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ing up in accordance with interest practice. Our interest is
always perfect to the nearest cent.

My. Ferber: Suppose your interest rate were divided by
12 and were an even amount. Would you adjust that at all
when you start multiplying ? I notice you put a 4 at the end
of the 3333 ...7s.

Myr. Gushee: That is to ensure that the interest will be
rounded by a 5 when the interest is an exact half-cent;
commercial practice is to round half-cents up. Banks will
usually round up any half-cent that is even.

Dr. Brown: Do you not round off at each stage of the
game in these computations?

My. Gushee: Yes, we do.

Dr. Brown: Then I would merely like to point out as a
matter of interest from a strictly mathematical point of
view your table may be in error all the way down the line.

Myr. Gushee: That is right. It would be much more desir-
able to compute some other element to a great number of
decimal places and round off. Admittedly this is a commer-
cial application. The original FHA method was theoreti-
cally far superior to ours.

Dr. Herget: If you just multiply the monthly payment by
the number of payments and subtract from the totals at the
bottom, there is a difference of $.24.

Dr. Hurd: He has to calculate this and have it pay on
the basis of a month. So he has no opportunity to avoid the
bias which Dr. Brown mentioned.

COMPUTATION

My, Gushee: This $112.77 is necessarily an inaccurate
figure. It is rounded up in all cases, so as to be sufficient.
The theoretical figure might be $112.76629,

Dr. Herget: But is it not what the customer pays?

Mr. Gushee: No. The final payment is different from
the others and is tabulated separately at the end.

Dy. Herget: But the sum of all the interest and the sum
of the principal should equal the sum of the payments that
were made.

Mry. Gushee: Yes, and they do, because instead of multi-
plying the payment by &4, it should be multiplied by 83 and
the odd final payment of $112.53 added to it.

Mpr. Bell: 1 would like to ask a question. The question is
whether you have considered internal programming on the
417 with only 16 program levels. I do not think there would
be much difficulty in eliminating the insertion of cards.

Mr. Gushee: We have not considered it.

Dr. Petrie: 1 have one suggestion 1 might offer for con-
sideration: Instead of punching the rate in decimal form,
punch it in fractional form and have the machine actually
make the change. As the cards are processed, the interest
rate is calculated, the amount deducted from the payment,
the deduction from the principal, and the new balance of
the loan punched on the card. In this way, it can always be
kept current.



Techniques for Handling Graphical Data
on the IBM Card-Programmed Electronic Calculator

WILLIAM D.

BELL

Telecomputing Corporation

MANY IMPORTANT forms of engineering compu-
tations utilize data in the form of graphs. Often this data is
empirical in nature and not amenable to analytic represen-
tation. Such calculations have usually been considered im-
practical for punched card computing techniques.

The field of aviation presents many excellent examples
of problems of this type. Particular examples are jet engine
performance and aerodynamic performance for power avail-
able and power required. Jet engine analysis methods for
a single data point—that is, a given altitude, velocity, and
power setting—require relating the data from six to fifteen
graphs and involve one-half to one hour per point for
manual solution. We have evolved techniques for the IBM
Card-Programmed Electronic Calculator which efficiently
cope with this type of problem, and require two to three
minutes in which to complete a solution.

Setting up such problems on the Card-Programmed Cal-
culator involves representing the graph by a mesh of points.
Since typical graphs are either two- or three-dimensional,
the associated mesh of points may also be two- or three-
dimensional. These data must be placed upon cards which
are introduced into the program deck. The calculator should
then be capable of locating the closest point in the mesh
and calculating the corresponding value of the function by
interpolation.

Experience gained over a period of time using a number
of different procedures and methods has indicated that
necessary conditions for a useful method of setting up and
handling graphical data should include the following re-
quirements:

1. It should not be necessary to compute a fictitious ar-
gument for the purpose of table look-up. It is possible
to transform the arguments to a new set of variables
consisting of a series of sequential integers, n, n 4 1,
n + 2,...,m. The comparing unit of the IBM Type
417 Accounting Machine can then locate a desired
mesh point. The disadvantages of the method include
the additional computing time and, more important,
the restriction placed on the location of the mesh
points when reading the initial graphical data.

X
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The interval chosen for the argument should not be
restricted; in particular, a constant interval in the ar-
gument should not be necessary.

The general procedure should be set up for three-
dimensional graphs, treating two-dimensional data as
a simplified case. The interpolation procedure should
be the same regardless of the number of variables and
sensibly independent of the size of the numbers in
the various arguments and functions.

There should be no necessity of an artificial phasing
so that arguments in one card pertain to data in fol-
lowing cards. Such methods can simplify the machine
setup but complicate setting up the data.

A minimum number of points for a required accuracy
should be used to establish a mesh. Since these data
are included in the program deck and must go through
the CPC once for each data point, an excess number
of data points can greatly lengthen the time required
for calculation.

The CPC method described below meets the above re-
quirements. It has three logical parts—reading the graphi-
cal data to establish mesh points, preliminary calculations to
set up interpolation data, and the basic CPC operation. Only
one restriction is inherent in the method, and that is a re-
quirement that all arguments be positive. No actual limita-
tion is involved, since a negative argument can always be
translated by adding a simple constant.

Setting Up Graph Data

Two-dimensional graphs are usually presented as
2z = f(x). More complicated three-dimensional relation-
ships, 2 = f(x, y), are plotted as families of curves on a
two-dimensional graph. The interpolation process utilizes a
second degree equation for the variation in x (the abscissa
on the graph) and a linear interpolation for the y variation
(the family variation). Since the intervals in the argument
are not constant, divided differences are necessary for the
interpolation formula. The usual forward interpolation
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process requires knowledge of the #n 4 1 point as well as
the nth. By using a backward interpolation formula, the
machine can identify a point as it goes by and then inter-
polate back into the correct region. To fix these ideas and
clarify the mathematics, the formulas involved are shown
below.

Considering the general case of z = f(x,y) for a constant
value of y, we can define divided differences as:

Yo Vi %o
[#0 #1]
PR A [x0 x1 2], (1)
[#1 #2]
X2 Vi &2
where
gy — 2
[0 1] = x:))— ;1 , : (2)
28— 2
[x, xz] = xi T x22 y (3)
xo %1 — [#1 #x »
[x0 21 x:] = EZ ;1_}521 2l (4)
Similarly, for constant x,
Xi Yo Zo
[yo ], (5)
X M & '
where
Bo — &1
=== 6
[yo 1] o — 7 (6)

Combining 2, 3, 4 and 6 in the form of Newton’s back-
ward interpolation formula, we have

2(x,y) = 224 [7142] (x — #2) (7)
+ [Fox1x2] (& — 22) (2 — 71) + [y192] (y — 32),
with
x1<x§x2
Nn<yI=y: -

When reading the graph data, it is necessary to select
points for intervals over which the interpolation formula 7
will produce adequate accuracy. It is also necessary to hold
one variable constant for reading data at varying intervals
of the second argument. Both the arguments and function
are written so that the numbers will be as close to the region
of 1 to 10 as possible with an associated power of 10. By
this means, the size of the divided difference is also fairly
well controlled.

Some experience is necessary in learning to evaluate the
intervals over which interpolation will hold. The principles
are simple, and with a little practice the necessary points
can be quickly read and listed. Typical two-dimensional
graphs are represented by 10 to 15 points or even as few as
two for linear functions. For three-dimensional graphs, 50
or 60 points may be required. ‘

For small jobs, we read and record the points manually.
For larger jobs which may involve a large number of
points, we utilize a Telereader-Telecorder of our own man-

COMPUTATION

ufacture to read and record data points rapidly and directly
into IBM cards. This machine is a projection reader utiliz-
ing an electronic counter which makes possible a high de-
gree of accuracy at a considerable saving in time and effort.

Preliminary Calculations for Interpolation Data

One IBM card is required for each data point. These are
either key punched from the manual list or prepared auto-
matically by the Telecorder. Each graph is assigned a dif-
ferent identification number. By sorting the cards to the
proper sequence, it is possible to compute the first and sec-
ond divided differences in . Then the cards are rearranged,
and the first divided difference in y is computed. The IBM
Type 604 Electronic Calculating Punch is used for these
operations. Each final card has seven necessary pieces of
information, which are:

X1

X2

Y2

22

[#0 #1]

[ro x1 2]
[yo 1] .

Card-Programmed Calculator Operations

The program card deck used in the CPC consists of the
necessary intermediate computing steps with the graphical
data interspersed through the file. It would appear obvious,
knowing a value of x and y, to recognize one data card from
a group of cards representing a particular graph, and by
control of the spread read-in hub on the 417 control panel,
cause the desired interpolation data to add into the mechani-
cal counters. However, the circuit of the spread read-in
function unfortunately precludes this method of operation.
If the spread read-in impulse is absent but the sign X of a
field is present, the associated 417 counter group will be
cancelled to zero. This circuit deficiency could be corrected
by elementary changes within the CPC and make possible
much simpler three-panel control wiring than is now re-
quired for the system described here.

The 604 control panel contains these operations:

Codel........... Add

Code2........... Subtract
Code3........... Multiply
Code4........... Divide

Code5........ ...Store x and y arguments
Code6........... Table look-up
Code8........... Square root

Codes 5 and 6 require explanation. When a value of »
and y have been computed, and are to be entered into a table
look-up operation, they are routed over channel A and B,
and operational code 5 transfers them to two eight-place
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general storage units for storage. A code 6 table look-up
operation is then called out on all of the data cards, repre-
senting the mesh points which define the graphical data.
Values of x; and y, from each mesh point are read from the
second reading brushes on the 417 on channel A and B into
the electronic computer. Differences are calculated between
the stored x and the stored yand the data point (x2,y2). For
a particular table look-up, the first card for which the two
comparisons indicate that the table data are greater than or
equal to the arguments, a test energizes the negative test
relay, which, in conjunction with 417 wiring, makes all
counters of the 417 operative on the following card cycle.
Thus, as the same card reaches the third reading brushes, if
it is the desired point, all interpolation data are set up
within the machine. Only the first table card which satisfies
the test conditions is permitted to add into the counters,
since, obviously, all following cards will also satisfy the
conditions.

Four program cycles are then necessary to complete the
interpolation calculation, using the formula of equation 7.
As particular arguments are computed, they are set up with
the power of 10 required by the table data. The decimal
position of the interpolation formula is, therefore, constant
for every look-up operation.

The method which has been described here for handling
graphical data for engineering calculations has proved sim-
ple to apply and has had important results in application.

DISCUSSION

Myr. Maginniss: 1 should like to ask two questions: First,
about how many cards do you need for an average table?
Second, can you always arrange your variables in such a
way that linear interpolation is good in one direction, while
quadratic interpolation is needed in the other direction?

Mr. Bell: Answering the second question, when linear
interpolation does not hold, more points are read to get the
grid closer together.

As to the number of points required, we have very rarely
ever had to use more than 60 or 70 points for three-dimen-
sional cases.

Mr. Koch: We handle graphical data on the 604 by writ-
ing equations for all the data and using sums of products of
polynomials of second order. We find that we can get about
one per cent accuracy on the graphs, which is certainly good
enough, because, as Mr. Bell pointed out, the graphs them-
selves are only accurate to about five per cent.

At times, particularly at the points where a graph starts
out with a sharp curvature and ends up a straight line, we
have arbitrarily to break the graph in two parts and write

an equation for each part, controlling our setup to pick out.

the correct set of equations. It required approximately 100
hours to write the equations for about 30 graphs. We are
now programming the setup for the CPC and hope that we
can write equations for three-dimensional graphs of this
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nature in one to two minutes on the CPC. If this can be
done, it will mean an hour on the CPC as compared to 100
hours on the 604.

Dr. Herget: Considering the number of cards which
must be put in the table and the number of operations
needed for the interpolation, what is the possibility that you
could write a quadratic expansion in two dimensions, have
fewer cards in the table and still get the same accuracy? In
other words, a Taylor series expansion of about six points
would cover what you cover with sixty points.

Mr. Bell: If you try to do it analytically, you may run
into trouble. There will be special problems where it will
be better to use other means.

I agree with Mr. Koch that you should use a 604 for
small programs, but the CPC will be faster for 100 cases
because of control panel wiring for machine setup.

My, Porter: If you have a problem where data curves
initially are not going to change, which is very rarely, then
the analytical approach offers advantages, unless you have
to discriminate at too many breaks. Here your card deck
would run up to quite an excessive amount per point on
any kind of large-scale problem.

Mr. Lesser: Most of the problems that we have tackled
in aerodynamics for the machine have been those for which
it was fairly easy to find analytical approximations. In
other words, you could look at the curve and practically
tell whether or not it will fit your backlog of analytical
approximations. However, in the case of jet-engine power
data where most of the curves have a bad hook down at the
left-hand corner, it is very difficult to approximate this part
of the curve analytically; and it is this area of the curve
that is the most important to us.

Mr. Horner: We have done a good many of the problems
that have been described, and the best approach to me seems
to mix the detail cards in with the table points and calculate
the result on the CPC.

Where iteration is to be run over and over again, analyti-
cal representation is useful, because the number of detail
cards would be decreased.

Mp. Bell: These methods can be combined to give one
that is sometimes quite superior. Suppose that one has set
up his program to do problems of the order of 100 pieces of
data. Then he is given 1400 to do. He can set up the 1400
data points and expand them by the number of table look-
ups, He would then sort this deck of cards into his table
look-up cards and gang punch the data; this is done as an
independent operation. When these cards are put into the
program and are run, the card volume will have been de-
creased to where it is now fractions of a minute instead of
two or three minutes. This employs the same procedure, the
same methods.

Dr. Brinkley: The thermodynamic properties of a work-
ing fluid are conventionally represented by a Mollier chart,
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in which the enthalpy, H, is plotted as a function of the
entropy, .S, for specified values of the temperature, 7', and
pressure, p. )

o ps 1?3 P2 P

S

The punched card analogue consists of a table containing
H(p, T), S(p, T) as well as certain other functions of the
state variables.

COMPUTATION

Power cycles are analyzed by a routine consisting of suc-
cessive inverse interpolations in the table for given values
of H and p or of S and p. The tables are in such form that
linear orthographic interpolations are unavailable.

At our laboratory, we routinely use a standard card-pro-
gram, consisting of about 50 cards, with general-purpose
panels to compute Lagrangian five-point interpolation co-
efficients. This deck is followed by a standard program to
carry out the interpolation of each of the functions tabu-
lated on the card, six in number, to the required value of
the specified variables. This program also contains about
50 cards. The proper table cards for a given interpolation
are independently selected by a standard collator routine.

This procedure has proved to be more efficient than
methods based on special control panels for the problem at
hand.

We believe strongly in the general utility of interpolative
formulas of Lagrangian form as opposed to formulas involv-
ing differences. Such formulas are generally most economi-
cal as regards program length and storage requirements.



Calculation of the Flow Properties in an
Arbitrary Two-Dimensional Cascade

JOHN T.

HORN ER

Allison Diision, General Motors Corporation

THE GENERAL PROBLEM of cascade flow may
be stated as follows: Given the initial conditions of flow en-
tering a cascade and the cascade geometry, determine the
properties (velocity, pressure and density) of the flow
field at every point. From this information, the circulation
around a given blade and the blade lift may be calculated.
The possibility of flow separation from the boundary layer
may also be detected by comparison of the results with
parameters derived from experimental data.

The inverse cascade problem determines the blade geom-
etry when the entrance conditions are given and the varia-
tion of some property of the flow field (velocity, pressure,
or density) over the blade surface is postulated. This prob-
lem may be solved in much the same way as the direct
problém. The two calculations enable the designer to (1)
derive families of blade shapes based on established param-
eters and (2) find the useful operating range of blades
within those families.

DevELoPMENT OF Frow EQUATIONS

Consider an arbitrary blade cascade as shown in Figure 1
where the flow pattern has already been constructed. The
lines parallel to the blade surfaces represent streamlines;
those normal to the streamlines are velocity potential lines.
The streamline spacing is determined by satisfying con-
tinuity of flow across a potential line and then dividing the
total flow into a number of equal portions which pass be-
tween the streamlines. The spacing between the velocity
potential lines may also be arbitrarily selected. Certain re-
strictions should be imposed here, however, as will be shown
later. The present method of calculation determines the lo-
cation of mesh points, using the selected mesh spacing, and
finds the velocity at every point of the mesh. From this
information, as was previously mentioned, the blade circu-
lation, lift and other physical properties may be immediately
calculated.

To facilitate the study, several assumptions are made re-
garding the behavior of the fluid throughout the selected
region. It is assumed that at some point sufficiently far re-

ot
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moved from the entrance to the cascade, the flow is moving
with constant velocity in a given direction with respect to
the cascade and that the fluid obeys the adiabatic law for a
perfect gas. These conditions are sufficient to ensure the
existence of a velocity potential function® which may be
defined by:

3
ds 4
9% _
on 0.

Steady state flow conditions are also assumed, or
oV
W -— 0 .

In addition, a laminar boundary layer is assumed to cover
the entire surface of the blade so that flow separation does
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not occur. The nomenclature used in the following study is
defined in Table I.

The flow equations are developed in terms of the flow
field coordinates s, #. Consider a fluid element moving be-
tween two streamlines as shown in Figure 2. Since a veloc-
ity potential exists, the circulation around this fluid element

must be zero, or
r=‘¢§Vda=O. (1)

This equation may be applied whenever o is any path in a
simply-connected region of the flow field. Summing con-
tributions to the circulation around the fluid element alone,

14 d(As) A
(V—I——(;;An)(As—}- o An) VFas=0
or, upon dropping second order terms,

oV .1 4(aAs)
on As on

=4VC, (2)

where C is the curvature of the streamline. Equation 2 may
be integrated immediately to yield

(2
V2=V1exp/Cdn. (3)
ny

TABLE I

NOMENCLATURE

.. .Cascade coordinates, inches

.. .Flow coordinates, inches

. .Velocity, feet per second

. .Temperature, °R.

. .Density, pounds per cubic foot

. .Pressure, pounds per square foot

.. .Weight flow, pounds per unit length per second

. .Curvature, inches—1

.. .Ratio of specific heats

. .Velocity potential, feet? per second

. .Ratio of total temperature to standard tempera-
ture, Tstan = 9518.4°R.

. .Ratio of total pressure to standard pressure,
Pgtan = 21159 psf.

T....Circulation, feet-inches per second ,
¢....Subscript indicating stagnation temperature

Cp- - - -Specific heat of air at constant pressure, BTU

per pound per °R.

R....Gas constant, feet per °R.

J....Conversion factor, 778.16 foot-pounds = 1 BTU
g....Gravitational constant, feet? per second?

o R
S e

2ov QN Vs NN

-]

COMPUTATIO‘N

As-}-é%An—QAn

An+§%m

Ficurg 2. Frow ELEMENT

Equation 3 relates the velocities to the mesh geometry at
all points along a velocity potential line. Physically it means
that fluid elements may not cross the streamlines. The fluid
element moving between the streamlines may be accelerated
in the s direction only by a difference in pressure acting on
the two ends of the element. Equating the differences in
pressure forces, to the product of the mass and accelera-
tion, the equation of motion for the fluid element is obtained.
This is

Sr=—tt. (4)

pL=_9% (5)

For adiabatic expansion or compression, the pressure and
density are related as follows:

() ®

Substituting from equation 6 into 5 and integrating along a
streamline, Bernouilli’s equation is obtained which may be

written as
1
ATEN PRGN (o
(Pt> B (1 ngcth) 7)
in which the equation of state
P _rr (8
P

is used. The weight of the fluid per unit blade length per
unit of time passing across a velocity potential line is given
by

aW = pVdn . 9
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Introducing now a new variable, ¥//V/6, the weight flow
across a velocity potential line becomes
-V / v 0] an

W\/o san
AL
=ff(V/\/‘é, T:) dn .

All other equations may now be redefined in terms of
V' /\/8, merely by substitution of this quantity in place of V.

The calculating procedure can now be readily under-
stood. In order to obtain the cascade geometry, a large scale
plot must be drawn showing two or three blades in a cas-
cade. Sketch velocity potential lines and streamlines upon
this plot. Choose a line of zero velocity potential far enough
in front of the cascade that the velocity remains constant
across every part of this line. Then integrate along each
potential line using equations 3 and 10 and iterating until
W\/8/8 agrees with the given value. After this is complete,
interpolate, shifting coordinates to get equal weight flow
between each pair of streamlines. Then, integrate along the
streamlines from the zero velocity potential line to get a
value of ¢ for each potential line where

o [ G

Another interpolation is now performed, where the coordi-
nates are shifted to get lines of equal velocity potential. The
entire procedure is repeated until the mesh points cease to
shift. The third trial ought to yield values sufficiently close
for engineering purposes.

The procedure outlined above determines the flow mesh,
assuming fixed gas boundaries entering and leaving the
cascade. This procedure must be modified in order to locate
the front and rear stagnation points on the blade and to find
the actual outflow pattern of the gas. One method of relax-
ing the boundaries is to carry out the weight flow integra-
tion along the velocity potential line across two spaces at
the cascade entrance and exit, adjusting the upper and
lower boundary to correspond with the middle. This is the
method used in the present procedure. In carrying this out,
it is convenient to determine the velocity potential spacing
in the following manner. First find the velocity potential
from the zero potential line to the leading edge of the middle
blade in the cascade. Then divide this value of the velocity
potential by the number of assumed spaces used in finding
it. This is the value used to obtain the velocity potential
spacing, and it ensures that the mesh pattern is the same at
the leading edge of all three blades when the final mesh is
determined.

(V/Vo)? )
ngfp stan

(10)

(11)
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Mobp1ricATION OF EQUATIONS FOR
MacuINE CALCULATIONS

The actual calculation uses cascade coordinates x, y in-
stead of the flow coordinates. In carrying out the integra-
tion for ¢, the curvature C and the absolute value of the
secant of «, the angle between the x axis and a tangent to
the streamline, are obtained. These equations-are:

d2

dz?
dy
(@)
seca:\/l—i—i—j—gr
=/—\—/%seca dx .

The equations for the weight flow integration along a ve-
locity potential line become

(12)

(13)

(14)

Yo
V/V8)e2= (V/VO) exp/CSeca dy , (15)
M
—W—s‘ﬁ= ff(V/\/_e, T,) seca dy . (16)

The indicated differentiations and integrations were pro-
grammed by using the Lagrangian interpolation formula for
a three-point interpolation.

Letting:

wuo==w0m)fx'”“(”‘””

xo—x1) (Xo—x2)

(x—x0) (x—2x2)

) G ()
(x—x0) (x—21)
+‘I’(x2) (xr_)—xoo) (xz""xl) ’ (17)
then:
a¥(x) (x—21)+(x—22)
Tdr ¥ (o) (wo—x1) (x0—x2)
(#—x0)+(#—x2)
() (#1—x0) (41— 22)
(#—%0)+ (x—2x1)
+‘I,(x2) (xg—.:’o) (.172—.1’1) ’ (18)
¥ (x) 2% (%) 2% (xy1)
dr (xo—x1) (xo—x2) ' (x1—20) (#1—%2)
2\1’(,1’2)

(19)
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Carrying out the indicated integrations for two spaces,

X

L‘:(x) dr = (2*6‘_4’9) l:‘l’(xo) (2 _ %-_%)

+ ¥ (1) (2 + ’;2“"’1 n xl—xo)

1— %o X2— X1

T (xs) (2 - —%:-%)] .

FEquations 12, 13 and 14 are programmed in one deck con-
taining 43 cards for each point. The integration is taken
over two spaces at a time; thus, two values of the integral
are rotated in storage as the integration proceeds. A pre-
liminary calculate deck into which the values of the first
three points are entered precedes this calculation. After
this calculation is completed, an interpolation for equal
values of ¢ is carried out in two parts, the first part getting
interpolated values for x, y and V/\/6, the second part
getting interpolated values for C and sec a.

Equations 15 and 16 are programmed in a second deck
containing 41 cards together with an 18-card table. The in-
tegration is carried out in the same manner as the previous
one, with f(V/\/6,T;) being found by a table look-up. Sec-
ond degree interpolation is used, with 7' being held con-

stant for a particular problem and given by the entrance -

conditions. This calculation is followed by a final deck
which computes a better value of 7//8 for the first stream-
line to enter in the next iteration. When this calculation is
complete, an interpolation for equal weight flow between
the streamlines is carried out, interpolated values being ob-
tained for x, y and V' /V/4.

(20)

COMPUTATION

By choosing 320 points, the entire calculation may be
carried out in 18 hours, assuming an average of three itera-
tions for the weight-flow integration and assuming that
three runs are necessary for convergence. The flow sheets
for the calculation and the calculate instructions are given
in the Appendix.

NoTES ON THE
IBM Carp-ProcraMMED ELECTRONIC CALCULATOR SETUP

The ability of the IBM Card-Programmed Electronic
Calculator to handle the problem outlined cannot be com-
pletely understood without a description of the manner in
which the machine is programmed for the problem. Basic
setup 2 is used. For this setup the 604 Electronic Calculator
is scheduled as follows:

Operation Code Notes

Add 1

Subtract 2

Multiply 3 Round-off.Drop 5 digits.

Divide 4 Round-off. Add 5 digits
to dividend in dividing.

Square Root 5 :

e® ' 6 —6.70000 < » < 6.70000

logex 7 .01000 < 2 < 1.99000

et 6-8 —6.70000 < x < 6.70000

logix 7-8 .01000 < » < 1.99000

The IBM Type 402 Accounting Machine is instructed to
perform the special operations as shown in Table II.

Machine stop— Negative balance 5
Machine stop — T'wo successive

negative balances 6
Select one of two factors 7
Decimal shift for loger 8

O

Absolute value
Table look-up 9

TasrLg I1
Operation Code Column Notes
Counters clear 1 12 ‘
Auxiliary storage clear 2 12
Spread read-in 3 12
Arctangent shift 4 12 Divides tan x into 1 and adds =

13

into counter if tan x < 1.00000.
12

12
12 Compares two factors, selecting
larger or smaller as desired.
12 Shifts & one unit to right and adds
~ loge 10 for +>1.99000.
12
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CARDNo.| CH.A | OP. | CH. B | CH.C | SH. | SP.IN. CHAN, A CHAN. B | \

ENTRY | ENTRY COUNTER GROUPS

[+4

8 INTO INTO

f| CHAN. A | CHAN. B 1 2 3 4

0 0
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1

B

< SHIFT

5 6 7
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All factors are entered originally into the standard card with Calculate Deck 1, merging the first three cards
form shown in Figure 3 and, in summary punching, are into the preliminary deck.
punched ordinarily from a given counter field into the cor- 2. Calculate C, sec @, and ¢, punching values as shown in
responding counter read-in field. Read-in and other in- Figure 4. Emit and punch 3 in column 12 (spread
structions are emitted during punching. read-in instruction).
3. Sort summary punched cards in descending order of ¢.

, Gang punch ¢,.4; on ¢, cards. Merge with ¢ Interpo-
CALCULATE INSTRUCTIONS late Deck A

APPENDIX

1. Sort initial data cards in ascending order of ¢ and 4. Calculate 7, ¥ and 7 /v/6 and punch these together
then in ascending order of IW,V/8/8 using identity with Ident and 3 in column 12. Omit punching in
numbers in counter 7. Merge cards of same W,\/0/8 counters 5 and 7.

CountEr1l 2 3 4 5 6 7

Initial data x y V/Vé Ident
WaV6/s ¢

P xXx

Summary punch from Deck 1 x y V/VE C seca ¢* Ident

Interpolate Deck ¢ Ident

Summary punch from Interpolate
Deck (two runs)

(Initial data for Deck 2)+ x ¥ V/\e C seca Ident
Summary punch from Deck 2 . x y V/Vé Wa\0/8 Tdent
Interpolate Deck Wa\/8/s Tdent
Summary punch from Interpolate o .
Deck (initial data for Deck 1) ¥ ¥y V/Vé Ident

*Omit punching of ¢ for first calculation. TOmit this interpolation for first calculation.

Ficurt 4. FLow SHEET
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5. Merge first summary punched cards with ¢ Interpo-
late Deck B.

6. Calculate C and $ec @ and punch these together with
Tdent.

7. Gang punch C and §€c@ on first group of interpolated
cards containing ¥, ¥ and V' //6.

8. Sort cards in ascending order of #,1/6/8 and then in
ascending order of ¢, using identity numbers in counter
7. Merge cards of same ¢ with Calculate Deck 2,
merging the first three cards into the preliminary deck.

9. Calculate ¥/\/6 and W,V /8. Follow last calculate
deck by final deck to get a better approximation for
(V' /). Repeat calculation using new value and con-
tinue until convergence occurs. Emit and punch 3 in
column 12 when punching.

10. Sort summary punched cards in descending order of
W,V/6/8. Gang punch (WaV0/8)ns10n (WaV6/8)n
cards. Merge with 1#,1/6/8 Interpolate Deck.

11. Calculate %, ¥ and ¥/1/6 and punch these together
with Ident and 3 in column 13.

For first run, omit steps 3, 4, 5, 6 and 7 from the cal-
culating procedure.

NOTE : The instructions to handle the relaxation of the en-
tering and exit boundaries are omitted here. The
above instructions, however, are used for the general
calculating procedure.

REFERENCE

1. Horacg Lams, Hydrodynamics, 6th Edition (Dover Publications,
Inc., 1945), Chapter II.

COMPUTATION

DISCUSSION

Dr. Hurd: Here is an example of a mathematical model
at which Mr. Horner has arrived on the basis of certain
assumptions followed by a calculating procedure to get
specific results. Have you confronted this procedure with
some experimental results to gain a notion as to what is the
accuracy, the adequacy of the model, etc.? Is this possible?

Mr. Horner: It is possible to check this by experimenta-
tion. In fact, the object of this calculation originally was to
remove many of the experimental procedures that were
necessary. We spend much time and money checking our
design of the blade for an engine to see whether it is satis-
factory. We can design blades that are between 80 and 90
per cent efficient. We think that using the difference made
by the compressibility of the fluid will enable us to design
more efficient blades. Most blades are designed now from
profiles derived from flow in an incompressible fluid.

Mpyr. Patton: At the Lewis Flight Propulsion Laboratory
we run into similar problems, but we use a completely dif-
ferent method of attack. We set up the non-linear elliptic
difference equation that defines the flow and develop a set
of simultaneous equations from the difference coffiecients.
So far, we have solved three problems of that type. One in-
volved 385 simultaneous eqtiations; another, 379; and the
latest one, 191. We used a three-point formula for the first
two and a five-point Lagrangian formula for the third. We
put all our non-linearities on the right-hand side and start
out with the incompressible case; from that, we develop the
compressible cases.

Dr. Hurd: Is this a factorization process?

My, Patton: Yes, it is.



Automatic Calculation of the Roots of
Complex Polynomial Equations Using the IBM Card-

Programmed Electronic Calculator

JOHN GALLISHAW, [JR.
Chance Vought Aircraft

COMPLEX polynomial equations, up to the seventh
degree, are currently being solved entirely automatically on
an IBM Card-Programmed Electronic Calculator which
has the special program device, and a total of twelve co-
selectors, two digit selectors, and sixteen pilot selectors.
The method normally requires no card handling from the
time the coefficients are loaded into the machine until all the
roots have been found.

The solution process is the well-known iterative scheme
involving synthetic division and Newton’s method. For
each root the machine performs only enough iterations to
produce the root to the desired accuracy and then proceeds
automatically to the calculation of the next root. If any, or
all of the roots are approximately known in advance, these
values can be introduced as first trials; otherwise, standard
trial values are used. Using standard trial values, the CPC
takes from twenty to twenty-five minutes to obtain all the
roots of a complex seventh degree equation. Equations. of
lower degree require correspondingly smaller amounts of
time.

The process uses eight-digit arithmetic throughout. With
proper size adjustment of the coefficients of the original
equation the calculations seldom run out of field. The size
adjustment is also done on the CPC with a separate set of
control panels. No data are required except the unadjusted
coefficients, and the process is entirely automatic, taking
about thirty seconds for each seventh degree equation.

THEORY

If a polynomial f(z) is divided by a trial linear factor
(z—2,) and the quotient ¢, (2) is again divided by (2—2z,)
the successive remainders are f(z,) and f'(2,). We give
below the identities involved and at the same time intro-
duce our notation. Note that the degree of f(2) is N — 1.

z2=ux+1y . (1)

N
f(2) = (ap41by) 2P —1. (2)
N
f(z) = <z~zn>2<cp+fdp>zp~2 F(atid).  (3)
N
g (2) = (cptidy) 2. 4)
N
4:(2) E<z—zn>z<ep+if,,)zp—3 b (etil) . (5)
f(s) = 1 + idy . (6)
f(2n) = e2+ifs . (7)

If 2, is a trial root, then the “improved” trial root 2,41
given by Newton’s method is

f(2n)

Bpt+1 = 8n — f’(zn) = Zp + Az, . (8)

Using the notation of (1), (6), and (7), the real and imag-
inary parts of (8) are

_ . (escs + fody)
L= I T+ ()2

_ (die2 — c1f2) _ .
I (ea)? F (fay2 = T A0

= &, + Ax, (9

Y1 = (10)
Synthetic division is used when the two divisions by

(2—2,) are carried out with a desk calculating machine.

The computation form is as shown in Table I, page 88.



TaBLE I

(ax+1iby) (ay—1-+iby—-1)...(az+1b2) (a141b1) |20 + 1Yn

(CN+'idN) (CN—-l'f‘idN—l) e (62+id2) (Cl-l—'ldl)L—-

(ex+tify ) (ew—14ifw—1)...(ea+if2),

where (cp+idp) = (ap+iby) + (cp41+idpt1) (ntiyn),
{P—-"'—N,N"‘l,...,z,l; €N+1=dN+1=0},

and  (ept+ify) = (6p+idy) + (epr1+ifp1) (Xatiyn),

(=N N—1,...,2 exs1=fyss =0} .

The calculations performed by the CPC to obtain (¢;+id;) and (es+if2) are:
(ex+idy) = (ay+iby) + 0 (xnFiyn)
(eny1tifvi1) = 0 + 0 “(Xntiyn)
(exy—1+idy_1) = (ay—1+iby—1) + (cy+idy) *(Zutiyn)

(ex+ifw) (ex+idy) + (ewt1+ifw+1) - (Fatiyn)

(cy—atidy—2) = (ay—_2+iby—2) + (cy—1+idy—_1) (xu+iys)
(ey—1+ify—1) = (ey—1tidy—1) + (ex+ifw) “(#atiyn)

(c2t-ids) = (as+1b2) + (e3+ids) *(#ntiyn)
(es+ifs) = (c3+ids) + (eat-ifs) *(Zatiyn)
(c141dy) = (a1+41b1) + (c241d2) * (#nt-iyn)
(ea+if2) = (c2+1ida) + (es+ifs) *(#at1Yn).

It will be noted that the machine goes through a small number of “zero” calculations.

TasLE II
(A) ,
Field CPC Codes
Selector Special —~—Channel—
Cycle  Level Operation 402 Control A B C Operation
1 9 Total 2 +4
2 8 Total 6> -2
3 7 (cp1%n) — (dpt1Yn) L(p) o e 2
c
4 6 a ’ 73 72 76
5 5 (dp+14n) + (Cpt1Yn) d 2(p) 1
6 4 b, ’ 74 75 773
7 3 (ep+22n) — (fos29n) 82 2
ep+1
8 2 Cp+1 85 84 72 3
9 1 (forexa) + (€p+29n) ‘ 83 1
1
10 0 dpys a 75 3

88
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TasrE I11
(B) _
Field CPC Codes
Selector Special —Channel—,
Cycle  Level Operation 402 Control A B C Operation
1 9 Total 2—» 44
2 8 Total 6> -2
{Total 7- +3} 74 74
3 7 (e2)? 75 75 5
4 6 (f2)*? 74 72 76 5
5 5 - (6201) 75 73 6
6 4 —(fads) 76 6
(e2c1-+f2d1)
7 M S AR TS 84 83 7
ST ey ()
8 2 —(diez) 8 82 6
_ (d1€2—61f2) _
10 0 Yn (62)2+(f2)2 = Yn41 75 8

MAcHINE PROCEDURE

First, the coefficients are loaded into the auxiliary storage
by means of precoded loading cards. A “first guess” card is
now read to supply x, + iy.. Next, an iteration card is read
to cause a series of special program cycles, and to supply
the first value for p, i.e., p = N. Instruction codes are
emitted from the field selector and p is emitted from a
counter of the IBM Type 402 Accounting Machine.

The two basic series of cycles are shown in Tables II
and IIL

Cycle series (A) is repeated once for each complex co-
efficient of the equation, reducing the value of p by one in
each series. When p = 1, the following series is of type
(B). This performs Newton’s correction, zero tests Ax,
and Ay,, and replaces x, with 2,1 and y, with y,4;. This
completes one iteration.

Another iteration card is read, and the whole process is
repeated until Ax and Ay are zero to the desired degree of
accuracy. The unused iteration cards are passed through
the machine, and the root is divided out by synthetic divi-
sion with precoded cards which load the coefficients of the
depressed equation in place of the old equation. The root is
summary punched, and the whole process repeated until all
the roots are found.

CobING

For a complete solution of one equation, coefficient load-
ing cards and a prepunched master deck are required. The

loading cards, of course, are different for each equation.
The master deck differs only with the degree of the equa-
tion.

Fach root of an equation requires three types of pre-
coded cards—a first guess card, iteration cards, and a set
of depressed equation cards.

It should be noted that the channel A and B instructions
must be punched in the card preceding the one on which
they are to take effect. This is because the wiring is from
the lower brushes instead of the upper brushes.

ADDITIONAL CODES

As well as the usual CPC codes, the following additional

codes are required:

1. A code to set up the field selector for emitted instruc-
tions and start special programming. This is a 9
punch in a column not used for anything else.

2. A code to allow the machine to go into special pro-
gram. This is a 9 punch in a column not used for any-
thing else.

3. A code to identify the initial value of p. This is a digit
in a column not used for anything else.

4. A code to identify “first guess” cards. This is an X
punch.

5. A code to clear storage, counters and the 604 at the
beginning of each equation. This is an X punch.

6. A code to cause the results to list. This is an X punch.
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Ficurg 1. T'ypg 604 ProcrAM CHART

Figure 1 shows the programming used in this solution process. The following notations and abbreviations are used:

» m Cawy»

is the entry from channel A into FS 1, 2. means quantity C was not entered on the read cycle, but

is the entry from channel A into F'S 3, 4. was there previously. ]
is the counter with exit into channel C. GS I'and2 means GS 1 and 2 are given an 8-6 assignment.
[term] means it is a natural result of a calculation; without

is the real part of the trial root in GS 1, 2 with exit into the bracket it means the unit must be wired to read in.
402 type bar for printing purposes. RS means reset.
is the imaginary part of the trial root in GS 3, 4 with exit into means multiply + when calculate selector 1 is trans-
the 402 type bar for printing purposes. Mult +1 ferred. .
—3+4a —2 | means multiply — when calculate selector 2 is trans-
- = ferred.
where @ = xxx.00000, BT, means balance test to pick up negative balance selector 1.
a = 000.xxxxx. NZ means non-zero.
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Ficurg 2. DeTAILS OF SELECTOR WirinG ¥or TypE 402

Figure 2 is a wiring diagram of some unusual portions of the 402 control panel. In this diagram the notations and abbreviations are as follows :
means field selector level 9, column 2.
means digit 4 is emitted from the digit emitter.

F92
“4”
P9N1
PI9N2
CoC1

P1-1

means pilot selector 9, normal of upper point.
means pilot selector 9, normal of lower point.

means co-selector 9, common of point 1, numbered from

left to right. -

means the immediate pickup of pilot selector 1.

91

NB2T1
NBI1P
CDCY

LB

X

means negative balance selector 2, transfer of point 1.
means negative balance selector 1, pickup.
means card cycles.

means to_wire additional code 1 (see previous section on
Additional Codes) from lower brushes.

means half after X time.
means program step 58.

(1)
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DISCUSSION

Mr. C. V. L. Smith: How do you determine the first
approximation ?

Mr. Gallishaw: Actually, we do not even try to deter-
mine it. Because of the transformation which we performed
originally on the coefficients, we know that the product of
the roots is going to be somewhere in the vicinity of 1; so
we choose a trial root. Actually, we choose the trial root,
.8 + ¢(.6), which has a modulus identical to the 1 which is
usually attached to one of the middle roots.

We have been equally successful in trying to attack the
smallest root by studying an initial trial root of zero.

Dr. Brown: You mentioned that after the first root is cal-
culated, the machine goes on to the second root. Do you
get the second root by using the same equation, or do you
reduce it to a sixth-degree polynomial from a seventh, etc.?

My. Gallishaw: We reduce it to a sixth from a seventh,
and replace the coefficient to the seventh with the coefficient
to the sixth as we go along.

Dr. Welmers: Recently 1 was attempting to teach a class
in matrix theory that the roots of a polynomial equation
could be obtained as characteristic roots of a matrix. I was
wondering if this particular scheme has found any very
widespread calculational use, or how it compares with the
more direct method indicated here.

Dr. Gross: 1 once had a problem on the CPC involving
many cubics with complex coefficients. When I tried to
iterate the roots by putting the equation in a matrix form,
it sometimes worked out fairly well. In one example, we
had to iterate 200 times to get the roots to separate, even
though the ratio was distinctly different from 1. Only if you

COMPUTATION

knew the absolute values of the roots beforehand, could you
calculate approximately how many iterations would be
needed.

Mr. Lowe: We use quite the inverse process. We derive
by setting up the characteristic function of the matrix and
then get the roots of the matrix.

My. Carter: Do you find it better to start with the smaller
root ? When you divide out the smaller root to get the poly-
nomial of degree one less, it seems to me your coefficients
are going to be more accurate. Consequently, do you not
find it better to start with zero?

Myr. Gallishaw: Generally speaking, we have found that
to be true. Not only does it help in achieving greater accu-
racy in the roots but it also tends to make the coefficients of
the depressed equation slightly more workable in size.

Mr. Lesser: In connection with programming from
counters, I would like to point out that it is probably easier
on a Model II CPC, because top counter read-out elimi-
nates the trouble of getting too many digit impulses out of
the counters for instruction. One can obtain many more
instructions on the field selector than he can when he has to
separate the digit impulses.

Dr. Evans: When digit impulsing as instructions from
the counter, do you get all of the half-after impulses from
the column split control?

Mr. Gallishaw: In this particular case I did not take it
from the column split control, but rather from the emitter
into the comparing unit, comparing it against nothing.

One last comment is that this control panel is also very
useful in evaluating an equation of constant coefficients for
a very large number of values of the unknown, say 1,000.



A Recursion Relation for Computing

Least Square Polynomials over Moving-Arcs

GEORGE R.

TRIMBLE,

JR.

Aberdeen Proving Ground

A METHOD of computing least square polynomials
over moving-arcs is here presented; it requires the retention
of a relatively small number of variable factors in the com-
putations over moving-arcs when advancing from one value
of the independent variable to the next. The method is
based upon a recursion relation which is derived herein.
One consequence of this method is the reduction of the
number of storage registers required.

LEAsT SQUARE PorL,yNOMIALS OVER MOVING-ARCS

Given the finite set of real points (X, Y;) in a plane,
7 =0,1,2,..., N, with equally-spaced arguments X, it is
required to fit an rth degree polynomial,
Yi=y(Xi) = dpo+ 4p1 Xs
+ Ape X2+ ...+ 4, X7, (1)
to the subset of 2n 4- 1 points (X, Vi), 1 = p — #,
p—n+1,...,p—Lpp+1,...,p+n—1p4mn,
by the least square procedure and to evaluate this poly-
nomial at X, the midpoint of the interval (X,_,, Xp4x) all
abscissae of which are on the polynomial given by equation 1.
The arcs of equation 1 thus defined depend upon p and will
be referred to as moving-arcs. Each interval (X,_y, Xp14),
p=nn-+1..., N — n determines a polynomial; the
first subscript in the coefficients 4,4, ¢ = 0,1,2, ..., 7,
indicates the polynomial associated with the interval con-
sidered (Xp—n, Xp4n). A series of such polynomials

Yp=Apo+ Ap1 Xp+ Apo X2+ ... + Apr X},
p=nn+1...,N—n)
is obtained. The N 4 1 — 2x polynomials of equation 2 are
the minimizing polynomials over moving-arcs of equation 1
in the least square sense.
Since the X’s are equally spaced, they can be written as
X; = X+ jh, (7=0,1,2,...,N)
where % is a constant. Then,
X;—Xp=Xo+ jh — Xo— ph
or

(2)

Xy=Xpo+ (G —1)h. (3)

o
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In the interval (X,_n, Xp4n), consider the variable,
Xpi = P — P, (4)
G=p—np—n+1,...,p+n—1,p+n).

By means of equation 4 we can rewrite equation 3 as

Xiz Xp—l—'xp,q:h. (5)

Substituting the expression for X; as given by equation 5
into equation 1, the polynomial becomes
Vi = Gp,0 + p1 Xpi + Qp2 A5t o+ pp 25,0,(6)
G=p—np—n+1,....p4+n—-1p+n)

where, as above, the interval over which this polynomial is
being considered is (Xp.—n, Xpin). In terms of the new
variable x,; this interval becomes, (#pp—n, ¥ppin). The
value of x,,; at the midpoint of the interval (¥ y—n, 1pp1n)
is

1
x,,,,,:E(X,,—X,,) =0;

consequently, the polynomial in equation 6 when evaluated
at x, p becomes

Yo = @p0 - (7)
From this it is seen that only @, ¢ needs to be computed for
the moving-arc procedure.

The least square procedure requires that

2+n
F=)(yn—Y)?
i=p—n
2+n
= Y (po+ A1 ¥pi+oxii+ ...+ QGprah— V)2
i=p—n

be minimized. The well-known necessary condition for F to
be a minimum is

OF _ 9F _ OF _

aapy() - 6(1,,,1 - a(lp,z -

oF

T

=0.

(8)
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Taking partial derivatives, it is found that

p+n

oF .
da - = 22(%.0 + 8p1 Xpi+ Gp2 K5
a,,,o
f=p—n
+...+ap,rx1r),i_ Y’l) (9)
ap p+n
Pl 22p,i(ap,0 + @p1 ¥pi + Gp2 X34
Qp,1
=p N
e T o Y:)
BF p+n
3 = 3 2xp.4(@p0 + Ap1 Fpi + Ap2 X5
Ap,r
+ ...t aprrp— V).
Define .S}, as
p+n p+n n
S = 2.76’,','3 = Z(i—p)”‘ = Zim s
t=p—n i=p—n =1
(m=12...,2r).
It is seen that
st+1=0, (S=O,1,2,...,f—l), (10)
n
528=22i28, (s =1,2,3,...,7),
i=1

where S is defined as
S 0= 2n + 1.
Simplifying equation 9 by means of equation 10 and
applying condition 8 we obtain the normal equations,

ptn
Sopo+0-ap1 + ...+ Sra‘p,r=zyi (11)
i=p—n
240
0- ap0 + S p1 + ...+ Sr+Iap,r = ) Xpi Y,
j=p—n
p+n
S,- p,0 + S,«.H ap,1 + N + Szr Qpr = x,’” Y1 .
' i=p—n
In matrix notation, equation 11 becomes
MA, = K,, (12)

COMPUTATION

-

where

Sy

Se O Sa
( ...Sr+1

0o S O

\Sr Sr+1 Sr+2 -~-S2r 4

Pin

\ x,’,,i Yi

f=p—n

Similarly, equation 7 may be written
Yo = Bd,, (13)

where '
B=(1 0 0...0).

Denote the determinant of M by A(M) and the adjoint

of M by F(M). It follows that

L, _F(OD)
A(M) -
Solving for A4, in equation 12, we obtain
F(M) \
= M-1K. — .
Ay =M K"_A(M) K,. (14)

Substituting into equation 13 the expression for 4, given
by equation 14, we have

F(M) |

y,,=B'A(M) K,. (15)
Examination of F (M) shows that it has the form,
foo O foz ... for
O f1,1 0 e f])r
F(M) = )

fr,O ,;c-r.l ];r,z . . f”.’” ’

that is, fr; = O when & + [ is odd. Also, F(M) is sym-
metric (fy,; = fix). Evaluating the matrices in equation 15,
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00 ... for\ / 2ED
ffo00 ---for\ (%

0 f1_1...f1,,~ t=p—n
p+n
xpiyi
i=p—n
Y A(M)(l 0 0...0) .
p+n

frofra o frr pi L
AW

or
p+n
v )
{=p—n
p+n
Xp,i Y;
1 pin
Vp = m(fo,o 0 fo,2 fo,r) i=p
ptn
254 Y
\i=9—ﬂ /)
or
p+n f p+n
_ !o,o 0,2 2
= ity 0,7 w0y 2
t=p--n f=p—n
f p+n
0,r r
+ 30 Qi Ve (16)
i=p—n

This result given by equation 16 will be utilized later in
the derivation of a useful recursion relation. For use in
hand computations it will be convenient to express equation
16 as

p4n
Yo = Hi pY;,

{=p—n

(17)

where

Hi_, = foo + fo.2 22 4.+ for oy

A(M) T a(M) T A(M)
= 24y * 5 (0" (i G
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Two cases must be considered: (a) r = 2¢, (b) r =
2t 4 1. If r = 2t, the coefficients H;_, become

o =)+ R )

If r = 2t 4- 1, the coefficients H;_, become

oo it b,
since fo2¢+1 = 0. This means that the coefficients H;._, are
exactly the same for a (2¢+1)th degree polynomial as they
are for a (2t)th degree polynomial.

The form of equation 17 is convenient for hand comput-
ing in that when the observed values ¥ are listed in one
column and the coefficients H;_, are listed in the column
next to it, the computing consists of multiplying each term
in one column by its corresponding term in the other col-
umn and summing the 2n + 1 products obtained to deter-
mine the fitted value y,.

Hi_, =

Hi_, =

TuE RECURSION RELATION

The recursion relation provides a method by means of
which results obtained at one value of the independent vari-
able are utilized in the computations for the immediately
following value.

Equation 16 is rewritten as

foo fos
% = 01y Do+ 50y Pre

f( Dy, (18)
where D, ; is defined as

p+n

Dy = (i—p)*Y; (k=1,2,...,2t),
i=p—n
p+n

Dyo = zyi (k= 0),
i=p—n

“and where » = 2f or r = 2t 4+ 1 as previously observed.

At the point X, 4, equations 18 become

Yp41 = Z%%Dpﬂ,o + A{%)*le,z +.
N (1 _foz2e
A(M) p+1,2t ’
with D, 41 being defined as
p+1\+n
Dyi1 = (1—p—=1)*Y;, (k=1,2,...,2¢),
=p+1—n
p+i+n
Dp-l-].,O = zyi, (k = O)

i=p+1~—n
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But,
ptn
Dypy10 = Zyi = Ypont+ Yptita
i=p—n
=Dpo— Yp_n+ Ypi14n. :
Expanding [ (1—p) — 1]% by the binomial theorem, we have
ptn : ‘
-Dp—{-l,k: (1*?—1)"; Y@—“ (—n—l)k Yp_n
i=p—n

+ nk Yp+1+n

P+n
[EM) (i—p)*- fy:l

= (=n=1)FYp n+ 1" Vpi1in

- S () Serron)]

= (=n=1)*Yp n+#* Ypy14n.

Thus, one finds a useful recursion relation

B

— (==Y +n*Ypr14n,

where £ = 0, 1, 2, .. ., 2. From this equation it is seen
that D, 1% can be expressed as a function of D, ,, where
r=20,1,2,...,k with the binomial coefficients and the
two observed values ¥,_, and V14, By use of this rela-
tion, each D, 1 s with & = 0,1,2, ..., 2¢ can be computed,
using the values D, ;, k = 0, 1,2, ..., 2t, computed for the
previous value of the independerit variable, and the ob-
served values ¥V, and Yy 11 10

To see the merits of the method based on equation 19, a
comparison of the two computing methods must be made.
The method employing the expression for y,, as given in
equation 17, requires that each value of Vi,7 = p — n 1,
p—n -+ 2,...,p -+ n be remembered explicitly when
progressing from X, to X, 1. The only new value needed
to compute y,41 15 ¥Ypi144. If an automatic computing ma-
chine is used to perform the computations, 2» storage regis-
ters are required to store the 2un values of V;, = p —n + 1,
p—un-+2,...,p + n, which must be remembered.

The method employing the recursion relation requires
that Dy, & = 0,1, 2, . .., 2¢, be remembered when pro-
gressing from X, to X, 1, where » = 2¢ 4 1. In this case,
two observed values V,_, and YV, , must be introduced
to compute y,.q. At most, » + 1 storage registers are re-
quired to remember the values Dy, £ = 0,1, 2, ..., 2¢

If it is assumed that the various constants needed for the
two methods can be generated by the machine and present
no problem, a comparison of the number of storage registers

(19)

COMPUTATION

required by the two methods shows that the recursion
method is best by this criterion, as long as 7 4 1 is smaller
than 2n. Since 7 is the degree of the polynomial and 2»n 4 1
is the number of points over which the polynomial is being
fitted, » is always less than 2n + 1. The values of 7 for
which the recursion method is not the best method are

2n—-1=r<2n+1. (20)
Because in practice the number of points used in determin-
ing a best-fit polynomial is usually much larger than the
degree of the polynomial, the cases indicated in condition 20
will occur infrequently.

Thus, the recursion method makes it possible to perform
on automatic computing machines computations involving
large numbers of points on moving-arcs which could not be
carried out so effectively using manual methods.

APPENDIX

[llustrative Example of Use of Recursion Method

Forr = 2 (or r = 3), and » = 12, the constants are
foo = 467, foo = —5,and A(M) = 5175. From Table I,
the following are obtained:

TaBLE 1 25
»i Yz D13,0 = zyi
1 121121 i=1
2 121232 = 3067.840
3 121279 25
4 121341 | Dyg, = z(i—ls)yi
5 121402 =
6 12148 = 218428
7 121575 o5
8 1273 | poo N o13)2y,
9 121.845 e
10 121997 = 159,774.308
11 122163
2ol = stz (467D1s0 ~ 5Dis2)
14 122692 = 122.475
15 122884 Diso = Dizo— Y1+ Y
16 123.001 — 3072.198
17 123206
18 123412 Dis1 = Dis1 — Diso + 13Y1 4 12V 5
19 123.655 = 230.909
20 123.891 Diss = Dizs — 2D131 + Diso
21 124115 — 1697, -+ 14475
2 124352 .
23 124.608 = 160,004.819
24 124.883 1
25 125132 Yi¢ = 5775 (467D1s0 = SDis2)
26 125479 = 122,646
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DISCUSSION

Dr. Berkowitz: Do you actually compute the coefficients
of the least square polynomial ?

Mr. Trimble: No, the coefficients of the polynomial are
in no way determined directly.

Dr. Herget: This is essentially a smoothing process, is it
not?

Mr. Trimble: Yes.

Dr. Herget: 1 don’t quite see where we got from 25 to 3.
Do you mean a polynomial of the third order is supposed to
go through 25 points?

My, Trimble: That is correct.

Dr. Aroian: What do you do if you want to go to higher
degrees—say 4, 5, or 6? Do you change your degrees or do
you just decide on 3 and stick with it?

Myr. Trimble: We decided on 3, for our particular case,
from experimental data.
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Dr. Aroian: The point is that you might use orthogonal
polynomials which permit you to go to higher degrees with-
out recomputing equations. There are two types of tables
prepared for these: either the R. A. Fisher or Gram-
Charlier tables.

Mr. Trimble: We have used orthogonal polynomials for
this process. But even then you must remember each of the
25 values observed separately to get the coefficients for the
polynomials.

Mr. Waddell: We have set up this orthogonal polynomial
problem and use it continually. By means of Fisher’s tables,
we use from 21 to 67 points in remembering all the values
inside the machine. It works very fast and very neatly on a
Model 1I CPC.

Dr. Hurd: You mean you have one programmed deck
which applies to either 21 or anything up to 67 points?

My. Waddell: Yes, that is correct.



Numerical Solution of Second-Order Non-Linear
Simultancous Differential Equations

HENRY 8S.

STABILITY problems in aircraft design often involve
solution of non-linear simultaneous differential equations.
For example, the evaluation of the longitudinal stability
characteristics for a towed airplane involve the solution of
equations of motion which are of the type mentioned above.
Basically, the system can be represented as a compound
pendulum. with two degrees of freedom, i.e., a rigid body
connected by a cable to a fixed horizontal axis. The rigid
body has acting upon it not only the force of gravity W, but
also the aerodynamic forces of lift L, and drag D, a thrust
force T and an aerodynamic moment M. The rigid body is
so suspended that it is free to rotate about a fixed horizontal
axis through point O and about a horizontal axis through
point H and normal to the X — Z plane as shown in Fig-
ure 1. The assumption is made that some tension always
exists in the cable OH; if any slack is allowed in the cable,
then the aerodynamic characteristics of the rigid body will

WOLANSKI

Consolidated Vultee Aircraft Corporation, Fort Worth Division

*

be identical to those in free flight, and the equations derived
for the system will have no physical significance. The pur-
pose of this paper is to present two numerical methods by
which a solution can be attained. A further aim of this
paper is to compare the methods used and to show the effect
of an interval At on the results obtained.

Drrivartion oF THE Eguations oF MorioN

In deriving the longitudinal equations of motion for the
system, the Lagrange equation 1 of force,
d [T T oW,
di| 85 | s T os
where, s = generalized coordinate
T = kinetic energy of the system
W, = virtual work of the system

t = time

(1)

Horizontal
Reference

Ficure 1. Ricip Bopy CoNNECTED BY A CABLE To A Fixep Horizonrar, Axis

98
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expressed in terms of energy was used, because it was more
convenient to deal with the energy of the system. From
Figure 1 it can be seen that the coordinates of the center
of gravity ¢ of the rigid body are:

x = —lcos¢p — bcosd (2)

2= lsing 4 bsinb. (3)
The velocity of the center of gravity c¢ is then obtained by
taking the time derivative of these coordinates, i.e.,

#= —lcos¢ + I sin ¢ + bé cos 8 (4)
2= lsing + lpcosd+ bfcoso. (5)
Then
V2= x? 4 32 (6)
V2 = I2g2 + 1262 + 2 + 2ib¢f cos (6—¢)
— 2ib6 sin (—¢) . 7)

Now, cable length is defined in terms of constant reel-in
velocity » and time ¢ as follows:

=—/wdt=—wt+l0 (8)

Il=—o
so that the velocity of the center of gravity ¢ can be written
as

or

V2 = 122 + 0262 + o + 2bwf sin (60— ¢)
+ 21b¢b cos (6—¢) . (9)

The kinetic energy of the system is equal to

= %I:mV‘? + Iyyé2:]

= %{m [1%2 + 5262 4 2 + 2bob sin (6—¢)

+ 2ib36 cos (a—¢):| + Iwé2} . (10)

By use of the assumption of small virtual displacements,
the expression for virtual work can be written as

3We= —Lcosy (82) — Lsiny (8x) — D cosy (8x)
+ Dsiny (82) + W (82) + T cos 6 (8x)
— T'sin 6 (82) + M (86) , (11)

where

8x = lsin ¢ (8¢) + b sin 6 (89)
32 =1lcos¢ (8¢) + bcos b (36).

Simplifying equation 11 gives the following expression for
virtual work:

MW= [—Llcos (y—¢) + Disin (y—¢) °
—Tlsin (6—¢) + Wlcos ¢] 8¢
+ [—Lbcos (y—8) + Db sin (y—9)
+ Wbcosb+ M) 86. (12)

99

Combining the kinetic energy equation 10 and virtual work
equation 12 in the Lagrange equation 1 will give the final
equations of motion.

For the degree of freedom in. ¢, e.g., s = &,

— %g = mubf cos (6—¢) — mibpfsin (6—¢)  (13)
and

‘% = mi2p + mlbf cos (6—¢) , (14)
from which
d (oT\ _ _ . oy S rp w
Ef(b?) = —2mol¢ + ml2¢ — mlb6sin (6—¢) (0—9)

+ mlbl cos (0—) — mwbbcos (0—¢)  (15)
so that the equation of motion becomes

mlp = — m[—20¢ — b62sin (6—¢) + bb cos (6—¢)]
+ Wcos¢p — Lcos (y—¢)+ Dsin (y—¢)
—Tsin (6—¢). (16)

Similarly, the equation of motion for the degree of freedom
in 6, e.g., s = 6, can be found to be

(I, + mb2]6 = —m[Ibg? sin (0—¢) + Ib cos (6—¢)
— 2bo¢ cos (0—¢)] + Wbcosb
— Dbsin (§—y) — Lbcos (0—y) + M. (17)
The induced angle y is defined as

—2

Y=m, (18)

whereby, using equations 4 and 5, we arrive at the ex-
pression

_ wsin ¢ — Ip cos ¢ — b cos 8
Vo~ wcos ¢ + I¢ sin ¢ + b6 sin 6 '

Y (19)

The values of lift L, drag D and pitching moment M used
in the preceding equations are defined as

L = (Cp,a Cry + Cy 8)gs (20)
D= (Cpaoz + Cpy)as ' (21)
M = (CMa‘z+CM0+ CM(? O)qs (22)
where
_dCL ..
C Ly = 5y = lift curve slope

Cr, = lift coefficient at zero angle of attack

aCr,

Cr; = — = rate of change of lift coefficient with
pitching velocity
aCp . .
C Dy = g = rate of change of drag coefficient with

angle of attack
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Cp, = drag coefficient at zero angle of attack

Cu. = "% = static longitudinal stability

Cu, = pitching moment coefficient at zero angle of attack

égéli = damping in pitch

Cus =
PY:

q= %pV2 = dynamic pressure

§ = wing area

It can be seen that the equations of motion (16 and 17)
are second-order non-linear differential equations which
have to be solved simultaneously in order to obtain a time-
history plot of the motion. To express a solution in elemen-
tary analytical form would be very difficult, if not impossi-
ble. It then becomes necessary to use a series or some other
approximate method to obtain a particular solution.

MEgrHODS FOR NUMERICAL SOLUTION

The two methods used in obtaining a numerical solution
are based on those outlined in detail in reference 1. Basi-
cally, both methods are step-by-step solutions where the
values of the dependent variables are calculated one after
another for a sequence of equally-spaced values of the inde-
pendent variable ¢. It is assumed that the functions f; and f;
satisfy all requirements necessary to insure the existence of
unique, continuous, differentiable solutions of the form
6 = f1(t) and ¢ = f2(t) throughout the interval consid-
ered.

The problem consists of a pair of simultaneous differen-
tial equations of the second order

'0' = fl(ar ‘#) é’ ¢': ‘q'b’ t) (23)

b=1F(0,664 6t (232)
in which the dots denote differentiation with respect to the
independent variable ¢ The iterative and more accurate
method of the two consists essentially of predicting the
values of the first derivatives using the “prediction” equa-
tions which are numerical integration formulas for a fourth-
degree polynomial:

Ongr = Ons+ % At (26, — Op_y + 26,_2) (24)

frir = oo+ T A2~ Ba 2 (240)

Next, the dependent variables are computed by numerical
integration using the expressions

Opit1 = Opy + % At(Bpy1 + 460 + 601) (25)

COMPUTATION

' 1 . . N
$nt1 = a1t 3 At($nt+1+ 4n + fu—1) (25a)

which are based on Simpson’s rule. It is noted that the solu-
tions for the values of 0,41, ¢ni1, én+1 and ¢,41 are ob-
tained independently for each of the differential equations
23 and 23a just as though it were a single equation. But
now in computing the second derivatives of 6,1 and ¢n+1
from the differential equations, the solutions are carried out
simultaneously. Having found the values of 6,1 and $p41,
the first derivatives are again computed, this time using the
expressions for numerical integration given by Simpson’s
Rule

buir = Bums bz A Brgs + 4 + ) (26)

b1 = ¢n—1+§At(¢n+l + 4¢n + bn—1) - (26a)

These formulas are known as the “correction” equations.
The values of 6,,; and ¢,41 obtained by the “prediction”
equations are subtracted, respectively, from the ones ob-
tained by the “correction” equations. If the difference is
significant within the desired accuracy, the above process is
repeated using equations 25, 26 and 23 with the exception
of computing new “predicted” values of 9n+1 and ¢y 11, be-
cause the previous values obtained from the “correction”
equations are used as the new “predicted” ones. This itera-
tive process continues until two successive values of the
first derivatives are the same, that is, until convergence is
attained. This completes the necessary computations to ob-
tain the values of the dependent variables at one value of
the independent variable ¢. '

To apply this method to the system represented by Fig-
ure 1, it is necessary to have a set of initial values of 6, ¢,
0, é, 6 and ¢ at some time #¢ and also at the times ¢_q, f_»
and ¢_3. These initial conditions are arrived at as follows:
the rigid body is displaced from its equilibrium position to
some arbitrary position where § and ¢ will have the same
value and all the derivatives of these functions are then con-
sidered to be zero.

The instant at which the body is released from the arbi-
trary position is considered to be the initial time £y. There-
fore, the initial conditions and those previous to the time £,
are known. For example, in the case under consideration,
the specified conditions are:

atn =0,t, =0,

0,, = 0,,_.] = 0,,_2 = 0n_3 = 1 radian
¢n = Pn—1 = Pn—2z = Pp_3 = .2 radian
én = én-—-l = d;n = (}f‘n——] =0

bn = én—-l =b’$n - ‘.j’n—l =0.
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Since this is an iterative process, the assumption of éo and
¢o equal to zero is valid, and convergence to the correct
values will be attained. The step-by-step computations are
carried out until a sufficient range of the independent vari-
able ¢ is obtained to show the time-history plot of the de-
pendent variables 6 and ¢.

The second method is a much simpler, approximate one
which is based on the numerical integration equations

Opi1 = Oy_1 + 24186, (27)
bu+1 = Pu—1+ 28t s (27a)
Bpss = On_y + 221 6, (28)
br+1 = bn_1+ 24t ¢y (28a)

The computing procedure is self-evident, once the initial
conditions have been established. The initial conditions at
the time £, are identical to those given for the first method,
with the exception that the second derivatives of 4 and ¢
cannot be considered as zero. Using the differential equa-
tions 16 and 17, these second derivatives are computed
at the time ¢y, and then the values for the functions and the
first derivatives at #,,; are computed using equations 27
and 28. Thus, at each value for the independent variable,
the dependent variables and their derivatives are computed
without involving any iterative process. As in the first
method the step-by-step calculations are carried out until
the desired range of ¢ is obtained.

Control Panels

The solution of these differential equations involves a
small card volume and many mathematical operations so
that the use of an IBM Type 604 Electronic Calculating
Punch is inadvisable for this problem. The nature of the
problem is such that it can be readily planned and solved
using the IBM Card-Programmed Electronic Calculator.
The mathematical operations necessary are the simple
arithmetic operations of addition, subtraction, multiplica-
tion and division, including the trigonometric functions of
sine and cosine. A standard CPC-function panel perform-
ing these operations using eight-digit factors was available
so that it was not necessary to wire special control panels.
Thus, setup time for this problem involved only planning
the equations and method of solution for card programming.
The design of the CPC-function panel is based on an IBM
diagram with a modification in computing the sin /6 and
cos 0 series. The IBM diagram predetermines the number
of terms to be computed for each series, while this panel is
wired to compute as many terms as necessary until the nth
term is zero. The decimal positioning is such that six deci-
mals are obtained in handling eight-digit factors; therefore,
the sin 6/0 and cos @ functions are accurate to the sixth
decimal.
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Discussion of Results

For the particular condition investigated when the values
for force of gravity, aerodynamic forces of lift, drag and
pitching moment were introduced, the equations of motion
(16 and 17) become

1¢ = 20¢ + 18.76 62 sin (6—¢) — 18.76 6 cos (6—¢)
+ 322 cos ¢ — 175.5 a cos (¢—v)
— 219 cos (¢—y)— 15.5 a sin (¢—7v)

+ 3225 sin (¢—y) — 1.862sin (8—¢) (29)

6 = —.04851¢% sin (6—¢) — .0485 I cos (6—¢)
—+ .097 o¢ cos (§—¢)—+ 1.563 cos § — .752.a sin a
-+ 01567 sin &« — 8.5 @ cos « — .1061 cos a
— 3la+4 .0531 — .0536 4, (292)

where the term (Cp, gs) 6 from the lift expression was
omitted from both equations of motion since Cr; ~0. From
Figure 1, « is defined as being equal to § — v; it has also
been introduced in the above expressions. The constant
reel-in velocity o was considered to be zero so that the
equation for y was simplified to the form

_ —lg — 18766
Y= 383 (30)

with o being zero; the cable length remained a constant.

To obtain the best possible accuracy, the iterative method
was tried first. In planning the instruction cards, enough
iterations were used so that convergence would be attained.
This amounted to an instruction deck of 625 cards for which
one data load card for the initial condition was necessary.

At each t, all the values of 6, ¢, 6, ¢, 6, and ¢ for n, n—1,
n—2 and n—3 were listed so that the computing could be
stopped at any point for any reason and started again by
merely reloading the listed values.

Computations were carried out for intervals of .1 and .01
seconds for the independent variable ¢. These results in the
form of time-history plots of the motion are shown in Fig-
ures 2 and 3, respectively. From Figure 2 it is apparent
that because of too large an interval in the independent
variable £, the numerical integration of the first and second
derivatives of § and ¢ is inaccurate. This is especially true
when the derivatives approach maximum or minimum val-
ues, since three-point integration does not approximate the
curve well enough. Improvement in the results was ob-
tained by decreasing the interval to .01 seconds. These re-
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sults are shown in Figure 3. Although the curves in Figure
3 show no scatter, some inaccuracy does exist but is of such
a small magnitude that it is not detected on the scale to
which this plot is made. Increasing the accuracy of the re-
sults by decreasing the interval is done at the expense of
increasing the amount of computing tenfold since ten times
the number of points have to be calculated to cover a given
range in the independent variable f. At times this may be
necessary in order to obtain accurate enough results from
which a period of oscillation and other stability character-
istics of the motion can be determined.
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COMPUTATION

An alternate approach to increase the accuracy in the
final results is to use more accurate formulas for integration
rather than decreasing the interval. Five-term integration
formulas exist; these are exact if the polynomial is of the
seventh degree. This approach was not tried because the
method using the three-point integration equations made
use of all the storage capacity available in the CPC. Any
other higher order integration equations would have needed
more storage capacity than is available,

Another method which can be used to improve accuracy
and eliminate any excessive scatter is to apply an averaging
process to the results. This can be accomplished by one of
two means. One approach is to stop the calculating and plot
the results in the region of the scatter, and then “fair out”
the inaccuracies. This has to be done for the functions and
their derivatives. The faired values are then used as new
initial values, and the computations are continued until
excessive scatter appears again. The other approach is es-
sentially the same with the difference that the “fairing out”
is incorporated in the instruction cards as part of the com-
puting procedure. The method of least squares can be used
as the means for “fairing out” scatter. The former method
was used because it was felt that changing the instruction
cards was not warranted.

Since the first method for the solution of the second-order
non-linear simultaneous differential equations used a large
number of instruction cards, an investigation was made to
see if a much simpler method could be used which would
give the desired accuracy and decrease the computing time.
Computations for the second method were carried out for
the same two intervals as for the first method. These results
are shown in Figures 4, 5 and 5A. Although decreasing the
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interval improved the final results, the simple integration
equations were still inadequate to give accuracy throughout
the whole range of the independent variable ¢. The error is
inherent in the integration formula used, so that attainment
of any great accuracy is impossible. Then, too, this being a
non-iterative process, any error accumulates until the re-
sults become of no significance. The second method was
card programmed in an instruction deck of 110 cards. As in
the first method, only one data load card for the initial
condition was necessary.
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SUMMARY

Two methods for the solution of second-order non-linear
simultaneous equations are presented. They are, basically,
step-by-step solutions where values of the dependent vari-
ables are computed at equally spaced values of the inde-
pendent variable. One of the methods is an iterative process
of predicting and correcting the dependent variables and
their derivatives at a chosen value of the independent vari-
able until convergence is attained. The other is a much
simpler method which involves no iterative process, but
whose accuracy wholly depends on the interval chosen.

A derivation for the equations of motion for the case of
a towed airplane is presented to show how the physical
system can be interpreted mathematically. Reasons are also
given for using a particular CPC-function panel and IBM
computer.

The final results showing the effects of the interval
chosen and the methods used are presented as time-history
plots of the dependent variables  and ¢. From these plots
it can be surmised that in order to obtain the desired accu-
racy it is necessary to use the iterative method which em-
ploys at least three-point integration formulas. But then,
too, it may be necessary to choose a smaller interval for the
independent variable or use an averaging process to “fair
out” the scatter of results. Greater accuracy can be attained
if higher order integration equations are used.
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DISCUSSION

My. Sheldon: 1 would like to make a remark about sta-
bility. I know of three types of instability which can occur
when you solve a differential equation step by step.

One is that the original differential equation may have
solutions which ‘tend to infinity in the direction in which
you are integrating, when you want a solution which tends
to zero. Thus, any small error you make will increase ex-
ponentially, and eventually obscure the solution.

Another type of instability is that which is obtained when
you replace the differential system by a difference system of
higher order than the differential system. In this case, the
difference system may have solutions which have nothing
whatever to do with the differential system, and these may
increase exponentially.

The third type of instability is the type you sometimes
get in partial differential equations, when you have hyper-
bolic and parabolic systems.

You have to be very careful to make sure that the in-
stability you find as a result of your solution is not just due
to your numerical technique. It may not really be inherent
in the physical problem.
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Mr. Carter: 1 would like to add to Mr. Sheldon’s remarks
that the stability may depend upon different difference
equations that you might choose.

My. Von Holdt: At Los Alamos we solve quite a few
differential equations and simultaneous systems. We usu-
ally start them off with the Runge-Kutta method of smaller
intervals, which involves four iterations to get fourth-order
accuracy. Then we switch to the Milne method. We also
have a little trick; we know that each of the predicted and
corrected values has a certain value, which is a particular
coefficient times the fourth derivative. If the interval is
assumed small enough so that these fourth derivatives, at
two intermediate points somewhere, are approximately the
same point or the same value is obtained, then the error of
the corrected term is 1/29th in the fourth derivative. This
error is the difference between the predicted and corrected
term and can be added to the corrected term to get a still
more accurate one. If the estimate of the error gets too
large, we cut down to a smaller interval, and usually have a
Runge-Kutta deck right at nand to do this. When the in-
terval has been cut, we start off again with about four
points by the Runge-Kutta method and switch into the
Milne method in a smaller interval. To double the interval
is much simpler, of course.

Dr. Herget: Taking a look at the number of oscillations
that there were in the solution, I am quite confident that
200 points are sufficient to do a good job. The intuition
with which I approach these things is concerned with the
radian measure of an interval of time, and what is needed

COMPUTATION

is something of the order of magnitude of between a tenth
and a hundredth of a radian for one of these oscillations; so
I am confident that 2,000 points were not needed, as against
200.

I am always irritated by mathematicians who teach their
students Simpson’s rule and point out how tremendously
accurate it is, because it is accurate to 1/90th of the fifth
difference. What should be pointed out is that there always
exist completely general formulas, which were known to
Gauss and to which all those who highly respect Gauss in
every other field never pay any attention !

Aside from those remarks, I would like to make another:
In astronomy it is generally a theorem that the best way to
solve problems is in rectangular coordinates, the reason
being that »# = 7 cos § and y = r sin 6 and it is not neces-
sary to look into any trigonometric functions if you deal
with x and y.

Mr. Madden: We had a problem a good deal like this
which gave rise to equations like these, and we had consid-
erable trouble working at them blindly. We found that one
of our angles was oscillating from minus 50,000 radians to
plus 50,000 radians in a space of five hundredths of a sec-
ond. Because of the nature of the problem, we were unable
to cut down the interval; we had to keep our interval at this
.05, and in the light of Dr. Herget’s remarks we found that
when we converted to rectangular coordinates, this oscilla-
tion dropped out immediately, and apparently a solution
was quickly obtained.
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CURRENT computational literature is replete with
many descriptions of methods for matrix inversion (see Ref-
erences). Gutshall® points out the necessity for further sta-
tistical study of types of matrices which may be subjected
to numerical inversion and suggests, also, a comparative
study of known methods of inversion. Dantzig? demon-
strates in his simplex method a recurring need for obtain-
ing the inverse of certain matrices to compute optimum pro-
grams. In fact it is his request for a simple, fast procedure
for inversion of large order Leontief-type matrices that led
to the technique presented in this paper. The procedure,
while using the standard elimination method,3#4:11,12.15 3]
lows for simple and continuous processing of cards through
a reproducer, the IBM Type 604 Electronic Calculating
Punch, an accounting machine (for checking), and a second
reproducer. This cycle is repeated N times to invert an Nth
order matrix. The size of the matrix is not limited, and the
four machines are operated continuously without change of
control panels.

Consider the matrix equation, 4X = I, as describing a
system of simultaneous linear equations in the #’s. By sim-
ple operations (multiplying equations by appropriate con-
stants and combining with other equations) it is possible,
provided A is non-singular, to reduce the system to one in
which the coefficient of X is /. In this case, the right-hand
member of the matrix equation is reduced to the inverse of
A. Thus, in the elimination method one starts with an aug-
mented matrix composed of the original matrix, 4, and the
unit matrix, /. As the original matrix is reduced to the unit
matrix, the original unit matrix is simultaneously reduced
to the inverse of the original given matrix. This reduction
may be carried out one column at a time. After & — 1 col-
umns have been reduced, the procedure involves dividing
the kth row by ax (to obtain 1 in the kth column) and then
subtracting the product of this result with the appropriate
constant, a;;, from the ith row so as to obtain zero in the

o
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kth column of the ith row. This latter subtraction is carried
out for all ¢ %4 k. Columns of the unit matrix numbered
greater than k are unaffected. The kth column is, in general,
completely changed. Thus, N2 elements enter the computa-
tion at any one cycle. In the present procedure the kth col-
umn (or vector) of the left-hand part of the reduced matrix
is not written, because its value is known automatically. In-
stead, it is replaced by the kth column (or vector) of the
right-hand part of the augmented matrix after this step in
the reduction. By selecting the appropriate formula to use
(aslisted in step 3 of the next section ), the 604 actually brings
in vectors from the unit matrix as needed. The same ma-
chine is used to allow the matrix elements to be reordered
after each step in the elimination so that the new pivotal
row is on top and the new pivotal column is at the left.
Thus, intermediate row and column sorting is entirely
eliminated. It is through the elimination of all collating and
this type of sorting that the present more rapid machine
procedure becomes possible.

The accounting machine is used for checking purposes.
The checking operation must be looked upon as occupying
one step in the continuous flow of cards through the four
machines. Processing would not be appreciably accelerated
if this check were omitted, because all machines are running
simultaneously. It is important to point out, however, that
the checking procedure augments the original N? cards to
N? + N cards.

MAcCHINE PROCEDURE

The original Nth order matrix a;; is punched on N2 cards,
one element together with the identifying i and j to a card.
An additional row of check sums is appended to the origi-
nal matrix. These values are defined by

$; = I—Eaﬁ .

4
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A ten-digit fixed decimal system is used (two integers and
eight decimals). Data are punched as follows:

Columns Data
1-3 Number of row (7)
4-6 Number of column (5)
10-19 Value of element (a;;)
20-29 Value of element (a;;)—First card only.

In all cases minus signs are carried as X-punches over the
right-hand digit. In addition, elements of the first row are
identified with X and Y punches in column 1 (denoted
XY1) to indicate the pivotal row; elements of the first col-
umn have XY7 punches to indicate the pivotal column.
Elements of the row of s; are identified by XY 13 punches.
The 521 punch unit is used to supply subsequent X and Y
punches as needed.

After the cards are prepared and sorted to row within
column, the first column is gang punched as listed in step 6
below. After this preliminary step, the following six steps
are repeated N times to obtain the inverse:

1. Reproduce the values of ¢ (columns 1-3) and a;; (col-
umns 10-19) from the leading N+1 cards (with identify-
ing XY7) into each N+1 of the remaining N2—1 cards.

Read (XY7) Punch (NXY7)

Digits of 1-3 1-3
Digits of 10-19 20-29

This means that an element in the ith row of the leading
column will now appear on the same card with-all other
elements of the ith row of the matrix. As a variation, the
value of a;; to be reproduced may be read from either col-
umns 10-19 of XY7 cards or from columns 20-29 of NXY7
(no XY7) cards which have already passed through the
punch side of the reproducer for this step. Thus, in practice,
the operator starts with the N1 cards bearing the desig-
nator XY7 in the read feed and all others either in the
punch feed or immediately available thereto. After repro-
ducing the values from the N+41 cards, both stackers are
“emptied. The 2(N-+1) cards are placed together in the read
feed and 4(N+1) cards are next obtained from the two
stackers. As soon as a sizable group of cards is generated,
one may take the cards from the read stacker to the next
operation process at the 521-604 while continuing to repro-
duce values from the cards which came from the punch
stacker of the reproducer.

In both cases a comparison check is carried on all repro-
ductions. In addition, the reproduced value of i (columns
1-3) is checked for double punches. The reason for the
reproduction of ¢ is apparent at step 3 following.

2. Place a blank card having a different distinguishing
color and XY1 punches after the last card processed in
step 1.

COMPUTATION

3. Calculate values of by; and ¢; according to the follow-
ing formulas. For complete generality assume that k—1
steps in the inversion process have been completed, and
that the matrix is in order of row within column as given in
the following array:

Ay, % oo Oy o.. QpN Qg1 Age,i—1
Q% wee Q4j

ay,x

Sk T Sp—1
ay,%

Ar—1,% Ag—1,k—1

Valuesof b;and ¢ = 1 — Zbﬁ are computed by:
7

bre = -l— pivotal element XY1, XY7
e, %

big = — — i, fori#k pivotal column NXY1,XY7
.k

by s = A, j . . v7

ki = + P forj#k pivotal row XY1, NX

k%

bij = iy — %i G, forifhi#k NXY1, NXY7

.k

R

2 check, pivotal column NXY1, XY7
.k

tj=s5—2l. g,  forigk check other NXY1, NXY7.

Ok, %
One observes that the computation for #; is identical with
that for b;; where ¢ 5« k. The values computed are punched
directly into columns 30-39 on all NXY1 cards. For XY1
cards, however, the values are stored and punched on the
following XY1 card. This results in the array of values.
shown in Table 1.

Notice that no b is punched on the first card. The addi-
tional card of step 2 was added to obtain the last value. In
addition to the above calculations, the following operations
are performed simultaneously on the 521:

a. offset gang punch digits of columns 4-6 into 7-9,

b. . offset gang punch XY1 into XY4,

c. gang punch XY7 into XY7 on the XY1 card follow-

ing an XY7 card,
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TaBLg I
bk,k .. bk,j——l bk.N—l bk,N bk,k—2 bk,k—l
bk+1,k bk+1,k+l bk+1,,’l bk+1,N bk—l—l,l bk-}-l,k—l
bk ‘ big b, v bi1 bip—1
byx
2 Y tp—1
b,k
br—1k  br—1k41 br—1,5 bi—1,¥ br—1a o br—k—
d. emit XY10 into cards fOllOWiI‘lg the XY1 which fol- bk+1,k+1 bk+1,N bk+1'1 bk+1,k
lows an XY7; stop the XY 10 emission after the next . .
XY1 card.
It will be observed that these operations result in a column by rs1
identification of the last card (the card added at step 2). As bt con Iy 4 R 8
yet there is no row identification, but this will be supplied bik+1
by step 1 of the following cycle. If needed for a visual check,
it is easy to remember that the unidentified row is one . . . .
greater than the column number which is already on the br,x+1 ver buy b cer brg

card. It would also be possible to prepunch the row identi-
fication before step 2. This would involve a simple consecu-
tive-number deck.

4. Tabulate and list N lines with the following data:

k (read from first card of column)

S

[

t
¢ +zbw
i

This tabulation is used to check the accuracy of the previous
steps. The last value should differ from —1 by no more
than an acceptable rounding error. One has a choice here of
checking each column separately or else the entire matrix
as a whole,

5. Remove the first card, for which no further use is
made. Take the next N+41 cards and place them at the end
of the deck. This leaves the cards in the following array:

6. Reproduce into a new set of cards (or tumbled cards
already half utilized).

Punch Read
Digits of 1-3 1-3
Digits of 7-9 4-6
30-39 10-19 on all cards and also into
' 20-29 from XY4, XY10
XY4 XY1
XY10 XY7
XY16 XY13

At the same time, gang punch from columns 10-19 of
XY1, XY7 card into columns 20-29 on all NXY1, XY7
cards.

The new set of cards will be in such order that the
pivotal row is on top, the pivotal column is to the left, and
elements of both are marked with proper identifying X and
Y punches. Thus, these cards are ready to process through
step 1 of the following cycle. After N cycles the values ob-
tained at step 5 give the required inverse.

SoLUTION OF EQUATIONS

To solve a set of linear simultaneous algebraic equations,
the procedure outlined above is only slightly modified. The
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same control panels are used without any changes or addi-
tional wiring. The original matrix of coefficients is aug-
mented by the vector of constants and row of negative sums
of column elements for checking. Thus, one starts with a
matrix of (N41)2 elements. After step 1 on each cycle, the
first N+1 cards (XY7) are discarded. Therefore, the
cards, which pass through the 604, number N(N+41),
(N=-1)(N+41), (N=2)(N+41),...,1(N+1). At step 4
the check value is approximately —1, —2, ..., —N on the
successive steps and should differ from these negative in-
tegers by no more than an acceptable rounding error. At
step 5 the first card is removed. No other rearranging oc-
curs. Finally, one obtains the solution of the simultaneous
equations as a vector accompanied by a check sum. This
procedure should take approximately half as long as the
inversion procedure.

SUMMARY

The inversion procedure outlined above is believed to he
faster and easier to perform than other methods now in
common practice. Further inquiry should be made of the
applicability of this procedure to a floating decimal calcula-
tion; also to matrices involving complex numbers.2

For large-order matrices this procedure may be used to
process cards continuously from one machine to another,
keeping all machines in operation simultaneously. For
small-order matrices, the number of cards is insufficient to
keep all machines running. In this case, all cards would be
processed on one machine at a time. Several matrices could
be inverted at the same time.

It is possible to perform steps 1 and 6 on a single IBM
Type 519 Document Originating Machine with only one
control panel, if a control punch has been emitted onto the
cards at step 3. This modification would be useful for han-
dling low-order matrices.

If desired, it is also possible to handle a row check similar
to the column check. In this case, the check sum is defined

by:
S = -1 -—E Qi

i
The Appendix contains the program for the 604 and the
wiring diagram for the 521.
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APPENDIX

Norr oN PROGRAM SUPPRESSION: Programs are suppressed
without balance test through calculate selectors as follows:

Programs Calculate Selector
1-37 6T
38-43 2N
44-56 : 6N

On programs marked suppress PB, the wiring is for sup-
press on positive balance through calculate selector 6N.
Suppress without balance test is wired through 6T. Corre-
sponding wiring occurs for NB.



NO

SUP.|

SEL,

FACTOR STORAGE

i

COUNTER

GENERAL

STORAGE

ONDITION:

S

Sea

T4,

! (5-6)

i (8-6)

> x

<<
NNPS

xr ]
ny 7|

vxy T
xr7

wxvl
7174

READ)

[4
{

s 2524

Cors 10-11]

Al

fmir ]

RI-4

X

X

£a Bar Tesr

X

X

RR

X

Ra

RI 6

K0

RL

gL

V. 0]

PB,

PR

RI

£0 3

Rl

o [ |nfo o |n e e

RI-3

RO

SRR

RI

RI=

L0

PB

RL

LA

NAR

). 781

RO

PU Neg. Bar Ser.

Rl &

£a

NB.

RI 4

rA

PB

£0_

rLE

V. o)

RL 2

Divine

RO

RR

RI

RLE

y.Z0]

LA

Divine

24

LR

RO

RI 5

NB

RL

NE.

RO

RIL 6

gL

£

Divioe

RO

LR

NE.

7 2

). 40

NB.

PR 6

V.4

NB

L

RQ

NB

PR 2

RI

e b b b b be be b b bt B bbb be e be be be b pe b b b pe e e b e

“lialura

RI

RQ

2L

RO

NB.

NNT

V.

L0

NB

NT N

LRI —

0

B D P b Do Be b PP Be B OB Beobe PP B B BB BB B e PeoBe e be B BB P PP

P PC X B Peope b PP B¢ P O PKOROPROBOPe PP B e Deope BROPROBX P Be BB PO B

I NN

RI —

777

I —

RO

NB,

TNT

rRI

RQ.

NEB.

77 N

LI

be b B <

36

SH

Rr

NTT

rgr

NNT

RT —

NTN

RI—

B P oo

X P Do

TN N

RI—

IT T

INT

3

IT7N

37,

RO

N T T

V. do]

NNT

20

NT N

RO

P PP px

b P Be

TANN

RO

I7TT

RO

INT

RQ

T TN

RO

e b B B

RI_

L

RQ

. I8

& O o OxOX

LL

RO

B be D pe e X

MuLT ~

L0

L4

Vadvl

LR 6

L

£L

L0

M= RO

V. 0]

V.-

Mt T~

£Q

Y2 Apyusr

RL 3

PR 4

V.

I

y.d0)

L£rL.3

L0

RI 3

Mt~

RQ

><><><><><><><F<;x><><><><

TvyprE 604 PROGRAMMING

109



110

COMPUTATION

1 2 3 4 5 6 7 8 9 10

CALC PCH SUP— BYS——
A 0—0—0—0
e
B o

[

17 18 19 20 21 22

~NEG BAY SEl

b

D Pl
o, o o o o o o
IMMEDIATE PU———
olofo o o o /

O -9

q

o

o o
n z
o o

XO~NOMmMEm®n

[0e0+0-1-1-1

K 0
ZERO CHK $ PUNCH 1——PUNCH SELE —8—] PU-
l_o-—o—o-——o I o—o—o | 0— Q o o
DPBC s 2ND READ
il o—o—0—0 lo—o0—0 I o 2l @- \i\) OJ
IN-PROD OVERFLOW-OUT:- RS-8——1 PU
N [ om0 e | Q ©

FACTOR STORAGE ASSIGNME
(<] O—0
86 (64 31|86 31
pion

oloso

Q
R

s
64 31 |8} 31

5 0P 0@ @,
) ] o o o o o

FGENERAI. STORAGE ASSIGNMEN
-6/

[GENERAL STORAGE READ-OUT

{11

AA

B8

cc

bD

EE

FF

GG

HH

] 23 24 25 2627W
PULSES FACTOR

X—|—DIGIT M
e O—O

~

-
=0

hd
o—0<
=0

34 W a1 2 43 u
TORAGE ENTRY:

Isol islo o o oid]

loie4§i5]o 020 0 o

TOUNTER EXIT _
e o o PN S
5 PUNCHING 15: 20
o o_e o o . o o ofo o@ o o
> @ -
o o~ o o™%b °
45 50 55
o o o 0o o o o
65
o o o o o o

o o o o o
o o o o o o 30
5 SECOND READING 5
o o ole ¢« 0 60 60 8 006 o o0 o o ol
25 @ 30 35
o 0o 0o o o o 0o 0o 0 o o

45 50 55

¢ © 0 ¢ 0o 0 0 0 0 0O 0o 0 0o O 0o O o o

5 70 75

0o 0 0o 0 0 0 0 0o 0 0 0 0 O 0o o o o o o
o o o

[—————' DOUBLE PUNCH & BLANK COLUMN ENTRY—————l
0O 0 0 0o 6 O 06 06 0 6 0 0 0 0 0 © o
(——————DOUBLE PUNCH & BLANK COLUMN EXIT- )
© 0 0 0 0O 0O 0o 00O 0O 06 O 06 0 0 0 O0 0 0 ©°
BLANK COLUMN SWITCHES

o @. OOOZO‘LO [¢] o o
o
o]
[e]
o

o
030230308 eno0oze0303030
o o =3

ON ON|
0 0 0 0 0 0 0 0 0 0 0o 0 0O 0o O 0O o o o o

Tvypg 521 Wiring

DISCUSSION

Dr. Aroian: Could youtell us something about the round-
off error? You started with eight significant figures in a
40-by-40 matrix. What do you have left at the end?

Dr. Petrie: May I quote von Neumann and Goldstein ?
I believe they state if you start with a 19-by-19 matrix you
lose eight digits. That appears to be the worst case. People
who are inverting high-order matrices seem to have better
tuck. I do not know whether it is a matter of luck or some-
thing that is not yet known.

Dr. Brown: What happens when you get eleven digits?

You say the machine stops. Then what do you do?

Dr. Petrie: In this case, it would be necessary to perform
some scaling of the information; that is, divide one column
by a power of 10, or something of that type. However, it is
decidedly not a machine procedure.

Mr. Schiieser: Could you give me an estimate of the time
required to invert, say, a 30-by-30 matrix, using your
method?

Dr. Petrie: This method is quite new and has not been
fully tested. I wish I could give you specific figures of what
has been done. Theoretically, the 30-by-30 matrix would
involve approximately 900 cards which can be processed in
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any one machine in nine minutes. We must repeat that

process thirty times.

Professor Verzuh: Do you use just one 604 control panel

for this operation?
Dr. Petrie: Yes.

Professor Verzuh: With regard to checking, our experi-
ence indicates that it is well to include not only check rows
but check columns. When you do encounter an error you

have an indication of the spot that is in error.

My. Tillitt: Sometimes you might get a zero divisor. I

wonder if it would be worth while to have a 604

every time there is division to see if division is being used.

zero divisor.
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panel. There is a check to see immediately if we do have a

Dr. Brinkley: You commented that the choice of which

of the four metric operations you have is determined by X
punching in the card. At what stage in the procedure are

those X punches imposed and how is that done?

Dr. Petrie: Originally the matrix is prepared with the
first column and the first row with significant X punches.
Each time in the reduction in passing through the 604, new

X punches are introduced in the row following the pivotal

row and into the column following the pivotal column. The

“look”  x punches at step 6 are then reproduced into the new set of

Dr. Petrie: This is programmed in this particular control  the following cycle.

cards, where they will serve as instructions to the 604 in
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THERE ARE several basic properties of matrices and
vectors which underlie all the common numerical methods
of finding eigenvectors and eigenvalues. It might be advis-
able to state these explicitly before examining any of the
numerical methods. '

The most fundamental property is that a vector remains
a vector under the operation of multiplication by a matrix.
If we consider an #n-dimensional vector as a one-column
matrix of order #, then by applying the definitions of matrix
multiplication we can show that the result of multiplying
an sth-order square matrix by an n-dimensional vector is
another n-dimensional vector. We may write this symboli-

cally as
(1)

(In this and all subsequent equations, capital letters repre-
sent square matrices, and small letters represent vectors.
The letter » will be reserved for eigenvectors, and the sym-
bol A will be used only for eigenvalues.)

Ay=z.

Secondly, this process of matrix multiplication is distrib-

utive. That is
A(y+z) = Ay + 4= . (2)

Thirdly, the process of matrix multiplication is associa-
tive. If 4 and B are two square matrices, then

A(By) = (4B)y . (3)
In particular, if % is a constant,
A(ky) = k(Ay) . %)

These first three properties hold for all matrices and all
vectors as long as the process of multiplication is definable.
Let us now define an eigenvector. If the resulting vector
2 of equation 1 is parallel to the initial vector y, then y is an
eigenvector of the matrix 4. Or symbolically, if

Ax = Iz, (5

where A is a constant, then if x is not of zero length, # is an
eigenvector, and A is its associated eigenvalue.

*The preparation of this paper was sponsored (in part) by the Office
of Air Research.

*
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From this definition, we can show that every matrix of
order » has precisely # eigenvalues. Let us rewrite equa-
tion 5 by transferring the Ax term on the right-hand side of
the equation to the left side. This gives

(A=AD)x=0.

Here 1 is the unit matrix, the matrix with 1’s on the main
diagonal and O’s everywhere else. In this form, it is easy to
see that the matrix equation can be written as a system of #
simultaneous equations in #» unknowns. (We consider the
components of # as unknown and A as a known parameter.)
Further, this system is homogeneous. Now a homogeneous
system of equations can have a non-zero solution if and
only if the determinant of the coefficients is zero. This con-
dition is
|4 —A|=0.

If we expand this determinant, we obtain a polynomial of
degree # in A,and the roots of this polynomial are the values
of A for which eigenvectors x can be found. Since a poly-
nomial of degree n has precisely # roots, it follows that
there are precisely # eigenvalues A of the matrix A4.

It can also be shown that associated with each eigenvalue
of a symmetric matrix is an eigenvector. This is more com-
plicated than the demonstration that there are n eigen-
values, because of the possibility of two or more eigenvalues
being equal. If two eigenvalues are equal, then it is not pos-
sible to specify the two eigenvectors uniquely, but only the
plane in which they lie. For any linear combination of the
two will also satisfy the definition of an eigenvector. Sup-
pose we have a case where A; = A; and have by some means
or other found two vectors x; and x, which satisfy the
eigenvector definition. Then we know that Ax; = A4y and
Axs Mots. Let us now take a linear combination of
1 and s,

2= 1%+ ca%2 .
Applying our matrix, we obtain
A(z) = A(c1x1 + cax2)
Clel + CgAxg
RV, SE21 + CalaXa .
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Since A\; = Mg, this reduces to
A(Z) = 1\1((71.171 —|— 6’2.1,'2)
= A2 .

Hence, 2 is just as good an eigenvector as &y or xa.

From our basic definition of an eigenvector, it is apparent
that only the direction of the vector is important. Its length
is not determined. Therefore, the length can be chosen in
the most convenient manner. This usually means either
choosing the length of the vector to be unity, or choosing
the largest component to be unity.

What we can say about the length is how the length
changes under the matrix multiplication. If we define |y| to
be the length of y and define A; as the absolutely largest
eigenvalue and Ay as the absolutely smallest eigenvalue,
then under multiplication by the matrix 4 we can show that

/\N§%§/\I , where z = Ay (6)

Another property of the set of eigenvectors of any ma-

trix is that, if there are » eigenvectors, they span the space

of the matrix—that is, they can be used as a coordinate sys-

tem to express any other vector of the same dimensionality.

If we let x; be the ith eigenvector, then any arbitrary vector

y can be written as a linear combination of the eigenvectors;
That is,

”
y= zcm . (7)

i=1

There is one last property of the eigenvectors. For a
symmetric matrix, these vectors are mutually orthogonal.
That is,

(i%7) (8)

Now that we have briefly surveyed the mathematical
theory of eigenvectors and eigenvalues, we can examine
some of the numerical methods for finding them, There are
three, namely: the power method, the method of the char-
acteristic polynomial, and the gradient method that we shall
now discuss.

x¢°x,=0.

The first of these, the power method, is perhaps the best
known method for finding eigenvectors. Mathematically, it
is based on these three facts:

N
(&) y= Ecixi .
i=1
(8) A(y+z) = Ay + A4z .
(C) Ax; = Mz
Suppose we choose any arbitrary vector y,. By statement
(A), this can be written as a linear combination of the eigen-

vectors of the matrix. If we multiply this vector by the
matrix .4, we get ancther vector y; as the result. Now by
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statement (B), we see that multiplication of y, (which is a
linear combination of the eigenvectors) by the matrix A4 is
equivalent to taking the same linear combination of the
products of the eigenvectors by the matrix. By statement
(c), we see that each product of eigenvector and matrix is
equal to the product of the eigenvector and eigenvalue.
Putting this symbolically,

N
Vo = Ci¥y
i=1
N
Ay =y = cilz;
i=1
N
Ayo=v1 =) cihix; .
i=T

We now perform the operation again on the vector y;.
The resulting vector y» can, by the same arguments, be
shown to be equivalent to

N
zci Mg .
i1

After a large number of iterations, our iterated vector y,

can be written
N
Yo = zci A .
i=I

It is now necessary to show that, for sufficiently large val-
ues of #, y, approaches the absolutely largest eigenvector ;.
(The short phrase “largest eigenvector” will be used to
mean the eigenvector associated with the largest eigenvalue;
the phrase by itself has no meaning as the length of the
eigenvectors is arbitrary.) Let us divide both sides of the
equation by A7. This gives

N
Y _ oo (MY
AT C””’E"(M) e

i=II

Since As is the eigenvalue of greatest absolute value, the
fraction A;/A; lies between 41 and — 1. Hence, sufficiently
large powers. of the fraction approach zero arbitrarily
closely. Thus, for sufficiently high powers of %, y,/A? arbi-
trarily closely approaches the vector ¢zr;. And we do not
have to worry about the constants A? and cj, for we have
seen that an eigenvector is defined in terms of its direction
alone, and any multiplicative constant is admissible.

It is possible that the original trial vector was chosen in
such a manner that ¢; was zero. In this case, the power
method may converge to the second largest eigenvector
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rather than the largest. The probability of such an unfor-
tunate choice is small, but it has occurred in our experience
at the Institute for Numerical Analysis.

The two disadvantages of the power method are apparent
from this discussion. The first is the need for normalization.
We saw that the nth iterate of y became, for all practical
purposes, A7x;. Now if A is greater than 1, the length of v,
will become very large as # increases, thus eventually lead-
ing to an overflow. And if A; is less than 1, the length of y,
will become very small as # increases, thus eventually lead-
ing to a zero vector. It is necessary, then, to normalize the
length of the vector after every few iterations. For conven-
ience, we have generally normalized the largest component
to unity at each step of the iteration.

The second disadvantage is the possible slow speed of con-
vergence of this method. The fraction (\;/As)" approaches
zero as # increases, but for values of A;/A; near to 1, #» must
be very large in order to reduce the contributions of the
smaller eigenvectors to a preassigned amount.

The following table gives the smallest exponent # such
that the nth power of a given ratio » = Ay/A;r will be less
than a preassigned small number e. It will serve as a rough
guide to the number of iterations needed to change an arbi-
trary vector into an eigenvector of a given degree of purity
when some knowledge is available as to the relative sizes of
the two absolutely largest eigenvalues.

< 10—+ 10-5 10-8
0.40 11 13 21
0.50 14 7 27
0.60 19 23 37
0.70 26 33 52
0.80 42 52 83
0.90 88 110 175
095 181 226 361

From this table, it is apparent that the power method con-
verges very slowly if the ratio of the two absolutely greatest
eigenvalues is much greater than 0.50.

This slow rate of convergence makes the power method
impractical unless some method is available for accelerating
the convergence. Fortunately, such methods have been de-
vised. Let us consider the case of two close eigenvalues. By
one acceleration scheme! three successive iterates, A"y,
Artly, and A"t+2y are formed, choosing » sufficiently large
so that we are reasonably sure A"y is a linear combination
of only two eigenvectors. It should be noted that A"+!y and
Ar+2y should not be normalized in length. Now choose any
two vectors s and ¢ and form the scalar products

Q2 = §° Any g =1t Any
dog = § ° A"+1y Qog = t- An-l»-ly
azgy = 5+ A"*t2y ags =t A3y .

COMPUTATION

Then the two eigenvalues that we are seeking are the roots
of the determinantal equation

This can be demonstrated to be true as long as A"y is a
linear combination of only two eigenvectors. In case the
determinantal equation yields zero coefficients, a different
choice of s and ¢ will give a solution in nearly all cases.

This scheme can be easily generalized to cases where
more than two eigenvalues are close together. If we con-
sider the case of three close eigenvalues, we find that we
need four successive non-normalized iterates, A"y, 47 +1y,
Ar+2y, and A"+3y. We choose three arbitrary vectors s, ¢,
and u. We form the twelve scalar products

Q12 = s+ A™y a3 =t - A"y g = u » A"y

ags =5 - A"y agg =t Artly gy = u - Artly
Qgs = § An+2y ass =1+ An+2y A3e = U ° An+2y
Gae =5 A"F3y gy =1t : A"y a4 =u - A*3y

and solve the following determinantal equation for the three
close values of A:

1 Q12 13 O14

Q22 Q23 Q24
A2 ags Gz O34
A a4 a3 a4

If one is using the power method, this acceleration scheme
is only used when some close eigenvalues slow the rate of
convergence down below a practical level. However, the
closeness of the eigenvalues is not necessary for the use of
this scheme. In its most general form, this acceleration
method leads directly to the method of the characteristic
polynomial.

The method of the characteristic polynomial, briefly, con-
sists in setting up a polynomial of degree » whose roots are
the eigenvalues of the matrix. There are several ways of
setting up this polynomial. One follows the acceleration
scheme outlined above. Since we are looking for all » eigen-
values, we need n 4 1 successive non-normalized iterates
and #n arbitrary vectors. As before, we form the scalar
products

a2 =59y a3 = t'y . Qi1 =&y
022 =S5 Ay [12%] = t‘Ay cee Qo p4a =" Ay
Az =S5 A2y (33 = t'A2y evs A3p41 =2 A2y

Ap41,2 = S° A”y Ap41,8 = t‘A”y cen Quiindl = 8¢ A”y
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and the determinantal equation

1 12 a13 A1,n+1

A Q22 Qo3 G2,n+1

A2 ase ass a3,n41

. . . =0.
A Gpg12 Opga,3 Cpt1,n+1

The left-hand side of this equation is expanded by any prac-
tical method to give the characteristic polynomial.

A second way of finding the characteristic polynomial is
algebraically more straightforward. It is to write down the
condition (which we have done previously) that a non-zero
eigenvector exists, namely

[A — Al I =0.
This determinantal equation, when expanded by any prac-
tical method, again yields the characteristic polynomial.

Either of these two methods leads to the evaluation of a
high-order determinant. A method which does not demand
this is one which makes use of the theorem of Sylvester and
Cayley which states that a matrix satisfies its own charac-
teristic equation. If the characteristic equation is

n—1
O
Yt )

i=0

a.;)x‘:O N

then the matrix equation
n—1
za,;A‘ =0

i=0

Ar

is also true, as is the equation in any iterated vector
n—1
za,-Ai =

=0

Ay +

Making use of this last equation, we choose any vector
and form the n+1 successive iterates y, Ay, A%y, ..., A™y.
No normalization of length can be used in this sequence.
Then taking the jth component of each vector, we have a
set of # equations of the form

n—1

zai(Aw = —(dy)j .
i=0

This is a set of » linear equations—one for each component
of the vector—in # unknowns, the coefficients a,. It can be
solved by standard techniques to give the coefficients of the
characteristic polynomial.

Once the characteristic polynomial is found by any one
of these proposed methods, the eigenvalues, which are the
roots of the polynomial, are very easily found. A straight
solution by Newton’s method will produce the roots. The
eigenvectors are then calculated from the matrices 4 — /.
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The components of the ith eigenvector are the cofactors of
any row or any column of the determinant |4 — A/

This method of the characteristic polynomial has one
great disadvantage. It demands that a large number of
digits be carried throughout the computation. In setting up
the n+1 non-normalized vectors, a large number of digits
must be carried to insure some significance in the last
vector. And the coefficients of the characteristic polynomial
must be carried to a large number of digits in order to in-
sure significance in all coefficients and hence in all the roots.

We have seen that both the power method and the
method of the characteristic polynomial have certain com-
putational difficulties. A method which presents fewer nu-
merical difficulties is a gradient method which is applicable,
however, only to symmetric, or more properly to Hermitian,
matrices.?

A gradient approach to a problem is an approach that
leads to maxima or minima. We look for some function that
has a maximum or a minimum at an eigenvector. Such a
function is
x - Ax
xx

p(r) =

When x is the largest eigenvector, p(x) is a maximum and
is the algebraically largest eigenvalue. When « is the small-
est eigenvector, u(x) is a minimum and is the algebraically
smallest eigenvalue. When x is any other eigenvector, u(x)
is a critical value as well as an eigenvalue, and the deriva-
tive of u(x) is zero at that point.

If we choose an arbitrary vector y, we can compute u(y)
and its derivative, and we shall most probably find that the
derivative is not zero, Thus, we know that y is not an eigen-
vector and u(y) is not an eigenvalue. However, we can
compute the gradient of w(y), that is, the direction of
change of y which produces the largest change in u(y). The
direction of the gradient is the direction in which u(y)
locally increases most rapidly, or it is the direction of steep-
est ascent. It can be shown that the gradient of u(y) except
for a scale factor, is given by

Ey) =4y —p(»y .
Knowing the direction of the gradient, we can then con-
struct a new vector y which more closely approximates an
eigenvector. If we change y in the direction of steepest
ascent,
M= y0+ “5(3’) ’

y; tends to approximate the algebraically largest eigen-
vector. If we change y in the direction of steepest descent,

Y1 = Yo — %(3),
y; tends to approximate the algebraically smallest eigen-
vector. The size of the constant « is important. In order to

2This method was developed by Dr. M. R. Hestenes and Dr. W.
Karush2 of the Institute for Numerical Analysis.
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insure convergence of u(y) to an eigenvalue and y itself
to an eigenvector, « must be chosen less than 2/M, where
M = A — A, (Arabic subscripts will denote the algebraic
ordering of the eigenvalues; A; is the algebraically largest
and A, is the algebraically smallest eigenvalue.) It can
further be demonstrated that if & is less than 1/M, ¢ con-
verges in direction to the second eigenvector (x2 or #,_;
according to a positive or negative choice of ).

- Although this gradient method seems quite different from
the power method, the two are very closely related. In the
power method, the relation between a new approximation
and an old one is

Yrg1 = Ay, .
In the gradient method, the relation is

Yre1 = Yr + @ [Ayr — p(y)3:] -
If we choose @ as [1/u(¥,)], this becomes

Thus, the gradient method with this choice of « is the
same as the power method with a normalizing factor of
[1/m(y,)]. This equivalence means that the amount of work
necessary to produce an eigenvector by either of these two
methods is roughly comparable.

Since the gradient method is about equivalent to the
power method, it also demands an acceleration scheme to
insure convergence for close pairs of eigenvalues. We shall
first show that the gradient method tends to remove the
lower eigenvectors early in the iteration. Let us assume that
we have chosen a to be

B
A — A

where 0 < < B8 < 1. Our iteration scheme then becomes
Yrgr = Vr + @€(yr)
yr + alAy, — p(3r) y]

% (% yr+ Ay, — I"(yr)yr>

[ {1 —n() } 1+ 4l

After several iterations, n(y,) very closely approaches A,
and can be approximately replaced by A;. Hence,

Vr41 = & I:{é - )\1}1 + A]y,- .

If we now replace 1/a by (A;—A,) /B, we find that

yen=a| (B n) 1+ 4l

It

COMPUTATION

Since we have chosen « so that 8 is close to 1, we can
approximately replace 8 by 1, getting

Yr1 =& [A = MI] yr .
This is the formula for the power method using the matrix
A — A, and the normalizing factor a. Let »; be the eigen-

values of the matrix A — A,[. Then the relation between
the eigenvalues of 4 and those of 4 — A, [ is

vi =N — A .

Thus, we have effectively transformed our scale so as to
make the algebraically smallest eigenvalue about zero. The
power method then kills off the smallest eigenvector very
rapidly, since the ratio v,/»; will be very small. It should be
noted that, while the gradient method effectively uses the
matrix 4 — kI, the value of k depending on the choice of
@, the results that it produces are the eigenvectors and
eigenvalues of the matrix 4.

After some steps of this nature, the lower eigenvectors
will be removed from the trial vector. We apply our accele-
ration process by increasing «. Suppose we were to choose
a = (1/A;—AXs). The gradient process would be equivalent
to the power method with the matrix A4 — Asl, and would
very quickly remove the fifth eigenvector x5. In general, we
would start with an « close to our original limit 1/M, and
increase « as the vector converged to an eigenvector. Con-
stancy of direction of the gradient ¢(y) would be our cri-
terion for increasing a.

This acceleration method is not normally applied by in-
creasing « monotonically; rather, one intersperses a larger
value of @ among several smaller ones. The reason for this
is that large values of « tend to magnify the contribution
from any small eigenvector that may be present, and
round-off error always introduces small portions of all
eigenvectors. Hence, one uses several small values of a to
keep the smaller eigenvectors out of the trial vector and
then uses a large value of « to remove a portion of the larger
eigenvectors.

There is a fairly simple geometrical picture that may
make this acceleration scheme a little clearer. The function
u#(¥:) has only one maximum and one minimum. The rest
of the critical points are saddlepoints. We now start our
procedure by choosing an arbitrary vector y, computing the
function p(y) and the direction of steepest ascent &(y).
We want to change y by moving in the direction of ¢(y),
but we dare not move too far or we may find ourselves over
a saddle and down the slope on the other side. So we take
a small step in the direction of ¢(y) (we choose a small
value of @), we stop and re-evaluate the direction of steepest
ascent. When we get to a point where the direction of the
gradient changes very little from step to step, we know we
are nearly on a ridge and can follow the ridge a long dis-
tance toward the peak. So we take a long step forward (we
choose a large value of @). However, our direction was not
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precisely correct. Although we are much closer to the peak,
we are now down on the side of the ridge and must slowly
make our way to the ridge again by small steps and by con-
stantly recomputing the direction of steepest ascent. Thus,
step by step, we make our way to the peak.

So far, we have talked about finding the largest eigen-
value by the power method and the gradient method. To
find the other eigenvalues and eigenvectors is not difficult
if the matrix A is symmetric. We make use of the mutual
orthogonality of the eigenvectors, and seek by either
method the largest eigenvector which is orthogonal to the
one we know. It is very easy to make one vector orthogonal
to another. If x is our known eigenvector, y is any arbitrary
vector, and Y is that component of y which is orthogonal to
%, then ¥ can be found from the equation

— Y- x
V=Yt

In either the power method or the gradient method, the
second eigenvector can be found by choosing any trial
vector 4y, and keeping it orthogonal to the first eigenvector
during the computing process. If y is made orthogonal to x,
it should theoretically stay orthogonal to it. However,
round-off error will continuously bring in portions of x,
and the numerical operations will magnify these small por-
tions. Hence, every once in a while the iterated vector must
be re-orthogonalized to keep out the largest eigenvector. It
will then converge to the second eigenvector.

We have spent a great deal of time talking about the-
oretical ways of finding eigenvectors and eigenvalues. At
the Institute for Numerical Analysis, we have tried all
three of these methods on our IBM Card-Programmed
Electronic Calculator and have some practical experience
that may be of value in assessing the relative merits of these
three methods.

We have solved quite a few eigenvector problems by the
power method. Our operating procedure has been as fol-
lows. We set up a control deck of four parts. Part one loads
the 941 storage unit with the components of the trial vector.
Part two of the control deck orthogonalizes the trial vector
to all known eigenvectors. Part three normalizes the length
of the trial vector to unity. Part four multiplies the trial
vector by the matrix to get the next approximation.

The loading deck consists of spread-read-in cards which
carry the components of the trial vector and instruction
cards which transfer these components to the 941 storage
unit. This section of the control deck is used only at the
start of the run, if the matrix is of low order. It must be
used at each step if the order of the matrix is large. For it
is apparent that no component of the old trial vector can
be thrown away until all but one component of the new trial
vector has been computed. As the components of the old
trial vector are used in computing the last component of
the new trial vector, they can be thrown away. So, if the
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matrix is of high enough order that two trial vectors cannot
be simultaneously retained in the storage system of the
machine, then the components of the new trial vector must
be punched out and read back into the storage system at
the beginning of the next iteration.

The orthogonalization deck is not needed when solving
for the largest eigenvector. It is needed when solving for
the smaller eigenvectors, and its size increases as the num-
ber of known eigenvectors increases. When finding the sec-
ond eigenvector, the trial vector must be orthogonal to one
known vector; when finding the third eigenvector, the trial
vector must be orthogonal to two known vectors; when
finding the nth eigenvector, there are n — 1 known eigen-
vectors against which to orthogonalize. Notice that it is
unnecessary to solve by iteration for the nth eigenvector.
The orthogonality conditions are sufficient to define its di-
rection uniquely.

The orthogonalization deck first computes the scalar
product of the trial vector, which is stored in the 941, and
the known eigenvector, which is punched into the instruc-
tion cards. The scalar product is accumulated in one of the
counters of the IBM Type 417 Accounting Machine. This
is then divided by the product x - x, which is a constant
and is punched on one of the instruction cards. The quotient
replaces # - y in the counter of the 417. This new constant
is then used as a multiplier of the components of the eigen-
vector . As soon as the component, which is carried on one
of the instruction cards, is multiplied by this constant, it is
subtracted from the corresponding component of y, which
is in the 941, and the difference replaces the old y compo-
nent in the 941. This operation requires only one counter
in the 417, and hence causes no strain on tight storage
space.

It is unnecessary to orthogonalize at every step. We gen-
erally print out the product y - x. As long as this product
is less than a hundred in units of the last place carried, we
feel that no great lack of orthogonality has occurred be-
tween successive orthogonalizations. If the product stays as
small as three or four units in the last place, then we are
orthogonalizing too frequently.

The normalization deck is the first deck that is always
needed. This deck sums the squares of the components of y
in one of the counters of the 417. The square root of the
sum is taken to give the length of y, and this quantity re-
places the sum in the 417 counter. This length is then di-
vided into the components of vy, and the quotients replace
the old components of y in the 941 storage units. This oper-
ation, like the orthogonalization, requires only one addi-
tional storage space, a 417 counter, and does not generally
add to the storage problem. We print out the length of the
vector as a check on the convergence of the eigenvector.

The multiplication deck multiplies the elements of the
matrix by the components of the trial vector. The elements
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are punched on instruction cards, while the components of
the vector are stored in the 941. The components of the
new vector are accumulated in the counters of the 417. If
the matrix is of sufficiently low order, the new elements are
transferred to blank spaces in the 941 until all elements are
computed and available in storage. They are then all trans-
ferred to the spaces of the 941 occupied by the correspond-
ing elements of the old vector. If the matrix is not small
enough, the elements of the new vector are punched out of
the 417 counters as soon as these counters are full.

We have used this method successfully in some cases of
non-symmetric matrices with well separated eigenvalues,
and used it unsuccessfully in one case of non-symmetric
matrices with close sets of eigenvalues. It is a method with
some advantages, and one that should be considered when
looking for a way to solve an eigenvector problem.

The method of the characteristic polynomial is one that
has proved the least successful at the Institute for Numeri-
cal Analysis. We have tried it only once, and that was as a
training program for a class of students. We tried to solve
a fourth-order matrix by this method, and ended up with
only four significant figures. We set up our characteristic
polynomial using the Sylvester and Cayley approach. The
coefficients of the polynomial dropped off rapidly in size.
We solved for the roots of this polynomial by Newton’s
method. The accuracy of the roots was limited by the accu-
racy of the coefficients of the polynomial. And we computed
the components of the eigenvectors by taking minors of the
determinant |4 — A;|. From this one sample, we feel that
this approach is not desirable in the case of one or two
matrices, as there must be a great deal of attention given to
the shifting to preserve the significance of the coefficients of
the polynomial. We feel that this may have better uses as a
way of solving a large number of matrices on a machine
capable of handling longer numbers.

We have, of course, tested the gradient method exten-
sively. Our procedure has been to set up a control deck of
five parts. Part one is the loading deck. Part two is the
orthogonalizing deck. Part three is the deck that computes
the function u(y). Part four computes the gradient ().
Part five computes the next approximation y, .

The loading deck and the orthogonalization decks are ex-
actly analogous to those used in the power method. The first
new deck is the deck which computes p(y,). We store the
vector vy, in one half of the available storage. This deck
multiplies the vector by the elements of the matrix, which
are punched on the instruction cards. As soon as a compo-
nent of the vector Ay, is completed, it is transferred to the
free half of the memory. Now the two scalar products v, * ¥,
and Ay, - y, are computed and stored in two counters of the
417. The function u(y,) is then computed and replaces one
of the now unnecessary scalar products in the 417. This

COMPUTATION

value of p is then printed out to enable us to check on the
convergence of the eigenvalue.

The fourth deck computes £(y,). The components of ¥,
are multiplied by the value of u(y,) and subtracted from
the components of 4y,. The difference is the component of
£(y,) and it replaces the corresponding component of Ay,
in the memory.

The last deck computes the new approximation y,4i. *
Both vectors v, and £(y,) are available in the memory. The
constant « is read in from an instruction card, and the com-
ponent of the new vector is computed by adding « times the
component of £(y,) to the component of y,. The new com-
ponent replaces the corresponding component of y, in the
memory. The components of ¢(y,) and those of y,,; are
printed out, for the components of ¢(y,) go to zero as y,4+1
approaches an eigenvector.

In practice, we have found all six eigenvalues and eigen-
vectors of a sixth-order symmetric matrix in six hours. The
accuracy of the vectors was better than one part in ten
million in the length, and the accuracy of the eigenvalues
was about the same. For matrices of the order of 5 to 8, we
figure that an hour per eigenvector is a reasonable time
estimate. We have also solved matrices of higher order.?

The choice of a particular computing method depends a
great deal on the problem at hand and the equipment avail-
able. It is our opinion that the gradient method is preferable
to the power method in finding the eigenvectors of a few
matrices. Its advantages are mainly its flexibility. It needs
no normalization, its acceleration process is very easy to
apply, its gradient converges to give a two-digit approxima-
tion to the next eigenvector, it will find either the highest
or the lowest eigenvector—these are all advantages. How-
ever, the method needs the watchful care of an operator,
and may not be well adapted to finding all the eigenvectors
of a large number of matrices until fully automatic com-
puters (ones which store the programming inside the in-
ternal memory) are available. And if the matrices are not
symmetric, then the choice has to be between the power
method and the method of the characteristic polynomial.

The eigenvector problem is by no means solved from the
point of view of a computer. While the gradient method
offers a method that will give an efficient solution to the
eigenvector problem for symmetric matrices, no matter how
closely the roots are spaced, there is no method which will
always efficiently find the eigenvectors of a non-symmetric
matrix. Once a reasonable method is devised to handle the
case of the non-symmetric matrix with close eigenvalues,
then we can say that this method, together with the gradient
method, will allow us to solve the eigenvector problem for
all practical cases.

bOne of order 17 was solved by Mr. Robert Hayes, one of our grad-
uate fellows, who has been very active in testing the numerical
process. He is confident that he can solve a matrix of order 24 by
this method.
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DISCUSSION

Dy. Welmers: Do you have any impressions as to whether
this method could be extended to a non-symmetrical matrix
or whether you have to start off on an entirely different
method for those?

Dr. Yowell: Dr. Hestenes has been trying to answer that
question now for about a year and a half.

Professor Verzauh: 1 wonder whether some of the people
in the aircraft industry have any practical comments on
non-symmetrical matrices.

Dr. Yowell: I can make a comment for John Lowe in his
absence, because I have discussed the problem with him
many times.

He expands the non-symmetric matrix, finds the charac-
teristic polynomial and solves for the root by Newton’s
method. I believe this is a widely-used method.
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Mr. Bell: We have used the method that Dr. Yowell has
just described. We have used another one that I would like
to call a guessing-game, in which you take the matrix,
assume a value for the eigenvalue, place it in all elements
except 1, rearrange the matrix so that the element which
does not have an eigenvalue is in the upper corner, reduce
the matrix to a triangular one so that the determinant is
now equal to the product of the main diagonals, and you
adjust this one element so that the problem will be zero.
You have a product of terms, none of which is equal to
zero. You want it to be equal to zero; so, by adjusting the
last term, you have a value. If it agrees with the initial
guess, you have the eigenvalue. This supposes that you
have some knowledge of where the eigenvalue is. It has the
advantage in the aircraft field that very often they do have
quite good knowledge of where the root lies, and can go
after a specific value without having to grind through a
number, working from either the low or the high end.

Since we do a great deal of work of this type, working
on the average with eighth-order complex matrices, we
have an average of about three guesses per eigenvalue. It
requires something of the order of about an hour—not of
machine time but of elapsed time—to get out one trial; so,
about three trials will give an eigenvalue, with the assump-
tion that you know where you are looking.



An Application of the IBM CM&Z-ngMMWoZ Electronzc
Calculator to the Analysis of Asrplane
Manenvering Horizontal Tail Loads

LOGAN T.

A METHOD is shown by means of which the design
maneuvering horizontal tail loads of an airplane can be cal-
culated rapidly on the IBM Card-Programmed Electronic
Calculator. This method is based upon use of the Laplace
transform to derive a solution of the differential equations
which is suited to machine computation techniques.

The methods shown in references 1 and 2 were devised
primarily for manual computation and are very cumber-
some to apply directly to machine computation procedures.
Also, these methods are limited to the use of a trapezoidal
time history of the elevator deflection, while the method
shown in this paper is good for any shape of the elevator
deflection time history. This means that experimental flight
test data can be checked and correlated directly with the
machine calculation method shown here.

Two possible cases are obtained for the solution of the
differential equations. Case I represents a stable airplane
configuration, while Case II represents an airplane config-
uration having a heavily-damped short-period oscillation.
Whether Case I or Case II (described mathematically
under the section headed Theory) is required to obtain the
solution of the differential equations depends largely upon
the fore and aft location of the center of gravity of the air-
plane for the loading condition being analyzed. The numeri-
cal example shown in this paper is a Case I solution. It will
be seen that the Case II solution can be obtained in a
manner very similar to that shown in this paper for Case I,
if the proper programming revisions are incorporated to
take care of the differences in the equations for the two
cases.

The problem upon which this paper is based is a typical
airplane design analysis required to establish the magnitude
of the dynamic loads which will result when a given load
factor is imposed upon the airplane. It should be apparent
that other dynamic loads analyses such as landing loads,
gust loads (near critical flutter speeds), aileron loads, and
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vertical tail loads can be calculated in a manner very similar
to the methods shown in this paper.

The estimated CPC operating time for a production run
for 35 time intervals based upon the method shown in this
paper is about one hour per loading condition. The same
analysis setup parallel to the manual computation method

shown in reference 1 takes three hours per loading condi-

tion. In addition, more re-runs are required for this latter
method, because more errors in card handling occur in this
more complicated procedure. Hence, the method shown in
this paper results in better than a 70 per cent saving in CPC
running time.

Before discussing the actual theory involved, it might be
well to define the symbols which will be used. The nomen-
clature is given on pages 121 and 122.

THEORY

The equations of motion used are taken directly from
reference 1. The discussions behind the assumptions leading
to the neglect of certain stability derivatives in order to
obtain the simplified equations shown below are beyond the
scope of this paper. The reader is referred to references 1
and 2 for elaboration on this phase of the problem.

The equations of motion are

w—Zyw— Ugqg =0, (1)
Mpyw+ Mypw-+Meqg—G= — Mg de (2)
other required parameters are
A, =w — qu B (3)
w
Ay = m ) (4‘)
. w
Ay = —(J_O ) (5)

(Continued on page 123)
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10.
11.
12.

13.

14.

15.
16.
18.
24.

26.
27.

28.
33.

36.
41.

42,

43.

acy
do
p
Sw
U,

Constant
M

dCy
da

C=MAC

Constant
dCy
dée

Constant
t

€os ot
sin ot

at

2

at
8—5
Constant
Kr

An

An

I

NOMENCLATURE

Slope of lift curve of the wing (per radian)

= mass density of the air
Area of wing (sq. ft.)

= Linear velocity of center of gravity along the x-axis
( Positive when in plus x-direction) (ft./sec.)

= 2.00
= Mass of airplane (slugs)

i

= Slope of the moment coefficient curve for the whole airplane for
a given weight and power configuration (per radian)

= Mean aerodynamic chord (ft.)

= Moment of inertia about the y-axis which is through the center
of gravity and perpendicular to the plane of symmetry (X-Z2)
(slug-ft.2)

= Slope of lift curve of the horizontal tail (per radian)

= Area of the tail (sq. ft.)
(dynamic pressure) s
(dynamic pressure) sree stream

= Tail efficiency =

= Change in angle of downwash with respect to change in angle of
attack of the wing

Iy
Mlt2

= 125

= Change in the moment coefficient for the whole airplane with
respect to a change in elevator deflection (per radian)

= 573

= Time (sec.)
=10
_ A _ Required load factor
=274
A,

=335= Calculated maximum load factor on first run of 1165
: deck
= Distance, parallel to the x-axis, from airplane center of gravity
to the aerodynamic center of the tail (ft.)

(Continued on next page)

*The number symbols are shown on the listing to identify the calculated data obtained from the CPC.
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501.

502.

503.

504.

505.
506.
507.
508.

512.

542.

543.
548.
552.
562.
579.
580.

590.
591.

592.

593.
594.
595.

596.

597.

598.

599.

601.
602.
603.
604.
605.

NOMENCLATURE (CONTINUED)

1 9Z
Zu = Mow
1 oM
Mo =1, 0w
1 oM
Mé =1, 0w
1 oM
Moo T
M de
a/2
b
C1
/ a\? )
® =YVb— 2) , (real for Case IT)
321”2 = Linear acceleration at the center of gravity along the z-axis (g’s)
O = Angle of attack of the wing (radians)
q = Angular pitching velocity of the airplane (rad./sec.)
&
q
o = Angle of attack of the tail (radians)
Al = Incremental maneuvering horizontal tail load
(positive when upward) (lbs.)
(1 — de/da)
It
UoVy
l;(de/da)
Uo
da,/dde
m
n
Cy
m—n

A_t
2
Constant = 1
32.2
emt
ent
de(t) = Elevator deflection (radians)
w = Linear velocity of center of gravity along the z-axis (ft./sec.)
w
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where
' dCr/da) p Su U
Zo= - (SRR (6)
dCy/d Sw U C
A i %)
M, = — (dCL/da)thK.S]'l}q (de/da) )
1.25 (dCy/d S, U
My = — ( Lz/Kajsz :+Uoy 9
p)
M, = (dCM/db‘;)I: SwUZC (10)
Alt = KT [+ 13 (11)
KT = (dCL/da)t%p U% St"l (12)

_ _ _(!i ltq lt (dc/da) dw
%y = (1 da) %y + UO\/_"; + UO
+ (day/dse) Se .

(13)
The initial conditions are

w:z’v:O

att =0, .
%q =q =0.

The Laplace transforms of equations 1 and 2 subject to
these initial conditions are

sM(s) = Zu(s) — Uoo(s) =0, (14)

MpX(s) + My sa(s) + My d(s) — sé(s)
= — M8e Lée. (15)

Equations 14 and 15 are solved for A(s) and ¢(s) and the
following substitutions made ¢

a=M;+ Zyp+ Uy M, (16)
b=MyZy— Uo M, (17)
C1 = U0M6e (18)

m=54V(5) - (19)
n=%_J@YT?. (20)

Hence, the Laplace transforms of the coordinates are

Ms) = mfl(s oy L8 (21)

Cy (s — Zw)
o(s) = To (s —m) (s — 1) Lde . (22)
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Using partial fractions or the Bromwich integral the in-
verse transforms can be shown to be:

2
Case I, (%) >0
. Cl mt __ ,nt] k
W= [e em] * 8e (23)
— C1 — mt
q_Uo(m——n) [(m — Zy) e
— (n— Zyp) e™] * 8e. (24)

By the theorem of convolution, equations 23 and 24 can be
written as follows:

t t
w = Cyem™ 8¢ (1) de — Cye™ de (1) d
(m — n) enr (m — n) ent
) 0
t
_Ci(m = Zyp) e™ de (7)
1= Uy (m — n) A emT dr

¢
Ci(n—Zy) Se (7)
~ Tolm = n)[ = dr. (26)

Equations 25 and 26 are evaluated numerically for analyses
that require a Case I solution. The additional parameters
are calculated by

Ay = Zpw (27)

w=A.+ Usq (28)

§=Myw+ Mydo + Myq-+ Ms, de (29)
w

@ = 7 (30)

LW

v = 7 (31)

Where complex roots of the quadratic are obtained, the
following substitutions are made:

o="\Np— (%)2 (32)
"= % — o (34)
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The transforms of the coordinates shown by equations 21
and 22 become

G

A(s) = Le (35)
_a_ _a .
<s 3 m) (s 2 —+ m)
$(s) = 51 (s = Ze) v Loe.  (36)
Uo(& —z - 10))(5'—?-'—1(0)
As shown under Case I, the inverse transforms are:
Case 11, b> (—)
LT 2
’ at
w =2 Ginut * e (37)
w
a at
.Cl (" - Zw)ez
=N Gnet*se
1= Tow s
it
2
-+ Cie cos ot * 8¢ . (38)
Us

-Again, by the theorem of convolution, equations 37 and 38
can be written as follows:

at ¢
w = Gie sin w,/cos or 8e(r)dr
@ 0
at t
—_ Gie? cos wt/Sinwrse(T)dT
@ 0
at
3, A
1€” . .
= p— ¢ sin ot 8e(7)d
q [ UO SN o Ugw COS w ] i T (‘r) T
at
C] g‘ _ er e? _tz,z_t t
2 Cle
-+ Uow + Us Coswt] cos wr de(r)dr.
0

(40)

(39)

Equations 39 and 40 are evaluated numerically for analyses
that require a Case II solution. The additional parameters
are given by equations 27 through 31, inclusive.

COMPUTATION

The integrals shown in the equations under Case I and
Case II are evaluated numerically by multiplying At by the
average ordinate (integrand). The scheme used is shown
as follows:

Let I; = value of integral at any station,
A; = product of the integrand and At at any station.

Written explicitly, the first three values of the integral are

A A 3 A
11=Ao+—0‘-5——1=§z40+—2—1

A+ A4 3 A
Iy = I1+—L2—‘£=§A0+A1+72‘

A A 3 A
Iy = Iz+——2;f P=sdot At At S0

By inspection, the equation for the integral at the sth sta-
tion is

Ii:gAO+A1+A2+...+A¢_1+%. (41)

Of course, almost any desired refinement can be obtained
by the use of more elaborate integration schemes. However,
the accuracy required in the analysis shown in this paper is
satisfactorily achieved by means of equation 41.

DiscussioNn oF REsurrs

No attempt was made in the numerical calculation to ob-
tain extremely refined results. Although better answers
could be obtained easily by using more elaborate numerical
integration methods, it is considered that the results shown
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are well within the practical limitations of the problem.
Two typical calculated parameters are shown plotted in
Figures 1 and 2. In general, better agreement was obtained
for the other parameters not shown. Figure 1 shows a plot
of the time history of the angular pitching acceleration of
the airplane. Figure 2 shows a plot of the time history of
the limit incremental tail load for the airplane.

It is noted that the time interval used in the analysis
shown in this paper is exactly the same as that used in ref-
erence 1. If a direct numerical solution of the differential
equations had been attempted, a much smaller time interval
would have been required. It is estimated that this would
lead to more complicated programming which would exceed
the storage capacity of the machine as well as to require
more CPC running time for each condition analyzed.

ProCEDURE ¥OR CALCULATING MANEUVERING
HorizonTar Tair Loaps—Cask I

The calculations are accomplished by the proper sequenc-
ing of several decks.? These decks are interrelated—some
storing data and others punching data for the decks that
follow. The deck numbers are listed below in the proper
order to complete one condition for one set of factual data.

The listing shown in Table I is a complete set of factual
data cards for one weight and center of gravity condition.
The deck from which this listing was made is called a basic
factual data deck. It is preserved for the purpose of printing
listings such as the one shown in Table I into which factual

aA sample listing of all decks used in the analysis is not shown.
Those omitted are considered to be elementary calculations which
the reader can find in several sources of literature on the subject.
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data are directly written. Also, it is used to reproduce fac-
tual data decks (channel A blank), into which the copied
factual data are key punched.

Table II is explained as follows:

Deck 1154 calculates ASe/At, 8e, and At and punches these
values in table look-up cards for use in the 1124 deck.
Pull out old factual data on column 46 and sort in new

factual data on sequence numbers in columns 45, 44, and
43,

Deck 1124 calculates 8e time history and punches the values
with all other necessary information in cards for use in
the 1165 deck. Change factual data cards and table
look-up cards by hand. It is noted that card number 3
will have the specified load factor for the first calculation
(ie., card 3 and card 2 will have the same channel A
entry). After the first run of the 1165 deck, the maximum
load factor obtained will be key punched into channel A
of card number 3 for the final calculation.

Deck 1126 calculates Al; equation coefficients and punches
these values along with all other necessary information in
cards for the 1165 deck. Pull old factual data out on col-
umn 46 and sort in new factual data on columns 3-2.

In Table III there is only one deck used:

Deck 1161 calculates the stability derivatives and the inte-
gral coefficients and stores this data for use in the 1162,
1163, and 1165 decks. Pull out old factual data on column
46 and sort in new data on columns 3-2.

Finally, Table IV makes use of the following decks:

Deck 1162 calculates ¢™ and punches these values—along
with all other necessary information such as program-
ming, dectmal locations, identification, and symbols—in
cards for use in the 1165 deck. No sorting is necessary.

Deck 1163 calculates ¢ and punches these values, along
with all other necessary information, in cards for use in
the 1165 deck. No sorting is necessary.

Deck 1165 calculates time history for An, oy, dy, g, g, and
Al;. Pull old factual data out on column 46 and sort in
new factual data on columns 3-2, 42-41. For the first trial,
a maximum lJoad factor will be obtained at a specified
time which is not necessarily correct. Enter this load
factor in card number 3 of deck 1124 and repeat decks
1124, 1161, and 1165. This second run of deck 1165 will
give the correct values for all the parameters obtained.

Drscriprion oF CPC Contror, PANELS

The same control panels were used throughout the
analysis shown in this paper. However, it is recommended
that special panels similar to those shown in reference 6

(Continued on page 129)
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SEMINAR

be wired to calculate and punch trigonometric functions
and e-functions.

The control panel for the 604 electronic calculating unit
is the same as that shown in reference 7.

The control panel for the 521 punch unit is wired to
punch either table look-up or programmed cards through
the punch selectors. Programmed cards are punched out of
the normal side of the selectors, and table look-up cards are
punched out of the transferred points. The punch selectors
are picked up by means of the DI-impulse on the control
panel of the IBM Type 417 Accounting Machine wired
through a column split on the 521 panel to pick up pilot
selectors which in turn pick up the punch selectors with a
card cycles impulse through the transferred points. The
punching is done out of three 417 counters into table
look-up cards and four 417 counters into programmed
cards. Both table look-up and programmed cards received
two additional ten-place numbers from the 604 counter and
general storage.

The 417 control panel is wired to utilize all the features
available on the 604 control panel. In addition, a two-posi-
tion shift to the right into channel A before calculation is
provided; also, a two-position shift to the left into channel B
before calculation is provided.

A table look-up feature is wired into the control panel
whereby direct linear interpolation for any value of # can
be obtained from table cards containing Ay/Ax, v, and Ax.

The 417 is wired to detail print, controlled by a setup
change switch. This can also be controlled by an X-punch.

A negative balance test to “machine stop” is provided
through a 604 negative balance selector. Also, a four condi-
tion negative balance test using two of the 417 counters
simultaneously is provided. This test is used to select calcu-
lations. These features were not used for the calculations
shown in this paper.

Selection is provided for net-balance or non-net balance
operation for individual cards. This is controlled by an
X-punch. The non-net balance operation is used for all cal-
culations and punching, except table look-up and the con-
version of a number to its absolute value.

All storage units are cleared by a Y-punch which also
causes an asterisk to list. Counters 1, 2, and 3 are cleared by
an X-punch. Also counters 4, 5, 6, and 7 are cleared by a
different X-punch. All counters can be cleared on any card
with these two X-punches.
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DISCUSSION

My. Ferber: We have been doing weight and balance
reports for many years on IBM equipment, but we have not
felt that it was a job for the CPC. We run the finished
product on the accounting machine, and from this finished
product we have the start of the job for the next time by
the weight group, making the changes on one copy—usually
the master copy, not the carbon copy—in colored crayon. A
key-punch operator will cut new cards, take the cards to a
604, multiply them in one pass, insert them in a collator,
and then run the report with all the totals. We actually run
many reports from these cards by sorting the cards into
different sequences and running many different types of
reports.

I think the development of general-purpose control
panels has now reached a very high level on.the 604. 1
believe that there is now much room for the development of
general-purpose panels on the 417 and even the 521, and I
would like to hear some comments, because one thing I find
that is very important is the ability to emit a selected value
through a co-selector.

My. Waterman: In regard to the weight and balance cal-
culations, we have never had a very efficient method prior
to this. We did this same job on a 602-A and accounting
machines, and it took us 28 hours. We consider this to be
a better way than the manual method, but we do it in two
hours on the CPC, because we have another advantage
when we use the CPC: We get a speed of 150 cards per
minute straight through, and on the 604 we would get only
100 cards per minute. Besides, we have no need for repro-
ducing cards or changing anything in the cards except those
changes which are made by the weights section in between
the monthly reports, or weekly reports, or whatever we
happen to run.



Fifth-Order Aberration in an Optical System”

RUTH K. ANDERSON

National Bureau of Standards

THE IBM Card-Programmed Electronic Calculator has
helped tremendously in the field of optical ray tracing. Until
recently, the lens designer resorted to less accurate experi-
mental methods rather than struggle with laborious hand
calculations.

Assume an optical system consisting of a series of spheri-
cal surfaces of varying curvature whose centers lie in a
straight line called the optical axis. Number the surfaces
from left to right using the subscript £ to denote an arbi-
trary surface. If there are F surfaces, # may be an integer
from 1 to F, inclusive. Let ¢, be the curvature of an arbi-
trary surface; the medium to the right of the kth surface is
called the kth medium, and the data associated with it will
have the subscript k. Thus, the index of refraction of the
medium to the right of the kth surface is N;. The distance
between the kth and k-}1th surface, measured along the
optical axis, is given by d. The quantities ¢, d and N are
the constants of the optical system. When they are known,
any arbitrary ray may be traced through the system.
In addition, one usually calculates the number v;, where
ve = (Nyg—1/Ny).

First-order data are obtained by tracing two paraxial
rays through the optical system. These are the marginal
and principal rays. (The subscript pr is associated with the
principal ray.) Two numbers are necessary to characterize
a paraxial ray; u is associated with the medium and repre-
sents the slope of the ray, and y is associated with the sur-
face and represents the height of the ray above the optical
axis. Usually g (#0)pr, y1 and (y1), are given, and ug,
(%r)pr, yr and (yr)pr are found by alternate applications of
the refraction and transfer equations:

Refraction %z = ¢ (1—w) yi +
Transfer yry1 = Y — diuz.

Data for third and fifth orders are more complicated to
compute. The procedure is not difficult but long and tedious.
To simplify the coding of the problem, third and fifth-order
dataare grouped together. The final results consist of 12 fifth-
order aberrations at each surface (a1,0s, . . ., ¢12) and the
total aberrations at each surface. Each aberration, in turn,

*The theoretical work was developed by Mr. Donald P. Feder of the
National Bureau of Standards, Optics Division.

Vi Urp—1

o4
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consists of two parts: hybrid aberration (a4, as, . . . , G12)
and intrinsic aberration (a4, @, . . ., a12).

The hybrid aberrations at a given surface are sums of
products; these products are of the form, [constant] [third
order coefficient] [partial sum]. Third-order coefficients
are functions of the constants of both the optical system and
the marginal and principal rays. The third-order coefficient
By, is a function of ux, uy—1, yr, (yk)pr, € vi, and Ny_1. The
partial sum at the nth surface is defined as

n—1

By.

k=1

b

A typical example of the formula for a hybrid aberration is
@5y = 2[Bi b+ Fr(cvt2he+ 2ji) + C(4fu+ki) + E gxl,
where capital letters designate third-order coefficients, and

small letters designate partial sums.

The intrinsic aberration at a given surface is expressed
in a similar manner: [function of constants of both the op-
tical system and the marginal and principal rays] [sum of
fifth-order coefficients].

ab, = 2 [en(yn),, — (ue—1),,] [2(A133 v + 42 G5 G)
+ A3H%r + A4Her] ’

where 4; = [1.5v (v—1) 1] G 3 S
A2=[15(1 +1:| s
A,e; = "‘SGy
Ay = =S [cyiG+yGhl
S _ Nk_l(l""l')
T 2v(v+1)21
I = Ny [u(ye),, — (), ¥il
Gk = v [1k - Mk]
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A 60-program control panel for the IBM Type 604 Elec-
tronic Calculator is wired to perform all basic arithmetic
operations with ten-digit numbers. In coding division by a
ten-digit number, the approximation

1 1 1
a5 o 270 ]

is used. Channel A is connected to electronic storage units,
factor storage 1 and 2, and general storage 3. Channel B is
connected to electronic storage units, factor storage 3 and 4,
and general storage 4. Because of the limited amount of
storage space, it is necessary to summary punch third and
fifth-order coefficients (with necessary instruction) and
feed them back into the machine.

Approximately 375 programming cards are needed for
each surface. Including the printing of intermediate and
final results, summary punching, card handling and check-
ing, about seven minutes is required for each surface in the
system.
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DISCUSSION

My. Tillitt: There are other schemes for tracing rays.
One of those is in progress at Inyokern, where a means
has been developed using a sort of vector scheme for getting
through glass and using a coding deck of around 80 cards.
This will allow you to take skew rays or meridional rays
through symmetric or asymmetric surfaces. The largest
thing that has been done so far is a piece of glass which had,
I believe, 140 surfaces. There was some question as to
whether any light was going to get through this system;
but, at any rate, the computations were carried out.

Mrs. Anderson: This is just one type of ray tracing that
we do. We also trace paraxial and skew rays through
spherical or aspherical surfaces, but I understand this is
the first time any fifth-order work has ever been coded on
the machine. I think our regular tracing of skew rays
through a spherical surface takes about 80 cards also.



Theory of Elastic Vibrations of Helicopter Fuselages
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SUMMARY

AN analytical method for determining the natural fre-
quencies of an elastic helicopter fuselage system has been
developed herein, with particular application to the longi-
tudinally tandem rotor type helicopter. The Myklestad
method of elastic beam vibration analysis was employed to
study the bending-torsion vibrations of a non-uniform free-
free U-shaped elastic beam supporting flexibly mounted
engines. The U-shaped beam, whose horizontal component

comprises the fuselage proper and whose vertical compo-

nents comprise the pylons, assumed cantilevered at the
attachment points, was considered to execute uncoupled
bending vibrations in a vertical plane and coupled side
bending and torsion vibrations in a horizontal plane,
ignoring rotor blade motion, damping, and aerodynamic
forces. An application was made to a typical helicopter
fuselage system wherein an IBM electronic calculator
was employed to effect the repetitive tabular calculations
required to determine the natural frequencies and normal
modes of the system. The machine computations were made
by Mr. William P. Heising of the IBM Technical Comput-
ing Bureau of New York, employing the IBM Card-Pro-
grammed Electronic Calculator.

INTRODUCTION

Because helicopter rotors generate periodic forces in the
forward flight condition, the helicopter fuselage is capable
of executing elastic forced vibrations in the normal flight
speed range. The fuselage response to the rotor excitations
is generally manifested in uncoupled bending vibrations in
a vertical plane and coupled side bending and torsion vibra-
tions in a horizontal plane, the latter resulting from the
fuselage static mass unbalance about its torsion axis. For a
balanced rotor having b number of blades, the rotor excita-
tion frequencies are found to be integer multiples of the
bth harmonic of the rotor angular velocity, the major exci-
tation being the fundamental harmonic.

The proximity of the natural frequencies of the helicopter
fuselage system to the rotor excitation frequencies will, of
course, dictate the degree of the fuselage forced response,
the fuselage system being composed of the fuselage proper,

x

the pylons and the flexibly mounted engines. Consequently,
a determination of these natural frequencies should be made
in the design stage in order that an optimum fuselage de-
sign may be attained. A vibration analysis of the helicopter

fuselage system during the design stage could be either ex-
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perimental (employing a dynamic structural model) or
theoretical (employing linear elastic vibration theory). The
present paper is concerned with the theoretical study and
presents an analytical method for determining the natural
frequencies of a helicopter fuselage system. In particular,
the Myklestad method of elastic beam vibration analysis
will be employed in determining the natural frequencies of
the fuselage system of a longitudinally tandem rotor type
helicopter.

PRELIMINARY ANALYSIS

In the study of the elastic vibrations of a helicopter fuse-
lage, the fuselage system may be described by an elastic
beam comprising the fuselage proper, elastic beams canti-
levered to the fuselage proper comprising the pylons, and
simple mass-spring systems mounted to the fuselage proper
comprising the flexibly mounted engines. A schematic rep-
resentation of the fuselage system of a longitudinally tan-
dem rotor type helicopter is shown in Figure 1.

Engine .
Rear
Forward Pylon
Pylon
FWD.
Fuselage Proper
Ficurg 1

For the longitudinally tandem rotor type helicopter
shown in Figure 1, the fuselage proper is capable of execut-
ing uncoupled bending vibrations in a vertical plane and
coupled side bending and torsion vibrations in a horizontal
plane, the latter resulting from the fuselage static mass un-
balance about its torsion axis. The pylons can execute bend-
ing vibrations in the fore and aft and in the lateral senses.
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In addition, the pylons can execute torsional vibrations,
which, depending upon their static mass balance about their
torsion axes, can couple with bending. The engine, consid-
ered to be flexibly mounted in the vertical, lateral, and roll
senses, can execute uncoupled vertical vibrations and cou-
pled lateral-roll vibrations, the latter due to a static mass
unbalance about its roll axis. The resulting motion of the
fuselage system will consist of a coupling of the motions of
the three fuselage system components. In the vertical plane,
the coupled fuselage system motion will include vertical
bending of the fuselage proper, fore and aft bending of the
pylons, and vertical engine motion. In the horizonta! plane,
the coupled fuselage system motion will include coupled
side bending and torsion of the fuselage proper, coupled
lateral bending and torsion of the pylons, and coupled lat-
eral-roll engine motion. The coupled fuselage system mo-
tions are shown, for the case of infinite pylon torsional
rigidities, in Figures 2'and 3.

Ficure 3. CourLep SipE BENDING AND ToRSION

The simplest analytical study is to decouple the resulting
motion of the fuselage system into the motions of its indi-
vidual components and to decouple further the motions of
the individual components. The uncoupled natural frequen-
cies of the individual components are then found, from
which an approximation to the characteristics of the fuse-
lage forced response can be made by noting the proximity
of the uncoupled natural frequencies to the rotor excitation
frequencies. The uncoupled natural frequencies may be ap-
proximated from uniform beam theory if weighted mass
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and stiffness parameters are employed. For this approxima-
tion, the fuselage proper may be considered as a uniform
free-free beam for bending and as a uniform free-free shaft
for torsion. The pylons may be considered as uniform canti-
levered beams for bending and as uniform cantilevered
shafts for torsion, if both mass and stiffness are distributed.
For a concentrated tip mass and distributed stiffness, the
pylons may be considered as massless cantilever beams for
bending and massless cantilever shafts for torsion. The un-
coupled natural frequencies of the engine on its flexible
mounts will, in general, be known.

Having found the approximate uncoupled natural fre-
quencies of the fuselage system components, their repre-
sentations on two frequency spectra, one for vibrations
in the vertical plane and the other for vibrations in the hori-
zontal plane, along with the representations of the rotor
excitation frequencies, will disclose which component mo-
tions of the fuselage system will be of importance in the
study of the fuselage forced response. The general locations
of the approximate coupled natural frequencies may be
found by noting that for any pair of adjacent uncoupled
natural frequencies, the coupled frequencies will be such
that one is to the left of the lowest uncoupled and the other
to the right of the highest uncoupled frequency. This ap-
proximation appears valid, however, only if the pair of
adjacent uncoupled natural frequencies is relatively iso-
lated from the remainder of the spectrum. T'ypical frequency
spectra for a three-bladed longitudinally tandem rotor
type helicopter whose pylon torsional rigidities are infinite
are shown in Figure 4, wherein all frequencies are dimen-
sionless, being referred to the normal operating rotor speed.

As shown in Figures 4A and 4B, page 134, the rotor ex-
citation frequencies are considered in band form to account
for the range of rotor speed encountered in all possible flight
conditions. The first rotor harmonic band accounts for the
major excitation because of a rotor unbalance, and the third
rotor harmonic band accounts for the major excitation gen-
erated by a three-bladed balanced rotor.

It is to be noted that the complete natural frequency
spectra would include the quasi-rigid body modes at the
low ends of the spectra which are associated with the
dynamic stability of the helicopter in flight and include the
effects of rotor blade motion and aerodynamic forces. These
coupled quasi-rigid body motions of the fuselage system
and rotor blades are of little interest in the study of the
elastic fuselage forced response since their coupling with
the elastic modes appears negligible. Consequently, rotor
blade motion and aerodynamic forces are ignored in the
present analysis.

Unfortunately, the uniform beam theory uncoupled nat-
ural frequency spectra do not accurately describe the
uncoupled motions of the fuselage system components due
to the non-uniformity in mass and stiffness distributions.
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Ficure 4B. CouprLED SipE BENDING AND TORSION
LEGEND:

oy, = sth mode fuselage vertical bending frequency.
g, = nth mode fuselage side bending frequency.

o7, = nth mode fuselage torsional frequency.

w11 = Forward pylon fundamental bending frequency.
wpy = Rear pylon fundamental bending frequency.

®Ey, WEg, 0By, = Engine uncoupled vertical, lateral and roll fre-
quencies, respectively.

Q

Normal rotor angular velocity.

Ficurg 4. UNcouPLED NATURAL FREQUENCIES
FrOM UNI1rorM BeaM THEORY

The exact uncoupled natural frequencies are found to be
lower than the approximate uniform beam theory fre-
quencies, the errors being as high as 30 per cent for bend-
ing and 40 per cent for torsion. But even the exact un-
coupled frequencies do not properly describe the resulting
motion of the fuselage system, because the component mo-
tions couple with one another. Consequently, a rigorous
analysis accounting for non-uniformity and coupling is re-
quired in order that an accurate study of the fuselage forced
response be made. For this reason, the Myklestad method
of elastic beam vibration analysis will be employed to deter-
‘mine the exact coupled natural frequencies of a non-uniform
helicopter fuselage system. In particular, the Myklestad
method will be applied to the fuselage system of a longitudi-
nally tandem rotor type helicopter. Although the Myklestad
method will be applied in a free vibration analysis, in which
any one mode may be found independently of all other
modes, it may be extended to provide a forced response
analysis, the results of which would include the forced
modes of response and the dynamic stress distributions.

COMPUTATION

MYKLESTAD ANAILYSIS -

In applying the Myklestad method to the analysis of the
elastic fuselage vibrations of a longitudinally tandem rotor
type helicopter, the fuselage system is approximated by an
equivalent U-shaped elastic free-free beam composed of a
finite number of sections, each section having its individual
mass and stiffness properties. The horizontal component
of the equivalent beam comprises the fuselage proper, and
the vertical components comprise the forward and rear
pylons assumed cantilevered at the attachment points. The
engine is assumed to be flexibly mounted to a section of the
fuselage proper, the flexibility being in the vertical, lateral
and roll senses. The equivalent beam is considered to exe-
cute uncoupled bending vibrations in a vertical plane and
coupled side bending and torsion vibrations in a horizontal
plane, wherein the pylon torsional rigidities are assumed
infinite. Rotor blade motion, damping, and aerodynamic
forces are ignored, in that their effects upon the elastic
motions are negligible.

Uncoupled Vertical Bending Vibrations

Now consider the equivalent U-shaped elastic beam com-
posed of a finite number of sections to be executing free un-
coupled bending vibrations in a vertical plane (Figure 5).

F,

Ficure 5

As shown in Figure 5, the fuselage proper is divided into a
finite number of sections, each section consisting of an
elastic beam having a concentrated end mass and a bending
stiffness distributed over its length. The engine mass is
assumed concentrated and flexibly mounted to a section of
the fuselage proper, and the pylon mass centers are as-
sumed coincident with the rotor centers, at which centers
originate the constant rotor forces F,, and Fj,. Designating
the concentrated masses as vibration stations consecutively
numbered from forward to rear, then the tip mass of the
fuselage proper becomes station 1, and its end mass be-
comes station b, where b designates the base. The forward
and rear pylon masses are designated as stations 11 and bb,
respectively., To simplify the analysis, the engine mass is
considered to be part of the fuselage station mass to which
it is flexibly mounted. In so doing, however, an effective
engine mass must be employed whose magnitude is a func-
tion of the uncoupled engine natural frequency and the vi-
bration frequency of the fuselage system motion (see Ap-
pendix A).
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Now consider two adjacent fuselage stations, designated
n and n+1. Then the slope of the bending curve, the bend-
ing deflection, the shear, and the bending moment at each
station are shown in Figure 6.

Ficure 6

The symbols employed in Figure 6 are defined as follows:

oy = Slope of bending curve at #.

yn» = Bending deflection at #.

S» = Shear at #.

M, = Bending moment at ».

m,, = Mass concentrated at ».
I, = Length of nth section.

xyn = Coordinate of m, from base b.

Employing recurrence equations, the slopes and deflec-
tions of the two adjacent stations are related as follows:

Uny1 = O — SuUp, — My vy, } (1)
Yo+l = Yn — ln Op41 — Sn dF,, - Mn dMn

where, considering the section beam to be cantilevered at
n+1 and free at #, the bending elastic coefficients are de-
fined as follows:

vr, = Slope at # due to a unit force at #.

vy, = Slope at # due to a unit moment at #.

dy, = Deflection at # due to a unit force at ».
dy, = Deflection at # due to a unit moment at ».

For a uniform cantilever beam of length /, the bending
elastic coefficients become the following:

v = 2/2E]
Uy = l/EI (2)
dp = B/3E]
dy = 12/2E]

where EI is the bending stiffness assumed constant over
the beam length.

During a free vibration, the solutions for the slope, de-
flection, shear and bending moment at any station # take on
the form:
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a(t) = ae?
y(t) = yett 3
S(t) = Setwt )
M(t) = Met?

where now @, y, S and M are considered as the amplitudes
of the dynamic quantities during the free vibration. Denot-
ing the amplitudes of the slope and deflection at station 1
to be ¢ and $§, respectively, then the assumption of linear
elastic vibrations permits the determination of the slope and
deflection at station » as linear functions of ¢ and 8. Hence,
a, and y, may be expressed as follows:

an = ¢fg, — 8, }

Yn = —¢Ggy, + 395,
where fi, and gy, are the undetermined amplitude coeffi-
cients for the slope and deflection, respectively, at station n.
In a similar fashion, the amplitudes of the shear and bend-
ing moment at station » take on the form:

Sn = _¢G¢n -‘l" SGan }
M, = —¢Gs, + 8Gs,

where G, and Gy, are the undetermined amplitude coeffi-
cients for the shear and bending moment, respectively, at
station #. Substituting equations 4 and 5 into the equations

1, then the recurrence equations for the slope and deflection
amplitude coefficients become the following:

fkn+1 = fkn + 'an Gkn + 'UMn G’:’n } (6)
gkn+1 = g"’n + l"fkn-i—l - an Gkn - dMn G’,cn .

The amplitudes of the shear and bending moment at station
n are found as shown in Figure 7.

(4)

(5)

]

mn—\ yi

S—
m; )
%

T

Ficure 7

As shown in Figure 7, S and M, are the amplitudes of
the shear and bending moment at station 1, respectively,
resulting from the motions of the forward pylon and the
tip mass of the fuselage proper, yet to be determined, and

-
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myyw? is the incremental shear amplitude at station ¢ result-
ing from the bending vibration. It follows, therefore, that
Sy and M, become the following:

”

Su= S14+ ) my’
i=2 n—1 7)
M” = M1 + Sl(xl—'x,,) +Emiyiw2 (xi—x,,) .
i=2

Substituting equations 4 and 5 into equations 7, then the
recurrence equations for the shear and bending moment
amplitude coefficients become the following:

n

Gk” = le + meﬁgki
==

COMPUTATION

where

n—1
Xy — Xp = zl, . (9)
J=1i

The recurrence equations for the slope and deflection
amplitude coefficients, given by equations 6, and the re-
currence equations for the shear and bending moment am-
plitude coefficients, given by equations 8, formulate the
tabular calculations required in the Myklestad analysis.
These tabular calculations may be effected by the well-
known Myklestad tables for uncoupled beam bending vi-
brations (Tables I and II). The tabular calculations re-
quired in the analysis for uncoupled vertical bending free

n—1 ®) vibrations are formulated in these amplitude coefficients
Gi, = Giy, + zlfck@' tables, one associated with the tip slope ¢ and the other with
= the tip deflection 8.
TABLE I. MAss AND STIFFNESS PARAMETERS
8 vr X 108
”n m EI x 10 l dy X 108 T d X 10F vy X 108
11
1
\J
bb
TasLE II. AMpritupg COEFFICIENTS
kth Table @ @ @ @ @
_ Gy X 1078 = | G} X 1078 = |frens1 = Iy Agy =
n | me?/108 a=0D+ LZNY6) Yix @ |+ X QIX®—drx@
forn—1 108 forn—1 + vy X —dMX@
1 Gy Gy Giy fro Agr,
\j
b
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The amplitudes of the shear and bending moment at
station 1 are found from a study of the motions of the for-
ward pylon and the tip mass of the fuselage proper, as
shown in Figure 8.

Y11 F"’
ou -~
/m” %—
~I /'/
l '/ M
N lll
N
Sh

Ficure &

It follows from Figure 8 that

S1 = (mg + m1) y10° }

(10
My = y11(111m11m2—on) . )

The amplitudes of the slope and deflection of the forward
pylon, @y; and yy1, respectively, must now be evaluated.
These are found to be as follows:

%1 = &1 + Upy; (MY’ — a1 Fy)) } (11)
Y = e + an('muyuwz—Otquo) .
Now, since at station 1
% = (f)
12
niy } (12)
then it follows from equations 4 that
for =95 =1 } (13)
f51 = g¢; = 0.

The forward pylon slope and deflection amplitudes then
take on the form:

@11 = fpy; — 8y, } (14)
Y11 = —¢gey; + 895y,
where
f¢11 = {1+ mnw“’(lnvFu - an)}/Au
(15)
foy =0 ’

96y, = — {lu+ on(lu‘UFu - dFu)}/All } (16)
9o, =0

and where
Ay =1+ Foup,, — muo®dp,, .

(17)

Making substitutions into equations 10, then the amplitude
coefficients for .S; and M; become: :
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Gy, =0

Gﬁ]_ = (m1+mll)m2 } (18)

Gé*l = 9¢14 (lnmnwz—on) 19
] -

It now remains only to evaluate the rear pylon boundary
conditions. This is effected as shown in Figure 9.

Py

Yoo %?/
/ Wypy Z_;_

AYS

FIcure 9

It follows from Figure 9 that in order to meet the require-
ments for zero net shear and bending moment at the base
section b, the following boundary condition equations must
be satisfied:
S e O
M, + ybb(Lbbmbbwz—Féo) =0.

The amplitudes of the rear pylon slope and deflection, oy,
and ypp, respectively, must now be evaluated. These are
found to be as follows:

Uy = % + Uy, (mppypo® — anpF7,) (21)
Yoo = loooy +-dpy, (MupYere® —annlsy)

The solutions for ay, and vy, then become:

opp = — 8
= Lo @
where
Tow = Y1foy } (23)
fony = v1fsy
= —A
ol @
and where
y1= {1+ mb?‘l’2 (lyovryy, — dryy) Y/ Avs } (25)
M = {lw + Fey (lovvry, — dryy) 3/ Auo
Apy = 1 4 Frvr, — mupo®dr,, . (26)

The boundary conditions given by equations 20 may be
expressed in the form:

M} = —¢My+8Ms =0

where Sh and M} are the net shear and bending moment,

(27)
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respectively, at station b which must be zero concurrently,
and where their amplitude coefficients are defined as:

Ve = Ggp + mnnw’gy,

2
Va = Gab + mbbwzgab } ( 8)
My = Go, + goyp (lovmupe® — Fi) (29)
M; = G’ab + 9oy (bypmppe® — F'zo) .

If, now, the tip deflection 8 is made unity for normalization
purposes, then the tip slope ¢ becomes, from the net shear
equation, the following:

¢="Vs/Vs . (30)
Substituting, the net bending moment then becomes:
My = —My(Vs/Vy) +M; =0 . (31)

The above equation 31, which expresses the zero net bend-
ing moment at the fuselage base, becomes the criterion for
the existence of a natural frequency in uncoupled vertical
bending free vibrations. The tabular calculations must be
repeated for assumed values of natural frequencies until the
criterion is satisfied. The solutions for the slope, deflection,
shear and bending moment at a natural frequency then be-
come simply:

Ay = ¢f¢n — fan

Yo = —¢9s, 1+ 9o,
Sn = —¢Gy, + G,
M, = —¢Gy, + Gj, .

(32)

The foregoing equations 32 express the final solutions for
uncoupled vertical bending free vibrations. These solutions
are valid only at a natural frequency of vibration which sat-
isfies the criterion of zero net bending moment at the fuse-
lage base given by equation 31.

Coupled Side Bending and Torsion Vibrations

Now consider the equivalent U-shaped elastic beam com-
posed of a finite number of sections to be executing coupled
side bending and torsion free vibrations in a horizontal
plane, shown in Figure 10.

Ficure 10

COMPUTATION

As shown in Figure 10, the individual section beam is now
considered to have its concentrated mass offset from the
torsion axis and to have both bending and torsional stiff-
nesses distributed over its length. As before, the engine
mass is assumed concentrated and to be flexibly mounted
to a fuselage station, the flexibility being in both the lateral
and roll senses. The engine mass will again be considered
as part of the fuselage station mass to which it is flexibly
mounted, where now its effective value will be a function
of both its uncoupled lateral and uncoupled roll natural fre-
quencies and the vibration frequency of the fuselage system
motion (see Appendix A).

Now consider two adjacent fuselage stations, » and n+-1.
Then the slope of the bending curve, the bending deflection,
the twist, the shear, the bending moment and the torque at
each station are shown as in Figure 11.

W1, n+1

|
|

Yn

Ficurg 11

In addition to the symbols employed previously, the symbols
of Figure 11 are defined as follows:
6, = Twist angle at n.
T, = Torque at n.
J» = Mass polar moment of inertia about torsion axis
at n.
7. = Vertical offset of m, from torsion axis.

In addition to the recurrence equations for the slopes and
deflections of two adjacent stations given by equations 1,
the recurrence equation for the twist angles of the two adja-
cent stations becomes:

(33)

where, considering the section as a uniform shaft canti-
levered at n-4-1 and free at », the twist elastic coefficient vp
is defined simply as:

Up = I/G]p

0n+1 = 0» - ann

(34)
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where G, is the torsional stiffness assumed constant over
the section length.

In addition to the form of the solutions for the slope, de-
flection, shear and bending moment, given by equations 3,
the solutions for the twist and torque at station # take on
the form:

0(t) = fetot

T(t) = Te‘“"} (35)
where 6 and T are considered as the amplitudes of the
dynamic quantities during the free vibration.

Denoting the amplitudes of the slope, deflection and twist
at station 1 to be ¢, 8 and y, respectively, then the assump-
tion of linear elastic vibrations permits the determination of
@, y, and 6 at n as linear functions of ¢, 8, and y. Hence,

Up = ¢f¢n - Sfan - "’f‘#n
Yn = —dJs, + 395, + Y9y, (36)
6, = —qSh¢n -+ Shgn + ¢h\pﬂ

where fk,, and Ik, are defined as before and where 7, are
the undetermined amplitude coefficients for the twist at #.
In a similar fashion, the amplitudes of the shear, bending
moment and torque at » take on the form:

Sp = _¢G¢n -+ SGan —+ t//G,pn
M” = _4)6&7‘ + SGISn + lpG\lpn
To = —¢Hy,+ 8H;, + yHy,

where Gy, and Gy, are defined as before, and Hy, are the
undetermined amplitude coefficients for the torque at #.

In addition to the recurrence equations for the slope and
deflection amplitude coefficients given by equations 6, the
recurrence equation for the twist amplitude coefficients be-
comes, upon substituting 6, of equations 36 and T', of equa-
tions 37 into equation 33, the following:

(37)

(38)

The amplitudes of the shear, bending moment, and torque
at station # are found as shown in Figure 12.

hk"+1 = hkn - 7r, H’”’n

Ficurg 12
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As shown in Figure 12, Sy, M,, and T’ are the amplitudes
of the shear, bending moment, and torque at station 1, re-
spectively, resulting from the motions of the forward pylon
and the tip mass of the fuselage proper. Also acting at sta-
tion 1 is the vertical shear on, being the shear transmitted
by the constant forward rotor force. Also, the incremental
shear and torque amplitudes at station ¢ are found to be
miw? (v;—7i0;) and o? (J;0;—mriy,;), respectively. It follows,
therefore, that S, M,, and T, become the following:

n

Sn = S]_ + thz(yi—mo,;)
1=2
n—1
Mn = M1 +S]_(}V1_xn) —}—2miw2(yi—m»0i)(_xi—.r.,,) (39)
=2
T, = T4 +zw2(h0i—-mmyi) - on(yl_yn}-

=2

Substituting equations 36 and 37 into equations 39, then
the recurrence equations for the shear, bending moment
and torque amplitude coefficients become the following:

G, = G, +2M’liw2(gki”‘7’ihki)
=2

n—1
Gi, = G + Em,@ (40)
i=1
n n—1
Hkn = Hkl +Zw2(]ihki——mmgki) +2Fz0Agki
i=2 i=1
where
n—1
— — A
Ten = It E T (41)

i=1

Agr,, = Gonp1 ™™ Gy

The recurrence equations for the slope and deflection ampli-
tude coefficients, given by equations 6, the recurrence equa-
tion for the twist amplitude coefficients, given by equation
38, and the recurrence equations for the shear, bending
moment, and torque amplitude coefficients, given by equa-
tions 40 and 41, formulate the tabular calculations required
in the Myklestad analysis. These tabular calculations may
be effected by the well-known Myklestad tables for coupled
bending-torsion beam vibrations (Tables IIT and IV).

The tabular calculations required in the analysis for
coupled side bending and torsion free vibrations are formu-
lated in the amplitude coefficients tables, their being three
such tables, these being associated with the tip slope ¢, the
tip deflection §, and the tip twist y.
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The amplitudes of the shear, bending moment, and torque
at station 1 are found from a study of the motions of the

forward pylon and the tip mass of the fuselage proper, as
shown in Figures 13A and 13B.

N1

S1

9, m,Jy

Ficure 13A

my

M, ﬁl—
~

Si

Ficure 13B

It follows from Figures 13A and 13B that

S1 = M0’ (y1 - 7’101) =+ muynw2
M, =0 (42)
T = ]1'”201 —m 17’13’10’2 + 1111’”1131110)2 —1gy (yn —M )
The amplitudes of the slope and deflection of the forward

pylon, 6; and yi;, respectively, must now be evaluated.
These are found to be as follows:

611 = 61+ vFu(mHyuwz—Oquo) (43)
Y1 = Y1+ laby + dry (Muiy10®—011F,) .
Nouw, since at station 1
o = ¢
y1=38 (44)
01 = Slf s
then it follows from equations 36 that
f¢1 =9gs = hlh =1
fﬁl =gy, = h¢1 =0 (45)
f’l/1=g¢1 = h51 =0.
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The forward pylon slope and deflection amplitudes then
become:

011 = _¢h¢11 + 8h511 + ‘/}hlpll (46)
Y1 = '—4’94)11 "I— 89511 + ‘//g!hl
where
9oy, =0
9oy = (14 Fegvryy) /An (47)
Gury = {1+ Foy(lhavry, —dryy) }/An
h¢11 =0
h511 = m11m27/F11/A11 (48>
hyyy = {1+ muo®(havp, —dr,,) }/An
and where
Au =14 Fuyvp,, —muo’dr,, . (49)

Making substitutions into equations 42, then the amplitude
coefficients for Sy, M;, and 7% become the following:

Gy =0
Gal = m1w2 + m11w2g511 (50)
GW]_ = “M’117’1w2 —I- m11w2g¢11

Gy =0

Gi =0 (51)
Gy, =0

Hy =0

Hal = —m1?1m2 + g511(111m110)2—F20) —-'}— FZO (52)
H¢1 = ]1(1)2 —I— gwll (lllﬁ/lzuw‘z—"FzO) .

The rear pylon boundary conditions are now found as
shown in Figures 14A and 14B.

Fz,

Iy

Ficurg 14B
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It follows from Figures 14A and 14B that in order to meet
the requirements for zero net shear, bending moment and
torque and the base section b, the following boundary con-
dition equations must be satisfied:

S + Mmepyppe® = 0
My=0 (53)
T + lymapyose® — Foy (yop—y) = 0 .
The amplitudes of the slope and deflection of the rear pylon,

Oy and 7y, respectively, must now be evaluated. These are
found to be as follows:

Ovo = Oy + Ury, (MapYppe® —00l%) (54)
Yoo = Yo + lwbs + dry, (mopYpee® —00F7,) .

The solutions for 6y, and y,; then become:

O = _¢h¢bb + Shabb + tr”hlﬁbb (55)
Voo = —¢g¢bb + Sgabb + lpg\l/bb
where
hey, = €190y + E2hg,
hébb = Slgﬁb + f?hﬁb (56)
hlﬁbb = Slg\#b + &h\bb
Gopy = P10y + P2h¢b
gﬁbb = Plgﬁb + P2h6b (57)
Gupy = P19y, T+ p2hiy,
and where
pr= (1+ Féo‘vlv’bb)/Abb 58
p2 = pilos — Fiydr,, /D (8)
& = dry/Am (59)
&= {1 —+ mbbw2(lbb'vab - deb)}/Abb
Abb =1 + Féovﬁ'bb - mbbw2deb . (60)

The boundary conditions given by equations 53 may be
expressed in the form:

St =—¢Vy + 85 +ylVy =0

M} = —¢M¢—|—3AM5+¢M¢ =0
T£=—¢T¢+3T5 +1//T;p =0

(61)

where %, My and T4 are the net shear, bending moment
and torque, respectively, at station & which must be zero
concurrently, and where their amplitude coefficients are
defined as:

V¢ = G‘i’b —l— mbbw29¢bb

V5 = ng + M’Lbbwzgﬁbb } (62)
V,p = G‘/“b + mbwagwbb

My = G},

My = G§, } (63)
My = Gy,

COMPUTATION

Ty = Hyy + bymupo®ggy, — Fio(9op,—9s,)
T = Hab + lbbmbbw2g6bb - Fz'o(gabb—ga,,) } (64)
Ty = Hy, + loympe®gy,, — Fiy (Guyy— 9vy)

If now the tip deflection 8 is made unity for normalization

purposes, then the tip slope ¢ and the tip twist ¢ become,

from the solutions of the shear and torque equations, the

following:

¢ = (VyTs — TyVs)/(VyTy — TyVy) } (65)
= (VeTs — ToVs)/(VyTy — TyVy) .

The solutions for ¢ and ¢ must satisfy the zero net bending
moment equation, namely

My = —¢My+yMy+ M; = 0. (66)
'The above equation 66, expressing the zero net bending mo-
ment at the fuselage base section, becomes the criterion for
the existence of a natural frequency in coupled side bending
and torsion free vibrations. The tabular calculations must
be repeated for assumed values of natural frequencies until
the criterion is satisfied. The solutions for the slope, deflec-
tion, twist, shear, bending moment and torque at a natural
frequency then become simply:

£
!

o, — Vv, — Io,
= —¢9¢, + Y9y, + 9o,
0 = —ohy, + yhy, + hs,
Sn = —¢G¢n + ‘pGWn + Gﬁn
—¢Gg, + Gy, + Gj,
—¢Hy, + yHy, + Hs, .

2
3
|

(67)

SR
I

The foregoing equations 67 express the final solutions for
coupled side bending and torsion free vibrations. These
solutions are valid only at a natural frequency of vibration
which satisfies the criterion of zero net bending moment at
the fuselage base given by equation 66.

APPLICATION OF MYKLESTAD ANALYSIS

The results of an application of the Myklestad analysis to
a three-bladed longitudinally tandem rotor type helicopter
are now presented. These results include the solutions for
the first four normal modes of uncoupled vertical bending
and the first three normal modes of coupled side bending
and torsion free vibrations of an equivalent U-shaped elas-
tic beam supporting a flexibly mounted engine and having
infinite pylon torsional rigidities. The Myklestad solutions
for the exact coupled natural frequencies are summarized
in the following dimensionless frequency spectra (Figure
15) which include the approximate uncoupled natural fre-
quencies derived from uniform beam theory (Figure 4).
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Ficurg 15. CourLED NATURAL FREQUENCIES
FROM MYKLESTAD SOLUTION

It was noted earlier that in order to effect the Myklestad
analysis for free vibrations, the tabular calculations must
be repeated for assumed values of natural frequencies until
the criterion for the existence of a normal mode is satisfied.
This criterion is formulated in the boundary condition re-
quiring zero net bending moment at the fuselage base, ex-
pressed by equation 31 for uncoupled vertical bending and
equation 66 for coupled side bending and torsion. To facili-
tate the solution, it is found convenient to plot the function
M}/0® versus o, its zeros then being the criteria for the
existence of natural frequencies. The residual moment func-
tions associated with the results presented herein are shown
in Figures 16A and 16B.
3.42

|
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|

Ficurg 16A. UNCOUPLED VERTICAL BENDING
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F16urg 16. REsipuar, MoMENT FUNCTIONS

The asymptotes shown in the foregoing plots of the
residual moment functions do not, of course, denote natural
frequencies of the system. Rather, they denote those fre-
quencies of vibration at which the amplitudes of the pylon
and engine motions, and the amplitudes of the torsion mo-
tion of the fuselage proper, become infinite for finite ampli-
tudes of bending motion of the fuselage proper. These
asymptote frequencies are associated with the uncoupled
natural frequencies of the motions of the fuselage system
components other than the bending motion of the fuselage
proper. The asymptote frequencies, however, do not corre-
spond exactly with theé uncoupled natural frequencies of
the aforementioned motions due to their coupling with one
another and with the bending motion of the fuselage proper.
In the plot of the residual moment function for uncoupled
vertical bending, shown in Figure 16A, the first asymptote
is associated with the engine vertical motion, the second
with the rear pylon fore and aft bending, and the third with
the forward pylon fore and aft bending. In the plot of the
residual moment function for coupled side bending and
torsion, shown in Figure 16B, the first asymptote is asso-
ciated with the engine lateral motion, and the second with
the rear pylon lateral bending. Further calculations would
yield two additional asymptote frequencies, the first associ-
ated with the first torsion mode of the fuselage proper, and
the second with the forward pylon lateral bending motion.
Calculations beyond this point would yield asymptote fre-
quencies associated with the higher torsion modes of the
fuselage proper. Calculations at the low frequencies should
yield an asymptote associated with the engine roll motion.
In general, it may be said that the total number of asymp-
totes equals the total number of uncoupled modes of each
of the fuselage system components other than bending of
the fuselage proper, when employing the criterion of zero
bending moment at the base of the fuselage proper to de-
termine the natural frequencies of the helicopter fuselage
system. ’
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One final note to be made is the existence of natural fre-
quencies at the low ends of the frequency spectra. For un-
coupled vertical bending, there will exist a natural fre-
quency of the order of .01 to .1 associated with the quasi-
rigid body pitch motion of the fuselage system. For coupled
side bending and torsion, there will exist a natural fre-
quency of the above order associated with the quasi-rigid
body roll motion of the fuselage system. These quasi-rigid
body motions arise from the pendular effects of the constant
rotor thrusts.
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APPENDIX A

ErrEcTivE Mass PROPERTIES OF A
Frexisry MouNTED ENGINE

Uncoupled Vertical Bending Vibrations

Consider an engine of mass m, to be concentrated at a
fuselage station, at which station the concentrated fuselage
* mass is m; (less engine mass). Also, consider the engine to
be flexibly mounted to the fuselage with a spring of constant
k¢ and consider the fuselage station spring constant to be k,,.
The system may then be represented as a simple two-de-
gree-of-freedom vibratory system as follows:

Mg -
kg l
g gj' ¢
=k j

y

Ficure Al

where, in Figure Al, ¢ and y are the linear displacements
of m, and my, respectively. The equations of motion become:

y: mf§{+kyy+ks(y—-*)=0}
& msé‘l"ki(é—y) =0.

For harmonic vibrations of a frequency o, the solutions are

(A-1)

of the form
F i | (42)
whence it follows that
$o = p¢ Yo (A-3)
where
= 1/(1-F)  Be=ofor ol =ke/m,. (A4)

COMPUTATION

The equation of motion with respect to y may then be ex-
pressed as

(ms =+ mepg) y 4 kyy = 0.

Therefore, in uncoupled vertical bending vibrations, the
total effective mass at a fuselage station at which is concen-
trated a flexibly mounted engine becomes:

(A-5)

m = my; + Mopy (A-6)

where the amplification factor u is a function of the vibra-
tion frequency o, and the engine uncoupled vertical natural
frequency, w;.

Coupled Side Bending and Torsion Vibrations

In a similar fashion consider the engine to be mounted
flexibly in both the lateral and torsional senses with the
engine torsion axis located above the fuselage torsion axis
as shown in Figure A2,

ky

N

BN

my, ]f

Ficurg A2

where, in Figure A2, k, and k4 are the lateral and torsional
spring constants of the fuselage station whose mass m; (less
engine) is located a distance 7; below the fuselage torsion
axis and whose mass polar moment of inertia about the
fuselage torsion axis is J;, and ks and &4 are the lateral and
torsional spring constants of the engine whose mass m, is
located a distance & above the fuselage torsion axis and
whose mass polar moment of inertia is J, about its roll axis
likewise offset a distance & above the fuselage torsion axis.
Also, y and 6 are the linear and angular displacements, re-
spectively, of the fuselage station, and 8 and ¢ are the linear
and angular displacements of the engine, respectively, taken
with respect to the fuselage.

The equations of motion then become:

v 5 (mptme) 4 6( —mﬂ’f‘f-’??eh)
+ome + ky =0
6: 6(JHTetmeh®) + 5 (—mpryt-meh)
+8moh + G, + kg = 0
8 Smg+ ym, + Gmoh + ksd = 0
¢ T+ 61,4 ks =0 .

(A-7)
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For harmonic vibrations, the solutions take the form:
Y = Yo sin ot
0 = 0, sin ot

8 = 80 sin ol (A-S)
¢ = ¢ sin ot
whence it follows that
do = BopefS
A-9
B0 = o2 (Yo--hfo) (4-9)
where
P = 1/(1—13%), Btﬁ = ‘”/“’¢, “’% = k¢/]e (A—IO)
e = 1/(1—/3%), Bs = ofws, of = ks/m, .

The equations of motion with respect to y and § may then
be expressed as:
¥ Z.Sf(mf'l'meﬂa) + kyy — 6(mpi—mehps) = 0
0: 6(Jr+Tepg+meh?us) + kb

— Y(mgry—mohps) =0 .

(A-11)
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Therefore, in coupled side bending and torsion vibrations,
the total mass, static mass moment and mass polar moment
of inertia about the fuselage torsion axis at a fuselage sta-
tion at which is concentrated a flexibly mounted engine
become:

m = My ~+ Mepis
rm = mgy — Mhps
J =Ji+ Jepg + meh*ps

where the amplification factors p; and py are functions of
the vibration frequency o and the engine uncoupled natural
frequencies in the lateral and roll senses, ws and wg, re-
spectively.

} (A-12)

DISCUSSION

[This paper and the next were discussed as a unit.]

ArPENDIX B

UnirorM Bram THEORY FormMuLas FOR UNCOUPLED NATURAL FREQUENCIES

Natural Frequency Frequency
Beam Type rad./sec. Mode Coefficient Modal Shape
Uniform - = a \jET 1st bending a =224 S
free-free T 2nd bending ag = 61.7 So ¢
beam 3rd bending as = 1210 A=A
Uniform - = b \/E 1st torsion by=m e
free-free " N2 2nd torsion by = 2= Cp——r
shaft 3rd torsion bs = 37 b S e N
Uniform o= \/73_]_ 1st bending ¢y = 3.52 ey
cantilever " " ult 2nd bending co = 224 —— <
beam 3rd bending cs = 61.7 = S
Uniform . G, 1st torsion dy ==/2 —-
cantilever on = d”\/Tpg 2nd torsion ds = 3n/2 % = '
shaft 3rd torsion ds = 57/2 Fm——=—"
Massless o = \BEI Fundamental unity 4*
cantilever Ve bending ‘
beam with
tip mass
Massless . GI, Fundamental unity 4 —_— ]
cantilever - Y torsion
shaft with

tip inertia

LEGEND:

EI = Bending stiffness
GI, = Torsional stiffness

m = Mass

J = Mass polar moment
of inertia
| == Beam length

# = m/L, mass per unit length
A =J/L, mass polar moment
of inertia per unit length
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PRELIMINARY ANALYSIS

THE system of equations developed in the previous paper
is a difference system approximating a system of differen-
tial equations. If the fuselage section properties are assumed
constant, and the corresponding differential equations are
examined, a crude analysis shows that the various depend-
ent variables may be expected to increase in an exponential
manner along the fuselage. The curve will be influenced by
the value of the parameter, .

The modal shapes are developed from the dependent vari-
ables f, g, and % (which increase exponentially along the
fuselage) by the following equations:

Uncoupled Vertical Bending:

Coupled Side Bending and Torsion:

Deflection: Yo = —®gy, + g5, + Y9y,
Twist Angle: 8, = —®hy, + hs, + Yhy, .

In the case of uncoupled vertical bending, there are two
independent solutions which satisfy all the boundary condi-
tions at the forward pylon. Because of the linear character
of the equations, any linear combination of the two solutions
is also a solution which satisfies the initial boundary condi-
tions at the forward pylon. These two solutions are called
the ¢ solution and the § solution. There are two boundary
conditions to be satisfied at the aft pylon. These conditions
state that the residual shear and bending moment are zero
at the rear. A parameter @ is the multiple of the ¢ solution
to be added to the § solution so that the combined solution
has zero residual shear at the aft pylon. The residual bend-
ing moment is then computed and plotted as a function of o;
the roots of M’ = O correspond to the natural frequencies
of undamped harmonic vibration of small amplitude.

The case of coupled side bending and torsion is similar
except that there are three independent solutions consistent
with the boundary conditions at the forward pylon. At the
aft pylon, the boundary conditions for a natural vibration
frequency are that the residual shear, torque, and bending
moments be zero. Two parameters, ® and ¥, are chosen so

Deflection:

X
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that the residual shear and torque are zero. These param-
eters are the relative amounts of the ¢ and y solutions
which must be added to the § solution to give zero shear
and torque at the rear pylon. The residual moments com-
puted using various values of the frequency parameter,
o = 2nf, are plotted against o, and the roots give the natural
frequencies of the system.

Under these conditions, the variables f and g, together
with the parameter ® (also the variable 4 and the param-
eter ¥, in the case of coupled side bending and torsion), de-
termine the modal shapes at the natural frequencies. Since
the variables f, g, and % increase exponentially along the
fuselage, whereas the appropriate physical quantities de-
scribing the modal shape (such as deflection in the case of
uncoupled vertical bending) oscillate in sign and remain of
the same order of magnitude along the fuselage, there must
be very nearly exact cancellation of the component deflec-
tions from the various solutions near the rear of the
fuselage. '

In practice, the first three to five significant figures may
be identical before subtraction. Thus, a high degree of ac-
curacy in the dependent variables is necessary to get reason-
ably accurate modal shape curves. Five to seven figures are
necessary to obtain two to three significant figures in the
modal shape curve. The experience of the Piasecki engi-
neers lead them to recommend the retention of at least six
significant figures at all times, if possible. In order to main-
tain maximum accuracy and yet avoid the likelihood of
counter overflow in the Type 402 Accounting Machine,
particular care in the scaling of this problem was essential.

SCALING THE SysTEM ofF UNITS

The system of units in which design engineers express the
various structural constants of the helicopter fuselage is
gravitational, with the pound of force, the inch, and the
second as fundamental units. In the engineer’s system of
units, the numerical values of the different types of struc-
tural constants range from 10° to 10—°. By an appropriate
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alteration of these units by powers of ten, all the various
structural constants become of the order of unity in the new
system of units. The various dependent variables (f, g, k,
G, G', and H) also become of the order of unity in the new
units. Thus, 102 inches, 102 seconds, and 107 pounds of
force were chosen as convenient units for machine proce-
dure, and the various factors for conversion from the engi-
neers’ system of units to the given system are powers of ten.

Examination of sample hand computations for typical
cases performed?® over a part of the range of frequencies of
interest indicated that the maximum values of the various
variables were fairly approximately proportional to «?. Since
all the equations are linear and homogeneous in all the other
variables, it was decided to use solutions with initial or
starting values of 1/0? rather than unity for §, g, or 4, as the
case might be. The analogous quantities in this solution,
f, 9, h, G, G', and H, are equal to f/v?, g/0?, h/v? etc.,
respectively.

MacHINE PLANNING

Machine planning for the IBM Card-Programmed Elec-
tronic Calculator allowed for seven decimal digits in all con-
stants and variables used in the computations. Thus, the
appropriate channel C shift code depends only on the mathe-
matical operation being performed. A setup change switch
was wired so that the problem could be instantly converted
to the solution of the problem using six instead of seven
decimal digits. This setup change switch automatically
shifted the reading of the factors from the card one position,
and also automatically altered the channel C shift code on
the 402 control panel in the proper manner.

The parameter, o?, was entered into the CPC on the first
card only. The remaining program cards contained instruc-
tions and fuselage constants. To repeat the solution for a
different frequency, a different initial card was substituted.
Output was in the form of a tabular listing only. At the end
of each section, all the counters were impulsed to total with-
out reset on a minor program cycle. This caused the print-
ing of a table of f, g, h, G, G’, and H. The machine used was
equipped with automatic conversion and reconversion so
that true negative values were listed, and complement nega-
tive values were retained. The identical program cards were
used for different helicopters, or revisions of the same
model helicopter. The new structural constants were
punched in a different factor field in the same card.

The time of solution on the CPC was approximately two
minutes for uncoupled vertical bending (compared to eight
hours hand computing). Coupled side bending and torsion
required five to six minutes per frequency investigated.

Complete checking was not attempted. Smoothness of
the residual moment curve served as a check against ob-

aThese computations were carried out in the Vibration Analysis De-
partment of the Piasecki Helicopter Corporation.
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vious errors. These curves were plotted while the CPC was
in operation. If a random error was suspected, that fre-
quency was re-run. If the results were identical, and a con-
sistent error was suspected, a setup change switch was
utilized to read the structural constants from a different
factor field on the cards, which field contained the struc-
tural constants of an helicopter model which had previously
been extensively investigated.

Throwing of the setup change switch which controlled
the number of decimal figures retained in each step of the
calculation, should give similar answers; thus, single digit
counter overflow could be ruled out. These safeguards
against error, together with the expected values of the
natural frequences of vibration derived by the design engi-
neers on the basis of uniform beam theory were deemed
sufficient guarantees of the correctness of the calculation.
The errors arising from truncation of the various numerical
quantities after seven decimal places-could usually be esti-
mated by comparison of the results obtained using only six
decimal digits. As was expected, this truncation error in-
creased rapidly with %, but was within acceptable bounds
for the ranges of interest for design purposes.

This problem is considered an ideal type of problem for
solution on the CPC. The counters and storage were prac-
tically completely utilized to the maximum efficiency. After
the problem had been set up and in operation for some
months, the engineers wished to discover what effect, if any,
their assumption of a rigidly mounted engine had upon the
frequency spectrum. This meant that to investigate the non-

. rigid engine mounting case, some of the structural “con-

stants” became prescribed functions of the frequency being
investigated. The conversion from one problem to the other
required the replacement of 5 to 10 program cards; thus, it
was very convenient to alternate between the two cases to
assess the importance of their original assumption in the
various frequency ranges.

It is of interest to compare the procedure used with the
recently developed floating decimal procedures. The main
body of the solution consists of the accumulation of products
to obtain the succeeding values of the dependent variables.
In the procedure used, practically every card used the mul-
tiplication type of operation, and the addition was per-
formed by the read-in to the 402 counters. Thus, the pro-
gramming of this problem by floating decimal procedures
would require practically twice as many program cards.

On the other hand, floating decimal procedures would
guarantee eight significant figures at each step. This com-
pares with six figures (or five in a few cases at higher fre-
quency) in the present procedure. Further, the initial plan-
ning would have heen only a fraction as complicated, since
scaling would have been unnecessary. Floating decimal
operation would also have eliminated the necessity for con-
version factors of powers of ten.
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DISCUSSION

Mr. Ferber: This is exactly the method that we have
been using at Consolidated Vultee in San Diego for the past
four or five years. In fact, we used this method on the
601 sometimes with complex numbers. It was really a big
problem. We also have more flexibility taken into account
and instead of four and six equations, we often have eight
and ten simultaneous equations. However, I found again
that this was just the problem where you would want to
emit the value of  rather than punch a card each time.

Mr. Conant: Is there a possible application to slightly
different problems, that is, vibration within the cabin of an
aircraft, due to vibrations of the motor and propeller-mount ?

My. Leone: One of the easiest ways to remedy the exces-
sive vibrations of the engine, of course, is to vary its
flexible mounts, but in this particular problem, one has to
be careful that, in so doing, the resulting coupling effect of
the fuselage vibration with the engine will not produce a
coupled frequency which will fall inside of an excitation
range.

Dr. Welmers: Very frequently a rough experimental
check, after the airplane or the helicopter has been con-
structed, can give some results rather conveniently. In one
particular instance on a helicopter where we had excessive
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cabin vibration, a couple of hours spent in vibrating the
ship and in shifting the battery around in the tail structure
solved the problem. The total shift of the battery was about
one and a half or two feet. It completely eliminated an
annoying cabin vibration that had been complained of by
the pilots. Much of this work is hardly worth a careful
analytical. study because the variations from one ship to
another may make it almost impossible to apply on a pro-
duction basis. The sheet-metal and the way in which it is
bent on most of these non-structural items is not particu-
larly carefully watched.

Mr. Leone: 1 would just like to say that we at Piasecki
are developing a method for the analysis of the flutter and
force response of the rotor blade in which we, too, hope to
use complex numbers, but it appears to be a big problem
at the moment because of the obscure knowledge of the
oscillating air forces on rotating wings.

My, Ferber: It may be of interest to mention an addi-
tional reference on this subject of Mr. Leone’s paper: “Cal-
culation of Coupled Vibration Modes and Frequencies of
Aircraft” by Michael Dublin, Consolidated Vultee Aircraft
Corporation. This paper was presented at the Applied Me-
chanics Conference held at Stanford University on June
22-23,1951.



