




















































































































































































































































































































































































































































































































































































































































































































APPLICATION OF COMPUTING MACHINERY 

K being the compressibility of the liquid and 1, /1, k having the same meaning as In 
Eq. (5). 

Both Eqs. (5) and (6) have been applied to practical problems.12 The former, being 
nonlinear for the transient case, has been treated by approximation methods. And the well­
known procedures for solving the Fourier equation, supplemented by direct electrical-circuit 
analogs,13 have sufficed for solving a great variety of problems in flow of compressible liquids. 

Mathematical problems of a much higher order of complexity arise when the physical 
situation is generalized to the actual practical conditions obtaining in most oil-producing 
reservoirs, namely, the simultaneous flow of two or more fluid phases-gas, oil, and water-­
through the same porous medium. For the case of simultaneous flow of oil and gas in a 
producing well bore, representing the operation of a "solution gas drive" reservoir, the 
corresponding equations may be written 

d [ dP] d [ I dP] (dP) 2 a(p) dU F1(p)b(p) dU + VU F2(p)e~p) dU + F1(p)c(p) VU 

= e2u [f(p) - g(p)p] ~~" (7) 

~ [F ( )b(' ) dP] _ 2u [O( ) dP O() dP] ()U 1 p P dU - e z p dt -.J P P dt ' 

where p is the fluid pressure, p the oil saturation, t the time, and U the logarithm of the radial 
coordinate. The functions a(p), b(p), ... , J(p) are to be considered as knowri-'functions of p, 
determined by the thermodynamic properties of the gas and oil, and Fl (p), F2 (pJ as known 

, functions of p, reflecting the dynamical characteristics of the porous medium. The quantity p 

itself, which expresses the fraction of the pore space of the rock occupied by oil, may be assumed 
to have initially a uniform value, less than I,. and must always remain positive and never 
exceed its initial uniform value. The pressure p likewise may be taken to be uniform initially, 
and must subsequently always be lower than this value, though positive. At a closed sand 
body, dP/dU and dp/dU will vanish. And at the producing well one may impose the history of 
either P or of the flux: Fl(P)b(p) dP/dU. 

It is this last set of equations that has been the basis of the writer's personal interest in 
the subject of computing machinery. The equations, in their essential aspects, had been 
formulated14 in 1936 on the basis of experimental work done15 at the Gulf Research & Develop­
ment Company on the fundamental laws of multiphase fluid flow through porous media. 
In principle, these hydrodynamic equati~::ms, when suitably generalized:, govern the whole 
complex of physical processes underlying the recovery of oil from underground reservoirs. 
They are evidently too complicated to permit analytic solution. So in order to show that the 
equations were somewhat more than academic curiosities, a numeri~al solution for an equiva­
lent simplified linear system was carried through. ''''hile the results seemed physically 
reasonable, they were in no sense precise and had been subjected to considerable smoothing, 
guided only by physical intuition. However, while this situation was by no means satisfactory, 
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the six months computing labor required even for the simple ideal system completely dis­
couraged undertaking the analysis of more complex and practical systems. 

In lieu of practical methods of solving Eqs. (7) directly, approximation~ have been intro­
duced. By neglecting the pressure gradients in Eqs. (7) or by an equivalent derivation from 
first principles, one can obtain16 an ordinary nonlinear equation of the first order relating 
p and p which suffices to give the gross production history of the reservoir. This has been 
applied extensively by numerical integration in predicting oil recoveries, the pressure versus 
oil-recovery history, and the effect of returning the produced gas to the oil-bearing formation. 17 

Unfortunately, however, there are a number of important questions relating to oil production 
which cannot be answered by such simplified treatments, since they pertain to effects of the 
neglected· pressure gradients. Perha ps the two major problems of this type are (1) the effect 
of the spacing between the producing wells on the ultimate recovery, and (2) the effect of 
the rate of production on the recovery. Attempts to evaluate these effects have all been 
beclouded by the uncertainty whether the approximations that have been made have not 
au.tomatically predetermined the quantitative aspects of the conclusions. Yet well spacing 
and production rates are among the most important parameters that are subject to the choice 
of the operator in controlling the ultimate oil recoveries. 

Except for the original attempt at hand calculation already referred to, the problem of 
solving Eqs. (7) directly remained dormant until July 1946, when an announcement appeared 
of the war development of the ENIAC. Negotiations with the government were then entered 
into for applying the ENIAC to the solution of these equations. Although several plans were 
developcd over a period of mc;>re than a year for carrying out this project, it was not found 
feasible, because of legal difficulties, to arrange for the required coqperative effort betwecn 
the government and an industrial concern. ''''hi Ie this situation was· subsequently resolved 
by one of the governmental agencies becoming interested in the problem and assuming 
sponsorship for the work, it was ultimately found, much to the embarrassment of the author, 
that the project had to be abandoned anyway because the memory capacity of the ENIAC 
would not suffice for handling the large number of operational or,ders required. 

This unhappy history is referred to here to serve as an illustration of what can happen 
when one unfamiliar with the science of computation and its ramifications is left to the mercy 
of his own naIve optimism. The writer has learned the "hard way" that there is more to the 
computational solution of, complex equations than the desire to have them solved. ''''e shall 
discuss this matter further below. 

To complete the record, following the realization that the ENIAC was not sufficiently 
powerful to solve Eqs. (7), the equations were submitted to the International Business Machines 
Corporation for their consideration. After a number of preliminary discussions, the IBM 
Corporation undertook to place the problem on the Selective Sequence .Electronic Calculator. 
This work is still in progress. Needless to note, this project is being given a thorough preliminary 
analytic formulation by the IBM staff prior to final machine computation. 

''''ith respect to the general field of the physics of oil production, it should be noted that 
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Eqs. (7) themselves represent highly simplified systems in which it is assumed that the oil­
producing rocks are everywhere uniform. Such reservoirs actually never occur in practice. 
'Vhile the development of the implications of Eqs. (7) would in itself he a constructive accom­
plishment, it will ultimately be of considerable interest to investigate their generalization to 
nonuniform systems. Moreover, effects of gravity have been ignored in constructing Eqs. (7). , 
Their inclusion would make the physical problem three-dimensional, which would lead to 
an additional order of complexity. And even aside from studies of the gravity effects, the 
investigation of the three-dimensional analogs of Eqs. (7) will be of importance in treating 
stratified producing systems with mutual cross flow. ~inally, Eqs. (7) take no account of 
interfacial capillary phenomena, which may be of importance under special conditions, and 
especially when gravity is an important factor in the producing operations. 

In fact, the detailed study of Eqs. (7) constitutes only a beginning in the establishment of 
the quantitative aspects 'of what is now generally known as "reservoir engineering." Even 
without anticipating new developments in this field as research continues, it is clear that 
large-scale computing machinery will find wide and important applications in oil production 
for many years to come. And it is not inconceivable that while only a passive interest in 
extensive digital computation has thus far developed in other branches of the oil industry, 
comparable applications in refining and geophysical prospecting may ultimately be found 
once the practical availability of these powerful tools becomes disseminated throughout these 
other fields of activity. 

A single and obviously unique experience is a dangerous basis for generalization. The 
following remarks are not to be construed as direct implications of the above outlined personal 
contact of the author with problems of computation. On the other hand, the program of 
this Symposium itself is evidence that outside of government organizations and academic 
institutions the application of computing equipment to the solution of specific problems 
apparently has thus far been rather fragmentary. It therefore seems appropriate to explore 
the general subject of computing-machinery service for industrial applications, even though 
much of the discussion must be of a speculative character. 

The computing-machinery service to be considered here is that which woul~ require the 
use of large-scale equipment localized at computing ~enters such as the Computation Labora­
tory at Harvard, the IBM Corporation, the Bureau of Standards, ,and similar organizations 
which may provide their facilities, at ,least in part, for the investigation of industrial problems. 
The specific question involved is essentially that of defining the term "service." 

There are two aspects of the composite problem of application of computing equipm~nt 
about which there will be little question. The first is that the one who is primarily interested 
in the solution must provide both the analytic and the physical statements of the problem. 
Second, the computing-service organization must carry out both the actual machine operation 
and the coding of the problem. It is in the intermediate coupling of these two contributions 
that the situation remains uncertain. And it is in this link that the efficiency and value of the 
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computing project may be ultimately determined. It is here that control may be. applied 
on the accuracy of the solution, and often on its physical reality and convergence. It ·is the 
writer's belief that this bridge of analytic programming should be made available, when 
necessary, by the computational organization. 

It may wen appear that the very program' of this Symposium belies the suggestion that 
analytic preparation and programming should be a part of computational services. For many 
of the papers presented here report on investigations in which those with whom the problems 
originated carried through all aspects of the problem short only of the machine operations 
themselves. You will note, however, that in almost an cases the authors represent academic 
or similar research institutions. The same may be expected with respect to many problen:ts 
arising in the aircraft, automobile, shipbuilding, explosives, telephone, and railroad industries, 
or in the larger companies in the electrical, steel, radio, and glass industries. By their very 
nature the major industrial concerns in these fields require virtually self-contained large 
tcchnical staffs capable of handling all phases of their engineering activities. However, in 
spite of the great contribution to our total industrial effort made by such organizations, by 
far the largcr part of industry as a whole is cqmprised of the composite resultant of the hundreds 
of intermediate- and small-sized concerns engaged in some form of technical activity. 

In their own specialized fields the engineering problems of these companies are essentially 
the same as those encountered by the large corporations. Yet in contrast to 'the latter they 
cannot afford to maintain the permanent, c?mplete, and well-rounded research organizations. 
which can attack effectively virtually any problem that may arise. In particular, with respect 
to mathematical problems, or such where analytic treatment may be required at least to guide 
experimental research or design, these smaller firms may be fortunate if their engineers have 
enough mathematical background merely to construct the equations to be solved. Of the 
members of the American Mathematical Society who ga~e their employment affiliation on 
the membership list, fewer than 325, or 9.0 percent, indicated connections with indu~trial 
concerns, including those who have a direct interest in the development of computing 
machinery. 

As the writer. himself has learned by'painful experience, and as any "outsider" attending 
this Symposium or meetings of the Association for Computing Machinery would quickly 
observe, the science of computation is a highly specialized technical field. In many respects it 
is still in its infancy-a war baby~but it is growing with accelerating speed. The practicing­
engineer or physicist of today literally heard nothing- of it during his academic training. The 
terms coding, programming, the binary system, and many others that are commonplace in 
the language of the modern computation science are quite foreign to those in the engineering 
professions. 

Among those on the membership list of the Association for Computing Machinery who 
have given their, employment affiliation more than 82 percent are in government agencies, 
on academic or research institute staffs, in computing organizations, or are employed by 
industrial concerns that are obviously engaged in some phase of computing-machinery 

312 



APPLICATION OF COMPUTING MACHINERY' 

development. Ivlore than half of the remainder are employed by aircraft and insurance 
concerns, and very probably a number of the 38 "residuals',' also are primarily interested in 
the equipment development itself. It is thus clear that to thG extent that membership in the 
Association is' an index of interest and contact with the computing profession, such interest 
has yet been disseminated but slightly into industry as a whole. 

If the engineer or industrial physicist or chemist in the average commerCial firm' must stop 
to take a training course in the theory of computational machinery, even if he should be 
temperamentally suited to absorb such specialized disciplines, before having his problem 
accepted by the computing organization, the probability is great that he will drop or circum­
vent the problem. And even if he were willing and could make arrangements to "study up" 
on the basic elements involved; it is still very unlikely that he would thus develop the required 
analytic skill to guide the choice of the mesh to be used, decide on the differencing procedures 
that may be required for convergence, carry through the preliminary numerical solutions, 
or even prepare functional representations for the empirically variable functions in hisequa­
tions, if this should be necessary. 

At present most of the applications of computing equipment are being made by members 
of governmental agencies or academic institutions. Many of these are well staffed for analytic 
wO,rk. Moreover, in spite of the importance of these problems, it is doubtful whether the, 
pressure for their speedy solution is comparable to that in industry, where diversions into the 
purely computational aspects of the problem may not be accepted without prejudice. Un­
doubtedly, there is a large backlog of demands by such organizations for the use of presently 
operating computing machinery. So there may appear to be no need to cater to and accept, 
computation proposals from those who are unprepared or unable to submit a completely 
programmed problem. Such, however, it is believed, would be a shortsighted policy and would 
lessen the long-term possibilities of growth of the science of computation. 

It is not suggested that the argument is one-sided. No doubt the provision of this type of 
service by computing organizations will involve difficult personnel problems, though these 
same difficulties would be even more serious in most industrial firms. It is also true that such 

, service would increase the total charges, which might discourage the interest in them by small 
concerns with very limited engineering development budgets. But at the same time it would 
make it possible to extend the applications of large-:-scale computing equipment to many 
organizations that would otherwise simply have to give up because of lack of qualifications. 

Perhaps the strongest reason for centering the intermediate analytic facilities within the 
computing organizations lies in the importance of experience in this phase of numerical 
computation. In a science as young as this, virtually each problem gives rise to new questions. 
of detailed treatment. It is not yet ready for standardization and the p~eparation of tabulated 
instructions. The analyst who is continually engaged in programming will no doubt accumu­
late a wealth of experience which will be of inestimable value~both to the computing organiza­
tion and to its clients. To have each problem prepared and analyzed for computation by a 
beginner will be pitifully inefficient as compared to their handling by personnel for whom 
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such work is their daily professional business~ In fact, the writer ventures to predict that if 
and when the "buyer's market" overtakes the computing industry the burden of selling 
computing services will. fall on competitive claims of the experience of the organization and t.he 
·completeness of the service rather than on the number of milliseconds the machines take for a 
multiplication or whether the price is xor x - /).X dollars per hour. 

I t is to be understood, of co'urse, that even if the computing organization provides the 
analytic preparation of the problem the sponsor must still' accept the ~esponsibility of inter­
pretation and evaluation of the solutions. Except possibly when solving purely arithmetic 
problems, as systems of algebraic equations or function-table p~eparation, it is the sponsor 
who must supply the guidance in dropping terms if such should be necessary to make the 
problem tractable, in fixing the order of accuracy required,and in evaluating the physical 

. significance of the solution. This may well call for visits by the sponsor to the computing 
organization during the planning, programming, and coding, and in most cases his continuous 
presence there during the time the problem is actually on the machine. Indeed, the experience 
and background of the sponsor in the technical field giving rise to the problem may be just 
as indispensable in achieving a satisfactory solution as the experience of the computing staff 
with respect to its analytic aspects. 

There is no easy way to accomplish difficult tasks. Cooperative effort by all parties con­
cerned is required. The ultimate impact of the science of computation on our technology 
and industrial life will most certainly be tremendous compared to what"has already materialized 
and what can now be envisioned. It has already evoked an absorbing interest from and recruited 
into its ranks soine of the outstanding leaders in the fields of engineering and electronic design 
and mathematical analysis. Let us therefore plan to guide this important growing effort so 
that its fruits may be enjoyed by the maximum number for the greatest benefit of our nation 
as a whole. 
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Northrop Aircraft, Inc. 

For the past year and a naIf Northrop Aircraft, Inc. has operated a computing machine 
.built by the International Business Machines Corporation, which differs radically in its 
treatment of problems from the usual computing installation of IBM accounting machines. 
This machine consists of three standard machines-a Model 405 printer, a Model 603 electronic 
multiplier, and a ]Model 517 summary punch. They are interconnected to function as a 
single unit. 

The printer, commonly known as a tabulator, is a machine of parts. Two sets of brushes 
which read punched cards are the machine's point of entry. Each card is read consecutively, 
first by the "upper" brushes, then by the "lower" brushes. A card has room for 80 decimal 
digits,· indicated by punching. A number" is represented on a card by the vertical position 
of punches in the 80 columns. It is represented in the machine by the relative time at which 
the brushes make contact through these punched holes. All machine elements are synchronized 
to the movement of a card past both sets of brushes. The card actually has not ten, but 12 
vertical positions. Ten are used for digits, while the remaining two are used principally for 
algebraic signs, or for control of switches (selectors) which will be described below. 

The machine has a counter capacity of 80 decimal ~igits. These are arranged in groups 
-four each of 2, 4, 6, and 8 digits-but the groups may be combined to produce individual 
accumulators up to 80 decimal digits. Eighty-seven type bars, through which any information 
in the machine may be printed in a single cycle of the machine's operation, are also important. 
A detachable plug board may be wired according to the arrangement of counters and type 

. bars desired for a particular problem. This is a convenient feature of the machine, since 
several of these may be wired for various problems in advance, thus permitting immediate 
change-over as $oon as a problem is finished. Auxiliary equipment includes six 10-pole and 
16 single-pole double-throw switches or selectors; 20 positions for numerical comparison 
which yield impulses if the numbers entered are unequ"al; and two distributors for separating 
impulses in a circuit with respect to time. 

The items mentioned above represent regularly available accessories to the machine. 
Special additions have also been made, such as the multiplier entry, exit, and control connec­
tions which will be described in connection with the multiplier. There are 16 8-pole, four 
4-pole, and 40 s.ingle-pole double-throw switches, plus five 8-pole quadruple-throw switches 
called chain selectors. A second plug board is provided for wiring these additional elements. 

The multiplier, an electronic device, develops a l2-digit product from two 6-digit factors. 
These factors are entered at the same time that the product from the previous entry is read 
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out. The multiplication is executed during the time between cards. Since the tabulator 
does its adding and subtracting in the "nines complement" system, provision has been made 
for reversing the factor entries in time when a counter is standing in complement. For example, 
take the number 999998. Counting forward in time to the number yields 999998.. Counting 
from the number to 999999, which is equivalent to zero for this machine, gives - I. If 2 is 
added and the leftmost position carry entered in the units position, the correct answer, + I, 
is obtained.· Since the absolute value of the product is developed, provision is made for a 
negative-sign impulse when a negative product is read out. This impulse reverses the add or 
subtract instruction given to the receiving counter. Provision is also made for round-off, by 
addition of five in. the leftmost position dropped. The multiplier control is logically complete; 
numbers may be entered from any source, either as complements or as absolute values with 
signs; and t4e product with its sign may be taken to any place, including reentry as a factor of 
a succeeding product. 

The remaining machine-the summary punch-provides a means of punching the infor­
mation from the counters on cards. 

It is now possible to compare this machine to the present conception of an adequate 
all-purpose computer. It has an arithmetic organ-the tabulator counters plus the multiplier. 
It has an input and two outputs, one of which is the input medium; An internal memory 
is achieved by apportioning a part of the 80 counters to ~emory. The external memory, in 
the form of punched cards, is indefinitely large. Control could'be established from the counters. 
This, however, is not expedient. The control instructions must be punched into cards for 
entry into the machine, and are just as well left there. Besides, the limited internal memory 
capacity will hold only a tfivial program. Programs are sometimes wired implicitly, however, 
so that only blank cards need be fed after the initial data have been entered. 

The general-purpose computer is presently conceived of as being organized around one 
or two channels. These may be either serial, in which case words are moved about digit by 
digit, or parallel, where the entire word is moved at once. This machine has no channel as 
·sucb-, but its array of switches is used to construct the channels best suited to the problem at 
hand. This frequently permits a kind of multiple-parallel operation, in which several com­
putations are made simultaneously. A table look-up operation from the control cards may 
be channeled into one counter,while higher derivatives are being integrated (Ilt = a power 
of ten), and while the multiplier and a counter or two are iterating for a square root. This 
kind of operation is commonly performed in actual problems. The machine's speed is deter­
mined by the card-feeding rate. When no output is required, it accomplishes 150 cycles/min, 
performing one multiplication and one or more additions or transfers in 400 msec. When 
transactions must be printed, the speed drops to 75 cycles/min. In this kind of printing cycle, 
called a list cycle, the operations mentioned above can be performed in 800 msec. Another 
kind of cycle prints the contents of the counters, and mayor may not clear the counters. The 
duration of this cycle is equal to that of the list cycle, but no computation can be performed 
while it is in progress. This cycle is called a total cycle. 



WILLIAM W. WOODBURY 

In order to punch cards, the machine must be stopped for approximately I sec. The design 
of the machine makes it necessary to take. a totai cycle ,at this time. 

One limitation on the speed of the machine is that it can perform only one multiplication 
in a cycle. Thus, problems involving many multiplications but few other operations take more 
time than problems containing relatively few multiplications. 

The direct-printing feature is worthy of emphasis. It involves no subsidiary machines. 
It does not await manual operations. It simply prints whatever is in or passing through the 
machine when the machine is so instructed. In trouble-shooting and in checking, the results 
of previous cycles are there for comparison with the result of the present cycle. When a 
problem is complicated, intermediate results may be printed at will, to provide a picture of 
the relative magnitude of various factors. When final answers only are required, printing 
can be restricted to these answers. In the inching process-that is, printing every cycle-the 

. exact nature of errors, not only in the program but frequently in the mathematical formulation; 
are immediately apparent., Indeed, we dispense almost completely with checking at the 
transcription level, since errors are discovered so easily in this manner. 

This brings up an -interesting point. On many problems this machine produces results 
about as fast as they can be apprehended. ,That is, fora problem of an investigative nature 
wherein various configurations are to be tried, additional speed is not so desirable as another 
machine when someone else wishes to work with another problem. It is true that much work 
is done on this machine that is of the nature of tabulation of functions. For the moment, no 
one is much concerned with the development of the answers. In this work great speed would 
be an advantage. 

A resume of the kind and. scope of problems with which the writer has had experience 
follows, for those concerned with the industrial application of this equipment. The computer 
was built to integrate a system of six nonlinear differential equations in a single independent 
variable. These equations were of the first order in four of the dependent variables, and of 
the second order in the other two dependent variables. In addition, the sine and the cosine 
of one of the dependent variables entered four of the equations as coefficients. Since, the 
continuity of the solution was good, the sine and cosine were integrated stepwise along with the 
equations themselves. A second system offour nonlinear second-order equations was integrated, 
with the interesting program variation generated through a relation between two of the 
dependent variables: xj(x2 + y2)1. This ,expression was evaluated through a table look-up 
operation and, because of the wide variations in x and y, was done with a floating decimal 
point. The above equations all represent work in connection with servomechanisms having 
several degrees of freedom, and with cross-product terms of considerable magnitude. Stochastic 
processes have been part of the bread-and-butter work for the machine and are especially 
adapted to it because of the multiple-channel operation and the further possibility of making 
several simultaneous discriminations for future choices, even 'as the consequences of the last 
choice are being computed. Run-of-the-mill work has involved the reduction of test data 
and structural analysis. In an aircraft company, test data mean wind-tunnel and strain-gage 
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information, which may be programmed to completion in one machine passage. Structural 
analysis has been limited by the need of the machine for other more pressing problems, but 
the machine is quite capable of handling problems in this field. 

An investigation of the behavior of the biharmonic difference equation for cantilever plates 
has been going on, as time has been available. I would lik:e to be able to give some definitive 
results from this investigation, but· possibilities remain to be explored. It seems probable,. 
however, that the number of computations required for a reasonable· convergence of an 
iterative process is of considerably higher order than the number of computations required 
to invert the matrix of the points, the ratio being possibly somewhere in the neighborhood of 
n2, where n is the number of points in the lattice. This is for an unsophisticated pattern which 
simply substitutes the new value for a point when it is obtained. Convergence could probably 
be improved by second-order corrections, but I doubt whether it could be improved enough 
to equal matrix-inversion speed. The inversion of high-order matrices using an elimination 
algorithm requires about (nJ20)3 working days. This time is slow and this operation one of 
the weakest for the machine be~ause of the preponderance of multiplication. Each multi­
plication, incidentally, involves 3 cycles to retain sufficient accuracy. 

The work with the biharmonic equation indicates a limit of application. Unless results 
are of sufficient value to justify the expenditure of several months' time, \J4cp = - q with 
three free boundaries is beyond the machine's power. With respect to the simpler harmonic 
equation, we hardly feel ready to compete with the relaxation technique described by Southwell. 

Checking is accomplished in various ways, according to the problem. In integrating 
differential equations, continuity of the solution is often a sufficient check. For final structures 
reports, when balances are not available as a check, duplicate runs are made and compared 
mechanically. Sample calculations are made on a desk calculator in order to avoid systematic 
errors. The machine is operated 24 hours a day, 5 days a week, and has averaged about 
10 percent down time.· 

In conclusion, I wish to say that this card-controlled computer was thrown together in 
about four weeks to meet a need for a powerful computer to do a complicated integration. 
It seems to fill a useful place in its ability to integrate differential equations in a single inde­
pendent variable and to do routine calculations involved in engineering design work with an 
over-all efficiency of better than ten times that. of any other generally available equipment. 
We have here a machine different in nature from most computers. It can perform a multi­
plication per cycle and several additions and transfers simultaneously. Thus, it is more'efficient 
in use of its rate than other computers for which each operation is exclusive. This machine 
never has to wait to find out what to do next. Even if what it is to do next is dependent on the 
solution so far, this is readily incorporated in the W'iring through the use of a selector, so that 
no time is lost. Olle is led to feel that as the clock rate of an internally programmed machine 
is increased it should be easy to increase the input rate of the externally programmed machine, 
so that the time loss inherent in program operations is still large. This is to emphasize the 
time cost of internal operations upon program instructions. The work with the biharmonic 
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equation suggests that partial differential equations will require far too much time for the 
iterative solution which can be accomplished with a relatively small high-speed memory. 
This indicates that the memory capacity should be based on the storage requirement for 
inverting large matrices, which is of the order of n2 words where the matrix is n X n. Less 
storage than this will require continuing use of the input and output, with the consequent loss 
of time. From these considerations we at Northrop who are close to this work feel that· the 
internally programmed machine will require perhaps ten times as much high-speed memory 
as has been considered to date to our knowledge, the possibility of executing program revisions 
simultaneously with explicit computation, . and the elimination of access time through the 
use of multiple registers. 
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ApPLICATION OF COMPUTING MACHINERY TO THE SOLUTION OF 

PROBLEMS OF THE SOCIAL SCIENCES 

FREDERICK MOSTELLER 

Harvard University 

This paper discusses some of the applications and limitations of the use of modern com­
puting machinery in the social sciences. Such a discussion could scarcely be expected to be 
exhaustive, but merely indicative of the kinds of applications occurring now and in the near 
future. Of course, some remarks must be included about the use of computing machines in 
social science's principal quantitative tool, statistics. We have not included economics in the 
social sciences because the title of the program-the Economic and Social Sciences-indicates" 
that these fields are to be considered separately. For our purposes the social sciences might be 
regarded as including education, social psychology, and sociology. It would be a tour de 
force at this time to include cultural anthropology, history, political science, and similar 
largely nonquantitative subjects, in a discussion of modern computing machinery. 

Thus far, most direct applications of computing machinery to social-science problems are 
associated with routine problems of solving simultaneous linear equations, either homogeneous 
or nonhomogeneous. The commonest and most widely applied technique" is multiple regres­
sion. Here we have one dependent or criterion variable Y which we desire to predict from 
a flock of independent variables Xl' X2, • • ., Xk • The standard approach is by means of least 
squares, where we are required to find weights a i to minimize the function 

(1) 

In the relation (I) the subscript j refers to the observations. This well-known minimization 
produces a set of k simultaneous linear nonhomogeneous equations which we solve for the 
weights ai • From this solution we get a linear prediction equation 

k 

Y = 2: aiXi , Xo = I. 
i=O 

(2) 

vVe are often asked if it would not he better to try to fit some function of the X's to Y. It 
certainly would, but we do not ordinarily know the function. The reasonable thing, therefore, 
is to take the plane given in Eq. (2) as a first approximation to this function and to hope that 
the range of the variables is sufficiently small that this method will be adeq~ate for predictive 
purposes. If we go to th~ quadratic approximation, we will have k(k + I) /2 additional terms 
to fit. Even if k is as small as 6~ we will have 7 + 21 = 28 simultaneous equations to solve 
for the second approximation. The resulting reduction of the residual sum of squares is seldom 
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worth the work. A more common device is to adjust the scale on which variables are measured 
to make the linearity assumption of Eq. (2) more realistic. 

The applications of computing machines in the above examples are rather obvious. First, 
of course, we want the equations solved. But second, and perhaps more hnportant, we want 
to know how much faith we can put in such an equation. We must remember that the observa­

, tions ordinarily are good to only one or two significant figures. 
A problem closely related to multiple regression is the discriminant function. In its simplest 

form we are asked to divide a population into two groups. Whereas inmultiple regression 
we might be asked to predict degree of marital success, or degree of adjustment of a paroled 
man to the outside world, or degree .of success as a pilot, in the case of the discriminant function 
we are asked to produce a function that will separate sheep from goats. Will the postulated 
marriage end in divorce; if we parole this man will' he return to jail; will the candidate get 
his wings or not? A little further afield, we may even ask whether Alexander Hamilton wrote 
this particular essay from the Federalist Papers-or was it James Madison? 

The distinction between multiple regression and the discriminant function, then, lies in 
the nature of the dependent variable. In the case of the discriminant function it is dichotomous. 
\Ve want to construct an index number 

(3) 

and establish a criterion number C, so that according as Z ~ C we can predict, successful 
marriage or divorce, good citizenship or recidivism, Hamilton or Madison, with' a .reasonable 

percentage of success. 
Another way oflooking at this problem is that we want to find A'S such that we can maximize 

-
(Zl - Z2) 2 (4)' G = 2 n.-, ---"-'---

:2 :2 (Zij - Zi)2 
i=1 j=1 

where Zl and Z2 are the Z means of the success and failure groups, and zu, j = 1, ... , ni , 

i = 1,2 are the Z values for particular individuals. In other words, we want to maximize the 
ratio of the between-groups square to the within-groups sum of squares. The numerator of 

, G measures the separation of the groups; the denominator measures the variabilities of the 
groups within themselves. This method of looking at the problem is chosen because of a 
connection with a later problem. It turns out, after some manipulation due to R. A. Fisher, 

. that the A's will be obtained by solving the equation 

:2AqSpq = cdp, P = 1, ... , k (5) 
q 

where 

(6) 

and, c i~ an arbitrary nonzero constant. Here the d's are the distances between the means 
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of the two groups on the independent variables and the S's are weighted covariances between 
pairs of independent variables summed for the two groups. As in multiple regression, we 
are left with simultaneous linear nonhomogeneous equations to solve (c is arbitrary). Once 
this is done we can compute the Z values for each group and discuss the effects of choosing 
various values of the cutoff point C. How we choose this point will depend on the costs 
of making wrong decisions of either kind. If plenty of pilot candidates are available, and 
training costs are high, we will make the cutoff on the index quite high to reduce the washout 
percentage, realizing that we are discarding numero.us candidates who would have made 
good pilots. 

Up to now, little has been done about discriminant functions when it is desired to split the 
population into three or more groups. This lack of progress may be due partly to the very 
heavy computational work that would, undoubtedly be associated with a decent formulation 
of the problem.· As modern computing machinery becomes available to scientists, it is likely 
that they will no longer be so reluctant to formulate problems that require heavy computation. 

An example of the application of homogeneous equations is supplied by Guttman's scaling 
theory. One such problem is that of scaling attitudes. More detailed expositions of this 

. problem are given in Paul Horst, The Prediction of Personal Adjustment (Bulletin 48, Social 
Science Research Council, 230 Park Avenue, New York, 1941), and The American Soldier, 
vol. IV (Princeton University Press,Princeton, N.J., to be published shortly). We will restrict 
ourselves to dichotomous questions (answer yes or no) for the explanation. If we have six 
such questions, they would form a perfect Guttman scale if the responses to all the questions 
by all respondents could be arranged into one of the six forms shown in Table 1. In this table, 

Table 1. Guttman scale for the responses to six questions. 

Question 

1 2 3 4 5 6 

Favorable X X X X X X 

0 X X X X X 

0 0 X X X X 

0 0 0 X X X 

0 0 0 0 X X 

0 0 0 0 0 X 

Unfavorable 0 0 0 0 
I 

0 0 

X corresponds to Yes and 0 to No. The numbers attached to the questions are dummies. 
If we could achieve such a perfect state of affairs we would clearly have formed a scale on the 
favorable-unfavorable axis which could be thought of in Steven's classification as ordinaL 
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The direction of the 'scale is determined by the content of the questions. The perfection dis­
played in Table 1 can scarcely be expected in practice. Therefore we request that scores be 
assigned to individual patterns of responses to accomplish this ordering of patterns of responses 
as nearly as possible. The criterion used is that we should maximize a certain correlation ratio. 
This maximization leads to a set of simultaneous homogeneous equations~ ActuaIIy there is 
a perfectly decent and workable approximation scheme (caIIed the scalogram method) that 
can be used to get the initial rankings of the people and the questions, and we could usuaIIy 
avoid computation in practical applications were it not for some further developments. The 
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FIG. 1. Diagram showing schematlcaIIy a curve of intensity as 
measured by the strength with which opinions expressed are held, 
plotted against the score as obtained from a Guttman scale. It is 
conjectured that the lowest point on the intensity curve corresponds 
to neutrality 'and should be regarded as the psychological zero point. 
If the first component is regarded as the score on the attitude scale, 

,and the score on the second component is plotted against the first, 
similar U-shaped curves appear, with minima quite close to those 
of the intensity curve. 

scoring that is achieved represents mathematically the principal component of the system. 
Since there are more components 'available, and since these have been found to have meanings 
in other fields of endeavor, it is not unreasonable for the psychologist to wonder whether these 
further components might not have further meaning for him. 'In particular, the second com­
ponent, has been found in some attitude studies to correlate extremely well with the concept 
of intensity, where intensity has a separate definition. More recently, Guttman has worked 
on a possible interpretation of the third component. I must admit that I take a rather different 
view of these components and that I feel it is rather a fortuitous accident that intensity is closely 
related to the second component. Intensity with which an opinion is held" as it is ordinarily 
defined, leads to U-shaped functions when graphed against the favorable-unfavorable scale 
(see Fig. 1). In so far as the first component is arranged in a roughly linear fashion against 
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this scale, the second component, which is orthogonal to the first, must be rather U-shaped. 
Considering the reliability of the observations, all U-shaped functions look pretty much alike. 
'Ve need not try to decide this matter here. The main point is that social scientists are interested 
in these further components, but we have no very good practical way to get them except by 
direct computation. When the questions are numerous, as they often are, the work requires 
heavy computation. 

If we agree to identify the second component with intensity, it is possible to get at 
a zero point on an attitude scale by agr~eing to take the lowest point on the intensity 
scale as determining the score on the first component, which will be regarded as neutral 
(see Fig. 1). 

It might be useful to indicate a type of scale, not unlike Guttman's, in which it is easier 
to explain the criterion for obtaining the scores. We might take k attitude items on a special 
topic and ask the subject to endorse the r that come closest to his opinions. Out of such an 
experiment we would ideally obtain a set of responses like those in Table 2. In this example 

Table 2. A second type of attitude scale. 
_ .. -~-

Item 

1 2 

I 
3 4. 5 6 7 8 

Favorable X X X 0 0 0 0 0 

0 X X X 0 0 0 0 

0 0 X X X 0 0 0 

0 0 0 X X X 0 0 

0 0 0 0 X X X 0 

Unfavorable 0 0 0 0 
I 

0 X X X 
I ----

k = 8, r = 3. If individuals chose only the response patterns indicated above, we would have 
a perfect scale. Actually, there will be response patterns with gaps between the checked 
items. We formulate the problem this way. We want to assign weights to the items so that 
when an individual t chooses items i, j, k, we can give him the score St = Wi + Wi + Wk. 
As our criterion we take the ratio of the variability 'of the scores Sl to the variability of the 
weights making up a score, the latter summed over the individuals. This view of the situation 
is entirely analogous to the criterion given earlier for Fisher's discriminant function. From the 
point of view of analysis of variance, we #ant to maximize the ratio Qf the sum of squares 

. between individuals to the total sum of squares (because there is an additive relation between 
"between individuals," "within individuals," and "total sum of squares"). This ratio of 
"between" to "total" is proportional to the correlation ratio. If we try to maximize this ratio 
we are led again to solutions of homogeneous linear equations. If the number of items is 
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large, we have a long computational problem. The method just suggested is in some ways a 
variation of Thurstone's method of equal-appearing intervals. 

Similar problems arise in education. For example, we may have letter grades in four 
courses for a number of individuals. We would like to pool these letter grades to form a scale 
of scholastic achievement. However, the distributions of the grades in the several courses are· 
quite different. We want to assign numerical values to the grades in the different courses, 
and then add these to get a score for the individual. The problem is not unlike the one just 

treated, except that for each course (item) we need several weights. 
The problems discussed above are common to m~ny of the fields of social science: sociology, 

education, social psychology, and perhaps even economics. We could continue to multiply 
these examples from scaling theory without difficulty. We have not touched on the problem 
of factor analysis-the attempt to find the meaningful psychological or sociological dimensions 
of a space of test scores, while reducing the dimensionality of the space-although these 
problems are again concerned largely with matrix manipulation. Nor have we discussed the 
analysis of time series. However, time-series problems are so general irr all sciences these days 
that social scientists can expect generous contributions on this problem from their more 

mathematically minded friends in the natural sciences. 
To dream a little, I think that certain social problems may be capable of being formulated 

in terms of game theory. Then certainly computing machines will be useful, but this applica­
tion waits on two developments-first, the ability to describe a social problem in terms of a 
game, and second, the development of good methods of finding solutions to games. I have no 
doubt that progress on the second problem will be more rapid than on the first. Similarly, 
the applica'tion of the computing machine as a model for certain problems in clinical psychology 
seems to me extremely speculative at this time. 

We move from direct to indirect applications of computing machinery in the social sciences 
when we discuss problems in theoretical statistics. I would like to call a few of these to the 
attention of computing experts. Both theoretical and practical reasons make the normal 
distribution one of the most important of all distributions. Therefore, estimates of its paramet,ers 
from samples is a constant problem. For a long time the view was held that efficient statistics 
(in a technical sense) for estimating parameters were the best ones to use.' Efficiency (or 
relative precision) of two unbiased estimates of the same parameter is measured by the ratio 
of the variances of the two computing estimates; it is the ratio of the smaller variance to the 
larger variance. However, it has turned out that effi~ient statistics are not always the easiest 
ones to .compute. 

It has been found th.at a few carefully selected observations from a large sample can produce 
extremely good estimates of the mean and the standard deviation with little calculation. 
Similarly, in very small samples it turns out that little efficiency is lost by estimating the mean 
from the average of the largest and smallest values, and that the standard deviation can be 
very adequately estimated from the range instead of from the cumbersome root-mean-square. 
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The result of these practical findings has been an interest in order statistics. If we draw a 
sample from a distribution and order the n observations from least, to greatest, 

x < x < ... < x' < ... < X 1 - 2 - - t - -- m (7) 

then Xi is called the ith order statistic. Statistics constructed from these order statistics-for 
example, range, median-are called systematic statistics when they take cognizance of the 
order (the mean does not). In studying the worth of these systematic statistics, it is of the 
greatest i~terest to know certain properties of the order statistics. In particular, we wish to 
know for the normal distribution the mean, the variance of any .order statistic, and the co-
variances between pairs. . 

For microstatistics (n < 10) we have good tables of these quantities. The first attempt to 
get covariances by numerical integration resulted in two-decimal accuracy in. spite of eight­
decimal initial values. The latest attempt ismuch improved (five-decimal accuracy) because 
of the discovery of a method of exact integration which works up to n = 10, but does not seem 
to want to -go further. For macrostatistics' (say n > IqO) we are in fairly decent shape with 
asymptotic theory helping us. However in the middle range (100 > n > 10) we are in trouble. 
This is a fairly standard situation in statisti~s, the middle-sized samples causing us considerable 
worry because it is not clear when the asymptotic theory will be accurate enough to take over 
from the computer. 

The probability element of the ith order statistic from a sample of n drawn from a con­
tinuous probability-density functionf(x) with cumulative distribution F(x) is 

g(xi)dxi = (i _ I) ~ ~n _ i) ! [F(Xi)]i-l[1 - F(Xi)]n-ij(Xi)dxi' (8) 

while the probability element of the joint distribution of Xi and Xi; i < j, is given by 

n! 
h(Xi' X;)dXidxi = (i - I) ! (j - i-I) ! (n - j) ! 

[F(Xi)]i-l[F(x j ) - F(Xi)y-i-l[1 - F(x;)]n-jf(xi)f(xj)dxidx j • (9) 

The quantities we are particularly interested in are 

E(xi) = .[tJooXig(Xi) dxi, 

,E(Xi2) = LOOooXi2g(Xi) dxi , (10) 

E(Xi' x;) = f_oooo f:~XiXih(Xi' Xj) dXi dx j, 

for n in the middle range. This would make it possible to construct and discuss the efficiency 
of any linear systematic statistic. It would also open the door to improving approximations 
,vhich would be useful in noncomputational theoretical investigations. 

A statistic used in social sciences, where data are frequently ordinal rather than metric, 
is· the rank correlation coefficient (I choose this example rather. than soine others for ease of 
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exposition). We have objects ranked from greatest to least o~ two characteristics. The rank 
correlation depends entirely on the sum of the -squares of the differences of the pairs of ranks 
given to the objects. There are n! arrangements of the second ranking when we hold the first 
one fixed. These n ! rankings produce a distribution of the sum of squares. We refer an obtained 
sum of squares to this distribution to decide whether there is reason to believe that there is 
really correlation between the rankings or whether such a sum of squares might have arisen 
by chance. For example, with n = 4 the distribution is given by 

d2 f('2:d2) 

0 

2 3 
4 

6 4 

8 2 
10 2 
12 2 
14 4 

16 1 
18 3 
20' 

Total 24 = 4! 

For such a small n we probably would not feel much confidence in any correlation unless the 
rankiqgs agreed perfectly. Such distributions have been tabulated by Olds, and independently 
by Kendall, by hand up to n = 8. vVe know from work of Hotelling and Pabst that for large n 
the' distribution tends to normality. However, even for n = 8, the normality is not close 
enough for us to get very good approximations to the percentage points of the distribution 
function. Without the help of high-speed computing machinery, we cannot push this simple 
calculation much further. The real bother is that n! goes up so rapidly that after n is pushed 
a few steps further even modern computing machines are bound to be defeated. 

We have numerous problems like this in statistics. l\1any of the attempts to create useful 
nonparametric statistics bog down at exactly this computational point. Some of these diffi­
culties can be solved in time by sufficiently clever combinatorial devices. But those of us 
who want methods for practical use, rather than the sheer joy of mathematical investigation, 
are beginning to wonder whether we might not get more work done in the long run by having 
tables made by computing machine. It is often easier to solve combinatorial problems when 
the answer is essentially known. And certainly the table is what we often want for practical 
work. In other words, why hold up the practical problem for the theoretical investigation 
when machines can solve the problem, often more accurately, directly? The result of such a 
trend would be to leave more time for thinking about problems and their solutions and reduce 
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the time required for arithmetic manipulation. At the same time we relieve the statistician 
ofa side condition. He ordinarily thinks in terms of solutions that he can compute. Computing 
machines should extend his horizon. For example, very extensive work has been done in 
multivariate analysis of interest to educators and economists among others, but although the, 
theory is in good shape nothing much has been tabled. Computing machinery can get us 
these tables and put some of these methods to work. 

As a final application I might mention the use of sampling experiments. In some statistical 
work we cannot get a very workable formulation of the problem mathematically, or, even if 
we do, the computation becomes too nasty for even modern computing machines. In such 
cases we are leaning more and more to the sampling experiment. A simple example is supplied 
by the problem of the truncated normal distribution. We sample from a normal distribution, 
but part of one or both of its tails has been removed., We would like to compare several 
methods of estimating the original parameters of the untruncated normal from such truncated 
samples. With a sample of 15 or 20 the integrations required seem quite unreasonable. 
Instead, we try the various methods a number of times and use the empirical results in place 
of the theory. It seems to me that such experiments are admirably suited to computing 
machines because they involve many repetitions of the same procedure. 

By giving these examples of applications of computing machines to social-science problems, 
and to statistical problems and theory which in turn can be applied to social-science problems, 
I do not care to give the impression that the uses are really very general, or that modern 
computing machines will make very fundamental contributions to social science in the near 
future. 1fost studies are not very large and the calculations can be handled with a desk 
computer. Some exceptions are psychological investigations as carried out by Thurstone at 
the University of Chicago, those done by the Educational Testing Service at Princeton, and 
censuses and sample censuses as carried out by the Bureau of the Census .. Social scientists 
generally think in nonquantitative terms and, except for economics, there is no large body of 
mathematical theory available to make quantitative studies on a grand scale sensible. Only' 
in the last ten years has any progress been made in applying mathematics to the social sciences, 
and the authors of these attempts are quite agreed that little has been done. There has been 

. vague mention of the use of computing machines as logic choppers,the notion being that this 
is what the social scientist need~ because he thinks qualitatively. Until some definite use in 
the social sciences for a logic machine is suggested, I cannot see how it would apply, however 
interested I might be in the development of such a device. Some of the burden of limitation 
falls, of course, on the computing-machinery people. The social scientist interested in popula­
tion and sociology problems would like to be able to play around with the census data. He 
would like to make tabulations himself, or to his own order (the Bureau of the Census will 
make sample studies for him). One might think this would be a job for high-speed computers, 
and no doubt it will be, but just now I do not think we are very good at high-speed scanning 
and tabulation of large masses of original data. 
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At present, most of the direct applications of computing machines in the social sciences 
outside economics' fall into the realm of simultaneous linear equations----:-homogeneous or. 
nonhomogeneous. Examples are multiple regression, discriminant function, scaling theory, 
factor analysis. Computing machines can help statistics, the tool subject of quantitative 
social science, in numerous ways. Some of these are by tabulating functions, by computing 
properties of statistics, both directly and by' means of sampling experiments. This process 
will help in the development of statistical theory, and make possible the practical use of a 
large body of theory which is little used because of computational difficulties .. Outside econ­
omics there is not yet a large body of mathematical theory in the social sciences. This fact 
sets severe limits on the direct applications of, high-speed computing machines except in some 
special cases mentioned earlier. 
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At a similar occasion three years ago 1 had the opportunity to discuss a computational 
problem arising in connection with quantitative analysis of mutual interrelations of the 
different sectors of a national economy. Since the subject of this paper represents the next 
step along the same path of inquiry, it can best be introduced through a short recapitulation 
of the original problem. l 

The mutual interdependence of the many different branches of production, transportation, 
distribution, etc. (1 will refer to all of them from now -on as the different "industries") is 
basically due to the fact that they exist by "taking in each other's wash." The inputs of any 
one industry are the outputs of the others! Let Xi represent the annual rate of total output 
(measured in appropriate physical units) of industry i, X ik the amount of the product of industry 
k absorbed annually by industry i, and Xnk the amount of the same product k made available 
for "outside use," that is, for'consumption not by anyone of the m industries explicitly included 
in the economic system under consideration. The over-all input-output balance of a whole 
national economy comprising m separate industries can be described in terms of m linear 

, equations 
k=m 

Xi - 2: Xki =Xni• 
k=1 

i = 1, 2, .. . ,.m. (1) 

Turning to the internal input-output structure of any particular industry, we find that 
there exists a definite relation, rather narrowly determined by te~hnological-in the widest 
sense of the word-considerations, between the rate of its output and the, quantities of all the 
various materials and services required to aC,hieve it. As a first empirically justified approxi­
mation, the assumption can be made that the quantity of each kind of input absorbed by an 
industry per unit of its output is fixed. Thus the magnitudes included in the balance equations 
are subject to the set of structural relations 

i = 1, 2, . . ., m; k = 1, 2, . . ., m. (2) 

Substituting Eq. (2) in Eq. (1) we have 
k=m 

Xi - 2: akiXk = xni, i = 1, 2, . . ., m 
k=1 

which, solved for the X/s, gives 

i = 1, 2, ... , m 

where the Aik'S are elements of the inverse of the structural matrix I akil. 

(3) 

(4) 

Given an "outside bill of goods" Xnl, Xn2, • • ., Xnm' be it the final' domestic consumers' 
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demand, allocations to the foreign countries under the Marshall Plan aid, or itemized material 
requirements of a military mobilization program, the last system enables us to determine the 
corresponding level of output in all the individual sectors of the economy . 

. Only a few years ago the computational difficulties involved in the inversion of a square 
matrix of order 40, 100, or 150 would have been considered practically insurmountable. 
Now our main concern is that of collecting sufficiently accurate primary quantitative infor­
mation on the basis of which such matrices are heing set up. 

But new computational problems arise as the thinking on the subject advances. 

The theoretical scheme of interindustrial relations as presented above is entirely static. 
All variables occurring in it are time rates of input and output flows. The actual economic 
process involves, however, not only flows but also stocks of commodities: stocks of machinery, 
stocks of buildings, inventories of raw materials or goods-in-process and of finished commodities. 

Explicit incorporation of stocks as well as of flows' in the model of the national economy 
. leads to formulation of adynamic theory. The change in the magnitude of any particular 

kind of stock-if it is at all possible-is achieved through accumulation or decumulation of a 
flow over time. Let Sik represent the stock of commodity k used in industry i at the time t; 
Sik describes, then, the flow pf additions to (or subtractions from) that particular stock. The 
balance equations (1) can now be rewritten 

k=rn k=m 
Xi - 2: Xki - 2: Ski = Xni• i = 1,.2, . . ., m. 

k=l k=l 
(5) 

The flow of commodities from industry i to industry k is being split here explicitly into two 
components, Xki representing that part of it which is being used "on current account" and 
Ski the other part added (if Ski> 0) or subtracted (if Ski < 0) from the stock Ski. 

A corresponding ~odification must be introduced also into the description of the internal 
structure of the separate industries. The equations of set '(2) as formulated above refer only 
to technical input requirements on current account. All additions to stock have, in the original 
static f~rmulation, been treated as parts of the independent "outside demand," that is, the 
vector Xn1, Xn2, • • ., Xnm; they were not explained but rather treated as known parameters. 
The more comprehensive dynamic formulation contains an additional, second set of structural 
equations in which each stock or capital requirement ora particular industry is related to its 
rate of output, 

(6) 

or differentiating, 
(6a) 

The constants bki can be referred to as the capital coefficients .. 
Substitution of Eqs. (2) and (6a) in Eq; (5) gives a set of m linea·r differential equations 

with constant coefficients, 

(7) 
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A general solution ,of this dynamic system can be written 
k=m 

Xi(t) = 2: Ck(X10, x20, ••• , XmO)KkieAJ!, + L i (xn1, xn2, ••. , Xnm); 
k=l 

i = 1, 2, ... , m 

(8) 

where the A'S are the characteristic roots of system (7); the Ck's, linear functions of the initial 
conditions (expressed in terms of the rates of output of all industries at some point of time to) ; 
the K/s, appropriate functions of the constants, the a's, b's, and A'S; while L i (xn1, Xn2,. • ., xnm) 
are linear functions of the outside demand Xn1, Xn2, • • ., Xnm~ 

Once obtained in numerical form, this solution makes it possible to answer various types 
of questions arising in conne~tion with the explanation of the behavior of the economic system 
over ,time. 

Western Europe, for example, is striving to accomplish an investment program which in 
a certain number of years would make it independent of the negative "outside demand," 
that is, outside supplies currently being made available to it under the Marshall Plan. Had 
the necessary primary i~formation been available one could have determined the m rates of 
surplus imports of various commodities (the xn/s) that would be required to raise the domestic 
output from a given original level X1(tO), X2(tO), •.• , to some prescribed higher level X1(t1), 
X2(t1), ... over a stated period of time tl - to' 

To obtain the desired answer it would be only necessary to insert in Eq. (8) the original 
levds of output as the initial condition, set t in the exponentials equal to the prescribed recovery 
period tl - to, and equate the right-hand terms of the equations to the desired final levels of 
output XI (t1) , X 2(t1), • • • The resulting m linear equations can then be solved for the m , 

unknown quantities Xn1, Xn2, •.. , Xnm of surplus imports. 
If som'e of the characteristic rqots of the differential equations (7) turn out to be complex, 

the outputs of the individual industries will display a typical periodic pattern of motion with 
increasing constants of diminishing amplitudes depending upon the magnitude of the real 
parts of the roots. The consideration of such periodic solutions constitutes the theoretical 
basis of many a contemporary business-cycle theory. 

Although very attractive because of its obvious simplicity, this explanation of alternative 
booms and depressions has a serious weakness which, ifit is overcome by appropriate theoretical 
reformulation, leads to a new and interesting computational problem. 

The original static system has been transformed into a dynamic one by the introduction 
of stock-flow relations as described by a set of appropriate capital coefficients. Not all capital 
stocks can, however, be decumulated, that is, reduced in the same way in which they are 
being accumulated. Investments in raw materials, goods-in-process, and finished commodities, 
in short, stocks which are associated with the concept of working capital, can indeed move 
downward as easily as they can go up; not so with fixed capital, that is, machinery, buildings, 
permanent investment in roadbeds, soil conservation, etc. Provided sufIicient sources of 
supply exist, these stocks can change in the upward direction ~s readily as working capital. 
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In the case of contracting demand, however, fixed capital cannot be as readily reduced as, 
say, inventories of raw materials. For obvious technological reasons, the rate at which 
machinery and buildings, not to speak of so-called permanent land improvements, can be 
used up is strictly limited and at best is very low. The appearance of unused capaCity of idle 
fixed capital (in times of downward production trends and during the initial 'phases of recovery 
when output has not yet reached the previous high) constitutes one of the most characteristic 
aspects of modern business fluctuations. 

In the light of these observations, the use of unchanging stock-flow ratios well suited-at 
. least in the first approximation-to the analysis of the dynamics of working capital is in­
appropriate in application to fixed capital. As soon as the rate of <?utput of an industry begins 
to diminish, or reaches a certain critical rate of decrease at which idle investment makes its 
appearance, the technologically necessary stock-flow relations lose their economic significance 
so far as the stocks of fixed investment used in this industry are concerned. Since and to the 
extent that the previously accumulated stocks of durables cannot be reduced through' con­
sumption on current account these become quasi-free goods. . The economic connection 
between such stocks and the current rate of output ceases to exist and it is reestablished only 
when and if, in the course of a subsequent increase in the rate of production, all existing idle 
capacity has again been reabsorbed, and thus additional investment becomes necessary for 
further expansion. 

In terms of a previously described theoretical model,it means that, in the course of the 
time intervals during which the fixed capital stock of a particular industry exceeds the techno­
logically required magnitude, the corresponding capital coefficients in the system of differential 
equations (8) become zero. They acquire, however, the original values if and as soon as the 
output of -the industry again increases to the level at which the surplus stocks become 
reabsorbed. 

The movement of the whole economic system can thus be described as a succession of 
alternative phases. Within each phase its path is defined by an appropriate system of linear 
differential equations with constant coefficients. Each of these alternative systems is obtained 
by suppressing a certain subset of capital coefficients of the original, complete system. The 
initial conditions of every phase are determined by the ·state in which the system found itself 
at the end of the previous phase. (Specifically, they are described in terms of the corresponding 
rates of output of the m individual industries); thus, throughout the process as a whole all 
variables are continuous functions of time but their derivatives are, in general, discontinuous 
at the point of junction of the successive phases. 

The rules governing the transition from one phase to another are as follows: 
1. The current phase terminates 

. (a) whenever the downward change in the rate, of output 'of any industry that uses any 
particular kind of durable capital goods reaches a certain fixed critical magnitude below 
which the rate of effective capitaldecumulation (that is, the rate of reduction in the magnitude 
of the particular kind of capital stock) cannot fall, and 
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(b) whenever the rate of output of any capital-using industry reaches, in the course of its 
upward movement, a level at which the stock of anyone kind of fixed capital becomes again 
fully utilized, that is, becomes equal to the stock that existed at the beginning of the latest 
previous phase during which it started to· be idle, minus the maximum effective rate of 
attrition, multiplied by the length of time elapsed since then. 

2. The set of differential equations of a succeeding phase is obtained from that of a previous 
phase 

in case (a) by suppressing the capital coefficients bki of industry k that refe~ to stocks of 
durable commodities, and 

in case (b) by reintroduction of capital coefficients that were suppressed at the· beginning 
of the terminating phase. 

From an economist's point of view, it is particularly interesting to note that the process 
described might display alternating upward and downward move~ents in the rate of output 
of the various industries, even if none of the characteristic roots of the· sets of differential 
equations governing anyone of its separate phases are complex, that is, even if neither one of 
them contains ·periodic components. The unrealistically smooth symmetry and exact period­
icity implied by conventional business-cycle models is thus entirely eliminated. 

Given a set of empirically observed technical flow and capital coefficients and the initial 
state of the system, the course of the ensuing-phase periodic process is uniquely determined. 
The nature of the underlying dynamic relation is such, however, that the description of the 
resulting movement cannot be reduced to a simple general formula. The movement of the 
system has to be found stepwise from one phase to another. Modern high-speed machines 
are, for obvious reasons, peculiarly suited to efficient solution of the resuiting computational 
problem. 
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During the major portion of this paper we ~hall consider in detail two problems of special 
interest to the speaker. One of these problems is concerned with a point in general methodology 
and can be applied to a number of psychological studies. The other problem is of a more 
theoretic nature involving quantitative assumptions of particular psychological relations. 
The first problem concerns the question of how to perform the. requisite computations; the 
second problem is more a question of what are the results of a set of theoretic constructs. 
Practicable means of obtaining solutions in either case, making use of normally avail­
able methods, have not been found.· It is. the hope of the author that large-scale 
digital computing machines will be of assistance in solving these and similar problems in 
psychology. 

Before going into the details of these problems, I wish to emphasize the point that they 
are not typical of the majority of computations in psychology. In general, workers in the 
quantified aspects of psychology are plagued with the necessity of working with masses of 
what might be termed low-graQe data. Here weare using the term "low-grade data" to 
indicate that each datum has limited pertinence owing to the influence of uncontrollable 
factors in experimental or observational situations. As a result of inconsistencies in the 
observations and of the many attributes that must be considered simultaneously in a number 
of studies, it has often been necessary to use linear types of equations in quantitative psycho­
logical theories. Even these simpler mathematical formulations have yielded gratifying results. 
The point for consideration here is that, typically, computing problems in psychology involve 
simple calculations on many observations. At present, psychologists place general emphasis 

. on computing aids in matrix manipulations such as multiplications and inversions. The first 
problem we will describe in detail is atypical only in the fact that the matrices are interrelated· 
in ·a more complex manner. There are some ,areas in psychology where complex functions 
are employed, but computational-type solutions are seldom indicated as necessary. In many 
cases, adequate mathematical constructs have not been developed and reliance is placed on 
graphical aids and the judgment of the experimenter. 

In addition to the mathematical type of psychological theories, considerable dependence 
is placed on statistical methods, from which methods a number of quantity-type computational 
problems arise. ' ' 

During the foregoing discussion, the characteristics of simple calculations on a large quan­
tity of data have been emphasized as more typical of the more critical computational problems 
in psychology. For th,ese problems use of the large-scale digital computing machines is not 
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appropriate, from what I understand about these machines. In consequence, I have selected 
for discussion two more complex computational problems. 

Problem 1. Determination of maximum-likelihood estimates of a factorial analysis structure. 

As previously indicated, this problem deals with procedural implimentation of a theoretic 
method. The theoretic work was performed by D. N. Lawley at the University of Edinburgh, 
who first published a paper on the subject in 1940. 

Table l. An illustrative covariance matrix C (basedonobservations df 50 cases). 

2 3 4 5 6 7 8 

1 0.35 - 0.60 0.88 - 3.92 - 1.29 - 1.15 - 1.00 - 0.30 

2 - 0.60 6.80. . - 5.84 31.36 5.52 11.20 1.60 4.80 

3 0.88 - 5.84 11.20 - 22.40 - 10.80 - 6.00 - 9.92 - 0.48 

4 - 3.92 31.36 -- 22.40 225.40 18.90 73.50 - 9.52 36.12 

5 - 1.29 5.52 - 10.80 18.90 29.25 0.75 26.76 - 6.66 

6 - 1.15 11.20 - 6.00 73.50 " 0.75 61.25 - 23.40 18.90 

7 - 1.00 1.60 -- 9.92 - 9.52 26.76 - 23.40 58.40 - 8.40 

8 - 0.30 4.80 - 0.48 36.12 - 6.66 18.90 --8.40 45.00 

Consider the matrix C in Table 1. It is square and symmetric. The off-diagonal cell 
entries are known as covariances; the diagon"al entries are known as variances. In this case 
this is a fictitious setup, but the values recorded could have been obtained from observation 
of the performance of 50 people on eight different tests. Each variance, or diagonal cell 
entry, is a measure of the variability of scores of the 50 subjects on one of the tests. Each 
covariance, or off-diagonal cell entry, is a measure of similarity of the rank-order position of 
the 50 subjects on a pair of the tests. There is one row and one column for each test included 
in the study. Although eight variable tables of covariances are rather common, factorial­
analysis methods should not usually be applied to so small a set of tests. The size of the study 
that would involve factor analysis has, more typically, 20 to ioo variables. The number of 
cases may be over .1 ,OOQ. The covariance matrix C is our starting point for the present 

computing problem. 
Let n represent the number of tests and N the number of people tested. It is desired to 

obtain a matrix A with n rows and r columns to satisfy Eqs. (1) to (7) and Conditions I and II. 
The numerical work for Eqs. (I) and (2) is given in Table 2 for the case where there are two 
columns in matrix A, that is, where r is 2. The simplicity in the setup of the illustrative example 
is apparent in the use of simpie values for entries in matrix B and for the u/s. Our procedure 
for the illustrative example was the reverse of the computational problem because we set 
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Table 2. Numerical example for Eqs. (1) and (2). 

Variable Matrix A Matrix B 

number ejj I II u·2 
, , Uj I II 

0.35 0.3 - 0.1 0.25 0.5 0.6 - 0.2 

2 6.80 -2A - 0.2 1.00 1.0 -2.4 -0.2 

3 11.20 2.4 - 1.2 4.00 2.0 1.2 -- 0.6 

4 225.40 -- 12.6 - 4.2 49.00 7.0 - 1.8 -0.6 

5 29.25 - 2.7' 3.6 9.00 3.0 -0.9 1.2 

6 61.25 -- 4.5 -4.0 25.00 5.0 -0.9 -0.8 

7 58.40 - 1.2 6.4 16.00 4.0 -0.3 1.6 

8 45.00 - 1.8 -2.4 36.00 6.0 -0.3 -0.4 

up the solution first and then worked backward to matrix C. Unfortunately, it is much more 
difficult to obtain the solution working in the normal direction from matrix C. In Table 2, 
the column for Cjj contains the diagonal entries of matrix C. Matrix A is the desired solution. 
Each entry in the column headed ul is obtained by subtracting the sum of squares of the 
entries in matrix A for the row from the Cjj in the row. Equation (1) sumlnarizes the relation 
of the u/s to the cj/s and ,entries in row j of matrix A 

Uj = (ci i - L:a,m2)!. (1 ) 
m 

Each entry in matrix B is obtained by dividing the corresponding entry in A by the uj for 
the row. This step can be summarized in matrix notation by Eq. (2), where the matrix V 
is a diagonal matrix with diagonal entries uj ; 

B = V-lAo (2) 

Table 3. The matrix E. 

_I 2 3 4 5 6 7 8 

1 
I 

0.40 - 1.20 0.88 - 1.12 - 0.86 -- 0.46 - 0.50 - 0.10 

2 - 1.20 5.80 - 2.92 4.48 1.84 2;24 0.40 0.80 

3 \ 0.88 - 2.92 1.80 - 1.60 -- 1.80 - 0.60 - 1.24 - 0.04 

4 
I 

- 1.12 I 4.48 - 1.60 3.60 0.90 2.10 - 0.34 0.86 

5 - 0.86 1.84 - 1.80 0.90 2.25 0.05 2.23 - 0.37 

6 - 0.46 2.24 - 0.60 2.10 0.05 1.45 -- 1.17 0.63 

7 - 0.50 0040 " - 1.24 - 0.34 2.23 - 1.17 2.65 - 0.35 

8 - 0.10 0.80 - 0.04 0.86 - 0.37 0.63 - 0.35 0.25 
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With Eqs. (3) we return to matrix C and define a new matrix E with the same num~er of 
rows and columns as C: 

E = U..J.ICU-l_ 1. (3) 

Entries in each row and column of C are divided by the corresponding u/s; and, in addition, 
unity is subtracted from the diagonal values. Table 3' is the result for our example. 

Equations (4) and (5) and Condition I are the definitive ,relations of matrix B to matrix E: 

B , EBK, (4) 

K-2 = B'EB. (5) 

Condition I. Matrix B has the r latent vectors of E corresponding to the largest latent roots of E. 

Table 4 gives the numerical example for these equations. Matrix B is repeated from Table 
2. The matrix product EB has been computed. Matrix K,-2 is a diagonal matrix with diagonal 

Table 4. Numerical example for 'Eqs. (4) and (5). 

Variable Matrix B Product EB 

number I 
, 

II I II 

1 0.6 -0.2 7.56 - l.12 

2 -2.4 -0.2 - 30.24 -- l.12 

3 l.2 -0.6 15.12 - 3.36 

4 - 1.8 ' - 0.6 - 22.68 - 3.36 

5 -- 0.9 1.2 - 1l.34 6.72 

6 -0.9 -0.8 -11.34 - 4.48 

7 -0.3 1.6 - 3.78 8.96 

8 -0,0.3 -- 0.4 - 3.78 - 2.24 

Matrix K-2 Matrix K 

I II I II 

I 158.76 0 I 
12.6 

0 

II 0 31.36 II 0 
5.6 

entries equal to the sum of products between corresponding entries in identical columns of 
B and.EB. The off-diagonal entries in K-2 are sums of products between entries in different 
columns of Band EB and must' come out zero. Matrix K is also a diagonal matrix with 
diagonal cell entries equal to the reciprocal of the square roots of the corresponding entries 
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in K-2. When the entries in each column of EB a're multiplied by the corresponding diagonal 
entry in K, matrixB is reproduced . 

. It is to be noted that Eqs. (1) to (5) and Condition I apply for any given number, r, of 
columns of A. The matrices are so interdependent in these five equations that direct solutions 
starting only. with· matrix C are quite impracticable and it is necessary to resort to successive 
trial solutions. Discussion of the trial procedures is postponed until the theory of the method 
for determining the number of columns of A has been considered. 

Table 5. The matrix G. (Forj> k: 2.2.g;k 2 = 0.3200, W2 = 16.00.) 
j k 

2 3 4 5 6 7 8 

1 1.00 0.20 0.04 - 0.16 -0.08 ~·0.08 0.00 0.00 

2 0.20 1.00 - 0.l6 0.04 . - 0.08 -0.08 ·0.00 0.00 

3 0.04 '- 0.l6 1.00 0.20 0.00 0.00 0.08 0.08 

4 - 0.l6 0.04 0.20 1.00 0.00 0.00 0.08 0.08 

5 - 0.08 -0.08 0.00 0.00 1.00 0.20 0.04 - 0.16 

6 - 0.08 -0.08 0.00 0.00 0.20 1.00 -·0.16 0.04 

7 0.00 0.00 0.08 0.08 0.04 - 0.16 1.00 0.20 

8 0.00 0.00 0.08 0.08 - 0.16 0.04 0.20 1.00 

The matrix G of Table 5 is defined by Eq. (6): 

G = E-BB' + 1. (6) 

Off-diagonal entries in G are interpreted as the residual portion of E not accounted for by 
the matrix B. The diagonal entries must be unity as a consequence of Eqs. (1) to (5). The 
general size of the off-diagonal entries is of special interest. First, as the number of factors 
-that is, columns of matrix A-is increased, the general size of these off-diagonal entries 
decreases. A second important relation is with the number of cases on which observations 
were made. When observations are made on an extremely large group of cases, the off-diagonal 
entries in G are vanishingly small for a given set of variables and a given number of columns 
in matrix A. As smaller groups of cases are considered, these off-diagonal entries will usually 
increase in size. Consider the index Wr defined in Eq. (7): 

Wr = N'L'Lgik2, j> k (7) 
j k 

where N is the number of cases in the sample. The double summation is of squares of the 
off-diagonal entries of G below the diagonal. When the off-diago~a'l entries differ from zero 
only because of chance sampling effects, Wr for a nu·mber of samples of size N will have a 
frequency distribution in accordance with the chi-square distribution with appropriate degrees 
of freedom. Values of chi-square have been tabulated. It is possible, therefore, to set up a 
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value above which we would believe the possibilities of observing Wr owing solely to chance 
sampling effects to be negligible. Thus, whenever a w,. is observed above this critical value, 
it will be concluded that more columns of A are required. This reasoning leads to 

Condition II. The number of columns r of matrix A is the smallest number where Wr is less than 
chi-square, with i[ (n - r) 2 - n - r] degrees of freedom, for a given level of significance. 

When a IO-percent level of confidence is used,a chi-square can be computed that will be 
exceeded 10 percent of the time by chance sampling effects. This IO-percent level of confidence 
seems, to the author, to be appropriate for the present problem. 

By making us~ of an excellent approximation devised by Edwin B. Wilson and Margaret 
M. Hilferty, a direct computational procedure can be designated. Here r is to be the smallest 
integer for which ' 

Wr < t[(n - r)2 - n - r]{ 1 - 9[(); ] + 1.2816 J9( ); }3. (8) n-r -n-r . n-r -n-r 

Solutions have been obtained for the illustrative problem for 0, 1, and 2 columns of matrix A. 
Values of Wr , degrees of freedom, and actual chi-squares and approximate chi-squares for 
a IO-percent level of confidence are listed in Table 6. ~or no factors and for one factor, that 

Table 6. Values of Wr , number of degrees of freedom, and actual and approximate 
chi-square for IO-percent level of confidence for illustrative example. 

Wr 
Degrees of Chi-square 

r 
Approximate freedom Actual 

0 228 28 37.92 37.91 

1 106 20 28.41 28.40 

2 16 13 19.81 19.80 

is, r equal to 0 or 1, Wr is greater than the corresponding chi-square. For two factors, Wr 
is less than the chi-square. We'therefore conclude that two factors are appropriate for the 
illustrative example. The last two columns of the table indicate the excellence of the 
approximation. 

In review, the computational problem is to begin with a matrix C and to obtain matrices 
A and values of Wr for successively increasing numbers of factors until the inequality (8) is 
satisfied. The matrix A with the 'smallest number of columns for which the inequality is 
satisfied is the solution. 

The major difficulty lies in obtaining a matrix A, with any specified number of columns, 
from matrix C in order to satisfy Eqs. (1) to (5) and Condition I. Direct solutions seem 
impracticable. One possible successive-approximation method is based on a procedure 
developed by Harold Hotelling for obtaining principal components. An initial trial matrix 
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. Al is obtained by any of several methods. Random numbers may be used, provided the. Ui1
2 

of Eq·.(9) is greater than zero: 
Ujl2 = Cu - Laim12. 

m 
(9) 

It is possible to have zero-entries for all but two cells in anyone· column of AI' Computations 
for one trial for the illustrative example are presented in Table 7. The case illustrated is that 

Table 7. One trial of a: successive-approximation method. 

Variable Al LI MI A2 
number I II u2

iZ 
I II I II I II 

1 -0.28 0 0.27 - 1.04 0 - 3.4 - 0.1 - 0.28 0.10 

2 2.44 0 0.85 2.87 0 30.1 2.6 2.44 - 0.19 

3 - 2.22 0 6.27 - 0.35 0 - 26.9 0.6 - 2.18 1.41 

4 12.81 0 61.30 0.21 0 159.6 21.2 12.93 2.13 

5 2.18 '0 24.50 0.09 0 25.8 - 5.7 2.09 - 3.53 

6 4.68 4.66 17.63 0.27 .0.26 . 63.3 16.4 5.13 4.23 

i 0.53 - 5.66 26.08 0.02 - 0.22 3.4 .~ 13.3 0.28 - 5.79 

8 2.04 '0 40.84 . 0.05 0 26.4 6.8 . 2.14 ' 1.75 

K-2 
. I 

K-I I KI' 
I II I' , II' I' II' 

I 153.66 15.71 I 12.40 0 I 0.081 - 0.043 

II 15.80 7.19 II 1.27 2.36 II 0 0.424 

in which two factors are under consideration. A similar series of trials was performed for the 
case of one factor, and the first column of Al in Table 7 isthe approximate solution obtained. 
The values in cells for rows 6 and 7 wer~ obtained by solving Eqs. (10),; (1 i), and (12) ,: 

1ik == Cik - ajlakl, 

. a62a72 = 167' 

a62
2 

, !s6 
-2=r' 
a72 . J 77 

(10) 

(11) 

( 12) 

The entire matrix F with cell entries 1ik was computed and the largest off-diagonal entry 
selected. This was for tests 6 and 7 ~ Equations (11), and (12) yield reasonable values for 
a62 and a72• Obtaining atrial matrix AI, the Uil 2'S are computed by Eq.9. 

Equations (13), (14), and (15) indicate the computations for subsequent steps: 

(13) 
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(14) 

K I -2 = Ll' A,11• (15) 

The matrix Ll is obtained by dividing each entry in a row of Al by the Uil
2 for that row. 

Matrices MI and KI-2 are obtained as matrix products. Matrix KI-2 should be symmetric 
except as a result of rounding-off errors in MI' Usually minor errors in symmetry wiil not 
materially affect succeeding steps. The matrix KI~I is computed to satisfy Eq. (16) and to 
have zero entries above the diagonal: 

(KI-l)(KI-l), = KI-2. (16) 

The inverse ofK1-1 and the matrix product of Eq. (17) are obtained: 

MIKI' = A 2• ( 17) 

The matrix A2 is the second approximation. 
Usually this system should converge on the desired solution. The rate of convergence is 

likely to be low, and many trials may be required for each number of factors. As a result, 
the kind of computational assistance offered by large-scale digital computing machines is 
essential. Other simpler factorial methods are in use by psychologists mainly to avoid the 
computational labor involved in the procedure we have outlined. These other procedures 
have not answered the question of the number of factors to be considered, and they suffer 

,from the usual effects of approximations. It would be quite desirable to be able to apply 
. Lawley's method. 

Another computational problem with which many psychologists are concerned can be 
mentioned here, but we will not spend much time on it. The matrix A can be considered 
to give the coordinates of n vectors, one for each test, in r-dimensional space, one dimension 
for each factor. It is possible to restate Eqs. (4) and (5) and Condition I to allow the rotation 
of axes vyithin the space defined by matrix A. L. L. Thurstone has stated his principle of 
simple structure to solve the problem of where to rotate the axes. It is sufficient to state here 
that much computational labor is involved and assistance will be welcomed by psychologists. 
Unfortunately, Thurstone's principle is qualitative in nature. Until his principle has been 
successfully restflted in precise mathematical relations, the solution will depend on the judgment 
of the analyst, and the applicability of large-scale calculating machines will be doubtful. 

We shall now turn to our second problem. 

Problem 2. Determination of Distribution of Items in Difficulty to Yield Maximllm Test-Ability 
Correlation. 

The computational problem can be stated quite simply. Consider Eq. (18): 

V = 2:rs 1 e- ithl {2: f';() 1 e-ixh2dxh _ (2: fa) 1 e-ixh2dXh)2 
It V27T It lth V27T It Jth V27T 

+ 2: 2: f.a)f.a) V 1 exp [- 2(1 1 .4) (Xh2 + Xi
2 - 2xhXir,s2)] ¢XidXh}-l. (18) 

h ii=ll th ti 27T 1 - rs4 . - 1 s 
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This equation arises in a mathematical development related to the assembly of standardized 
aptitude examinations. Let us take as an example a test in addition, where it is desired to 

differentiate, among people most validly with respect to rapidity and accuracy of adding 
columns of numbers. When, however, a large number of problems are tried out on a group 
of people, it is found that some problems are easy and others are more difficult in terms of the 
percentage of the group that gives the correct answers in the time allowed. These differences 

in difficulty could arise from differing lengths of the columns to be added, or from differind 
numbers of digits in each number, or from use of numbers differing in ease of addition. It 

is easier to add l's and 2's than 6's, 7's, or 8's. Thus the test technician has at hh disposal 
a large number of problems of different difficulty. How should the problems be selected as 
to . difficulty? If only those problems are used to which half of the group gives the correct 

answer in the time allotted, then the people who are very poor in addition will be grouped at 

low sco~es and the people who are very good in addition will be grouped at high scores, there 
being, therefore, little differentiation among members in either of the extreme groups. It 

thus seems that the problems should be spread out in difficulty. Exactly what is the best 
distribution of problems in difficulty is not known. Our Eq. (18) is an attempt to obtain the 
answer. 

We have assumed a scale of ability. The coefficient. Vis the correlation between the test 
scores and scores on this ability. The quantity rs is a measure of the relation of each test 

problem and the underlying ability. The th's are indices of the problems' difficulties .. The 
subscript i is used alternatively with h to designate the problems. We would like, for any 
given number of problems and value ofrs, to seiect that ~et ofth's' which 'would yield a maximum 

value for V. It will be noted that the independent variables~the th's--.:.appear as exponents 
and as limits of definite integrals for which 'only numeric solutioI?-s exist. Tabulated sets of 
values of the th's that maximize V for several conditions of numbers of problems between 

10 and 500.and of values of rs between zero and unity would be of considerable assistance as 
guides in the construction of tests. I have not tried a computational type of solution, but the 
reports of capabilities of the large-s~ale digital computers indicate that they should yield the 
desired result~. 

In this paper r' have outlined two problems on which the large~scale computing machines 
should be of assistance to psychologists. These problems were chosen because (a) they were 
so stated that computational-type solutions were feasible, (b) the volume and complexity of 

the calculations indicated a ne~d for assis~ance from a larg;e-scale machine, and (c) the problems 
were of special interest to the author. 
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Economists are frequently interested in constructing models of economic behavior and 
estimating the parameters involved. In many cases the traditional least-squares treatment 
fails and it becomes necessary to maximize a likelihood function of many variables. Such 
problems frequently involve many matrix operations where it is of great importance for 
computers to have high computing speeds, either large· internal memory or rapid transfer 
from internal to external memories, or both, and the ability to take advantage of matrices 
which are very simple in that most' elements are zero. 

As an illustrative· example, suppose that Ytl represents the quantity sold of a certain good 
in ye~r t; Yt2' the price of the good inyear t; Ztl, the national income in year t~ and Zt2, the 
wage rate in the producing industry in year t. Then the economist hypothesizes the following 
model, consisting of the demand and supply equations 

Ytl =' IXLYt2 + IX2Ztl + IXa + UtI, 

Ytl = f3LYt2 + f32Zt2 + f3a + Ut2, 

where Utl and Ut2 are random unobserved disturbances. It is desired to estimate the parameters 

eXI, IX2' IXa, f31'. f32' f3a because they can be used to forecast the effect of an excise tax, say, on the 
price and quantity of a good (once the national income and the wage rate in the producing 
industry are known). Furtherm~reJ these parameters in themselves have important theoretical 
significance. 

One s~ould refrain from using the traditional least-squares regression method to estimate 
the parameters, for the conditions justifying the use of least squares are not s·atisfied and that 
method may give meaningless results even in large samples. (To justify least squares one must 
assume that Utl, Ut2 are distributed independently ofYt2' Ztl, Zt2; this is not the case sinceYtl 

andYt2 are determined by Ztl, Zt2, Utl, u t2 .) In this case the maximum-likelihood· method should 
be applied. 

In general, our system of equations may be written 

f3nYtl + f312.J't2 + .... + YnZtl + Y2l Zt2 + ... = Utl, 

f321Ytl + f322Yt2 + ... + Y2lZtl + Y22Zt2+ ••• = Ut2, 

{3gIYtl + f3g2Yt2 + ... + YgIZtl + Yg2Z t2 + ... = lltg, 
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where they's and z's are obse:r;ved variables apd the parameters f3ii' Yik are subject to certain 
restrictions derived from economic theory. A case which occurs frequently is that where 
linear functions of these parameters are known to vanish. In this case a considerable number 
of simplifications may enter. The Uti are unobserved random disturbances which are assumed 

to be jointly normally distributed, independently of the Zti'l 

The above equations may be written 

By/ + rz/, = u/, 
or 

Ax/ = u/, 
where 

A =. (B r), 'x/ =e::). 
Then it can be shown' that the maximum-likelihood method involves maximizing 

log L(A) = -llog det (A W A') - t lo.g det (A MA') 

as a function of A, where A is subject to the a priori restrictions due to economic theory. 

Here 
1 T I (Mn .M12 ) 

]vI = T L X t X t = M' L{ , 
t=1 21 .Lv, 22 

1 T . 1 T 

Mn = T LY/Yt, M12 = T L Y/Zt, etc., 
t=1 t=l 

W = (;:'n ~), 
Wn = Mn - M12M22-1M21' 

Iterative methods have been applied to maximize L. These are gradient methods where 
one starts with a certain approximation P and takes a step in the direction of steepest ascent. 2 

In particular, the Newton method is a special case of a gradient method where convergence 
per iteration is very rapid but the amount of calculation per iteration is quite large. This 
method converges faster as the approximation gets closer to the maximizing value. To apply 
gradient methods one must consider first derivatives of L. For the Newton method, second 
derivatives are also required. It is found convenient to work with the Taylor expansion 

log L(P + hD) = log L(P) h tr{[(PWP/)-l PW - (PMP/)-l PM]D/} + O(h2), 

where tr represents the trace or the sum of the elements along the main diagonal. From 
this expansion it is seen that to compute the first-order derivatives one must essentially compute 
(PWP')-l PW - (PMP/)-l PM. In a typical case of an eleven-equation system, the number 
of rows and columns corresponding to P, M, Wn , respectively, are (11 X 40), (40 X 40), 
(11 X 11). 

In the case where each of the restrictions is linear in the coefficients of one equation, one 
can reduce the number of computations per iteration considerably at the cost of introducing 
a few initial operations. For example, consider the following formula for the direction of 

349 



HERMAN CHERNOFF 

steepest ascent with respect to the linearly· independent parameters a in terms of which P 
may be computed: 

d = a<I>[(PWP')-l @ W - (PMP')-l @M]cI>'B-l, 

where B = cI>[(PMP')"':'l @ (M - W)]cI>', cI> is a constant matrix determined by the restrictions,. 
a is in a special sense the vector of the independent or unrestricted variables involv~d in P, 
and @ indicates the Kronecker product of two matrices. 

Among the circumstances that can be used to. reduce the number of comp~tations per 
iteration is the fact that cI> is usually an extremely siInple matrix most of whose elements are 
zero or one. In the above-mentioned eleven-equation system, the sizes of the matrices d, 

a, cI>, B, respectively, are(I X 60), (1 X 60), [60 X (40 xII)], (60 X 60). 
Thus to treat the above system or larger ones it is necessary to have a machine which can 

rapidly refer to large matrices which are kept constant throughout the iterations to perform. 
over a dozen matrix operations per iteration and preferably to make good use of the simplicity 
of certain. rna trices (cI». 
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In discussing briefly the significance of high-speed calculation instruments for inquiry in 
the realm of physiology I am putting to Ol1e side, for present purposes, th?se aspects of organic 
activity which involve interactions between and among individuals and between groups of 
individuals and environmental' forces or conditions. Undoubtedly, as data accumulate and 
analytical insight grows (although the two may not march in close company), the service of 
such devices can be great in reducing the labor of calculations required for the testing of 
hypotheses and the making of predictions. Even here, however, one can doubt whether it 
will be possible or even desirable to resort to the push-button selection of hypotheses concerning 
ethology, ecology, population genetics, and the like, let alone for the setting up of differential 
equations basic to the erection of quantitative conceptions. The problem must be stated 
before a solution can, be tested. 

It is rather in connection with questions of the nature of the individual organism and its 
constituent processes that some less obvious considerations are required. Two foci of interest 
are clear. The sheer complexity of these processes requires that as understanding of them 
improves it will be more and more necessary to recognize, for theory building, that the organic 
property under scrutiny is essentially a multivariate one, in which many parameters are 
significant. In the end, now only dimly approached, it is likely that all available mathematical 
devices and aids to calculation will be called upon for real progress toward formulation and 

pe~hapscomprehension. 

This first point of interest finds parallels in, for instance, weather prediction or even in 
cosmology, where the basic~ifficulty is rather a mechanical one, arising from the degree of 
appropriateness of the mathematical system applied and the onerousness of using it, granted 
data that are sufficient. Beyond this is the second focus of interest, essentially more attractive 
and more stimulating. It centers upon the possibility ofcreat,ing models of individual biological 
processes. Such models, both mathematical and material, have of course played a considerable 
role in general physiology-as aids to the clarification and the cqncreteness of thinking, and 
as springboards for new experiments. Somewhat crudely put, but not unfairly, the question 
has arisen: Do complex, fast, computation devices provide an effective model of mental 
processes, or even of one general class of human cerebral operations-even to the extent that 

,such machines, with developments of kinds now foreseeable, may be used to serve as surrogates 
for human decisions or actions? 

Note that there are here two distinct questions. The adequate imitation of a given kind 
of end result as achieved by an organism does not at all imply that the mechanism whereby 
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the organism acts or deCides has been duplicated. 'For engineering purposes, as in the "no 
hands" operation of a production line, this may be quite immaterial (so long as men keep the 
surrogate in good worki~g order). But the physiologist's job is different. What he seeks is 
not merely an over-all.model. He really looks for an understanding of the actual mechanisms 
whereby the organic, biological machine operates. An even partially successful model may 
he enormously helpful in furthering this quest, in a particular case; but its character as an 
analogical crutch must not be lost sight of. 

The biologist is not necessarily too grumbly about this-or at least I should not like to 
have it thought tha.t ,he is. He is perfectly able to accept, for the time being, a system of kinetic 
equa,tions embracing the data of photosynthesis as picturing the known essence of the mech­
anism of this process. He also wants to learn the molecular inwardness of the matter, the 
kinetic mechanism with all its defects serving as a ladder toward specific experimental inquiry. 
He is not so crude as to look for a nexus of springs pulling dashpots throughb,aths of hydraulic 
oil when he peers at muscle fibers in electron-microscope pictures, though this kind of model 
has had brilliant uses for some purposes. On the other hand, he knows in a practical way, 
as the logician knows, that reasoning by analogy from dynamical properties of the model is 
liable to stumble over imperfections in the analogy. Gross instances are available in which 
properties of the mechanical model alone, not recognized at the time as such, have misled 
inquiry into blind alleys . 

. An illustrative case is in point. It is drawn from the field of visual excitation, which has 
many advantages for my present purpose. It is significant as illustrating several principles 
important for the method of evaluating analogs for organic events and processes. It happens 
that a variety of visual ~ata have been submitted to description in terms of the notion that 
a visual (seen) threshold effect is brought about when the incidence of light produces a fixed 
amount of freshly formed decomposition product of aphotos.ensitive material in the retina 
(investigations by S. Hecht). One type of such data was that presented by the contour of 
critical flicker frequency as a function of flash intensity. The equation, derived from an 
experimental foundation, used for description (by visual, aesthetic test of fitness) implied 
certain consequences as necessary if the temperature of the organism were to be altered or 
if the light-dark sequence in the flash cycle were to be changed from that commonly charac­
teristic iIi such experiments, nam~ly, 1: 1. The test of the cogency of this formulation cannot 
be made by any proc,ess of curve fitting. It has to be made by the use of what I may be allowed 
to call parametric ana[ysis-the deliberate modification of experimental conditions in such ways 
as to reveal the number and the (or some) quantitative properties of the . parameters of the 
necessary formulation. In this specific case, it was easily shown (Crozier) that the photo­
stationary-state equations were incompetent because they completely failed to predict even 
the direction of the modifications of the flicker contours when tests such as those already 

referred to were made. 
It is interesting to note in outline just what had happened here. It provides a useful 

commentary on the dangers of analogy. The visual systems of animals exhibit reversible 
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changes of excitability according to the prevailing illumination to which they are exposed. 
As a first approximation, it was inevitable that help should be sought from the roughly parallel 
kinetic properties of known reversible-reaction systems in physical chemistry. This involved, 
however, the crass assumption that seeing, as a decisive behavioral act, occurs in direct 
proportion to retinal.events. It also involved the delusion consequent upon the implicit 
assumption that the retina is, in the sense of chemical kinetics, a homogeneous medium. It 
likewise avoided recognition of the patent fact that the equations to which the initial assumption 
led were not in fact unique, even accepting their apparent descriptive adequacy for the data. 
In form the equation is identically a logistic in which the light intensity enters as the logarithm. 
This of course cannot be distinguished from a Gaussian integral except by very precise measure­
ments extending close to the asymptotes. Data of this kind, as well as the quantitative properties 
of the parameters, help to decide in favor of the logarithmic-Gaussian equation. 

The important, central fact is of course that the visual system-even at the retina, and 
even in a single receptor unit-is obviously a microheterogeneous system. It comprises 
assemblages of semi-isolated reaction chambers. Thereby is generated an 'essentially statistical 
situation. Without. enlarging here upon details, it can pretty certainly be shown that here 
one really has a situation in which the assumptions used by Gauss are implicit; hence sensory 
effect is expressed as a Gaussian integral, which is logarithmic in the abscissa in common 
cases because the basic parameter fluctuates spontaneously. . 

There is involved here the conception, for which there is direct observational support, 
that at sundry levels in the hierarchy of assemblages of neural units and subunits implicated 
in a behavioral decision or act one has to do with populations of units which individually 
fluctuate in their contributions to the end result. In the light of this we may examine briefly 
several concrete cases. From a study of them there emerge two c'o~siderations, forming the 
core of what is here suggested. The first is that any model of a mental process, which to be 
analytically significant must include in its dynamical structure the essential nature of the 
process, must in this context operate in such a way that decisions are automatically achieved 
by thorough statistical comparisons. The second is that it is precisely in this way that elemen­
tary "nlental" decisions are arrived at. 

One is thinking here of elementary decisions neurally mediated. If one is to have a model 
of mental processes rather than merely a mimicking of their results, it is necessary t<? know 
sufficiently th~ quantitative properties of that which it is desired to imitate. It is only with 
respect to such elementary decisions as those, for example, involved in the conscious discrimina­
tion between the neural effects due t6 two intensities of illumination, that one has anything 
like data adequate for the beginnings of q~antitative treatment. The concrete cases exhibited 
are therefore chosen from this category. They are given as illustrative only, and no real 
description of their analysis is attempted here. 

Take first a case having intimate relation to the problem of willful indeterminacy. ' How 
many quanta of radiation in the visible range are require'd to evoke the elementary visual 
act (threshold effect)? It has been asserted that on ordinary probability considerations 
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involving the particulate aspect of the structure of light, and because the number of available 
quanta may be quite small, the frequency of seeing of intensities differing near the median 
threshold by small steps forms a Poisson integral, reflecting randomization of the quantal 
content of repeated flashes intended to be identical. Two curious assumptions are involved 
here. One is that only the stimulus is variable, and that the organism is constant (during the 
experiment) in its capacity for exCitation. The other is that one sees with the retina. Prejudice 
aside, each of these assumptions has to be definitively rejected. For formal purposes it is 
sufficient to show that the seeing-frequency function is not a Poisson integral. It is a simple 
matter to demonstrate that this function is symmetrical in log t:..lo· (or in log texp.), and that 
its mean and its variance are totally independent quantities. This latter is proved by elemen­
tary application of parametric analysis: mean and standard deviation are shown to be inde­
pendently variable, by the empirical findings when such relevant conditions as wavelength 
of light, image area, retinal location, oxygen partial·pressure in the air respired, and the like, 
are systematically changed. 

To the question, therefore, how many quanta are required for minimal visual excitation, 
there is required a complex answer. It includes the limitation of "how often." It is further 
complicated by the fact of photosensitization, which has been shown to lower visual thresholds 
by a very considerable amount. For such reasons, as well as others, I purposely do not deal 
here with the asserted correspondence, in fact illusory, between the results of seeing-frequency 
tests and the outcome of calculations based upon absorptive losses of light between the cornea 
and the receptors. 

The notion that a small number of quanta may suffice for a neural decision as to the 
conscious presence of light introduces the possibility of disordered capriciousness-indeter­
minacy-inthis mode of conduct. In no respect of real analytical interest can this be supported. 
In fact, in every instance for which we have data it is found that the standard deviation of the 
critical intensity is rationally related to the mean value of this intensity. The measurements 
have been given in a number of publications. Where, as in the observations based upon 
marginal' recognition of visual flicker, it is possible to consider also the converse experiment, 
in which at fixed flash intensitie~ the variation in critical flash frequency can be determined, 
it is found that the properties of this variation can be forecast from the tests made in the other 
way. Comparable results have been obtained in measurements of the discrimination of 
intensities. The fact that the index of internal correlation computed from the scatter of (JAI is 
systematically related to the magnitudes of experimental conditions inescapably reinforces 
the conviction that although quantitative fluctuation in the basis of simple organic decisions 
is real, it is not lawless. Rules can be written for it, and successful predictions can be made 
as to its properties under novel circumstances. Therefore it is not capricious. The root basis 
of such elementary neural acts is not one in which indeterminacy rules: 

The reason of course is that, even if a single photon should on occasion elicit a valid visual 
discriminatory response, this must be by way of a multiplicative amplifier central to the retina. 
The evidence shows that discriminatory responses are in effect the result of competitive action 
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between groups or populations of neural effects. The internal rules of this competition seem 
to be at least closely akin to those dictated by really elementary statistical considerations. 
For example, the standard deviation of the seeing-frequency function, as dependent on wave­
number, is readily understood on the basis, substantiated by collateral evidence, that the 
standard deviation is larger the greater the number of potentially excitable elements of neural 

effects. 
Measurements of intensity discrimination have played a huge part in psychophysics. 

Their treatment has been curiously raddled by the view that there is a value of /)"/, or of 
/)"//1, which if the universe were only kind one could get accurately. Actually, it fluctuates, 
under given conditions. This fluctuation, instead of being due to a cloud of irrelevant "errors," 
is actually the key to the matter. Illustrations are at hand showing how, from a knowledge 
of the scatter of critical intensities in certain kinds of experiments (flicker, visual acuity) it 
is possible to compute precisely the form of the curve relating /),,1 to II' Instances of this sort 
decidedly encourage the conviction, which can be supported through other lines of evidence, 
that the measured fluctuation in organic performance is really more important analytically 
than the usually considered average value, and that in a valid sense these average values are 
determined by the capacity for variation, rather than the reverse. 

These calculations of /),,1 are made by "asking" the organism to discriminate between 
two intensities on the basis of the probability band formed by flash-frequency F versus log 
(1 ± k(J!) , where I is the mean critical intensity for response. With II fixed, there is an associated 
range of effects (F). A mean intensity 12 to be just distinguished from II must give a range of 
effects for which the mean differs from that associated with II by the factor k' (JDiff' On this 
basis the directly determined /),,1/11 curve can be exactly duplicated. Various other properties 
of /),,1 as measured can also be computed-for example, those based on the fact that + /),,1 

is greater than - /),,1. 
Quite detailed examination of the simple statistical properties of other aspects of visual 

excitation have given additional evidence in support. Much less complete evidence, consistent 
with this, is available for 'Other sensory phenomena. If it is correct, as it seems to be, that 
elementary neural decisions appear to be carried out on an orthodox statistical basis, then 
an effective surrogate in the form of a swift computer device would have to involve a very 
large number of elements with the capacity for fluctuation in performance. Despite the 
implication of a wide extrapolation, it is probably unsafe to assume that more complex neural 
(mental) operations cari depend on other than an elaboration of the kind of complexity 
glimpsed in the case of simple neurosensory discriminations. A nonliving dynamical model 
would at least occupy a very large space, and doubtless would require considerable maintenance 

attention. 
Until the nature of mental activities is better understood it cannot be said that the con-

struction of a "thinking" machine is impossible. The question can be put, however, whether 
it would be desirable to construct such devices. We already have such mechanisms in some 
abundance. The task is to have it seen to that through biological engineering good brains 
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are produced, recognized, fostered, and assisted. Even Swift's monkeys at their type machines 
would require someone to tell them (directly, or by a device he had built) when they had 

, really achieved the accepted text of Shakespeare. It will still be n'ecessary to know the problem 
for which an answer is sought before "push-button" help can be invoked for the calculations. 
The invention of fruitful problems by nonliving nleans is probably quite remote. The possi­
bility of it is, of course, rather revolting, to even a mechanist; on selfish aesthetic grounds the 
revulsion is akin to that aroused by the horridly inaccurate statement of Bertrand Russell's 
concerning artificial parthenogenesis, that "Loeb had shown that a sea urchin could have a 
pin for a father." 

In any case the physiologist will welcome .the'mechanical aid and the stimulus provided 
by fast computers, and certainly the adviee of those who have gained wisdom in dealing with 
them. He will be .on his guard, however, about using them as giving models of neural pro­
cesses, even when some end results are mimicked. He will have the conviction that, however 
complex their form, these models will not serve for automatic inyention, but will function 
solely in terms of effects actually (even jf sometimes unwittingly) built into them at the start. 



THE SCIENCE OF PROSPERITY 

FREDERICK V. WAUGH 

Council of Economic Advisers* 

The science of economics attempts to determine the "best" use of our economic resources; 
to tell us what adjustments are needed in the use of our land, labor, and capital in order to 

increase our wealth and prosperity. 
This is obviously an important task, and a difficult one. We must be concerned with the 

economic decisions made by millions of primary producers, investors, distributors, and con­
sumers.We must gather and analyze great masses of statistics.' The large-scale computer 
may prove to be of great value in such research. 

But before all economists and statisticians jump on the electronic bandwagon, it might 
be well to note, that there is still room for economic research of kinds that can be done with 
the simplest of statistical techniques-often 'without even an ordinary calculating machine, 
or even a slide rule. 

This is true of two important groups of studies: first, those dealing with small, isolated 
segments of the economy; and, second, those dealing with a fewaggregates for the economy 
as a whole. 

As examples of research dealing with small segments of the economy, take such questions 
as: 

1. How much grain should be fed to -a dairy cow? 
2. Will it pay a particular manufacturer to buy a new machine? 
3. What kinds and amounts of advertising will be most profitable in a given situation? 
4. v\That changes are needed in the Boston fruit and vegetable market to make it more 

efficient? 
These questions-and thous~nds of similar questions--can be studied by gathering very 

simple kinds of statistics and by using elementary methods of analysis. The first three questions 
deal with problems confronting individuals, or single firms. In such cases it can often be 
assumed that the decision made by the individual or firm will not affect the rest of the economy 
significantly. For example, if the dairy farmer feeds his cow a little more grain we. can neglect 
the effect of this action on the prices of grain and milk. The fourth question, concerning t4e 
Boston fruit and vegetable market, is somewhat more complicated. To answer it we do need 
some detailed statistics on the costs, demands, and habits of several hundred buyers and sellers. 
But, basically, the analysis is simple, requiring little more than the addition of figures to 
determine peak volume, degree of overlapping in transportation, possible savings by changing 
location, and so on. 

* Read at the Symposium by Leon Moses, Harvard University, 
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As examples of research dealing with a few aggregates for the whole economy, take such 
problems as: 

1. The relation of potato consumption in the United States to the average retail price of 
potatoes, and to the disposable income of consumers. 

2. The relation of consumer expenditure (and saving) to the level of income . 
. 3. Cycles in production, employment, and prices. 
In these cases-and many others like them-we deal with only a few variables. We should, 

of course, remember that the "system is not complete" because we neglect many minor vari­
ables, and because we lump together in one aggregate some things that may not be strictly 
the same for our purpose. Such studies require only the simplest kind of analysis by multiple, 
or joint, correlation. Often graphic methods are preferable to mathematical computations. 

Now these types of problems probably are uninteresting to most mathematicians and 
computers, but they are extremely important, nonetheless. The vast majority of economic 
studies probably always will be, and should be, devoted to work of this kind. I think it is 
worth while to recognize this at the start. We have fashio.ns in economic research, ~s elsewhere. 
Twenty-five years ago, when I was beginning to do research in agricultural economics, the 
current fad was multiple correlation. No self-respecting graduate student would write a thesis 
that did not include at least one multiple regression equation, even if neither he nor his 
professors knew what the results meant. Let us avoid a similar fad of large-scale computation, 
applied indiscriminately to all economic problems .. The economist should apply economy to 
the number of variables, and to the complexity of the analysis. 

After these words of caution, it is necessary to go on, and to say that there is a crying need 
for a few basic -studies dealing in some detail with the whole economy. 

This need was first recognized during the industrial mobilization for war production. 
A thorough analysis. of our economic potentials by large-scale input-output techniques would 
have been extremely valuable. It is likely to become a vital part of industrial and military 
planning in the future. 

\Ve need these comprehensive studies in times of peace, as well as in times of war. This 
need was brought into focus by the Employment Act of 1946. That Act declared that the 
policy of the Federal Government is to utilize all its resources "to promote maximum employ­
ment, production, and purchasing power." It requires the President, with the assistance of 
the Council of Economic Advisers, to determine existing, and needed, levels of employme~t, 
production, and purchasing power. Also, it requires him to transmit to the Congress a program 
to bring about the needed levels. 

This responsibility cannot be fully met by studies of aggregates alone. True, we have 
made real progress in developing a Nation's Economic Budget which provides estimates of 
total incomes and expenditures of four main economic groups: consumers, business, govern­
ment, and international. Doctor Colm, of our staff, is working with economists in the govern­
ment service and in the universities to develop the Nation's Economic Budget into a powerful 
analytical tool that will tell us the main adjustments that are needed. But I know that Doctor 
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Colm, and the other experts in the analysis of national budgets, clearly see the need for going 
beyond these major aggregates, for making rather elaborate breakdowns of many items, and 
for detailed study of the interrelations among the thousands of variables that make up the 
totals. The national budget analysis supplements this more detailed work, coordinates it, 
makes it more useful-but is not at all a substitute for it. 

What do we mean by "maximum employment, production, and purchasing power?" 
Do we mean simply that x million persons should be employed, producing y billion dollars' 
worth of goods and services, and spending z billion dollars? 

The answer obviously is no. We need to know how much of each kind of employment 
and production is needed, and how expenditures need to be allocated among various groups 
of consumer-goods and investment categories. We can have overemployment in agriculture 
and underemployment in manufacturing. We can have overproduction of nondurable goods 
and scarcity of durables. We can have too much spending by some groups and too'little 
by others. 

The "needed levels" must be broken down in considerable detail as rapidly as we can. 
Since the beginning of the war, the Department of Agriculture has determined production 
goals for the major crops and livestock products. These goals indicate state by state how 
much corn, cotton, or milk is needed. We need similar specific goals for clothing, housing, 
coal, steel, automobiles, roads, schools, health facilities, and so on. 

Here, as I see it, is where the large-scale computer comes in. Our goals are worthless 
unless it is feasible to reach them. ,We must find out what combinations of goods and services 
it is feasible to produce. The structural equations of Leontief presumably can provide a basis 
for making usable estimates of the combinations that are technically possible with a given 
labor force, plant and equipment, and land. . 

This will, of course, involve the inversion of very large, matrices-perhaps matrices with 
over 100 rows and columns. But, as I understand it, this computational job can be completely 
licked by the large-scale computer. True, some methods of inversion may give us large errors 
due to the compounding of rounding errors. But in the Leontief matrix 

S= [I~A], 

the norm of A (or the sum of the absolute values of the elements in any column) is necessarily 
less than 1; and therefore S-1 can be computed to any desired degree of accuracy by iteration 
based upon the equations 

S-1 = I + A + A2 + A3 + ... , 
or 

S-1 = [I + A][I + A2][I + A4] . 

This is essentially the method used by the Bureau of Labor Statistics. 
Of course, the results are no more accurate than the original data. Doctor Morgenstern1 

has performed a service by emphasizing the need for more reliable economic data. But I 
am not sure that this problem of faulty data is any worse in connection with large Leontief 
matrices than with analyses involving a few variables. 
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For example, let 
S = [1 ± D][A], 

where S is the true (unknown) structural matrix, A is the estimated matrix, and DA is the 
error matrix. Then 

S-l = [A-l][1 ± D]-l. 

In many practical cases I believe we might assume [1 ± D] to be a diagonal matrix, in 
which the element dkk is our estimate of the highest likely proportional error in the coefficients 
representing purchases by the kth industry. Then [1 ± D] -1 is a diagonal matrix, the kth 
element being 1/(1 ± dkk). So multiplying the ktli row of A -1 by 1/(1 ± dkk), we have simple 
limits for the elements of the true inverse. These limits do not appear to be affected by the 
size of the matrix. The problem appears to be no worse for a problem of 100 variables than 
for one of two variables. Of course, it may be bad in both cases. 

We need better data, and we need more detailed breakdowns. But I anI optimistic enough 
to think that we can in the near future make usable approximations of the combinations of 
goods and services that could be produced. If you can help the economist do this you will 
have made great progress .. 

This,in itself, of course is not enough to determine a good set of goals for the economy. 
It is an essential first step. Bpt in a democracy of free people the goals are finally determined 
by the citizens. They take into account many special factors, such as the amount and kinds 
of work they want to do, and the minimum standards of health and diet that are guaranteed 
to low-income families. But to· make intelligent choices, we citizens have to know what the 
alternatives are, and presumably the large-scale computer can give us useful information 
about these alternatives. 

Our goals cannot be static. The choices we make this year affect our economic output 
next year. We may choose high savings and investment now in order to build up our produc­
tive capacity for the future. We may choose a temporary deficit in the government budget 
in order to forestall a depression. We may store.up surplus foods to avoid excessive fluctuations 
in market supplies and prices. 

One of the main objectives of the Employment Act is to find practicable ways of avoiding 
alternate periods of boom and depression, and to encourage a steadily rising level of Fving 
for all groups. Timing is an essential feature of economic policy in this fie1d. Policies that 
would be excellent in an inflationary boom would be bad in a depression. 

Can the mathematician, with the help of large-scale computers, give us the information 
we need to make intelligent choices about timing ?This is an intriguing subject in mathematics 
and in economic theory. For the economist, at least, it is a very difficult subject. Dynamic 
economic theory is in an elementary stage. I doubt whether many of us economists know 
what questions· to ask the computer. 

Fortunately, the need for a dynamic economic theory is widely recognized, and some 
. progress is being made· in this field, especially by the mathematical economists and the 
econometricians. They will doubtless have work for the large-scale computer to do. If this 
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work is to be fruitful, it must avoid formalistic mechanical computations. It must be designed 
to help us understand real economic problems, and to show the probable results of various 

economic policies that are being considered. 
The dynamics of the whole economy is necessarily complicated, and we need many studies 

of particular segments of the economy. For example, one of the really effective stabilization 
devices we have developed in the United States has been the price-support program for farm 
products. But this program can be greatly improved-not only as a means of supporting 
farm income, but as a part of a general economic program to maintain high employment, 
production, and purchasing power throughout the economy. What price should be supported 
for wheat or cotton? If the supports are set too low they will not prevent a serious drop in 
farm income. If they are set too high they may reduce domestic consumption, lose foreign 
markets, result in excessive storage, and perpetuate either overproduction or strict controls 

over acreage and marketings. 
What levels of agricultural price support are feasible, and would be of lasting benefit .to 

. farmers and to non-farmers? The question can be answered only in dynamic terms, because 
we are. concerned with the effects oftoday's support levels upon future production, marketings, 
and stocks. Research on this .more limited subject would be considerably less ambitious than 
an attempt to analyze the dynamics of the whole economic system. But even this limited 
research would involve a large number of variables, and a fairly complicated analysis. 

Farm-price supports represent, of course, only one example of the many dynamic studies 
that are needed to provide a good basis for sound economic policies. We need to know about 
the dyn·amics of taxes, of credit and monetary policies, of public-works programs, and of 
social security. The e all involve rather elaborate and difficult problems of economic theory. 
The economist must get· his theory stated in terms that can be tested and quantified by 
statistical analysis~ 

Doub~less the large-scale computers will have plenty of work to do in this general field. 
Can the scientific economist, mathema.tician, or statistician really determine maximum 

employment, production, and purchasing power? The word "maximum" is a mathematical 
word. I have great respect for the mathematician, and I assume that if we could define what 
'it is we want to maximize he could tell us how to do it. 

The trouble is, I think, that we really want an optimum allocation of resources in some broa~ 
sense that is difficult to pin down in precise mathematical terms. Certainly it is conceivable 
that we could determine the allocation that would maximize the Gross National Product, or 
that would minimize the hours of work necessary to reach a given level of living. With large­
scale computers, we should be bright enough to work out such maximum solutions, or minimum 
solutions. 

Some work along these lines will doubtless be useful. I will confess, however, to some 
personal skepticism as to the finality of such studies. With the help of methods developed by 
Dantzig,2 I recently worked through the interesting problem proposed by Stigler: 3 to choose 
from the list of foods quoted by the B~S a diet that provides at the lowest possible cost at least 
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the minimum needed amounts of nine nutrients. With only nine variables it can be handled 
with an ordinary computing machine. My answer is that in 1939 the minimum-cost adequate 
diet could have been purchased for $39.66 a year, or 10.87 cents a day, for each person. Over 
one-half the expenditure would have been for dried navy beans. The only other foods on the 
list would have been wheat flour, beef liver, spinach, and cabbage. 

I don't want the minimum-cost adequate diet. I am not sure that we want to maximize 
the GNP, por to minimize the labor in producing a given bill of goods. 
, The problem of goals is necessarily complicated. The results o(mathema~ical maximization 

probably should be taken cum grano salis. Still they doubtless can, at least, tell us so~e of the 
main adjustments that would be needed to raise national income, or to· increase the total 
value of goods and services available to the consumer. 

These studies, in themselves, do not provide goals to be imposed upon the public, and to 
be enforced by government policies and programs. Their value is simply in showing the public 
what is possible, and feasible, with the resources we have at our disposal. 

With large-scale computers we should not limit our work to the search for the maximum 
maximorurn. We should analyze all of the main alternatives.· This is true not only of war­
mobilization studies, or the analysis of foreign-aid programs; it is even more true of research 
on our peacetime economic potentials. We need to know what the alternatives are. We need 
then to know what policies or programs would be required to reach any goals we might set­
for example, tax and fiscal policies, farm price supports, wage policies, and so on. 

If our research can do this, it will give the Congress and the general public a SCIentific 
basis for deciding what is really an optimum solution. In a democracy·· the majority of the 
citizens determine our economic goals, and the policies and programs to be used to reach the 
goals. If their decisions are based upon full and correct information, the goals they set are 
really optimum solutions in a more basic sense than any solution that could be computed by 
a mathematician or economist. So I will close with this . awful thought: that the elaborate 
economic studies made possible by the large-scale computer will be worth very little unless, 
or until, the results are explained in simple terms to the general public. 
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THE SELECTRON 

JAN RAJCHMAN 

Radio Cor/Joration of America 

The initial work on a special type of electrostatic memory tube, called the Selectron, was 
reported on January 8, 1947, at the first Symposium on Large-Scale Computing Machinery.! 
The present paper is a report of the tube developed as a result of work in progress since that 
date. Important changes in the initial tube were found necessary to obtain a practical and 
reliable device for use in electronic computers. 

The memory of an: electronic computer can be idealized as a large set of cells, each iden­
tified by a coded address and each capable of retaining a single on-off signal. A combination 
of such signals occurring simultaneously on several channels or sequentially on a single channel 
constitutes a number. The memory will be particularly useful if the occurrence of the set 
of pulses specifying the address will give access to the signal stored, or to 1;>e stored, in the 
shortest possible time without consideration of any previous selection. A device with such a 
digitalized address system and such direct access to any stored signa~ can be used singly or in 
groups in a most flexible manner, since no amplitude-sensitive qualities have to be dealt with 
and no specific sequences are intrinsic to the memory. 

The Selectron (Fig. 1) is a vacuum tube designed in an attempt to realize such an ideal 
memory device. The principle of the tube depends on quantizing both the address of the 
stored information and the information itself. The selection of the address is obtained by 
means of two orthogonal sets of parallel spaced metallic bars forming a checkerboard of win­
dows. A shower of electrons impinges on this checkerboard. Electrons are stopped in all 
windows except in a selected one by applying address-selecting voltages to certain groups of 
bars connected into appropriate combinations. The storage is in terms of the two stable 
potentials that tiny floating metallic elements, located in register with the windows, assume 
under continuous electron bombardment. The reading signals .are sizable electron currents 
passing through a hole in the storing elements. The signals produce also a visual monitoring 
display. 

The basic principle of the Selectron has not been changed. The main improvement is 
the use of discrete metallic eyelets as the storing elements. In addition to very reliable storage, 

. these eyelets have a "grid-action" effect yielding strong electronic reading signals. , 
The Selectron tube, called SE256, has 256 storing elements, is 3 in. in dIameter arid 7 in. 

long, and utilizes a 40-lead stem. The diametral and axial cross sections of the tube are shown 
in Figs. 2 and 3. Eight elongated cathodes of rectangular cross section are located in a diametral 
plane of the tube. Between and parallel to the cathodes are a set of nine selecting bars of 
square cross section. These vertical selecting bars are connected into six groups: VI' V2, V3, V4, 
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and Vl', V2', as shown in Fig. 4. On either side of the plane of the cathodes and V bars there 
is a set of 18 parallel bars of square cross section at right angles to the V set. These two sets 
of horizontal selecting bars sandwich the cathodes and V bars as do all subsequent electrodes 

FIG. 1. The Selectron. 

of the tube, the tube being symmetrical with respect to the cathode plane. The 36 horizontal 

selecting bars are connected in 12 groups: Hl to H4 and Hl' to Hs', as shown in Fig. 4. There 
are nine vertical bars for eight gates and 36 horizontal bars for 32 gates, the excess bars taking 
care of the end effects. 

On either side beyond the horizontal bars there is a collector made of two flat plates 
perforated with round holes whose centers match the centers of the windows formed by the 
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V and H-bars. Adjacent to the collector plates there are two perforated mica sheets holding 
between them 128 metallic eyelets. These eyelets, made on automatic screw machines, have 
a conical head, a center hole, a holding collar and a shielding tail. They are nickel-plated 

. FIG. 2. Diametral view of Selectron. 

steel. On the other side of the two mica plates is another perforated metal plate-the writing 
plate. The two collector plates, the two eyele~ mica plates, and the writing plate form a tight 
assembly riveted together at the ends and in the center. 

Beyond the writing plate is another metal plate-the reading plate-perforated. with holes 
in register with the holes of the other plates. Beyond it is a Faraday cage fonned by two 
perforated plates spaced some distance apart and closed on all four sides by a metallic wall. 
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FIG. 3. Axial cross section of Selectron. 
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A glass plate coated with a fluorescent material is placed against the outer plate of the cage. 
In the central plane of the cage there are nine wires which are spaced so as to be between 
the holes of the perforated plates. These reading wires are connected together and the 

corresponding lead to the stem is shielded. 

In the quiescent state of the tube storing informa- ~,: .. ---++----,.----t-----r---

lion previously written-in, all the selecting bars are m [6 1Tl, [E i3, ~ i4 ' ,0, ~ 
at the potential of the cathodes (0 v) and all other 4

23

'; I ± = = I 
electrodes at potentials indicated in Fig. 5. In this : 
condition electrons emitted from the cathodes are 
focused into 256 beams by the combined action of 
the Vand H bars at zero potential and the collector 

,plate at some positive potential, such as 180 v. 
These beams are focused through the centers of the 
collector holes and are directed on the eyelets. 
Since the eyelets are not connected anywhere-are 
electrically floating-their potentials ,will adjust 
themselves so that the net electron currerit to them 
is exactly zero. It turns out that there are two 
naturally stable potentials for which this is the case. 
This can be understood, by examining the current 
to the eyelet as a function of its potential as shown' 
in Fig. 6; When the eyelet is more negative than 
the cathode, no current reaches it because it repels 
any incurring electrons. As the eyelet is made more 
positive, some electrons strike it, producing a nega­
tive current. At a still more positive, potential, 
secondary emission from the surface of the eyelet 
starts as a result of the primary bombardment and 
tends to cancel the negative current, being. a loss of 
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the so-called first crossover. For still more positive FIG. 4. Connections of selecting 
potentials, the secondary emission is greater than bars. 

the primary emission and a positive current is obtained. Finally, when the eyelet reaches 
the collector potential and becomes more positive, the secondary electrons are suppressed 
owing to a retarding field at the surface of the eyelet. The current therefore passes 
through zero again to become negative. It will be recognized that the cathode and 
the collector potentials are stable,' because a d'eviation' from ~he zero-current potentials 
tends to produce a current in a direction tending to restore the equilibrium potential. The 
first crossover point, on the other hand, is unstable. The restoring current at the two stable 
potentials makes up for any possible detrimental ohmic or ionic currents. Therefore, any 

369 



'JAN RAJCHMAN 

eyelet left in one or the other of the two potentials will keep it indefinitely (as long as power is 
on the ·tube) without any deterioration of information whatsoever. 

To:writeor read into or from the memory, the quiescent state ?f the selecting V and H 
bars is momentarily disturbed so that the current reaches only the one selected eyelet into 
which writing' or from which reading is, desired. This is accomplished, by applying a negative 
pulse to all'the selecting V and' H bars except one in 'each of the four groups V, V', H, and H'. 
The bars are connected in such a way that one and only one gate in each of the V and H 
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FIG. 5. Operating potentials of Selectron elements. 

directions will have its ~wo limiting bars at cathode potential, while all others will have one 
or both limiting bars at the pulsed negative potential, as can be seen by examining Fig. 4. 
When a V or H bar is sufficiently negative it cuts off almost entirely the current from the 
adjacent cathode or cathode location and the small remaining part is deflected and does not 
reach the hole of the collector. When both sides of agate are negative, a potential barrier 
is formed through which no electrons can pass. It follows, therefore, that only the particular 
selected window with its four bars at zero potential will still have its original current, ",hile 
all others will be completely cut off. 

This principle of select'ion operates on the basic idea that both sides of a gate have control 
of the passage of electrons through it and that therefore combinatorial systems of connections 
are possible by connecting each side of the gate to appropriate sides of other gates. In fact, 
since this is done in both directions, a fourth-power relation exists, in general, between the 
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number of necessary connection groups and the number of controlled windows. Since each 
connection group is connected through the vacuum envelope of the tube and is controlled 
by an external circuit, the economy in the number of connections is of particular interest when 
tubes with larger capacity are contemplated. The fourth-power relation has of course a 
spectacular effect in this case; for example, 128 leads can be made to control 1 ,049~5 76 
windows. 
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Writing and reading are done one element at a time (or two if the tube is used as a two­
channel device) and require selection. 

To write into a particular element, current is interrupted everywhere except to that 
element. Then a voltage pulse of the shape shown in Fig. 6 is applied to the writing plate. 
Because of the capacitive coupling between the eyelet and the writing plate, the rapid rise 
of this pulse will cause the eyelet to jump up in potential by an amount adjusted to be a 
substantial proportion of the collector potential or more. If the eyelet was. initially at cathode 
potential, it will now have been brought near collector potential and will settle at that potential 
during the plateau· of the pulse. If it had initially the col,lector potential, it will acquire 
momentarily twice the collector potential and will receive substan·tial negative current (see 
Fig. 6) which will also bring it. to the collector potential during the plateau time. Whatever 
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the'initial condition, at the end of the plateau time the eyelet will be at collector potential. 
At this instant the choice is made between positive and negative writing. For positive writing, 
no additional pulses are applied to the selecting bars, and the current remainson the eyelet 
during the relatively slow decay of the writing pulse. The decay is slow enough to allow the 
electronic locking current to keep the eyelet at the collector potential in spite of the displace­
ment capacitive current tending to drag it to cathode potential. This "slow" decay is in fact 
only one to several microseconds. For negative writing, 'an additional pulse is applied to one 
or more of the four selecting bars in the groups V, V', H, and H', which cuts off the current 
to the selected eyelet during the decay, time of the writing pulse. The capacitive down drag 
is therefore not counteracted and the eyelet is brought to cathode potential. 

Immediately .after the end of the writing pulse the selection pulses end, and current is 
reestablished to all eyelets. Only residual ohmic (on other second-order electron or ionic 
currents) affect the unseleded eyelets, during the short selection time, and therefore at the 
end of the writing pulse they have almost their original potential. This potential is reached 
almost immediately thereafter by virtue of the stabilizing currents. 

The reading signal is derived from the current passing through the central hole in the 
eyelets. Part of the current directed at the eyelet is directed at that tiny hole. When the eyelet 
is positive, at collector potential, the electrons directed at the hole go through it by virtue of 
their inertia. When the eyelet is negative, at cathode potential, it exercises "grid action" and 
electrons are repelled and do not go through the hole. The electrons' paths are shown in 
Fig. 5 for the three cases, while the current characteristics are shown in Fig. 6. The presence 
or absence of the current through the eyelet is therefore an indication of the state of the eyelet. 

In the quiescent state of the tube the reading plate is biased off nega!ively and the reading 
current going through all the positive eyelets (any number from 0 to 256) does not reach the 
reading circuits. To read, an element is selected by applying negative pulses, to all but four 

, bars, as explained above. Immediately thereafter a positive pulse is applied to the reading 
plate which allows the current through the selected element, if current there is, to proceed 
to the output electrodes. The electrons penetrate into the Faraday cage, strike the fluorescent 
screen, producing a ,light signal, and also cause the emission of secondary electrons. These 
secondary electrons are collected by the ,reading' wires which are connected in parallel and 
constitute the reading output signal. The reading wires have a .low electrostatic capacity 
and are well shielded from capacity pick-up by the Faraday cage. 

For monitoring purposes it is convenient to bias positively the reading plate. A display, 
of the stored pattern appears then on the fluorescent screen. 

The main characteristics of the Selectron SE256 may be summarized as follows. The tube 
has a, capacity of 256 on-off signals. The storage time is indefinite. 'J'he access time to any 
element is approximately 10 psec and is independent of all previous accesses to other elements. 
The address selection is by means of combinations of non-amplitude-critical pulses of about 
200 v applied to circuits with pure capacitive loading of 10 to 20 ppf. The writing and reading 
require also pulses whose amplitude and duration have considerable tolerances and are applied 
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to pure capacitive loading, 200 !tflf for writing and 50 flflf for reading. The output isa direct 
electronic current of 20 to 40 flamp per element. The tube is its own monitor. The supply 
voltages have wide tolerances. The total power dissipation is 40 w. 

About a score of tubes have been made to date. These tubes were tested first by d.c. or 
simple pulse tests. Uniform characteristics of selection and control have been observed in all 
tubes, as these depend on geometric factors. that are easily reproducible. The cathode emissions 
and secondary emissions of the eyelets were also found essentially uniform. The period of 
quiescent-state storage has, of course, been found to be as long as desired or as there was 
pa tience to observe it. 

A program has been initiated to test the tubes in conditions as similar as possible to those 
of an actual computer straining its memory severely. The system consists of taking two 
Selectrons, setting an arbitrary pattern of stored information in one of them, interrogating 
the elements of that tube one by one in succession, and registering the answers in the corre­
sponding windows of the other tube. The stored pattern will thus be transferred from tube 
No.1 to tube No. 2. The pattern is then transferred in a similar manner from tube No.2 
back into tube No.1, but this time the polarity is reversed so that positive elements in one 
tube correspond to negative ones in the other. The life test consists of letting this back-and­
forth transfer proceed automatically at a reasonably high repetition rate and observing whether 
the initially set pattern remains unspoiled in the system. 

To date, runs 0(20 hr without any failures have been observed. The over-all characteristics 
of the pair of tubes in the life-test circuit did not change measurably in 700 hr. We are engaged 
at present in improving the testing circuits to be certaih that they are not the cause of the 
occasional failures that still occur in long runs. We are also attempting to gain greater safety 
factors in the tubes themselves. 

The research has reached the stage at which a Selectron of a capacity of 256 elements has 
been designed. It is practical and reliable in its operation and reasonably easy to build. While 
the life tests are still in progress and· data from them are incomplete, there is every reason to 
believe that tubes with fairly long life can be made. The fast access time, the digitalized 
operation for address reading and information registering, the relatively intense output signals 
and self-monitoring by luminous display make the tube particularly useful for electronic 
computing machines and other information-handling machines. 
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TRAITS CARACTERISTIQUES DE LA CALCULATRICE DE LA MACHINE 

A CALCULER UNIVERSELLE DE L'INSTITUT BLAISE PASCAL 

L. COUFFIGNAL 

Institut Blaise Pascal* 

I. CONSIDERATIONS GENERALES 

La destination meme du laboratoire de calcul mecanique de l'Institut Blaise Pascal est de 
poursuivre des recherches relatives a. des materiels de calcul numerique, et specialement a. 
des machinesarithmetiques, et aussi des recherches relatives au mode d'utilisation de ces 
materiels, c' est-a.-dire aux· methodes de calcuL 

C'est l'une des raisons pour lesquelles les caracteres constructifs· de la machine a. calculer 
universelle de l'Institut Blaise Pascal n'ont pas ete arretes a priori et de fac;bn definitive. 
Meme, apres sa mise en service, cette machine pourra subir des modi~cations, soit par rem­
placement de certains organes par des organes nouveaux, soitpar adjonction d'autres organes; 
elle sera, par elle-meme, une sorte de laboratoire. 

'Cette souplesse, cette aisance de transform'ation, est peut-etre Ie plus caracteristique de ses' 
traits; c'en est du moins un trait fondamental. 

Son role d'instrument de recherche lui impose d'etre veritablement universelle, c'est-a.-dire 
de pouvoir etre equipcc de manierea. executer toute sorte de calculs. Vne telle exigence serait 
excessive pour la machine a. calculer d'un laboratoire de recherche consacre a. des travaux 
deter~ines, et dont les calculs sont d'un nombre limite de types bien definis; il suffit dans 
ce cas d'une machine permettant d'effectncr cescalculs dans les meilleures conditions de 
rapidite, d'economie, et aussi dans les meilleures conditions de simplicite de manipulations; 
puisque les operateurs d'une telle machine ne sont pas en general des specialistes du calcul 
mecanique, et qu'une machine a. calculer est pour eux l'un des nombreux appareils de leur 
laboratoire dont ils ont a. apprendre la manipulation. II y a aussi grand avantage a. ce qu'une 
tclle machine ne soit que d'un faible enc,ombrement. Nous pensonsque la machine-Iaboratoire 
de l'IBP servira a. determiner les caracteristiques de machines plus reduites, destinees a. des 
laboratoires particuliers, adaptees Ie mieux possible aux besoins de ces laboratoires, et de 
manipulation simple. Cette consideration no us a conduit a. etudier avec un soin particulier 
la realisation materielle des elements de la machine, en vue d'une fabrication de type industriel 
et de l'echange standard des unites sujettes a. usure ou accident, notamment celles qui com­
portent des tubes a. vide; c'est la, pensons-nous, un second trait caracteristique de nos re­
cherches et des parties de la machine deja construites; on verra dans quelques instants les 
resultats obtenus dans cette voie. 

* Read at the Symposium by Leon Brillouin, Harvard University 
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Considerant que l'element essentiel d'une machine a calculer universelle est Ie mecani~me 
calculateur, nous avons d'abord fait porter nos efforts sur ceUe partie de la machine. 

L'experience acquise dans l'utilisation de machines mecaniques nous y incitait deja, et 
nous a guide utilement. Nos recherches en ce domaine en sont au point OU nous pensons 
avoir obtenu des resultats a peu pres definitifs, du moins si'l'on se borne a utiliser comme 
materiel elementaire celui que peuvent actuellement fournir les fabricants de materiel de radio. 
C'est donc ceUe partie de la machine sur laquelle je me propose de donner quelques details. 

Nous l'appelons la calculatrice. J'espere que les renseignements relatifs a notre calculatrice 
donneront une idee neUe de l'orientation de nos recherches. 

II est clair, enfin, que la' plupart des travaux mathematiques qu'une machine a calculer 
peut etre appelee a faire ont pour origine des recherches concernant la technique ou les sciences 
de la nature. Les travaux de mathematiques pures necessitent rarement des calculs numeriques 
importants; l'utilite de ces calculs nesemble pas aussi imperieuse. Cette remarque nous a 
conduit a etudier de fa<;on approfondie Ie calcul mecanique de la racine carree, operation qui 
intervient frequemment dans les calculs techniques. 

L'etude, poursuivie sur ces bases, nous' a confirme dans la preference d'une calculatrice 
parallele a l'exclusion d'une calculatrice a sequence; une analyse rap ide de l'execution des 
operations fondamentales, chiffrage, addition, soustraction, multiplication, racine carree, dans 

, une calculatrice parallele, donnera, avec l'explication logique de la structure de la calculatrice 
de la machine de l'IBP, la justification de notre choix. 

II. LES OPERATIONS FONDAMENTALES 

ChijJrage. Le chijJrage, operation consistant a representer materiellement un nombre, exige, 
dans Ie systeme de numeration binaire, un organe par ordre binaire capable de prendre deux 
etats distincts, et un'second organe capable de maintenir Ie premier dans l'etat qu'on lui a 
fait prendre; nous appelons Ie premier organe un inscripteur elimentaire, Ie second un verrou 
et l' ensemble des deux, un chiiJreur elimentaire. Les chiffreurs elementaires des divers ordres 

. binaires constituent un chiffreur binaire; leur nombre est la capacite du chiffreur, un chiffreur 
de capacite k peut represellter tous les entiers de 0 a 2k - 1. 

Addition. L'addition necessite, pour etre. automatique, un reporteur, dispositif effectuant 
Ie report des retenues de telle sorte qu'apres inscription successive de deux nombres sur Ie 
chiffreur, ce dernier represente la somme des deux nombres. Nous appelons totalisateur 
l'ensemble d'un chiffreur et d'un reporteur. 

Exemple (Fig. 1): x = a + b, a = 11011, b = 1001, k ~ 6. 
Dans cet exemple, on suppose conformement a la plupart des realisations mecaniques, 

electromccaniques, ou electroniques, que Ie reporteur est constitue par un chiffreur auxiliaire 
qui enregistre les reports a faire pendant l'inscription du secon,d terme de la somme et Ie 
transmet ensuite au chiffreur. Le reporteur de la machine IBP qui va etre decrit n'est pas 
de ce type. 

Soustraction. La soustraction peut se ramener. a l'addition par la methode bien connue des 
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complements. Le complement de h pour la capacite k est 2k - h, et l'on sait que, si l'on inscrit 
sur un totalisateur de capacite k les nombres a et 2k - h, Ie totalisateur marque a - h, Ie 
chiffre I dans l'ordre k ne pouvant pas etre ·represente par la machine. 

La methode que nous utilisons derive de la methode des complements (Fig. 2). Le com­
plement du retrait est remplace .par Ie permute, qui s'obtient en permutant les chiffres Oet I 

0= 

Chiffreur 
Report 

0=11011 

!5 4 3 2 I 0 

I I I I II I 
I I I I I I 

1011111011111 
1010101010.1 

b = 1001 .' k = 6 

a+b = Avant '101 I 10 101 I 101 
Ie report 10111010111 

{ 

1010101010101 
11101011101 

Report 
1110101110101 
10101010101 

FIG. 1. Exemple d'addition. 
dans la figuration de ce nombre, et Ie reporteur est complete par un element enregistrant les 
reports provenant du chiffreur elementaire de l'ordre Ie plus eleve pour les transmettre au 
chiffreur elementaire de l'ordre Ie plus faible; ce report, appele report sans fin est l'application 
au systeme binaire d'un procede deja en usage dans certaines machines decimales mecaniques. 

L'avantage de cette methode est que Ie calcul mecanique du permute est beaucoup plus 
aise que celui du complement; ce dernier s'obtient en permutant les chiffres 0 et I, sauf Ie 

dernier I a droite et les 0 qui Ie suivent; il exige donc 
une commande conditionnelle que n'exige pas Ie calcul du 
permute. 

Nous ne donnerons pas la demonstration de l'equivalence 
FIG. 2. Schema d'une des deux methodes, qui est tres facile, mais il est utile de noter 

soustraction. deux particularites. 

D'abord, l'operation a - h, OU a et h sont positifs, n'est exacte que si a > h, car rien ne 
distingue, sur Ie totalisateur, la difference 0 - h, et la somme 0 +- h', en design ant par h' Ie 
permute de h qui se presente comme nombre arithmetique; il faut donc que Ie permute du 
retrait, qui joue Ie role d'un ajoutenegatij, soit accompagne du signe -; on voit aisement qu'il 
suffit pour cela d'ajouter un chiffreur elementaire a la gauche duchiffreur et de lui attribuer 
un reporteur, en convenantque, dans ce chifJreur de signe Ie signe + soit represente comme Ie 
chiffre 0 et Ie signe - comme Ie chiffre I. Un tel totalisateur peut etre appele totalisateur 
algebrique. 
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Exemple (Fig. 3): x = a - b, a = 100100, b = 1001, k = 6. 
Notons au passage que Ie systeme binaire est Ie seul OU soit possible l'assimilation des signes 

distinctifs des nombres positifs et des nombres negatifs a des chiffres de la numeration; c'est 
la un· avantage du systeme binaire qui a deja ete utilise, mais ne parait pas avoir ete souligne 
de fa<;on nette. 

La seconde particularite de cette methode tient a la nature de la realisation mecanique 
de la soustraction. Si l'on applique Ia methode prece.dente au calcul de a - a, on trouve une 
figuration formee de I dans tous les chiffreurs elementaires, y compris Ie chiffreur de signe. 

a-b a =100100 b = 1001 k =6 

Chiffreur . ~ Report 
de signe ~~ I I I , ,./Sans fin 

I=IIIII=-

Nombre a [2]11 0 10 111 0 10 1 
b: ~ r;"I Permute de u L!JIIIloIIIIlol 

Totalisant a et 0 

FIG. 3 .. Exemple de soustraction. 
Exemple: a = 1001, k = 6. 

inscription de a 01001001 

figuration de - a = ! 110110 

somme = 1111111 

II faut considerer cette figuration comme r~presentant O. Comme Ie chiffreur de signe 
porte Ie signe -, nous l'appellerons Ie zero negatif, et par opposition, no us appellerons zero 

positij, la figuration 101000000 (k = 6). 

Multiplication. Pour Ia multiplication, dans notre premier modele de calculatrice, nous nous 
sommes arretes a la methode classique d'additions repetees. Le muitiplicande m est inscrit dans 
un chiffreur M, Ie multiplicateur x dans un chiffreur X. Le multiplicande est transfere a un 
totalisateur P ou non seIon que Ie premier chiffre de x est I ou 0; puis Ie multiplicande m 

subit un deplacement d'un pas vers la droite dans Ie chiffreur M, tandis que Ie multiplicateur 
x subit un deplacement d'un pas vers Ia gauche dans Ie chiffreurX; Ia meme suite d'operations 
se reproduit jusqu'a epuisement des chiffres de x. 
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Notons en particulier, d'une part que, si la capacite de M est k et celIe de X, k', la capacite 
de P doit etre k + k'; et d'autre part que la multiplication comporte une commande condi­
tionnelle, dependant de la natur,e 0 ou I du chiffre figure dans un certain chiffreur elementaire 
(Ie premier chiffreur elementaire de X). 

Divisionet r{lcine carree. Les methodes operatoires precedentes sont deja connues dans leur 
ensemble. Au contraire, la methode de ladivision et celIe de l'extraction d'une racine carree, 
que nous allons exposer, nous paraissent nouvelles. L'expose precedent eclaire dans une 
certaine mesure la theorie de la division et de l'extraction d'une racine carree; en outre, il 
contribuera a mettre en relief la condensation des mecanismes que permettent les methodes 
que nous decrivons. 

On peut developper pour la division et l'extraction, d'une racine carree des theories 
analogues, qui me me s'etendraient aisement a des racines d'ordre superieur a 2. 

Sbit a diviser a par b; Designons par qn Ie nombre forme par les premiers chiffres du 
quotient jusqu'au chiffre d'ordre n et par qn-l Ie chiffre suivant. 

Par definition: 
bqn2n < a < b(qn + 1)2n, 

b(2qn + qn_l)2n- 1 < a < b(2qn + qn-l + 1)2n
-

1
• 

Posons: 

Des relations (1) et (2) on tire: 

(qn-l - l)b2n-l < rn, + - b2n- 1 < qn_lb2n-1, 

(qn-l - l)b2n-l <rn, _ + b2n- 1 < qn_lb2n-1. 

(1) 

(2) 

(3) 

Pour chacune des inegalites doubles (3), si Ie terme median est positif, qn-'l est egal a 1 
d'apres la seconde inegalite, et si Ie terme median est negatif, qn-l est egal a 0 d'apres la 
premiere inegalite. Les reciproques se demontrent de meme. En outre, Ie terme median est 
egal a rn- 1, + ou a r.n-l, _ selon qu'il est positif ou negatif. D'ou: 

Regie de division: Selon qu'un reste partiel est positif ou negatij, on inscrit Ie chiffre I ou Ie chiffre 0 
au quotient ala droite. des chiffres precedents, et on retranche de ce reste, ou on lui ajoute, Ie diviseur deplace 
d'un rang vers la droite pour obtenir Ie reste partiel suivant. 

Soit maintenant a extraire la racine carree de a. Designons encore par qn Ie nombre forme 
par les chiffres de la racine jusqu'a l'ordre n et par qn-l Ie chiffre suivant. Par definition: 

Posons: 

qn222n < a < (qn + 1)222n, 

rn, _ = a - (qn + 1)222n. 
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Des relations (4) et (5) on tire: 

(qn -1 - 1) [qn22n + (qn~I + 1 )2 2(n-l'] < r71 .+ 

- (qn22n + 22In- I») < qn_l[qn22n + (qn-I + 2)22(n-I,], 

(qn-I - l)[qn22n + (qn'-I + 1)2(2n-l)] < rn._ 

+ (qn22n + 3 . 22(n-I») < qn_l[t/n22n + (qn-I + 2)~2(n-I)]. (6) 

Pour chacune des inegalites doubles (6), si Ie terme rp.edian est positif, qn-I est egal a 1, 
d'apres la seconde inegalite; si Ie terme median est negatif, qn-I est egal a 0, d'apres la.premiere 
inegalite. 

Les reciproques se demontrent de meme. En outre, Ie terme median est egal a r(n-I), + 
s'il est positif et a r(n-I). _ s'il est negatif. D'ou: 

Regle d'extraction de racine carree: Selon qu'un reste partiel est positif ou nlgatij, on inscrit le chijJre I 
ou le chijJre 0 a la droite des chijJres de la racine deja obtenus, et on retranche de ce reste, ou on lui ajoute, 
la racine ainsi obtenue dtplacee d'un rang vers la droite et suivie des chijJres 01 ou II, pour obtenir le reste 
partiel suivant. 

Les regles d'operations qui viennent ~:l'etre formulees ramenent la division et l'extraction 
d'une racine carree a des suites de transferts et d'additions ou de soustractions, dont Ie nombre 
est sensiblement Ie meme que pour une multiplication; cette remarque met en evidence 
l'enorme gain de temps (90 % au moins) qu'elles procurent par rapport aux methodes d'itera­
tion en usage jusqu'a present, par exemple la formule X i +1 = t[xi + (a/xi)] pour l'extraction 
de la racine carree du nombre a. 

Ces operations de transfert, addition et soustraction, peuvent etre effectuees au moyen 
des chiffreurs M et X et du totalisateur P qui ant servi a la multiplication pourvu qu'on leur 
adjoigne des moyens de realisation de la permutation et du deplacement. Nous allons voir 
avec quelle simplicite de moyens materiels ces fonctions peuventetre realisees. 

III. L'ETAGE BINAIRE ET LA .CALCULATRICE IBP 

Le schema, (Fig. 4) represente un element de totalisateur binaire, realisant ces fonctions, 
que nous appelons couramment un ttage binaire. II se prete egalement a l' e.fJafage, operation 
evidemment necessaire a tout dispositif de calcul. 

ChijJrage. La triode Fe de la paire F marque I quand elle debite et 0 quand elle ne debite 
pas; la triode Fv montee en flip-flop avec elle en consthue Ie verrou. 

Inscription. Elle s'effectue en attaquant simultanement les deux cathodes du flip-flop F 
en \15; cette attaque s'effectue a travers une triode de regularisation Le; il faut comprendre . 
que la borne d.e sortie 6 est relieea la borne d'entree 15 de l'eIement suivant. 

L'attaque est donc commandee de l'exterieur par laborne 7 d'entreede Ia triode Le. 
Le totalisateur etant paralleIe, tous les chiffres sont inscrits a la fois. 
Un tube a neon branche sur la triode Fv est eclaire lorsque Ie chiffre marque p~r 

Fe est I. 
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Report. Lorsque la triode de chiffrage Fe passe de I a 0, par l'inscription successive de 
deux chiffres I, elle est parcourue par une impulsion positive que l'on transmet a la borne 
d'entree 15 de la triode de chiffrage de l'Mage suivant a travers la triode de regularisation 
Le, apres l'avoir retardee, dans la ligne de retard ES, Ie temps necessaire pour l'achevement 
de l'inscripti9n directe dans cet' etage. Ce dispositif supprime l'inscription du report sur un 
chiffreur aux'liaire. ' 

La duree d'une addition dans un totalisateur de capacite k est ainsi de (k + 1) (), () designant 
l~ duree de basculement d'un flip-flop. ' 

c: 

11 
j !l .. 

i! 
0> 

P 1 
,~ ~<t 
0 :::E w';i 

10 II 15 2 3 

Y Y y 

FIG. 4. 

.. 
CIt 
g 
0 

CD 

8 

LI 

Element de totalisateur binaire. 

t-=-...:..:....;;.;=~{J9' V 
t--~ I---t--':..:.:.=:.c:.::.:..:...-e-u 6 V 

c: .. 
~ 0 

'C 
0- g c: 
.2 E ';: < 0 e 

'0 0 
W Q. (.) 

7 13 14 

'V A 

Permutation. La permutation est obtenue' par l'attaque de' tous les etages du totalisateur 
par la borne 11, qui est reliee a un generateur d'impulsion unique, et par Ie blocage simultane 
des -reporteurs par la borne 8, qui est reliee a un autre generateur d'impulsions. 

Transfert. Le transfert s'effectue d'un etage a tous les etages du me me ordre hinaire des 
, totalisateurs auxquels peut etre transfere Ie nombre marque par Ie totalisateur auquel appartient 
l'~tage considere; la borne de sortie 9 est reliee a cet effet a toutes les bornes d'entree 7 des 
etages du meme ordre binaire de ces totalisateurs, mais ceux qui ne doivent pas recevoir de 
nombre sont bloques en 8, comme pour la permutation. Le transfert est realise par une 
impulsion positive envoyee en 14, sur tous les etages simultanement; cette impulsion n'est 
pas suffisante pour que la triode Lv atteigne Ie cut-off, mais la grille de cette triode peut recevoir 
une polarisation positive statique de la plaque de la triode Fv , qui est en tension haute lorsque 
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la triode de chiffrage Fe debite, et ainsi marque Ie chiffre I; l'impulsion 14 peut alors mettre 
en debit la triode Lv, qui envoie une impulsion negative d'inscription dans Ie circuit 9. 

Deplacement. Vne impulsion negative, envoyee en 10 dans tous les etages simultanement, 
ramene a 0 les triodes Fe qui marquent I et n'agit pas sur celles qui marquent 0; cette com­
mande produit done Ie meme effet que la commande de l'addition du nombre a lui-meme. 
Par l'action du reporteur, l'addition devient effective, or, l'addition du nombre a lui-me me 
est identique a la multiplication de ce nombre par 2, c'est-a-dire a son deplacement d'un 
pas vers les positions hautes. Pour Ie deplacer vers les positions basses il suffit de monter Ie 
reporteur en sens contraire. 

FIG. 5. Ligne de retard (organes interieurs). 

Effafage. L'impulsion de deplacement en 10 ramenant tous les chiffreurs a 0, il suffit de 
bloquer en meme temps les reporteurs par une impulsion en 8 pour obtenir l' effa~age. 

On voit que toutes les operations elementaires ont une duree de moins de 2(), sauf Ie report 
dont la duree peut atteindre k(). 

Realisation matirielle d'un etage binaire IBP. Le schema montre qu'il nous suffit pour con­
stituer un etage binaire de deux doubles triodes et d'une ligne de retard. Materiellement la 
ligne de retard est constituee par quelques bobines plates enroulees sur un tube de carton 
fort, et les autres pieces- sont montees en un ensemble compact porte par un socle a 14 broches 
(Fig. 5). Cet ensemble est coiffe par Ie tube support de la ligne de retard qui lui sert de carter 
(Fig. 6). L'etage binaire ainsi constitue a 5 pouces de haut et Ii pouces de diametre. Dans 
un souci de standardisation, on a pris pour Le et Lv les triodes d'une double triode identique 
a celle qui sert au chiffrage, bien que Le et Lv aient des fonctions independantes et ne soient 
pas montees en flip-flop. En outre, pour faciliter Ie remplacement des tubes uses, Ie montage 
s'ouvre transversalement vers Ie milieu de sa hauteur. 

Realisation materielle d'uf!,e calculatrice. Puisqu'un totalisateur porte en lui-meme des moyens 
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de permutation et de deplacement il suffit de remplacer par des totalisateurs les chiffreurs 
M et X consideres dans la theorie des operations algebriques, pour constituer les organes cal­

. culateurs d'une calculatrice paralleIe. 
Les etages bin aires qui constituent ces totalisateurs sont engages dans des douilles placees 

cote a cote sur une plaque de fondation commune. Les 'connexions entre etages sont realisees 
de fac;on fixe sous cette plaque, qui constitue elle-meme Ie couver-de d'une boite dans lag.uelle 
souffle un vent suffisant pour refroidir les tubes a vide, en circulant a l'interieur de chacun 
des tubes carter de chacun des etages binaires. 

FIG. 6. Ligne de retard (vue d'ensemble). 

La hauteur totale de cet ensemble est de 8 pouces environ; sa surface, celle de 6k carres 
de 1 t pouce de cote, k design ant la capacite du multiplicande et du multiplicateur; par 
exemple, pour la machine IBP, qui travaille sur 15 chiffres decimaux, k = 50 et Ia surface 
des totalisateurs de Ia calculatrice est de moins de 700 pouces carres. 

Les dispositifs de commande et Ies generateurs d'impulsions demandent une cinquantaine 
de tubes, quelle que soit Ia ca?acite des totalisateurs. Ces tubes sont du meme type que ceux 
des totalisateurs a l'exception de quelques pentodes et thyratrons. 

Nous croyons pouv<?ir insister sur Ia reduction d'encombrement, Ie caractere industriel 
et Ie haut degre de standardisation atteint dans Ia realisation de cette partie denotre machine. 

La suite des operations elementaires est indiquee par Ies schemas suivants pour Ia division, 
elle est analogue pour l' extraction de racine carree. 

Exemple (Fig. 7): a: b, a = 1000001, b = 101, k = 6, k' = 5. 

Nous noterons, d'une part, que Ie zero negatif doit commander Ie transfert de I I la X tout 
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o:b 0=100000I b=I01 k=6 k' = 5 

M W X I p 

-- -- ---
01111111111 I I I I I I 01111111111 

I. 01010000000 o 0 000 I .... 0 I 0 0 0 0 0 I .0 0 0 

2. I 0 I 0 I I I I I I I ..... r-

3. I ~ I I I I 0 0 0 0 I I I 

4. I I 0 I 0 I I I I I I __ ~~ .. O 0 0 Q 0 

5. 0 0 I 0 I 0 0 0 0 0 0 r-

I • 
6. o 0 0 I I 000 I I I } 

_) ;:YOOIIOOIOOO 
o 0 0 0 I < __ :=a~-+-+--J 1. 

8. 0 0 0 I 0 I 0 0 0 0 0 __ ~-+ .. O 0 Q I 0 

. ~ I I I 0 I 0 I I I I I 
I • 

10. o 0 000 I 001 I I } 

}- ~90000IOIOOO 
o 0 Q I I c_:=a//~_~I II. 

12. I I I I 0 I 0 I I I I __ ~--*-_ 0 0 I I 0 

~==+=F=======i-> I L... I I I I I 0 I 0 I I I 

13. I I I I I 0 I 0 I I I __ ~~ .. O I 100 

14. 0 0 0 0 0 I 0 I 00 0 

15. '-===*=========> I ,I I I I I I I I I I I J 

16. 0 I I 0 0 ~::~l _____ ----JI Y

I __ ----------------~T 
11. Stop {_:..-------------------------l 

M: Multiplicande x: Multiplicateur P:Produit W : Contrale 

I : Chiffreur du Nombre I -- - Report et deplacement 

" : Transfert l 
L... --___ Contrale 

FIG. 7. Exemple de division. 
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comme Ie zero du chiffreur de signe de P; et d'autre part, que Ia permutation de M depend 
de Ia comparaison des signes successifs de P; on voit apparaitre deux nouvelles commandes 
conditionnelles speciaIes, tenant a Ia fois a la structure de la calculatrice et a la methode de 
calcul utilisee. 

IV. UN PRINCIPE DE RECHERCHE. LA QUESTION DE LA MEMO IRE 

Nous voudrions, a cette occasion, rappeler un principe que nous formulions des 1933, et 
dont les confirmations se sont multipliees. L'observation de l'evolution des machines existant 
a cette date nous conduisait a avancer que Ie progres, en calcul mecanique, resultait d'une 
adaptation mutuelle des machines a calculer et des methodes de calcul. Un exemple particu­
lierement typique d'adaptation des methodes aux machines est, dans Ies analyseurs differen­
tiels, Ia determination des fonctions elementaires, sin x, L x, etc., par des analyseurs differentiels 
auxiliaires, c'est-a-dire, mathematiquement, Ia substitution a une fonction d'une equation 
differentielle dont elle est solution. L'expose qui precede offre de nombreux exemples de 
detail, de reaction mutuelle des recherches mathematiques et des recherches techniques; en 
particulier, la simplicite des methodes de division et d'extraction de ra'cine carree est fort 
accrue par la simplicite de la technique du deplacement et de la permutation. 

Les confirmations renouvelees de ce principe nous conduisent a considerer comme in­
efficace, dans l'etat actuel de la technique, une discussion logique a priori de la realisation 
materielle d'une machine a calculer universelle. 

Par exemple, Ie debit tres eleve d'une calculatrice telle que celIe dont no us venons de 
donner une description schematique, met en question la methode de calcul des fonctions 
elemen~aires, et nous conduira vraisemblablement a abandonner les tables mecaniques, que 
nous conseillions, en 1938, pour une machine ~lectromecanique, sous une forme voisine de 
celle que l'on peut admirer dans la machine Mark I du professeur Aiken. 

On comprendra aussi, pensons-nous, pourquoi nous avons declare, en plusieurs circon­
stances, .que nous ne savons pas encore queUe sera Ia nature de la memoire de notre machine. 

FonctioneUement, nous considerons comme necessaires une memoire interne et une 
memoire externe, etcomme avantageuse la separation de Ja memoire des nombres et de la 
memoire des commandes. 

La structure de ces diverse~ memoires doit dependre, a notre avis, des calculs a faire et de 
Ia methode adoptee. Par exemple, la memoire n'intervient pas dans les memes conditions si 

.l'on calcule des trajectoires ou si l'on resout un systeme de 50 equations Iineaires a 50 in­
connues; dans Ie second cas, les phases sont de une ou deux operations, dans Ie premier cas, 
elles peuvent atteindre la centaine d'operations. 

C'est-a-dire que notre machine-Iaboratoire comportera plusieurs types de memoire dont 
Ie mode d'emploi aura a etre etudie systematiquement, en liaison avec les problemes traites. 

Nous donnerons pour terminer Ie schema d'urie memoire que les essais poursuivis jusqu'a 
present nous conduisenta considerer comme avantageuse dans la fonction de memoire interne 
d'une calculatrice parallele (Fig. 8). 
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FIG. 8. Schema d'une memoire. 



L. COUFFIGNAL 

Chaque chiffre est enregistre au moyen d'une diode a gaz NC. Les diodes constituant les 
chiffreurs eIementaires d'une me me chiffreur binaire sont figures sur une meme ligne hori­
zontale; les diodesdu meme ordre binaire dans les divers chiffreurs sont figures sur une meme 
ligne verticale; Ie schema montre donc une memoire de 4 nombres de 4 chiffres; il faut 
comprendre en outre que les plots representes par la meme lettre sont reunis entre eux. 

Le fonctionnement du dispositif se fonde sur la remarque que Ie seuil de tension d'allumage 
d'une diode est nettement pl~s eleve que son seuil de tension d'extinction. 

L'inscription s'effectue en envoyant une impulsion positive par les bornes A, B, C, ... 
dans tousles ordres bin aires OU doit etre representc lechiffre I, et en bloquant les tubes des 
chiffreurs OU l'ins~ription ne doit pas etre faite par une impulsion opposee. 

La lecture s'effectue en envoyant, par les bornes E, F, G .... une impulsion negative 
trop faible et trop 'breve pour provoquer l'extinction des diodes. L'effac;age s'obtient en 
prolongeant l'impulsion de lecture. 

L'impulsion de lecture peut avoir pour duree 0, duree de basculement d'un flip-flop des 
totalisateurs; c;est, croyons~nous,la plus faible duree atteinte pour l'extraction d'un nombre 
d'une memoire et son transfert a un chiffreur. C'est cetie caracteristique de fonctionnement 
de la memoire a diodes qui en fait l'interet; cette memoire ne retarde en rien la calculatrice, 
car l'inscription dans la memoire et l'effac;age peuvent se poursuivre pendant que la calcula­
trice travaille isolement. 

Malgr.-e Ie nO,fibre des diodes, qui peut paraitre eleve, ce dispositif reste simple et sur, 
parce qu~ les diodes' a gaz sont des tubes robustes, et que l'on peut les utiliser dans des condi­
tions OU leur fon~tionnemenLne produitguere d'usure. En outre, ces tubes sont peu couteux. 



THE FUTURE OF COMPUTING MACHINERY 

LOUIS N. RIDENOUR 

. University of Illinois 

The title of these remarks is somewhat misleading, in that one of the things Professor Aiken 
has requested of me is to give a very brief critical summary of the proceedings of the present 
Symposium; following this, I venture a few speculations regarding the principal directions 
in which the research and development on computing machinery seem to be tending. 

The central interests and concerns of the more than 700 people in attendance at the present 
symposium are extremely diverse; the fields.in which papers have been presented are various 
and wide. There have been papers on computing machinery,. on methods of numerical 
analysis, on the solution of problems involving numerical analysis in the fields of physics, 
engineering, economics, and social science. No doubt, the fact that interest in this ~ymposium 

. has been so splendidly sustained in spite of this diversity of subject matter can be explained by 
observing that, once a problem has been reduced to a mathematical form, then what proceeds 
from that point onward is of common interest "to those concerned with numerical analysis, 
almost without regard to the way in which the original equations to be solved arose. 

Thus a prominent effect of the development of computing machines is likely to be that 
of producing important unifications and sharings of viewpoint among various scientific dis­
ciplines which present problems amenable to attack by numerical analysis. The reports 
presented at this Symposium encourage the belief that the art of computing machines may be 
entering a new phase-a phase of increased maturity. We are assembled here to celebrate 
the completion of the Harvard Mark III machine, and ,many of the papers presented here in 
the sessions on computing machines have described completed and operating machines, rather 
than the plans for constructing machines not yet built. It is clear that powerful methods of 
numerical analysis are being developed, and that the new numerical problems posed by the 
extreme speeds of modern machines are becoming evident and are beginning to be attacked. 
Many of the numerical problems that have been described here-in physics, engineering, and 
social science-are not merely proposed for solution, but actually have been attacked and 
solved in whole or in part. The keynote of the present meeting thus seems to be achievement, 
even if limited achievement, rather than promise. 

Let us now consider some of the papers presented here, in the order in which they appear 
in the program. It wi1l not be possible to mention each of the some forty papers presented, 
but an effort will be made to deal with typical ones in each category. 

No comment on the Harvard Mark III machine is offered beyond saying that we have all 
had an opportunity to inspect this machine and to learn something of its design and its 
properties. I should like to remark upon the very consider~ble debt that the entire high-speed 
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computer art owes to the early, continued, and effective work of Professor Aiken and 
his group. 

The Bell Telephone Laboratories computer that was described seemed remarkable prin­
cipally for its complete avoidance of the use of conventional vacuum tubes. There were used 
as computing elements mainly electromechanical relays, together with fewer than one hundred 
vacuum tubes. Possibly because of this unconventional design, this machine and its relatives 
in 'the series of Bell machines have achieved a very remarkable record of continued reliability. 

Very interesting progress reports on machines under construction were offered by the 
Massachusetts Institute of Technology, the Raytheon- Manufacturing Company, the General 
Electric Company, the National Bureau of Standards, Mr. Elliott for the British, and the 
Institut Blaise Pascal. Many of the machines described are scheduled for completion in the 
year 1950; that year should be a very interesting one for those concerned with computing 

machines. 
One aspect of the British developments seems worthy of special remark. This is the quite 

evident difference in the approach to the problem of constructing a large computing machine 
adopted respectively by British workers a~d by American workers. Before launching upon 
the construction of large machines, the British prefer to make preliminary experiments, and 
to gain experience, with small machines of admittedly limited scope which, however, posses~ 
sufficient g~nerality to be educational. American practice has been, on the other hand, to 
embark from the beginning on the construction of quite ambitious machines, usually without 
preliminary experience on small-scale models. To some degree, this may express the greater 
availability of research funds from the American' government, but I think that it goes deeper 
than that; I think that it expresses a difference in the national character. 

During the recent war, I was frequently distressed by what seemed evidences of stupidity 
and ineptitude in our Air Force operations as they concerned my area of interest-airborne 
radar. On one occasion I was complaining to a general officer about this, and pointing out 
to him how much better the Royal Air Force managed its affairs. He said: "Well, you have 
to expect that. There arc two ways to fight a war: _you can fight a smart war, or you can 
fight an overwhelming war, but you can't do both .. The British are fighting a smart war, but 
we aren't. We made our choice a long time ago; we decided to fightan overwhelming war, 
and that's what we're doing. Don't expect us to be smart." It seems that this approach has 
been carried over to the computer field; we Americans have a tendency to overwhelm our 

difficul ties. 
Several papers were presented on the subject of components for computing machines. 

I t was clear from these that the outstanding component problem still is-as it has been for 
some time-that of an adequate high-speed storage device, or inner memory, for a computing 
machine. While special methods for reducing demands on an inner memory can usually be 
devised for any particular problem, nevertheless the scope of a machine increases and its 
operation becomes simpler as the capacity of the inner memory rises. Quite a lot of wo~k is 
being done on this problem. The work of F. C. Williams, and that of the Eckert-Mauchly 
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group, which appears to be derived from it, seems to be very promising; so is the success that 
has recently been obtained in the use of mercury delay lines as high-speed storage elements. 

Further, two papers given here reported on novel and interesting devices whose further 
development seems very promising. These are the magnetic delay lines and memory elements, 
on the one hand, and the highly ~uggestive work on electrochemical storage elements and 

relays, on the other. 
Mr. Engstrom called to our attention the importance of special-purpose machines. Natur­

ally enough, attention has mainly been focused on what are called, "general-purpose" machines; 
but it is desirable to remember that for many purposes, notably those of industry and govern­
ment, special-purpose machines are quite adequate and can often be realized for fewer dollars 
per function performed than could a general-purpose machine. An interesting example of 
a special-purpose machine is the Northrop assemblage of IBM equipment to make a simple, 
rapidly assembled, useful, and quite reliable machine. 

In the session on numerical methods, Mr. Brown proposed a scheme for solving certain 
types of problems by playing a game. He has consulted with workers here at the Computation 
Laboratory of Harvard, and finds that their conservative judgment is that a 40 X 40 matrix 
can be dealt with completely in a thousand steps, and with an error of one part in a thousand, 
in a total time somewhat less than one hour. The complete program has not been prepared, 
and this is only an estimate, but it seems a promising one. 

All those concerned with machine design should be grateful for Mr. Lehmer's elegant 
scheme for the generation of pseudorandom numbers by machines. Such numbers, and their 
production by a simple scheme, will take on increasing importance as lengthy analysis is 
replaced by statistical experiments conducted on machines, in the fashion of the Monte Carlo 
method described to us by Mr. Ulam. 

Other papers in the session on numerical methods dealt with important problems in 
numerical analysis. Mr. Milne catalogued the outstanding needs in iterative schemes for the 
solution of the Laplace equation and other elliptical partial differential equations. Further 
work is needed, first, on the development of ways of programming for machine use such rapid 
systems of error removal in iterative solutions as the relaxation methods of Southwell; second, 
on ways for dealing with curved boundaries; third, on schemes for selecting good initial 
values of the functions being dealt with; and fourth, on better methods for handling mixed 
boundary conditions. , 

In the session on applications to physics, Mr. Furry made the general observation that' 
the high-speed computing machine permits experimentation in theoretical physics with less 
labor and better results than have ever been/accessible before. Such "theoretical experimenta­
tion" (if this is a good term) includes the testing of theories, the decision among competing 
hypotheses, the determination of ranges of validity of various approximations, and so on. 

Examples of the actual use of machines in the solution of problems were offered. Problems 
presented included the birefringence produced by viscous flow, the trajectories of cosmic-ray 
particles, and the interaction of atomic electrons with electromagnetic radiation. In connection 
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with the last, Mr. Rose remarked that he has assembled the first compendium of wave functions 
for Dirac electrons in the screened nuclear field. It is indubitable that this catalogue of wave 
functions will be important and useful in many other investigations. It is to be hoped that 

Mr. Rose or others will carryon in the direction he has marked out, computing such wave 
functions for higher values of angular momentum, and for electron states in the negative-energy 
continuum. 

In the sessions on aeronautics and applied mechanics, the papers presented made it clear 

that the use of computers in these fields will be very extensive. I mention particularly Mr., 
Welmer's prediction that the complete solution of the now separate problems of flutter, aero­

dynamic· stability, and ser~omechanism performance of an airframe may soon be found in 
terms of the complete frequency-response spectrum for a particular airplane. Mr. Emmons 
and Mr. Muskat outlined two other practical applications in which computers will be extremely 

useful. 
Mr. Mosteller set forth, in the session on economics and social science, the types of problems 

likely to be dealt with. He asserted that these are mainly solutions of simultaneous linear 

equations, both homogeneous and inhomogeneous, giving as specific examples problems in 
multiple regression, the finding of discriminant functions, scaling theory, and factor analysis. 

He further remarked that' the present lack of adequate mathematical theory outside the field 
of economics now gives machines little to do in social science, while at the same time it points 

up very clearly the major present job of those interested in a quantitative social science. 
Examples of specific problems suitable for attack by machines were given by Mr. Tucker and 
Mr. Chernoff, and Mr. Waugh pointed out that many important economic problems do not 
require the use of machines. He urged that those present at the Symposium would assist the 

economist in preventing the establishment of a fad for using high-speed computing machines 

for all purposes, whether justified or not. This having been said, Mr. 'rVaugh remarked that 
machines have a very important place in the solution of veryimpoitant problems, notably 
those of Government jn these days of increased central control. 'He reminded us that formu­

lation of such problems is difficult and that economists often do not kno:w what questions to 

ask, what answers to seek, or how to secure the public acceptance of policies necessary to 
implement the answers found. 

On the ground, no doubt, that physiology can be regarded as an elementary sort of social 

science, Mr. Crozier found himself on the social-science program. He pointed out first of all 
that the multivariant character of organic processes almost certainly means that, when a 

proper mathematical description of such processes is formulated, it will be so complicated 
that machine computation will be demanded. He then addressed himself to the question of 
the validity of using the physiology of high-speed computing machines as an analogy for the 

physiology of the nervous systems of living organisms. He reminded us of the dangers of 
misleading analogies and concluded, from the example concerning vision which he quoted 
and from other evidence, that elementary neural decisions in a living organism are reached 

statistically. Thus, according to Crozier, a true thinking machine would have to have a very 
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large redundancy in individual elements whose individual performances fluctuate, in order 
to imitate in any meaningful way the performance of the neural system of a living organism. 

Let us turn now to the questions more directly suggested by the title: The Future of 
Computing Machinery. The first such question, in this time of vigorous development, design, 
and construction, is perhaps: "Who is likely to possess large high-speed computing machines 
in the future?" Some workers in the computing-machine field, and some people interested 
in the field, are quite pessimistic about the ultimate wide availability of large high-speed 
computing machines, on the grounds that such machines are complic~ted and expensive to 
build, expensive to maintain and operate, and therefore cannot ever be afford~d by institutions 
such as the normal middle-sized university. This is a point of view with which I disagree 
completely. I strongly believe that a competent high-speed computing machine will very 
soon be recognized as an important and inevitable part of the research equipment of any 
university having even modest research pretentions. 

Thus I regard the computing machine as being not in the category of the large astronomical 
telescope, which is a pleasant but optional luxury for a university, but rather in the category 
of the electronuclear particle accelerator, which is a necessity for any university that desires 
to cultivate modern nuclear physics. In the early and middle nineteen-thirties, when Lawrence 

. was having his first successes with the cyclotron, I remember many discussions bf whether 
this or that institution should build a cyclotron. There were always those who argued that 
the cyclotron was expensive to build and run, that it had a limited ficid of usefulness, that 
there were already plans to build all of them that the country needed or could support, and 
therefore that the institution concerned in the discussion need not and should not build a 
cyclotron. Now it is not quite true that the only universities that have made substantial 
contributions to nuclear physics are the ones who ignored such skeptical notions and built 
cyclotrons, but it is nearly enough true to be significant. And the successful institutions that 
do not have cyclotrons do have, in all cases, some competing form of particle accelerator. 

By analogy, I suggest that high-speed computing machines will be part of the routine 
and necessary research equipment of univers'ities, industrial laboratories, government research 
establishments, and indeed any institution where any substantial volume of scientific research, 
in any field, is carried on. Possibly this trend will be readily discernible in a year or two, and' 
surely its full implementation is less than a decade off. 

Of course, the wide availability of high-speed computing machines will be greatly forwarded 
by improvements in reliability and reductions in cost, in consequence of continued develop­
ments of improved components and better'logical design. 

Let us now ask: "How large, how fast, and how' complicated should a large, high-speed, 
general-purpose computing machine be?" The ENIAC still holds the record for the total 
number of vacuum tubes. More recent designs are considerably more ambitious in terms of 
the speed of individual operations, the size of the inner memory, and the general competence 
of the device; yet in spite of this they have fewer tubes, which they use harder, so to speak. 
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1 should like to propose that the answer to the question of where to draw the line in designing 
a general-purpose machine is set entirely by considerations of reliability. That is, a large 

. general-purpose machine ought to be as big and fancy and competent as it can be made, 
subject to the limitation that it must not commit errors oftener than once in, say, four hours. 
There is no other significant limitation on the total complexity of the device; for the machines 
that we have now, even those that have not yet been realized, but are in design, are still 
inadequate to deal with many problems we should like to put to them. 

Professor Aiken has quoted to me a remark of Hartree's. Hartree said that the fastest 
computing machine that has yet been designed is still some 1010 times too slow to solve com­
pletely the problem of the wave equation for the copper atom. Mr. O'Neal, in his remarks 
before this Symposium, said that the solution of the traffic-handling problem for aircraft on 
the airlines of this country would tax the capacity of the biggest and fastest computing machines 
now in existence. 

Warren McCulloch, a professor 0f psychiatry at my university, has interested himself in 
the sort of analogy between computing machines and neurophysiology that Mr.· Crozier 
regards as being so dangerous. He has remarked that the over-all complexity of the largest 
and most complicated computing machine now in existence or proposed is just about equivalent 
to the complexity of the nervous system of the flatworm. You mayor may not regard this 
as being a fair comparison. It is based upon drawing a parallel between a single flip-flop in 
the machine and a single neuron in the nervous system of the flatworm, and I think that it is 
safe and suitable for our present purpose. 

There is little question that, so far as the carrying out of n~merical computations is con­
cerned, the computing machine is more useful than the flatworm. There are two obvious 
major reasons for this. First, the machine is specialized in its function, while the nervous 
system of the worm is not. The machine can deal only with special classes of situations, while 
the delimitation of the flatworm's competence is far less narrow. Second, the machine works 
about a thousand times faster than any organic nervous system. 

Without claim~ng in any way that a computing, machine "thinks" in the sense of origination, 
we must admit that it relieves human computers of a tremendous burden of routine mental 
effort which is ordinarily classified as thinking. This thinking is special, in the sense that it 
is governed by formal logical rules of manipulation, but in the past it has had to be managed 
by human nervous systems. With the help of machines, it can be directed by human nervous 
systems, but carried out without human intervention or assistance. 

Thus, we are not talking about machines possessed of the ability to "think" in the sense 
to which Mr. Crozier was objecting, but rather machines which can perform logical processes 
in a rapid, uniform, and unerring way. The faster and more competent we can make such a 
machine, the bigger will be the burden of routine thought that it can take away from men. 
If we can make a machine large enough and competent enough, and if in the meanwhile 
.we have learned more than we know now about the logical organization of the nervous systems 
of living organisms, we may at last be able to make a machine capable of origination and 
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problem-solving behavior. But this lies in the rather distant future; our present problem is 
to make large 'and reliable the machines of unitary function which are designed simply for 
the straightforward application of the logical rules built into their design. 

We want, therefore, to make computing machines as large and as complicated as we can; 
for the fanciest machine that we can realize today is powerless in the face, of problems that 
we can readily pose, but not yet solve. The limitation on size and complexity is set by relia­
bility; for a machine will be useless to us if it is not sufficiently reliable to be depended upon 
for hours at a time. 

This leads us to my final question: "How can a computing machine be made more reliable, 
so that its complexity can be increased without increasing the chance of failure?" Of course, 
there is no simple or evident answer to this question, or such an answer already would have 
been exploited in machine design. There are some promising indications on the horizon. 
I suggest that the first thing that should be done is to look toward as complete as possible an 
elimination from computing machines of vacuum tubes and electromechanical relays. These 
two components are presently the major sources of failure in existing machines, partly because 
they are so numerous, and partly because they wear out with continu~d use. 'Vhat we need 
is computing elements that can perform the same nonlinear functions as those we now achieve 
with tubes or relays, but elements that are far less prone to depreciation in'use. 

Another drawback of the vacuum tube, of course, is the ridiculously large amount of energy 
that must be expended to boil offfree electrons from its cathode. At the time McCulloch made 
his remark about the flatworm, he also observed that if a computer built on present principles 
should be made to have the same number of individual elements-let us call them "neurons" 
-as there are in the human central nervous system, then all the power of Niagara Falls would 
be required to light the tubes, and the complete water flow over the Falls would be required 
to keep the device cool. The human nervous system, though slow in electronic terms, is 
incomparably efficient in terms of energy expenditure per individual computing element. 

What is needed is to replace the present basic nonlinear elements used for computers with 
another type of element that does not require enormous quantities 'Of stand-by power, and is 
not depreciated by continued operation-an element that, once installed, can be relied on 
indefinitely unless it is abused. There are some hints as to the possible nature of such a device; 
some of these have been reported upon at this Symposium. The most promising ones visible 
today are, first, semiconductor devices of the sort of the recently announced transistor; second, 
magnetic devices like those reported here; and third, the electrochemical devices that may 
be developed from the pioneer work of which Mr. Bowman has told us. A great deal of intensive 
work on promising unconventional dements for computer use will be repaid if the over-all 
reliability of computers can thereby be increased. Reliability, as we have seen, brings in its 
train larger, more complex, and more competent computing machines. Presumably it also 
brings in its train a greater availability and a lower cost for the computers of present size and 
scope; inevitably, it will bring wider general use and acceptance of computing machines of 
all sorts. 
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