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SET 2

1.7 E(X; +Y:;) = piy + 4, is independent of ¢, and since Cov{X,,Y¥;} = 0 for all ¢ and s,
Cov(Xspn + Yern, Xt + Y2) = 7, (h) + 7y (R) which is independent of 2.

1.10 For my = 51 _, cit*, we have

P
vms = cht - ch t— l)k
k=0
-2
= pcptp_l + Z byt
k=0

since t-1P =P —ptt~t 4 ... Consequently, 7m; is a polynomial of degree p — 1 and

therefore by successive application of the difference operator 7 we deduce that PHm, = 0.

1.12 (a) We first prove that a linear filter {a;} passes a polynomial of degree p if and only if

Ej'jraj =0, r=1,...,p.

To prove this, it is enough to show 3 a;(t + )7 = t" for r = 0,...,p. But, (¢ +j) =
Yoo (JtFi7* so that

utesr=§ ({2

for r =0,...,pif and only if the above conditions hold.
(b} For Spencer’s 15-point moving average filter, {a;, j = -T7,... , T} it is a simple matter to
check that

T .
Za;;: 1
-7

7

Y ia;=0, forr=1,23.

=7
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1.15 {a) Since s; has peried 12,

12Xt = Vnzla+bt + 8,4+ Y
=120+ Y - Yiop2
so that
Wo=9VnpXi=Y-Yi ~Yi-Yias

Then EW; =0 and

Cov(Wipn, Wr) :
= Cov(Yian — Yepnot — Yepnoaz + Yopao1a, Ye = Yeor = Yepp + Yeos)
=dy(h) - 2y(h = 1) — 2y(h+ 1) + y(h — 11) + y{h + 11) — 2y(h — 12}
—2y(h+12) + y(h + 13) + y{h - 13)

where "y(-) is the autocovariance function of {¥;}. Since EW; and Cov(W,ys, W) are
independent of t, {¥;} is stationary. Also note that {712X;} is stationary.
(b) Xi=(a+bt)s:+ V1
F12X= bty = b(t - 12)8; 10+ Ve — Yip2
=12bs;13 + Y — Yioaze
Now let Uy = 7%, X; = Y; — 2¥;_12 + Yi-24. Then EU; = 0 and

Cov(Upps, Us) = Cov(Yian — 2¥epnern + Yepnona, ¥y — 2¥io1z + Yio24)
= 6(h) = dy(h+ 12) — dy(h - 12) +y(h+24) + y(h - 24)

which is independent of ¢. Hence {U,} is stationary.
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Four out of 40 sample autocorrelations are outside the 95% bounds
and several others are close suggesting that the residuals are not iid,

Further Testy of [II} Residual Hypothesis

ITSM::Pest(Tests of randomness on residuals)

Ljung - Box statistic = 55,384 Chi-Square ( 20 ), p-value = 00004
McLeod - Li statistic = 15.829 Chi-Square { 20 ), p-value = ,72716

# Turning points = 43.000~AN(46.667.sd = 3.5324), p~value = 29926

# DifT sign points = 35.000~AN(35.500,sd = 2.4664), p-value = 33935 .
# Rank points = 1245~AN(1278.,5d = 102.85), p-value = 74433

Order of Min AICC YW Model for Residuals = 1

The first and last tests suggest rejection, the first at all evels greater than .00004.

In view of the sample ACT and the extremely small p-value of the first test,
- T would reject the null hypothesis of iid residuals.
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Forecasts of 24 future values
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The red values are the forecasts, shown with upper and lower 95% prediction bounds. The
observed numbers of accidentai deaths at times 73 — 78 were 7798, 7406, 8363, 8460, 9217
and 9316, all of which lie between the bounds. Forecasts beyond six months are clearly
strongly influenced by the assumption of a quadratic trend and should be treated with some

scepticism,
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ITSM: : Pest (ACF/

# of Lags =

Sample Autocorr
Sample Variance

1.0000
-.2662
4099
.0548
.1042
.1001
L2073
.1343

t

Sample Partial

1.0000
L0011
.0765

-.0314
.0012

-.0901

-.0599

-.0891

PACF) 2.\
——
40
elations:

= 1382.18510000

.8062
-,2117

.3941
-.1020
-.018¢6
-.1820
-.1500
-.1682

Butocorrelations:

.8062
.1698
L0669
-.1330
—-.0628
.0241
.0425
-.0018

L4281
L0437
L2882
.1448
.041¢6
.2315
L0931
.1857

L6341
L1074
L0328
L1871
.0988
.0735
.0017
L0373

.0656
L1637
L1431
L1770
.0485
.2505
.0786
.1839

.0805 -

L1117
.0748
L1146
.0922
L0214
.0660
.0293

.1694
.3305
.0197
.1676
L0035
L2415
L0974
.1808

L0811
.0800
L0369
.0204
.1089

.0280
.0638

L0612



 ITSM: :Pest (Preliminary estimates) .

Mathod: Yule-Walker

Fitted Model: _ '

X(t) = 1.318 X(t-1} - .6341 X{t-2)
+ Z(t)

- WN Variance = 232.894980

AR Coefficients
1.317501 - =,534121

Ratio of AR coeff. to 1.96 * (standard error)

8.093289 -4,.184136
(Residual SS)/N = 232.895
WN variance estimate (Yule Walker): 289.214

-2Log{Like) = 830,924987
AICC = 837.174987



MODEL ACF/PACF
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ITSM:: (ARMA Forecast)

Step

W m -1 O N

2.\
=

Prediction

88.
85.
70.
53.
41.
34.
34.
38.
43.

89157
04872
54270
86785
09730
84597
70793
49016
56078

sqrt (MSE)

15,
25,
30.
. 75219
31.
32.
.56133
33.
33.

31

32

26090
24195
32838

79898
01229

02344
20603

.7



o

2.8 . o
T (L N X coe
P - )-8 e

t : ) C oy @<y v f_; }N W ( 1
L 't o . =) rG_J

e e e e e - . RS - e b " + . “= [ — _k
o g [P A A I_E_

- . €l

G- B e ena aiae



CHAPTER 3

3L (a) §() =1+ 22— 487 = (1+ 82)(1-.62) = 0 when z = ~1/.8 or z = 1/6. Since both of

these zeros are outside the unit circle, the process is causal. Process is obviously invertible
since Zp = Xi + 22Xy — 48X, 0.

(b) ¢(z) = L + 1.9z + 882" = (1 + 1.12)(1+ .82z) =0 when z = —1/L.L or z = —1/.8.-Since
the first of these two zeros lies inside the unit circle, the process is not causal.
8(z) = 1+.2z+ 72> = O when z = =2EET8 o 212 = [(— )24 2.76]/ (1.4) = 1.429 > 1
which implies the process is invertible.

E:')(ﬁ(z)=1+.6z =( when z= - 10/6 = causal. -
#(z) =1+ 1.2z = 0 when z = —5/6 == not invertible. :

‘(E)_ #{z) = (1+.92)* = 0 when z = —10/9 = causal. AR(p) processes are always invertible.

(e} &(z) =14 1.6z2=10 when z = -10/16 = not causal.

B(z) = 1 - 42+ .04 = (1 - 22)° =0 when z =5 = invertible. _
. _
BT R e e g
=) %‘ b : Yy o=
W= (‘l‘-’—)ﬂg"’z p = e s 06
Yoo (-r2) g +CuB)f, = "S2 ' y, = & eVp = ~0.36
"p; CXPN g;z-+(~qg)¢l= --20 ﬂ = (~-6) wL: =R
‘Fq_-‘- -2} 'f’a*'(“-%i’) ¥ = -2896 B, = C--C.\l/; = -0.124¢
= (-2) g «Cugy = =0 15392 o= () # 2 0. 07776
O AR

K= (—e.%ﬁ%f{ ar(,.g@fpo £ 2.3
»ﬂ; C—-(Ag‘}«i —{--g:‘) ;01 =-2.41¢

2 (- BV e(-. gy W = 2.2%0Y
b V(80

w o= (LR w(-e8) 2 =3 Seaqy | - o

Tosre i agrae wcth, TTSM,
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ITSM: :Pest (ACF/PACF)

3. L &Y .
# of Lags = 40
Model Autocorrelations:
Gamma {(Q) = 1.52496246
1.0¢00 -.3846 .55€9
-.2074 .1982 -.1392
L0773 -.0593 .043Q
-.02486 .0199 -.0158
.0081 -.0065 .0052
-.0027 o021 -.0QC17
L0009 ~-.0007 .0006
-.0003 .0002 -.0002
Model Partial Autocorrelations:
1.00430 -.384%¢ L4800
L0000 L0000 L0000
.0C000 L0300 Q000
.0000 .0o0o .0000
.00¢o 00090 .0000
.ggoo L0000 .0000
.0000 0000 .Q000
E .0000 L0000 .00ga
1.00—
80
0=
ol | |
o ‘
' J 1 | T L
[T
2001 f
- 30—
!
S s 1 15 m 3 B 0

.3265

-.2960

.1230 -.0914

-.0383 L0312

.0127 ~.0101

-.0041 .0033

.0014 -.0011

-.0004 .0004

.0001 -.0001

.0000 .0000

.0000 .0000

,0000 .0000

L0000 .0000

.0000 .0000

L0000 .0000

L0000 .C000

.C000 L0000
1,00~
0
B0~
A0
20—
00
.
- 3=

§ s 1 0



5.3

1,00 1.00-
B 30—
50~ 80—
40— A
204 B
Rin .

|

= 1 ] Y 1 T 7 ;

Gamma(0) = 1.56250000

1.0000 1680  -1008 0605  -0363
0218 -0131 0078 -.0047 0028
- 0017 0010 -.0006 0004 -0002
0001 -.0001 0000 0000 0060
0000 0000 0000 .0000 0000
0060 0000 0000 0000 0000
20000 0000 0000 0000 0000
0000 0000 0000 .0000 0000

Model Partial Autocorrelations:

1.0000 1680  -1328 1068 -0869
0713 -0587 043  -0403 0334
-0278 0231 0192 0160 -0133
0111 -0093 0077 -0064 0054
-0045 0037 -0031 0026  -.0022
0018 -0015 0012 -0010  .00Q9
-0007 0006  -0005  .0004  -0003
0003 -0002 0002  -0002 0001




ITSM: : Pest {(ACF/PACF)

# of Lags = 40

3.2 ()

Mcdel Autocorralations:

Gamma (0) = 1.56250000

1.0000
.0218
-.0017
.0001
.0000
.0000
.0000
.0000

L1680
-.0131
.06010
-.0001
.00c0
.00C0
.0000
.0000

Model Partial Autocorrelations:

1.0000
L0713
-.0278
L0111
-.0045
.0018
-.G007
. 00403

.1680
-.0587
L0231
-.0083
L0037
-.0015
.00086
~-.1002

-.1008
.0078
-.0006
.0009
.0000
.0000
.0000
.00040

-.1328
.0488
-.0192
L0077
-.0031
.0012
-.0005
.0002

1.00—

.0363

.0605 -
-.0047 .0028
. 0004 -.0002
.0600 .0000
.0060 .0000
.0000 .0000
L0000 .0000
. 0000 .0000
.1068 -.0869
~.0403 .0334
.0140 -.0133
-.0064 .0034
.0026 -.0022
-.0010 .0008
.0004 -.0003
-.0002 L0001
1.0
B
O
40—
20—
o ‘ ‘ L1
X ’_[T T
- 20—
‘ 5 10 15 30 35
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5.6

'3.8. By equation (3.1.14), the stationary solution of the difference equations, X; = ¢X;_; +Z; with
{Z:} ~ WN(0,0%) and |¢] > 1, is given by Xe = = 3232, 77 Zy4;. It follows that EX, = 0
and 2
Tx(h) = #—_—ifﬁ"lht-

Now define
B Zi=Xe- 71X,
Then EZ, = EX;~ ¢ 'EX,.; =0 and

Cov{Zyn, Z) = Cov{Xepn = 07 Xepn—1, X = 7 Xo1)
=7 (B) =T (b= 1)~ 7 e (B 1) + 7 (B)
Fr(l-27+4Y) =%, ifh=0,
{ ;?%(W" —¢h gL =2 =0 ifA>OD.

Thus {Z,} ~WN(0,#%) with 3° = ¢°/¢°. Note that the causal representation has a smaller
white noise variance than the noncausal representation. @
3.9. (a) The autocovariance ¥{(-) is given by

o' (1461 +0%), h=0,

_ 0'291, h= i].,
(k) = { 0?62, h=+11,
o20y3, b= £12,
0, otherwise.

(b) From LT3, the sample mean is 28.831 and

0 3 2 3 4 5 6
4(R) 152670 -54327 -15072 14585 -17178 6340 17421

-

h 7 8 9 10 11 12 13
4(R) -31165 -1088 15277 -12435 29802 -50867 13768

h 14 15 16 17 18 19 20
(k) 17738 -6206 -9636 27982 -20456 3693 7569

(c) Matching ¥(1),y(11),¥(12) with ¥(1),%(11}, %(12), we have

8, = $(11)/3(12) = —.586,
b1y = $(11)/4(1) = —.549,
& = 5(1}/6y = 92740.



30 that the model for {Y; = ¢ 712 X¢} is

Y, = 28.831 4 Z; — 5862y — .549Z 13,  {Ze} ~ WN(0,92740).

3.10. (a} From XTTsM,
(0) = 676788 = 62 /(1 - 6%)

3(1) = 495633 = 35 /(1 — %)

and solving for & and @, we obtain ¢ = .73233,4% = 313822. The sample mean is
i = 4503 giving us the model

Y= 73033Yi + 20 {2} ~WN(0,313822)

where Y; = X; - i = X; — 4503,
(b) The best linear predictor of Y3 is

Va1 = ¢Yao = .7323(3885 — 4503) = ~452

and hence Xs; = Y31 + /3 = 4051. The mean squared error of prediction is E(¥3; ~ Ya1)? =
EZ} = o* which we estimate by &7 = 313822.

(.C,'} Q’?Z r-»m’.-—ar.e.o;u Lot
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_M ?1K3.= a.._LK:-{—a...X\I
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| = - +9
= (i+eY e,
e
o
“_">_'(['f63 + 9}&. = &
&
2
:.> C\.-L'—'» - (2]

&

/

T =
1+ & -\-8*

p—

1

e ?AC.-G et .Qaq_a . udven audg o E:L

Paes at Lag 2

l‘-ml:utbmmvm% )( m.-t.u,w.nc;gx* cu_._.:l_,)(

CX Z+ez ‘-3
m) f ewe( Eiﬁb

z
(- g > /
313, (a) ra=1+8 —8*/rn_jand hencer, —1=14° _'!:_:1:1 or
1 - TFa-y rn 5 Ta_l
=48 ? = -1+ =f Z .
a1 Fp-1— 1. o - oot — 1
Deﬁmng Y = , WB have y3 = _I'.I_ 1428

¢+a
(b) From the recursion denved in (a)

n =14 ﬂ_zyﬂ_l =1+ 3_2(1 + 9_2!!»-2)

Since r, = Un/(yn — 1), we haveforn > 1

a'nd In= a_z.yn—-l +1.

== l+ﬂ—2+.;-.+g"2ﬂ+2 +3—‘2'ny0

1 + 9—2 + = + g-2n+2 + anﬂyo

™= "2 4o 202 4 g-Tng,
q
anl = .
-1
(¢) From (b)
_gmy-t
Pt =, 0> 1,
nllrnge Tn = 1a |9| = ].,
+8P 48
- e =L i<l
and
: 6] > 1,
nh—rntln by = 8’ Iel =1,
8, <l



et ‘(‘T&th‘—k\\d"\ . j"@(h-m}\ .;‘LW&L-Q\}AA\ . (.2

- Emch.m\-.;m@.mﬂv - o 4 R b

L]

-

' | jfld'x = ot 4 R=h @ |
21“: ; C-lwfl'{(h)=-2—,r[1-.5(g-2.fw.+ c?w)_zs(e-m_[_em)] :

-1
= 2—1‘_[1 -~ cos 2w - .5cos3w]
<0 atw=0,
(k) cannot be an autocovariance function.
4.5. By Problem 1.10, {Z := X; +Y:} is stationary with autocovariance function 7(k) = 1 (h)+7y (h) and
hence -

) =170 = [ $ar, o)+ [ $ar

= ¥ 4 dF, () B _ _
f .

where F,(w) = F, () + F,(w) is the spectral distribution fanction of {Z;}.
4.6. By Problem 1.10, 7, (k) = 7, (k) + 7, (h), where

2 2
v, (B) = 2 cos %}i - 1’2_, e~ iwh/3 + ¥ eir.&/3,
72502, h=0,
v (h)={ 23 A==l
0, jhl>1.
Moreover by Problem 4.7, Fx(A) = F, (A} + Fy(A) where
0, A< —n/3,
F,y={ vy -nf3<A<nf3,
v, mf3<A
A g2
F (A= | —(7.25+5c08X)dA
o _ o
2 ' ' :
= 2= [1.250\+ 1)+ 5sin]. o |
4 8. The spectral density of {X;} is
£ () = (2m) L - 9967 = (2m)1(1.9801 - 1.98cos3A) " ' 3

This spectral density has sharp peaks at the frequencies A =, 4+27/3, which suggests sample paths

that are quite smooth and nearly periodic with period 3. The spectral density of the filtered process =
Y= HXim1+ X+ Ko } 3
Z
Lo i
A= §|¢ Apl+e J\|2.fx(’\)
4 .
=§(3+4oos.\+2cosn)fx(k) 3
and f,(2%/3) = 10000/(27), f, (2x/3) = 0. So this filter effectively eliminates the strong periodic N
component in the {X.} data. .
©
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5.5 3000 observations of a Gaussian MA(1) with coefficient 0.6 and WNV=1.0
were generated using ITSM. The option Transform>Subsequence allows
you to pick out the independent subsamples 1-200, 301-500, ..., 2701-2900,
and get independent estimates for each of these ten samples of length 200.
Using the seed 1111111111 gives the results below. Notice that the moment
estimator is conveniently calculated in Excel by pasting in the sample ACF
at lag 1 and computing the moment estimator from the explicit formula on

p. 146.

Simulation rho(1)hat thetahat Moments Innov. Alg. MLE
1 0.3901 0.479966 0.48 0.592 0.6686
2 0.4001 0.500208 0.5002 0.5909 0.6135
3 0.4611 0.665026 0.665 0.5649 0.557
4 0.4569 0.649853 0.6499 0.6567 0.61
5 0.5489 #NUM! 1 0.755 0.6771
6 0.464 0.676099 0.6761 0.548 0.4859
7 0.4274 0.562754 0.5628 0.5284 0.5521
8 0.4238 0.553757 0.5538 0.6318 0.6378
9 0.3825 0.46532 0.4653 0.5324 0.5741

10 0.3611 0.426912 0.4269 0.5103 0.5581
Sample variance = 0.027606 0.005475 0.003502
Sample mean = 0.598 0.59104 0.59342

Asymptotic theory: 0.023704 0.005 0.0032
0.6 0.6 0.6

The MLE is clearly best in terms of sample variance and the moment estimator is worst.
The empirical means and variances of the estimators are in good agreement with the
asymptotic theory.
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‘5.9, We can write the joint (Gaussian} density of the first n observations fot n > p as

5.11.

f(ﬁ?la sens xn) = f("'-'-l_a “en r3p)fX,+;IX¢,tgp(xp+l|xht < P) .- 'fX,lX.,tSn—-l(znixht <n— 1)

- The first factor is, by equation (5.2.1),

! _ L xrg
(ov/2r)P(det G,)172 exp{ 307 (X505 Xp)}

and the remaining factors are

amexp{m(xt_qsle—l+"'+¢pxt-p) }: t=p+1,...,1

since, conditional on X,, 5 < t, X; has the normal distribution with mean ¢y X1+ - +¢p X¢.p
and variance o%. Multiplying these factors together gives the required result.

The reduced likelihood is /3(¢} = In ﬂﬂﬂ + 3(Inro + Inry), where from Problem 5.9

2 _ 3
S =2+ {72 = dz1)” fnl)

To r
=2} (1— ¢") + (22 ~ ¢21)’

= .'.L‘% + m% mzéxl:rz
since rg = {1 — (;52)'1 and r; = 1. Therefore

b(6) = - 5 In(1 - ¢%) +n[5(e} + 2 - 2m13)]

3I2(¢) - —_-.E -—*2@5 ) --25.?:19:2
¢ 21— ¢? z} + 2% — 20z,
_ . 2:1‘}1&2
= § for (}5 = m,
and hence
i 2$15€2
$= 2]
) 1. .- 1 (z? —~ z%)?
z_ S Sl | 2

Note that if 21| = {za|, then é =sgn(;glzz),' &% = 0.
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Problem 6.7

Graph of airshort.tsm
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ITSM::Pest(Maximum likelihood estimates)

Method: Maximum Likelihood

X(t) = 8746 X(t-1)
+ Z(t) - 3041 Zt-1) + 000 Z(t-2) - 2255 Z(¢-3)
- 2359 Z(t-4) + .000 Z(t-5) + .000 Z(t-6) + 000 Z(t-7)
+ 000 Z(t-8) + .000 Z(t-9) + .000 Z(t-10) + .000 Z(t-11)
- 6710 Z(t-12)

WN Variance = .001038

AR Coefficients
874556

Standard Error of AR Coefficients
050218

MA Coefficients . . S
-.304085 000000  -225482  -23587%
000000 000000 000000 000000
000000 000000 000000 -.670951
Standard Error of MA Coefficients
112950 000000 101994 106503
000000 000000 000000 000000
000000 0060000 .000000 100629

{Residual SS)/N = 00103839

AICC = -449.502764
BIC =-457.835374

-2Log(Likelihood) = -462.246127

(c) Sample ACF/PACF of residuals

PACF
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ITSM::Pest(Tests of randomness on residuals)

Ljung - Box statistic = 20.694 Chi-Square ( 20 )

McLeod - Li statistic = 21.201 Chi-Square ( 25 }

# of Tuming points = 87.000 ~ AN( 78.667, sd = 4.5838 )

# of Difference sign points = 58.000 ~ AN(59.500, sd = 3.1754 )
# of Rank points = 3388. ~ AN( 3570, sd = 220.44)

Order of Min AICC YW Model for Residuals = 0

(d) Graph of data and forecasts

ann—
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100

(¢) Forecast values and estimated S.D.'s of the logged data (from ITSM96)

133 .685331E+01 .341946E-81
134 . D994 48F +01 .414673E-01
135 .614629E+81 4764 78E-01
136 .b12535E+81 . SEZS47E-[H1
137 L617429F +81 .SE917E-01
136 .6I2220E+B1 S514210-81
139 .646299E+01 .526384E-81
140 . 646905F+01 .536276E-01
141 .62B651E+81 .54 7468E-01
142 .616668E+81 .559808E-01
143 .602568E+81 .573593E-01
144 .612228F+01 .5887176-01

<Press amny key to continue>

Prediction bounds (95%) for values of original series at time 144
exp(6.1223-1 96+.05887), exp(6.1223+1.96* 05887) = 40623, 511.67. Bounds enclose 432.

120

10

@



(D Observed forecast errors

Observed values
417 391 419 461 472 535 622 606 508 461 390 432

Forecast values
425 52 40121 46698 45731 478.80 556.80 640.98 644.87 53728 476,60 413.92 45501

Errors
8§52 1021 4798 -360 680 2180 1898 3887 2028 1560 2392 2391 @



