4)d:c:x2/272/x+1/(3x3)+0

_3 1, :
/(t —2)dt:—§t —-2t+C 19. 2lnz+3e"+C

L ¢ 1 t :

it —V2¢! dt:§lnt—\/§e’+0 21. —4cosx+2sinx+C
4tanz —cscx + C 23. /(secQ:chsecxtanx)dx:tanx+secz+C’
/(secxtanm+1)dm:secac+x+c 25. In6® —2¢’ +cot+ C
/sinydyz—cosy—i—C 27. /secxtanxdwzsecx—&—C

/(¢+QCSCQ¢)d¢= #*/2 —2cot ¢ + C 29. /(1+Sin9)d9 =6 —cosf+C
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24
30. /wdmZQ/Sinmdx:—Qcosx—i-C

CoS T

1 —si 1 —si
31. /Lﬁxdm:/ﬂ:/(sec2m—secxtanx) dr = tanx —secx + C

1 —sin“x

33. (a) y (b) f(z)=22/2+5

Juy
=
N

34. (a) y (b) flx)=¢€"/2+1/2
-1__//1/2 X
35. y 36.

37. f'(z) =m = —sinz so f(x) :/(—sinx)dx:cosx+0; f0O)=2=14+CsoC =1, f(zr) =cosxz+1

38. fi(x) = m = (z+1)% so f(z) = /(x+1)2dx - %(x+1)3—|—0; F(-2) =8 = %(—2+1)3+c - —%Jrc,

Cog+io® f)=

3 3

23dx = Zx4/3 +C,y(1) = Z +C=2,C=5/4; ylx) = Zx4/3 + -

39. (a) yla)= -

() ylz)=

2 8
y(z) = §$3/2 + 2212 — 3

(b) y(t) = /fldt |t 4 C,y(—1) = C =5, C =5 y(t) = In|t| + 5
/(:101/2 + 2 Y de = §x3/2 +2:2 4 ¢ y1)=0=

1

1 1
40. = Zx73 e N=0= —— - . - _
0. (a) y(x) /(8:6 )dm 161‘ +C,y(1)=0 +C,C s y(x) 1696 + 16
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41.

42.

43.

44.

45.

46.

47.

48.

49.

51.

52.

53.

v =
24273 V273

+0, 0 =-Y2

[
S

(b) y(t) = /(secQt — sint)dt = tant + cost + C, y(%) =1=1+
2
y(t):tant—i-cost—%

2 2
(¢) ylx)= /x7/2dx = §x9/2 +C,y(0)=0=C,C=0;y(z) = §x3/2

2 4 4
ﬂ@:§ﬁﬂ+ame:Eﬁﬂ+Qx+@

f'(x) = 2?/2 +sinz + Cy, use f/(0) =2 to get C; =2 so f'(x) = 22/2 +sinz + 2,
f(z) =23/6 — cosz + 2z + Cy, use f(0) =1 to get Co =2 s0 f(z) = 23/6 — cosx + 2z + 2
dy/dx:2x+l,y:/(2m+1)dx:x2+x+6'; y =0 when x = —3

50 (=32 +(-3)+C=0,C=—6thusy=a2>+2—-6

dy/dx = 2,y = /x2dx =23/34+C; y=2whenz=—1s0 (-1)*/34+C=2,C=7/3

thus y = 23/3 +7/3

dy/dx = /Gxdm = 322 + C}. The slope of the tangent line is —3 so dy/dz = —3 when x = 1. Thus

3(1)2+Cy = =3, C; = —6 so dy/dw = 32° — 6, y = /(3332 —6)dr = 2® — 6z + Cy; If 2 = 1, then
y=5-3(1)=2s0 (1)2—6(1)+ Co =2,Co =7 thus y = 2 — 62 + 7.

dT/dx = Cy, T = Cixz+ Cy; T =25 when . = 0so Cy =25, T = Ciz + 25. T = 85 when = = 50 so
500, +25 =85, Cy = 1.2, T = 1.2 + 25

(a) Fl(x)=G'(z)=3z+14

(b) (0)=16/6 =8/3, G(0) =0, so F(0) — G(0) =8/3

() F(x)= (92 + 242 + 16)/6 = 32%/2 + 42 + 8/3 = G(x) + 8/3

(a) F'(z)=G'(z) =10z/(2® + 5)?
(b) F(0)=0, G(0)=-1,s0 F(0) —G(0) =1
2 _ (@45 -5_ 5

F
F

(c) ﬂm:ﬁ+5f s = ,#+5:m@+1

/(sech— 1)dzx =tanz —xz + C 50. /(CSC2$—1)d.13= —cotx—xz+C

(a) %/(l—cosx)dw:%(ac—sinx)—i—C (b) %/(1+cosx)dx:%(x+sinx)+0
@) F)=6/e)= fe) where f2) ={ 77

®) G- ra={ 5 17

(c) no, because (—00,0) U (0, +00) is not an interval

so G(x) # F(z) plus a constant

1087 1087 1087
TV24T = —T"* + C, v(273) = 1087 = 1087 + C' s0 C = 0, v = ——=T" ft /s
V273
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EXERCISE SET 7.3
1. (a) /u23du =u¥/24+C=*+1)*/24+C
(b) —/u3du = —u'/44+C = —(cos’z)/4 + C

(c) 2/sinudu: —2cosu+ C = —2cos/z + C

(d) g/u_lﬂdu:%ul/Q—I—C:g\MLmQ—i—S—&—C
(e) 1/ Ty = 1 +O—11(3—4)+0
e) 3 [u du=zlnu =3I

1 1 1
2. (a) Z/se(:?udu:Ztanu+C:Ztan(4w+1)+C’

L[ 1 L 3 1 213/2

() - [uPdu=-uw'"4+C==-(1+2y")""+C
4 6 6
1 2 2

(c) —/ul/Qdu:—u3/2—|—C:—sin3/27r9—|—C'
™ 3m 3

(d) /u4/5du = gu9/5 +C= g(x2 +72 435+ C

(e) /%u:lnu+0:1n(1+ez)+0

1 1
3. (a) —/udu:—§u2+C:—§cot2x+C
(b) /ugdu = iu10 +C= i(1 +sint)!? + C
10 10

(c) /ldu:1n|u|+0:1n|lnx|+0
u

(d) —%/e“du:—%e“—k(}':—%ef‘r’”—k(}'
(e) f%/idu:féln\u|+C:féln\(1+cos30)|+c
4. (a) /(u — 1)2u1/2du: /(u5/2 — 2% +u1/2)du = gu”? — %u5/2 + §u3/2 +C
= %(1—}—1‘)7/2—§(1+x)5/2+§(1+$)3/2+0

(b) /cs02udu = —cotu+ C = —cot(sinz) + C

(c) /e"du:e“_A'_C:etan.r_’_C

1 1 1
(d) §/u1/2du: §u3/2+C’: 5(1—1—6%)3/24—0

(e) /%du:1n|u|+C:1n|x5+1|+C

1 1 1,
5. u=2x,du=2d:c;§/e“du=§e“—|—02562”+0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

1 1 1 1
u:2m,du:2dx;—/—du:—ln\u|+C:—ln|2x|+C
2/ u 2 2
1 .
w=2—2% du=—2zdx; —§/u3du: w84+ C=—-2-2H)"/8+C
=3 1d—3d~1/5d—1“+0 Bz -1)°+C
u=3c—1 du=3dz; 3 [ wdu= jqu 175 (32

1
u = 8, du = 8dx; cosudu——smu—l—C—gsmSa?—&—C

ol —

u = 3z, du = 3dz;

Wl

u = 4x, du = 4dz;

/smudu = f—coqurC = 7%COS3£E+C

1 1
secutanudu = Zbecu—i—C’ = Zbecélx—l—c

RNy

1 1
u = bx, du = bdzx; 5/Sec udu—gtanu—i—C—gtaan—i—C
w=Tt + 12, du = 14t dt; i/ulﬂdu: L io- i(71t2+12)3/2+c
’ T 14 21 21
2 1 ~1/2 L o1 1
uz4—5x,du=—10xdaz;—1—0 u duz—gu +C’=—5\/4—5x2+0
3 2 1 ~1/2 2 15 2
U=z +1,du:3xd$;§ U du:§u +C:§\/x +1+C
1 . 1 1 B
u=1-3z, du = —3dx; 3 U du:§u +C:§(173x) +C
u=4z>+1 du=8xda§'1/ 3du——i1[2—|—C'———(433 +1)?+C
’ "8 16 16
) 1 1. 1. 2
u = 3z°, du = 6x dx; 6 cosudu = Esmu—i—C: Esm(?)m )+ C
u = sinzx, du:cosxdz;/e“duze“JrC:eSinIJrC
1 1 1 4
— pd =4 R U — U — T
u =z du xdw,4/edu 46 +C 46 +C
1 , 1 1 5
u=—223 du= —622, ~5 /e“du = —ge“ +C = —6672‘}03 +C
_ _ 1 _
u=e"—e " du=(e"+e I)dx,/Edu:ln|u|+0:ln|ex—e |+ C
, 1 1 1
u=>5/x, du = —(5/x*)dx; —x sinudu = 5cosu+C = 5COS(5/$) +C
u =z, du = —~=dr; 2| sec?udu=2tanu+ C = 2tan/z + C

\/_

. 1 1 1 .
u=1z°, du = 322dx; g/sec2udu: gtanquC: gtan(xS)JrC

214
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

38.

39.

41.

42.

43.

44.

1 1 1
u = cos 2t, du = —2sin 2t dt; —§/u3du: —§u4+C: —§COS42t+C
/e’””dm; u=—z, du = —dx; —/e“du: —e"+C=—-e"+C
/ex/Qdac;u::c/Q, du = dx /2; 2/e“du:2@“+C:261/2+C’:2\/6—I+C

1 = 1 1 X
u = sin 3t, du = 3 cos 3t dt; g/u"du: Eu°+C’: 1—gsin°3t+0

1 1 1
u =5+ cos 20, du = —2sin 20 d0; —5 /u‘gdu = Zu_z +C = 1(5 +cos20)2 4+ C
. 1 1/2 L 3/ 1 . 3/2
u=2—sin40, du = —4 cos 460 db; 1/ u duz—au +C’:—6(2—sm49) +C

1 1 1
u = tan bz, du = 5sec® 5x dx; g/ugdu: %u4+C: %tan45x+0

1 1. 1 .
u = sec 2x, du = 2sec 2z tan 2z dx; §/u2du: 6u3+0: ésec32x+C’

u=sin6, du = cos 6 db; /Sinudu:—cosu—|—C':—cos(sin9)+C
1
uw= /Y, du=——dy, 2 | e"du = 2"+ C =2eV¥ + C
VY N

1 1
= = — 2| —du=2 TUdu = —2e "+ C = —2e VY +
u=,/y, du 2\/§dy’ / e”du /e du e C e C

u=a+bx, du=bdx, dac:%du

L (o, —n (n+1)/n __n (n+1)/n
b/u du—b(n+1)u +C’—b(n+1)(a+bx) +C

u = sin(a + bx), du = beos(a + bx)dz

1 1 1
- "y = n+1 C = santl b C
b/u u 7b(n+1)u + 7b(n+1)sm (aJr I)+

u=z—3, x=u+3, dr=du
‘ 2 . f 2 - :
/(u + 3)u'Pdu = /(u‘w + 3ul/?)du = gu°/2 +2u?? 4 O = (- 32 4 2(x -3+ C

u=y+1lL,y=u—1,dy=du

ul 2 2 ‘
/ U 7 du = /(u1/2 _ u*l/Q)du = §u3/2 _ 2u1/2 +C = g(y + 1)3/2 o 2(y + 1)1/2 L C
u

u =30, du =3df

1 , 1 ) 1 1

3 tan® u du = 3 (sec®u — 1)du = g(tanu—u)+C: 5(tan30—39)+0
/sin2 20 sin 20 df = /(1 — cos? 26) sin 20 df; u = cos 26, du = —2sin 260 d6,

1 S R P | 1,
2/(1 u”)du = 2u+6u +C= 2cos20+6(:os 20+ C

Chapter 7



Exercise Set 7.3

1
45. /(1+¥>dt:t+lnt|+0

. 2 1
ezlna, —_ eln.x — l‘Q, x>0, s0 /thmdx — /J)qu} _ §xS +C

46.

47.

48.

49.

50.

51.

52.

53.

54.

In(e”) + In(e ) = In(e"e™®) =In1 =0 so /[ln(ew) +1In(e™))dx =C

1
/C?Smdx;u:sinx, du = cos xdz; /—du:1n|u\+C:1n|sinx|+C
sinx U

(a)

(b)

(a)

(b)

y(z)

y(1)

29 2
=—+C’=5,C:§soy(x):§(3x+1)3/2—|——

1 1
with u = sin z, du:cosxdx;/udu:§u2+01:§sin2x+01;
. . L, Lo o
with u = cosz, du = —sinz dx; — udu:—iu +Cg=—§COS x + Cy

because they differ by a constant:

1 1 1
(5 sin2x+01> — (—5 COSQl‘—i-Cg) = §(sin2x—|—0052x) +C—Cy=1/24+C, — Cy

25 .
First method: /(2531:2 — 10z + 1)dz = Ears — 52 + 2+ O;

1 1 1
second method: 5 /quu = 1—5u3 +Cy = 1—5(5:10 13+ Cy

1
15
the answers differ by a constant.

1 25 1
(5r —1)> + Oy = 1—5(125m3 — 7522 + 152 — 1) + Cy = ?w?’ — 5% + 2 — 10

= /\/393 + ldz = 3(395 +1)*2 40,

16 29

9 9

5
y(z) = /(6 — 5 sin2zx)dx = 6x + 500523: + C,

y(0)

f(x)=m= 3Bz +1, f(z) = /(3x + 1)Y%dx = %(3:1; +1)¥2 405 f(0)=1= g +C,C

5 1 ) 1
=—+C:37C’:§Soy(x)zﬁx—i——cost—i——

2 2 2

fle) = 2@e+ 1+ ]

74

y

=

/
)

216
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55.

56.

8 5 8
p(t) = /(4 +0.15¢t)32dt = S+ 0.15t)°2 4 C; p(0) = 100,000 = §45/2 +C=

256
€' = 100,000 — == ~ 99,915, p(t) =

—kVt, = k/tlﬂdt

8
S+ 0.15t)%2 + 99,915, p(5) =

Chapter 7

256
— +C,
3 +

8
§(4.75)5/2 + 99,915 ~ 100,416

kt3/2+c 7(0) = 10,000 = C so C' = 10,000 and

dt
250

r= fgkt“/? + 10, 000; 7(25) = 9,000 = —gk(25)3/2 +10,000 = 10,000 — ==k s

k=12, r = —8t32 + 10,000, and r(60) = 6281.94 m

EXERCISE SET 7.4

10.

13.

14.

15.

16.

17.

19.

(a) 1+8+27=36
() 204+124642+0+0=40
() 1-2+4+4—-8+16=11

(a) 1+0-3+0=—2
(c) e2+e’+ - +e=14¢?
(14 terms)

() ml+n24+mn3+Ind+In5+n6=In(1-2-3-4-5-6)

(b) 5+8+ 11414417 =55
(d) 1+1+14+141+1=6
(f) 0+0+0+0+0+0=0

(f) 1-14+1—-1+1—-1+1-141-1+1=1

10 20
Z k 4 Z 3k
k=1 k=1

10
Z 2% 8
k=1

5 il
;(—1) HE 11.

50

(a) > 2k

(a) Z k+1

1
5 (100)(100 + 1) = 5050

100

(b) > (-1
k=0

(b) 1-141-141-1=0
(d) 2*+2°+26=112
=1n720
49 4
5. ) k(k+1) 6. » 2
k=1 k=0
8 6
> 2k —-1) 9. > (=) (2k-1)
k=1 k=1
5 3
1 k
(_1)kE 12. cos 77r
k=1 k=0

50
(b) D (2k-1)

k+lbk (C) Z akwk

k=0

> k- Zk: (100)(100 4 1) — (1 4 2) = 5050 — 3 = 5047
k=1

%(20)(21)(41) = 2,870
6 6 6 1
4Zk3—22k+21:4[

100 100
18. 7Zk + Z 1= 100 )(101) 4 100 = 35,450
k=1

1(6)2(7)2} ~2 [5(6)(7)} 16 =1728
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20 3
20. Y K-> Kk’ =2,870— 14 = 2,856
k=1 k=1
30 30 30 30 1 1
21. 2_4) = 3 _4k) = - = —(30)*(31)* —4- = =
Dk —4) =) (K —4k) = k4> "k 1 (30)°(31) — 4+ (30)(31) = 214, 365
k=1 k=1 k= k=1
6 6 1
22. — 2 (6)%(7)* = —42
2:; Z 1(6)°(7) 0
23. (4k — 3_4§:k }:3_4 ﬂln+D 3n=2n*—n
k k=1
n—1 1 1
24. Hzgmfmmn—n+umn—n+u 5 n(n —1)(2n — 1)
k=1
"3k 3 31 3
25. R =2.2 )=2(n+1
5 2., n;k - 2n(n+ ) 2(n+ )
n—1 n—1
k21 11 1
26. —=—-) KF==-2(n-1 m—1)=—-(n—1)2n—1
2 ng; S g =Dm)En—1) = <(n-1)(2n-1)

n—1 n—1
k3 1 1 1 1
27. E — = — E k?’:ﬁz(n—l)Qn?:Z(n—l)Q
~ (5 2k 5« 2 « 5 2 1

30. S—rS= Zar —Z +1

5=0
—( +ar+ar + o+ ar™) — (ar +ar’* + ard + -+ ar™)

=a—ar"t! =a(1 - ")

o (1-7r)S=a(l —r""), hence S =a(l—7r")/(1—r)

" 19 o 3035 320) 3 320 _ 4
. (a) %% ;% 3 ¥ U
b 2 b5 _ N 9igh _ 2(1-2%) _ 231 _ 95
(b) kZ Z ?— -
100 -1\" (DO - (12" 2 101
© Yo (3) =SS =y

32. (a) 1.999023438,1.999999046,2.000000000; 2 (b) 2.831059456, 2.990486364, 2.999998301; 3

1+2+3+ 1 < 1 1 n+1 .. n+4+1 1
33. _Zrﬁ_ﬁz’“ﬁ'i”("“)_ o w5 =
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12 22 32 e 2 k? 1 1 1 1 2 1
g4, — oo LrAn szZf2k2=n—~6n(n+1)(2n+l):w.

n? 6n2 ’

o (n+1)@2n+1) 1 1
5k _ 5+l 5(n+l) 5
ZZ— grin+ )= 2 i HD < 2
12k 2 A (n—1)(2n —1)
36. = == ~1 oy 1) = LT AR T )
kz::l 3 n3z (n—1)(n)(2n —1) 32 ;
. (mn-1@n-1) 1
Jm e = 5(1 — /)@ =1/n) =

5 7
37. (a) » 2 (b) Y 2! () S 22
j=0 j=2

5 13
38. (a) » (k+4)2"8 (b) > (k—4)2"
k=1 k=9
18 - 6 el -1
. k _ -
39. (a) Zsm (E) (b) Ze =
k=1 k=0
n n n 1 )
40. 1+3+5+-~-+(2n—1)22(%—1):2 k— 1:2-§n(n+1)—n:n
k=1 k=1 k=1

41. For 1 < k < n the k-th L-shaped strip consists of the corner square, a strip above and a strip to the
right for a combined area of 1+ (k — 1) + (k — 1) = 2k — 1, so the total area is Z(Qk —1) =n%

k=1
n(n+1)
2

42. =465, n2 +n — 930 =0, (n+ 31)(n — 30) = 0, n = 30.

43. (39 —3%) 4+ (35— 35) 4 ... + (317 — 316) = 317 _ 34
w (o) Ge e o)
46. (22 —2) 4+ (2% —22) 4+ ... 4 (2101 — 2100y — 9101 _ 9

~310-3)+G-3)+G-3) (G- 551)|

1

b li =
( ) nig‘loo 2n + 1 2




Exercise Set 7.4 220

49.

51.

52.

53.

54.

55.

1 /1 1
o S S
e k(k+1) e k k+1
_ 1 n 1 1 1 1 n n 1 1
N 2 2 3 3 4 n n+l
- 1 _n
o n+1 n+1
n
b li =1
() nHHJPoo’rL—Fl
both are valid 50. none is valid

n

Z(xz —I) :ixi—ifzixi —nZ but T = %ixz thus
i=1 i=1 i=1 i=1

i=1

n n

E xi:nisog(ziff):nifn:f:O
i=1 i=1

n

Z(ak_bk): (a1—b1)+(a2—b2)+---+(an—bn)
k=1

:(a1+ag+---+an)—(b1+bg+-~-+bn)=Zak—2bk
k=1 k=1

[(k+1)* — k'] = (n+1)* — 1 (telescoping sum), expand the
k=1

n
quantity in brackets to get 2(4/4;3 + 6k +4k+1) = (n+1)" =1,
k=1

4ik3+6ik2+4ik+i1:(n+1)4—1
k=1 k=1 k=1

k=1
n ) 1 n n n
3 _ 4 2
>k =7 |+ —1-6Y K —4> k-> 1
k=1 k=1 k=1 k=1
1
:Z[(n+1)4—l—n(n+1)(2n+l)—2n(n—|—1)—n]
1 3
:Z(n—l-l)[(n—&—l) —n(2n+1) —2n —1]
1 3 2 1 2 2
:Z(n—i—l)(n +n):1n (n+1)
1 242
Ifn:2mthen2m+2(m—1)+~--+2-2+2:22k:2-%:m(m+1):” Z "
k=1
m+1
if n.=2m+1then (2m+ 1)+ (2m— 1)+ +5+3+1=> (2k—1)
k=1
m+1 m+1 2
1 2 2+ 1
:gkzlk_kzll:2.%_(%1):(%1)2:%

30 30 30
30-31-61 _ 30-31
50-30449-29+---422.2421-1 =S k(k+20) =S k24205 k= 20 — 18,755
+ oot + ; (k+20) ; + ; T 5 :
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EXERCISE SET 7.5

1 1
1 (a) bh=;-4-4=%8 y

(b) The approximation is greater than A, y

as the rectangles extend beyond the area.
4

S fap)Ar = (@A +3+2+1)(1) =10
k=1

(c) The approximation is less than A, y
as the rectangles lie inside the area.

4
S fap)Ar=(3+2+1+0)(1) =6
k=1

<

(d) The approximation is equal to A,
as can be seen by measuring congruent triangles.

)
> f@p)Az=(35+25+15+05)(1) =8
k=1

1 1
2. (a) bh= 4-12=2 o

N
w
[}
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(b) The approximation is less than A, y

as the rectangles lie inside the area. 18
4

3 fap)Ax = (6 +9 + 12 + 15)(1) = 42
k=1

N
i
o

(c) The approximation is greater than A, y

as the rectangles extend beyond the area. 18
1

3 f(@h)Az = (9 4+ 124 15 + 18)(1) = 54

N

k=1
9
6
2 3 6~
(d) The approximation is equal to A, y
as can be seen by measuring congruent triangles. 18
4
> f@p)Az = (T.5+10.5+13.5 4 16.5)(1) = 48
k=1
9
6
+ X
2 3 6

3. (a) #1=0,1,2,34
5
> f@pAr=(1+2+5+10+17)(1) =35
k=1

(b) z:=1,2,3,4,5
5
> f@p) Az = (2+5+10+ 17+ 26)(1) = 60
k=1
(c) =z =1/2,3/2,5/2,7/2,9/2

F(@p) Az = (5/4 4 13/4 +29/4 + 53/4 + 85/4)(1) = 185/4 = 46.25

bl
—

4. (a) 2;=1,2,3,45
3 f(@h) Az = (148 +27 + 64 4 125)(1) = 225
k=1

=2,3,4,5,6

=% |

(b) =z

[

F(xp) Az = (8 + 27 + 64 + 125 + 216)(1) = 440

>~
—_

(c) =z, =3/2,5/2,7/2,9/2,11/2
5

flzi) Az = (27/8 + 125/8 + 343/8 + 729/8 + 1331/8)(1) = 2555/8 = 319.375

=~
Il
—
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11.

13.

Chapter 7
(a) zp=-7/2,—7/4,0,7/4
4
> f@pAr=(0+1/V2+1+1/V2)(r/4) = (1 + V2)r/4 ~ 1.896
k=1
(b) zp=-m/4,0,7/4,7/2
4
> f@pAr=(1/V2+1+1/V2+0)(n/4) = (1 + V2)r/4 ~ 1.896
k=1
(¢) xf=-3n/8,—n/8 /8, 3m/8
4
;f(x};)Ax = [COS%T + cos g —i—cosg —&—COS%T Z = Wcosgcosg = (7r 2 cos g) /2 ~ 2.052
(a) z;,=0,1,2,3,4
4
flap)Az = ("+e' +e*+e’ +e') (1) = (1—€°)/(1 —e) = 85.791
k=1
(b) =z, =1,2,3,4,5
4
Z fl@p)Az = (e'+ e+ e +e'+€°) (1) =e(1—€°)/(1 —e) = 233.204
k=1
(c) =z =1/2,3/2,5/2,7/2,9/2
4
> fap)Ar = (e1/2 + e 4P T e9/2) (1) =e2(1 —€°) /(1 — €) = 141.446
k=1
4
left endpoints: o =1,2,3,4; Y f(2j)Az = (2+3+2+1)(1) =8
k=1
4
right endpoints: z; = 2, 3,4, 5; Z flzi)Az=3+2+1+2)(1)=8
k=1
(a) A= 3(hy+ hs)w = 3(4+16)(4) = 40
16
7
4
1 2 5

4
(b) (left) 2} =1,2,3,4; ¥ f(zj)Az = (4+ 7+ 10+ 13)(1) = 34
k=1
4

(right) =} = 2,3,4,5; Zf(x;:)Ax = (7410 + 13 4 16)(1) = 46; the average is 1(34 + 46) = 40
k=1

(¢) The right endpoint approximation exceeds the true area by four triangles; the true area exceeds
the left endpoint approximation by four different, but congruent, triangles.

0.718771403, 0.668771403, 0.692835360 10. 0.761923639, 0.584145862, 0.663501867
0.919403170, 1.07648280, 1.001028825 12. 4.884074732, 5.684074732, 5.347070728

0.351220577, 0.420535296, 0.386502483 14. 1.63379940, 1.805627583, 1.717566087
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15. n 1/z 1/x? sin x VT Inz er
(a) | 25 | 0.693097198 | 0.666154270 | 1.000164512 | 5.336963538 | 0.386327689 | 1.718167282
(b) | 50 | 0.693134682 | 0.666538346 | 1.000041125 | 5.334644416 | 0.386302694 | 1.718253191
(c) | 100 | 0.693144056 | 0.666634573 | 1.000010281 | 5.333803776 | 0.3862964444 | 1.718274669
1
17. (a) A=-(3)(3)=9/2 (b) —A:fi(l)(1+2)273/2
y
2 -1 V .
A
A
X
3
1
(C) —A1+A2:—§ +8:15/2 (d) —A1+A2:0
y
5 2
A2 - 5%
1 « A
A 4
1
18. (a) A:i(l)(Q)zl (b) A:§(2)(3/2+1/2):2
y y
A A
2 X 1 1 X
1
(c) —A:—§(1/2)(1) —1/4 (d) A—Ay=1-1/4=3/4

y
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19. (a) A=2(5)=10 (b) 0; A; = Ay by symmetry

(€) At As=3(5)(5/2) + 1 (1)(1/2) (@ (1) =7/2
=13/2 ,
| an
20. (a) A=(6)(5)=30 (b) —A; + Ay =0 because
, A; = Ay by symmetry
6 y

4
e y: %

() At ds=_(2)2)+

(1)(1) =5/2 (d) J7m(2)P=n

A

N

21. (a) 08 (b) —26 (c) —18 (d) -03
1 1

a x)dxr = rdx = 22| =

2. @) | f@)d /02d } 1

(b) /_11 Fa)de = /_11 dwdy — xﬂ 1_1 12— (-1 =0
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

37.

10

10 10
(c) f(z)dx = / 2dx = 24 =18
1 1

1

(<2

5 1 5 1
(d) / f(z)dx = / 2xdx + / 2dx = I2:| + 2z
1/2 1/2 1 12
2
-1

2
/_1 f(z)dz + 2/ g(z)de =5+ 2(=3) = —1

3/14 f(z)dx — /14g(x)dx =3(2)-10=—4

/lsf(x)dx = /05 f(z)da — /O1 fx)dz =1—(-2) =3

/32f(a:)dx:—/:f(z)das:—[/_zf(x)dx+/13f(x)dx] = (2-6)=4

(a) /ledx—i—ZAl V1—2?dx=1/242(r/4) = (1+m)/2

(b) 4/3d:c—5/3xdx—4~4—5(—1/2+(3-3)/2)——4

0 0

(a) /2dm+/ V9 —a2de =23+ (7(3)%)/4 =649 /4
-3 -3

(b) /2dz—3/2m|dx:4-1_3(2)(2.2)/2:_8

(a) vz >0,1—2z<0on [2,3] so the integral is negative
(b) 22 > 0,3 —cosz > 0 for all z so the integral is positive

(a) z'>0,+v3—2>0on[-3,—1] so the integral is positive
(b) 2*—-9<0,|z|+1>0on[-2,2] so the integral is negative

10

/25 — (x — 5)2dz = 7(5)%/2 = 257/2
0

/3 VO (7 =3z = 7(3)2/4 = 97 /4
0

(a) [ z s2(1 — 32)do (b) /0 e
(a) /1 B (b) /0 " 0 v
/01(33; +1)dx = 5/2 36. /_22 V4 — 22dz = 7(2)2/2 = 2

n
li 20 Axp;a=1,b=2 li
(a) 1nax1AI§lk~>O; TRETE; @ ’ b (b) maxlAIJ?kHO ) l‘z +1

Azi;a=0,b=1

226

=12—(1/2)*+2-5-2-1=3/4+8=35/4
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38.

39.

40.

41.

42,

Chapter 7

n

(a) lim Zlnx;Axk7 a=1,b=2
1

max Ax,—0

n

b lim 14 cosxy)Axg, a=—m/2, b=m/2
k
1

max Az, —0

1 1 1 2 1 k+1
(a) x’,;H:xz+ﬁandzf:1+g,sox§:m1+ﬁ:1+E,x,’;+1:x,’;+ﬁ:1+ p for
k=23 ,n—1
k 1
(b) f(x};)zl—i-—andAx:—
n
B (n+1)_3 1
(c) Zl+ Zk 5 =5t5
. 3 1 3 . Sy .
(d) hrf §+2— =3 which is the area of the trapezoid with base 1 and sides 1 and 2
n—-400 n
R = E—1\1 1 1 (n—1mn 3 1
1 I A — AT = 1 Sl AT V2
fi) L ’;f(xk) * ;(+ n >n AT 2 2n’
. 3 1 3
lm (= —— ) ==
n—+oo \ 2 2n 2
b—a 1 k
ight) Az = — = = =, 27 = —
(@) (rght) A =5 = 2 5 = 2
(kN1 1, lam+1)@2n+1) -
Zf“"”’f 3 (5) mmwin = uLEaanka Ar=2=1
b—a 1 , k-1
(b) (left) Aw = = k=T
" (E—-1\"1 - , 1 (n—1Dn@n-1)
S rar=3 (F2) 5= - = s,
k=1 k=1
. 2 1
1 Az = =
Jim > fap)de =2 =2
k=1
b—a 3 3
ight) Az = =—,z=—
(a) (I‘lg ) x n naxk 712,
= 1 (3k 3012 27 — 27 n(n+1)(2n +1)
S Ag — 4—-(Z) ] 2= Y =12 — ;
Zf(zk) v ( 4<n> )n nz 4n? 4n? 6 ’
k=1 k=1 k=1 k=1
B 27(2) 39
nkffwzka =S "1
b—a 3 . 3(k-—1)
(b) (left) Az = — == —— ’2
1/3(k—-1) 30 12 27 & ) 27 (n—1)n(2n —1)
4 (2 ) )2 =2=2% 120 —1)? = 12— -5 ;
fok ( 4( n ))n nz 4n3 (k=1) 4n3 6
k=1 k=1 k=1
: B 27(2) 39
,LETwaxk 2T~ 7
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b— 4 4k
43. (a) (right) Az = a:—,x,’;:2+—,
n nn n 3 n 2
4k\° 4 192 1) 384 D(2n+1) 256 1
> flap)Ar = 2+ — —=:~;2+—”(”Jr ) 38an(nt 1)@+ )+— nint1) ;
n? 2 n3 6 nt 2
k=1 k=1
R . B 192 384(2) 256
nETwZ f(ack)Ax—32+T+ 6 T =320
b—a 4 4(k —1)
b) (left) Az = A Wl U
(b) (left) Az - - T +gn’ 2
= u 4(k—1)\" 4 192 (n—1)n 384 (n—1)n(2n—1) 256 ((n—1)n
DAz = 2+ ———= | —=32+— — —T |\
Zf(xk) v k1< L ) n 3 Tz 2 n? 6 n? 2 '
NS A 192 384(2) | 256
nLHPook% f(xk)Ax—?)Q—i—T 6 +T_320
b—a 2 2k
44. icht) Ax= =2 =34+
() (right) Ax=""% == aj =34,

" i 2%k 3\ 2 56 108 7
Az = 1— (= - —=—=) 1-— —
Zf(xk) z 1( (n 3)>7L n TL 5

k=1 k= k=1 k=

VHM
M

1
_56_@71(71—&-1) nn+1)2n+1) 16 (n(n+1)
B n? 2 n3 6 A B ;
o 72(2) 16
nglfwzlf(xkAm-56—54+T—I_22
b—a 2 2(k — 1)
(b) (left) Ax=——=—,1j + =,
- 2(k — 1 3\ 2
S k) A = (1—(( >_3) 2
n n
k=1 k=1
56 108 72 & , 16 < 5
=D 15> (k-D+ 5 (kfl)fﬁZ(kfl)
k=1 k=1 k=1 k=1
e 108(n-Dn  72(n-Dn@2n-1) 16 ((n-1)n ?
N n? 2 n3 6 nt 2 ’
e A 108 72(2) 16

45. (a) f is continuous on [—1,1] so f is integrable there by part (a) of Theorem 7.5.8

(b) |f(x)] <1 so f is bounded on [—1,1], and f has one point of discontinuity, so by part (b) of
Theorem 7.5.8 f is integrable on [—1, 1]

(¢) f is not bounded on [-1,1] because liH(l) f(z) = 400, so f is not integrable on [0,1]

1
(d) f(=x) is discontinuous at the point x = 0 because limsin — does not exist. f is continuous

T— x
elsewhere. —1 < f(z) <1 for z in [—1,1] so f is bounded there. By part (b), Theorem 7.5.8, f
is integrable on [—1,1].

46. Each subinterval of a partition of [a,b] contains both rational and irrational numbers. If all z} are
chosen to be rational then

Zf (xf)Axy = Z( YAz = En:Axk =b—aso lim zn:f(x}:)Axk =b—a.
1

max Axp—0
k=1 k=1 =

If all zj are irrational then  lim Z f(zi)Az, = 0. f is not integrable on [a,b] because the

max Az —0
k=

preceding limits are not equal.
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n n

47. (a) Let S, Zf xp)Azy and S = / f(z)dx then Zcf xy)Azxy, = ¢S, and we want to prove

(b)

k=1 k=1
that lim ¢S, = ¢S. If ¢ = 0 the result follows immediately, so suppose that ¢ # 0 then for

max Axy—0
any € > 0, |¢S, — ¢S| = |c||S, — S| < €if |S, — S| < €/|c|. But because f is integrable on [a, b],
there is a number § > 0 such that |S, — S| < €/|c¢| whenever max Axy < é so |¢S, — ¢S| < € and

hence lim ¢S, =cS.
max Az, —0

n

n n b
Let R, = Zf(xZ)Axk, S, = Zg(xZ)Axk, T, = Z[f(xi) + g(z})] Az, R = / f(x)dx, and

k=1 k=1

S = / x)dx then T,, = R, + S,, and we want to prove that lim 7T,=R+S.

max Az —0
—(R+9)|=|(R.,—R)+ (S, —9)| <|R,—R|+ |5, — S|
Sofor any e >0 |7, — (R+95)| <eif |R, — R|+1|S,— S| <e.
Because f and g are integrable on [a, ], there are numbers §; and 8, such that
|R, — R| < €/2 for max Az, < 6 and |S, — S| < €/2 for max Az < 6.
If 6 = min(éy, 62) then |R, — R| < €¢/2 and |S,, — S| < €/2 for max Axj, < § thus
|R, — R| + 1S, — S| < e and so |T;, — (R + 5)| < € for max Azj, < § which shows that
lim 7T,=R+S.

max Az, —0

48. For the smallest, find z so that f(z}) is minimum on each subinterval: z} =1, 25 = 3/2, 2§ = 3 so

2) 1)+

(7/4)(2)4(4)(1) = 9.5. For the largest, find zj, so that f(z}) is maximum on each subinterval:

2] =0, 25 =3, 25 =4s0 (4)(1) + (4)(2) + (8)(1) = 20.

EXERCISE SET 7.6

2 2
1. (a) /0(Q—z)d:c:(235—1:2/2)}0:474/2:2

w

o

N

©

(b)

/11 2dx = 241 =2(1)—2(-1) =4
- —1

(c) /13(x+1)dx (x2/2+x)]j:9/2+3—(1/2+1) =6

(a)

(c)

9

/05xd:c=x2/2]z =25/2 (b) /395613;:54 =5(9) —5(3) =30

3

/2(x+3)dx = (z2/2+3x)} =4/2+6—(1/2—-3)=21/2

3

/3 wdr = x4/4} =81/4—16/4 = 65/4 4. /1 rldr = x5/5} =1/5—(-1)/5=2/5
2 2 -1 -1

9 4 4

9 2 . 2 5 5
Vadr = —x3/2] =Z(271-1)=52/3 6. / 3 de = —x”ﬂ = —(42/5 1)
) 3 . 3 L 2 L2
3 3 59 5
/ e‘”dmzem} =ed—¢ 8. / —dx:lnm] =In5—Inl=1nb5
1 1 1 T 1

0 1 1 2
227 7m)] =48 10. (—w2 + —x5>} =81/10
-3 -1

2 )
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11.

13.

15.

17.

19.

21.

23.

24.

26.

27.

28.

29.

30.

31.

32.

3

3 1
/ v dx = ——}
1 Tl

4 9
—xf’/?] — 844/5
5 4

—2/3

/2
— cos 9} =0
—m/2
/4
Sin 1':| =
—n/
3
5eﬂ1 =5t = 5(2) = 5¢* ~ 10
2 4
6Vt — t3/2 )} = —55/3
( )

/2
(%x22cotx>} =72/9+2V3

/6

2
(lnx +V2e" + cscx)}1

(al/Q:c

4a
5 3/
3

2
——x3/2)] =—-a
3

a

(a) /03/2(3 —2z)dzx + /3/22 (22 — 3)dx = (3z — xQ)}

/2 3r/4
(b) / Cosacdx—i—/ (—cosz)dx :sinx}
0

/2

0 2 2 ) 0 9 )
(a) [1\/2—xdx+/o \/2+xdx——§(2—x)32}1+ §(2+x)32}
:——(2f—3f)

(b) i(l—e"”)dx—l—/ol(e””—l)dx - (x—em)}:-i-(em—x)}

/.

4

12.

14.

16.

18.

20.

0

3 1" 1 ,)?
ridx —l—/ (—x)dx = —ajg} - —xﬂ =-11/6
0 3 1, 2

1 41 2 LS
/\/de+/ —2d:(;:—x3/2] ——} =17/12
0 1 T 3 o 11

31 11°
0.665867079:; / —de———] =2/3
1 xXr X 1

/2 w/2
1.000257067; / sinxdr = —cos m] =1
0

0

/2

230

2 1 2
/ x % = — } =31/160
1 5o 1

4 8
(3955/3 + —)} =179/2
T/ 11

tan 9} 2/4

(%xQ — sec:cﬂ1 =3/2 — sec(1)

0

=1

1
(Inz) /z} = ()2

4 2 9
8 P2 = 10819/324
(3vi+ 0~ )], = tos1o

=1n2+v2(e® —¢) +csc2 —cscl

3/2 2
+ (2% — 3:3)} =9/4+1/4=5/2
0 3/2
3r/4
- sinx} =2-12/2
/2

2

(8—2\/_)

1
=—1—(-1—¢"
0

(8 4v2 + 3V/3)

Dte—l1-1=e+1/e—2
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33.

35.

36.

37.

39.

40.

41.

42.

43.

44.

45.

Chapter 7

3

3
1
1.098242635; / —dlenx] =1n3 ~ 1.098612289
1 T 1

3

s 1.
A:/ (2% 4 1)dx = (—x‘g—i—xﬂ =12
0 3 0

2 1 3 2
A:/ (=2 43z —2)de = | —za® + S2® — 22 =1/6
1 3 2 1

27 /3 2m/3

A= 3sinxdx:—3cosx]

-1 1 -1
=9/2 38, A= —/ Pde = —Zx4] =15/4
- -2

0 2

0

-2

72 1

A= / (2% =32z — 10)dr = | -2® — 302 100 = 23/6, !

3 3 2 L

Ay = —/ (2% — 3z — 10)dx = 343/6,
-2

10

A Az

N

8
5

(a) the area is positive

51, 1 1 1 1 1, 1 1\]° 343
b L N S Nde= (=t~ 3 22, = _ 9%
(b) /_2(10096 20" 25x+5> "= \10" “60" 5" "5%)|,” 1200

(a) the area between the curve and the z-axis breaks into equal parts, one above and one below the
x-axis, so the integral is zero

b b 1
(b) / wde = —:174} =-—(1'—(-DH =0
. 41, 4
/2 w/2
/ sinzdr = cos:c] = —cos(m/2) + cos(—m/2) =04+0=0
-/2 —7/2
(c) The area on the left side of the y-axis is equal to the area on the right side, so

:l flx)dx = 2/: f(x)dx

by 131 L o3 3 2 by
d /xdm:—x} =—(1"- (-1 ———Q/xdx;

1

/2
/ cosxdr = sinx
—m/2

The numerator is an odd function and the denominator is an even function, so the integrand is an
odd function and the integral is zero.

/2
/2
=sin(7/2) —sin(—7/2) =141 :2:2/ cos zdx

a2 0

. 1 Tl
(a) 2°+1 (b) F(m)z(zt‘l—i—t)] :Zx4+x—g;F’(x):x3+1
1
1 * 1 1
(a) cos2z (b) F(x)= =sin Qt} = —sin2z — =, F'(z) = cos 2z
2 o 2 2

(a) sinyx (b) e
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46.

47.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.
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1
b) 1

@ (b) s
__ " 48. |u|

cos

3z

F(z) =322+ 1, F'(2) = —r—

) ) V3a2 +1
(a) 0 (b) V13 (c) 6/V13

2 .
—(z* +3)sin & — 2z cosx

i) — CO5% gy (x

(@) 2?2+ 3’ (=) (22 + 3)?
(a) 0 (b) 1/3 () 0
(a) F'(z)= i;?; = 0 when = = 3, which is a relative minimum, and hence the absolute minimum,

by the first derivative test.
(b) increasing on [3,400), decreasing on (—oo, 3]

:7+6x—x2 (7T—z)(1+2x)

Fll
(c) (z) (22 + 7)2 (22 4+ 7)2
on (7,400)
F
3
2
‘ ‘ ‘ et
20 -10 0 20

(a) (0,400) because f is continuous there and 1 is in (0, +00)
(b) at z =1 because F(1) =0

(a) (—3,3) because f is continuous there and 1 is in (—3,3)
(b) at z =1 because F(1) =0

1 9
(a) fave:§/ 2 VPde =2, Vot =2, 2" =4
0
1 ‘1 1 ¢ 11 1
b = _d = ]. = C— = — * = —1
(b)  fave 6_1/193:6 e_lnxl 1 o 6_1,55 e

1 ™
(a) fave=2—/ sinzdr =0; sinz* =0, 2" = —7,0, 7
T J-x

1 /1 11 1
b - = — = —. = — e
( ) faVe 2 /1 1'2 dx 37 (.T*)Q 37 z \/3

3
\/§§\/x3+2§\/@,so3\/§§/ Vad + 2dz < 3v/29
0

= ; concave up on (—1,7), concave down on (—oo, —1) and

Let f(z) = xsinz, f(0) = f(1) = 0, f'(z) = sinx + xcosz = 0 when z = —tanz, = ~ 2.0288,
so f has an absolute maximum at x =~ 2.0288; f(2.0288) ~ 1.8197, so 0 < zsinz < 1.82 and

0< / rsinxdr < 1.8271 = 5.72
0
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5
59. 0<Inz <Inb5 for z in [1,5},500§/ Inazdr < 4Inb
1

60. (a) [cF(x)]z = cF(b) — cF(a) = c[F(b) — F(a)] = ¢ [F(z)]

(b) [F(x)+G(x)],=[F(b) + Gb)] - [F(a) + G(a)]

EXERCISE SET 7.7

1. (a) the increase in height in inches, during the first ten years
(b) the change in the radius in centimeters, during the time interval ¢ = 1 to ¢t = 2 seconds

(c) the change in the speed of sound in ft/s, during an increase in temperature from ¢ = 32°F to
t = 100°F

(d) the displacement of the particle in cm, during the time interval ¢t = ¢; to ¢ = ty seconds

2. (a) /01 V(t)dt gal

(b) the change f(z1) — f(x9) in the values of f over the interval

3. (a) displ=

V)

(3) —
:/OU / 1t)dt+/23( 3)dt(tt2/2)]z+(t2/23t)E1/2;
3

+ (£2/2 — 3t)} =1/2

2

1 2

+ (t?/2 - t)}

0 1

3
dist = /|v )|dt = t—t2/2)]
0

(b) displ = s(3)

3 3
/v t)dt = /tdt+/ dt+/ —2tdt—t2/2} +t} (5t—t2)] —5;
0 9
5/2
dlSt—/ tdt+/ dt+/ (5— 2t)dt+/ (2t — 5)dt
5/2

= tQ/Q]; +tr + (5tt2)r/2 + (2 — 5t)£/2 =5/2

1 2

t
2 AYO
-1

t
5. (a) wv(t) =20+ / a(u)du; add areas of the small blocks to get
0

1
0(5) 2 20+ 5 (15 + 2.7+ 4.6+ 6.2 4 7.6) = 31.3
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10.

11.

10
1
(b) v(10) = v(4) + / a(u)du ~ 313+ Z(8.6 +9.3+9.7+ 10 +10.1) = 55.15
5

a > 0 and therefore (Theorem 7.5.6(a)) v > 0, so the particle is always speeding up for 0 < ¢ < 10

1
(a) s(t) = /(t3 —2t* 4+ 1)dt = Zt4 — ;t?’ +t+C,
1 4 2 3 14 23

(b) v(t):/4cos2tdt:2sin2t—|—01,U(O):281n0+C’1:—1, C) =1,

v(t) =2sin2t — 1, s(t) = /(2sin2t— 1)dt = —cos2t — t + Cs,
5(0) =—cos0—0+4+Cy =—-3,Cy = —2, s(t) = —cos2t —t — 2

(a) s(t) = /(1+Sint)dt=t—COSt+C7 5(0)=0—cos0+C=-3,C=-2,5(t) =t —cost —2

(b) v(t):/(t273t+l)dt:%t?’—;t?thJrCl,

1,5 3 1, 3
v(0) = (0 = (0> + 0+ Cy =0, Cy =0, v(t) = t* — ~t* + ¢,

3 2 302

[ (Lp 3 Sl lp e
s(t)—/<3t 2t +t> dt = 1215 2t —|—2t + Cy,

Lo Lopstorie =0 0= R SR SURN
5(0) = 75(0)' = 5(0 + (0 + Ca =0, Co =0, s(t) = Tt — =17+ ot

(a) s(t):/(2t—3)dt:t2—3t+c,s(l)z(1)?—3(1)+C=5,C:?,s(t):t2—3t+7
(b) v(t):/costdt:sintJrCl,v(w/?):2:1+C’1,01:1, v(t) =sint + 1,

s(t) = /(sint+1)dt = —cost+t+Cy, s(1/2) =0=7n/2+Cy, Cy = —7/2, s(t) = —cost+t—m/2

(a) s(t)= /t2/3dt “3pm e s®)=0="234c,0=-0 supy=2pn_ L0
) ) ) 5 )
2 2 13 2 13
(b) v(t) = /\/%dt _ 20 e) =1 = 2840y, G = — 2y = 2pn 1B
3 3 3 3 3
2 4 13 4 13 4 13 44
= [ (S22 )dt= =2 - = 4)=—-5=—32—-—"4 ==
s(t) /(3 3) = St Oy, s(4) = 5= 32— D44 G =~ + O,
19 4 . 13 19
= s(t)= =t - S+ —
C2=55) = 15 3'7%
/2 /2
(a) displacement = s(w/2) — s(0) = / sintdt = — cos t} =1
o2 0 0
distance = / |sint|dt =1
0
2m 2m
(b) displacement = s(27) — s(7/2) = / costdt = sin t} =-1
/2 /2
2r 3m/2 27 /
distance = / | cost|dt = —/ cos tdt +/ costdt =3
/2 /2 3n/2
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6 6
12. (a) displacement = s(6) — s(0) = /0 (2t — 4)dt = (1* — 4t)} =12

0

2 6

+ (£ — 4t)L =20

6 2 6
distance/ |2t—4|dt:/ (4—2t)dt—|—/ (2t—4)dt:(4t—t2)}
0 0 2

0

(b) displacement = / |t — 3|dt = / —(t —3)dt + / (t —3)dt = 13/2
0 0 3

5
distance:/ |t — 3|dt = 13/2
0

13. (a) v(t)=t =32+ 2t =t(t—1)(t —2)

3
displacement = / (3 — 3t* + 2t)dt = 9/4
0

3 1 2 3
dlstance:/O |v(t)|dt:/0 v(t)dt+/l fv(t)dtJr/Z v(t)dt =11/4

3
(b) displacement = / (e —2)dt = e* -7
0

3 In2 3
distance = / lv(t)|dt = —/ v(t)dt + / v(t)dt = e* —9+4In2
0 0 1

n2

3
1 1
14. (a) displacement= / (5 - ;)dt =1—-1In3
1

3 2 3
distance = / lo(t)|dt = —/ v(t)dt + / v(t)dt =2In2 —1n3
1 1 2

9
(b) displacement:/ 372t =6
4

9 9
distance = / lv(t)|dt = / v(t)dt =6
1 1

15. v(t)= —2t + 3
4

displacement = / (=2t +3)dt = —6
1

4 3/2 4
distance = / | — 2t 4 3|dt = / (=2t + 3)dt + / (2t — 3)dt = 13/2
1 1 3/2

1
16. v(t) = §t2 — 2t

el
displacement = / (57&2 - Qt) dt = —-10/3
1

5 5

11 o1 51
distance:/ —t* — 2t dt:/ — (=2 -2t dt+/ —t* —2t)dt =17/3
Iy 1 2 4 \2

2 8
17. ot) = VI + T+ ¢

3 3
2 4
displacement = / (g\/f)t +1+ g) dt = %(5t +1)%2 4 gt] =204/25
0 0

3 3
distance = / lo(t)|dt = / v(t)dt = 204/25
0 0
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18. v(t)= —cost + 2
/2
displacement = / (—cost +2)dt = (m+ V2 —2)/2
/4

/2 /2
distance:/ |—cost+2|dt:/ (—cost +2)dt = (m+ V2 —2)/2
/4 /4

1 2 1
19. (a) s:/sin—wtdt:——cosiwt—}—c
7r

2
2
s =0 when t = 0 which gives C = — so s = ——cos =7t + —.
m m 2 m
d 1
—d—::gcos§7rt. Whent=1:s=2/m,v=1, |v|]=1,a=0.
39 : ; 3 9
(b) v= -3 tdt:—§t +C’1,szwhent:OWhlchglvesCI:0501):—515
3 1. 1
s:_i/tht:_§t3+CQ, s = 1 when ¢t = 0 which gives C’Q:lsos:—§t3+1.

Whent=1:5s=1/2,v=-3/2, |v| =3/2,a=-3.

20. (a) negative, because v is decreasing
(b) speeding up when av > 0, so 2 < t < 5; slowing down when 1 < ¢ < 2

(c) negative, because the area between the graph of v(¢) and the t-axis appears to be greater where
v < 0 compared to where v > 0

1 3
21. A:A1+A2:/ (1—x2)dx+/ (22 — 1)dz = 2/3 + 20/3 = 22/3
0 1

™ 3 /2
22. A:A1—+—A2:/ sinxdx—/ sinzde =24+1=23
0 7r

0 1

23. A=A1+A2=/ (1—6“;)d$+/(e‘”—l)d$:1/6+e—2
0

-1

11 2.
24. A:A1+A2:/ ! xdm+/ * 1dw:—(%—ln2>+(1—ln2):1/2
1

12 T

20 20
25. s(t) = §t3 — 50t + 50t + 59, 5(0) = 0 gives sy = 0, so s(t) = Et‘ﬁ‘ — 50t + 50t, a(t) = 40t — 100

150 150 50
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2
26. v(t) = 2t> =30t + vy, v(0) = 3 = vy, so v(t) = 2> — 30t +3, s(t) = §t3 — 15t + 3t + 59, 5(0) = —5 = 50,

2 .
so s(t) = §t3 — 152 4+3t -5

1200 500 70
0 / 25 I
- 0 L125 25
—1200 s(t) —200 V()
27. (a) from the graph the velocity is positive, so the displacement is v
always increasing and is therefore positive 05
04
03
02
t
1 2 3 4 5
(b) s(t)=t/2+ (t+1)e?!
28. (a) If ¢y <1 then the area between the velocity curve and the v
t-axis, between t = 0 and t = t;, will always be negative, so 01
the displacement will be negative. / .
02 04 06 0§ 1
-01
-02
1 ot 1
b t)=|=-—=— | In(t+01)— —4+ ———1In10
(b) (1) (2 200) nt+0 =7+ 55 0™
0, t<4 _ 25, t<4
29. (a) a(t) = { 10, t>4 (b) () = { 65— 10t, ¢ >4
a \
S —
2 4 12 20 \
e N et
5 2 4 6\8 10 12
-20
-40

-10

25t t<4 B B
(c) =z(t)= { 65t — 512 — 80, t>4 % x(8) =120, z(12) = —20

(d) =(6.5) =131.25
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

2,2
(a) From exercise 30 part (a), in Section 3 of Chapter 6, v*> = v} —2g(s —sg), 80 a = —g = H
S — 8
. . . o 1 o 2(3 - SU)
(b) From exercise 30 part (b), in Section 3 of Chapter 6, s = sg + 5(vg +v)t, so t = e
Vo v

(¢) From exercise 30 part (c), in Section 3 of Chapter 6, s = sy + vt + %gt2 =80+ vt — %at2

(a) a=—1mi/h/s = —-22/15 ft/s* (b) a =30 km/h/min = 1/7200 km/s?

Take ¢t = 0 when deceleration begins, then a = —10 so v = —10¢t + C1, but v = 88 when ¢ = 0 which

gives C1; = 88 thus v = —10t + 88, ¢ > 0

(a) v=45mi/h =66 ft/s, 66 = —10t +88,t =22 s

(b) v =0 (the car is stopped) when ¢t = 8.8 s
s = /vdt = /(—10t + 88)dt = —5t* + 88t + Oy, and taking s = 0 when ¢t = 0, Cy = 0 so
s = —5t% + 88t. At t = 8.8, s = 387.2. The car travels 387.2 ft before coming to a stop.

a = ag ft/s%, v = apt + v = apt + 132 ft/s, s = apt?/2 + 132t + sy = apt?/2 + 132t ft; s = 200 ft
121 20
when v = 88 ft/s. Solve 88 = apt + 132 and 200 = aot?/2 + 132t to get ag = 5 when t = 11 %
121
s=—12.1t> +132t, v = -t 132.
121 242 70
(a) a = ——= ft/s? (b) v=055 mi/h:T ft/s Whentzﬁ s

60
(c) vf()whentfﬁs

dv/dt =3, v =3t + Cy, but v = vy when t =0 so C; = vg, v = 3t + vy. From ds/dt = v = 3t + vy we
get s = 3t%/2 + vt + Oy and, with s = 0 when t = 0, Cy = 0 s0 s = 3t?/2 + vyt. s = 40 when t = 4
thus 40 = 3(4)%/2 + vy(4), vo = 4 m/s

Suppose s=sp =0, v=v9=0att=t1=0;s=95 =120, v =vy at t =t1; and s = S, v = v = 12
at t = t5. From Exercise 30(a),

2 .9
26=a= % v? = 2as, = 5.2(120) = 624. Applying the formula again,
81 — S0
U% - U% 2 2
—15=a= 2(32—_51,’[12 =V — 3(82 - Sl), SO

s9=s1 — (v3 —v?)/3 =120 — (144 — 624)/3 = 280 m.

22, t <2
8t—8, t>2

4, t <2
0, t>2" 8, t>2

s =100 when 8t — 8 =100, t = 108/8 = 13.5 s

a(t) = { 4, t<2 so, with vy = 0, v(t) = { and, since 59 = 0, s(t) = {

The truck’s velocity is v = 50 and its position is sy = 50t + 5000. The car’s acceleration is ac = 2,
so ve = 2t, s¢c = t (initial position and initial velocity of the car are both zero). sy = s¢ when
50t + 5000 = ¢, t* — 50t — 5000 = (¢ + 50)(t — 100) = 0, t = 100 s and s¢ = sy = t*> = 10,000 ft

Let t = 0 correspond to the time when the leader is 100 m from the finish line; let s = 0 correspond to
the finish line. Then ve = 12, s¢ = 12t — 115; af = 0.5 for t > 0, vy, = 0.5t + 8, s, = 0.25t> + 8t — 100.
sc=0att=115/12~9.58 s, and s;, =0 at t = —16 4+ 4v/41 ~ 9.61, so the challenger wins.

s=0and v =112 when ¢t = 0 so v(t) = —32t + 112, s(t) = —16t* + 112t

(a) v(3) =16 ft/s, v(5) = —48 ft /s

(b) v = 0 when the projectile is at its maximum height so —32¢t + 112 = 0, t = 7/2 s,
s(7/2) = —16(7/2)? + 112(7/2) = 196 ft.
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40.

41.

42.

43.

44.

45.

46.

47.

48.

Chapter 7

(c) s =0 when it reaches the ground so —16t? + 112t = 0, —16t(t —7) =0, t = 0,7 of which t = 7
is when it is at ground level on its way down. v(7) = —112, |v| = 112 ft/s.

s =112 when t = 0 so s(t) = —16t> + vyt + 112. But s = 0 when ¢ = 2 thus
—16(2)% + v(2) + 112 = 0, vy = —24 ft /5.

(a) s(t) =0 when it hits the ground, s(t) = —16t> + 16t = —16t(t — 1) = 0 when t = 1 s.

(b) The projectile moves upward until it gets to its highest point where v(t) = 0,
v(t) =—32t+16 =0 when t = 1/2 s.

(a) s(t) = 0 when the rock hits the ground, s(t) = —16t> + 555 = 0 when t = v/555/4 s
v(t) = =32, v = — , the speed at 1mpact 1s t/s
b 32 v/555/4 84555, th d at i is 84/555 f

(a) s(t) =0 when the package hits the ground,

s(t) = —16t> + 20t + 200 = 0 when ¢ = (5 + 5v/33)/8 s
(b) w(t) = =32t + 20, v[(5 + 5v/33)/8] = —201/33, the speed at impact is 201/33 ft/s

(a) s(t) =0 when the stone hits the ground,
s(t) = =16t — 96t + 112 = —16(t> + 6t —7) = —16(t + 7)(t — 1) =0 when t = 1 s

(b) w(t) = =32t — 96, v(1) = —128, the speed at impact is 128 ft/s
s(t) = —4.9¢* + 49t + 150 and v(t) = —9.8t + 49

(a) the projectile reaches its maximum height when v(t) =0, —9.8t +49=0,¢t=5s

(b) s(5) = —4.9(5)*> +49(5) + 150 = 272.5 m

(c) the projectile reaches its starting point when s(t) = 150, —4.9t> + 49¢ + 150 = 150,
—4.9t(t—10)=0,t=10s

(d) v(10) = —9.8(10) + 49 = —49 m/s

(e) s(t) = 0 when the projectile hits the ground, —4.9¢> + 49t + 150 = 0 when (use the quadratic
formula) t ~ 12.46 s

(f) v(12.46) = —9.8(12.46) + 49 ~ —73.1, the speed at impact is about 73.1 m/s

take s = 0 at the water level and let h be the height of the bridge, then s = h and v = 0 when ¢t = 0
so s(t) = —16t> +h

(a) s=0whent=4thus —16(4)> + h =0, h = 256 ft

(b) First, find how long it takes for the stone to hit the water (find ¢ for s = 0) : —16t> + h = 0,

t = \/5/4 Next, find how long it takes the sound to travel to the bridge: this time is h/1080
because the speed is constant at 1080 ft/s. Finally, use the fact that the total of these two
ho Vh

times must be 4 s: s T 1 - 4, h + 270v/h = 4320, h + 270v/h — 4320 = 0, and by the

—270 + /(270)2 + 4(4320)

quadratic formula vh = , reject the negative value to get v/h ~ 15.15,

h =~ 229.5 ft.

g = 9.8/6 = 4.9/3 m/s? so v = —(4.9/3)t, s = —(4.9/6)t> + 5,s = 0 when t = ,/30/4.9 and
v=—(4.9/3)1/30/4.9 = —4.04, so the speed of the module upon landing is 4.04 m/s

s(t) = —%th + vot; s = 1000 when v =0, 80 0 = v = —gt + vy, t = v9/9g,
1000 = s(vo/g) = —39(vo/9)* + vo(vo/g) = $v3/g, so v} = 2000g, vy = 1/2000g.
The initial velocity on the Earth would have to be V6 times faster than that on the Moon.
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3 3 3 1 D) 2
49. = de = 2% = 50 = Yde = —2*| =1
Jave 3-1), 3z dr 417}1 6 Jave 2 ( 1) /_lx € € B
1 T T
51. fave:—/ smxd:c—cos:c} =2/
T—20 0 0
1 i 1. T
52. fave = —/ cosxdr = —smx} =0
m—0 Jo s 0
1 “1 1 1
53. =——= —dx = Ine—1Inl) =
fave = —— /1909: 1_e(ne nl) —
1 I 1 5—e!
54. = — xd = 5— -1 =
fave 11157(71)/,1 Cdr = 1T ) = Tms
1 2
55. (a) fave = 53— ridr = 4/3 (b) (") =4/3,2* = +2//3,
©) -0 but only 2/v/3 is in [0, 2]
c y

2 2
73
1 4
56. = — 2udr = 4
(a) fave 4_0/0 X ax

(e

8

|
|
|
|
|
|
I
2 4

(b) 2z*=4,2*=2

240

57. (@) vave = | (ot 4 2)ap — 1T 208
(b) vave = 5(4i : i(l) _ 1003— T 31
58. (a) aave = 50 05(75 +1)dt ="17/2
(b) aave = U(ﬂ;{;li : S(O) = \/§7<§4 L (2V2 —4)/7
59. time to fill tank = (volume of tank)/(rate of filling) = [7(3)25]/(1) = 45, weight of water in tank at

time ¢t = (62.4) (rate of filling)(time) = 62.4¢,

1 457
weightaye = 72— A 62.4t dt = 14047 1b
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60. (a)
(b)
61. (a)
(b)
(c)
62. (a)
(b)
63. (a)
(b)

Chapter 7

If = is the distance from the cooler end, then the temperature is T'(x) = (15 + 1.52)° C, and
1 10
Tave = —— 15+ 1.5x)dx = 22.5° C
ave 10_0/0 (15 + 1.5z)dx

By the Mean-Value Theorem for Integrals there exists z* in [0, 10] such that
10

1
f@?) = 15— [ (15+Lba)de =225, 154 Lba* = 22.5, 2" =5
- 0

amount of water = (rate of flow)(time) = 4¢ gal, total amount = 4(30) = 120 gal

60
amount of water = / (44 t/10)dt = 420 gal
0
120
amount of water = / (10 + Vt)dt = 1200 4 160v/30 ~ 2076.36 gal
0

The maximum value of R occurs at 4:30 P.M. when ¢ = 0.

60
/ 100(1 — 0.0001¢%)dt = 5280 cars
0

b b b b
[ 1#@ ~ favelde = [ f@)da ~ [ faveds = [ f(a)ds ~ fave(b - a) =0
because fave(b—a) = /b f(z)dx

b b
no, because if/ [f(x) — ¢]dx = 0 then / f(z)dz — c(b—a) =0 so

1 b
e=r— f(z)dx = fave is the only value
—a ),

EXERCISE SET 7.8

3 1 4 1 /7 0
1. (a) / u’du (b) ——/ udu () —/ sinudu  (d) / (u + 5)u*du
1 27 T J-x -3
1/ 2
2. (a) —/ e'du (b) / udu
2/ 1
1 1 4
(©) / W2du @ = / (1 — 3)uM2du
0 2Js
13, 1.0 1 !
3. u=2zr+1, = du=—u’| =121 —(2z+1)°| =121
u=2x+1, 2/1u u mu]l /5, or 1O(x+ )]U /5
1 [ 1 ,1° 1 2
4. u=4x — 2, 1/2 u3du:1—6u4L=80, or 1—6(4.%‘—2)4:|1=80
1 ! 0
5. u=1-—2z, —= u3du=——u4} =10, or ——(1—2x)4] =10
2/ 3 1
1 [2 2 1 2
6. u=4-—3x, —= uSdu = ——ug] =19, 0or ——(4— 31‘)9:| =19
3), 1 27 1
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

9 9 9 9 9
u=1+uz, / (u—1)u!?du = / (u?? —u?)du = Zu? — Sud?| =1192/15,
1 1 5 3 1

2 52 2 3/2 *
or g(l—i-:c) —§(1+x) =1192/15
0

4

4 ' 9 g .
u=4-uz, / (u— 4)udu = / (W2 — 4" du = 5u5/2 - gu‘i/ﬂ = —506/15
9 9 9

2 8 0
or Z(4—x)"?—Z(4—=x)’?| = -506/15
5 3 .

w/4 /2

=8—4V2, or —8cos(m/2)] =8—4V2

/4
u:x/2,8/ sinudu:—Scosu]
0 0

0

/2 9 /6
=2/3, or gsiHBx] =2/3

2 [T/ 2
u = 3z, —/ cosudu = —sinu
3 Jo 3 0

0

A 1 1
u=e"+4, du:ezdx,u:e’1n3+4:§+4:§3Whenx:fln3,
T 7
u:eh‘3+4:3+4:7whenx:1n3,/ —duzlnu] =In(7) — In(13/3) = In(21/13)
13/3 U 13/3
u=3—4e", du = —4e"dx, u=—1 when £ =0, u = —17 when z = In5
1 —17 1 —-17
- du=—-u*| =-36
4/_1 wdu 8u}1

1 /® 11 25
i/\QB—Mdu:—{wﬁf}:—w
3 Jo

4
1/ V16 —uldu = 1
2 0

(1)) = /8

I 1 [t
—5/ \/1—u2du:§/ V1—u?du=
1 0

11
2 4
6

/)V%—u%u:ﬂ®w2zwﬂ

—6

1 1 1 1

/ sinmcdac:——cosmc] =——(-1-1)=2/m

0 s 0 ™
/8

/8 3
A:/ 3 cos2xdaz=§sin2x} =3v2/4
0 0

7 7
1 1 1

-2 _ -1 - _ -
/3(%5) = (z+5) L S ts =

A/l de 1 11
o Bz+1)2?2 0 3Bz+1)], 4

242
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1 Ve 2 Yy
22. fave = —/ sec” mxdr = — tanx = —
W /A —(~1/4) 1 71' T
2 ! 2 ?
23. Z(3z+ 1)1/2} =2/3 24. —(bx — 1)3/2] = 38/15
3 0 15 1
2 Lo 1 0
25. §(m3 + 9)1/2} = 5(\/10 —2V2) 26. E(t?’ + 1)20} =1/10
1 -1

2

= V28 — V12 =2(V7 - V/3)

1 /28
27. u=2>+4x+7, —/
2 12

uw2du = ul/Q}
12

2

28 /Q;d - =1/2
S (@ -3)2 o x=3],

1 /4 9 /4 5 N3
29. = sin’ x} =0 30. =(tan a:)?’/?} =2/3 31. Csin(z?)| =0
2 —3n/4 3 0 2 0
2m 2
32. u=/x, 2/ sinudu:—Qcosu} =—4
1 /3 1 /3
33. u=30, —/ seCQudu:—tanu] =(3-1)/3
3/ ., 3
T/ /4
1 [t -
34. u =sin30, —/ u’du = —UB] =-1/9
3 Jo 0
1 1
35. u=4-3y,y= 5(4—u), dy = —gdu
1 (116 —8u+u? | AR 2 L 82

1 [ e 16 45 2 0]
= — [32u!"? — =032 + ZuP?| =106/405
27 3 5 |,

Yu—5 9 2 . ?
36. u=5+uz, —duz/ (u1/2—5uI/Q)du=§u3/2—10u1/2} =8/3
4

i Vu 4

e 1 V2
37. ln(z+ e)} =1In(2¢) —lne=1n2 38, _ e =(et—e2)/2

0 2 1

: 1
40. / V4 —uldu= 5[77(2)2] =27
-2
1 4 1 9
41. (a) uw=3z+1, g/ flu)du =5/3 (b) u =3z, g/ flu)du =5/3
1 0

0 4
(©) 11:‘7:2,1/2[1 f(u)du:71/2/0 flw)du=—-1/2

1 0 1 1
42, u=1-u, / ™1 —a)"de = —/ (1 —uw)"u"du = / u" (1 —u)"du = / 2" (1 —z)"dx
0 1 0 0
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

sinx = cos(m/2 — x),
0

/2 /2
/ sin" x dx = / cos"(m/2 — x)dx = —/ cos"udu (u=mw/2—2x)
0 0 /2
/2 /2
= / cos" udu = / cos" zdx  (by replacing u by z)
0 0

0 1 1
1 1 1
:]_— , — ]_— TLd = ]_— ’Vld = n__ IL+1d = —_ =
“ v /1( ujudu /0( wudu /O(u ) du n+l n+2 m+1Dn+2)

y(t) = (802.137) / 5B At = 524.959¢15% 1 O y(0) = 750 = 524.959 + C, C' = 225.041,
y(t) = 524.959¢1 928 1 225041, y(12) = 48,233, 525, 650

10

10
/ e 01Tt gt = 161764.705960'17t] = $132,212.96
0 0

275000
10-0

Vave =

S(t) = /(25 + 1067040511)(# — 95¢ — 200670.0& +C

(@) s(10) — s(0) = 250 — 200(e~*% — 1) = 450 — 200/\/€ ~ 328.69 ft
(b) yes; without it the distance would have been 250 ft
k

o L o Lok 2% 1
/e”’dac:?),—e""] =3,-(e"=1)=3,e=7k==-In7
A 2° |, 772 2

@) Vims= 1o [ Viswtensnd = Ly [ costampoy
a ms = 777 ¢ | » sin” (2w =3/ cos(4m
1 ! 2
§ﬂ’ﬁ_z7$M®#ML =3V 50 Vims =1,/ V2

(b) V,/V2=120,V, = 120V2 ~ 169.7 V

Let u =t — x, then du = —dx and

/ftfx /f tfudu—/f g(t —u)d

the result follows by replacing v by x in the last integral.

C flemw) [ fla— )+ S~ )

a I=—- u = m
® B rers el e ks
/du— Lu)du[—a—lsolf—af—aﬂ
0 o fla—u)+ flu)
(b) 3/2 (c) =/4
L L, 1 /1 L (—1/u?)d /1 L g I'soI =0 whichisi ibl
= — = —— = —(— = — — = — = 1 1S 1M 1
z= -, d —du, sy u”)du B u S0 which is impossible
1
because 12 is positive on [—1, 1]. The substitution u = 1/z is not valid because u is not continuous
x

for all z in [—1,1].

1
/ sinadr =2/7
0
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55. (a) Let u= —x then

f}@d /(f “_,f (/f

so, replacing v by x in the latter integral,

/Zf(x)dw:—/(;f(x)dx,2/1f(x)dx:0, /Zf(x)dxzo

0 a
The graph of f is symmetric about the origin so / f(z)dz is the negative of / f(z)dz thus
—a 0

[ﬁwmzfym+43@m:

(b) /if(l’)d:c/if(x)da?Jr/Oaf(x)dx, let = —2 in /if(x)d:c to get
/}um:—AW&@%:A%@WMZA%@WZAH@M
S0 /_Zf(x)dx—Aaf(x)dz+/(]af(x)dx_2/0af(g;)dx

The graph of f(z) is symmetric about the y-axis so there is as much signed area to the left of
the y-axis as there is to the right.

EXERCISE SET 7.9

1. (a) y (b) y (c) y
3 3 3
2 2 2
1 1 1
1 2 3! T o5 1 t 1 €2 ‘
2. y
3
2
1
T2 3 t
3 2
ac 1/c
3. (a) lnt]1 =In(ac) =lna+Inc=7 (b) lnt}1 =In(1l/c) = —

3

alc a
(c) lnt}1 =In(a/c)=2—-5= -3 (d) lnt}1 =Ina®*=3lna=6
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4.

10.

11.

12.

13.

15.

16.

17.

18.

19.

va 2a

(a) lnt]1 =Ina/? =2 (b) hrnf}1 =In2+4
2/a a

(c) th —ln2—4 (d) lnt}2:4—ln2

In5 & 1.603210678; In 5 = 1.609437912; magnitude of error is < 0.0063

In 3 &~ 1.098242635; In 3 = 1.098612289; magnitude of error is < 0.0004

(a) zh,z>0 (b) 22, x#0

(¢) —2%, —c0 <1< +o0 (d) -2, —oc0 < < 400
(e) %, 2>0 (f) Imz+az,2>0

(g) =z—V/z,—c0 <z <+00 (h) 6;,:c>0

(a) f(In3) =e 23 =M1/ = 1/9
(b) f(ln2) =e"2+3e M2 =24 3eM01/2) =243/2="7/2

(a) 3T — e7rln3 (b) 2\/5 — e\/§1n2
(a) T = efrln‘/r (b) 1,21 — 6211111

o ()] - o0 2) ]

2
(b) y=2uz, liH(l] (1+ y)2/y = lirr(l) [(1 + y)l/y] — 2
y— y—

1\9/3 1\ Y113 1\ Y13
(a) y=3z, lim (1 + —) = lim [(1 + —) } = { lim (1 + —) ] = el/?
Yy—+00 Yy y——+00 Y y——400 Y

(b) lim (1+2)"* = lim [(1 +x)1/mr/3 = elf3
J(z)=2"—=x 14. ¢ (z)=1-cosz
1 2 3 n.’tl

@ 6 =1 () el

(a) 2zva?41 (b) - (%) sin (i)
;o\ CosT neoN —(2%+3)sin = — 2z cosw
(>_:r2—+3’F()_ (@ +3)?

(a) 0 (b) 1/3 (c) 0
’ _ = () = 3x

F'(z) =322+ 1, F'(x) N

(a) 0 (b) V13 (c) 6/v13

IZ
(a) 4 / tV1+tdt = 21 + 22(2z) = 22°\/1 + 22

dx 1
52 AV2

2 2
(b) / V1 + tdt = —g(x2+1)3/2+ 5(m2+1) T
1

246
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20. (&) = [ jwa=— [ @i =5

a g(z)
0 2 [ swar=— [ s = s

t 2
21. (a) —sina? (b) Tt _:Talj; - sec’z = —tan’ x
5 (1 1 3(1
22. (a) —(a®+ 1" (b) —cos’ (5) <x_) - < 0/o)
3r—1 2?2 —1
23, 33—+ 20—
922 + 1 + T

24. 1If f is continuous on an open interval I and g(x), h(x), and a are in T then

9(x) a 9(x) h(x) g(x)
F(t)dt = / fdi+ [ fwdt=— | pwde+ [ f@de
h(z) h(z) a a a
d i@
s0 — f@)dt = —f(h(z))W (x) + f(g(x))d (x)
h(x)

25. (a) sin?(2®)(32?) — sin?(2?)(27) = 32? sin?(2%) — 2z sin’(2?)

1 1 2
®) W Tt =
26. F'(z)= 3i(3) - l(1) =0 so F(z) is constant on (0,+00). F(1) =1In3 so F(x) =1n3 for all z > 0.
x x

10

3 5 7 0
27. from geometry, / F(t)dt =0, / F(t)dt = 6, / F)dt=0;and | F(t)dt = / 37 3dt = 3
0 3 5 7

7
(a) F(0)=0, F(3) =0, F(5) =6, F(T) = 6, F(10) = 3
(b) F is increasing where F' = f is positive, so on [3/2,6] and [37/4, 10], decreasing on [0, 3/2] and

[6,37/4]

(c) critical points when F'(z) = f(z) =0, so z = 3/2,6,37/4; maximum 15/2 at = 6, minimum
—9/4 at © = 3/2

(d) F®

6

4

2

1 10

1
28. =— t)dt = —F(10) = 0.
Jave 10-0J, f(t) 10 (10) =03

29. x<o:F(x)=/m(—t)dt:—lﬁr :%(1—932),

1 2
1—22)/2, =<0

0 xT 1 1
(—t)dt+/ tdt= -+ -2 F(x
0 2 (1+22)/2, 2>0

xZO:F(x):/ 5

-1
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30.

31.

32.

33.

34.

36.

37.

38.

39.

40.

x

z 1
tdt = =a?
2

OSxSZ:F(w):/

0
22/2, 0<x<2

2 x
9:>2:F(:c):/tdt+/ 2dt2+2(172)2x2;F(x){
0 2

20 -2, x>2

“’ 3 5 3
=2 30t =24 S| =S 4 St
y(z) —F/1 +4 1 4+4x

2 2
y(x) = / (V2 7Y dt = §x3/2 -3+ 2z — 2
1

yl) =14 / (sec’t —sint)dt = tanx + cosx — \/5/2
/4

oo 1 _ . 1 v
y(x) = / tet dt = 5671 — 5 35. P(x) = PQ —|—/ T‘(t)dt individuals
0 0

s(T)=s1+ /lTv(t)dt

248

IT has a minimum at z = 1, and I has a zero there, so I could be the derivative of II; on the other
hand I has a minimum near z = 1/3, but II is not zero there, so IT could not be the derivative of I

1
b) lim —(zF — 1) = Inz lim 2 = Inz by L’Hopital’s rule (with respect to k
k=0 k k—0

(a) where f(t) = 0; by the first derivative test, at t = 3
(b) where f(t) = 0; by the first derivative test, at t = 1
(¢) att=0,1or 5; from the graph it is evident that it is at t =5
(d) att=0,3or5; from the graph it is evident that it is at t =3

(e) F is concave up when F” = f’ is positive, i.e. where f is increasing, so on (0,1/2) and (2,4);

it is concave down on (1/2,2) and (4,5)

) F(x)
1,
05t
1 \2 3 5%

0571
1t

(a) erf(x)

1

4 -2 > 4"
14

(c) erf(z) >0 for all z, so there are no relative extrema

(e) erf’(x) = —4ze "/ /7 changes sign only at z = 0 so that is the only point of inflection

(g) lim erf(x) =41, lim erf(z) =—1
T——00

T——+00
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41. C'(z) = cos(mx?/2), C"(x) = —7mxsin(rz?/2)

(a) cost goes from negative to positive at 2km — /2, and from positive to negative at t = 2kw +7/2,
so C(z) has relative minima when 72?/2 = 2kt — 7/2, v = +/4k — 1, k = 1,2,..., and C(x)
has relative maxima when m2?/2 = (4k + 1)7/2, z = £V4k + 1,k =0,1,....

(b) sint changes sign at t = k7, so C(z) has inflection points at 72%/2 = kr, x = +v2k, k = 1,2, .. ;
the case k = 0 is distinct due to the factor of z in C”(x), but x changes sign at x = 0 and
sin(mx?/2) does not, so there is also a point of inflection at x = 0

x F h) — F 1 x+h
42. Let F(x) = / Intdt, F'(z) = lllm(l) (z+h) (z) = 117111(1) ’ Intdt; but F'(xz) =Inz so
1 - = z
1 z+h
lim — Intdt =Inz
h—0 h z

xr x x
43. Differentiate: f(x) = 3e3, so0 2 —I—/ fdt =2+ / 3e3dt =2 + 637} =243 — 3 = ¥ provided
a a
3" =2a=(In2)/3.

a

44. (a) The area under 1/t for z <t < x4+ 1 is less than the area of the rectangle with altitude 1/x and
base 1, but greater than the area of the rectangle with altitude 1/(x 4+ 1) and base 1.

41 41

(b) / zdtzlnt] =Iln(z+1)—Inz=In(1+1/z), so

1/(x+1) <In(l+1/z) < 1/x for z > 0.
(c) from part (b), /@) < e(+1/2) < el/z o1/ (@H) < 1 41 /2 < eV/7,

e?/ @) < (14 1/2)" < e; by the Squeezing Theorem, / lir+n (1+1/2)" =e.
(d) Use the inequality e*/(**1) < (14 1/z)" to get e < (1 + 1/x)**! so

1+1/z)* <e< (14 1/z)" .

1\
-1+ = <

e ( + 50)

45. From Exercise 44(d) y(50), and from the graph y(50) < 0.06

0 / 100
0

46. F'(z) = f(z), thus F'(z) has a value at each z in I because f is continuous on I so F' is continuous
on I because a function that is differentiable at a point is also continuous at that point

CHAPTER 7 SUPPLEMENTARY EXERCISES

5. If the acceleration a = const, then v(t) = at + vy, s(t) = 2at® + vyt + s

6. (a) Divide the base into n equal subintervals. Above each subinterval choose the lowest and highest
points on the curved top. Draw a rectangle above the subinterval going through the lowest point,
and another through the highest point. Add the rectangles that go through the lowest points to
obtain a lower estimate of the area; add the rectangles through the highest points to obtain an
upper estimate of the area.
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10.

11.

12.

13.

14.

(b) n=10: 25.0 cm, 22.4 cm
(¢) n=20:24.4 cm, 23.1 cm

1 1 3 1 3
—4-==2 b) —1—--=-2
@ 37171 (®) 27 2
3 35
1-Z)=-= d) -2
@ s(-1-9)=-% (@
(e) not enough information (f) not enough information
1 5 . .
(a) 5t 2= 3 (b) not enough information
1 1
(c) mnot enough information (d) 4(2) — 35 = 53

(a) /lldx—l—/llde:2(1)+7r(1)2/2:2+7r/2

1 s 1
(b) g(x2 + 1)3/2]0 —7(3)?/4 = §(103/2 —1)— 97 /4

(c) u=2% du=2xdx; /\/l—quu—— 2/4 =1/8

1 y
2
1
08
06
04
02
+ X
02 06 1

The rectangle with vertices (0, 0), 777 0), (m,1) and (0,1) has area 7 and is much too large; so is the
triangle with vertices (0,0), (7, 0) and (m,1) which has area 7/2; 1 — 7 is negative; so the answer is
357/128.

Divid x 3 2z 621 x 3e”
I C 3 t T t t — ot _ -
wide e” + 3 1to e 0 ge o 13 [ el‘+360
/ i /””d 3/ © gz =" —3In(e" +3)+C
x= [ e'dxr — r=e" — 3In(e
er +3 e’ +3

Since y = €¢* and y = Inz are inverse functions, their graphs are y
symmetric with respect to the line y = x; consequently the areas A; .
and Aj are equal (see figure). But A; + A; = e, so A

e 1
/ lnxdx—I—/ e'der =Ay+A3=A+ A1 =¢

1 0 ! A

A3
X
1 e

\/> Zf z)Azx where f(z) = /z, zj, = k/n, and Az = 1/n for 0 < z < 1. Thus
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15.

16.

17.

18.

Chapter 7

1 n k/‘ n
(b) — (—) Zf zp)Az where f(z) = 2, 2} = k/n, and Az = 1/n for 0 < x < 1. Thus
n n
k=1
1
n

k=1
n 4 1
k 1
li -] = Yo = -
>0 (5) = [ etae=g
k=1
n ek/n n
(c) Z = f(zp)Az where f(z) =", 2; = k/n, and Az =1/n for 0 <z < 1. Thus
n
k=1 =1
" gk/n
li = = dr=c—1.
k=1
Since f(x) = — is positive and increasing on the interval [1,2], the left endpoint approximation
x

1
overestimates the integral of — and the right endpoint approximation underestimates it.
x

(a) For n =5 this becomes

1 1 1 1 1 21 1 1 1 1 1
0.2 T REVRETRET RIS “dr <02 | — 4+ —+ — 4+ — 4+ —
1 . . . .

2
(b) For general n the left endpoint approximation to / —dr =1In2is
1 T

1 n 1 n 1 n—1 1
E kg m = ; m = ; m and the rlght endpoint approximation is

n—1

n 1 n 1 2 1
kz; e This yields ; I < /1 Edw < Z — which is the desired inequality.
. . .1 1 1 1
(c) By telescoping, the difference is — — — = — so — <0.1,n > 5
n 2n 2n 2n

(d) n>1,000

The direction field is clearly an even function, which means that the solution is even, its derivative
is odd. Since sinx is periodic and the direction field is not, that eliminates all but x, the solution of

which is the family y = 22/2 + C.

(@) 1-242:3+-+nn+1)=> k(k+1)=>Y K+ k
k=1 k=1

k=1
— %n(n+1)(2n+1)+ n(n+1) (n+1)(n+2)
n—1 9 k 9 n—1 1 n—1 9 ) . o
17 (n—1 17
oy ()5
30 2 2 3 ) .
(© D |2 i+ i =Z{21+—(2)(3)]:22i+23:2 L) + (8)(3) = 21
14 .
(@) > (k+4)(k+1) B 3 (k- 1)k 4)
k=0 2
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19.

20.

21.

22.

23.

24.

25.

26.

27.

(a) If u=secx, du = secxtan xdx, /sechtana:dac = /udu =u?/2+ C) = (sec’ z)/2 4 Cy;
if u = tanz, du = sec? rdx, /seczxtanxdaf = /udu =u?/2 + Cy = (tan’x)/2 + Co.

(b) They are equal only if sec? 2 and tan® x differ by a constant, which is true.

1 ) /4 1 1 ) /4 1
3 sec xh = 5(2 —1)=1/2 and ;tan x}o = 5(1 —-0)=1/2

2
/ V1+z72Bde = /:c‘l/?’\/x?/?’ +lde; u=2**+1, du = gx_l/?’dx

g/u1/2du:u3/2+02 (3 + 1)+ C

b n n b
(a) /a;fk(x)dx:;/a fr(a)da

b b
(b) yes; substitute ¢ fx(z) for fr(z) in part (a), and then use / ek fr(x)dr = ck./ fr(z)dz from
Theorem 7.5.4 ‘ ‘

|
@ [ g

v 1
(b) / ——dt
tan(m/4—2) 1+ t2

r—3

(a) F'(z)= o increasing on [3, +00), decreasing on (—o0, 3]
T+6x—2> (T—x2)(1+z)
b) F'(z) = - : —1,7), d —o00, —1) and
(b) . (z) | 1) @17 concave up on ( ), concave down on (—oo, —1) an
, +00
(c) Fl(z)= i;?; = 0 when = = 3, which is a relative minimum, and hence the absolute minimum,
by the first derivative test.
(d) F)
3,
2]
-10 20
F'(z) = ! + L (—1/2*) =0 so F is constant on (0, +00)
1422 14 (1/2)? N ’ ’

(—3,3) because f is continuous there and 1 is in (-3, 3)

(a) The domain is (—oo,+00); F(x) is 0 if x = 1, positive if > 1, and negative if z < 1, because
the integrand is positive, so the sign of the integral depends on the orientation (forwards or
backwards).

(b) The domain is [-2,2]; F(z) is 0 if z = —1, positive if —1 < z < 2, and negative if =2 < z < —1;
same reasons as in part (a).
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Chapter 7

The left endpoint of the top boundary is ((b — a)/2, h) and the right endpoint of the top boundary is
((b+a)/2,h) so

2hx/(b— a), x<(b—a)/2
f(x) =< h, (b—a)/2<xz<(bt+a)/2
2h(z —b)/(a —b), x> (a+b)/2

The area of the trapezoid is given by

b-a)/2 o (b+a)/2 b Mz —b
/ ’ dx—i—/ hdx—i—/ Ld‘r:(b—a)h/4+ah+(b—a)h/4:h(a+b)/2.
0 b—a (h—a)/2 (h+a)2 a—D

24
(a) / (2000515/48 +500 sin(ms/lz)) dt = 96000(1 — 1/v/e) ~ 37, 773.06
0

1 8 ,
®) 5 (20006*"/48 + 500 sin(7rt/12)dt> = 1125/ + 12000(1 — e~ '/%) ~ 2,200.32
- 0
(c) 2300
0 . /8
2000

(d) maximum rate is 2285.32 kW /h at ¢ = 4.8861

52

wave = ﬁ /26 (t/7)dt = 30/7; /7 = 397, t* = 39
(a) no, since the velocity curve is not a straight line

(b) 25<t<40

(c) 354ft/s

(d) 1415 ft

(e) no since the velocity is positive and the acceleration is never negative

(f) need the position at any one given time (e.g. sg)

(a) = =ae" +be* dx/dt = aket — bke M,
d?z/dt? = ak?e* + bk2e M = k% (aek! + be M) = k22

(b) Att=0,v=ak—bk=(a—bk=nuvys0k=1v9/(a—0b)and a = k®x = v3z/(a — b)>.

1 1 1
= ut?+C = 5\/5+281D3CL‘+C

=5+ 2sin3x, du =6 3xdrx; ——d
U + 2s1n3x, au cosxw,/G\/au 3

1 4 4
u=3+x, duzmdx;/Qﬂdu:§u3/2+C’:§(3+\/§)3/Q+C

1 1 1
du=——+C

=+ C
3au? 3au 3a2x3 + 3ab +

u = az® + b, du = 3az’dx; /
, 1 , 1 1 ,
u=az”, du = 2azxdr; — [ sec®udu = —tanu + C = — tan(az”) + C

2a 2a 2a

In(e”) + In(e ) = In(e"e®) =Inl1 =0 so /[ln(er) +1In(e™)]de =C
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

L3 LN 50100
3ud  w o 4ut )], h
2

1
u=Inz, du:(l/x)da:;/aduzlnu] =1In2
1 1

/1 e 2z = 2(1 — 1//e)
0

. I 301 1
u=e2 du=—2e **dx; —5/1 (14 cosu)du = 3 + 3 (sinl — sin Z)

b
With b = 1.618034, area = / (x4 2? — 2¥)dx = 1.007514.
0

2 2
(a) f(z)= m sin3z — —sin3z + 9.’ECOS3LE—0251607

27
5 4
(b) f(:z:):\/4+x+\/4+—x27

1 7
(a) Solve Zk“ —k—K+ 1 = 0o get k= 2.073948,

1 1, 1
(b) Solve —5 cos 2k + 51& +5 =3 to get k = 1.837992.

x t T
= ———dt, F'(z) = , so F' is increasing on [1, 3]; F; = F(3) =~ 1.152082854
/ arat T = e g on (13 Fnax = F(9)
and F, . = F(1) ~ —0.07649493141

(a) v (b) 0.7651976866 (c) Jo(z) =0 if z = 2.404826

n

k-1 1 2
1. _— —_ = = = —
rLiIPw ; ( n ) n 6 3

100,000
100,000/ (In 100, 000) = 8,686; / ﬁdt ~ 9,629, so the integral is better
2
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CHAPTER 7 HORIZON MODULE

1. v,(0) = 35cosa, so from Equation (1), z(t) = (35cosa)t; v,(0) = 35sinc, so from Equation (2),
y(t) = (35sina)t — 4.9¢%.

2. (a) vm(t):dz(tt) dz—(tt)

(b) wvy(t) =35sina — 9.8t, v,(t) = 0 when ¢t = 35sin/9.8;
y = v,(0)t — 4.9t = (35sin ) (35sin ) /9.8 — 4.9((35 sin ) /9.8)? = 62.5sin” av, s0
Ymax = 62.5 sin? a.

=35sina — 9.8¢

= 35cos a, vy(t) =

0.004

3. t=ux/(35cosa)soy = (35sina)(x/(35cosa)) —4.9(z/(35cos @))? = (tana)r — —; z%
cos? o
the trajectory is a parabola because y is a quadratic function of x.
4. [15°[25° [ 35° [ 45° [ 55° [ 65° [ 75° | 85° 63
no | yes | no | no | no | yes | no | no
0 = 120

5. y(t) = (35sina s)t — 4.9t = 0 when t = 35sin /4.9, at which time
x = (35cosa)(35sin «/4.9) = 125 sin 2a; this is the maximum value of z, so R = 125 sin 2« m.

6. (a) R =95 when sin2a =95/125 = 0.76, o = 0.4316565575,1.139139769 rad =~ 24.73°,65.27°.
(b) y(t) < 50 is required; but y(1.139) ~ 51.56 m, so his height would be 56.56 m.

7. 0.4019 < o < 0.4636 (radians), or 23.03° < a < 26.57°



CHAPTER 8

Applications of the Definite Integral
iIn Geometry, Science, and Engineering

EXERCISE SET 8.1

2

1. A= / 241 —a)dr = ( 5/3+xx2/2)] =9/2

-1

4

2. A:/4(\/5+:c/4)d:c:(2x3/2/3+:c2/8)} =22/3
0

0

2

5. A= (-1 =] <

1

2

2 b
1A= | <2—y2+y>dy—<2y—y5/3+y2/2>] —10/3
0 0

4 16
5. (a) A:/(4x—x2)dw:32/3 (b) A:/ (V7 — y/4)dy = 32/3
0 0
y
. (4, 16)
y = 4X
I /.
57
~_ X
1

6. Eliminate = to get y?> =4(y +4)/2, y*> — 2y — 8 =0,
(y —4)(y +2) =0; y = —2,4 with corresponding
values of x = 1, 4.

1 4
@) A= [ Lve-(2voldst [ pvE- ool

1 4
:/ 4ﬁda:+/ (27 — 22 + 4)do = 8/3+19/3 = 9 S<
0 1 - (1,-2)

(b) A= / l/2+2) = y?/4ldy =9

1
7. A= | (Vx—2%)dr=49/192

1/4

256
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2 w/2
8. A= / [0 — (2% — 4a)]dx 9. A= / (0 — cos 2z)dx
0 /4
2 / m/2
:/ (4o — 2®)dr = 4 :—/ cos2xdr =1/2
0 /4
Ay

l y = C0Ss
X y 2X
| X

T
&9
S

L y = 2x3—4x -1}
3 /4
10. Equate sec? z and 2 to get sec’z = 2, 11. A= / siny dy = V2
/4
AY
\ o J y
T V1
(‘2"2)\\\\5__’1,/r(z*2) ~
1]y = sec?x X=sny
X 3
4

secr = £v2, x = +7/4

w/4 %
A:/ (2 —sec’ x)dr =7 — 2
—7/4 X
9 n2 1 In2
12. A= / [(z +2) — 2%|dz = 9/2 13. A= / (e*" — ") dax = <262JC — e””)
—1 0
0
y =1/2
L y
2.4 B
4l
-2 i
o S i
‘ x 2t
,///;= y—-2 L

1
1/e 1
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3—z, <1
14z, z>1

A:/;{(—;)J:-i-?)—(?)—x)]dm
+/15[(;1:+7)(1+x)}dx
2/_15<gx+4>d$+/15(6—§x>dx

= 72/5448/5 = 24

b

15. y:2+|x—1|:{

2/5
16. A= / (4o — z)dx
0

1
+/ (—x 42— x)dx
2/5

2/5 1
:/ 3:cdx+/ (2 —2x)dx =3/5
0 2

/5
(59
5°5
K//y:—x+2
|
y:4X N I (1’1)
|
X
y=X

18. Equate y = 23 — 22% and y = 222 — 32
to get % — 422 + 32 =0,
z(r—1)(x—3)=0;2=0,1,3
with corresponding values of y = 0, —1.9.

1
= 1'3— 1'2 — 1'2— X X
A—/O[( 20%) — (24% — 3))d

+ /1 “l(20® — 32) - (2 — 20%)]da

5887
12 3 12
19. From the symmetry of the region

57 /4
A:2/ (sinz — cosz)dr = 4v/2
/4

258

1
17. A= / (2® — 42 + 3z)dx
0

+ /13[($3 — 4a® + 37)]dx

= 5/12 +32/12 = 37/12

-
(J

1 3
/ (2% — 42? + 3z)dx + / (—2® + 422 — 32)dx
0 1
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20.

22,

23.

24.

25.

Chapter 8

0 1
The region is symmetric about the 21. A= / (y® — y)dy + / —(y® — y)dy
origin so -1 0

0 =1/2
A:2/ (2% — 4z)dxr = 8
—2

1
A=/ [y* —4y” +3y — (v° — )] dy
0

4
+/ [v* —y — (v* — 4y* + 3y)] dy
1

= 7/12445/4=T71/6

Solve 3—2z = 25 +22° —32* +2? to find the real roots x = —3, 1; from a plot it is seen that the line
1

is above the polynomial when —3 <z < 1,50 A = / (3—2z— (2% +22° —32* +-2?)) dx = 9152/105
-3

1
Solve 2° — 223 — 3x = 23 to find the roots x = 0, ii\/ 6 + 2v/21. Thus, by symmetry,
/\/(6+2\/ﬁ)/2

2T 7
A=2 (w3—(x5—2x3—3x))dx:Z+Z\/ﬁ
0
k 9 k 2
/Qﬁdy:/ 2\/ydy 26. /xzdx:/ z2dx
0 k 0 k
k ? lsg_ 1 3
/ yl/Qdy:/ v/ 2dy §k _g(S—k)
0 k
3_
g1&*/2:2(274&”/2) M=
3 3
k=4
k32 =27/2 y
k= (27/2)%/3 = 9//4 i X=Vy
y
\ / i
\ [ |
y=k i
. X
| 2
x=KkK

¥ <X




Exercise Set 8.1 260

27. (a) A:/02(2x—x2)dx=4/3

28.

29.

30.

31.

32.

33.

34.

35.

(b) y = max intersects y = 2x — x? where maz = 2z — 2%,2% + (m — 2)z = 0,z(z + m — 2) = 0 so
x =0 or x =2 —m. The area below the curve and above the line is
2—m 2—m 1 1 2—m 1
/ (22 — 2% —max)dx = / [(2—m)z —2%dr = |=(2 —m)a® — =2® =—(2—-m)?
0 0 2 3 1o 6
so (2—m)?/6 = (1/2)(4/3) =2/3,(2—m)® =4,m =2 — V4.
. . 3 y
The line through (0,0) and (57/6,1/2) is y = B 1 y=sinx
o Sz 1
. o
A:/ sinmfix dxzéfinrl
0 5% 2 24 X
3

(a)
(b)

(b)

It gives the area of the region that is between f and g when f(z) > g(x) minus the area of
the region between f and g when f(z) < g(z), for a < z <b.

It gives the area of the region that is between f and g for a < = <b.

1 271
1
lim (V" — z)dz = lim D e T gy L 1/2
n—+oo J n—+oco | M+ 1 2 0 n—+oo \ n + 1 2

The curves intersect at x = 0 and, by Newton’s Method, at = ~ 2.595739080 = b, so

A=

b
/ (sinz — 0.2z)dz = — [cosz + 0.1x2]f) ~ 1.180898334
0

By Newton’s Method, the points of intersection are at x ~ +0.824132312, so with

b

b
b = 0.824132312 we have A ~ 2 / (cosx — 2%)dxr = 2(sinz — 2°/3)| ~ 1.094753609
0

0

distance = [ |v| dt, so

()
(b)

60
distance = / (3t — t2/20) dt = 1800 ft.
0

T
1
If T' < 60 then distance = / (3t — 2/20) dt = gTZ - @T3 ft.
0

T
Since a1(0) = a2(0) =0, A = / (a2(t)—a1(t)) dt = vo(T)—v1(T) is the difference in the velocities
0

of the two cars at time T'.

Solve z'/2 4+ y1/2 = q1/2 for y to get

y = (al/Q _ x1/2)2 —a—92qY/221/2 4 o alk

A:

/ (a — 2a*%2'? 4 x)dx = a®/6
0
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36. Solve for y to get y = (b/a)va? — x? for the upper half of the ellipse; make use of symmetry to

@ 4 @ 4 1
getA=4/ g\/aQ—xQda:ZEb/ \/aQ—xQda::;bxzﬂ'aQ:ﬂ'ab.
0 0

37. Let A be the area between the curve and the z-axis and Apr the area of the rectangle, then

b k +1b kb7n,+1 1
A= kxdy = ——a™ = Agr = b(kb™) = kb™ A/Ar =1 1).
| hmde = ] S = b = K s0 AL = 1/ (4 )

EXERCISE SET 8.2

1. V7r/3(3x)d:178ﬂ' 2. Vw/l[(2x2)2x2]d:1:
0

-1

1
= 7r/ (4 — 522 + 2*)da
0

= 387/15
2 2
3. V=7r/ Z(?,—;y)%zy: 137/6 4. V:w/ (4 —1/y*)dy = 9/2
0 1/2
2 m/3
5. Vzﬂ'/ rtdr = 321 /5 6. V=7r/ sec?zdr = (V3 —1)
0 /4
y y
y =2 Al y:secx/
1
X X
2 HIRE "
. 1|13
2L \

/2
7. V=7r/ coszdr = (1—+2/2)x
/4

v <

1
8. V:TF/O [(2)? — (2%)?)dx

1
= 7r/ (z* — 2%)dx = 27/35
0
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9. V:ﬂ'/4[(25—x2)—9]d.r

4
=27 / (16 — 2?)dx = 2567/3
JO

y=V25-x2
y=3

NENA

P
N

In3 . In3
11. V= 7T/ e dy = €2$:| =47
0 0

2
! T

12. V:W/ e Mdr=—(1—e%)
0 4

N
S

N

w/4

(cos?

14. V=mr

x — sin? z)dx

S~

w/4
cos2zdr =7/2

Il
3
S~

y = COS X

y=snx X

~lar

262

gAY
™ y=9-x2
-3 3 x
S

4
13. vzw/o [(42)? — (22)2]dz

4
= 77/ (162% — 2*)dx = 20487 /15
0

y

(4, 16)




263 Chapter 8

1
16. V = 71'/ (1 —y*)2dy

—1

1
= w/ (1 —2y* +y*)dy = 167/15
—1

3 37 /4
18. V:ﬂ'/ [22 — (y 4+ 1)]dy 19. V:ﬂ'/ esc2ydy = 2m
0 /4
3 y
:7?/ (3 —y)dy = 9m/2 3
Jo 4
y y=x*-1 -
2
3 (2,3
- T
4 X
-2 -1 2
X
7
/
//

y
x=y?
- \ 11D
y=xt
0 I
-1 (1,-1)
1 y x=2+y2
22. V:w/ [(2+ %) — (1 —9*)?]dy x=1—y2[
.711 1 /.
:w/ (3 + 6y*)dy = 107
_1 | X
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a b2
23. V:ﬂ'/aaﬁ( 2 2%)dx = 4mab®/3

—a

AT
N

24. V:ﬂ'/212da::7r(1/b—1/2);7r(1/b—1/2):3,b:277/(7r+6)
b T

0
25. V:w/ (& + 1)da
1

+ 77/0 [(x+1) — 2z]dx

=n/24+7/2="7
AY
" (1V2)

-1 1 4
N

3
27. V= 7T/ (9 — y*)?dy
0

3
= 7r/ (81 — 18y* + y")dy
0

= 6487/5
y

3 x=y :

4 6
26. V:7r/ zdx+7r/(6fx)2d:c
Jo Ja

=8m + 87/3 = 327/3

= 1357/2
y
y=3f—————== _
Y =VxT
X
: >
A Y X=y
1+ )(:y2
‘ X
1
___________;;ii

264
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30. V= / v+ 1) — (5 + 1)2dy

1
= 7r/ (2y —y* —yY)dy = 71 /15
0

31. A(x)
V =
33. V=

35. On the upper half of the circle, y = v/1 — 22, so:

(a)

(b)

= n(x?/4)? = na /16, 32.

20
/ (rz*/16)dx = 40,0007 ft>
0

1
/ (z — 2?)%dx 34.
0

1
/ (z% — 223 + 2*)dx = 1/30
Square

y=x (1,1

\y X2

A(x) is the area of a semicircle of radius y, so

Alx) =my?/2=7(1—2?)/2; V = E/ (1—x2)dx=7r/0 (1—2?)de =2r/3

2/,

A(x) is the area of a square of side 2y, so
1

A(z) = 4y = 4(1 — 2?); V:4/ (1—2?)dx

-1

\ /.

x=-1

1
V:w/ (x — 2*)dx = 37/10
0

X

1
= — 22 dx =
78/0(1 )dz = 16/3

2y

Chapter 8
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(c) A(z) is the area of an equilateral triangle with sides 2y, so

A(z) = ?(21/)2 =V3y? = V3(1 — 2?);

v/1 \/§(1x2)dx2\/§/1(1z2)da:4\/§/3
—1 0

y=V1-x?

36. By similar triangles, R/r = y/h so

R =ry/h and A(y) = nriy*/h?. 5
h \; R
V= (7T7”2/h2)/ y*dy = mrh/3 t
0

37. The two curves cross at x = b ~ 1.403288534, so

b /2
V= 7r/ ((2z/m)? —sin'® z) dx + 7r/ (sin'® z — (22/7)?) de = 0.710172176.
0 b

38. V:ﬂ'/(l—(lny)z)dy:ﬂ'
1

T 1
39. (a) V= 7r/ (r? —y*)dy = w(rh® — h®/3) = gwh2(3r —h)
r—h

(b) By the Pythagorean Theorem,
r? = (r — h)? + p?, 2hr = h? + p?; from part (a),
wh

266

V=Tt =T (S0 + ) - )

1
67rh(h2 + 3p?).

40. Find the volume generated by revolving
the shaded region about the y-axis.

10 X

—10+h T
V= 77/ (100 — y*)dy = 5h*(30 — )
—10

Find dh/dt when h =5 given that dV/dt = 1/2.
s av. = dh
= —(30n* — h%), — = —(60h — 3h%)—
V 3(30 ) 7 3(60 3 )dt’
7r dh dh
== 2300 - 75)%2, &2 = 1/(1507) ft/mi
3(300 75) il /(1507) ft/min

X=

/100 —y?
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41.

42.

43.

Chapter 8

5
(b) Az =—=20.5; {yo,y1," -

o= 10} = {0,2.00,2.45, 2.45,2.00,1.46, 1.26,1.25, 1.25,1.25, 1.25};

9
2
left = FZ (%) Axr ~ 11.157;
i=0

0,
right = WZ (%) Ax ~ 11.771; V =~ average = 11.464 cm3
i=1

If = r/2 then from y? = r? — 22 we get y = +/3r/2 S
.. . . Var
as limits of integration; for —/3< y < \/g, 5
X=/r2-y?
Aly) = n[(r* —y?) —r?/4] = n(3r? /4 — y?), thus
X
V3r/2
ver [ -yt '
—/31/2 2

\/gr/2
= 27r/ (3r2 /4 — y?)dy = V31 /2.
0

(a) Y (b) Y

0<h<2

If the cherry is partially submerged then 0 < h < 2 as shown in Figure (a); if it is totally sub-
merged then 2 < h < 4 as shown in Figure (b). The radius of the glass is 4 cm and that of the
cherry is 1 cm so points on the sections shown in the figures satisfy the equations x2 + 3% = 16
and 22 + (y + 3)? = 1. We will find the volumes of the solids that are generated when the shaded
regions are revolved about the y-axis.

For 0 < h < 2,

h—4 h—4
V= / (16— %) — (1 (y +3)%))dy = 6 / (y + d)dy = 37h%:

4 4
for 2 < h <4,

h—4

—2
Venr / (16— 4%) — (1— (y +3))dy + 7 / (16 — 4?)dy

—4 -2

—2 h—4

1

= 67r/ (y+4)dy+7r/ (16 — y?)dy = 127 + 577(12h2 — b3 —40)
—4 —2

= éw(thQ —h® —4)

SO

3rh? ift0<h<2

1 (
gw(uhtht@ if 2<h<4
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44. z=h=+/r2 -2, y
Ve [ [ IR - - VR ay )

—amn [y C L o)

1
= 4mh <2ﬂ'r2> = 2m2r2h

45. tanf = h/x so h = x tanb,

1 1 1

A(y) = —hz = —2*tanf = —(r* — y*) tan 6 h
2 2 2

because 2% = r? — g2, A

r X

V= %tan@/ (r? — y?)dy

-r

" 2
= tan@/ (r? —y*)dy = §T3 tan 6
0

46. A(z) = (ztanf)(2v/r? — a?) 47. Each cross section perpendicular to the
y-axis is a square so
_ 2 _ 2
= 2(tan H)x\/ﬁ, )

Aly) =a® = =,

V= 2tan9/ x\/1r? — 22dx
0

1 T

§V = / (r? —y?)dy

2 0

= 37’ tand V =8(2r%/3) = 16r°/3

Xtan 6

Vr2—x2

48. The regular cylinder of radius r and height h has the same circular cross sections as do those of
the oblique clinder, so by Cavalieri’s Principle, they have the same volume: 7r2h.

EXERCISE SET 8.3
2 2
1. V :/ ona(2?)dr = 277/ x3dr = 157 /2
1 1
3

V2 V2 s
2. V:/O 27Tx(\/4—x2—x)dx:27r/0 ($\/4—l‘2—$2)d$:8*(2_\/§)

1
3. V= / 2y (2y — 2y2)dy = 471'/ (y2 - yg)dy =7/3
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2 2
4. V= / 2myly — (y* — 2)]dy = 27?/ (y* —y® + 2y)dy = 167/3
0 0
1 ‘ 9
5 V :/ 2 (x)(x3)dx 6. V :/ 2rx(y/x)dx
0 4
1 9
=27r/ xidr = 27/5 :271'/ 2%/ dx = 8447 /5
0 4
y AY
y=x°
1+ 3r y = VX
2 -
X
-1 1 L
1k X
29 -4 4 9
3 3 V)2
7. V= / 2rx(l/x)dx = 271'/ dx = 4w 8. V= / onx cos(z?)dr = w/V/2
1 1 0
y AY
1 y = cos (x%)
Y=x
-3 -1 |13 X
Vm
2
2 1,
9. V= /1 2rx[(22 — 1) — (—2z + 3)]dx 10. V= 27r/0 oY dx
2 ) 1
=87r/ (x? — x)dx = 207/3 = mln(z +1)}0:7r1n2
1
y

23

(€0

(2! _1)

V3 2 21V3
11. V:/ 2mxe” dx:ﬂ'em} =7(e* —e)
1 1
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2 y
_ 2
12. V= /0 2nx(2x — x%)dx y = 2xx?
2 8
=27 / (22% — 23)dz = -
Jo 3 X
2
1 3 3
13. V= / o2myPdy = /2 14. V= / 2y (2y)dy = 471'/ yidy = 767/3
0 2 2
Y y
1 X =y? 3
pF/———=x=2
] X X
;
1 4
15. V= / 2my(1 — /y)dy 16. V = / 2ry(5 —y — 4/y)dy
0 1
1 4
:27T/ (y—y3/2)dy:7r/5 :27/ (5y — y* — 4)dy = 9
0 1
’ (L4
y = VX - X TS
X i 4.1
] - x=4ly X
| | | | | | | |
T /2
17. 'V =27 / rsinzde = 27° 18. V = 27r/ rcosxdr = w2 — 27
0 0

1
19. (a) V= / 2nx(z® — 32% 4 2z)dz = 77/30
0

(b) much easier; the method of slicing would require that x be expressed in terms of y.

Y

y =x3 -3+ 2x

270
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2

20. vz/ om(z + 1)(1/a)do
1

=27 /12(95—2 + 273 de = Tr/4 /4
|

1
21. V:/ om(1 —y)y'dy
0

1
= 27r/ (y*/3 — y*/3)dy = 97 /14
0

d

b
22. (a) / 2malf(z) — g(x))dz ) [ 2mylf () - 9w)ldy

23. x = —(r —y) is an equation of the line
r

0,1
through (0,7) and (h,0) so x
" h X
V= /0 2my L(T N y)} w /h, 0
= 2mh (ry — y*)dy = nr’h/3

™ Jo

k/4
24. V= / 2m(k/2 — z)2Vkadx
0

"
<
Y

k/4 y
= 271'\/E/ (kx/? — 22%/%)dx = Tnk? /60
0

k/2-x

N

y = —Vkx

25. V= / 2z (2/1r? — 22)dx = 47r/ z(r? — 22V 2dz
0 0

_ Amo, 2:)>/2a_47T 3 2 2\3/2
= 3(7" x%) 0—3[r (r —a”)

y
VAR RN

x = k/4

Chapter 8

y=Vr2—x2

)
==

y:_\/rZ_XZ
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a y
26. V:/ 27(b—x)(2v a? — 2?)dx b—x
- a a <L/>|
o |
= 47rb/ Va2 —x2dx—47r/ rVa? — x2dx Va2-x2 4\ |
. B (N - TN
—a a
= 4xb - (area of a semicircle of radius a) — 47(0) \J/ } \L/
2 9 —Va2-x2 |
= 27m%a"b :
X=Db

b b
27. V, :7r/ ida: =n(2-1/b), V, = 277/ dx =m(2b—1);
1 1

J2 @ /2

Vo=V, if2-1/b=2b—-1, 202 —3b+1 =0, solve to get b = 1/2 (reject) or b = 1.

EXERCISE SET 8.4

2
1. (a) %:2@:/ V14 4dde =5
€L 1

de 1 4
(b) d—y:§,L=/2 V1+1/4dy =2V5/2 =5

1
2. d—x—l @—5L /\/12+52dt=\/%
0

dt dt

8. @)= ga 1+ [P =1+ S,

1
= / V1+8lz/4dx =
0

3/271
513 (1+81x> ] = (85V/85 — 8)/243

4. W) =y +2)"2 1+ WP =1+ @2 +2) =y* + 22 + 1= (y> + 1)%,
1 1
:/ v(y2+1)2dy=/ (y> + 1)dy =4/3
0 0

dy 2 i dy\' 4 s 922344

\V922/3 1 40
/ ;1/3 mfﬁ u1/2du,u:9x2/3+4
€ 13
1 40
= 27u3/2] (40\/>0 —13V13) = (80\/>0 —13V13)
13

or (alternate solution)

4y dz 3 dz \2 9 449y
= 5/2 _——= - 1/2 1 —_— :1 —_ =
=y, dy 2y , 1+ <dy> +

1Y 1

/\/4+9 dy——/ ut?du = 7(80\@—13\/@
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1 1 1 1 1 1 ’
6. fl'(z)= 113 —z73 1+ [fl(@)P =1+ <x6 - -+ x6> =—25+-427%= <4x3 + x3> ,

(e** +24€72"), s0

RIS,

2
_ 1 11 1 1
8. J)=zv"—sy > 1+ =1+ (y6—+y 6) = (y3+y 3)7

4 24 2 2
e 1

L= / (y3 + y—3> dy = 2055/64
L \2 2

9. (dz/dt)®+ (dy/dt)? = (t*)>+ (t)2 =t2(t* + 1), L = /1 t(t? +1)V2%dt = (2v/2 - 1)/3
0

10. (dz/dt)? + (dy/dt)* = 2(1+ )] + [3(1 +)?)> = (L + t)*[4 + 9(1 + ¢)?],

L= /1(1 + )[4 +9(1 4 t)2]*/2dt = (80v/10 — 13v/13) /27
0

w/2
11. (dx/dt)? + (dy/dt)® = (—2sin2t)? + (2cos2t)?> =4, L = / 2dt =
0
12. (dx/dt)? + (dy/dt)? = (—sint +sint + tcost)? + (cost — cost + tsint)? = t2,
L= / tdt =7?/2
0
13. (dx/dt)? + (dy/dt)? = [e'(cost — sint)]? + [e!(cost + sint)]? = 2e?,

/2
L= / V2eldt = v2(e™/? - 1)
0

4
14. (dx/dt)? + (dy/dt)? = (2! cost)? + (—2e!sint)? = 4e?!, L = / 2¢tdt = 2(e* —e)
1

t
15. dy/dxz = Seeriant tanz, \/1+ (y')2 = V1 + tan?z = secx when 0 < x < 7/4, so
secx

w/4
L:/ secz dr = In(1+ v/2)
0

16. dy/dx = C?ji =cotz, \/1+ (¥')2 = V1+cot?z = cscx when 7/4 < z < 7/2, so
w/2 2.1
L:/ escrdr = —n(vV3-1) = —In [ Y271 (Va4 1)) = (1 + v3)
/4 \/§+1

17. (a) (dz/df)?+ (dy/df)? = (a(l — cos0))? + (asind)? = a*(2 — 2cosh), so

L= " V(dxz/d0)? + (dy/d)? db = a/% V2(1 — cos 0) df
0 0
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18.

19.

20.

21.

23.

24.

25.

26.

(a) Use the interval 0 < ¢ < 2.
(b) (dz/dp)* + (dy/d¢)? = (—3acos? ¢psin ¢)? + (3asin? ¢ cos ¢)?
= 94 cos? psin® ¢(cos? ¢ + sin” ¢) = (9a%/4) sin® 2¢, so

/2 /2

2m
L =(3a/2) /0 | sin 2¢| dgp = 6a/0 sin 2¢ d¢ = —3a cos 2¢ = 6a

0

(a) Ay (b) dy/dx does not exist at x = 0.
- ®.4)
(-1 1D
>~
p
3
(€) ==g(u) =g ) =5

1
L:/ V149y/4dy (portion for — 1 <z <0)
0

4
+/ V14 9y/4dy (portion for 0 < x < 8)
0
8 (13 8
— §\/ﬁ—l +ﬁ(1OM—1):(13@%0@—16)/27

T o7
For (4), express the curve y = f(x) in the parametric form = ¢,y = f(¢) so dx/dt = 1 and
dy/dt = f'(t) = f'(z) = dy/dx. For (5), express x = g(y) as x = g(t),y =t so

dz/dt = ¢'(t) = ¢'(y) = dz/dy and dy/dt = 1.

2 T
L= / V1 + 422 dr ~ 4.645975301 22. L= / v/ 1+ cos? ydy ~ 3.820197789
0 0

Numerical integration yields: in Exercise 21, L ~ 4.646783762; in Exercise 22, L ~ 3.820197788.

0<m< fl(x) <M,so m? <[f'(z)]? < M? and 1+m? <1+ [f'(x)]> <1+ M? thus
VI+m2 <1+ [f ()2 <V1+ M2,

b b b
/\/1+m2dx§/ \/1+[f’(a:)}2dx§/ vV 1+ M?dz, and
b—a)V1+m?2<L<(b—a)V1+ M?

f'(z) = cosz, ﬂ/2§cosax<1for0<x<7r/4so

(7/A)\/1+1/2< L < (x/4)VI+1, ﬁ<L< \f

(dz/dt)? + (dy/dt)> = (—asint)? + (bcost)? = a®sin®t + b cos? t

a?(1 — cos?t) + b2 cos?t = a® — (a® — b?) cos? t

2 b2
= a? [1 — cos? t] = a®[1 — k? cos? t],

a2

27 w/2
L= a\/l—k2cos2tdt:4a/ V1 —Ek2cos?tdt
0

0
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27. (a) (dz/dt)? + (dy/dt)? = 4sin®t + cos®t = 4sin®t + (1 —sin®t) = 1 + 3sin? ¢,

27 w/2
L= \/1+3sin2tdt=4/ 1+ 3sin®tdt
0

0
(b) 9.69

4.8
(c) distance traveled = / V14 3sintdt ~ 5.16 cm
15

4.6

28. The distance is V1 + (2.09 — 0.82x)2 dz ~ 6.65 m

0

1

2

184

1.83

1.832

29. L:/ V14 (kcosx)?dx K
0

L

3.8202

5.2704

5.0135

4.9977

5.0008

Experimentation yields the values in the table, which by the Intermediate-Value Theorem show
that the true solution k£ to L = 5 lies between k£ = 1.83 and k = 1.832, so k = 1.83 to two decimal

places.

EXERCISE SET 8.5

1 1
1. S= / 21 (7x)V/1 + 49dx = 7om/§/ x dr = 35mV/2
0 0

2. fl(z)= %, L+ [fl(@) =1+ é

4 4
S:/ 2m\/x 1+4idx:27r/ Vi +1/4dz = 7(17V17 — 5V/5) /6
1 €L 1

3. flw)=—x/Vi-a? 1+ [f' (@) =1+

JJ2

4— 22

4

,S’:/_11277\/4—x2(2/\/4—x2)dx:471'/ dx = 8

1
—1

4. y=f(x)=a3for 1 <z <2, f'(x) = 322,

2
szu/szvq+9fmnggu+gﬁym}
1

1

4 — g2’

2 2
5. S = / 2m(9y + 1)V82dy = QW@/ (9y + 1)dy = 407v/82
0 0

1
6. ¢'(y)=3y% S = / 21> /1 4 9ytdy = 7(10v/10 — 1) /27
0

7. )=~/ L+ ) = 5
5. g/() = —(1=9) 2 1+ [ ) = 1=

S:/_Ol27r(2 1—y)V2_ydy=47r/_01,/2—ydy=8w(3\/§—2\/§)/3

vi-y

2
yz’S:/_227TV9_y2'

= 57(29v/145 — 2v/10) /27

3
o

2
dy:67r/ dy = 247
-2
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1 1 11 1 1 .
9. f/(x):, —-1/2 _ 2,1/2 1+[f( )]2:1+7x’177+7x: <x1/2+2x1/2),

2 4 2 4 2
23/2 Lo L oap T [° 2
S = 271' - —x + -z de = — [ (3+2x—2°)dx =167/9
2 2 3/,
2
10. f@)=a"— o P @P =1+ (af = 5+ o) = (224 g2
) 4 ’ 16 4 ’
2 1 1 1 21 1 1
S = /1 2m (3£CS + 4x1> (ac2 + 4x2> dx = 27/1 <3:c5 + 37 + 6% 3) dx = 5157 /64
1 1 1
11. 2 — 4, 4 1o\ — .3 _ L3
z=g(y) =3y + 8y I =y =y

11 1 .V
1 N2 = 1 6+ 6\ _ (.3, % -3
+[9'(y)] +<y 5+ 16Y ORSTAE
° Ly 1 3, 1 3 T [ 7 5
S:/ 2 | -y~ + <y~ Y+ -y dy:—/ (8y" + 6y + 1y~ °)dy = 16,9117/1024
. 4 8 4 16 /,

65 — 4y

12. 2=g(y)=V16—y; ¢'(y) = — (16 —y)’

1 ! —
26—y 1+ [ ()] =

15 15
[ 654
S:/ 271/16 — y W;dyzw/ \/65—4ydy:(65\/65—5\f5)%
0 - 0

1
13. f@)=e 1+ [F@P=1+e 5= [ 2me"V1+ 2 de ~22.04

0

14. f'(z) =cosz, 1+ [f'(z)]> =1+cos’z, S = / 2w sinzy/1 4 cos? x da ~ 14.42
0

15. z=g(y)=Iny, ¢'(y) =1/y, 1+ [g' () =1+1/y%: S :/ 2my/1+1/y*Inydy =~ 7.05
1

16. z=g(y) = tany, ¢'(y) = sec®y, 1+ [¢'(y)]> = 1 +sec’ y;

/4
S:/ 2w tanyy/1 + sect y dy ~ 3.84
0

17. Revolve the line segment joining the points (0,0) and (h,r) about the z-axis. An equation of the
line segment is y = (r/h)x for 0 < x < h so

h 9 h
S:/O Qw(r/h)x\/l—l—rQ/thx:%\/rz—l—fﬁ/o xdx = mr\/r? 4+ h?

18 f@) = V2=, /(@) = —a/ViT =2 1+ [ @) = 12/62 - o),
S = ' 2m\/r2 — 952(7“/\/7"2 — x2)dx = 27r ' dx = 4mr?

- -

19. g(y) = —y% g W) =—y/vVr* =y 1+]g r?/(r? = y?),
(a) S= 27r\/r2—y \V/r2/(r2 y—27rr/ dy = 27rh
r—h r—h
(b) From part (a), the surface area common to two polar caps of height hy > hso is

2mrhy — 2mwrhy = 2mwr(hy — ha).
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20.

21.

22,

23.

24.

25.

26.

27.

Chapter 8

For (4), express the curve y = f(z) in the parametric form = = t,y = f(¢) so dz/dt = 1 and
dy/dt = f'(t) = f'(x) = dy/dx. For (5), express x = g(y) as © = g(t),y =t so
dx/dt = ¢'(t) = ¢'(y) = dz/dy and dy/dt = 1.

=2ty =2, + () =4t +4

4
5:277/ (2t)\/4t2+4dt:87r/ 12+ 1dt = 17\ﬁ—1)
0

0
x' = e'(cost —sint),y’ = e'(cost +sint), (z')* + (y)? = 2%
w/2 /2
S = 27r/ (e' sint)V2e2tdt = 2\/§7r/ e*sint dt
0 0

1 T2 9
=2V2r [562t(2 sint — cost)] = Tfﬂ'@e” +1)
0

=1,y =4t (/)2 + ()2 =1+16t2, S = 271'/ tV/1 + 162 dt = 17\F— 1)
0

x' = —2sintcost,y’ = 2sintcost, (z')2 + (y')? = 8sin® t cos? t
w/2 /2
S = 277/ cos®tV/8sin?tcos? t dt = 4\/577/ cos® tsint dt = v/2m
0 0

r' = —rsint, y =rcost, (2')* + (y')* =r?,

v U
S:27T/ rsint Vo2 dt:27r7“2/ sintdt = 4mr?
0 0

2 2
Z; a(l — cos qS) = asin ¢, <d:v> + (fl(yb) = 2a%(1 — cos ¢)
2

27
S = 27?/ a(l — cos ¢)\/2a?(1 — cos ¢) dp = 2\/§7ra2/ (1 — cos ¢)*/%dg,
0 0

but 1 — cos ¢ = 2sin? g so (1 — cos ¢)3/2 = 2v/2sin® ? for 0 < ¢ < 7 and, taking advantage of the
symmetry of the cycloid, S = 167a? / sin® ?dqb = 64ma’/3.
0

(a) length of arc of sector = circumference of base of cone,
1
00 = 27r, 0 = 2r [0; S = area of sector = 562(27rr/£) =7l

(b) S = 7T7”2€2 - 7T7"1£1 = 7T7"2(£1 +€) —777'161 = 7'('[(7“2 - 7"1)61 +7"2£};
Using similar triangles fo/ro = £1 /11,7102 = 12ly, 71 (€1 + £) = roly, (12 — 1)1 = 11/
s0S =7 (ril+rl) =m(ri+r2)l.
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28. 2rky/1+ [['(@)F < 2nf(a)V/1+ [F@P < 20K /T [F (@), s0

b
/ 2rk/1 + [f'(x)]2dz g/ 2m f(x)\/1+ [f'(z)]2da </ 2rKA\/1+ [f'(z)]2dz,
ok /b L+ [f'(z)]2dx < S < 27K /b L+ [f'(x)|?dx, 2rkL < S < 2K L

29. (a) 1< +1+4+[f"(x)]?so2rf(x) <2nf(x)y/1+[f(x)]?,

b b b
/ 2w f(x)dx < / 2rf(x)\/1 4 [f'(x)]?dz, 27r/ f(z)dx < S,

2rA < S

(b) 2rA=Sif f’'(x) =0 for all x in [a,b] so f(z) is constant on [a, b].

EXERCISE SET 8.6
1. (a) W =F-d=30(7) =210 ft-Ib
6 6 6
(b) W= / F(x)dx = / v dr = —1} =5/6 ft-1b
1 1

Ty

2 5 40
2. W= / d:cf/40dx—/ 3(x75)dxf80+60:140(]

278

3. distance traveled = / t)dt = / —dt = 7t2 = 10 ft. The force is a constant 10 1b, so the

work done is 10 - 10 = 100 ft-1b.

4. (a) F(zx) = ka, F(0.05) = 0.05k = 45, k = 900 N/m
0.03 0.10
(b) W= / 900z dz = 0.405) (©) W=
0 0.05

900z dz = 3.375J

5. F(z) = ka, F(0.2) = 0.2k = 100, k = 500 N/m, W = / © 500zdz = 160
0

2
6. F(x)=ka, F(1/2):k/2:6,k:12N/m,W:/ 122 de =247
0

1
7. W:/ kadr = k/2 =10, k = 201b/ft
0

8. W= /6(9 — 2)62.4(257)dx —
o ]

—_— —_——

6
= 15607?/ (9 — x)dz = 56,1607 ft-1b & .
0

—— ——

— —_—

6
9. W= / (9 — x)p(257)dz = 9007p ft-1b
0
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10.

11.

12.

13.

14.

r/10 = x/15, r = 2x/3,

10
= — X . 7TIE2 X
W 7/0 (15 — 2)62.4(47z%/9)d

83.2 [0
= —w/ (152% — 2°*)dx
3 Jo

= 208, 0007 /3 ft-1b

w/4=2x/3,w=4x/3,

2
W = / (3 — 2)(9810)(4/3)(6)dx
0

2
= 78480 / (3 — 2?)dx
0

= 261,600J

w =24 — a2

W:/2(3—x)(50)(2 1= 27)(10)dz

2 2
= 3000/ V4 — x2dx — 1000/ V4 — x2dx
-2 -2

= 3000[7(2)?/2] — 0 = 60007 ft-1b

(a) W= 9(10 — 2)62.4(300)da

9
= 18,720/ (10 — z)da
0

= 026,640 ft-1b

(b) to empty the pool in one hour would require
926,640/3600 = 257.4 ft-1b of work per second
so hp of motor = 257.4/550 = 0.468

When the rocket is x ft above the ground
total weight = weight of rocket

+ weight of fuel ﬂ]
= 3+ [40 — 2(2/1000)]
= 43 — /500 tons, Rocket

3000
W= / (43 — x/500)dz = 120,000 ft-tons
0

~ 3000

Chapter 8
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100
15. W= / 15(100 — z)dx 16. Let F(z) be the force needed to hold
0 charge A at position x, then
= 75,000 ft-1b
’ F() = ——, F(—a)= — =k,
Pulley (a— ) 4da
42
-——100 SO ¢ = ﬁéa k.
W= [ 4d°k(a —x) ?dx = 2ak ]
100 — x A B
-a x 0 a

17.

18.

19.

20.

(a) 150 = k/(4000)2, k = 2.4 x 10°, w(z) = k/x? = 2,400,000,000/z% 1b
(b) 6000 = k/(4000)2, k = 9.6 x 10'°, w(z) = (9.6 x 10'°) /(z + 4000) Ib
5000

(c) W= 9.6(10')2~2dx = 4,800,000 mi-Ib = 2.5344 x 10'° ft.Ib
4000

(a) 20 =k/(1080)%, k = 2.3328 x 107, weight = w(z + 1080) = 2.3328 - 107/(z 4 1080)2 Ib

10.8
(b) W= / 2.3328 - 107 /(2 + 1080)?] dz = 213.86 mi-lb = 1,129,188 ft-1b
0
W =F-d=(6.40 x 10°)(3.00 x 10*) = 1.92 x 10° J; from Theorem 8.6.4,
v} =2W/m + v} = 2(1.92-10%)/(4 - 10°) + 20 = 10,000, vy = 100 m/s

W =F-d=(2.00 x 10°)(2.00 x 10°) = 4 x 10'° J; from Theorem 8.6.4,
v} =2W/m+ v} =8-10'/(2-10°) + 10% ~ 11.832 m/s.

1 1
21. (a) The kinetic energy would have decreased by §mv2 = 54- 105(15000)? = 4.5 x 10'* J
14 15 1000
(b) (4.5 x 101)/(4.2 x 10'%) ~ 0.107 () 5 (0.107) ~ 8.24 bombs
EXERCISE SET 8.7
1. (a) F =phA=62.4(5)(100) = 31,200 Ib (b) F = phA = 9810(10)(25) = 2,452,500 N
P = ph = 62.4(5) = 312 Ib/ft* P = ph = 9810(10) = 98.1 kPa
2. (a) F=PA=6-10°(160) = 9.6 x 10" N (b) F = PA=100(60) = 6000 b
2
3. = / 62.4x(4)dx 0 4
0

2
= 249.6/ rdr = 499.21b
0
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3
F:/ 9810x(4)dx
1

3
= 39240 / T dx
1

= 156,960 N

5
F:/ 9810x(2+/25 — z2)dx
0

5
= 19,620/ (25 — 22)/2da
0

=8.175x 10°N

By similar triangles

w(a:)72\/§—a:, xil .
4 - 2\/3 ’ LU( )* \/5(2\/§ )7
2V/3 9
F = /O 62.4z {\/3(2\@ —~ m)] dx
1248 V3

= (2\/33: — 2?)dx = 499.21b
V3 Jo

By similar triangles

6 8

w(z) _ 10—z
wiz) = 210~ ),

F= / 9810x [(10 - JJ)] dx
2 4

10
= 7357.5/ (10x — 22)dz = 1,098,720 N
2

16 + 2u(x), but

=3
&
I

12
F:/ 62.4x(28 — z)dx
4

12
= 62.4/ (282 — z%)dx = 77,209.6 1b.
4

0
s 4
X,
3 -
0 5y
X y=V25-x2
5 2V/25 - x?
0
X
2v3
0
6
L
X_
w(X)
10 —
0
WL u(x) 4
X = ”“)/
w(x)

12 —

Chapter 8

b b b
Yes: if po = 2p; then Fy = / pah(z)w(x)de = / 2p1h(x)w(x) dx = 2/ prh(x)w(x)de = 2F;.
a a a
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10.

11.

12.

13.

14.

2
F:/ 50x(2v4 — 22)dx 0 5y
0
2
= 100/ x4 — x)Vdx V= Va2
0
= 800/31b Na_x2
X
Find the forces on the upper and lower halves and add them:
wi () x
= , wi(x) =2
V2a ﬂa/Z 1)
\/5{1/2 \/§a/2
F = / px(2z)dr = 2p/ 22dx = V/2pa® /6,
0 0
wo(z)  V2a—x
= ,wa(z) =2(vV2a —x
\/Ea \/5&/2 2( ) ( )
\/ia 2a )
I = / pz[2(vV2a — z)]dx = Qp/ (V2azx — 2*)dx = V2pa® /3,
\/§a/2 \/§a/2

F =F 4+ F, =V2pa®/6 + V2pa®/3 = pa®/v/2 1b
h(z) = xsin60° = v/3z/2,

100
F:/ 9810(v/3z/2)(200)dx
0

100

:981000\/§/ xdx
0

= 4,905,000/3 N

V162 + 42 = /272 = 4/17 is the

other dimension of the bottom.
(h(z) —4)/4 = 2/(4VT7)
h(z) = z/V1T+4,

4V17
F = / 62.4(x/V17 + 4)10dx
0

417
= 624/ (z/V17 + 4)dx
0
=14,9763/171b
h+2 0
F:/ pox(2)dx —
h

h+2
= 2p0/ rdx hi-—
h X

=4po(h +1)

l«— > —>

h+2|-—
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15. (a) From Exercise 14, F' = 4po(h + 1) so (assuming that po is constant) dF/dt = 4py(dh/dt)

which is a positive constant if dh/dt is a positive constant.
(b) If dh/dt = 20 then dF'/dt = 80p¢ Ib/min from part (a).

EXERCISE SET 8.8

1. (a) sinh3=10.0179 2. (a) csch(—1) = —0.8509
(b) cosh(—2) ~ 3.7622 (b) sech(ln2)=0.8
(c) tanh(ln4) =15/17 ~ 0.8824 (c) cothl=~1.3130
. —1 _ ~ _ 1
(d) sinh™!(—2) ~ —1.4436 (@ sech™} ~ 13170

(e) cosh™3~1.7627 )
(e) coth™ 3~ 0.3466

3
1 -
(f) tanh™" -~ 0.9730 (£) csch™L(—v/3) ~ —0.5493

3. (a) sinh(In3) = %(61“3 —e %) = % (3 - 1) _ 4

1 1/1
(b) cosh(—1In2) = 5(6_1112 + ey = B (2 + 2) =

25 _ =205 95 _1/25 312

tanh(21n5) = - _ o2
() tanh(2In5) = Gy s = 354 1/25 313

1 1/1
(d) sinh(—3In2) = 5(6_31112 S = ( _ 8) __8

2\ 8 16
1 1 1 241
4 (a) 5(61n1+671nz) 5 <x+m> _ x2; 2> 0
1 1 1 2?2 -1
b “(,Jnx _ _—Inz _ - - _ 0
(b) 2(6 e ) 5 (m x) 5y &>

( ) 62111.’,8_6—211’132 31‘2—1/.1?2 J}4—1 -
(¢ = = x
621nz+672lnx I2+1/1‘2 174+17

1 1/1 1422
(d) Q(e—lnx+elrlx):<+m) _ +x >0

sinhxy | coshXy | tanhXy | cothXy | sechxy | cschxg
@] 2 Vs | 25 | V52 | WVs | 12
(b) 3/4 5/4 3/5 5/3 4/5 4/3
(© 4/3 5/3 4/5 5/4 3/5 3/4

(a) cosh®zg=1+sinh®zy =14 (2)? =5, coshzg =5

. 25 . 3
(b) sinh? 2o = cosh® g — 1 = 6~ 1= 6 sinh z¢ = 1 (because xo > 0)

2
4 16 9 3
(c) sech?zg =1 — tanh®zy = 1 — () =1 —, sech zg = —,

5 25 25 5
1 5 sinh 5 4 4
coshxg = soch 7o = 3 from Zlor;hzz = tanh zg we get sinhxg = (3) <5> = 3
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12.

15.

17.

18.

20.

22,

24.

26.

28.

31.

d d 1 coshz
T cschr = drenhr - sate coth x csch x for x #£ 0
d 1 inh
e sech x = P —— _csolzlhfa: = —tanhx sech «x for all
d d coshz  sinh®z — cosh® x 9
— cothx = — = = —csch?z f
g cothz = — e csch®z for x # 0
U . . dy dx dy
_ 1 _ ., Gyaz _ ay .
(a) y=sinh™ z if and only if 2 = sinhy; 1 = dody ~ de cosh y; so
d . —1 dy 1 1
— [sinh™ " z] = —= = = = for all x.
de[ ] dz  coshy \/1+sinh?y V1422
dy d d
(b) Let 2 > 1. Then y = cosh™ !  if and only if 2 = coshy; 1 = o _ % sinhy, so
dedy dx
d. .. dy 1 1 1
dx [cosh™" 2] de  sinhy  \/eosh?y—1 2*—1 o=
(¢) Let —1 <z < 1. Then y = tanh™ ' z if and only if 2 = tanhy; thus
dyde dy o dy 2 2 d 1 dy 1
1=——=—"sech®y=—(1—tanh“y) =1 — — [tanh === :
dedy dx ety dx( anh”y) s dx[ an 7l dv 11— 22
1
4 cosh(4x — 8) 10. 423 sinh(z?) 11. - esch?(In )
h?2 1
ii:lh 2; 13. 2 csch(1l/x) coth(1/x) 14. —2¢27 sech(e?*) tanh(e??)
2 h(5x) sinh(5
+ 5 cosh(52) sinh(5z) 16. 6sinh?(2x) cosh(2x)
4 + cosh? (5x)
2%/2 tanh(y/z) sech? (/) + 322 tanh?(/z)
—3 cosh(cos 3z) sin 3z 19 N (1) =1/V/9+ 22
' 1+22/9 \3
#(71/&) S S 21. 1/ [(cosh_1 z)Va? —1]
V1+1/2? |x|vVz? +1
1/ [ (sinh ™ z)2 — 11+ xQ} 23. —(tanh 'z)72/(1 — z?)
inh inh
2(coth ™ 2) /(1 — 2?) 25, — ot ST { oo 8
Veosh?z —1  |sinhz| L z<

x

sech?x \/m 27. L
( )/ 201 —x

+ €% sech

10(1 + z csch™'z)® ( + csch_1x>

x
2Vt 22

1 1 2
Zsinh’z +C 32. osinh(2r - 3)+C 33. (tanha)? 4 C

284
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1 1
34. —gcoth(3x)+C 35. In(coshz) +C 36. —gcoth3x+C
1 In3 In3
37. —Ssech3x} = 37/375 38. ln(cosh:L‘)O =1In5—1n3
In2
1 1 ..
39. u=3z, - | ——=du= —-sinh™ 3z+4+C
3/\/1+u2 3
V2 1 -
40. x:\/ﬁu,/idu:/idu:cosh Yz /V2)+ O
V2u? -2 Vu? —1 (=/v2)
41. u=¢" /¥du——sech_l(ex)+c
) ") ou/1—u?
42 cos 6 / ! d sinh™*(cos §) + C
Cou= , — | ——=du = —sin
V14u?
43. u=2 /diu:—csch_1|u|+C=—csch_1|2x|+C’
") w1+
5/3 1/ 1 1,
44. =z =5u/3, | ———=du= - | ———=du = —cosh™ " (32/5) + C
/ V25u? — 25 3J Vur-1 3 (82/5)

1/2 1. 1+1/2 1
45. tanh™! x]o = tanh~'(1/2) — tanh™~*(0) = §ln 1 i_ 1§2 = §1n3

V3
46. sinh™! t} .= sinh ™' v3 —sinh ' 0 = In(V3 + 2)
In3 1 In3
49. A= / sinh 2z dx = = cosh 24 = —Jcosh(2In3) — 1],
0 2 . 2

but cosh(21n3) = cosh(In9) = %(61“9 +e 9 = %(9 +1/9)=41/9s0 A= %[41/9 —1] =16/9.

In2

In2
50. V = 7r/ sech®z dz = 7 tanh x} = wtanh(In2) = 37/5
0 0

5 5
51. V = 7r/ (cosh? 2z — sinh? 2z)dz =7 | dx = 5m
0 0

1 1
1 1
52. / cosh ax dx = 2, — sinh am} =2, —sinha = 2,sinh a = 2aq;
0 a 0 a

sinh a,, — 2a,,

let f(a) =sinha — 2a, then a1 =a, — ————— a1 = 2.2,...,a4 = a5 = 2.177318985.
cosha, —2

53. ¢y =sinhz, 1+ (y’)2 =1+ sinh®z = cosh? z

In2 In2 1 1 1 3
L:/ coshxdxsinh:c} Sinh(ln?)(eln2el“2)(2) - =
0 . 2 2
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54. 1y =sinh(x/a), 1+ (y')? = 1 + sinh?(x/a) = cosh?(x/a)
L= / cosh(z/a)dx = asinh(z/a)| = asinh(x/a)
0 0

1 1
55. sinh(—x) = 5(671 —e") = —5(6ﬂD —e )= —sinhx

1 1
cosh(—z) = i(e*I +e7) = i(ew +e %) =coshzx
. 1 _ 1 _
56. (a) coshz +sinhx = 5(61 +e )+ i(em —e ) =¢"
. 1 _ 1 _ _
(b) coshz —sinhz = 5(6:6 +e ") — 5(e”” —e ) =¢7"

1 1
(c) sinhzcoshy + coshzsinhy = i(ex —e ) (e +e )+ —(e"+e F)(e¥ —eY)

4
1
= 1[(ez+y — e Tty 4t — e—r—y) + (er+y + e TTY _ Ty _ e_z_y)]
! (z+y) —(z+vy) .
:5[6 Y —e Y] = sinh(x 4 y)

(d) Let y =z in part (c).

286

(e) The proof is similar to part (c), or: treat x as variable and y as constant, and differentiate

the result in part (c) with respect to x.
(f) Let y = x in part (e).
(g) Use cosh? z = 1 + sinh® z together with part (f).
(h) Use sinh? # = cosh? z — 1 together with part (f).

57. (a) Divide cosh® z —sinh? z = 1 by cosh® z.

sinh x n sinh y
sinhxcoshy + coshzsinhy  coshz = coshy tanh x + tanhy

(b) tanh(zx+y) =

coshz coshy + sinh zsinhy 1 sinhzsinhy 1+ tanha tanh Yy
cosh z cosh y
(c) Let y == in part (b).

1
58. (a) Let y = cosh™'a; then z = coshy = 5(6?’ +e ), ey —2x+e ¥ =0,e% —2zeY +1=0,

o 20 +v4x? — 4
S —

= 2z + Va2 — 1. To determine which sign to take, note that y > 0

soe V< eV x=(e¥+e V)2 < (e¥+e¥)/2 =¢eY, hence eV > x thus eV = z + Va2 — 1,

y =cosh 'z = In(z + Va2 — 1).

ey —e ¥ eW-1

(b) Let y = tanh™' z; then & = tanhy = e il ze? + 1 =e% -1,
1+ 1 1+2
1 =e?(1— =1 1- 2y =1 =-1 .
+rz=e¥(1—2a),e (1+2)/(1—2a), 2y Do y=glno—

d o l4z/Var-1 T
59. (a) %(Cosh ZI/') = H—m = ]./ X 1

d |1

(b) %(tanh_lx) =0 5(111(1 +x)—In(1 —x))} = % (1—|1—a: + lix> =1/(1 _952)
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Chapter 8

Let y = sech™ 'z then 2 = sech y = 1/ coshy, coshy = 1/x, y = cosh™*(1/z); the proofs for the
remaining two are similar.

du

m = tanhil u—+ C

If |u| < 1 then, by Theorem 8.8.6, /

d
For |u| > 1,/ 1 _uu2 =coth ™ u+ C = tanh™*(1/u) + C.

d 1 d 1 1 T 1
@) gyl ) = G e = e Ve T 2

(b) Similar to solution of part (a)

1
(a) lim sinhz = lim 5(6r —e ) =400-0=+

r——+00 T— 400
1
(b) lim sinhz= lim —(e"—e*)=0—00=—0
r— —00 r——00 2
eT — 7
(¢) lim tanhz= lim — =1
z—400 z—+o0 e¥ 4 e~ %
r __ ,—x
(d) lim tanhz = lim S —
T— —00 z——oc0 e¥ 4 e~ %

(e) lim sinh 'z = lim In(z 4+ Va?+1) = +o0
r——+00 r——+00

1

5l

(f) lim tanh 'z = lim 5 In(l142) —In(l —2)] = +o0

r—1- r—1-
(a) lim (cosh™z —1Inz) = liIE ln(z + va?2 —1) — lnx]

T——+00
VaT =1
— lim PRV oL lirf In(14+/1—1/22)=1n2
x r——+00

r——400
wh xT —x 1
(6) Jim S5 = i =l e =12

For |z| < 1, y = tanh ™'  is defined and dy/dz = 1/(1 — 22) > 0; 3" = 2x/(1 — 2%)? changes sign
at x = 0, so there is a point of inflection there.

Let x = — = —cosh™ 'z +C = —cosh™*(—u) + C.

1 1
U, | ——du=— | ———dx
/\/u271 /\/x2,1 .
—cosh™'(—u)=—-In(~u+Vu2-1)=In—
()=~ tn(cut Vi 1) =l

=In(—u—vVu?—1)=Inju+ Vu? —1|

Using sinh z + cosh x = e? (Exercise 56a), (sinhx + coshz)™ = (e*)™ = €™* = sinhnx + cosh nz.

“ 1 “ 1 2sinh at
/ e dr = tem] = (e —e ) = y for t # 0.

—a

(a) 3 =sinh(x/a),1+ (y')? =1+ sinh®(z/a) = cosh?(z/a)
b b
L= 2/ cosh(z/a)dx = 2asinh(x/a)| = 2asinh(b/a)
0 0
(b) The highest point is at = b, the lowest at x = 0,
so S = acosh(b/a) — acosh(0) = acosh(b/a) — a.
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70.

71.

72.

From part (a) of Exercise 69, L = 2asinh(b/a) so 120 = 2asinh(50/a), asinh(50/a) = 60. Let
u = 50/a, then a = 50/u so (50/u)sinhu = 60,sinhw = 1.2u. If f(u) = sinhu — 1.2u, then

sinh u,, —1.2u,,

Up41 = Up — sup = 1,00, us = ug = 1.064868548 ~ 50/a so a ~ 46.95415231.

coshu,, —1.2
From part (b), S = acosh(b/a) — a = 46.95415231[cosh(1.064868548) — 1] ~ 29.2 ft.

From part (b) of Exercise 69, S = acosh(b/a) — a so 30 = acosh(200/a) — a. Let u = 200/a,

then a = 200/u so 30 = (200/u)[coshu — 1],coshu — 1 = 0.15u. If f(u) = coshu — 0.15u — 1,
coshu, —0.15u,, — 1

hen Uny1 = ty — ot uy = 0.3, uy = us = 0.297792782 ~ 200/a s

then u,11 = u b, —0.15 u; = 0.3 uy = us = 0.29779278 00/a so

a ~ 671.6079505. From part (a), L = 2asinh(b/a) ~ 2(671.6079505) sinh(0.207792782) ~ 405.9 ft.

(a) When the bow of the boat is at the point (x,y) and the person has walked a distance D,
then the person is located at the point (0, D), the line segment connecting (0, D) and (z,y)
has length a; thus a® = 22 + (D — y)?, D = y 4+ Va? — 22 = asech ™! (z/a).

1++/5/9
(b) Find D when a = 15, 2 = 10: D = 15sech™*(10/15) = 151n <+2/3/> ~ 14.44 m.

2

2
(¢) dyjds———"° i ! [—“w]:—l\/az—xa
X

+ —
Va2 —z2 Va2 — x2 VaZ — 22

15

2 _ .2 2 15
— 225 225
1+[y’]2:1+a x za—;witha:15andm:5,L: —dr=—-——| =30m
x? x? 5 a2 T |

CHAPTER 8 SUPPLEMENTARY EXERCISES

6.

2 2 4
a = I*I]ZQ X = _ _
(a) A /0<2+ )d (b) 4 /Omy+/2m (v~ 2)]dy
(c) vzw/0[<2+x>2—x4]dx

(d) v=2w/0 y\/ﬂdy+27r/2 ylvi— (y — ) dy

(e) V:27r/0 22+ —a?)dz () Vzw/O ydy+/2 (y —(y—2)*) dy

b c d
@ A= [ (@) =g@)do+ [ (o) = f@) do+ [ (@) = gla))do

o . ! 5 2 1 1.9 11
(b) A= (22 —x)de+ | (x—2)de+ | (2°—2)de=-4+-4+-=—
. ) 47417y

-1

8/27 2 3
(a) S:/ 21z 1+ x=4/3dx (b) S:/ 27r%\/1+y4/81dy
0 0
2
(c) S:/ 2m(y +2)\/1 +y*/81dy
0

d 1/3 du \ 2/3 2/3 | ,2/3 2/3
By implicit differentiation 9 _ (Q) ,s0 1+ W Z 1+ (g) _ Y _ 4 ,
d T 22/3 r2/3

T dx T

—a/8 1/3 —a/8
L= / ai)dx = —a1/3/ e Y3dx = 9a/8.

o (ol .
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10.

11.

12.

13.

14.

15.

Chapter 8

The base of the dome is a hexagon of side r. An equation of the circle of radius r that lies in a
vertical z-y plane and passes through two opposite vertices of the base hexagon is 2 + y? = r2.
A horizontal, hexagonal cross section at height y above the base has area

" 3v3
Ay) = —3\2/%02 = —3\2/:;(7“2 —4?), hence the volume is V = /0 7\{(7‘2 — ) dy = V3.

Let the sphere have radius R, the hole radius . By the Pythagorean Theorem, r? + (L/2)? = R2.
Use cylindrical shells to calculate the volume of the solid obtained by rotating about the y-axis

the region r < z < R, —VR? — 22 < y < VR? — 22
R R
V= / (27rm)2\/mdx = _gﬂ(R2 _ x2)3/2]

so the volume is independent of R.

= or(L/2)%,

T

L/2 16R? 47
=9 2_L2 42:7-[/ 2
1% /0 T (x /4) = R

Set a = 68.7672, b = 0.0100333, ¢ = 693.8597, d = 299.22309.

d
(a) 650 (b) L= 2/ 1 + a2b? sinh? bz dx
0

= 1480.2798 ft

-300 \

(c) = =283.6249 ft (d) 82°

b
y =0 at x = b = 30.585; distance = / V1 + (12.54 — 0.822)2 d = 196.306 yd
0

Let u = ax then du:adx,/ x = sinh™(u/a)+C,

1 a 1
——du= | —dax = | ——d
va? 4+ u? / a? + a?z? / V1+ 22

x = cosh ' (u/a) + C, u>a,

1 1
———du= | ———=d
/\/u2—a2 ! /\/3:2—1

1
—tanh™*(u/a) + O, |u| < a

1 1 1 a 1
. du=- | —dr = -1
/a2—u2du a/l—:zc2 . 1 %

—coth™(u/a) + C,|u|l > a
a

u
et o

a—1Uu

(a) sinh~*(z/2) +C
(b) cosh™(z/3) 4+ C

%tanh_l(m/\@) +C,lz) < V2 ) 1
——1In

1 1 B 2V2
Ecoth (x/V2) +C,|z] > V2

\@er

+C
V2 -z

(c)

(d) /7dx = i/idx dr = isinh_1 voe +C
V16 +522  V5J) \/16/5+ a2 V5 4
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16. (a) cosh3z = cosh(2x + x) = cosh 2z cosh x + sinh 2z sinh «
= (2cosh? z — 1) cosh z 4 (2sinh z cosh z) sinh z
= 2cosh® z — cosh x + 2sinh? z cosh =

= 2cosh” 2 — cosh x + 2(cosh® z — 1) coshz = 4 cosh® z — 3 cosh z
(b) from Theorem 8.8.2 with x replaced by g: cosh z = 2 cosh? g -1,

1
2 cosh? % = coshz + 1, cosh? g = §(coshx +1),

1
coshg = i(coshx + 1) (because coshg > 0)
(c) from Theorem 8.8.2 with z replaced by g: coshz = 2sinh? g +1,

1 1
2sinh? g = coshz — 1, sinh? g = i(coshx —1), sinhg =+ §(coshx -1

17. (a) F:kx,izki,k:ZW:/ kxdr=1/16J
0
L
(b) 25:/ kxdr =kL?/2, L =5m
0

150
18. F = 30z + 2000, W = / (302 + 2000) dz = 15 - 150% 4- 2000 - 150 = 637,500 1b-ft
0

1
19. (a) F:/ pr3dx N
0

(b) By similar triangles

w(@)
1

x
:§7w(x):2x, SO h(x) =1+ x

4
F:/ p(1+ x)2x dx 1b/ft?.
1

8 0 125
(c¢) A formula for the parabola is y = 55332 — 10,80 F = / 9810]y|2 ?(y +10)dy N.
~10

20. (a) ' (b) =1 when t ~ 0.673080 s.
(c) dr/dt =4.48 m/s.

5
T

—_
T
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21.

22.

23.

24.

25.

(a)

Chapter 8

y ‘ | X (b) The maximum deflection occurs at
| 100 200 x = 96 inches (the midpoint
o4l of the beam) and is about 1.42 in.
B (c) The length of the centerline is
—08} 192
i / V1 + (dy/dz)? do = 192.026 in.
0
_1.2 -
—-1.6}+

The z-coordinates of the points of intersection are a ~ —0.423028 and b ~ 1.725171; the area is
b
/ (2sinx — 22 + 1)dz ~ 2.542696.
a

Let (a,k), where 7/2 < a < =, be the coordinates of the point of intersection of y = k with

y =sinz. Thus k = sina and if the shaded areas are equal,

/(k—sina:)d:r:/ (sina —sinz) de = asina 4+ cosa — 1 =0
0 0

Solve for a to get a ~ 2.331122, so k = sina ~ 0.724611.

k
The volume is given by 27r/ xsinz dr = 2w (sink — kcos k) = 8; solve for k to get
0
k = 1.736796.

(a)

a+2
X
/ —dx
o V1+a3

(b) Use the result in Exercise 24, Section 7.9, to obtain

a+2 a

d a+2 T
- " dx| = —
da [/a V14 a3 I] Vit (@+23 Vi+d®

a+2

x
@ V1+a3

= 0; solve for a to get a ~ 0.683772.

dx ~ 1.347655 J.

The maximum work is



CHAPTER 9
Principles of Integral Evaluation

EXERCISE SET 9.1

10.

11.

12.

13.

14.

15.

16.

1 1 1
u=3—2x,du=—2dz, —§/u3du:—§u4+C:—§(3—2m)4+C

1 2 2
u =4+ 9z, du = 9dz, §/u1/2du: ﬂui”/Z +C = 2—7(4+9x)3/2+c

1 1 1
u = 2% du = 2zdr, f/sec2udu:5tanu+0:§tan(x2)+0

\}

u =22, du = 2xdz, 2/tanudu: —2In|cosu|+ C = —21In|cos(z?)| + C

1 [d 1 1
u =2+ cos3z,du = —3sin3xdr, — 3 ?u = —§1n|u| +C = —gln(2+COS3$)+O

3z 3 2 du 1 du 1 1
=2 du=2d - == - = - Ztan! C = Ztan Y(3z2/2)+ C
u= 5, du=gdz, 3/4+4u2 6/1+u2 5 tan U+ 5 tan (3z/2) +

u=e" du = e dr, /sinhudu:coshu—l—C’:coshem—&—C
1

u=Inz, du= —dz, secutanudu = secu + C = sec(Inz) + C
x

u = cotx, du = — csc? zdz, f/e“du:fe“+0:fe°°tz+0

1 1
—sintu+C = gsin_l(xg) +C

1/ du B
2/ V1i—w2 2

u =%, du = 2zdz,

_ _ . 1 5, L g _ 1 6
u = cos7x,du = —7sin Txdz, f?/u du = ¥ +C = 1 cos’ Tx + C
. du 14++14u? 1+ V1 +sin’x
u = sinx, du = cosz dzx, _ = Ih|—-—- |+ C=—In|—
uvu? +1 U sinx

u=e% du=e%dx, u—+ u2—|—4)—|—C:1n(eI+ e2$+4>—|—0

[

1 _
u=tan" 'z, du = —— dz, /eudu:eu+0:etanlz+c
1+ 22
1
= _Zaduzidx, 2 e“du:26"+0226m+0
u=Ve=ddu= oo /

1 1 1
u =322+ 22,du = (6x + 2)dx, §/cotudu:§ln\sinu\+02ilnsin|3x2+2x|+0

292

+C
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1
17. u:ﬁ,duzﬁd:ﬂ, /2c0shudu:2Sinhu+C:2sinh\/:E+C
T

d d
18. u:lnx,du:;x, /;u:ln|u\+C:ln|1nx|+C

1 2du —uln3 2 w3 2 oyr
1. - = — 7:2 win = —— win = —— z
9. u=+/x,du Qﬁdx, / T /e du 3¢ +C 1n33 +C

20. wu=sin#,du = cosfd, /secutanudu =secu + C = sec(sinf) + C

2 2 1 1 1 2
21. u=-,du=——duz, —f/csch2udu:fcothu+O:fcoth—+C’

x x? 2 2 2 x

dx
. [ e e

/\/$2—3

a . du 1. (24w 1. |24e7®

23. u=¢e¢ * du=—e *dx, /4—u24ln‘2—u +C’4ln‘2_6_w +C
1 . .
24. u:lnx,du:;d:c, cosudu =sinu + C =sin(lnz) + C
e’ dx du
25. u=¢€",du = e dx, = =sin'u+C=sin"'e* +C
V1—e?® /vl—u2
26. u:x_l/g,du:—mdm, —/2Sinhudu:—ZCoshu—i—C:—2cosh(x_1/2)—|—C
-

1 d 1 1 1
27. u=2? du = 2xdz, §/secuu :§/cosudu=§sinu+C=§sin(af2)+C

28. 2u =e", 2du = ¢e” sin~!u + C =sin"!(e?/2) + C

. / 2du _
’ Vi — 4z

2

29. 477" = ¢ nd = —2?In4,du = —2xInddr = —xIn 16 dz,

1 1 1 2 1 2
- Uy = — u - In4 S
mi6) ¢ T Tt "7 Thig TO= et e
T 7 ln2 T 1 7xln2 1 T
30. 2™ =¢ , 2™ dr = ——e +C = 2™+
min2 mln2

31. (a) With u =2 we get

from (15), /% =sin"tz+C (2] <1)
—x

from (17), /dfm =tan "'z +C
x

from (19), /SU\/% =sec 'z +C (z>1)
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(b) With u = ax, du = adx, we get (for a > 0)

sin~'z + C =sin"(u/a) + C

/ du _/ adx B
Vo—2 ) aice

du 1 adx 1 -1 1 1
/m—aﬁ/m—atan x—!—C’—atan (u/a)—!—C

d 1 1
o —sec 'z +C = —sec (u/a) +C
a

du
/u\/uQ—a2 ) 2222 -1 a

EXERCISE SET 9.2
1. u==z,dv=e""dx,du=dz,v=—e"7% /xefmdz =—ze ¥+ /efxdx =—ze—e "+ C

1 1 1 1 1
2. u=ux,dv=e%dx, du=dx, v= 5631; /megmdaz = ga:e&” —3 /e?wdx = gxegz — 563”6 +C

3. u=22 dv=edz, du =2xdx, v =" /m%”dw = 22" — 2/:I:e”dx.
For /:ce””dx use u =z, dv = e”dz, du = dx, v = e* to get

/xexda: =zxe® —e” + (1 so /:c2ezdx = 2%e® — 2xe” 4 26" + C

1 1
4. u=2% dv=e"®dz, du=2xdr, v= —ae_h; /xze_hdx = —53026_2“” + /xe_mdac
For /xe_%dx use u =z, dv = e 2%dx to get

1

1 1 1
/xefz"”dx = 75‘%672:1: + §/e*2zdx = 7§$6721 — 167230 +C

1 1 1
SO /xQe_Mda: = —53526_29” — 51‘6_21 — 16_21 +C
. 1
5. u=ux, dv=-sin2xdx, du=dx,v= —5 cos 2;

1 1 1 1
/xsin?xdm:—§w0082m+5/0052xd:£:—§wc082m+isin2x+0

1
6. u=u=x,dv=cos3zxdr, du=dzr,v= gsin?)x;

1 1 . 1 . 1
/xcos?)xdm: gxsm?)x—g/sm?)xdx: gxsm?)x—I— 50053:5—1—0

7. uw=22 dv=-coszdr, du=2xdzr, v=-sinz; /x2cosxdac:xQSinm—2/wsinxdaz
For /zsinxdm use u = x, dv = sinz dz to get

/xsina:dxz—xcosa:—&—sinx—!—CH SO /xQCosxdxzxzsinx+2xcosx—25inx+0
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8. w=2% dv=sinzdz, du =2xdx, v=—cosx;

/xZSinxdx: —x2cosx+2/xcosmdx; for/xcosmdx use u = x, dv = cosx dx to get

/xcosxd:c:xsinercostrCl so/:z:zsinxdx:fxzcosx+2xsinx+2cosx+0

1 2 .
9. u=Inz, dv=+zdx, du:fdm,UZEx‘s/z;
x
2 2 2 4
/ﬁlnxdm:gmg/zlnx—g/xl/dez§x3/21nx—§x3/2—|—0

1 1 1 1 1 1
10. u=Inz, dv=xdr,du=—dz,v=—-z% [ zlnzdr==2’lnz—= [ zdr==2’lnz— -2+ C
x 2 2 2 2 4

Inx

11. u= (Inx)?, dv = dux, du-?—d:ﬁ v =x; /(1nx)2dx=x(lnx)2—2/ln:cdx.
Use u =1Inx, dv = dx to get /lnxd:v::Elnx—/da::xlnx—x—i—cl SO

/(lnx)2dx =z(lnz)? - 2zInz + 2z + C

1
12. u=Inz, dvffdx du = d:c v =2x; / nxd:cfQ\/»lnm 2/ —dz =2y/xlnx—4yz+C
13. u=I(2z+3), dv=dz du—idx v—x'/ln(2x+3)dx—xln(2x+3)—/ 2 dz
o S T B 2x+3
2z 3 3
but dx = 1- de =x — - In(2
b /2x+3 v /( 2x+3) v=o =5 2r+3)+Cso

/111(293 +3)de =xIn(2x +3) —z + gln@x +3)+C

2 2
14. u=In(2? +4), dv = dz, du = ﬁdw, v = /111(562 +4)dz = zln(2* +4) — 2 / xfidx

+4
22 4 T
but mdm: 1—32274_4 dr =z — 2tan §+Clso

/111(:02 +4)dr = xIn(z® +4) — 2z + 4tan~! g +C

15. w=sin"'z, dv=dz, du=1/V1— 22dz, v = x;

/sinflxdx:msinflx—/m/\/l—xzdxzxsin71x+\/1—x2+0

16. u=cos 1(22), dv = dx, du = — dx, v =x;

2
V1 —4z?
2z 1
—1 _ -1 — -1 — —\/1 = 2
/cos (2x)dx = x cos (2x)+/md:v xcos” (2x) 5V 4?2 4+ C
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17.

18.

19.

20.

21.

22,

296

2
u = tan"'(2z), dv = dx, du = mdz, v =x;

2z 1
-1 _ ~1(9) — dr = “1(2z) — = In(1 + 422
/tan (2z)dx = xtan™ " (2x) /1+4z2dm xrtan”(2z) 1 n(l+4z%)+C

1 1 1 1 2
u=tan" 'z, dv =z dzx, du = ——dr,v= 5.’1,'2; /xtan_l rdr = 5;102 tan tz — = / de

1+x 2 ) 1422

2 1
but/ﬁ_ﬁdmZ/(l—M)daﬁ:x—tan_lx—i-cl 50

1 1 1
/xtan_l rdr = 51‘2 tan~ 'z — 53: + §tan_1 z+C

u=e", dv=sinzdr, du =e*dr, v = — cosx; /emsinxdz = —eg’“’cos;1:+/ez cosx dx.
For/emcosxdac use u = €%, dv = cosx dx to get /e”cosx:ersinx—/exsinxdx S0
/ewsinxdac: —ewcosx—&—eisinm—/ewsinmdx,

1
Z/BISinxdﬂf:GI(SiHI7COSI)+Cl7 /exsinxdx: iez(sinxfcosx)+0

1
u=e?* dv = cos3xdr, du = 2e**dr, v = 3 sin 3z;
2x 1 2x 2 2x 2x .
e cos3rdr = ge sin 3z — 3 e““sin3x dx. Use u = e**, dv = sin 3x dzr to get

1 2
€%* sin 3z dx = 7562”” cos 3z + 3 / €%* cos 3z dx so

— — —

1 2 o 4
e cos 3z dr = 56% sin 3z + §62‘L cos3r — 9 /62’” cos 3z dr,

13 1 1

r e** cos 3w dr = 562‘"’3(3 sin 3x + 2 cos 33:)—&—01,/62“” cos3x dx = 5621(3 sin3x +2cos 3z)+C
. 1

u=e" dv=sinbrdzr, du = ae*®dx,v=—=cosbr (b#0);

b

1
/e‘” sinbx do = —ge‘” cos bx + %/e‘” cosbxdx. Use u = e, dv = cosbzx dx to get

1
/e‘“” cosbr dr = gem sin bx — % /e“ sin bx dx so

1 2
/e‘” sin bx dx = —Ee‘”: cosbx + %e“ sin bx — = /e‘”C sin bx dx,
/e’“” sin bx dr = %W(asinbw —bcosbz) +C
030
From Exercise 21 with a = —3,b = 5,2 = 0, answer = ——(—3sin56 — 5cos 50) + C
V34
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23.

24.

25.

26.

27.

28.

cos(In x)

u=sin(lnz), dv = dz, du = dx, v =x;

/sm (Inz)dz = xsin(lnx) — /cos(ln x)dx. Use u = cos(Inzx), dv = dx to get

—

cos(Inz)dx = x cos(lnz) + /sin(ln x)dx so

\

sin(Inz)dzr = zsin(lnx) — z cos(Inz) — /sin(ln x)dx,

sin(lnz)dx = (z/2)[sin(lnz) — cos(lnz)] + C

\

1
u = cos(lnzx), dv =dz, du = ——sin(Ilnz)dz, v = z;
x

/cos (Inz)dx = x cos(Inz) + /sin(ln x)dz. Use u =sin(lnx), dv = dz to get

\

sin(lnz)dx = xsin(Inz) — /cos(ln x)dx so

—

cos(lnz)dx = x cos(Inz) + zsin(lnz) — /cos(ln x)dx,

1
cos(lnx)d 2x[cos(ln x)+sin(lnz)] + C

—

u=zx, dv=sec?zdr, du=dx, v=tanz;

COS T

sinx
/xsechda::mtanx—/tanxdx:xtanm—/ dx =xtanz +In|cosz| + C

u=umx, dv=tan?zdr = (sec’x — 1)dx, du = dv, v = tanz — ;

/xtanzxda::ztana:—zQ—/(tan:c—z)da:

1
=rtanz — 22 + In|cos x| + 5362 +C =xztanx —

2
T

1
u=a? dv=we” dr, du = 2vdz, v = 7€
1 1
/x3€$2dx = 5:626“”2 - /xez2d:v = 59c2e"’”2

1 1
@+1)2 (@4 et dw, v r+1

1 -
_ e C
26 +

u = xe*, dv =

x

re® xe® xe® e
der = — Tde = — T+ (O =
/(x—l—l)zx m+1+/e * x—|—1+e+ x+1

1
5302 +1In|cosz|+C

+C

Chapter 9
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1
29. u=uzx, dv=e%dzx, du=dx,v= 736759:;

1

L 1 1 [t
/ xe_‘”}dx:—xe_&”} +f/ e % dx
0 5 o 9Jo

1 1
— —76_5 _ 6—595] — —76_5 _ 7(6—5 _ 1) —

5 25

1
30. u=uzx,dv=e**dz, du=dx,v= 562"’”;

2

2 LSNP L B a1 a1y 4
/xexdx:,:tem —f/exdm:e—fe’” =e*— —(e*—1)=(3e
0 2 o 2Jo 4 o 4

1 1
31. u=Inz, dv=2%dx, du= —dz,v= gazg;
x

¢ 1 co1 e 1 141° 1 1
/1x2lnxdx:3x3lnx] —7/1 $2d$=3€3—9$3:| =§e3—§(e3—1):

1 3 1

1 1 1
32. u=lnz, dv=—dr,du=—dzr,v=——;
x x x

€1 1 ¢ €1
/ nzxd :—lnx] +/ —Qdﬂc

11 " _ 1,1 1 1 3/
S | S - sy _ver®
e+\/€n\/g x}/g 2\f eJr\/é 2e
1
33. w=In(z+3), dv=dx, du= dz, v =m;
T+ 3

2 2 2
/ ln(x—i—S)dx:a:ln(m—I—S)] —/ Y dr=2In5+2
9 +3

-2 —2 &

=2In5 — [z —3In(z +3)]>, =2In5 — (2 —

34. u=sin"tz, dv=dz, du = ——— —_— =
1/2 1/2 1
/ sin'xdr=xsin” ] —sin™
0 0 0 \/1—332 S 2
1
1)+ 3_,_m . V3
2 \6 4 12 2
35. u=sec '\0, dv=db, du:Lde,vze;
200 — 1

2
lnl—/ {1—
—2

3In5) 4 (—2—3In1) =5In5—4

1
1
- 1 — 22
2+ x}

+1)/4

(2¢* +1)/9

3
d
:c+3] v

1/2

0

4 4 4 4
1 1
sec ™t VBdf = O sec™? \/5] — 7/ df =4sec™'2 —2sec™ V2 - V0 — 1
/2 2 22 VO-1 2

“1(5)-2(5) a1 F v

298
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36. u=sec lz, dv=axdr, du=

2 2
1 1
/ zsec txdr= x2sec_1x} —7/ Ldm
1 2 1 21 Var-1
2

= 2 1@)/3) - O] - ;m} —on/3— 32

1
37. u=ux,dv=sindrdr, du =dzx, v= —Zcos4x;

/2 1 /2 1 /2 1 /2
/ wsin4xd:cxcos4:c} +7/ cos4a:d:c7r/8+sin4:r} =-—7/8
0 1 o 4 16 o

s 1 ™ ™ 7_[_2 ™
38. (z + zcosz)dr = —z*| + xcosxdr = — + x cos x d;
0 2 1o Jo 2 0
u=ux,dv=cosxdr, du=dr,v=sinz

T ™ T s i
/ xcosxda?:acsinx} —/ sinxdxzcosx] =-2 so/ (x + zcosa)dr = n%/2 — 2
0 0 0 0 0

1 2
39. u= tan_l \/.E, dv = \/‘Edl', du = mdﬁf, v = §x3/2;
’ 1 2 3/ 1 RN
tan— dr = — tan I
/1\/§an Vxdz 52" tan \/EL 3/1 T
2 5. 1 1/3 1
— 237 —— h-——1d
gt \/51 3/, T
2 3/2, -1 11 ’
= |3 tan x—§x+§ln|1+x| = (2V3r —7/2—-2+1n2)/3
1
40. u=In(z®+1), dv = dx, du = %dz, v = x;
4 +1

2, ) S 2 1
/0 In(z® + 1)dz = zIn(x Jrl)]o/o mdmz?lnf)*?/o <1m2+1>dx

:21n5—2(x—tan*1x)}z:21n5—4+2tan*12
41. t=/r, > =2, dv =2tdt
(a) /eﬁdx:2/tetdt; u=t,dv = eldt,du = dt,v = e,
/eﬁdx:2tet—2/etdt:2(t—l)et—&—C’:Z(\/E—l)eﬁ—&—C’
(b) /cosﬁdsz/tcostdt; u=t,dv = costdt,du = dt,v = sint,

/cos\/de:2tsint72/sintdt:2tsint+2cost+C’:2ﬁsinﬂ+2cos\/§+0
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43. (a) A:/ lnxdm:(xlnx—x)} =1
1 1

(b) V= ﬂ/le(lna:)zdx = 77[(56(1nx)2 —2zInz + 27) j =m(e—2)

/2 1 /2 /2 2 /2
44. A:/ (x—xsinx)dx—sz} —/ xsinxdng—(—xcosm—ksinx) =7n?/8—1
0 0 0

45. V = 27r/ rsinz dr = 2n(—z cosx + sinx)} =272
0 0

/2 /2
46. V = 27?/ x cosx dr = 2m(cosx + x sin x)} =n(m —2)
0 0

5
47. distance = / t2e7tdt;u =2, dv = e tdt, du = 2tdt,v = —e?,
0

5 5
distance = —t26*t} + 2/ te”tdt;u = 2t,dv = e tdt, du = 2dt,v = —e "¢,
0 0

5 5 5
distance = —25¢=° — 2te*t} +2 / e tdt = —25¢7% — 10e™°® — 2¢71
0 0 0

=257 —10e® -2 +2=-37¢ % +2

1
48. u = 2t,dv = sin(kwt)dt, du = 2dt,v = 0 cos(kwt); the integrand is an even function of ¢ so
w

7/ w

7 /w T/w 9
/ tsin(kwt) dt = 2/ tsin(kwt) dt = —ktcos(kwt)}
0 w

—7/w

71'/0.) 1
+ 2/ — cos(kwt) dt
0 0 kw
T om(—1)k

(=) 2 _
o kw?

kw? + k2w?

sin(kwt)}

1 2 1 2
49. (a) /sin?’:cd:z::—gsin2xcosx+§/sinxdas:—gsinzmcosx—gcosx+0

1 .. 3 1 1
(b) /sin4xda::—Zsin3xcosx+1/sin2xdx, /sinzxdazz—isin:ccosas—|—§x+01 SO

/4 1 3 3 /4
4 -3 .
Sin Id:l?: — —SIN° X COST — —SINXLCOST + =T
/0 [ 1 8 8 ]0

= LNV — 2(/VE(1/VE) +3n/32 = 3r/32 — 1/4

1 4 1 411 2
50. (a) /cos5xdx:gcos‘lmsinx—l—g/cosg:vdx:gcos‘lxsinx—i—g {3cosgxsinx+3sinm +C

4

1 ot o
— —COS IrSsIinx —
5 15

8
rsinx + Bsinx—l—C
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1 5
(b) /COSGxdxz Ecos5xsinx+6/cos4xdx

1 511 3
= ECOSSI'Sin(E-i-é {4cos3xsinx+4/coszxdx]

T . 5 4 . 51 _ 1
:gcos rsSInx + — COS :csma:Jrg icosxsmx+fx +C,

24 2
/2
1 5 5 5
[6 cos® xsinz + 2 cos® zsinz + 6 coszsinz + 1640 = 5m/32
51. uw=sin""'z, dv =sinzdz, du = (n —1)sin" 2z cosz dz, v = — cos x;

/sin” rdr=—sin" 'zcosz+ (n—1) / sin" "2 z cos? x dz
= —sin" tzcosx + (n—1) / sin" 2 (1 — sin® 2)dx
= —sin" tzcosx + (n—1) / sin" 2z dr — (n—1) / sin” x dx,
n/sin" rdr = —sin" ' xcosx + (n—1) /sin’“2 xdz,
/sin" rdr = . sin" !z cosx + n-1 / sin" "2z dx
n n
52. (a) u=sec" 2z, dv=sec?xdr, du= (n—2)sec” 2ztanxdr, v = tanz;
/sec” rdr=sec" ?rtanz — (n — 2) /sec"_2 rtan® z dx
=sec" ?rtanz — (n — 2) /sec"_2 z(sec? x — 1)dx
=sec" 2ztanz — (n — 2) /sec" xdxr+ (n—2) / sec" %z dx,

(n—1) /sec" rdr =sec" ?rtanx + (n — 2) /sec”_2 xdr,

1 -2
/sec” rdr = : sec” 2 ztanz + Ll / sec" 2z dx
n— n—

(b) /tann rdr = /tan"_2 z(sec?z —1)dx = /tam"‘1 rsec® xdr — /tan"_2 xdx

1
= T tan" 'z — /tan"*2 xdx

(¢) wu=a" dv=edz, du=na""tdr, v =e% /x"ewdx =z"e" — n/x”_lexdac

1 1 1
53. (a) /tan4xdm:gtan3x—/tan2:vdx:gtan?’x—tanx—i—/dx:§tan3x—tanx+x+0

1 2 1 2
(b) /sec4xd:c: gseczxtan:cqtg/seczwdx: gseczxtanergtanerC
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(c) / e“dr = r3e” —3/ e“dr = z3e” —3[306 —Q/xemdx}

=a2%e® — 322" + 6 [me’” — /e’”dm] = 2%e® — 322" + 6ze” — 6e® + C

1 1 1 2
2 3z — 2 u — 2u_2 u :72u_7 u u
/x e’ dx 27/u e“du o7 {u e /ue du} 27u e o7 ue e“du

L 2 2 1,a 2 .. 2.,
e -~ C == z  “ T “ 3z C
= gpe T gpuet Fgnet ghe Tt e

(b) u=—Va,
1 1
/ e Vidy = 2/ udetdu,
0 0
/u3e“du: wlet — 3/u2e“du =ule" — 3 {u2e“ — 2/ue“du}

= ule® — 3ue" + 6 [ue“ - /e“du] = ude® — 3ue" + 6ue” — 6ev + C,
1 —1
2 / udedu = 2(u® — 3u? + 6u — 6)e“] =12 — 32!
0 0

55. u=uz, dv=f"(z)dz, du=dzx, v=f(z);

/wa”( iz = o f' (@ } /f

— P+ (1) - f<x>] = )+ P~ FQ) (1)

—1

56. (a) u= f(z),dv=dx,du= f'(x),v=u;

/abf(x)dx :xf(x)E —/abxf’(a:)dx = bf(b) — af(a) —/aba:f'(a:)dx

(b) Substitute y = f(z),dy = f'(x)dz,z = a when y = f(a), z = b when y = f(b),

b () £(b)
/ of!(z) do = / zdy = / F ) dy
a f(a) f(a)

(¢) Froma= f~!(a) and b = f~1(3) we get
bF(b) — af(a) = Bf~(5) — af~"(a0); then

/jf dx—/ £ dy—/f(j)f*(y)cl%

which, by part (b), yields

/f z)dz = bf(b) — af(a /f )dzx
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s ()
Note from the figure that A; = / fHz)dx, Ay = / f(x)dz, and
o f=H (@)
A+ Ay = Bf~HB) — af1(a), a "picture proof”.
57. (a) Use Exercise 56(c);

1/2 1 1 sin~1(1/2) 1 1 /6
/ sin'axdr==sin"'(=]—0sin"* O—/ sinzdr = —sin” ! = —/ sin x dx
0 2 2 sin~1(0) 2 2 0

(b) Use Exercise 56(b);

2

e In e? 2 2
/ lnxdx:e2lne2—elne—/ f_l(y)dy:262—e—/ eydy:2e2—e—/ e dx
e 1 1 1

58. (a) /xeg”d:z? =z(e® +C4) — /(e‘” +C)dr =ze® +Ciz—e" —Crz+C =xe” —e" 4+ C

(b) u(v+C’1)—/(v—l—C’l)du:uv+C’1u—/vdu—Clu=uv—/vdu

EXERCISE SET 9.3

1 1 1
1. u=cosz, —/u5du:—6c086x+0 2. u = sin3x, §/u4duzﬁsin53x+0
. 1 1 .,
3. u=sinar, — [ udu= —sin“ar+C, a#0
a 2a

1 1 1
4. /C0823$d$:§/(1+C086.’L‘)d$L’= §x+ﬁsin6x+0

o

1 1 1
in2 = — — = —0Q — — i
/sm 50 df = 2/(1 cos 106)d6 29 50 sin 100 + C

6. /0083 atdt = /(1 — sin” at) cos at dt

1 1
:/cosatdt—/siHQatcosatdt:fsinat—3—sin3at+C (a #0)
a a

7. /(;055 0dh = /(1 —sin? 0)? cos Adf = /(1 — 25in? 0 + sin® §) cos Adh

2 1

=sinf — > sin® 0+ —sin® 0+ C

3 )

8. /sin3xcos3$dac: /sin3 z(1 — sin® ) cos z dx
.. 3 .. 5 1 .4 1 6
= [ (sin” z — sin a:)cos:cdxzism T — g sin z+C

9. /sin2 2t cos® 2t dt = /sin2 2t(1 — sin® 2t) cos 2t dt = /(sin2 2t — sin 2t) cos 2t dt

1 1
:6mﬁmfﬁg&%+c



Exercise Set 9.3 304
10. /sin3 2 cos® 2x da = /(1 — cos? 2z) cos? 2z sin 2z dx

1 1
= [ (cos? 2z — cos? 2z) sin 2z dz = — = cos® 2z + — cos® 22 + C'
6 10
1 1 1 1
11. /sianCOSQxdx = Z/Sin2 2xdr = §/(1 — cosdx)dx = 3% 3—2$in4x—|—0

1 1
12. /sin2 rcos* xdr= = /(1 — cos2z)(1 + cos 2z)%dx = 3 /(1 — cos® 2z)(1 + cos 2z)dx

8
= 1/811122:661l33—|—1/511122;10005230615:16—i/(l—cosélzzc)dgc—l—isin32gc
-8 8 16 48

1 1 1
= — 2 — —sindz 4+ — sin®2

6%~ a5 J;—|—4851n x+C

1 1 1
13. /sinxcostda: =35 /(sin3x —sinz)dr = ~% cos 3z + 5 cosT +C
. 1 . . 1 1
14. /sm 30 cos 20d6 = B /(sm 50 + sin 0)df = ~10 <% 50 — 5 cos + C
: 1 : : 1
15. /Slnxcos(x/Q)dx =3 /[Sln(3x/2) + sin(z/2)]dz = —3 cos(3x/2) — cos(x/2) + C

b)
16. u = cosx, —/u1/5du: _ECOSG/S.T-FC

/4 /4
17. / cos?’mdx:/ (1 — sin® x) cos = dx
0 0

/4

o

w/2 1 w/2
/ sinzdr = / (1 = cos2z)dx
0 8 Jo

w/2
1 1
=—|z— =sin2zx =m/16
8 2 .

w/3 /3 1 . 1 /3
19. / sin? 3z cos® 3z dz = / sin? 3z(1 — sin? 3z) cos 3z dx = {15 sin® 3x — 21 sin” 333} =0
0 0

(V2/2)? = 5v/2/12

/2
18. / sin?(z/2) cos?(x/2)dx =
0

=] =

T 1 [7 1 1 T
20. / cos? 50 df = 5/ (1+ cos106)df = 3 (0 + ﬁsin 100)} =7

/6 1 /6 1 1 w/6
21. / sin 2z cos 4dx dx = f/ (sin6x — sin2z)dr = | —-— cos b6z + — cos 2z
o 2 o 12 1 0

= [(-1/12)(~1) + (1/4)(1/2)] — [~1/12+ 1/4] = 1/24

2 1 [ 1 1 o 1
22. /0 sin? kz dx = 5/0 (1 — cos2kx)dx = 3 <x - kainQI’m:ﬂ0 =7 — Esinéhrk (k#0)
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1 1
23. gtan(3x+ H+C 24. fgln|cos5x| +C
—2z —2z 1 1 1 —2z
25. u=-¢e ** du= —2e **dux; ~5 tanuduz§ln|cosu|+C=§1n|cos(e ) +C
1 . 1
26. §1n|sm3x|—|—C 27. §ln|sec2x+tan2x|+0

28. u=/z,du= x; [ 2secudu = 2In|secu + tanu| + C = 2In|sec /x + tan | + C

1
——d
NG

1 .
29. u:tan:c,/uzdu:gtanderC

1 1
30. /tan5 z(1 + tan® z) sec’ x dr = /(tan5 r +tan” ) sec’ v dx = G tan® z + 3 tan®x + C
1 1

31. /tan3 42(1 + tan? 4x) sec? 4z dox = /(tan3 4 + tan® 4x) sec? 4o dox = 6 tan® 42 + 7 tan® 4z + C

4 2 2 L. 5 1. 7
32. tan® (1 + tan= 0) sec 9d9:gtan 9+?tan 6+C

4 2 6 4 L o7 L s
33. sec” z(sec” x — 1)secx tanx dr = | (sec” x — sec” x) sec x tan x dx = - sec’x — csec’ +C

1 2 .
34. /(sec29 —1)?secftan fdf = /(sec49 —2sec? 0 + 1) sec O tan 0df = £ sec® ) — 3 sec® § +secf + C

35. /(sech—1)2seca:dx:/(secsx—Zsec?’a:—&—secx)da::/sec5xda:—2/sec3xdx+/secacdx
L3 3 3 3
= ¢ xtan:v—i—z sec® xdx — 2 [ sec” xdx + In |secx + tan x|
1, 51 1
= sec xtanx—z §secxtanx+§ln|secx+tanx| +1In|secx + tanz| + C

; 5 3
= sec rtanz — gsecxtana:—&— gln|secx+tanx\ +C

36. / fsec?(z/2) — 1] sec? (z/2)dz = / fsec®(@/2) — sec® (z/2)]dx
:2[/sec5udu—/sec3udu] (u=1/2)
L 3 3 3 3 -
=2 7 5¢¢ utanu + 1] see udu | — [ sec® udu (equation (20))
_ Ll ! 3
= 5 sec utanu 2/sec wdu

1 1 1
=3 sec® utanu — 1 secutanu — i In|secu + tanu| + C (equation (20), (22))

—fsec3£tan£—lsec§tan£—lln secf—l—tanE +C
2 2 2 42 2 4 2 2
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1 1
37. /sec2 2t(sec 2t tan 2t)dt = 6 sec? 2t + C 38. /sec4 z(secx tanz)dr = R sec® z + C

1
39. /sec4xdx = /(1 +tan? 2) sec? x dx = /(sec2 x + tan® rsec? x)dr = tanx + 3 tan®z + C

40. Using equation (20),
5 L3 3 3
sec xdmzzsec xtanxqti sec” z dx
1, 3 3
= sec xtanz + gsecxtanx + gln|secx+tanx\ +C
. 4 L3
41. Use equation (19) to get [ tan” zdx = 3 tan” x — tanz + x + C
42. wu = 4z, use equation (19) to get
1 s 11, 1, 1
I tan® udu = — itan u+1In|cosu|| +C = étan 4x+zln\cos4m|+0

4

2 ) 2
43. / Vtanz(1 + tan? ) sec? x do = 3 tan/2 2 + - tan™/ 2z + C

2
44. /8601/2 x(secz tanx)dx = 3 sec®?z + C

/6 1 /6
45. / (sec® 2z — 1)dx = [2 tan 2z — x} =3/2-7/6
0 0
/6 1 /6
46. / sec? f(secftan f)df = 3 sec? 0] = (1/3)(2/V3)® —1/3 =8V3/27 - 1/3
0 0
47. u=uz/2,
7r/4 1 /4
2/ tan® u du = [Qtan4u—tan2u—21n|cosu|} =1/2—-1-2In(1/v2) = -1/2+1n?2
0 0
1 7T/4 1 7'r/4
48. u =Tz, f/ secutanu du = secu] =(V2-1)/x
T™Jo s 0

1 1
49. /(0502 x — 1) esc? z(csc x cot x)dx = /(csc4 x — csc? z) (esc x cot x)dr = — csc x + 3 escd x4+ C

23t 1 1
50. /%~7dt:/csc3tcot3tdt:—fcsc3t+C’
sin“ 3t cos 3t 3
1
51. /(csc2x—1)cot:rd:r:/Cscx(cscxcotx)dx—/C.Osxdx:—§CSC2x—ln|sinx|+C’
sin

1
52. /(cot2x+ 1)esc? xdx = —3 cot®z —cotx 4+ C
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53.

55.

56.

57.

58.

59.

60.

61.

62.

Chapter 9
2m 2 o 2m
(a) /Sin ma cosnx dr = 7/ [sin(m+n)x+sin(m—n)z|dx = _cos(mtn)z_ cos(m = n)z
0 2 Jo 2(m+n) 2(m—n) ],
27 27
but cos(m + n)x} =0, cos(m — n)x} =0.
0 0
2 1 2
(b) / cosmax cos nx dr = 3 / [cos(m + n)x + cos(m — n)z|dx;
0 0
since m # n, evaluate sin at integer multiples of 27 to get 0.
2m 2
(c) / sin ma sinna de = 5 / [cos(m — n)x — cos(m + n)z] dx;
0 0
since m # n, evaluate sin at integer multiples of 27 to get 0.
y =tanz, 1 + (y)? =1+ tan? x = sec? z,
/4 /4 /4
L:/ \/secQacdx:/ secacdx:ln|secx+tanx|} =In(v2+1)
0 0 0
m/4 /4 /4
V= w/ (1 — tan®2)dx = 77/ (2 — sec? x)dx = 7(2x — tan x)] = iw(w -2)
0 0 0
/4 /4 1 w/4
V:w/ (cos? x — sin® x)dx = 77/ cos 2z dx = —msin 2z =7/2
0 0 2 0
T, T [T T 1 . T 9
V=mn sin“xdr == [ (1—cos2x)dex=— |2 — —sin2x =7°/2
0 2 J 2 2 .
L (7 L L |s t
WithO<a<ﬁ,D=D5—Da:—/ secxdr = —In|secx +tanz| | = —1In secf + tanf
21 Jao 27 27 seca + tan o
@
100 100, |sec50° 4 tan 50°
D=—I1 25° + tan25°) = 7.18 b) D=— =7.34
(a) 2m n(sec + tan 25%) o (b) o1 [sec30° + tan 30° o

(a) /cscxda::/sec(ﬁﬂ—x)dx: —In|sec(m/2 — x) + tan(w /2 — x)| + C
= —In|cscz + cot x| + C

1 — cot
(b) —Infcscx+cotz|=In =In |esca = co 2°T| =In|cscx — cot x|,
| cscx + cot x| | csc? z — cot® x|

1 CcOs T

—In|cscx +cotz|=—1In

‘ sin x

sinx  sinx 1+ cosx

I ‘ 2sin(x/2) cos(x/2)
2cos?(x/2)

‘ = In|tan(z/2)|

sinz + cosz = v/2[(1/v2) sinz 4 (1/v/2) cos z|
= V/2[sin x cos(7/4) + cos zsin(m/4)] = V2sin(z + 7/4),

dx 1 1
/m =75 /csc(w +7/4)dx = —ﬁln|csc(x +w/4) + cot(z + w/4)| + C

1
+C

=———In

V2

V2 + cosx — sinx
sinx + cosx
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63. asinz+bcosz = a?+ b2 [ sine + ——— cosx} = v a? 4 b2(sinx cos f + cos zsin §)
Va? + b2 \/7

where cosf = a/va? + b2 and sin = b/va? + b2 so asinx + beosz = Va2 + b2 sin(z + 0)

dx 1 1
and/asinx—i—bcosx: m/csc(x+9)d:c:—mlnlcsc(:c+0)+cot(z+9)\+C

1 1 va? +b%+acosx —bsinz
— n
va? + b2 asinz + bcosx

+C

/2 1 /2 1 /2 1 /2
64. (a) / sin” 2z dr = ——sin™ ! x cos x} + 0 / sin" 2z de = = / sin" "2 dx
0 n 0 0

0 n

(b) By repeated application of the formula in part (a)

/2 —1 — /2
/ Sin™ o d — (n ) (n 3)/ sin” % z dx
0 n n—2 0
n—1 n—3 n—>5 1 "
= p 1 5 dx,n even
_ — 0
B B B /2
(n 1) (n 2) <n i) <§)/ sinz dzx,n odd
n n— n—= 0
1

3

-3:5---(n—-1) =«
- —,n even
B 2.4-6---n 2
2.4.6-
6:-(n 1)nodd
3.5.7..
/2 2 13 7
.. 3 4 _ 10T _
65. (a) / sin xdm—s (b) / sin z dx 51 3 37/16
2-4 1-3-5 =
(c)/ sin® z dr = 35 8/15 (d)/ sin® z dr = 516 5—5#/32

66. Similar to proof in Exercise 64.

EXERCISE SET 9.4

1. x =2sinf, de = 2cosfdb,

4/00829d9:2/(1+cos29)d9=29+sin29+0
1
:29—|—2$in96089—|—C=23in*1(x/2)+§x\/4—x2—|—0
1. 1
2. = —sinf, der = = cosfdb,
2 2
1/ 20d0 1/(1+ 26)d6 19+1 in260 4+ C
= == = —0+ —sin
5 | cos 1 cos 1 g5

1 1 1 1
= Zé’—l— Zsin@cos@—FC: Zsirf1 2z + ix\/l — 422+ C
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3. x=3sinb, dx = 3cosfhdb,

Q/Sin29d9: g/(l—cos%)dez gG—gsin%—i—C: g@—gsinﬁcose—l-C

*bln Y(x/3) —fa:\/9—a:2—|—C’

4. x =4sinf, dx = 4cosf db,

1 1 1 1 V16 — 22
~ = _ap= 0df = ——cotf+C =Y
16 J sin%6 16 csc” 16 ootf +C = 16z +C

5. x =2tan, dr = 2sec? 6 db,

1 1 1 1
f/idez§/00829d9=—/(1+60829)d9——9+—sm29—|—0

8 ) sec?f 16 32
*—GJris fOcost + C = i‘ua 7+L+C’
16" =16 8(4 + 22)

6. = \/gtan& dr = \/gsec29d9,

. 1 1
5/tan2936c9d9:5/(sec‘59—sec¢9)d9:5 <2sec9tan02lnsecﬁ+tan0|) + 4

1 v 2 1
=3 5+x2—gln$+01:Qx\/5+m2—gln( 5+a224+x)+C

7. x =3secl, dr = 3secHtanfdb,
3/tan20d9:3/(sec20—1)d0:3tan0—30+C’: \/x2—9—3sec*1§+c

8. x=4sech, dx =4secOtanfdb,

1 1 1 1 Va2 —16
il 9 = - = —v-
16 secﬁd 6 cos 0 do 16s1n9+C’ Tom +C

9. z=+/2sinb, dv = 2cosbdb,

2\/§/sin39d9:2\/§/ [1—60829] sin 0 d6
1 1
:2\@(—(:059—&—300530)4-0:—2 2—x2+§(2—x2)3/2+0

10. z =+/5sinf, dz = V/5cos 6 db,

1 . 1 1
25\/5/sin30cos29d9 =25V5 <—3 cos® 0 + gcos‘r’ 0) +C = —%(5 —22)%/% 4 5(5 — 2232 4 ¢

2 2 422 —
7/0089d9:§sin9+02x79+0

3 3 2 1
11. = — = — — - —
T 5 secl, dr 5 secf tan 6 df, 5 / secé)da 9 97

12. t=tanf, dt =sec?Hdb,

sec® 0 tan? 0 + 1
/ tanadG—/WSGCOdQ—/(secé'tan9+cscé')d9

Vi+t2 -1
=secl +1In|cscl —cotf| +C =+1+t>+1n +|t| +C
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

x =sind, dxzcos@d&,/ﬁd(‘):/Sec29d0:tan9+C=x/\/1—x2+C
s

! 0 ! 1 7Y%

x =secl, dv = secftan 6 db, /secﬁd@ =In|secd + tanf| + C = ln‘x—i— Va?— 1‘ +C

14222 +2* = (1 +2%)2, 2 =tané, dov = sec? 0 db,

1 1 1 1
/ d9:/00529d9:5/(14—00529)(19:§9+zsin29—|—6’

sec2 0

11, 1. x
:§0+§SIHOCOSH+O:§taH I’+m+c

T = %sec@, dx = %sec@tzmé’d&7

1 [ s 1 !
7/%059:7/080900‘59(19:—70509—1—0:—x/\/m'i_c
3 ) tan®0 3 3

x = b5secl, dr = 5secftanf db,

2 2
25/se639d0: gseCOtang—i— §1n|se09+tan9\ +Ch

1 25
= 3% x2—25+?1n|x+\/x2—25|+0

e =sinf, e*dxr = cosf db,

1 1 1 1 1
/00529(19 = 5/(1 + cos 20)dl = 59—&- ZSin29—i—C = §sin_1(eg”) + 561\/1 —e2r 4+ C

1 .
u = sin6, /ﬁdu =sin~? (SI\I;;) +C

x =4sinf, de = 4cosfdb,

w/2 1 ) 1 w/2
1024/ sin® @ cos? 0 df = 1024 {3 cos® 0 + = cos® 9] =1024(1/3 — 1/5) = 2048/15
0 0

2 2
T = gsin9, dxr = = cos0db,
18 1 /6

71'/6 1 1
_ 3 _
21/, cos30d9_ 24/0 sec” §df = [4gsec€tan9+481n|sec9+tan0|}

0

1 1 /2 1
- @[(2/\@)(1/\/3) +1In|2/V3+1/V3| = = ( i 21n3)

3
/3 1 /3 /3
x = sect, dxzsec@tan@d@,/ d0:/ cos@d@—sin@} = (V3-+2)/2
/4 sect /4 /4
/4

w/4
xzx/isec@, daczﬂsec@tan@d@,Z/ tan® 6 df = [2tan9—29] =2-7/2
0 0



311 Chapter 9

25. = \/gtanﬂ, dr = /3 sec? 0do,

/3 w/3 3 /3 VB/2 9 2
l/ sec ¢ S 1o — 1/ Mdgzl/ 1S7?0(:0319(1(9_ 1/ L du (u = sin )

9 Jr/6 tan 6 9 Jrs6 sin® 0 9 Jrs6  sin 1/2 ut
e L Y _10v3 s
9 1/2 9 3”3 U 1/2 243

26. z = +/3tanh, dz = v/3sec? 6 db,
/3 3 /3 /3
\/§/ tan 9d9:\/§/ sin39d9:\/§/ [1—(:0820] sin 0 d6
3 Jo 3 Jo 3 Jo

sec3 6
V3 1 77 VB[ 11 1

27. u=2+4, du=2xdx,

1 1 1 1
i/ﬂdu: 51n\u| +C = 5111(3:2 +4) + C; or x = 2tan 6, dz = 2sec? 0 db,

Va?+4
/tan9d9:1n|sec9\ +Cy :m% +C =In(z?+4)Y2 -2+ 0y

1
ziln(a:2+4)+CWithC:Cl—ln2

1 1 241
29. y’:— 1+ (y)? —1+—:x + ,

2 1 /22 1
/ “x + / 1: dx x = tanf, do = sec? 0 db,

an"1(2) (o039 tan~'(2) {20 4 tan”*(2)
I - / sec o — / M echdl = / (sec O tan @ + csc 6)do
/4 tan 6 _— tan 6 /4

tan~1(2)
= {sec6+1n|csct9—cot0|}
/4

=V5+In <\/5> {\f+ln|\f2—1\]

B 2+ 22
_\[_ﬂ—HHW

30. ¢ =2z, 1+ (v)? =1+ 422,

/ vV 1+ 4z2dx; ;v—ftane dx— sec 2040,

tan~! 2 1 1 1 tan— 12
L:f/ sec’0df = ~ | = secHtanf + = In|secl + tand|
0 2\2 2

2 0

- i(\/g)@) + iln|\/5+2\ = %Vﬂ iln(2+\/5)

31. y =2z, 1+ (v)? =1+ 4a?,

1
1 1
S = 277/ 22\ 1 4 422dx; © = itanﬁ, dr = iseczﬁdﬂ,
0
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—1

T tan—1!2 T tan~— 12 T tan™ " 2
S=— / tan? O sec® 0 df = ~ / (sec? — 1) sec® 0 df = — / (sec® 6 — sec® 0)df
4 Jo 4 Jo 4 Jo

tan— ' 2

18v/5 — In(2 + V/5)]

1 1 1
= Z {sec?’@tanH gsecf)taHHf 81n|sec0+tant9]

_’/T[
4 o 32

1
32. V:ﬂ'/ yQWdy;y:sine,dy:cosedQ,
0

w/2 w/2 /2 1 ™/2 2
V:ﬂ'/ SinQGCOSQGCw:I/ sin229d9=E/ (1 —cos40)dl = T (o= sind0 -

33. (a) z =3sinhu, dr = 3coshudu, /du:u+C:sinh_1(x/3)+C’
(b) z =3tan6, dr = 3sec® 0 df,

/sec@d@ =In|secd 4+ tanf| + C =In(v/ 22 +9/3+x/3) + C

but sinh ™! (z/3) = In(z/3 + \/22/9 + 1) = In(z/3 + V22 + 9/3) so the results agree.

(¢) x =coshu, de = sinhudu,
- 1 1. 1
sinh” v du = 3 (cosh2u — 1)du = 1 sinh 2u — Tk +C
1 . 1 1 1 _1
:§smhucoshu—§u+C’:im\/x2—1—§cosh x+C
because coshu = z, and sinhu = Vcosh®>u — 1 = V22 — 1
4 (¢ .
34. A=— Va2 —22dx; v =acosf,dr = —asinfdf,
a Jo

4D 0 w/2 /2
A= - a2sin29d9:4ab/ sin20d9:2ab/ (1 — cos20) df = wab
/2 0 0

1 1 (=2 1 .1
. — dr = - )+ . —dx = 1)+
35 /(:“2)2 5o = 3 tan ( 2 ) C 36 / 1_(x_1)2dx sin”'(z — 1)+ C

. /mdm:sin_l< 3

37

1 1 1 1
38. d = — d =t 714 2 C
/16(m+1/2)2+1 * 16/(gp+1/2)2+1/16$ 1 an~'(4x +2) +

dx:ln(x—?)—l—\/m)—&—C

39

40. /mdw, let u:x+37

u—3 u 3 1 9 .
Jiron= [ (@ - ) g+ s

1
= §ln(:v2 + 62 +10) — 3tan™!(z + 3) + C
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41.

42.

43.

44.

45.

46.

48.

49.

/\/4—(x—|—1)2dx, let 4+ 1 =2sin6,
4/00529d9=29+sin29+0:29+281n9c059+0

1 1
= 2sin~! (x;) + 5(ac+ DV3 -2z —a22+C

BI
dr,let u=¢e"+1/2,
/\/(ex+1/2)2+3/4 /
1 _ (241
du:sinh12u\/§—|—C:sinh1( )—l—C
/u2+3/4 (2u/V3) V3

V3

Alternate solution: let e +1/2 = - tan 6,

secldf=1In|secl +tanf| +C =In +
/ | | < 73 73

=In(2ve** +e* +1+4+2e"+1)+C

2vVe2r +er +1 2%+ 1
v )m

/%d@a:%/ L = ——tan~!\/2B(z + 1)+ C

s+ 1)2+5 @+102+52" " /10

2r+3
—————dzx, let u= 1/2
/4(a:+1/2)2+4 x, let u=1x+1/2,

2u + 2 1 u 1 1 9 1 1
du= - ———+ —5—— | du= -1 1)+ -t C
/4u2+4u 2/<u2+1+u2+1> u 4n(u+)+2an u +

1 1
=7 In(z? +2 4 5/4) + 5 tan~!(z 4+ 1/2) + C

_ 9212
dr =sin™! x] =7/6
2 L

[ = [ ==

1 1
/ \/4xfx2da::/ V4 — (z —2)%dzx, let © —2 =2sin6,
0 0

—m/6 —m/6
4/ cos® 0 df = {29 + 511129} = 21 _ @
—m/2 —n)2 3 2

u = zsinz,du = (x cosx + sinz) dz;

Chapter 9

1 1 1 1
/\/l—i—uzduzéu 1+u2+§sinh_1u+0:§xsinx 1+xQSin2x+§Sinh_1(xsinx)+C

w = sin® z, du = 2sin z cos x dx;

1 1 1
5/\/1—u2du:i[u 1—u2+sin_1u}+0:1[sin2x 1—sin4x+sin_1(sin2m)]+0
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50. u=3" =¢e*"3 du = (In3)3" du;

R T e A P e e
1 1

In3 21n3 21n3

EXERCISE SET 9.5

., A, B ) 5 A, B C
T (z-2)  (z+5) Tz -3)(x+3) 2z -3 z+3
g, -3 A, B C 4 A B, C
Cox2(r—1) =z 22 -1 T 42 (x4+2)2 0 (v+2)3
A B C Dzx+FE A Bz +C
5. 4+ 6. 42T~
x a2 xd a?+4+1 x—1 2245
- Aw+B+ Cx+ D 8 A JrBac—kC+ Dx +E
Toa2+5 (22 +5)2 -2 2241 (2241)2
1 A B 1 1
9. = 'A:—— B:*
Gt Ha—1) o44 o1 5775
1 1 1 1 1 1 1 z—1
S N A — |z +4+-Injz—1|+C=-1
5 x+4d$+5/x—1dx 5n\x+ |+5n\x |+C 5nx+4‘+0
1 A B 1 1
10. - A=- B=_-
CECr R TS A 6>
1 1 1 1 1 1 1 z+1
- de — - | ——=dx = =1 1| —=1 N+C=-1 C
6/x+1x 6/x+7x g et 1l - glnfe+7[+ 6nx+J+
112z + 17 A B
11. = 'A:5 B:3
Qr—D@+d) 2e—1 254 ’ 5
5[ g3 de =S —1|43mlz+ 4+ C
T % =g nf2e n|z
12. se=5 A B B_2s
(x—3)Bzx+1) x—-3 3z+1
/ ! d+2/ ! dr =In| m+21B +1|+C
=In|z — =1In
z—3" E T g
222 — 92 — 9 A B C
3. ———=—+4+——-+4+——;A=1,B=2,C=-1s
z(x+3)(z—3) zzc+ac—|—3+:10—37 ' ’ %
x(x +3)2

+C

1 1 1
/fda:—&—Q/ daz—/ dr =Inlz|+2In|z+3|—Injlzr —3]+C=1In
x z+3 x—3

-3

Note that the symbol C' has been recycled; to save space this recycling is usually not mentioned.
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14.

15.

16.

17.

18.

19.

20.

21.

| A B C
.4 Y o a-—_1,B=
et )e-10 = i1 !

1 1 1 1 1
_/de+§/7x+1dx+§/xfl

1
5,02750

1 1
dx:—ln\x|—|—§ln|x+1|—|—§ln|x—1|+C

1. [(x+1)(xz—1) 1. |2%—1]
= S| =0 = S
2 +2 6 6 1
232 =% —|—x+2,/<x +x+2) T =5 z+6 In|z+2|+
v a?—i—l—i x+1-— 5 dx—1x2+x—3ln|x—1|+0
r—1 i z—1 2

30210 . 120-22 120-22 A B
—4r+4 2 —dr+4’ (x—-2)2 -2 (r-2)

1
/3dm—|—12/
T —

z? 3r—2 3 —2 A B
-1 - tA=-1B=4s
22— 3z +2 +x2—3x+2’(w—1)(:€—2) =1 z—2 ’ %

/mf/ 1de/ !
x—1 T —

53 A=12, B=2so

1
2dx+2/mdx:3x+121n|x—2|—2/(35—2)—1—0

de::cfln|x71|+4ln|x72|+0

54922241 222 1
x+3x+:w2+1+$;-x+’

xTre — X xTr- — X

222 + 2+ 1 A B C
e Tt ——A=-1,B=1,C=2
et )e—1 = gl o1 50

/x+ dm—/ da:+/ dx+2/ ! dx
r—1

1 1
:fx3+x—ln|x|+1n|x—|—1|—|—21n|x—1|+C:§x3+x+ln

3
29553—303—1_2 2 7 283:—1’
r? — 4z a3 —dx
/(2z2+7)dx+i/édx—% %Hd:c—k% xizdx

2 . 1
:gx3+7x+zln\x|—%ln|x+2|+58—51n|x72\+0

222 +3 A B C
S ="+ - ;
zz—12 = z-1 (z—1)2

3/ldz—/ !
T T —

=3,B=-1,C=5s0

1dx+5/ﬁdz:i}ln\ﬂ—ln\x—ﬂ—5/(1:—1)—1—0

(z+1)(z—1)°

+C

Chapter 9

+C
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32—z +1 A B C

22, —f—— = —~ A=0.B=-1,C=
20— 1) x+x2+x—1’ 0, , C=35s0
/—dx—l—?)/ 1dac:1/x—|—3ln|x—1\+C
2 -1 A B

93, L Tr=10 T + Y A 1 B—2C=-1s

(x+1)(m—3)2 z+1 z-3 (z-—3)2%

1 1

(x —3)2 1

1n\x+1|+21n|$—3\+ +C’—1 + +C
[ +1]  x-3
222 -2r—-1 A B C
24, ————— =—+ -+ —A=3,B=1,C=-1
22(x —1) sttty T ’ ’ 0
1 1 1 1
3/fdx+/—2dx—/ de=3ln|z|———Injz - 1|+ C
T T z—1 x
2 A B C
25— — + + ;A=1,B=—4,C=4s0

(x+2)3 x+2 (r+2)2 (zx+2)3%

1 1 1 4 2
4 —detd [ —dr =1 2 -
/x+2dm /(x—|—2)2dx+ /(m+2)3d$ nle+ ‘+x+2 (x+2)2+0

222 + 3z +3 A B C
26. — = 3 A=2 B=-1,C=2
(x+1)3 :c+1+(x+1)2+(:c+1)3 %

1 1 1 1 1
2 dv — | ——=d 2 | ——=dr =21 1 — C
/x—i—l . /(x—|—1)2 v /(m—l—l)?’ * nle+ |+x—|—1 (x+1)2+

27. - _23512‘)(;21“) _ 4xA—1 L iﬁif A=-14/17, B =12/17, C' = 3/17 so
/m%ﬁd 37 In |4z — 1|+%ln(aj2+l)+%tan z+C
28. x(;_i_l)—;lJrlj;ilC;A—l,B—l,C’—Oso
/ :_ da:—ln|a:|—fln(3: +1)+C—; xfj—l_'—C

¥ +322+2x4+9 Ax+B Czx+D
29. = 1A=0,B=3,C=1,D=0s
(@2 +1)(22+3) 2241 i z2+3" ' ’ ’ 5
/x3—|—3332+x—|—9
(x2+1)(x2 +3)

1
dr = 3tan"'x + 5111(332 +3)+C

4?4+ r+2 Ar+B  Cx+ D
30. = i A=D=0,B=C=1
(2 +1)(x2+2)  22+1 + 22 +27 0

/x3+x2+x+2

1
dx = tan~ x+§ln(m2+2)+0
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3 — 322 +2x—3 T
31. -y -3+ "
z?2+1 * +x2—|—1’

3 322420 -3 1 1
/x i dx:fx2—3x+§ln(x2+1)+6’

2+ 1 2
39. x4+6x3+10x2+x:m2+ x 7
22 + 62 + 10 22 + 62 + 10

T T u—3
/a:2—|—6z+10 * /(I+3)2+1 * /u2—|—1 U w=TH

1
= 5111(”2 +1) —3tan " tu+ Oy

z* + 623 + 1022 + L, 1., .
so/ P Ty dngac +§1n(z +6x+10) —3tan™ (x +3)+ C
1 A B
33. Let x =sinf to get | ————d d = ; A=-1/6
b =smutoge /x2+4x—5 oo an (x+5)(x—1) x—|—5+m—1’ /6,

x+5gj 6/ »—1

1 1 1 1 1
B=1/6 - dr + 1 dr— 11
/6 50 we ge 6/ +/ T=5" 25 6 "\ 5 smo

x_1‘+C:11n(1_Sln6>+C.

et 1
t.
34. Letx—e,then/GQt_4dt—/mdz,

1 A B
= i A=-1/4, B=1/4
c+@—2) 212 z-2 /4 /450
1 1 1 1 1 r—2 1 et —2
s [ —de =1 S P Rl DAY
1) z+2 x+4/x—2x 4nx+2’+c 4net+2’+0
2 4 4 2
T T 18z — 81

WA ©— 22" 2 182 181 ad— 1822181
18°-81  18*-81 _ A B C D
9—22)2  (x+3)2@-32 z+3 (z+3)2 x-3 (z-3)%

9 9 9 9
— 2 B=,0=>D="5s
TSt T e Ty
9 9/4 9 9/4 1? 19 9
Verlz—=2l C R e - 2 (2
w[m 4n|ac—|—3| x+3—|—4n|x 3| m—BL T\ 4n5
Inb In5 ] 5
d Td d
36. Letu:ewtoget/ 796:/ i:/ 7117
—ins L+ €7 “ns (1 +e”) 175 (1 +u)

1 A B 5 d g
7=f+7;A:17B=—1;/ u:(lnu—ln(l—i—u))] =1Inb5
u(l 4 u) v 14w 1/5u(1—|—u) 15

2 +1 Az + B Cx+ D

37- = .
(@2 +22+3)2 2242243 (224 22+ 3)%

2% +1 1 2 42
——dr= | —————dr — | —————dx
(22 + 22 4 3)? (x4+1)2+2 (22 + 22 + 3)?

1 1
= —tan~! T

V2 V2

A=0,B=1,C=D=-2s0

+1/(x*+22+3)+C
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x5+x4+4x3+41‘2+4x+47A9:+B Cx+D Ex+ F

38. = .
(2 +2)3 w242 0 (2242)2 0 (2242)%
A=B=1,C=D=FE=F=0so0
sl 1, 1,
/x2+2dx—2ln(x +2)+\/§tan (z/V2)+C
39. 2323 - 722 + 272 — 18 = (v — 1)(x — 2)(z — 3)(z + 3),

1 _ A B C D
-1z -2)(z-3)(z+3) z-1 -2 x-3 x+3

A=1/8 B=—-1/5,C=1/12, D = —1/120 so

=gz =1 = -Infr = 2|+ —lnfz - 3] — -1 3| +C
/x4_3x3_71~2+27x_18 3 H‘Z‘ | 5 n|a: ‘—}—12 1'1|3;‘ ‘ 50 n|$+ |+
40. 162° —42® + 42 — 1 = (4o — 1)(4a® + 1),
1 A Bz +C
(41‘—1)(4532+1) 41‘_1—"_41‘24—17 /57 /570 /5 SO
= —Inl4z — 1| - —In(42® + 1) — —tan™'(22) + C
/16x374z2+4m—1 5 lnfdr — 1] — JoIn(4e” +1) — gtan™ (22) +

41. (a) o+ 1= (z*+222+1) 222 = (22 +1)% — 222
= [(=* + 1) + V2a][(a? +1) - v21]
= (x2+\/§m+1)(x2 —\/533—&-1);@: V2,b=—2

(b) T B Ar+ B L Cx+D
(a:2+\fx—|—1)(x2 V2r+1)  2242r+1 22— 2 +1’
2 2
A=O,B——§,C:O,D:§so

/1xdx:_\/5 11dw+ﬁ/11dm
o T+l 4 Jo 22 +V2x+1 4 Jo a2 =2z +1

V2 1 V2
_T/o (x+\/§/2)2+1/2dx+4/ @221
V2 1+v/2/2 1 \f/1 V2/2 1

du

4 Jyap u2+1/2 vajs u2+1/2
1 1+v/2/2 1-v/2/2
= ——tan"! \/iu} an~! \/iu}
2 V2/2 —V2/2
1 1 1/m 1 1 1 T
—fitan (\/§+1)+§(Z)+§tan (\/5—1)—§<71)
1
= % - §[tan_1(\/§+ 1) —tan~ (V2 — 1)]
1
= % - §[tan*1(1 +V2) + tan~ ! (1 — V2)]
1 1 2 1—+v2
T _ Ztan (L+v2)+(-v2 (Exercise 46, Section 4.5)
12 -V -ve
T 1 1 T 1/m T
= _Z 1=2_2 (Y Z
TR 12 (4) 8

318
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1 A B 1 1
a?—22 a—-z a+zx’ 2a’ 2q *°
1 1 1 1 1
— + dr=— (—Inja—2z|+Inja+z|)+C=—1In ot +C
2a a—x a+x 2a 2a -
EXERCISE SET 9.6
3 1 2
1. Formula (60): —[4x+1n|—1+4x\} +C 2. Formula (62): — +In|2 -3z|| +C
16 9123z
1 T 1 1—-5z
3. Formula (65): 5 In 5122 +C 4. Formula (66): - 51n +C
1 2
5. Formula (102): g(x +1)(-3422)%2+C 6. Formula (105): g(—x —4vV2—z+C
1 V4 =3z -2 V3r —4
7. Formula (108): —1In A e 8. Formula (108): tan~! AT e
2 V4 —3x +2 2
1 z+V5 1. |z—3
9. F la (69): —=1 C 10. F la (70): —1 C
ormula ( )2\/5n;1;—\/5+ ormula ( )6nx+3‘+
11. Formula (73): gx/xQ -3- gln ‘x +Va? - 3’ +C
245
12. Formula (93): VT +In(z+Va2+5)+C
13. Formula (95): g\/$2+4—21n($+ 22 4+4)+C
72
14. Formula (90): A 15. Formula (74): IVo— a2+ gsirf1 Iic
2z 2 2 3
)
16. Formula (80): _Tz —sin™! g +C
/9 — 12
17. Formula (79): v3 — 22 — V31n \/?;—Fx# +C
V6x — 22 1 1
18. Formula (117): —% +C 19. Formula (38): 10 sin(bx) + 5 sinz + C
1 1
20. Formula (40): ~T1 cos(7x) + g cos(3x) + C
z? 1
21. Formula (50): 6 dlnz —1]+C 22. Formula (50): 4\/z [2 Inz — 1} +C
e—2x
23. Formula (42): (—2sin(3z) — 3cos(3x)) + C

13
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Formula (43): %(cos(?m) + 2sin(22)) + C

u = €2, du = 2¢**dx, Formula (62): %/% = 1i8 [4_436% +1In|4 - 36290@ +C
u = sin 2z, du = 2 cos 2zdz, Formula (116): /#ﬁu) = éln‘m +C
u=3x,du= %dw, Formula (68): %/u;lj— 1= %tan_1 ¥ +C

u = sindx, du = 4 cos4dzdz, Formula (68): i/% = 1—12 tan~! % +C

u = 3z, du = 3dz, Formula

1 du 1
D= 7:71’ +V 2—4‘+
(76) 3/m 3nS:E 9z C

u = v2x2, du = 2v/2zdz, Formula (72):

1 22 3
— [ Vu2+3du= "2 +3+ ——In (V22> + V224 +3) + C
2\/5/ 4 42 ( )

u = 322, du = 6xdr, u*du = 542°dr, Formula (81):

1 u? du x? 5 322
Y P WL N Ay
54) 5w 36 SR T R
d 1
u = 2z, du = 2dz, Formula (83): 2 “ ——V3—-4z24+C

u?V/3 — u? T
. 9 1 1.
u=Inz,du = dzx/x, Formula (26): [ sin®udu = 3 Inz + 1 sin(2lnz) + C
—2x —2x 1 2 1 —2x L. —2z
u=-e " du = —2e ** Formula (27): —3 [ cos wdu = —z¢ T gsin (2¢72*) +C

1 1
u = —2x,du = —2dx, Formula (51): Z/ue“ du = 1(—2:r e > +C

1 1 1
u = bx —1,du = 5dx, Formula (50): g/lnudu = g(ulnu—u)—FC’: 5(51‘—1)[111(556—1)—1]4-0

du 1 1 cos 3x
= cos 3x,du = —3sin 3z, Fi la (67): — | —— = —— C
T con e sin3z, Formula (67) /u(u+1)2 3 [1+0053x n‘l—&-cos?)x ]+
u = Inx du—ldx Formula (105): _udu i(211190—1—1)\/4m—|—(7
I ) VAu—1 12
1 d 1, |42%2 -1
u = 422, du = 8xdx, Formula (70): g/iuzﬁl = Eln 4i2+1’+0
1 d 1 2e* 3
u = 2" du = 2e”dx, Formula (69): f/ 4 5 = In | =< V3 +C
2) 3—u? 43 |27 -3
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41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Chapter 9
u = 2¢",du = 2e¢"dx, Formula (74):
1 1 =3 1, — 3. i,
3 V3—u du:zu 3—u +Zs1n (u/\/§)+0:§e 374ez+zsm (2¢%/V/3) + C
u = 3z, du = 3dz, Formula (80):
3/\/4—u2du V4 —u?
w2

=-3 — 3sin Y (u/2) + C = —

u

4 — 2
VAT g a1 (32/2) 4 C
T

u = 3z, du = 3dx, Formula (112):

1 /5 1 5 5 25 )
g/ 3U_U2d’l,b:6<u_6> gu_u2+2716$in_1uT+C

_ 181 —
o Tt (22 40

36 216

u = v/5x, du = /5 dz, Formula (117):

/ du _ (“/\/5)*U2+0772\/x75x2+c
uy/ (u/v/5) — u2 u/(2V5) @

u = 3z, du = 3dz, Formula (44):

1 1 1
§/usinudu = §(sinu—ucosu) +C = §(sin3x— 3z cos3x) +C

u = /z,u? = z,2udu = dr, Formula (45): 2/ucosudu =2cos vz + 2v/zsinx + C

u = —+/x,u? = x,2udu = dx, Formula (51): 2/ue“du = 2(Vr+1)e Ve +C

u=2—3x? du = —6zdz, Formula (50):
1 1 1 ) oo 1 ,
~5 Inwudu = —g(ulnu—u)—&—C:—é((Z—i’»x )In(2 — 3z )—&—6(2—333 )+ C
22 +4x —5=(x+2)? - 9;u =z + 2,du = dz, Formula (70):
/7du —lln
uw?—9 6
22422 -3=(x+1)?—4,u=x+1,du = dz, Formula (77):

/\/4—u2du = %ux/4—u2 + 2sin"*(u/2) + C
= %(;H V3 -2z — 22+ 2sin ' ((x +1)/2) + C

u—3
u—+3

1

r—1
T +95

'+c

22 —4x—5=(r—-2)?—-9,u=1x—2,du = dr, Formula (77):
u+2 wdu

du u
UTE gu= 7+2/7:—\/9—u2+2sin_17+0
V9 —u? V9 —u? V9 —u? 3
—2
= /b5 +4dx — 22 + 2sin? (963) +C
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52. 22 +6x+13=(z+3)?2+4,u=x+ 3,du = dz, Formula (71):

(u—3)du 1 2 o3 _ 1 2 I -
/ A —21n(u +4) 2tan (u/2)+C’—21n(x + 6z + 13) 2tan (x+3)/2)+C

53. u=+1r—2,z=u®>+2, dr=2uduy

2 4 2 4
/2142(u2 + 2)du = 2/(u4+2u2)du = guS + gu?’ +C = 5(3: —2)5/2 ¢ g(m —2)32 4 ¢

54. u=+r+1, z=u>—-1,dr=2udy;

2
2 [ (u? = 1du u=u —2u+C’—3(x+1)3/2—2\/x+1+C

—

55. u=+vx3+1, 23 =u?—1, 32%dx = 2udu;

2 2 2 2 2
/uz(uQ—l)du:§/(u4—u )du—ﬁus—gu +C_B< 3+1)5/2—§(a:3+1)3/2+6'

[SSIR)

56. u =13 -1, 2% =u?+1, 3x%dr = 2udu;

2 1 2
7/7du:ftan u+C’f7tan VT 1+C

3/ uz+1 3

57. u=25 2z =uS dr=6udu;

3 1
/ 36u 2du—6/ v du:6/[u —u—i—l—]du
us +u u—+1 u—+1

=222 — 3213 4 62Y/° — 6 In(z/5 +1) + C

5ut 5
58. u=2z'% x =4’ dr=5utdu; /Ldu:E)/Ldu:flnmzﬁ—l\—i—C
ud — u3 u? —1 2

59. u=gz/4 z=u? dz:4u3du'4/;du:4/ l—l—L du:4lnL/4—|—C
’ ’ ’ u(l —u) u o 1 |1 — zl/4

4
60. u=z'3 2x=1u3 dr=3uidu; 3/ u3u+ 1du = 3/(u — uC”Lqu)du’

u o u —1/3 (1/3)u+1/3
w+1  (u+1D)w—u+1) u+l wi-u+l

U 1 u+1

_3 o 1 9 L 2u—1
=5u +1In|u+ 1| 2ln(u u+1) —V3tan 7 L C

= 23 4 lnfa? 41| - L n@?? — 2% 4 1) VBtan™! A P
? 2 V3

61. u=2z'5 z =1l dz = 6uSdu;

ud
1
6/ du-6/[u2+u+1+1 du = 22'% + 3213 + 6215 + 6 In|2'/% — 1|4+ C

u—1
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62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

u =, r=1u? dr=2udu;

2 2
,2/“ +f‘du2/<u+2+1>dux4\f4lnlx/51|+0
-

u=+v1+22 22 =u®—-1, 2zdr =2udu, vdr =udu;

1
/(u2 ~Vdu= L (142~ (14222 4 O

u=(x+3)° r=u® -3, dr = 5uldu;

1
5/(u8 — 3ut)du = g(m‘ +3)%/5 _ f(x +3)5 4 C

u=+/z, = u?, dv = 2udu, Formula (44): 2/usinudu: 2sin v/x — 2v/x cos/x + C

u =/, v =u?, dr = 2udu, Formula (51): 2/ue“du = 2/zeV® —2eVT 4 C

1 2 1
du = du=1In|t 2)+1|+C
/1+ T e R /u+1“ n|tan(z/2) + 1]+

1+u2+1+u2

1 2 1
[— it [t
92 4 +u u® +u+

1+ u?
B 1 B i an—1 2tan(z/2) + 1
_/(u+1/2)2+3/4du_\/§t < /3 )*C

u:tan(a/m,/i / 1du:—%+0:—cot(9/2)+0

1—cos® J u?
u = tan(x/2),
2 2 1 2 1
_c == du=2 |- 4 = ut4
/3u2+8u—3 “ 3/(u+4/3)2—25/9 “ 3/22—25/9 2 (E=utd/3)
1, |2—5/3 1. |tan(xz/2) —1/3
- C= |22 =00, o
5nz+5/3‘+ 5 tan(x/2) + 3 +
1—u?
u = tan(x/2), 2/ GE (e + 1)du,
1—u? _Ou+2  (Ou—-1 2 1

B2+ ) +1) 3u2+1  w2+1  3ul+1 w41

cos T 4 1
/mdl‘— \/gtan [V3tan(z/2)] —x + C

1
u = tan(x/2), B

/1 ’u“ du = %/(1/u—u)du: %ln\tan(x/?)\ - itanQ(z/Q)—FC

Chapter 9
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73.

74.

75.

76.

e

78.

79.

80.

81.

! 1 t1°
——dt=-In——| (Formul —4b=-1
/2 = 1 n4_tL (Formula (65), a = 4, )

1 x 1 z 1 x x
4|:1n4_x1n1:|41114_1;,41114_x05,1n4_x2,
1 i e, o =4e* — 2z, x(1 +e?) = 4e?, 2 = 4e? /(1 + €?) ~ 3.523188312
-z
xX 1 x
——dt=2tan ' V2t — 1 F la (108), a = —1,b =2
/1 T an ]1 (Formula (108), a )

=2(tan ' V22 —1—tan™'1) =2 (tan~ ' 2z — 1 — 7/4),
2tan ' V2 — 1 —7/4) =1, tan "2z — 1 = 1/2 + 71/4, V2x — 1 = tan(1/2 + 7 /4),
= [1 +tan?(1/2 + 7/4)]/2 =~ 6.307993516

4 4
1 25
A= / V25— a?dr= (2:5 25 — 22 + ) sin~! z)] (Formula (74), a = 5)
0 0

~ 17.59119023

6+ 25 . ;4
= —sin” " —
2 5

2
A= V922 —4dx; u = 3,

2/3

/ Vu du—( uvu? — 2ln‘u+\/ D} (Formula (73), a® = 4)
:§<3¢3§—2ln(6+¢33)+21n2) :4\@—gln(3+2\/§)z4.481689467
! 1
A= | ———da;u=4
/0 25— 1622 0 U= AT
11 1
A== | ——du=—1
4/0 25— 1= g

1 4 1
= / Vrzlnzdr= §x3/2 <:25 Inz — 1)} (Formula (50), n = 1/2)
1

1

u—+5
u—>5

‘ } o L 1119 ~ 0.054930614 (Formula (69), a = 5)
0

4
= §(12 In4 —7) ~ 4.282458815

/2 /2
V= 27r/ xcosxdr = 2m(cosx + x sin as)} = 7(m — 2) ~ 3.586419094 (Formula (45))
0 0

= 27r/ vV — da:— (33: +8)(x — )3/2}8 (Formula (102), a = —4,b=1)
4

= %w ~ 214.4660585

3
V= 27r/ re dr; u = —x,
0

-3 -3
V= 27T/ uedu = 2me" (u — 1) =27(1 — 4e™?) ~ 5.031899801 (Formula (51))
0 0
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5

5
82. V:27r/ xlnxdw—ng(anml)}
1 1

=7(25In5 — 12) ~ 88.70584621 (Formula (50), n = 1)
2
83. L:/ V1+ 1622 dz; u = 4,
0
18 1 (u 1 i )
L:Z \/1+u2du:1 5 1+u2+§ln(u+ 1+u2) (Formula (72), a” = 1)
0 0
3 10
=3v2-V10+3In 11\/\/; ~ 3.891581644 (Formula (89), a = 3)

1
=65+ g+ V/65) ~ 8.409316783

3

3 3 /2 /2
84. Lz/ \/1+9/x2da:=/ xT_H)darz (\/$2+9—3ln w
1 1

1

85. S = 277/ (sinx)y/1 + cos? z dx; u = cosx,
0

1

—1 1 1
S:—Qﬂ'/ \/1+u2du:47r/\/1+u2du:47r(; 1—|—u2—|—§ln(u+ 1+u2>)} a’=1)
1 0

= 27[V2 + In(1 + v2)] ~ 14.42359945 (Formula (72)
4 4
1 Vot +1
86. S:27T/ f\/1+1/x4dx:27r/ Ljdm;u:xa
1z 1 x

16 /u2+1 241
S=mr uu;_du:77<—uu+—|—ln(u+ u2—|—1)>]

16

! 1

v V257 o 16 + /257
16 14+v2

) ~ 9.417237485 (Formula (93), a® = 1)

t
87. (a) s(t)=2 +/ 20 cos® usin® u du (b) s
0 41

166

20 . 5 7 40 7
= ——sgsin“tcos't — —cos' t + — 3L
9 63 63 /,/W
2

t 1 1 1 3 1 1
88. (a) w(t) = A a(u) du = —ﬁe*t cos 2t + 567t sin 2t + ﬂe*t cos 6t — ﬁe*t sin 6t + 7
t
s(t) =10 +/ v(u) du
0
3, 2 5 6 _, . 16 343866
= —— 2t — — 2t 6t 6t + —t+ —r0
0¢ CO8A Tgpe smald oopge TeosOl qggge SOl Testt So0s
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1+ tan(z/2)
1 —tan(x/2)

JrC’ln‘ ‘JrC'

89. (a) /seca:dx = / colsxdx = / . _2u2du =1In ‘ 1J_FZ
S

C
cos(xz/2) + sin(z/2) cos T *
=In|secz + tanz| + C

t 7T—i—t 33 14+t -
an — + tan — an —
4 _ 2

m x
(b) tan(1+§):1 o Tt 23:—1 .
anZ an§ an§

1
90. /cscxdac:/ dsr::/1/udu=ln|tan(m/2)|+0but

sinx

1, sin®*(z/2) 1, (1—cosz)/2 1, 1—cosz
ntan(z/2) 2 nc0s2(a:/2) 2 (1+cosx)/2 2 " cosz’

1 —cosx 1 —cos?z 1 1. 1—cosx

1+cosz (1+cosz)?2 (cscx + cota)? " 2 M T ¥ cosz

= —1In|cscz + cot z|

91. Let u = tanh(x/2) then cosh(x/2) = 1/sech(z/2) = 1/4/1 — tanh?(z/2) = 1/v/1 — u2,

sinh(z/2) = tanh(z/2) cosh(x/2) = u/v/1 — u2, so sinh z = 2sinh(x/2) cosh(z/2) = 2u/(1 — u?),
coshz = cosh®(z/2) + sinh?(z/2) = (1 + u?)/(1 —u?), z = 2tanh ™ u, dx = [2/(1 — u?)]du;

dx 1 2 _12u+1 2 _; 2tanh(z/2) +1
— d = —t 1 C = —1t ik Sl C.
/2cosh1:+sinhx /u2+u+1 “ \/gan V3 + \/gan V3 -
EXERCISE SET 9.7
1. exact value = 14/3 =~ 4.666666667 2. exact value =2
(a) 4.667600663, |Ea| ~ 0.000933996 (a) 1.998377048, |Ey| ~ 0.001622952
(b) 4.664795679, | Ep| ~ 0.001870988 (b) 2.003260982, | E7| ~ 0.003260982
(c) 4.666651630, |Es| ~ 0.000015037 (c) 2.000072698, |Eg| = 0.000072698
3. exact value =2 4. exact value = sin(1) &~ 0.841470985
(a) 2.008248408, | Eyy| ~ 0.008248408 (a) 0.841821700, | Ey| ~ 0.000350715
(b) 1.983523538, | Er| ~ 0.016476462 (b) 0.840769642, | E7| ~ 0.000701343
(c) 2.000109517, | Es| ~ 0.000109517 (c) 0.841471453, | Es| ~ 0.000000468
1
5. exact value = e71 — e73 2~ 0.318092373 6. exact value = 3 In5 ~ 0.804718956
(a) 0.317562837, |Exr| ~ 0.000529536 (a) 0.801605339, | Exr| ~ 0.003113617
(b) 0.319151975, |Er| ~ 0.001059602 (b) 0.811019505, |Er| ~ 0.006300549

(c) 0.318095187, | Eg| ~ 0.000002814 (c) 0.805041497, |Eg| ~ 0.000322541
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%

10.

11.

12.

13.

14.

fz) =
(a)
(c)

E
|| < 2400

243
|Es| <

fl@) =1/, f'(x )=*

() [Bul € 5o
243

E -

() [Bs| = 1555 701

flx) =sinz, f’'(z) =

E
(a) |Eum| < 5400
5
(c) |Es| < mu) ~ 0.000170011
f(z) = cosz, f"(x) = —cosz, fP(z) = cosz; K>
(a) |Em| < 2400( ) ~ 0.000416667
1
(c) |Es| < m( ) & 0.000000556
flx)y=e", f"(z)= f(4)(ac) =e 7 Ko=Kji=ce
(a) |Bum|< g e 1) ~ 0.001226265
32 .
(c) |Es| < m(e ) ~ 0.000006540
flx)=1/(2x +3), f"(z) =82z +3)~%, fW(x) = 384(2z + 3)~
(a) |Em| < 2400( ) &~ 0.026666667
32
(€) [Es| < 155~ 757(384) =~ 0.006826667
) P
en/4) 1
T x23.Tn =24
@) 7> GG~ 109 STt
[ (243)(15/16) 1Y*
—_———— ~ 7.1: =8
© "> G80)5 x 10-9) TLn
) P
@2n@3/4) 1
MUV 4110 = 42
@) 7> G55 < 109 »n
) P
(243)(105/16) 1"
e | & 115 n =12
© "> G806 x 109 5 n

VI +1, /' (z) =

104

— 180 x

—sinz, fU

@), f () =

2T_1/4) = 0002812500

(15/16) ~ 0.000126563

105

2D () = G

2T (3/4) = 0.008437500

(105/16) ~ 0.000885938

)(x) = sinz; K,

3
——(1) = 0.012919282

2-9/2.

Chapter 9

12( +1)77% Ky, =1/4, K4 =15/16
2
(b) |Er| < 1230(1/4) = 0.005625000

-1

(b)

(b)

(b)

; Ky =3/4, K, = 105/16
27
< 4) = 0.016875000
(b) [Er| < 555(3/4) =0.
= K4 = 1
i 38564
b) |Er| < 1) =~ 0.02583856
(b) [Er| < 1555 (1)
1
Er| < ——(1) ~ 0.000833333
(b) [Er| < 15550
8
Erl < ~1) &~ 0.002452530
() |Br| < 5es(e™)

5 Ky =8, Ky =384

|Er| < ——(8) ~ 0.053333333

— 1200

ene/4) 1 .
><1o—4)] ~ 33.5; n=34

" [(12)(5

@NEMA) 17 s
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15.

16.

17.

18.

19.

22,

25.

27.

28.

29.

30.

31.

- 1/2 3 1/2
(7*)(1) (7*)(1)
AU | x35.9:n =36 b R | x50.8: =51
(@) n> | (24)(10-3) » 7 (b) n> (12)(10-3) » 7
- = 1/4
(7°)(1)
~ 6.4 _
(c) n> | {180)(10-9) 6.4;n=8
) 177 OIOIRES
) | x65n=T b ~91: n=10
(@) n> | (24)(10-3) » (b) n> (12)(10-3) »
r 1 1 1/4
(c) n> (185)))((10)_3)] ~15;n=2
- _ 1/2 —1y 11/2
(8)(e™) (8)(e™)
~ 350.2: n = 351 b SORC ) | £ 495.9: n = 496
@ > | Gayio-o) i (®) n> | 5557 i
- _ 1/4
(32)(e™)
~ 15.99: n = 16
(c) n> (180)(10-) 9; n
[ ®)E) 177 ®)©®) 172
O 1 £1632.99: n=1633 (b 0RO £ 9309.4:n = 2310
(@) n> | (24)(10-9) o (b) n> (12)(10-9) "
(32)(384) 1Y*
22RO | £ 90.9: n = 92
(c) n> | {180)(10-9) 90.9;n=9
0.746824948, 20. 1.137631378, 21. 2.129861595,
0.746824133 1137630147 2.129861293
2418388347, 23. 0.805376152, 24. 1.536963087,
2.418399152 0.804776489 1.544294774
(a) 3.142425985, | Eyr| ~ 0.000833331 26. (a) 3.152411433, |Ey| ~ 0.010818779
(b) 3.139925989, | E7| ~ 0.001666665 (b) 3.104518326, | E7| ~ 0.037074328
(c) 3.141592614, | Eg| ~ 0.000000040 (c) 3.127008159, | Eg| ~ 0.014584495

S14 = 0.693147984, |Eg| ~ 0.000000803 = 8.03 x 10_7; the method used in Example 5 results
in a value of n which ensures that the magnitude of the error will be less than 10~%, this is not
necessarily the smallest value of n.

CE2

(a) greater, because the graph of e™* is concave up on the interval (1,2)

(b) less, because the graph of e=*" is concave down on the interval (0,0.5)

f(x) =xsinz, f'(z) =2cosx —xsinz, |f"(x)| < 2|cosx| + |z||sinz| <2+ 2 =450 Ky <4,
8)(4) 112
4)] ~ 115.5; n = 116 (a smaller n might suffice)
Fl@) = 57, F(2) = (sin® )65 — (cosz)e™™%, ()] < e (sin 2 + | cosz]) < 2 5o

(2 1/2
()¢ 6)4)} ~~ 47.6; n = 48 (a smaller n might suffice)

< - 7
Ky <2e,n> {(24)(10_

fla) =V, f'(z) = m |f"(x)| = +o0

B 42:3/27 9cl—>0+
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32.

33.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Chapter 9

Vasin\/x + cos \/x .

f@) = sin vz, /() = —YEEEEEONVE i [77(2)] = oo

™ 3
L= / V' 1+ cos? xdx ~ 3.820187623 34. L= / V1+1/z4de ~ 2.146822803
0 1

t(s) 0 5 10 15 20
v (mi/hy| 0 40 60 73 84
v (it/9) 0 | 5867 | 88 |107.07| 1232

20

2

/ vdt ~ %[O + 4(58.67) + 2(88) + 4(107.07) + 123.2] ~ 1604 ft
0

t 0 1 2 3 4 5 6 7
a 0 [002|008|020|040|060|070(060| O

/8 adt~ —5 [0+ 4(0.02) + 2(0.08) + 4(0.20) + 2(0.40) + 4(0.60) + 2(0.70) + 4(0.60) + 0]
0

(3)(8)
/2.7 cm/s
/ vt (a5 [0.00-+ 4(0.03) +2(0.08) +4(0.16) + 2(0.27) + 4(0.42) +0.65] = 37.9 mi
0
1800 1800 [ 1 4 2 4 2 4 1
1/v)dz ~ ~0.71
/0 (Vfv)de = 7576 [3100 " 2908 * 2725 T 2519 " 2370 T 2216 T 2089 °

10 2 _ 10 2 ~ 16 2 2 2 2 2
V:/O r dy—w/o r dyNW—(g)M) [(8.5)° 4+ 4(11.5)% + 2(13.8)° + 4(15.4)* + (16.8)7]

~ 9270 cm® =~ 9.3 L,

. /0600 hdz ~ %[0 + 4(7) + 2(16) + 4(24) 4 2(25) + 4(16) + 0] = 9000 ft2,

V =754 ~ 75(9000) = 675,000 ft>

b—a |l 1
= i(yo+y1)+§(y1+92)+“'+

(Yn—1+ yn)

N =

b
/ f(ZE)dJ?%Al—FAQ—F"'—FAn

b—a
:W[y0+2y1+2y2+"'+2yn71+yn]

right endpoint, trapezoidal, midpoint, left endpoint

(a) The maximum value of |f”(x)| is approximately 3.844880.
(b) n=18
(c) 0.904741

(a) The maximum value of |f”(x)| is approximately 1.467890.
(b) n=12
(c) 1.112062
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45. (a) The maximum value of |f(*)(z)| is approximately 42.551816.
(b) n=38
(c) 0.904524

46. (a) The maximum value of |f®*)(x)| is approximately 7.022710.
(b) n=38
(c) 1.111443

EXERCISE SET 9.8

1. (a) improper; infinite discontinuity at = 3
(b) continuous integrand, not improper
(c) improper; infinite discontinuity at x =0
(d) improper; infinite interval of integration
(e) improper; infinite interval of integration and infinite discontinuity at « = 1
(f) continuous integrand, not improper

2. (a) improperifp >0 (b) improperif 1 <p <2

(c) integrand is continuous for all p, not improper

l
3. lim (—e ™) = lim (—e ‘+1)=1
i ] = e

1
Jim 2 fin(1+¢%) — In2] = +oo, divergent

L
-1 -1
5. lim lnx } = lim <ln€ —ln3> = —ln§ :ln§
4 ot (41 5 5 3

1 21" 1 2
1 —_e T g 1 — | — —£ —
6. lim 5¢ } legrn 5 ( e " + 1) 1/2

14
1 1 1
Z—zgloo 21n2x]e 5—32100[ 21n° /¢ 2] 2

‘
8. lim 2\/111:0} = lim (2vIn¢—2VIn2) = +oo, divergent

A A
1 0 1
9. eEI_nOO _4(%—1)2L = ZEI_IIDO Z[_l +1/(20—1)%] = —-1/4
1. 2 1]x VAN
10. él}r_noo §tan 2L = Zln_noo 5 [4 — tan 2} = 5[%/4 — (=7/2)] =37/8

0
1 1 1 1
11.  lim -¢&%*| = lim |= — =&%| ==
l——00 3 ) l——00 | 3 3 3

1 0 1 1
12.  lim —21n(3—26x)} = lim 51n(3—264)=§1ng

{— —o00 ¢ {— —00
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

Chapter 9

400 0 +o0
/ 23dr converges if / r3dr and / x3dx both converge; it diverges if either (or both)
0

— 00 — 00

+oo 1 14 1 —+o0
diverge. / 23dr = lim mﬂ = lim 164 = 400 S0 / z3dz is divergent.
0

{— 400 0 {——+o00

— 00

14

z T 2 o 2 _ _
i \/mdx Jim x+2]0 ZEIEOO(\/£+ V2) = +o0

—+oo

dx is divergent.

e T
o v
[m Vaz+2

/+Ooxdx: lim —1]/5: lim S[—1/(%+3)+1/3] = -
0 ( ) 0

x2 + 3)? t—too  2(x2+3 £—+to0 2

o 0 T 0o

+o00 —t £
e T ow
—C  _gt= lim —tan e Y| = i [—t “1(et +7} _T
/0 =" (Jm an” (e )]0 (Jm an”(e™") 1

0 —t 0
/ ¢ __dt= lim —tan_l(e_t)} = lim {—%+tan_1(€_2)} -

o 14+e2 £——00 0 f——00

/+°° et dt_7r+7r_7r
14+e 267 4 4 2

—0o0

4
1
} = lim [—1 + } = +00, divergent

4

lim  —In(cos x)} = lim —In(cos¥) = +oo, divergent
b—m/2~ 0 l—m/2~

lim —29 —x} = hm 2(—v9—-(+3)=6

{—9—

£
lim sin"'z| = lim sin™' ¢ =7/2
l—1— 0 £—1—

{——3+

1
lim — 9—:(:2} = hm \[4—\/9 £2)
l

14

lim \/IQSinz] = lim (—v1-2sinl+1)=1

L—m /6~ 0 L—m /6~
¢
lim —In(1 —tan x)} = lim —In(1—tan/) = 400, divergent
L—m/4— 0 L—m /4~

14

2
/ dz = lim In|x — 2@ = lim (In|¢ — 2| — In2) = —o0, divergent
0o T — 2 —2— 0 0—2—
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2 dx ? 2 da
26. /0 o th(r)l 1/4 = Zlirrol+(fl/2 +1/0) = 400 so [2 2 is divergent

® 3 551" 3
27. / 7 3dr = lim IZ/ﬂ = lim (4 £7%) =6,
0 ¢

(—0t

0 ¢
/ e B3dx = lim 33:2/3} = lim (62/3 1) =-3/2
-1 {—0— 1

8
S0 / 27 V3dx =6+ (—=3/2) = 9/2

-1

14

28. /:(dmz lim 3(x—2)1/3] — lim 3[(¢— 2)Y/3 — (=2)1/3] = 39/2,

x—2)2/3 oo 0 =2

.. 4 dx . 1/3 * 3 4 dx 3
similarly CEDEE = lim 3(z —2) =3V25s0 CEDEE =62
2 ¢ 0

x—2)2/3  plat x—2)2/3

e “ 1 e
29. Define / —dr = / —dx + / — dx where a > 0; take a = 1 for convenience,
0 z? o T a €T

1 1 “+o00
1 1
/ —dz = lim (—1/x)} = lim (1/¢—1) = +o0 so / —dz is divergent.
o T ¢ 0

/—0+ /—0t 2

30. where a > 1,

Deﬁne/mxwz* /Nﬁ / ﬁ

take a = 2 for convenience to get

2
lim seclx} = lim (7/3 —sec™ ' ¢) = /3,

[ vl —1 o {—1t

Y —1+
oo dx ¢ +oo dx
— = lim sec 'z| =7/2-7/3s0 — =7/2.
o xVa?—1 oo ]2 f2om 1 oavVa? -1 /

oo —VE +oo 4
31. / dx = 2/ e “du =2 lim (—e_“)} =2 lim (1 — e_e) =2
0 0

\/E L—~4o00 0 {— o0
+oo d +o0 d 1 0 ¢
32. 7“7:2/ % _ 9 lim —tan'2| = lim tan~l- =~
0 Va(z+4) o u?+4 f—+o0 2 2], t—+oo 2 2
—+o0 —x 1
e du
33. - dr=[ — = lim 2 :hm21-x/2:2
0o Vi—e=® 0 Vu =0t \F] =0+ ( )

+oo e~ ) . T
= lim sin =limsin~ "/ = 5

0
34. L / / 14
y Vi—e® Wl Ay el o i1

+o00 1 ¢
36. A= / ze 3 dr = lim —5(390 + 1)6_3“”} =1/3
0

{— o0 0
37.  lim e Pcosxdr = lim —e *(sinx —cosz)| =1/2
{——+o0o 0 {——+o0o 2 0

39. (a) 2.726585 (b) 2.804364 (c) 0.219384 (d) 0.504067
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40.

41.

42.

43.

44.

45.

47.

48.

Chapter 9

dy\} 1622 9+ 1222 3% 941222
14 <dm> =1+ 042 942’ the arc length is /0 e dxr ~ 3.633168

/lnxdx =zlhe—-z+C,

1 1 1
/ Inzdx = lim Inzdx = lim (:Ulna:z)] = lim (=1 —/{lnl+?),
0

{—0+ ¢ —0+ ¢ —0+
. . In¢ . !
but lim ¢In¢ = lim — = lim (—¢) =0 so Inzdr=-1
{—0+ —0+ 1/£ —0+ 0
| 1 1
LE R e
T T T
oo ] 1 1\1 1 1
/ H—Qxdx— lim n—fd:r— lim (_nx_)] = lim (—M— 1),
1 l—+oo J1 @ {——+o0 €T x 1 {—+o00 V4 14
—+o0
but lim M: hmf:()so/ ln—zzl
l—doo /L {—+o00 1 x2

1 1
3x 3x 3x
dr = —= —= +C
/a:e T 31}8 96 s

400 ) ¢ 1 1 12
/ e 3dr = lim re 3%dr = lim (xegz - 633”)}
0 3 9

{— 400 0 {— 400 0
1 1 . 1
= lim (—=fle 3 — ¢34 =
{—~+00 3 9 9
but lim fe= = lim — li L o o~ ¥z =1/9
ut lim /fe = lim — = lim — =050 e r =
{—+o00 l—~+o00 63Z £— 400 36‘” 0

+oo —91* —9 1
A:/ 8 dr= lim 2m” ] — lim 2[ln€ —ln]:21n5
3 T Vi 3 =t {+2 5

+o00 T y4
(a) V=m e dr = —= lim e **| =71/2
0 2 l—+oo 0

+oo
(b) S=2r e "1+ e 22dx, let u=e"" to get
0
0
1
52—271'/ \/1+u2du:27r[; 1+u2+2ln|u+\/1+u2|} :77{\[2—!—111(14—\/5)
1

1
0
2
(a) Foraz>1,22>z,e® <e®

“+o00 ¥/ ¢
(b) / e dxr= lim e Pdxr = lim —e*““} = lim (et—ef=1/e
1 l—+o0 Jq £—+o00 1 {—+o0

—+o0
(¢) By parts (a) and (b) and Exercise 46(b), / e dx is convergent and is < 1/e.
1

1 e’

If x >0 th r>1, — < —
(@) Ifa=0thene® 21,7777 < 5

®) I /Z @y e +1)£—+
e fy 21 ety T T

xT

2+ 1

—+o0
(¢) By parts (a) and (b) and Exercise 46(a), / dx is divergent.
0
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49.

50.

51.

52.

53.

54.

55.

56.

£ ‘
V = lim (r/2%)dx = lim —(w/x)}lz lim (r —7w/f) ==

L—+oo Jq {——+o00 {—+o00
¢
A= , liIJP 27(1/x)+/1 + 1/2* dx; use Exercise 46(a) with f(x) = 27 /z, g(z) = (27 /z)/1 + 1/a*

and a = 1 to see that the area is infinite.

Vi3 +1 +oo
(a) lgiforle/ ldx = 400
€ 2
+00 +o00 £
x dz 1
b ——dx < — = lim ——| =1/24
(b) /2 x5 +1 x_/Q x4 15+ 33L /

x

(c)

“+ o0
e 1 1
< for > 0 — de= lim ~In@2v+1)| =
e+l 2w+l T /0 gr 1= Mmool = oo

2z

V1 +3dt 2/ #3/2dt = 5t5/2] =z (20)°?,
0

0 0

2z “+oo
) 2
lim 324t = lim 3(233)5/2 = 400 80 vV 1+ t3dt = +o0; by L’Hopital’s Rule
0

Tr——+00 0 r— 400

2x
3
B N N ey 7 R W/ y
lim “—kFn— = lim —————— = lim —————
z—-+o00 x5/2 z—+oo  (5/2)x3/2 z—+o00 5/2

=8v2/5

“+o0o “+o0
(b) uw=+z, / €8 f = 2/ cos u du; / cosu du diverges by part (a).
0 0

dx 1 1 x
Let x = rtan0 to get | ———=75 = — 0df = —sinf+C=———=+0C
et x = rtanf to ge /(1"2—|—:c2)3/2 TQ/COS 2 sin 6 + N/ +

L
2nNIr T IrNT
=—7 i = i 2 2 2 2
CET T L’lufoo r2Vr? 4+ xJ o kr EETOO(E/W a/V/r? + a?)

2n NI
= 7; (1—a/Vr%+a?).
r

Let a® =

2]}\§T to get
@ 1= (i) 3 (o) = =S

by o = L (M 2 3m (M \°?  3RT _ [3RT
Vrms = \ 9RT 8 \2RT VR Vi

(a) Satellite’s weight = w(x) = k/z? 1b when z = distance from center of Earth