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Foreword

Over the years we have received many requests for an answer book
for the exercises in Recursive Methods in Economic Dynamics. These
requests have come not from inept teachers or lazy students, but from
serious readers who have wanted to make sure their time was being
well spent.

For a student trying to master the material in Recursive Methods,
the exercises are critical, and some of them are quite hard. Thus it is
useful for the reader to be reassured along the way that he or she is on
the right track, and to have misconceptions corrected quickly when
they occur. In addition, some of the problems need more specific
guidelines or sharper formulations, and a few (not too many, we like
to think) contain errors — commands to prove assertions that, under
the stated assumptions, are just not true.

Consequently, when three of our best graduate students proposed
to write a Solutions Manual, we were delighted. While we firmly
believe in the value of working out problems for oneself, in learning
by doing, it is clear that the present book will be an invaluable aid
for students engaged in this enterprise.

The exercises in Recursive Methods are of two types, reflecting
the organization of the book. Some chapters in the book are self-
contained expositions of theoretical tools that are essential to mod-
ern practitioners of dynamic stochastic economics. These “core”
chapters contain dozens of problems that are basically mathemat-
ical: exercises to help a reader make sure that an abstract definition
or theorem has been grasped, or to provide a proof (some of them
quite important) that was omitted from the text. This Solutions
Manual contains solutions for most of the exercises of this sort. In
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ix

particular, proofs are provided for results that are fundamental in
the subsequent development of the theory.

Other chapters of Recursive Methods contain applications of those
theoretical tools, organized by the kind of mathematics they require.
The exercises in these chapters are quite different in character. Many
of them guide the reader through classic papers drawn from various
substantive areas of economics: growth, macroeconomics, monetary
theory, labor, information economics, and so on. These papers, which
appeared in leading journals over the last couple of decades, repre-
sented the cutting edge, both technically and substantively. Turning
a paper of this sort into an exercise meant providing enough struc-
ture to keep the reader on course, while leaving enough undone to
challenge even the best students. The present book provides answers
for only a modest proportion of these problems. (Of course, for many
of the rest the journal article on which the problem is based provides
a solution!)

We hope that readers will think of this Solutions Manual as a
trio of especially helpful classmates. Claudio, Esteban, and Mark
are people you might look for in the library when you are stuck on
a problem and need some help, or with whom you want to compare
notes when you have hit on an especially clever argument. This is
the way a generation of University of Chicago students have thought
of them, and we hope that this book will let many more students, in
a wide variety of places, benefit from their company as well.

Nancy L. Stokey
Robert E. Lucas
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1 Introduction

In the preface to Recursive Methods in Economic Dynamics, the au-
thors stated that their aim was to make recursive methods accessible
to the wider economics profession. They succeeded. In the decade
since RMED appeared, the use of recursive methods in economics
has boomed. And what was once as much a research monograph
as a textbook has now been adopted in first-year graduate courses
around the world.

The best way for students to learn these techniques is to work
problems. And towards this end, RMFED contains over two hundred
problems, many with multiple parts. The present book aims to assist
students in this process by providing answers and hints to a large
subset of these questions.

At an early stage, we were urged to leave some of the questions
in the book unanswered, so as to be available as a “test bank” for
instructors. This raises the question of which answers to include
and which to leave out. As a guiding principle, we have tried to
include answers to those questions that are the most instructive, in
the sense that the techniques involved in their solution are the most
useful later on in the book. We have also tried to answer all of the
questions whose results are integral to the presentation of the core
methods of the book. Exercises that involve particularly difficult
reasoning or mathematics have also been solved, although no doubt
our specific choices in this regard are subject to criticism.

As a result, the reader will find that we have provided an answer
to almost every question in the core “method” chapters (that is,
Chapters 4, 6, 9, 15, 17, and 18), as well as to most of the questions
in the chapters on mathematical background (Chapters 3, 7, 8, 11,
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12, and 14). However, only a subset of the questions in “application”
chapters (2, 5, 10, 13, and 16) have been answered.

It is our hope that this selection will make the assimilation of the
material easier for students. At the same time, instructors should be
comforted to find that they still have a relatively rich set of questions
to assign from the applications chapters. Instructors should also find
that, because much of the material in the method and mathematical
background chapters appears repeatedly, there are many opportuni-
ties to assign this material to their students.

Despite our best efforts, errors no doubt remain. Furthermore,
it is to be expected (and hoped) that readers will uncover more el-
egant, and perhaps more instructive, approaches to answering the
questions than those provided here. The authors would appreciate
being notified of any errors and, as an aid to readers, commit to
maintaining a website where readers can post corrections, comments
and alternative answers. This website is currently hosted at:

http://home.uchicago.edu/~ mwright2/SLPSolutions.html

In the process of completing this project we have incurred vari-
ous debts. A number of people provided us with their own solutions
to problems in the text, including Xavier Gine and Rui Zhao. Oth-
ers, including Vadym Lepetyuk, Joon Hyuk Song and Ivan Wern-
ing, pointed out sins of commission and omission in earlier drafts.
Christine Groeger provided extensive comments, and lent her KTEX
expertise to the production of the manuscript. We thank all of these
people, and reserve a special thanks for Nancy Stokey, whose insight
and enthusiasm were invaluable in seeing the project through to its
conclusion.



2  An QOverview

Exercise 2.1

The fact that f : R4 — R is continuously differentiable, strictly
increasing and strictly concave comes directly from the definition of
f as

f(k) = F(k, 1) + (1 - 6)k,

with 0 < § < 1, and F satisfying the properties mentioned above.
In particular, the sum of two strictly increasing functions is strictly
increasing, and continuous differentiability is preserved under sum-
mation. Finally, the sum of a strictly concave and a linear function
is strictly concave.

Also,
(0) F(0,1) =0,
f'(k) = Fy(k, 1)+ (1-26) >0,
. i o . . o _
lim f7(k) = lim Fy(k,1) + lim (1 - 6) = oo,
klim fl(k) = klim Fr(k, 1)+ klim (1-06)=(1-29).

Exercise 2.2

a. With the given functional forms for the production and
utility function we can write (5) as

Bk B 1
[ Y TR
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which can be rearranged as
aBky (kg — ke) = (k§ = Keyn).

Dividing both sides by kf* and using the change of variable z; =
k¢ /Kt we obtain

1
af(——1)=1— z,1,
2t
or
(8%
Zi41 :1+Oéﬁ——ﬂ,
2t

which is the equation represented in Figure 2.1.

Insert Figure 2.1 About Here

As can be seen in the figure, the first-order difference equation
has two steady states (that is, z’s such that z;41 = 2, = z), which
are the two solutions to the characteristic equation

22— (1+aB)z+af=0.

These are given by z = 1 and af.

b. Using the boundary condition 27417 = 0 we can solve for
zT as
af
2y = .
™71+ af
Substituting recursively into (??) we can solve for zp_; as
ap
rqg = ————
=1 1+ Oéﬁ — ZT
_ af
 14af- 22
1+af
aB(1+ ap)

1+ af + (aB)?’
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and in general,

aBll+af + ... + (aB)’]
14+ af+..+ (aB)itt -~

2r—j =

Hence for t =T — j,

aB[l+af + ...+ (ap) T
L+ aB+ ...+ (aB)T-tH

afsr—t

ST—t+1

Zt =

where s; = 1+ af + ... + (o). In order to solve for the series, take
for instance the one in the numerator,

spy=14+aB+ ..+ (BT,
multiply both sides by af to get
afBsp_y =af + ... + (aB)T 7t
and substract this new expression from the previous one to obtain

(1—aB)sp_y=1—(aB)T L

Hence
1-(a ﬂ)T—t—&-l
ST+t = T 5,
1—ap
ST—t+1 = —1 - (aﬁ)TitH
- 1—af
and therefore Tt
gl BT
t 1— (aB)T—t+2’

fort =1,2,...,T 4+ 1, as in the text. Notice also that

1— (aﬁ)Tf(T+l)+1
1— (aB)T-(T+D)+2

2ry1 = af

= 0.
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c. Plugging (7) into the right hand side of (5) we get

) [1 B (aﬁ)T—H—I} ) - {1 — (af)t ™t
(ktl —af [1 B (aﬂ)Tft+2i| tl) B ke, (1—ap) -

Similarly, by plugging (7) into the left hand side of (5) we obtain

1—(ag T—t+1 N a—1
af [aﬁwkt—l]
1) 17 1—(ap)”
[aﬁwkt—l] <1—Q5W>

R ([1<aﬁ>““]aﬂ [1(&@“})

K [1-(aB) ]
{1 _ (aﬁ)T—t-&-Z}
T ke, (1—ap)

Hence, the law of motion for capital given by (7) satisfies (5).
Evaluating (7) for t = T yields

1—(ap)" "

kryn = af———F—7kT
1— (Oéﬂ)T T+1
= 0,
so (7) satisfies (6) too.
Exercise 2.3
a. We can write the value function using the optimal path

for capital given by (8) as

v(ko) = ) B'log(kf — aBkf)

t=0
o log(l—af) |
= ) +a;ﬁt log(k¢).
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The optimal policy function, written (by recursive substitution) as a
function of the initial capital stock is (in logs)

t—1
log ky = (Z ai) log(afB) + a'log ko.
i=0

Using the optimal policy function we can break up the last summa-
tion to get

S floglt) = 2R 1000 S gt (tf af)
t=0 t=1

(1 - O‘ﬂ) =0
 log(h) log(af)
RO R T[Tk

where we have used the fact that the solution to a series of the
form s, = 3 i_g A’ is (1- )\Hl) /(1 —A), as shown in Exercise 2.2b.
Hence, we obtain a log linear expression for the value function

v(ko) = A+ Blog(ko),

where
A= |log(l —af) + a(ﬂllo_;gg;)m (1-3"1
and
B = _aaﬁ.

b. We want to verify that
v(k) = A+ Blog(k)

satisfies (11). For this functional form, the first-order condition of
the maximization problem in the right-hand side of (11) is given by

OB e

g(k) = 1+ 3B
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Plugging this policy function into the right hand side of (11) we
obtain

v(k) = log (ka—lf%kp) —i—ﬁ[A—i—Blog(lf/B;,Bkaﬂ
= alog(k) —log(l1+ BB)+ GA
+6B [log (BB) + alog (k) — log (1 + 5B)]
= (1+pB)alog(k) — (1+ 8B)log(l + £B)
+BA + Blog(8B).

Using the expressions for A and B obtained in part a., we get that
(14 8B)a = B and

BBlog(BB) — (1+ BB)log(l + 6B) + BA = A,

and hence v(k) = A+ Blog (k) satisfies (11).

Exercise 2.4

a. The graph of g(k) = sf(k), with 0 < s < 1, is found in
Figure 2.2.

Insert Figure 2.2 About Here.

Since f is strictly concave and continuously differentiable, g will
inherit those properties. Also, g(0) = sf(0) = 0. In addition,
1- / — 1. !
lim ¢'(k) Lim s f*(k)
= lim sFy(k,1) + li 1-96)=
kli)%s k( ) )+k%8( ) 0,

and

klim Jgdk) = klim sf' (k)
= klim sFy(k,1) + klim s(1—=06)=s(1-0)<1.
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First, we will prove existence of a non-zero stationary point.
Combining the first limit condition (the one for & — 0) and
9(0) = 0, we have that for an arbitrary small positive perturbation,

9(0+h) —g(0)
- :

0<

This term tends to +o00 as b — 0, and hence g(h)/h — oo. Therefore,
there exist an h such that g(h)/h > 1, and hence g(k) > k for some
k small enough. Similarly, the fact that g(k) < k for k large enough
is a direct implication of the second limit condition. Next, define
q(k) = g(k) — k. By the arguments outlined above, ¢(k) > 0 for k
small enough and ¢(k) < 0 for k large enough. By continuity of f,
q is also continuous and hence by the Intermediate Value Theorem
there exist a k* such that g(k*) = k*.

That the stationary point is unique follows from the strict con-
cavity of g. Note that a continuum of stationary points implies that
g'(k) = 1 contradicting the strict concavity of g. A discrete set of sta-
tionary points will imply that one of the stationary points is reached
from below, violating again the strict concavity of g. To see this, de-
fine £* = min{k € Ry : ¢(k) = 0}. The limit conditions above, and
the fact that g is nondecreasing implies that g(k* —¢) > k*, for ¢ > 0.
Define

E™ =min{k € Ry : q(k) =0,k > k™ and g(k —¢) — k > 0 for € > 0}.

Then, by continuity of g, there exist k € (k*, k™) such that g(k) <
k. Let a € (0,1) be such that k = ak* 4+ (1 — a)k™. Then,

ag(k* )+ (1 —a)g(k™) = ak™+ (1 —a)k™
— &

> g(k)
= g(ak™+ (1 —a)k™),

a contradiction.

b. In Figure 2.3, we can see how for any kg > 0, the se-
quence {k;};°, converges to k* as t — co. As can be seen too, this
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convergence is monotonic, and it does not occur in a finite number

of periods if kg # k*.

Insert Figure 2.3 About Here

Exercise 2.5

Some notation is needed. Let 2! denote the history of shocks
up to time t. Equivalently, 2t = (2!71, 2;), where z is the shock in
period t.

Consumption and capital are indexed by the history of shocks.
They are chosen given the information available at the time the de-
cision is taken, so we represent them by finite sequences of random
variables ¢ = {ct(zt)}z;o and k = {kt(zt)}z;o.

The pair (k, 2*) determines the set of feasible pairs (cy, ki1) of
current consumption and beginning of next period capital stock. We
can define this set as

Bk, 2) = {(crhen) € B < col) + k() < auf ()]}

Because the budget constraint should be satisfied for each ¢ and
for every possible state, Lagrange multipliers are also random vari-
ables at the time the decisions are taken, and they should also be
indexed by the history of shocks, so A\;(2!™!, 2;) is a random variable
representing the Lagrange multiplier for the time ¢ constraint.

The objective function

U(co,c1,...) = E {ZﬂtU[Ct(zt)]}
t=0

can be written as a nested sequence,

u(co) + ﬁzﬂ'i uler(aq)] + 5277]- [u(ca(aiya;) + B ¢ s

=1

where 7; stands for the probability that state a; occurs.
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The objects of choice are then the contingent sequences ¢ and k.
For instance

¢ ={co,c1(2"), c2(2?), .., cr(2Y), ..cT(zT)} .

We can see that ¢cg € Ry, c; € R, 2 € R?", and so on, so the
sequence ¢ belongs to the obvious cross product of the commodity
spaces for each time period ¢t. Similar analysis can be carried out for
the capital sequence

k= {k‘o, kl(zl), k2(22), ey k‘t(Zt), ..]{,‘T(ZT)} .

Define this cross product as S. Hence we can define the consumption
set as

C(koa ZO) = {C €S: [Ct(Zt), ktJrl (Zt)] € B(kta Zt)a
t=0,1,... for some k € S, ko given.}

(Notice that the consumption set, i.e. the set of feasible sequences,
is a subset of the Euclidean space defined above.)

The first order conditions for consumption and capital are, re-
spectively, (after cancelling out probabilities on both sides):

u’[ct(zt, Ztil)] = /\t(zt, Ztil)

for all (zt_l, zt) and all ¢, and
Mz, 271 =3 midelai, 20) f [ke(ai, 271
i=1

for all (zt_l, zt) and all ¢.

Exercise 2.6

As we did before in the deterministic case, we can use the budget
constraint to solve for consumption along the optimal path and then
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write the value function as

U(k(), Zo) = E()

> Bl log(zky — aﬁztkt“)]
_ log(1 — ap) B

t=0
" 6lo <zt>]
1-5) ; :

Z gt log(kt)] )

t=0

+O£E0

To obtain an expression in terms of the initial capital stock and the
initial shock we need to solve for the second and third term above.
Denoting Fy(log z;) = u, the second term can be written as

o0 o0
B | 8 log(zt)] = logzo+ Y B'Eo(log 2)
t=0 t=0
= logzy+ 16_—'Mﬂ

In order to solve for the third term, we use the fact that the optimal
path for the log of the capital stock can be written as

t—1

t—1
log ky = (Z ai> log(af) + (Z atli) log(z;) + o log ko.
=0

=0
Hence
aky iﬁtlog(kt)] = akp iﬂt (2(1) log(aﬁ)]
+aky i B <t;1) a1 log(zz-))]
" \Z
+aEy i(aﬁ)tlog(lﬂo) + alog k.
t=1

Therefore, the next step is to solve for each of the terms above. The
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first term can be written as

akEy Zﬁt< >log aﬂ)] = alog(af) Zﬁt<1_f>
_ ke 8 o]
- [0-5 (-ad
aflog(af)
(1 =81 —apB)’

the second term as

Moo t—1
aEy Zﬁt (Z at =i IOg(Zz’)>]
t—1
= akFy |Blog(z +Zﬁt< al™1 Zlog(%))]

t=2 =0
t—1

= aky ﬁlog(zo)+2ﬂt (atllog(zo)+2atlilog(zi)>]
i=1

B aflog(zp) 1

A (Z )

B af log(zo ty
Y Zﬁ (1—a'
aflog(zo) aﬁQ

(1-aB)  ([A=pB)(1-ap)
and finally, the last two terms as

oo

Zl ) log(ko) | + alog kg = (clyli)gal?)'
Hence,
- __aplog(aB)  afBlog(z)
“Fo 20 log“‘"t)] T T A0-an)  (1-ad)

afu alog ko

T—BA1-ap)  (T-ap)
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and
v(ko, 20) = A+ Blog(ko) + C'log(z)

where

afBlog(aB) B

= og(l —a ~-p)t
AT e T O
B = m, and
1
¢ T T

Following the same procedure outlined in Exercise 2.3, it can be
checked that v satisfies (3).

Exercise 2.7

a. The sequence of means and variances of the sequence of
logs of the capital stocks have a recursive structure. Define 11, as the
mean at time zero of the log of the capital stock in period ¢t. Then

log k]

log(aB) + alog(ki—1) + log(zi-1)]

af) + p+ oy

aB) + p+ aflog(af) + p] + a’py_s

= [log(aB)+pul+[1+a+..+ ozt_l] + ot g

log(aB) +pl 4 log(aB) +u
Ho - |“ T 1-a

e = Eo

[
= By

Since 0 < a < 1,

log(ap) +

M“Etlggom: 1 -«

Similarly, define o; as the variance at time zero of the log of the
capital stock in period ¢. Then
or = Varg[log k]
= Varo[log(apB) + alog(ki—1) + log(zt—1)]

2
= a'0t-1+o0,
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which is also an ordinary differential equation with solution given by

ot = |o g o?t 4 g
¢ 07 142 1—a?
Hence, since 0 < a < 1,

g

g Ehmazi
T et 1—a?

Exercise 2.8

First, we will show that {c}, k4 ;‘F:O, k1.1 = 0 satisfies the con-

sumer’s intertemporal budget constraint. By (19) and the definition

of f,
f(k{) = F(k{,1) + (1 — 6)k;.

Since F' is homogeneous of degree one, using (20) — (22) we have that
flkg) = (rf + 1= 0)k +wp = ¢ + kipa,

and hence the present value budget constraint (12) is satisfied for the
proposed allocation when prices are given by (20) — (22).

The feasibility constraint (16) is satisfied by construction. Hence,
in equilibrium, the first order conditions for the representative house-
hold are (for kf ; > 0)

5tU/[f(kf) — kil = Ap,
M1 +1=0)pe —p) = 0,
fR) =i =k = 0,
for t =0,1,...,7. Combining them and using (20) — (22) we obtain

U'[f (k) = k] = BU"[f (ki) = kipo] f/(R),
f(kf) —cf — ki, = 0,
for t =0,1,...,T, which by construction is satisfied by the proposed

sequence {kj, }{_o. Hence {(c}, kf1)}i—o, with k§,; = 0 and k§ =
xg solves the consumer’s problem.
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Finally, we need to show that {k;,n; = 1};"1:0 is a maximizing
allocation for the firm. Replacing (21) and (22) in (9) and (10)
together with the definition of f(k) and the assumed homogeneity
of degree 1 of F, we verify that the proposed sequence of prices and
allocations satisfy indeed the first-order conditions of the firm, and
that = = 0.

Exercise 2.9

Under the new setup, the household’s decision problem is

T

max Z BU (ct)

{(Ctv”t)}tT:O t=0

subject to
T T
Zptct < Zptwtnt +
=0 =0

and
Ogntgl, CtZO, tIO,l,...,T.

Similarly, the firm’s problem is

T
max = po(zo — ko) + > pelyr — wing — iy
{(Resiene) Yoo ;
subject to

it = k‘t+1 —(1—6)](3,5, tZO,l,...,T;

Yt § F(k‘t,nt), tZO,l,...,T;

ke > 0, t=0,1,...,T;

ko < xo, T given.

Hence, x¢ can be interpreted as the initial stock of capital and kg the
stock of capital that is effectively put into production, while k; for
t > 1 is the capital stock that is chosen one period in advance to be
the effective capital allocated into production in period ¢.
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As stated in the text, labor is inelastically supplied by house-
holds, prices are strictly positive, and the nonnegativity constraints
for consumption are never binding, so equation (14) in the text is
the first-order condition for the household.

The first-order conditions for the firm’s problem are (after sub-
stituting both constraints into the objective function)

wy — Fu(ky,ne) = 0,
—p¢ + P [Fr(ke,ne) +(1—=6)] < 0,

for t =0,1,...,T, where the latter holds with equality if ki1 > 0.

Evaluating the objective function of the firm’s problem using the
optimal path for capital and labor, we find that first order conditions
are satisfied, and m = poxg so the profits of the firm are given by the
value of the initial capital stock.

Next, it rest to verify that the quantities given by (17) — (19)
and the prices defined by (20) — (22) constitute a competitive equi-
librium. The procedure is exactly as in Exercise 2.8. In equilibrium,
combining the first-order conditions for periods ¢ and ¢ 4+ 1 in the
household’s problem we obtain

U'[f(ke) = keq1] BU'[f (k1) — ko) [ (Kes1),
f(k’t) —c—k1 = 0,

fort =1,2,...T, as before. Hence the proposed sequences constitutes
a competitive equilibrium.

Exercise 2.10

The firm’s decision problem remains as stated in (8) (that is, as a
series of one-period maximization problems). Let s; be the quantity
of one period bonds held by the representative household. Its decision
problem now is

T
max Z U (ct)

{(ct kot 1,5041,m8) F g =0
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subject to

rikr + (1 - 5)/% +wng, t=0,1,....,T;
ntél, CtZO, tZO,l,...,T;

¢t + @S + kg

<
0 <

and kg given.

We assume, as in the text, that the whole stock of capital is
supplied to the market. Now, instead of having one present value
budget constraint, we have a sequence of budget constraint, one for
each period, and we will denote by 3'\; the corresponding Lagrange
multipliers.

In addition, we need to add an additional market clearing con-
dition for the bond market that must be satisfied in the competitive
equilibrium. This says that bonds are in zero net supply at the stated
prices.

Hence, the first-order conditions that characterize the house-
hold’s problem are

U’(Ct) — )\t
—Aq + BAp1 =

—At + BAig1[re +1 =9
with equality for kyiq

o o oo

IV IA

and the budget constraints, for t =0,1,...,7T.

We show next that the proposed allocations {(cf, k} 1)}, to-
gether with the sequence of prices given by (21) — (22) and the
pricing equation for the bond, constitute a competitive equilibrium.
Combining the first and second equations evaluated at the proposed
allocation, we obtain the pricing equation

U'(cti)

U'e;)
>From the first-order conditions of the firm’s problem, and after
imposing the equilibrium conditions, r; = Fy(kf, 1)., Combining the
first-order conditions for consumption and capital for the household’s
problem, we obtain

=0

! (1.% -1 __ U,(Cerl)
J' (ki) —QW-
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The rest is analogous to the procedure followed in Exercise 2.9.
Hence, the sequence of quantities defined by (17) — (19), and the
prices defined by (21) — (22) plus the bond price defined in the text
indeed define a competitive equilibrium.
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Exercise 3.1

Given ko = k, the lifetime utility given by the sequence {k;};2,
in which ki1 = go(kt) is

wo(k) = Zﬂtu[f(k:t) — go(kt)]
t=0

= u[f(k) —go(k)] + 8 Zﬁtilu[ﬂkt) — go(ke)]-
t=1

But
Zﬁt_lu[f(k‘t) —go(k)] = Zﬁtu[f(k:tﬂ) = go(kt+1)]
t=1 t=0
= wo(k1)
= wolgo(k)].
Hence
wo(k) = ulf (k) — go(k)] + Bwo[go(k)]
for all k£ > 0.

Exercise 3.2
a. The idea of the proof is to show that any finite dimensional

Euclidean space R! satisfies the definition of a real vector space, using
the fact that the real numbers form a field.

20
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Take any three arbitrary vectors = = (x1,...,21), ¥y = (Y1,...,y1)
and z = (z1,...,) in R!. and any two real numbers o and 3 € R.
Define a zero vector = (0, ...,0) € R

Define the addition of two vectors as the element by element sum,
and a scalar multiplication by the multiplication of each element
of the vector by a scalar. That any finite R! space satisfies those
properties is trivial.

a:
r+y = (x1+y1,x2+y2,...,a:l+yl)
= (y1+x1,y2+x2,---,y1+xl):y+xeRl.
b:
(x4+y)+z = (x1+y1, ., x1+y)+ (21,5 21)
= (m+yr+z,...m+y+2)
= (T1,00m) + (Y1 + 21,1+ 21)
= x+(y+z)eRl
c:
alz+y) = alxr+y, ...,z +y)
= (ax1+ ayy, ..., ax; + ayp)
= (axy,...,ax)) + (ay1,..,ay) = ax+ay € R
d:
(a+PB)r = ((a+pB)ry,...(a+ B)x)
= (azy + Px1,...,ax; + Bxy)
= az+ Bz eRL
e:

@Bz = (apar, ..abm)
= a(Bxy,...,fxr;) = a(fz) € RL
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f:
r+0 = (r1+0,...,2,+0)
= (x1,..,1;) =z € R.
g:
0x = (01‘1,...,01‘0
= (0,..,0) =60 cR.
h:

lz = (lz,...,1lx))
= (xl,...,xl):xERl.

b. Straightforward extension of the result in part a.

c. Define the addition of two sequences as the element by
element addition, and scalar multiplication as the multiplication of
each element of the sequence by a real number. Then proceed as
in part a. with the element by element operations. For example,
take property c. Consider a pair of sequences x = (xg, x1,T2,...) €
X =RxRxR..and y = (yo,91,%2,...) € X =R xR x R... and
a € R, we just add and multiply element by element, so

alr+y) = (a(zo+yo), (w1 +y1), (w2 + y2),...)
= (azo+ ayo, a1 + ay1, ars + ays, ...)
= ar+ay € X.

The proof of the remaining properties is analogous.

d. Take f,g : [a,b] — R and o € R. Let 0(x) = 0. Define
the addition of functions by (f + g) (z) = f(z) + g(x), and scalar
multiplication by (af)(z) = af (). A function f is continuous if
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xn, — x implies that f(z,) — f(x). To see that f + g is continuous,
take a sequence x,, — x in [a,b]. Then

lim (f+g)(zn) = mlz@x[f(%)Jrg(mn)]

’ = Jim f(zn) + lim g(zs)
= [f(z)+g(2)
= (f+9) ().

Note that a function defines an infinite sequence of real numbers, so
we can proceed as in part c. to check that each of the properties are
satisfied.

e. Take the vectors (0,1) and (1,0). Then (1,0) + (0,1) =
(1,1) which is not an element of the unit circle.

f. Choose v € (0,1). Then 1 € I but al ¢ I, which violates
the definition of a real vector space.

g. Let f:[a,b] — R4, and a < 0, then af < 0, which does
not belong to the set of nonnegative functions on [a, 0] .

Exercise 3.3

a. Clearly, the absolute value is real valued and well defined
on § x S. Take three different arbitrary integers z,y, z. The non-
negativity property holds trivially by the definition of absolute value.
Also,

plz,y) = |z —yl =y — = = p(y, x)
by the properties of the absolute value, so the commutative property
holds.

Finally,

p(r,2) = |z —2|

= |z—y+y—2|
< lz—yl+y— 2|
= plx,y) + oy, 2),
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so the triangle inequality holds.

C. Take three arbitrary functions x,y, z € S. As before, the
first two properties are immediate from the definition of absolute
value. Note also that as x and y are continuous on [a,b], they are
bounded, and the proposed metric is real valued (and not extended
real valued). To prove that the triangle inequality holds, notice that

ple.2) = max |e(t) - (1)
_ arg?;(b (8 — y(t) +y(t) — 2(1)]
< max (ja(t) — y(O)] + |y(t) — 2()
< an;?;cb [2(t) = y(8)] + max [y(t) — 2(1)]

= plz,y) + p(y, 2)-

f. The first two properties follow by definition of absolute
value as before, plus the fact that f(0) = 0, so x = y implies p(z,y) =
0. In order to prove the last property, notice that

plxy) = flz—y)=flz—2+2-yl)

< fllz—z[+z=yl)

< fllz—=z)) + f(lz —yl)

= plz,2) + p(z,9),
where the first inequality comes from the fact that f is strictly in-
creasing and the second one from the concavity of f. To see the last
point, without loss of generality, define |z — z| = a and |z — y| = b,
with a < b and let g = a/b. By the strict concavity of f,

f(0) > pfla)+ (1 —p)fla+b),

and hence

flat+b) < Z——=f(b) -
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Exercise 3.4

a. The first property in the definition of a normed vector
space is evidently satisfied for the standard Euclidean norm, given
that it is just the sum of squared numbers, where each component
of the sum is an element of an arbitrary vector € R!. Tt is zero if
and only if each component is zero. To prove the second property,
notice that

l

l
laz]* =) (axi)? = a® ) w:® = o® ||z,
=1

i=1
which implies that
x| = | [|=]

by property a. To prove the triangle inequality, we make use of
the Cauchy-Schwarz inequality, which says that given two arbitrary
vectors x and v,

le 4yl = S (i +u)

=1

l l l
< Z$?+22$iyi+zy3
i=1 i=1 i=1
1 1
l l 2 l 2 l
< Ytva(ya) () X0
i=1 i=1 i=1 i=1
2 2
= lzl” + 2l [yl + [yl
2
= ([lzll + 1yl
d. As we consider only bounded sequences, the propsed norm

is real valued (and not extended real valued). To see that the first
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property holds, note that since |xg| > 0, all k, ||z|| = supy, |zx| > 0,
and if x = 0, all k, ||z|| = supy, |xx| = 0. The second property holds
because

o] = Sup ||
= sup o] ||
k
= |afsup ||
k
= laf]lz].
To see that the triangle inequality holds notice that

le+yll = Sup |2k + vk

IN

Szp(|$k| + yl)

< sup |zk| + sup |yx|
k k
= [l +1lyll-
e. We prove already that C'[a,b] is a vector space (see Ex-

ercise 3.2 d.). To see that property a. is satisfied, let x € C [a,].
Then |z (t)| > 0 for all ¢ € [a,b]. Hence sup,<;<p |2 (t)] > 0, and if
z (t) = 0 for all t € [a,b], then sup,,<p | (t)| = 0. To check that the
remaining properties are satisfied, v;eiproceed as in part d.

Exercise 3.5

a. If x, — x, for each ¢, > 0, there exist IV, such that
p(xn, ) < e, forall n > N¢ . Similarly, if ,, — y, for each £, > 0,
there exist N, such that p(zn,y) < &y, for all n > N . Choose
€z = €y = £/2. Then, by the triangle inequality,

p(xay) S P(mna$) + p(‘rn?y) <e€

for all n > max {N.,, N;, } . As e was arbitrary, this implies p (z,y) =
0 which implies, since p is a metric, that x = y.
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b. Suppose {zy} converges to a limit z. Then, given any ¢ >
0, there exist an integer N, such that p(x,,z) < ¢/2 for all n > N,.
But then p(xn, 2m) < p(Tn, x) + p(Tm, x) < € for all n,m > N..

c. Let {x,} be a Cauchy sequence and let ¢ = 1. Then, 3 N
such that for all n,m > N,

(T, xy) < 1.

Hence, by the triangle inequality,

P (wna O) S P (l’m, £L‘n) + P (wma O)
< 1 + p (.CUm, 0) ’

and therefore p (z,,,0) <1+ p(zn,0) for n > N. Let
M =1+ max{p(2p,0), m=1,2,.. ., N} +1,
then p (xy,,0) < M for all n, so the Cauchy sequence {z,,} is bounded.

d. Suppose that every subsequence of {x,} converges to x.
We will prove the contrapositive. That is, if x,, does not converge
to x, there exist a subsequence that does not converge. If z, does
not converge to x, there exist € > 0 such that for all NV, there exist
n > N with |z, — z| > €. Using this repeatedly, we can construct a
sequence {xy, } such that |z, — x| > ¢ for all ng.

Conversely, suppose ,, — . Let {z,,} be a subsequence of {z,}
with n; < ng < ng < .... Then, since p(z,,x) < € for all n > N, it
holds that p(zp,,x) < ¢ for all n; > N..

Exercise 3.6

a. The metric space in 3.3a. is complete. Let {x,} be a
Cauchy sequence, with x, € S for all n. Choose 0 < ¢ < 1, then
there exist IV, such that |z, — x,| <& < 1 for all n,m > N,. Hence,
Ty = Tp =x € S for all n,m > N-.

The metric space in 3.3b. is complete. Let {z,} be a Cauchy
sequence, with z,, € S for all n. Choose 0 < € < 1, then there exist
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N¢ such that p(xm,x,) < € < 1 for all n,m > N. By the functional
form of the metric used p(z,, x,) < 1 implies that z,, =z, =x € S
for all n,m > Ng.

The normed vector space in 3.4a. is complete. Let {z,} be a
Cauchy sequence, with x,, € S for all n, and let ¥ be the k' entry
of the nt" element of the sequence. Then

l 2
[Zm — znl = (Z(xfn_xfz)2>

k=

[y

AN
/3
2
"
—
)
3=
|
)
3>
N~—
(V)
N~~~

[

k k
m — Tn

< lmax’x
k

for k = 1,...,1, and hence {:L‘ffb} is a Cauchy sequence for all k. As
shown in Exercise 3.5 b., {xﬁ} is bounded for all k, and by the
Bolzano-Weierstrass Theorem, every bounded sequence in R has a
convergent subsequence. Hence, using the result proved in Exercise
3.5 d., we can conclude that a sequence in R converges if and only if it
is a Cauchy sequence. Define ¥ = lim,, ., 2%, for all k. Since R is a
closed set, clearly z = (z', ..., 2!) € S. To show that ||z, — z|| — 0 as
n — o0, note that ||, — || < {maxy |2k — 2| — 0 which completes
the proof.

The normed vector spaces in 3.4b. and 3.4c. are complete. The
proof is the same as that outlined in the paragraph above, with the
obvious modifications to the norm.

The normed vector space in 3.4d. is complete. Let {z,} be a
Cauchy sequence, with x,, € S for all n. Note that z,, is a bounded
sequence and hence {z,} is a sequence of bounded sequences. Denote
by z¥ the k' element of the bounded sequence z,,. Then ||z, — 2, || =
supy, }:U’ﬁn —xﬁ’ > }xfn —xﬁ’ for all k. Hence ||zy, — xy|| — 0 im-
plies !mffn - xﬁ‘ — 0 for all £ and so the sequences of real num-
bers {3:,’2} are Cauchy sequences. Then, by the completeness of the

real numbers, for each %k there exist a real number z* such that
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ak — 2%, Since {z,} is bounded, so is {z%} for all k. Hence
r = (2%, 22,...) € S. To show that x,, — x, by the triangle inequality,
‘xfl — xk| < ‘x,ﬁ — xﬁlL%— ‘3:’,,31 — mk} for all k. Pick N, such that for
all n,m > N, |ok — mm} < ¢/2 for all k. Hence for m large enough

‘:L“’ﬁn - xk} < £/2 and so ‘xfl - xk| < ¢ implies sup;, }xfl - xk’ <e.

The normed vector space in 3.4e. is complete. Let {x,} be a
Cauchy sequence of continuous functions in C'[a, b] and fix t € [a, b].
Then

[on(t) —2m@®)] < sup [on(t) = o (i)

= |lzn — zmll

and therefore the sequence of real numbers {z,(t)} satisfies the Cauchy
criterion. By the completeness of the real numbers z (t) — z(t) € R.
The limiting values define a function x : [a,b] — R, which is taken
as our candidate function.

To show that x,, — x, pick an arbitrary ¢, then

2n(t) —2(O)] < fen(t) = 2m(O)] + [2m(t) — ()]
< lzn =zl + [2m(t) — 2(2)]-

Since {z,} is a Cauchy sequence, there exist N such that for all
n,m > N, ||z, — xn| < €/2 and |z, () — 2(t)| < /2. Therefore,
|zn(t) — x(t)| < €. Because t was arbitrary, it holds for all ¢ € [a,b] .
Hence sup,«;«p |7n(t) — z(t)| < € and so x,, — x.

It remains to be shown that z is a continuous function. A func-
tion x(t) is continuous in ¢ if for all €, there exist a § such that
[t —t'| < 6 implies |z(t) — z(t')| < e. By the triangle inequality,

’m(t) — x(t’)| <|z(t) — zp(t)| + ’xn(t) — mn(t’)| + }xn(t') — x(t')}
for any t,t' € [a,b]. Fix € > 0, since x,, — x there exist N such that
|x(t) — xn(t)| < e/3

for all n > N, and N’ such that

|z(t") — an(t')| < e/3
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for all n > N’. Since x,, is continuous, there exist § such that for all
6t |t —t| <6,
|zn(t) — an(t')| < /3.

Hence |z(t) — z(t)| < e.

The metric space in 3.3c. is not complete. To prove this, it is
enough to find a sequence of continuous, strictly increasing functions
that converges to a function that is not in S. Consider the sequence
of functions

t
Z'n(t) = 1 + ﬁ’
for t € [a,b] . Pick any arbitrary m. Then
t t

p(Tp, Tym) = max
nom

a<t<b

t(m —n)
= max |[———
a<t<b|  nm

U =m)

nm
1

min {n,m}’

Notice that p(zy, Tm) — 0 as n,m — oco. But clearly z,(t) — x(t) =
1, a constant function.

From the proof it is obvious that this counterexample does not
work for the weaker requirement of nondecreasing functions.

The metric space in 3.3d. is not complete. The proof similar to
3.3c. and the same counter-example works in this case, with obvious
modifications for the distance function.

The metric space in 3.3e. is not complete. The set of rational
number is defined as

Qz{%:p,reZ,r#O}

where Z is the set of integers. Let
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Clearly x,, is a rational number, however x,, — e ¢ Q.

The metric space in 3.4f. is not complete. Take the function

olt) = (Z:Z)n

First, assume a =0, b =1, and m > n. Hence

1
l2n(t) — m(®)] = /0 (7 — ™) dt
= /lt”(l—t"_m)dt
0

1
< / t"dt — 0
0

But the sequence of functions z,(t) — 0 for 0 < ¢ < 1, and 1 for
t = 1, a discontinuous function at 1.

In order to show that the space in 3.3c. is complete if “strictly
increasing” is replaced by “nondecreasing”, we can prove the exis-
tence of a limit sequence as we did before. It is left to prove that
the limit sequence is nondecreasing. The proof is by contradiction.
Take a Cauchy sequence f,, of nondecreasing functions converging to
f, and contrary to the statement, suppose f(t) — f(¢') > ¢ for ¢’ > t.
Hence,

0<e<f(t)=f(t) = f({t) = fult) + fu(t) = fult)) + fu') — ().
Using the fact that for every ¢, {f,(t)} converges to f(t),

0<e<2fu = fll + fult) = fult).
Choosing N; such that for all n > Ng, || fn — fll < e/2, we get

0<e< fult) = fult),

a contradiction.

b. Since S’ C S is closed, any convergent sequence in S’
converges to a point in S’. Take the set of Cauchy sequences in S.
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They all converge to points in S since S is complete. Take the subset
of those sequences that belong to S’, then by the argument above
they converge to a point in ', so S’ is complete.

Exercise 3.7

a. First we have to prove that C![a,b] is a normed vector
space. By definition of absolute value, the non-negativity property
is clearly satisfied,

IF1l = sup {|f(z)| + | f'(z)|} > 0.
zeX
To see that the second property is satisfied, note that
lefll = sup {|af(@)|+|af'(z)]}
zeX
= sup {|o] [|[f(2)| + |f' ()]}
zeX
= ol sup {|f(z)| + |f'(=)|}
zeX
= ol [If]]-

The triangle inequality is satisfied, since
If+gll = igg{!f(w)+g(x)l+}f’(x)Jrg’(x)!}
sup {lF@)] +lg@)| + | f'(@)] +]d'(=)|}
< sup {lF@)]+ [ ()]} + sup {lg(@)| +1d'(=)|}
= [IfIl+llgll -

Hence, C* [a, b] is a normed vector space.
Let {f,} be a Cauchy sequence of functions in C![a,b]. Fix ,
then

IN

|[fo(@) = fn (@) + [ f1(2) = Fra(@)] < [Lfn = Fiml

and

max {sup i) = i) s0p | £ o) - f;n<x>\} <\fo = fll,

zeX
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therefore the sequences of numbers {f,(x)} and {f} ()} converge
and the limit values define the functions f : X — R and f': X —
R. The proof is similar to the one outlined in Theorem 3.1, and
repeatedly used in Exercise 3.6. It follows that f’ is continuous. Our
candidate for the limit is the function f defined by

f(a) = lim f,(a),

n—oo

+ /Ox f'(2)dz

It is clear that f is continuously differentiable, so that f € C1.
To see that ||f, — f|| — 0 note that

[fn=fIl < sup|fu(z) = flz)]+ sup | fr(@) = f'()]
zeX

fula /f )z - f(a) /Oxf’(Z)dz

+ sup } fh(x
zeX

b
fala) = fla)] + /0 (2 — 11(2)| 2
+ sup | fo(2) = f'(2)]
< Ufula) = F@]+ G+ 1) sup | @)~ ).

and

< sup
zeX

IN

Since {fn(a)} — f(a), and {f,} — f uniformly, both terms go to
Zero as n — 0o.

b. See part c.

c. Consider C*[a, b], the space of k times continuously differ-
entiable functions on [a, b], with the norm given in the text. Clearly
a; > 0 is needed for the norm to be well defined.

If a; > 0, all 4, then the space is complete. The proof is a
trivial adaptation of the one presented in a. However, if a; = 0,
for any j, then the space is not complete. To see this choose a
function h : [a,b] — [a,b] that is continuous, satisfies h(a) = a
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and h(b) = band is (k — j) times continuously differentiable, with
hi(a) = hi(b) =0,i=1,2,....k — j.
Then consider the following sequence of functions

‘ a ifoe <
fi(x) =19 h(nz) if 2 SmS%
b ifm>%

and -
lr) = H2)dz, i=1,..,]
fil (@) /0 fiD)dz, =1,

Each function f, is k times continuously differentiable. However,
the limiting function f has a discontinuous j-th derivative.

So an example to be applied to part b. would be, for instance,
X =[-1,1] and

-1 if z<-2
fi@)y=< na if -1 §1 r<i
1 it x> -
Hence
—x if < —%
fal@) =14 gp 32 if - <w<g
T if x> %

This sequence is clearly not Cauchy in the norm of part a.

Exercise 3.8

The function T : § — S is uniformly continuous if for every ¢ > 0
there exist a § > 0 such that for all x and y in S with |z — y| < 6 we
have that |[Tx — Ty| < e.

If T is a contraction, then for some 3 € (0,1)

<pg<1 all z,y € § with z # y.

Hence to prove that 7" is uniformly continuous in S, let 6 = ¢/, then
for any arbitrary € > 0, if |z — y| < é then

Tz —Ty| < Blz—y| <Bé=e.
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Hence T is uniformly continuous.

Exercise 3.9

Observe that

p(T"vo, U)

IN

p(TnU(), Tn+1’U()) + p(TnJrlU(), U)
= p(T™o, T vg) + p(T" g, T)
< p(T o, T" o) + Bp(T™vo,v),

where the first line uses the triangle inequality, the second the fact
that v is the fixed point of T', and the third line follows from the
Contraction Mapping Theorem. Rearranging terms this implies that

p(TnUO,U) < mp(T”UO,TTH—lUO).
Exercise 3.10

a. Since v is bounded, the continuous function f is bounded,
say by M, on [~ [[v],+ [[v]]. Hence

[(Tv)(s)] < ] + sM,

so T is bounded on [0,t]. Since

/Osf[v(Z)] @z

is continuous for all f, Tv is continuous.

b. Let w,v € C(0,t),and let B be their common bound.
Note that

[To(s) — Tw(s)|

IN

/ (=) — flulz))] dz
/SB w(2) — w(2)| dz
0

< Bs|v—uw|.

IN
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Choose 7 = /B, where 0 < 8 < 1, then 0 < s < 7 implies that
Bs|lv—w[ < Blv—wl.

c. The fixed point is = € C[0, 7], such that

xz(s) =c+ /05 f [x(2)]d=.

Hence, for 0 < s, s’ < T,

2(s) - 2(s) = / f ()

!

= flz(2)|(s—5), forsome 2 € [s,5].

Therefore
(s) — x(s)
s— g

= [ [=(2)].

Let s — s, then 2 — s, and so 2/(s) = f [z(s)].

Exercise 3.11

a. We have to prove that I' is lower hemi-continuous (1.h.c.)
and then the result follows by the definition of a continuous corre-
spondence. Towards a contradiction, assume I' is not lower hemi-
continuous. Then, for all € > 0, and any N, 3 n > N such that
lyn, —y| > €. Construct a subsequence {yn,} from these and con-
sider the corresponding subsequence{z,, } where y,, € I' (zy,). As
zn, — , {xn,} — x. But as I' is upper hemi-continuous (u.h.c.),
there exist Y, = Ys 2 contradiction.

C. That I' is compact comes from the fact that a finite union
of compact sets is compact. To show that I' is u.h.c., fix z and
pick any arbitrary x, — x and {y,} such that y, € I'(z,). Hence
Yn € &(xpn) or Yy, € Y(xy), and therefore there is a subsequence
of {yn} whose elements belong to ¢(x,) and/or a subsequence of

{yn} whose elements belong to ¥ (x,). Call them {yﬁfk} and {y;fk}
respectively. By ¢ and ¢ u.h.c., those sequences have a convergent
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subsequence that converges to y € ¢(x) or ¥ (z) respectively. By

construction, those subsequences of {yﬁk} and { yﬁk} are convergent

subsequences of {y,, } that converge to y € I'(x), which completes the
proof.

e. For each z, the set of feasible y’s is compact. Similarly,
for each y, the set of feasible z’s is compact. Hence, for each z, I is
a finite union of compact sets, which is compact.

To see that I' is u.h.c., pick any arbitrary z,, — z and ({z,},{yn})
such that z,, € ¥(yy) for y, € ¢(zy,). By ¢ u.h.c. there is a convergent
subsequence of {y,} whose limit point is in ¢(z).

Take this convergent subsequence of {y,}. Call it {y,,}. By ¢
u.h.c. any sequence {z,, } with z,, € ¥(yn,) has a convergent sub-
sequence that converges to z € ¥(y).

Hence, {2y, } is a convergent subsequence of {z,} that converges
to z € I'(x).

Exercise 3.12

a. If I' is Lh.c. and single valued, then I' is nonempty and
for every y € T'(z) and every sequence z,, — z, the sequence {y,}
with y, = I'(x,,) converges to y. Hence I is a continuous function.

c. Fix z. Clearly I'(x) is nonempty if ¢ or ¢ are Lh.c. To
show that I' is L.h.c., pick any arbitrary y € I'(x) and a sequence
xn — x. By definition, either y € ¢(z), or y € ¥(x) or both. Hence,
by ¢ and ¢ Lh.c., there exist N > 1 and a sequence {y,} such that
Yn € P(xy) or Yy € Y(xy) for all n > N, so {y,} is a sequence such
that y, € I'(z,) and y, — y for all n > N. Hence, I'(z) is Lh.c. at
x. Because x was arbitrary chosen, the proof is complete.

e. It is clear that I' is nonempty if ¢ and ¢ are nonempty.
Pick any z € I'(z) and a sequence z, — x. The objective is to find
N > 1 and a sequence {z,},-n — 2z such that z, € I'(z,). To
construct such a sequence, note that if z € I'(z), then z € ¥(y) for
some y € ¢(x). So pick any y € ¢(x) such that z € ¥ (y).
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By ¢ Lh.c. there exist Ny > 1 and {y,} such that y, — y and

Yn € ¢(xy,) for all n > Nj. Call this sequence {yﬁ}

By % Lh.c., for {yﬁ} — y, there exist Ny > 1 and {z,} such that

zn, — z and 2, € qb(yﬁ) for all n > Nj. Take N = max{Nj, Na}.
Hence, I'(x) is L.h.c. at z. Because x was arbitrary chosen, the proof
is complete.

Exercise 3.13
a. Same as part b. with f(z) = z.

b. Choose any . Since 0 € I'(z), I'(x) is nonempty. Choose
any y € I'(x) and consider the sequence z,, — x. Let v = y/f(x) <
1 and y, = vf(x,). Then y, € T'(z,), all n > 1, and using the
continuity of f

limy, =~lim f(z,) = vf(z) = y.

Hence I' is L.h.c. at z.

Given z, [0, f (z)] is compact and hence I'(x) is compact-valued.
Take arbitrary sequences z, — x and y, € I'(xz,). Define ¢ =
supg, ||#n — || and let N (x,€) denote the closed e—neighborhood
of z. Since the set

is compact, there exists a convergent subsequence of y, call it yy,
with limy,, = y. Since yn, < f(zn,) all k, we know that y < f(x)
by the continuity of f and standard properties of the limit. Hence
y € I'(z) and I" is uw.h.c. at x.

Since x was chosen arbitrarily, I' is a continuous correspondence.

c. Since the set

{(xlxl> z:x < :c}
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is compact, fix (ZL‘l, ey ZL’l) and proceed coordinate by coordinate using
the proof in b. with f(z) = fi(2, 2).

Exercise 3.14

a. Same as part b., with the following exceptions. Suppose
x # 0; let 0 play the role of § (since H(z,0) > H(0,0) = 0), and
use monotonicity rather than concavity to establish all the necessary
inequalities. For x = 0, use monotonicity and the fact that the
sequence {xy} must converge to x = 0 from above.

b. We prove first that I" is Lh.c. Fix . Choose y € I'(x) and
{zn} — x. We must find a sequence {y,} — y such that y, € T'(x,),
all n.

Suppose that H(z,y) > 0. Since H is continuous, it follows that
for some N, H(zy,y) > 0, all n > N. Then the sequence {yn} o
with y, =y, n > N, has the desired property.

Suppose that H(x,y) = 0. By hypothesis there exists some g
such that H(xz,9) > 0. Since H is continuous, there exists some
N such that H(zy,,9) > 0, all n > N. Define y* = (1 — \)y + A7,
A € [0, 1]. Then for each n > N, define

Ap, = min {)\ €0,1] : H(zp,y") > 0}.

Since H(xpn,y') = H(xp,)) > 0, the set on the right is nonempty;
clearly it is compact. Hence the minimum is attained.

Next note that {\,} — 0. To see this, notice that by the concavity
of H,

H(x,y%) > (1= O H(r,y) + CH(z,§) >0, all ¢ € (0,1].

Hence, for any ¢, there exist N¢ such that H(z, y<) >0, all n > Ne.
Therefore A, < (, for all n > N¢. Hence {\,} — 0. Therefore,
the sequence y, = y™, n > N, has the desired properties. By
construction, H(xn,yn) > 0, all n, so y, € ['(z,), all n, and since
{\n} — 0, it follows that {yn} — .

Next, we prove that I" is u.h.c. Choose {z,,} — = and {y,} such
that y, € I'(zy), all n. We must show that there exist a convergent
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subsequence of {y,} whose limit point y is in I'(x). It suffices to
show that the sequence {y,} is bounded. For if it is, then it has
a convergent subsequence, call it {yy, } , with limit y. Then, since
H(zn,,Yn,) >0, all k, {(xn,,yn,)} — (2,y), and H is continuous, it
follows that H(z,y) > 0.

Let ||-|| denote the Euclidean norm in R™.Choose M < oo such
that [|y|| < M, all y € I'(x). Since I'(x) is compact, this is possi-
ble. Suppose {y,} is not bounded. Then, there exist a subsequence
{yn, } such that N < n; < ng... and ||y|| > M + k, all k. Define
S={yeR™:|ly|| = M+ 1}, which is clearly a compact set. Since
|9l < M, and ||yn, || > M +Ek, all k, for any element in the sequence
{yn, } , there exists a unique value A € (0,1) such that

19l = Ay, + (1 = Mgl + M + 1.

Moreover, since H(xp,,9) > 0 and H(zp,,Yn,) > 0, it follows
from the concavity of H that H(zp,,¥n,) > 0, all k. Since by con-
struction the sequence {7y, } lies in the compact set .S, it has a con-
vergent subsequence; call this subsequence {7;} and call its limit
point . Note that since § € S, ||y]| = M + 1. Along the chosen
subsequence, H(xj, ;) > 0, all j; and {(x;,9;)} — (x, 7). Since H is
continuous, this implies that H(z,§) > 0. But then ||g|| = M + 1, a
contradiction.

c. The correspondence can be written in this case as

I'(z) = {yeR:H(zy) =0}
{y € R: 1 —max{[z],[y[} > 0}.
It can be checked that, at © = 1, T'(x) is not lower hemi-continuous.

Notice that I'(1) = [—1,+1], which is compact and has a nonempty
interior, but I'(1 + 1/n) = 0, for all n > 0.

Exercise 3.15

Let {xn,yn} be a sequence in A. We need to show that this se-
quence has a convergent subsequence. Because X is compact, the
sequence {z,} has a convergent subsequence, say {zp, } converging
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to x € X. Because I' is u.h.c., every sequence x,, — x € X, has an
associated sequence {y,} such that y, € I'(z,), all n, with a con-
vergent subsequence, say {yn, } whose limit point y € I'(z). Then,
{(zn,yn)} € A, has a convergent subsequence with limit (z,y) .

Exercise 3.16

a. The correspondence G is

G(z) = {y €[-1,1]: 2> = max xg]Q}
gE[fl,l]

= {ye[-1,1]:y=0for x <0,
y € [-1,1] for z =0, y = +1 for x > 0}.

Thus, G(z) can be drawn as shown in Figure 3.1.
Insert Figure 3.1 About Here.

Then, G(x) is nonempty, and it is clearly compact valued. Further-
more, A, the graph of G, is closed in R? since it is a finite union of
closed sets. Hence, by Theorem 3.4, G(z) is u.h.c.

To see that G(x) is not Lh.c. at x = 0, choose an increasing
sequence {z,} — x =0 and y = 1/2 € G(0). In this case, any {yn}
such that y, € G(z,) implies that y, =0, so {y,} — 0 # 1/2.

b. Let be X = R.

h(z) = yrél[%ﬁ] {max{2—(y—1)%z+1-(y—2)*}}

e g2~ 0= P gl 1= 0=}

= max{2,z+ 1}
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Hence,
2 ifx <1
h(m)_{x+1 ifx>1

Then,
Gx) = {ye€0,4]:y=1forz <1,

ye{l,2} forx=1, y=2forz > 1},

which is represented in Figure 3.2.

Insert Figure 3.2 About Here

Evidently, G(x) is nonempty and compact valued. Further, its graph
is closed in R? since the graph is given by the union of closed sets.
Thus, G(z) is u.h.c.

However, G(z) is not Lh.c. at 2 = 1. To see this, let {z,} — 1
for x,, > 1 and y =1 € G(1). It is clear that any sequence {y,} such
that y, € G(x,) converges to 2 # 1.

c. Here,

h(z) = max {cos(y)} =1

—e<y<a

and hence
G(z) ={y € [-z,z] : cos(y) = 1}.

Then, since cos(y) = 1 for y = +2n7w, where n = 0, 1,2, ..., the
correspondence G(x) can be depicted as in Figure 3.3.

Insert Figure 3.3 About Here

The argument to show that G(z) is uw.h.c. is the same outlined in
b. However, G(z) is not Lh.c. at x = £2nm, where n = 0,1,2,...;
which can be proved using the same kind of construction of sequences
developed before.



4  Dynamic Programming
under Certainty

Exercise 4.1

a. The original problem was

o0
max Z Bru(c)
{eeker1}i50 1=

subject to

J(ky),
0,

ct+kip1 <
et ki1 >

for all ¢t = 0,1,... with kg given. This can be equivalently written,
after substituting the budget constraint into the objective function,

as
o5}

max Zﬁtu[f(kt) — kyy1]

{he+1350 120

subject to
0 < ki1 < f(ke),

for all t =0, 1,... with kg given. Hence, defining

F(kt, k1) = ulf (k) — keyal,

and
L(ke) = {kiy1 € Ry 1 0 < kg1 < f(Re)},

we obtain the (SP) formulation given in the text.

43
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b. Note that in this case ¢; € Rl+ for all t =0,1,... and we
cannot simply substitute for consumption in the objective function.
Instead, define

(k) = {km ERL : (hyy +en k) €Y CRE ¢ € RQ} :
and
P (kt,ktJr]_) = {Ct S Rl+ : (kt+1 + Ct,k‘t) eY C Ri_l} .

Then, let

F (kta k"t+1) = sup U (Ct) )
Cteé(kt,kt+1)

and the problem is in the form of the (SP).

Exercise 4.2

a. Define x;; as the ith component of the [ dimensional vector
x;. Hence,
maxzy; < 0 ||z .
(]

Let e = (1,...,1,...1) be an [ dimensional vector of ones. Hence, the
fact that F is increasing in its first [ arguments and decreasing in its
last [ arguments implies that for all ¢

F(IEl,IEQ) < F((L‘l,O) < F(@ H{L‘()” 6,0)
Then, if 0 < 1, F(0" ||zo]| e,0) < F(||xo] e,0) and

B > F ) < T > #F(leolle0
t=0 t=0
E(llol e, 0)
1-p) -
as 3 < 1. Otherwise, if 0 > 1, F(6" ||zo e,0) < 0" F(||zo e, 0) by the
concavity of F' and

IN

o0
T}Lﬂgo ; 5tF(l’t, -Tt—i—l)

Jim  (05)'F(||oll e, 0)
t=0

E(lzolle,0)
(1-63) °
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as 00 < 1. Hence the limit exists.

b. By assumption, for all zp € X, F(x1,0) < 0F(xo,0).
Hence

F(24,2441) < F(24,0) < 0F(24-1,0) < ... < 0'F(w0,0).

Then,
o0 o
. t : t
lim Y G'F(a,a41) < lim Y (05)'F(o,0)
t=0 t=0
F(xo, O)
1-68"
Therefore, the limit exists.
Exercise 4.3
a. Let v (zo) be finite. Since v satisfies (FE), as shown in

the proof of Theorem 4.3, for every xg € X and every € > 0, there
exists € II(xg) such that

v (@0) < unle) + B0 (@) + 5.

Taking the limit as n — oo gives

i I3
v(zo) < u(z)+lim sup "0 (2n41) + 3
n—oo
g
< U(f?)+§-

Since
u(z) < v* (zo),

for all z € II(xp), this gives

g
v (70) < v* (wo) + 3
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for all € > 0. Hence,
v (w0) < v* (20),

for all zg € X.

If v(xg) = —o0, the result follows immediately. If v(xg) = +oo,
the proof goes along the lines of the last part of Theorem 4.3. Hence
v(zo) < v*(x0), all xg € X.

b. Since v satisfies FE, by the argument of Theorem 4.3, for
all zp € X and z € II(x)

v(0) > un(z) + B 0(2n1).
In particular, for z and z’as described,

v(wo) = lim un(a) + lim 5"0(0)

= uf2)
> u(z)
all x € II(zp). Hence
v(zo) = v*(x0) = sup wu(z),

z€ll(zo)

and in combination with the result proved in part a., the desired
result follows.

Exercise 4.4
a. Let K be a bound on F' and M be a bound on f. Then
(Tf)(x) < K+ pBM, for all z € X.
Hence T': B(X) — B(X).

In order to show that 7" has a unique fixed point v € B(X) we
will use the Contraction Mapping Theorem. Note that (B(X), p) is
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a complete metric space, where p is the metric induced by the sup
norm.

We will use Blackwell’s sufficient conditions to show that T is a
contraction. To prove monotonicity, let f,g € B(X), with f(z) <
g(x) for all z € X. Then

(Tfx) = max, {F(z,y) +Bf(y)}

y€l(z)
= F(z,y*) + 8f(y")
< F(z,y") + B9(y7)
< yrenrax {F(z,y) + Bg(y)} = (T'g) (=),

where

y* = arg max {F(z,y)+5f(y)} .
y€el'(z)
For discounting, let a € R. Then

T(f+a)(r) = mex, {F(z,y) + Bf(y) +al}

yel'(z

= yrélax {F(l’ y)+Bf(y)} + Ba

= (Tf)(x) + Ba.

Hence by the Contraction Mapping Theorem, T has a unique fixed
point v € B(X), and for any vg € B(X),

[T v — vl < " |luo — v]|.-
That the optimal policy correspondence G : X — X, where
G(x) ={y eT(z) : v(z) = F(z,y) + Bv(y)},

is nonempty is immediate from the fact that I' is nonempty and finite
valued for all z. Hence, the maximum is always attained.

b. Note that as F' and f are bounded, T} f is bounded.
Hence T}, : B(X) — B(X). That T}, satisfies Blackwell’s sufficient
conditions for a contraction can be proven following the same steps
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as in part a. with the corresponding adaptations. Hence, T}, is a con-
traction and by the Contraction Mapping Theorem it has a unique
fixed point w € B(X).

C. First, note that

wp(x) = (Th,wy)(x)
= Flz, hn (2)] + Bwp [hn ()]
< yrenlfi(};) {F(z,y) + Pwn(y)}
= (Twy)(2)
= (Th,, wn)(x).

Hence for alln =0,1, ... w, < Tw,. Applying the operator T},
both sides of this inequality and using monotonicity gives

i to

Twp = T,y wn < (Th,yy) (Twn) =T wn.
Iterating on this operator gives
Tw, < Té\i 1 Wn-

But wp41 = limy 0 T}]L\,:me for w, € B(X). Hence Twy, < wp4+1
and
wo < Twyg <wi <Twy < ... <Twp_1 <Tw, <wv.

By the Contraction Mapping Theorem,
HTan - UH < BN ||lw, — ]| .
Then,

|Twn—1 —v| < B |lwn—1 —
B Twp—2 —v|| < 532 |wn—2 —v| < ...

8" |lwo — vl

and hence w,, — v as n — oo.

lwn =

ININIA

Exercise 4.5
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First, we prove that g(z) is strictly increasing. Towards a con-
tradiction, suppose that there exists z, 2’ € X with # < 2’ such that
g(x) > g(2'). Then as f is increasing, using the first-order condition
(5)

Bu'lg(a")] = U'[f(@') —g(a")]
< U'lf(z) — g(@)] = pv'[g()]
which contradicts v strictly concave.

We prove next that 0 < g(2')—g(z) < f(2')— f(z),if 2’ > x. Let
x' > x. As g(x) is strictly increasing, using the first-order condition
we have

U'lf(@) —g(@)] = Bu'lg(x)]
> Bu'lg(an)] =U'[f(2) - g(a)].

The result follows from U strictly concave.

Exercise 4.6
a. By Assumption 4.10 ||z¢|| 5 < o ||4—1]| p for all . Hence
alzillp < o oalp

and
Izt g < o lze—2llg

The desired result follows by induction.

b. By Assumption 4.10 I' : X — X is nonempty.
Combining Assumptions 4.10 and 4.11,

B([|lztllp + llze+1llg)
B(1+a) [zl g
B(1+ a)a’ [l

| F (@, we41)|

IN N IA

for o € (0,671) and 0 < 8 < 1. So, by Exercise 4.2, Assumption 4.2
is satisfied.
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c. By Assumption 4.11 F' is homogeneous of degree one, so
F()\l‘t, )\xtH) = )\F(.’L‘t, IBt+1).

Then

u(Az) = lim > B (Awy, Avega)
t=0

= A lim ZBtF(mt,mHl) = \u(z).

n—oo

t=0

By Assumption 4.10 the correspondence I' displays constant returns
to scale. Then clearly x € II(xg) if and only if Az € II(Azg). Hence

v(\rg) = sup u(h)
Az€ell(Azo)

= A sup u(z)
z€ll(zo)

= ' (zp).

By Assumption 4.11,

|F (2, v41)] < B(llzellg + w41l g)
< B +a)|zlly < B+ a)a ||zolg-
Hence
o0
|v*(zo)] = | sup ZﬁtF(xt,xtH)
z€ll(zo) 1—g

< sup Zﬂt |F(x4, 441)]

z€ll(zo) 1—q

< S B(1+ ) (@B) ol
t=0
B(1
=
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Therefore v*(zg) < c¢||xo| g, all zg € X, where

_ B(l+a)
1—af
Exercise 4.7
a. Take f and g homogeneous of degree one, and a € R,

then f+ g and af are homogeneous of degree one, and clearly ||-|| is
a norm, so H is a normed vector space. We hence turn to the proof
that H is complete. Let {f,} be a Cauchy sequence in H. Then
{fn} converges pointwise to a limit function f. We need to show
that f, — f € H where the convergence is in the norm of H. The
proof of convergence, and that f is continuous, are analogous to the
proof of Theorem 3.1. To see that f is homogeneous of degree one,
note that for any z € X and any A > 0

f(Ax) = nh—>Holo fn (Az) = nh—{go Afn (x) = Af (z).

b. Take f € H(X). T f is continuous by the Theorem of the
Maximum. To show that T f is homogeneous of degree one, notice
that

(Tf)(Ax) = sup {F(\z,\y)+ Bf(\y)}
Myel(Az)

= sup MNMF(z,y)+8f(y)}
yel(z)

= AT f)(x),

where the second line follows from Assumption 4.10.

Exercise 4.8

In order to prove the results, we need to add the restriction that f
is non-negative, and strictly positive on RlJr +- As a counterexample
without this extra assumption, let X = R2+ and consider the function

f(x) = { o ?ay? it x>
0

otherwise.
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This function is clearly not concave, but is homogeneous of degree
one and quasi-concave. To see homogeneity, let A € [0, 00) and note
that

fOoa) = )\:1:}/2@“%/2 if xo0 > a1
0 otherwise.
= AM(x).

To see quasi-concavity, let x, 2/ € X with f(z) > f(2/). If f(2') =0
the result follows from f non-negative. If f(x’) > 0, then zy > x;
and zf, >z, and as f(z) is Cobb-Douglas in this range, it is quasi-
concave.

a. Pick two arbitrary vectors x,2z’ € X, and assume that f
is non-negative, and strictly positive on RlJr 1. We have to consider
four cases:

i) ox=2a

ii) x = oz’ for any a € R, and x # 0, 2’ # 0

iii)  # aa’ for any a € R, and 2 # 0, 2/ # 0

iv)x#2 andz=0o0r a2’ =0

i) and ii) are trivial.

iii) Suppose f(xz) > f(a'), then f being homogeneous of degree
one and non-negative implies that f(z)/f(2’) > 1, so there exist a
number vy € (0,1) such that vf(x) = f(yz) = f(2’). Hence for any
A € (0,1) we may write

flyz) = AMf(y) + (1 =N f(@") = f(2").
By the assumed quasi-concavity of f, for any w € (0, 1),
flove + (1 - w)a'] > wf(yz) + (1 —w)f(2').
Then, for any t > 0,

fltwyr +t(1 —w)2'] = tfflwyr+ (1 —w)2]
> twf(ye) +1(1—w)f(a)
= () 40— ) ().
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For any v € (0,1), [1 —w(1 — )] > 0, hence choosing

t=[-wl-y"

we get
wry (1-w) '
i R —
wy . (1-w) z
> A )+ g 1),

so if we let = wy/[1 —w(1 — )], we obtain
flox+ (1= 0)'] > 0f(x) + (1= 0)f(2/).

In order to see that the above expression holds for any 6, define
9y :(0,1) — (0,1) by

wy

gy(w) = m,

which is continuous and strictly increasing. Hence the proof is com-
plete.

iv) Suppose 2’ = 0. Then, f(2’) > 0 or f(z') = 0. In the for-
mer case the proof of iii) applies without change. In the latter case
f(z') =0, so for any x # 0 and 6 € (0, 1),

flox + (1 = 0)a] = f(0x) = 0f(2) + (1 - 0) f ().

b. Same proof as in case iii) in part a. assuming f(z) > f(2')
and replacing > by > everywhere else.

C. In order to prove that the fixed point v of the operator
T defined in (2) is strictly quasi-concave, we need X, I'; F' and
to satisfy Assumptions 4.10 and 4.11. In addition, we need F' to be
strictly quasi-concave (see part b.). To show this, let H'(X) C H(X)
be the set of functions on X that are continuous, homogeneous of
degree one, quasi-concave and bounded in the norm in (1), and let
H"(X) be the set of strictly quasi-concave functions. Since H'(X) is



54 4 / Dynamic Programming under Certainty

a closed subset of the complete metric space H(X), by Theorem 4.6
and Corollary 1 to the Contraction Mapping Theorem, it is sufficient
to show that T[H'(X)] C H"(X).

To verify that this is so, let f € H'(X) and let

xo #x1, 0€(0,1), and xg = 0zo + (1 — 0)xy.

Let y; € T'(z;) attain (Tf)(x;), for i = 0,1, and let F(xo,y0) >
F(z1,y1). Then by Assumption 4.10, yg = Oy + (1 — 0)y; € T'(xy).
It follows that

(Tf)(xg) = F(zo,v0) + Bf(yo)
> F(xy,y1) + Bf(y1)
= (Tf)(w1)>

where the first line uses (3) and the fact that yy € I'(zp); the second
uses the hypothesis that f is quasi-concave and the quasi-concavity
restriction on F'; and the last follows from the way yg and y; were
selected. Since g and x1 were arbitrary, it follows that T'f is strictly
quasi-concave, and since f was arbitrary, that T[H'(X)] C H"(X).
Hence the unique fixed point v is strictly quasi-concave.

d. We need X, T', F, and 3 to satisfy Assumptions 4.9, 4.10
and 4.11, and in addition F' to be strictly quasi-concave. Considering
x, ' € X with x # a2’ for any a € R, Theorem 4.10 applies.

Exercise 4.9

Construct the sequence {kj};° using

kip1 = g (k) = aBky,

given some kg € X. If kg = 0 we have that kf =0 for all t =0,1, ...
which is the only feasible policy and is hence optimal. If kg > 0,
then for all ¢t =0, 1,... we have that kf,; € intT' (k}) as a3 € (0,1).
Let
E (.%'t, .’L’t+1) = Fy (ibt, ZL‘t+1) + ﬁFx (ZL‘t, ZL‘t+1) .
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Then for all t =0,1,2, ... we have that

akrel 1
B k) = S o e
B akrot 1
T T
B af 1
T K-l K- af)
1 1

= — = O
Efy(1—aB) k(1 —ap) ’
from repeated substitution of the policy function. Hence the Euler
equation holds for all t =0, 1, ...
To see that the transversality condition holds, let

T (x4, w411) = Jim B'Fy (24, Te41) - T

Then,
Cvk*a_l
T (kf,kiyy) = lim g'—t—rk
(ki ki) = Jim 5 ko — kg
ak*a
— i t t
A0
S T . a——
el (I—af)

where the result comes from the fact that 0 < 6 < 1.



5 Applications of
Dynamic Programming
under Certainty

Exercise 5.1

a.- c. The answers to parts a. through c. of this question
require that Assumptions 4.1 through 4.8 be established. We verify
each in turn.

A4.1: Here I'(z) = [0, f(x)], and since by T2 f(0) =0, 0 €
I'(x) for all z, and therefore I' is nonempty for all x.

A4.2: Here F(zt,x441) = U[f(xt) — x¢41]. By U3 and the
fact that U : Ry — R, U, and hence F', is bounded below and the
result follows from Ul.

A4.3: X =[0,7] € R4 which is a convex subset of R. Refer
to Exercise 3.13 b. for I non-empty and compact valued. By T1 and
Exercise 3.13, I' is continuous.

A4.4: We showed above that F' is bounded below. By T1-
T3 f(x¢) — 2441 is bounded, and hence by assumption U2-U3 F'
is bounded above. By U2 and T1, F' is continuous. And by Ul,
0<pB<l.

A4.5: By U3 and T3, F(+,y) is a strictly increasing function.

A4.6: Let # < 2/, then by T3, f(z) < f(«'), which implies
that [0, f(x)] € [0, f(2")].

56
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A4.7: By T4 f(x) — y is a concave function in (z,y). By U4
this implies that F(z,y) is strictly concave in (z,y).

A4.8: Let z, 2’ € X, y € I'(x) and 3 € T'(2). Then y < f(x)
and 3y’ < f(2'), which implies, by T4, that

0f(x) + (1 -0)f(2')
f(0z + (1 —0)z").

0y +(1-0)y <
<

d. v(z) is differentiable at x: By Theorems 4.7 and 4.8 and
parts b. and c., v is an increasing and strictly concave function. By
U5, T5 and g(x) € (0, f(z)), Assumption 4.9 is satisfied. Hence by
Theorem 4.11 v is continuously differentiable and

v'(z) = Falf(z) — g(@)] = U'[f(2) — g()]f'(2)-
0 < g(x) < f(x): A sufficient condition for an interior solution is

liII(l) U'(c) = oco.
To see that g(z) = f(x) is never optimal under this condition, notice
that v is differentiable for x € (0,z) when g(x) € (0, f(x)). Hence,
in this case we have that g(z) satisfies

U'[f(z) = g(x)] = v’ [g ()],

but

lim U’ [f(z) — g(x)] = oo,

o [f(z) — g(z)]
while
lim B [g(z)] < oo,

g(x)—f(x) lo()]

by the strict concavity of v.
To show that g(z) = 0 is not optimal, assume ¢(z) = 0, for some

& > 0. Hence, it must be that g(z) = 0 for z < . But then, for
x <

v(z) = U[f(2)] + B—=.
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Therefore v is differentiable and

v'(z) = U'[f(2)] £ ().

Hence, when z — 0, v/(x) — oo, and then ¢(z) = 0 for & is not
possible.

To see what happens when this condition fails, notice that at
the steady state, we have that g(z*) < f(«*), where x* stands for
the steady state level of capital. By continuity of g, there is an
interval (z* — e, x*), such that for any x belonging to that interval,
g(x) < f(z). Theorem 4.11 implies that v is differentiable in this
range. For any other z, eventually this interval will be reached, or
another point interval that implies g(z) = 0 or g(x) < f(z). We
established above that v is differentiable in those cases, so it must
be that v is differentiable everywhere.

e. Let 3 > f. Define T" as the operator T using ' as a
discount factor instead of 3, and vy as the k*" application of this
operator.

Applying T" to v(x; 3) once (that is, using v as the inital condi-
tion of the iteration) we obtain vy (z;3") and gi(x;3’), where using
the first-order condition (assuming an interior solution for simplic-
ity), g1(z; 3') is defined as the solution y to

U'lf(x) —y] = 67y, 8).

It is clear that the savings function must increase since the right-
hand side increases from 8 to @', that is g1(z;3) > g1(x; 3), which
by Theorem 4.11 in turn implies

vi(z, ) > V' (z, ).
By a similar argument, if
(3 8) > v (23 8),
then
Vi1 (23 8') > v (@ 3),

and
Grv1(@; 6) > gl 3).
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Hence, gx(z;3) increases with k. The result then follows from ap-
plying Theorem 4.9 to the sequence {gk(x; ﬁ’)}zozo since gx(z; 8') —
9(z; 3').

Exercise 5.2

a. For f(xz) = x, T1 and T3-T5 are easily proved as follows:

T1: To prove that the function f is continuous, we must show
that for every € > 0 and every x € Ry, there exist 6 > 0 such that

|f(z) = f(a)] <e if |o—2a'|<6.
Choosing § = ¢ the definition of continuity is trivially satisfied.

T3: Pick z,2/ € Ry, with x > 2/, then f(z) =z > 2/ =
f(z").

T4: Pick x # 2’ € Ry. Then, for any « € (0, 1),
af(x)+(1—a)f(2)) =az+ (1 —a)r’ = flaz + (1 — a)2'],
so f is weakly concave.

T5: For every z € R,

o L2 @)
e—0 £

so f is continuously differentiable.

Also, notice that given this technology, there is no growth in
the economy. Hence the maximum level of capital is given by the
initial condition zg > 0. Therefore, for the nontrivial case where the
economy starts with a positive level of capital, we can always define
T = xo and restrict attention to the set X = [0,20]. Given the linear
technology, it is always possible to mantain the pre-existing capital
stock, hence the desired result follows.
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b. The problem can be stated as

o0
max Z B n(zy — w441),
{21320 15

subject to
0 S Tt+1 S T, t= 0, 1, veey

given xg > 0.
Since In z; < Inxq for all ¢,

In(z; — z441) < In(xy) < In(zp).

Then, for any feasible sequence,

> 1
Zﬂt In(zy — 2441) < ] In(zg).
-0
t=0
Hence,
1
v¥(x) < - In(zg),
where v* is the supremum function.
Define
1
O(z) = - In(x).

It is clear that © satisfies conditions (1) to (3) of Theorem 4.14.
Define

T fn(x) = Jnax {In(x —y) + Bfn(y)} -

Then

To(r) = max {ln(:c—y)+ 1fﬁln(y)}

0<y<z
5

- ! lnx—i—ln(l—ﬁ)—i—l_ﬁ

1-p

In G,
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where the second line uses the fact that the first-order condition of
the right hand side implies y = Gx. Using the same procedure,

T?0(zx) = Orgjécx {ln(az —y)+ 7 fﬁ In(y)
+0 [ln(l - B)+ 1fﬁlnﬂ]}
1
= 1_ﬁlnx+(1+ﬁ) [ln(l—ﬁ)—i— 1fﬂlnﬁ]
and more generally,
m e _ 1 /8 - j
T"0(z) = 1_/61n3:+ [ln(1—6)+ 1_/Blnﬁ} jgogﬂ.

Define v = limy oo T™0. Taking the limit of the expression
above, we have

v(z) Inz+ L [ln(l - B)+ b

1
S 1-p 1-p 1-p

which is clearly a fixed point of 7. Hence, by Theorem 4.14, v = v*.
Then, as

In ﬂ}

Tv(z) = Jnax {In(x —y) + Bv(y)},

the first-order condition of the right hand side implies that the policy
function g is given by the expression g(z) = fx.

C. Notice that the only change between the current formu-
lation and the one presented in Exercise 5.1 is the linearity of the
technology. Restricting the state space to X = [0, x| all the results
obtained in Exercise 5.1 are still valid under this setup.

Exercise 5.6
a. Let X = R;. Define

NQ)={y:y>Q, y<Q+q=[Q,Q+4q.
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Since ¢(q) =c and limg_. 7(Q) = ¢ it is never profitable to produce
more than q.

To show the existence of a unique bounded continuous function
v satisfying the functional equation

v(Q) = max{(y — Q) [¢(y — Q) —(Q)] + Bu(y)}

y>Q

it is enough to show that the assumptions of Theorem 4.6 are satis-
fied. We establish each in turn.

A4.3: X =R, is a convex subset of R!. Also, I is nonempty
since @ € T'(Q) for all @, compact valued since it is a closed interval
in Ry, and clearly continuous since it has a continuous lower and
upper bound.

A4.4: Let

F(Q,y) = (y—Q)[¢(y — Q) —(Q)].
Then

0 < F(Q,y) < q[o(0) —v(Q)] < 7[¢(0) — ¢ < o0.

Hence F(Q,y) is bounded. Since ¢ and « are continuous functions,
F(Q,y) is also continuous. Finally, 0 < # < 1 since r > 0. Hence
Theorem 4.6 applies.

To show that Assumption 4.6 does not hold, consider Q < Q'
with @ <@ +¢. ThenI(Q) = [Q,Q +q] and I'(Q') = [Q", Q"+ q] .

Hence,
NUIQ) =[Q.Q+7 # [Q,Q +4d,
which implies that I'(Q) is not a subset of I'(Q’).
To show that Assumption 4.7 does not hold, an extra assumption
about the curvatures of v and ¢ is needed. Necessary and sufficient

conditions for F(x,y) to be jointly concave in (z,y) are Fij, Fas <
0, and Fi1Fye — FZ > 0. In this example

F(z,y) = (y —2) [¢(y — x) —y(z)],
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SO
Fi(z,y) = —[oy—2) —v@)] - (y—2)[¢(y—2)+7'(2)],
By(z,y) = [p(y —x) —~v(@)]+(y — )¢ (y — ),
and
F, = 2[(25/_._7/] +<y_m) [(]5”—")/”],
Fio = =2¢/ =+ —(y—2)¢",
Fp = 2¢'+(y—x)¢".
Note that
Fiu = Fo+2y—(y—x)9",
Fio = —Fy—79.

The assumption that ¢ + g¢’ is decreasing implies Fay < 0, and the
additional assumption that « is decreasing and convex then implies
Fi1 < 0. To insure that Fiy1Fb — F122 > (0, we need

0 < Fol[Fo+2y—(y—2)y"] - [Fa+ ’7/]2
= —Fpy-o)v" - ().

The first term is positive, but a joint restriction on v and ¢ is needed
to insure that it offsets the second term:

B ()]
7" (x)

< —1[2¢¢'(q) + *¢"(q)] . all g,z

An alternative argument to show that v is strictly increasing can
be constructed by examining the problem posed in terms of infinite
sequences then applying the Principle of Optimality. The Principle
holds because under Assumptions 4.3-4.4 we have that Assumptions
4.1-4.2 hold.

Consider two initial stocks of cumulative experience Qo and @,
€ X with Qo < Qp. Let {Q;} be the optimal sequence from Qo and
define {¢; } as the optimal production levels from Qo by

qf = Q;:k+1 - Qi‘-
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Then,
v(@6) = Y B [eg) — v (QF + Qb — Qo)
=0

> Y Bat[olar) — (@) = v(Qo),
t=0

where the strict inequality comes from the fact that + is strictly
decreasing. Hence, v is strictly increasing.
Next, we will show that y* € G(Q) implies that

y" > argmax(y — Q) [¢(y — Q) (@) = 7.
Note that ¢ is implicitly determined by
P(H - Q) —7Q)+ (7 - Q)¢ (H—Q) =0,

or
o7 - Q)+ (71— Q)7 - Q) =7(Q),
where the left hand side is strictly decreasing in y by the assumption
of strictly decreasing marginal revenue.
On the other hand, y* is determined by the first-order condi-

tion of the right hand side of the Bellman equation, assuming v is
differentiable, (see Theorem 4.11), then

Py*— Q)+ (v — Q) (¥ — Q) =~(Q) — BV (y).

Having shown that v is increasing, we can conclude that

oy — Q)+ — Q) (Y — Q) <(Q),
which implies that y* > .

b. S is continuously differentiable since ¢ is continuously
differentiable and integrals are linear operators. Using Leibniz Rule,
S'(q) = ¢(g) >0, and S "(q) = ¢'(q) < 0.

To show that there is a unique bounded and continuous function
w satisfying the functional equation

w(Q) = Iynzag{S(y Q)= (y—Q)(Q) + puw(y)},
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let I'(Q) = [@Q,Q + q] by the same argument given in a. Hence
Assumption 4.3 is satisfied.
Let

F(Q,y)=S@y—-Q)—(y—Q)(Q),

then F(Q,y) < S(q) < oo, so F' is bounded.
Since S and ~ are continuous functions, F' is a continuous func-
tion, so Assumption 4.4 is also satisfied and the desired result follows

from Theorem 4.6.
To show that w < S(q)/(1 — (), define the operator T' by

(Tw)(Q) = max {S(y Q) — (y— Q) (Q) + puw(y)}.

yel'(Q

That T is monotone follows from the fact that if w(Q) > w'(Q) for
all @, then

(Tw)(Q) = e {S(y—Q) — (y — Q) (Q) + Bw(y)}

>  max {S y—Q)—(y—Q(Q) “‘5“’,(3/)}

yel(Q

= (Twf )(Q)-

We have shown already that

lim (T"wp)(Q) = w(Q),

n—oo

where w(Q) satisfies the Bellman equation. Start with wo(Q) = 0.
Then

wi1(Q) = max {S(y Q) —(y—Qn(Q)}

yEF
< S(ci),

and applying T to both sides of this inequality we get

(Tw1)(Q) < (TS)(q)
= max {S(y—Q)— (y —Q)Q)+B5(q)}

yel'(Q)

(1+58)S(a).

IN
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Therefore,
lim (Tw)(Q) < lim (TS)(q) < (1+ 6+ 6% +..)5(3),
and hence _
w(Q) < (f@ﬁ),
for all Q € X.

As before, Assumption 4.6 is not satisfied, so in order to show
that w is strictly increasing, pick two arbitrary initial stocks Qo, Qf
€ X with Qo < Qf. Consider a strictly increasing function w’ and let
y* be the optimal choice of next period cumulative experience when
Qo is the current stock and w’ is the continuation value function.
Then

(Tw')(Qo) = {S(y" = Qo) — (¥ — Q0)¥(Qo) + fw'(y")},

and

(Tw')(Qp) > S —Qo) — (" — Qu)v(Qp) + B’ [y* — Qo + Q]
> S (y"— Qo) — (¥ — Qo) v (Qo) + fu' (y")
= (Tw')(Qo),

since w’ is strictly increasing, and ~ is strictly decreasing. Then
T maps strictly increasing into strictly increasing functions and by
Corollary 1 to the Contraction Mapping Theorem, w(Q) is a strictly
increasing function.

The proof that any output level that is optimal exceeds the level
that maximizes current surplus is a straightforward adaptation of the
proof outlined in a.

c. Competitive firms take prices and aggregate production as
given. Normalize the total number of firms to one. The sequential
problem for an individual firm can be stated as

max Z 5tf}t [pe — 7(Q1)] -

{‘Zt}toio t=0
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The equilibrium conditions are

Pt = ¢(Qt)
Zqu = Q1 — Q.

where we have exploited the fact that under our normalization, ag-
gregate production in the industry is ¢;. The first-order condition of
the firm’s problem implies zero production at time ¢ if

pt < ’V(Qt)a

infinite production at ¢ if

Dt > ’V(Qt)a

and indeterminate production at ¢ if

Pt = Y(Q).

After substituting the equilibrium conditions we obtain

e = ¢ (Qrr1 — Q1) = v(Qy)-

Since ¢ and ~ are strictly decreasing functions, production is an
increasing function of Q.

As a result, production will rise through time, but since -y is a con-
vex function the growth rate has to be declining, with lim;_, ¢: = q.
Concurrently, the price will be declining through time at a decreasing
rate with an asymptote at ¢ since ¢(Q 41 — Q) declines with Q.

The equation describing the efficient path of production implies

oy” — Q) < Q).
In the competitive equilibrium,
¢y - Q) =(Q).

Therefore y¥ > y© as ¢ is strictly decreasing. Hence the competitive
output level is lower.
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d. Instead of building a stock of cumulative experience, we
have an initial stock of a nonrenewable resource that will be depleted
over time. The recursive formulation of the problem can be stated
as

w(Q) = Sag{S(Q —y) —(Q —y)v(Q) + Buw(y)}.

Y
Assuming that the cost of extraction -y is strictly increasing and
strictly convex and defining I'(Q) = [0, Q] which satisfies Assumption
4.3, the problem is well defined. All of the proof presented above ap-
plies with slight modifications. Posed in terms of infinite sequences,
the monopolist’s problem can be stated as

max_ Zﬁt(Qt = Q1) [#(Qr — Qey1) — v(Q1)],
{Qe+1}20 15

subject to
Qt > Qt+l t=0,1,..,
with Qo given.

Exercise 5.7

a. Define
P(k) = {y: (1 -8k <y < (1+ N},
and set vo(k) = 0 for all k. Then for n =1,
vi(k) = (Two)(k)
= max {ko(y/k) + Buoly)} = ark
where
a1 = max o(y/k) = o(1—0) =1.

Now assume that v, (k) = (T"vg)(k) = ank. To see that the
result holds for n + 1, note that

vni1(k) = (T g)(k)
= max {ko(y/k) + Bun(y)}

= yrglg(}é) {kod(y/k) + Bany} .
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There are three cases to consider, depending upon whether the opti-
mal choice of y is interior or at a corner.

First, consider the case of an interior solution. The first-order
condition of the problem is

¢/(y/k) + ﬁan = 07
and hence
y= k¢/_1(_ﬁan)-

Plugging this expression into the Bellman equation, we have that

Uns1(k) = ko [¢'7H(=Ban)] + Bk (—Ban)an = any1k,

where
ant1 = ¢ [¢' 7 (—Ban)] + B¢ (—Ban)an.

Second, consider the case of a corner solution with y = (1 — §)k,
which occurs when
¢'(1—6) + Ban < 0.

Plugging y = (1 — 6)k into the Bellman equation gives
Unt1(k) = k(1 —6) + B(1 — §)kayn, = ant1k,

where
an+1 =14 B6(1 — 8)ay.

Finally, consider the case of a corner solution with y = (1 + \)k,
which occurs when
¢'(14+ \) + Ba, > 0.

Although we have shown that it is never optimal to choose y =
(1+A)k when there is just one period left in which to work, we cannot
rule out corner solutions in other periods without making further
assumptions about ¢ and some of the parameters of the problem.
Plugging y = (1 + A\)k into the Bellman equation we get

Un-‘rl(k) = k¢(1 + )‘) + ﬁ(l + )‘)kan = an-‘rlkv

where
an+1 = ﬁ(l + /\)an-
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Hence the result is true for n+ 1 and the result follows by induc-
tion.

The proof that a,4+1 > a, for all n is by induction. Note that
we have shown above that a; = 1. Next, assume a,, > ap—1. Let y"
denote the optimal choice of next period capital when the worker has
n periods left to work, that is

vn (k) = ko(y" /k) + Bun1(y").

Hence,
ant1k =vpgp1 (k) = max {ko(y/k) + Bua(y)}
yel'(k)
> ko(y"/k) + Bun(y”)
= k¢(yn/k) + Bany"
> k¢(yn/k) + ﬁan—lyn = Un (k) = ank7
and the result follows.

Next, we establish conditions under which the sequence {a, }, -,
is bounded. Notice that either

it = 1+ 0(1—6)an
ant1 = flan),or
ant1 = B(1+N)an,

and ¢'"': R_ — [(1—6),(14 \)]. Therefore

8f(an)

_ /—1
Fo” = 00 (~Pan) < B (14N,

B(1-10) <

and hence the required condition is A < 7.

b. We can show, using the fact that a,+1 > a, for all n,
that if in the n'* period it is optimal to invest at the minimum
feasible level (complete depletion), then it is optimal to continue
investing at the minimum level in future periods (n — 1,n — 2, ...),
hence y = (1 — 6)k from then on.
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>From the first-order conditions of the problem, if minimum fea-
sible accumulation is optimal

—¢'(1 = 8) > Ban

But a, > a,_1 > ay_o...implies that —¢'(1—6) > Ba, > Ba,_1...
We can also show that if in the n** period it is optimal to invest
at the maximum feasible level y = (1 4+ A)k, then it is optimal to
invest at that level for earlier periods also, namely n + 1,n + 2, ...
In this case, from the first-order conditions of the problem

—¢'(1+ \) < Bay,

But apt1 > ap > ... implies that —¢'(1 + \) < Ba, < Bany...

A plausible path for capital (remember we cannot rule out some
weird path without making some further assumptions) would be in-
creasing at early stages of the individual’s life, reaching a peak, and
decreasing after that point.

Notice that we can have an interior solution and kiy1 < ki so
capital may start decreasing before decreasing at the maximum al-
lowed rate. We cannot assure from the first-order conditions that
kir1 = g(ky) is strictly increasing for an interior solution.

In order to characterize the path of k; corresponding to the region
of interior solutions, from the first-order conditions we have

_¢/(y/k) = Ban,

hence
ki1 = ¢ (—Ban)ke.

Since {an},~ is an increasing sequence, higher a’s imply higher
values for ¢/, and because ¢/~ goes from ranges of ¢' ! > 1 (for
high values of a) to ranges of ¢'~! < 1 (for low values of a), when
an — a1 capital may increase at the beginning (¢'~! > 1) and then
gradually decrease (¢/~! < 1).

The age earning profile will also be be hump-shaped, with a flat
segment at the level of zero earnings for the periods in which it is
optimal to accumulate capital at the rate A.
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Exercise 5.9

a. In order to find exact solutions for v(k) and g(k) we can
use standard calculus, but this requires that v satisfies certain prop-
erties.

First, notice that f(k) is unbounded, so we cannot apply the
standard theorems for bounded returns. One way to get around this
problem is by judiciously restricting the state space. Define k™ as

kmzzgfwm)+<1—5mm.

That is, if £ > k™, the output in terms of capital that can be obtained
is less than k™. Hence it is never optimal to set k41 higher than
k™. Set k = max {k™, ko} . Then, let k € K = [0,k] where K is the
restricted state space and let y € I'(k) = K be the restricted feasible
correspondence.

Next, we need to check that v is differentiable, for which it suffices
to check that the assumptions of Theorem 4.11 are satisfied.

A4.3: Since K = [O,E] C R4, K is a convex subset of R.
Since I'(k) = K, T" is nonempty, compact valued and continuous by
Exercise 3.13. Define

A={(ky) e Kx K :yeTl(k)},
and F': A — R as
F(k,y) =pf(k) —qly — (1 — 6)k].

Ad.4: Since we have restricted the state space, F' is bounded,
and clearly continuous. Finally 0 < 8 < 1 by r > 0.

A4.7: Take two arbitrary pairs (k,y) and (K,y') and let 0 €
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(0,1). Define k? = 0k + (1 — 0)k" and 3 = 0y + (1 — 0)y’. Then

F(,y) = pf(k) = [’ = (1= 6)]
= pf(0k+ (1-0)K)
~a{0y + (1= 0}y — (1= §)[0k + (1 - O]}
> 0{pf(K) —qly — (1- 6)K]}
+1 =0 {pf(K) —q[y — (1 - K]}
= 0F(k,y)+ (1= OF (K. y),

where the strict inequality is the result of the strict concavity of f.

A4.8: Since I'(k) = {y: 0 <y < E} for all k it follows trivially
that if y € I'(k) and y' € T'(k") then

Y e (k%) =T(k) =T (k) = K.

A4.9: By assumption, f is continuously differentiable. Hence,
by Theorem 4.11, v is differentiable. The Bellman equation for this
problem is

v(k) = o {pf(k) —qly — (1 = O)k] + Bu(y)}

so the Euler equation (Inada conditions rule out corner solutions) is

q=Blpf'(y") + (1 —06)q] (5.1)

where y* is the value of y that satisfies this equation. Notice that
y* does not depend on the current level of capital, so independently
of it, it is optimal to adjust to y* and stay at that level of capital
forever.

The interpretation of (5.1) is as follows. The left-hand side of the
FEuler equation measures the marginal cost of increasing the stock of
capital by one more unit.

The right-hand side measures the marginal benefit of an addi-
tional unit of capital when the capital stock is already at the y*
level. Since it takes one period for the capital to be effective the cur-
rent marginal benefit must be discounted. It is composed of a first
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term which measures the value of its marginal product and a second
term which is its scrap value if it is sold next period. Hence,

v(y*) =pf(y") —aly" — (1= 8)y"] + Bu(y™),

which implies that

v(y") = ﬁ[pf(y*) — qby7].
So for any arbitrary k € K,
(k) = pf ()~ aly” = (L= k] + T pf ) — aoy’).

Within one period, then, all firms end up with the same capital
stock irrespective of their initial capital endowment. The intuition
behind this result is that the marginal cost of adjusting capital is
constant, so there is no reason to adjust capital in a gradual fashion.
Hence y = g(k) = y*, a constant function.

The economic interpretation of the absence of a nonnegativity
constraint in gross investment is the existence of perfect capital mar-
kets, so investment is reversible.

If we have some upper and lower bounds on investment, the fea-
sible correspondence is now

T(k)={y:(1-8)k<y<(1—6k+a}

To ensure differentiability of the value function, we need to check
Assumptions 4.3 and 4.8.

A4.3: We still maintain the assumption that K = [0, k]. It is
clear that I'(k) is nonempty (y = (1 — 6)k € I'(k)), compact valued
and continuous.

A4.8: Take two arbitrary pairs (k,y) and (k',y") where y €
I'(k) and ¢ € T'(K'), and 0 € (0,1), and define k? and 3’ as before.
We need to show that y® € (k).

By definition

r(k"):{y:(1—5)k9gyg(1—5)k0+a}.
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Note that y € I'(k) implies that (1 — §)k < y, which implies in turn
that (1 — 6)0k < Oy, and Oy < (1 — 6)0k + a. Hence Oy € I'(6k).
Proceeding in the same fashion it can be shown that (1 — 6)y’ €
I'[(1 — 0)k']. Therefore, since (1 — 6)k? < ¢? and 3 < (1 — §)k? + a,
I" is convex.

At this point it would be convenient to show that indeed v is in-
creasing and strictly concave. Unfortunately I'(k) is not monotone,
so we cannot apply Theorem 4.7. To show that v is strictly increas-
ing we will use Corollary 1 of the Contraction Mapping Theorem.
Let v € C'(k) where C’(k) is the space of continuous and (weakly)
increasing functions. Then,

(Tv)(k) = s {pf(k) —qly — (1L = O)k] + Bu(y)}
= {pf(k) —qlg — (L = O)k] + Bv(9)},

where § € arg max,erqe {pf (k) — aly — (1 8)K] + Bo(y)}
Take k£ > k. Then,

(To)(k) < pf(k)+(1- 5)15@— q[g + (1= 6)(k — k)]
+v[g+ (1 = 6)(k — k)]

= pf(k) = qlg — (1 = 6)k] + Bu()
< max {p/(F) ~aly — (1~ 9] + 6o(0) }
= (TU)(k:)

Note that § € ['(k) since § = § + (1 — 8)(k — k) implies that 7+ (1 —
8k =17+ (1 -8k and § € T'(k). Hence T : C'(k) — C"(k) where
C"(k) is the space of continuous and strictly increasing functions.
Therefore v € C”(k) where v is the fixed point of 7.

That v is strictly concave follows immediately from f being strictly
concave and I' convex, so Theorem 4.8 applies.

Let A and p be the Lagrange multiplier for the lower and the
upper bounds respectively. Then, the first-order condition of the
problem is

q=pv'(y)+A—p
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Hence, A > 0 implies v/'(y) < ¢/8 and y = (1 — §)k; p > 0 implies
V(y) > q/Bf and y = (1 — §)k + a; and finally A = g = 0 implies
v'(y) = q/B.

Let k) and k, be defined as

V' [(1=6)kx]] = ¢/8,

and
V' [(1 = 8)ky +a] = aq/B,
so if the level of capital is higher than k) the firm has too much of
it, and the only way to of depleting it is by letting it depreciate. If
the current level of capital is lower than k, then the firm wants to
accumulate as much capital as possible, but there is a bound on how
much capital can be accumulated in a single period.
The policy function is then,

(1-8k+a if k<k,

g(k) = y* if ky <k <k
1—8)k if k> k.

b. Under this new setup the functional equation is
v(k) = max {pf(k) —cly — (1 = 0)k] + fu(y)}
yeT'(k)

The proofs that v is differentiable, strictly increasing and strictly
concave are similar to the ones presented in part a. The optimal
level of next period’s capital is implicitly determined by the first-
order condition

dly = (1= 8)k] = pu'(y).

Since c is strictly convex and v is strictly concave there is a unique
y* that solves the above equation.

The policy function g(k) is a single valued correspondence (see
Theorem 4.8) and it is nondecreasing. Pick any arbitrary k, k' with
k' > k. The proof is by contradiction. Suppose g(k’) < g(k). Then,
by v strictly concave,

dlg(k) = (A= 0)k] = pu'[g(k)]
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which implies, by c¢ strictly convex, that
0<(1—06)(K —k) < g(k)— g(k),

a contradiction.
Also note that

dlg(k) = (1 = 0)k] > [g(K) — (1 - 8)K']

implies that
g(K') — g(k)
(K —k)
hence the policy function has a slope that is strictly less than one.
The Envelope Condition is

(1-16)>

V'(k) =pf'(k) + (1= 6)c[y — (1 — 6)k].
Combining it with the first-order condition we get the Euler equation

dly— (1 =0kl =8B{pf'(y)+ (1 —-86) [y — (1—6)y]}.

Notice that, in contrast with the Euler equation obtained in a., now
the marginal cost of investing is no longer constant. Hence the steady
state capital level k* satisfies

) = Tl ).

Notice that in this case, capital will adjust slowly to this level.

c. Let ¢(k) = argmax;>o {pF(k,l) —wl}. For II and ¢ to
be well defined functions, we need the maximum to exist and ¢ to
be single valued. If F(k,l) is a continuous function for all pairs
(k,1) € K x L, then II and ¢ will be continuous functions. If, in
addition, F'(k,1) is strictly concave in [, then ¢ will be single valued.

We consider each property of IT in turn. For IT1(0) we need F(0,1) =
0 for all [. For then

I1(0) = max —wl =0,
leL(k)
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and the optimal choice of [ is zero. To show that limg_,oIl'(k) = oo
and limg_,o IT'(k) = 0, we need Inada conditions for k on F(k,1).
By the Envelope Condition IT'(k) = pFy(k,l) so it is enough that
limg_g Fi(k,l) = oo and limg_,o Fr(k,1) = 0. To show that II
strictly concave we need F'(k,l) to be strictly concave.

Exercise 5.10
a. Define
H(k()) = {{kt—‘rl}toio : (]. - 6)kt < kt+1 < (]. + Oé)kit, t= 0, ]., }

Let

ki), e CLpF (ke ki) — qlkerr — (1 — 8) k),
k{120 arg{kt}ili%}ﬁ(ko);ﬁ {pF (ke, k1) — qlkes1 — ( )k}

and A > 0. Then,

v(Mko) = B {pF (M, Ak ) — q[ARF L — (1= 8)AkF}
t=0
= (ko).

Now let {kt’\*}zo be optimal from Akg. Then, clearly, {/\_lkt’\*}zo
is feasible from kg, and

) = 1,1, 1, 1,
v*(ko) > Zﬁt {pF(thaX t+1)_Q[X t—l—l_(l_é)xkt}
t=0

1
= XU*(A]C()),
which completes the proof.

b. We will prove that there is a function v satisfiying the
functional equation that is homogeneous of degree one. For that, we
have to check that Assumptions 4.10 and 4.11 are satisfied.

Let

Fk)y={yeRy:(1-6)k<y<(1+a)k}.
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Clearly, the graph of I' is a cone.
Also,
Y
z—-1<a.
? <«
Hence, Assumption 4.10 is satisfied.
To see that Asumption 4.11 is also satisfied, notice that

pF(k,y) —qly — (1 = 0)k] < pF(k, (1 = 6)k) = pF(1,(1 - 6))k.
By Theorem 4.13 the desired result follows.

C. Since the return function and the correspondence describ-
ing the feasible set are constant returns to scale, Assumption 4.4 no
longer holds. Here, imposing a bound on the state space is not a
good idea. Instead, the strategy will be to prove that the structure
of the model satisfy Assumptions 4.10—4.11 and then to make use of
Theorem 4.13.

Define

H(k,y) = pF(k,y) — qly — (1 — 6)k].

A 4.10: K is a convex cone since K = R, C R%.
If y € I'(k) then Ay € I'(\k) since
Fk)={y:1-0)k<y<(1+a)k}.
Also, y < vk for all k € K for some v € (O,ﬁ_l). Since
y < (1+a)k,
and
(L+a)k <7k <571k,

is needed, we need to assume that (1 + o) < 1. Notice that the
assumption about the marginal adjustment cost, as the rate of growth
of capital approaches a > 0, allows the use of the weak inequality.

A411:  Be(0,1).
H: R, xRy — Ry is continuous and homogeneous of degree
one. It follows directly from the assumptions about F.



80 5 / Applications of Dynamic Programming

Since F' is nonnegative, decreasing in y and homogeneous of de-
gree one,

pF(k,y) < pFlk,(1—06)k]
= pkFI[1,(1-9)].

This implies that
|H(k,y)| < pkF[L,(1—6)] +q(1 — )k + qy.

Let
B =max {pF[1,(1—96)]+q(1—96),q},

then [H(k,y)| < B(|k| + [y|).
Hence, we can define the operator

(Tw)(k) = I {H(k,y) + Bu(y)},

and by Theorem 4.13, v, the unique fixed point of the operator T, is
homogeneous of degree one and the optimal policy correspondence

G={yel(k):v"(k)=pF(k,y) —qly — (1 = §)k] + Bv™(y)},

is compact valued, u.h.c. and homogeneous of degree one. The quasi-
concavity of F' implies that G is single valued.

Since GG is homogeneous of degree one, it must be the case that
y € G(k) implies that y = 6k for some 6 € [(1 — §), (1 + «)]. Also, v
homogeneous of degree one implies that v(k) = Ak, therefore

Ak = max {pF(1,0) —ql6 — (1 —6)] + BAO} k,
so 0% = argmaxg {pF(1,0) — q[0 — (1 — §)] + BAO} is defined by
pFy(1,0%) —q+ BA=0,
and

_ pF(1,0% — q[6* — (1= 9)]
A= o .




5 / Applications of Dynamic Programming 81

Now
vt (ko) = Y BUH(Kf, kiy) < H[1, (1= 8)[ko Y _[B(1+ )]
t=0 t=0

so imposing 5(1+ «) < 1 the hypothesis of Theorems 4.2 and 4.3 are
satisfied and the connection between the functional equation and the
sequential problem can then be established.

Also, the strict quasi-concavity of F' allows us to conclude that
v is strictly quasi-concave (see Exercise 4.8) since the operator T
preserves quasi-concavity.

Assumptions 4.9-4.11 are satisfied and F' is strictly quasi-concave,
so by Exercise 4.8 d., v is differentiable.

Exercise 5.11

a. To prove boundedness, let B € R and take any ¢ € L.
Then, U(c;) < B for all ¢ implies that

ule) = Y B'U(w)
t=0

S B
< f'B=——.
57T
To prove continuity, let ¢ € L. We need to show that for every
d € L and € > 0 there is a §' > 0 with |u(c’) — u(c)| < € whenever
I — el <"
Equivalently, we need to show that for some sequence {c¢"} ",
where ¢ € L for all n, and ¢” — ¢ in [|-||, norm, |u(c") — u(c)| — 0.
Clearly,

(e —u(@) = |3 8UC) - FU)
t=0 t=0
< S B U) - Ul
t=0

N o0
= D _BUEG) = Ule)+ Y BU(G) = Uler)|.-
t=0

t=N+1
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for any N.
Fix e. Because U (-) < B,
U(ci') = Uler)| < 2B.

Choose N such that for all N > N,

Z B () — Uler)] < BVH1-22 2B _

£
t=N+1 1-5 "2

For the first part of the sequence, we know that ¢, — ¢;. Hence,
choose T such that for all n >7n

1—
U(e) = Uler)| < %5

as ||-||; convergence implies pointwise convergence.
Then, if n >7 and N > N,

¢ (1-P) ¢
u(c") — ()|<ZﬁW§

Since € was arbitrarily chosen, this completes the proof.

_l’_

T
2—.

b. S is complete. Straightforward adaptation of the proof
outlined in Exercise 3.6.
To see that it is not true that lim, o |u(c) — u (c")| = 0 for all
u € S, consider
u(c) = irtlf Ct.

Let ¢ € L be a sequence with elements ¢; = 1 for all ¢. But then,

lu(c) —u(c")| =1 for all n, and hence lim,_, |u (c) — u (c™)| # 0.

c. We first check that T satisfies the Blackwell’s sufficient
conditions for a contraction. To show that T'satisfies monotonicity,
let u,v € S with u(c) > v(c) for all ¢. Then

(Tu)(c) = Uleo) + Bu(ic)
> Ulco) + Bu(ic) = (Tw)(c).
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To show discounting, note that

[T(u+a)l(c) = Ulco)+ Blu(ic) + a]
= U(co) + Pu(ic) + Ba
= (Tu)(c) + Pa.

Hence the operator 7' : S — S is a contraction and therefore
u(c) = U(co) + Pu(ic) where @ is the unique fixed point of T. Notice
that @(1¢) = U(er) + Bi(2c). Hence

a(e) = Ulco) + BU (e1) + B%a(z0).
Continuing the recursion in this fashion, a(c) = Y 52, 8°U(ct).

d. For any u,v € S, the fact that | Tywu — Two|| < Blu — v||
follows immediately from the definition of Ty and W3. Hence, Ty is
a contraction and the existence of a unique fixed point uyy is implied
by the Contraction Mapping Theorem. It is also a consequence of
the Contraction Mapping theorem that

n n B
ITiuo —ul < 5" =, 5.2)
where B is an upper bound for W.

To prove that |uw(c) —uw(c™)| < B"|luw|, define ufy,(c) =

uw (¢"). Then, for any ¢ € L,

ufy(c) = wu(eo,c1y ey n_1,0,0,...)
= W(Co,uW(Cl,...,Cn_l,0,0,...))
= W(coupy  (10)).

while upy (c) = Wleg, uw (1¢)], hence, by the contraction property,
W3,

luw —ufy || < B lluw —ufly |
< B |luw —uip?|
< B |Juw —uly ||
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To complete the proof, we need u°(c) = u(0,0,...) = 0, which is true
by W1 and the definition of Ty .

By W4 observe that Ty takes increasing functions into increas-
ing functions. Applying (5.2) to an increasing initial guess ug the
argument is complete.

To prove the concavity of u, we prove first that if u € S is
concave, so is Tu. Take ¢,/ € L, # € (0,1) and define ¢ = fc +
(1 —0)c. Then,

0(Twu)(c) + (1 = 0)(Twu)(c)

OW co, u(rc)] + (1 — O)W(cp, u(1c)]
W(lco + (1 — 0)cp, Ou(ic) + (1 — 0)u(y )]
Wieg, u(1c”)]

(Twu)(c”)

VANVAN

where the first inequality follows from the concavity of W and the
second from the assumed concavity of v and the assumption that W
is increasing in all arguments. To complete the proof, use Corollary
1 of the Contraction Mapping Theorem for an initial ug concave and

apply (5.2).
e. The utility function can be written as
uw (¢) = Wco, uw(10)).
Hence the marginal rate of substitution between c;; and cj;yp is
given by

Waet, ww (t+10)[Wag[co ks Uw (i1 k+1€)]
Whiles, uw(ir10)]

Y

where Wiy;[ct, uy(1+1¢)] is the partial derivative of W; with respect
to the i’th good in period ¢, and W5 is the partial derivative of W
with respect to the second argument.



6 Determumistic Dynamics

Exercise 6.1

a. Pick any k£ € (0,k]. To see that g(k) € (0,k), suppose
g(k) = 0. Then,

U'[f(k)] = B'(0) = BU'[£(0) — 9(0)1(0)

but the left-hand side is finite while the right-hand side is not. There-
fore, it cannot be optimal to set g(k) = 0.

Similarly, suppose g(k) = k. Because k € (0, k], and consumption
is nonnegative, it must be that k& = k. Hence,

U'[f(k) — k] < o' (k) = BU'[f (k) — g(k)]f'(K),

but the left-hand side of the inequality stated above is not finite.
On the other hand, feasibility requires that g(k) < k. If g(k) = k,
this implies zero consumption ever after, which is suboptimal. Hence
g(k) < k. But

0o =U'(0) = U'[f(k) — k] < BU'[f (k) — g(k)].f'(K),

and the right-hand side is finite, a contradiction.
Since g (k) € (0,k), we can use theorem 4.11 to prove that v is
differentiable and derive (2) and (3).

b. Pick k, k' € (0,k] with k < k. The proof is by contra-
diction. Suppose g(k) > g(k’). Then, v strictly concave implies

U'[f(k) — g(k)] = B'[g(k)] < Bu'[g(K")] = U'[f(K") — g(K")].

85
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Hence, by U strictly concave,

f(k) —g(k) > f(K') — g(K).

Then, f strictly increasing implies
g(K') = g(k) > f(K') — f(k) >0

and so g(k') > g(k), a contradiction.

Exercise 6.2

a. Towards a contradiction, pick k, k" € [0,1] with k < k.
Suppose g(k') > g(k). For this specific case, (7) is given by

ak—wm(;%@f]
XK?%@Y‘rf@(v;myq

= pu'g(k)].

As v is strictly concave, we have

[t
/ 6 / / 69—
kagwﬂ‘df&ﬁ@—am>1
< ak—mm(;%@fr_

ka%ﬁy_rfw(v;mf1’

and after some straightforward algebra,

[l

1 _
I gy

a—1
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where
1-0)(a—1)—0
L [a=0@-n-6)
Oa
Hence,
1—g(K
CONGY
1—g(k)
and so g(k’) < g(k), a contradiction.
Exercise 6.3
a. To see that g maps [0,1] into itself, note that g(0) =

g(1) = 0 and that g(x¢) is a quadratic equation with a maximum at
x¢41 = 1 when xy = 1/2. Figure 6.1 shows x411 as a function of z;
on the interval [0,1]. The stationary points are the values of = that
solve r = 4z — 422, which are x = 0, and z = 3/4.

Insert Figure 6.1 About Here

b. The function g?(z;) is obtained by simply plugging ;.1 =
g(z¢) = day — 4a? into g(we41) = dwpr — 4o, .
Hence,

2
T = g2(zy) =4 [4zy — 4m?] — 4 [day — 43:?]
= 16x; — 80x7 4 12823 — 64z},
and so g°(0) = 0, g*(1/4) = 3/4, ¢*(1/2) = 0, ¢*(3/4) = 3/4, ¢*(1) =

0. Figure 6.2 shows the presence of two-cycles. The four stationary
points are {0,0.3455,0.75,0.9045} .

Insert Figure 6.2 About Here
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When z; = 0 or x; = 3/4 we know from part a. that z;41 = 0
or 1 = 3/4, respectively. Hence, those points cannot represent a
two-cycle. Similarly, when z; = 0.3455 or x; = 0.9045 we know from
part a. that xy41 # 0.3455 or xyy1 # 0.9045 respectively, but we
also know from above that xy19 = 0.3455 or x;12 = 0.9045, therefore
those stationary points are our candidates for a two-cycle.

Starting the system at © = 0.3455 or x = 0.9045 we can see
that the system oscillates between those two numbers, showing the
presence of a two-cycle.

The function g3(z) can be obtained in a similar fashion.

Exercise 6.4
The sufficient condition for (8) to hold is

(L+82%

Mo 2

In this setup, we can write the right-hand side of (8) as

Ble—z)br —7)+c(y —7)] + (y — 7) [e(z — 7) + d(y — T)]
b3(x —2)* + (1 + B)e(r — 7)(y — 7) + d(y — 7).
Adding and substracting

-

to the above expression to “complete the square” we obtain

1+ B)e (14 )22

volte — 0 + 2 ooy -2+ LD - 0y
202
+a- 0y - a2
c 2 262
= w5|w-o+ L a4 - LSy o
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so a sufficient condition for this expression to be negative is that

(14 B)2c? >0,

bd — ———
43 -

Exercise 6.5

A matrix is nonsingular if and only if its determinant is not equal
to zero. We are going to show that this is the case for A and (I — A).
Recall that the determinant of a partitioned matrix

Cn Ci2
C =
[ Co1 Co ]

can be written (if C1; and Cag are invertible) as
det(C) = |[Cao|-|C11 — C12Co Can |
= |C11]-|Co2 — C1Cpy' Cra| -
For the case of A, we can write its determinant as
det (A) = |J|-|-J K]
= cdet (K)
_ 117
= cC ‘_ﬂ Fzy F:ry
cb

= g7t
where ¢ = (=1)!, b= (-8) "L
Similarly, we can write the determinant of (I — A) as
det(I —A) = |[—J—K]|
= ‘I - (_ﬂilFmiyl(Fyy + BFz)) — (—571F@1F$y)|
= ‘5_1F@1(5Fwy + Fyy + BFpy + Fg/cy”
= |BT'EL |- |BFay + Fyy + BFea + Fy, |-

Therefore, Fm_yl and (BFyy+ Fyy+BFy.+Fy, ) nonsingular implies
that (I — A) nonsingular.
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Exercise 6.6
a. The characteristic polynomial for A is
N+ AT Fyy + BFee) + 87 =0.

Hence,

B (Fyy + BFee) £ 1) B2 Fi? (Fyy + BFa)? — 457"
2 )
and for (A1, A2) to both be real it must be that

/\17)\2 =

(Fyy + BFee)® > ABF2,.

Also, F strictly concave implies that F, < 0 and Fy,Fpp > ng.
Hence it is enough to show that

(Fyy + BFuz)? > 4BF, Fyy.
But

Fiy_QﬁFeryy+Fa?x

(Fyy — BFea)?
(BFea — Fyy)? > 0.

b. The result comes from simple inspection of the equation
determining (A1, A2). It is obvious from the result obtained in a. that

A\ _ﬂ_lFfv_yl(Fyy + BFa) + \/5_2F@2(Fyy + BFy)? —4p7!
1 p—
2

To see that Ay > 0, it is straightforward that if Ay < 0 then

>0

B (Fyy + BFas) <\ 872 P (Fyy + BFaa)? — 457,
which implies

B2F,  (Fyy + BFup)? < B 2F,, 7 (Fyy + BFe)? — 4871,
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a contradiction with 8 > 0.

C. The proof parallels the argument in b.

Exercise 6.7

a. Actually, Assumption 4.9 is not needed for uniqueness of
the optimal capital sequence.

A4.3: K =[0,1] € R' and the correspondence

I'(k) ={y:y € K}
is clearly compact-valued and continuous.

A4.4: F(k,y) = (1—y)1=9kf ig clearly bounded in K, and
it is also continuous. Also, 0 < § < 1.

A4.7: Clearly F' is continuously differentiable, then

Fr = fa(l— y)(l—O)akﬂcx—l
Fy = —(1-0)a(l -yt

Fue = 0a(l—7y)(0a—1)30goa—2 g

Fy = (1-0)a[(1—-0)a—1)1—y)tDa2be <

Fpy = —0a(1—-0)a(l—y)t-9a1gbe-l o

and FypFy, — FmQy > 0, hence F is strictly concave.

A4.8: Take two arbitrary pairs (k,y) and (K',y') and 0 < 7 <
1. Define k™ = 7k + (1 — m)k', y™ = 7y + (1 — 7)y’. Then, since
I'(k) ={y:0<y <1} for all k it follows trivially that if y € I'(k)
and y' € T'(K') then y™ e T'(k™) =T'(k) =T'(K) = K.

A4.9: Define A = K x K as the graph of I'. Hence F' is contin-
uously differentiable because U and f are continuously differentiable.
The Euler equation is

o1 = 0)(1 = k)02 = Bad (1 kypo) OV RO
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b. Evaluating the Euler equation at ki1 = ky = k¥, we get
(1-0)k*=p0(1—-k"),

or

k* = _ B
C1-0+p0
C. From the Euler equation, define

W (K¢, kg1, ko)

a1 = 0)(1 — kyyq) I D10
—Ba (1 — kysg) 10 ot
__—

Hence, expanding W around the steady state

Wk, kpr, kre) = WEESE) + Wi(k*) (k — k)
+Wa(k") (ki1 — K7) + W3(K") (k2 — 7)),

where

Wl(k*) — a2(1 - 9)9(1 o k*)(l*@)afl (k*)eafl ’

Wa(k*) = —a(l—0)[(1—60)a—1](1 - k*)I-Da=2 (jx)fa
—B0a(fa — 1) (1 — k%) =0 (k)02

Wg(k*) _ 69052(1 o 0) (1 N k*)(l—@)a—l (k*)Gafl‘

Normalizing by W3 (k*) and using the expression obtained for the
steady state capital we finally get

B (ke — k*) + B (kg1 — k%) + (kego — k*) = 0,
where ) 1-0 1 0
—a(l — —«
B p— .
a(1—0) ' ab3
That both of the characteristic roots are real comes from the fact

that the return function satisfies Assumptions 4.3-4.4 and 4.7-4.9 and
it is twice differentiable, so the results obtained in Exercise 6.6 apply.
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To see that A\; = (BA2) ! it is straightforward from the fact that

A ((—B>+ B2—461> ((—B)—JW)
112 = 9 9

) S et O

B 4

= gL

To see that A\; + Ao = —B, just notice that

(-B)+ VB —45""  (-B)-VB* 45" _
2 2 N

A+ A= —B.

Then, A1 A2 > 0 and A; + A2 < 0 implies that both roots are negative.

In order to have a locally stable steady state k* we need one of
the characteristic roots to be less than one in absolute value. Given
that both roots are negative, this implies that we need A\; > —1, or

—B+4 /B2 —4571 > -2,

which after some straightforward manipulation implies

1+5

B
~ 7

Substituting for B we get

1—60+68
01+ 018

or equivalently
(20— 1)(1—6)
1—2a(1—-0)]6"

6>

d. To find that £* = 0.23, evaluate the equation for k* ob-
tained in b. at the given parameter values. To see that k* is un-
stable, evaluate A\ at the given parameter values. Notice also that
those parameter values do not satisfy the conditions derived in c.
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e. Note that since F' is bounded, the two-cycle sequence sat-
isfies the transversality conditions

tlim B'F(z,y)-x = 0 and
thm BtFl(xay) y = 0,

for any two numbers z,y € [0,1], x # y. Hence, by Theorem 4.15, if
the two cycle (z,y) satisfies

Fy(z,y)+ BF,(y,z) = 0 and

it is an optimal path.
Conversely, if (x,y) is optimal and the solution is interior, then
it satisfies

Fy(z,y)+pv'(y) =0 and o'(y) = Fy(y,x),
Fy(y,z)+ v (z) =0 and v'(z) = Fy(x,y),

and hence it satisfies the Euler equations stated in the text.
Notice that the pair (z,y) defining the two-cycle should be re-
stricted to the open interval (0,1).

f. We have that

Fy(z,y) + BF,(y,x) = ﬁa&yae—l(l B x)a(l_g)
—a(l _ (9)330‘0(1 _ y)a(l—@)_17

and

Fy(y7 x) + ﬁFx(QT, y) = /Baemo‘e_l(l _ y)a(l—e)
—a(l o e)yoﬁ(l o x)a(lfe)fl

The pair (0.29, 0.18) makes the above set of equations equal to
zero, and from the result proved in part e. we already know this is
a necessary and sufficient condition for the pair to be a two-cycle.
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g. Define
Et (kg kg1, ks, ki) = —a(l — k1?0 (1 — kypp)o(-0-1
+Ba0k05 " (1 — kiyg)* =0
= —a(l- 9):130‘9(1 — y)a(lfg)*l
+Bafy*? 1 (1 — 2)*1=0)
0
—a(1 = 0)k 0 (1 — kyyq )20
+BabkiY (1 = kpy2)* 0
= —a(l- g)yaB(l _ w)a(l—@)—l
+6a9xa0—1(1 _ y)a(l—G)
= 0.

E? (kg ki1, kevo, kets)

Let Ef be the derivative of E7 with respect to the i** argument.
Then, the derivatives are

Ef = 0,
E} = —a0(1 —0)a*"1(1 — y)o-01,
B = —a(l-0)2*a(l—0) — 1)(1 — y)*0-0)-2

+Baf(af — 1)y 2(1 — z)*(1-6),
E! = Baby®l(1- l,)a(l—@)—l,
E? —a?0(1 — H)yo‘gfl(l — x)o‘(ke)*l,
E2 = —a(1 -0yl —0)—1)(1 —z)*0-9-2
+Bab(af — 1)x2072(1 — 3)*(1=0),
Bf = fofz®"t(1— g2t
E; = 0.
Using the fact that ko = ki in F1, expand this system around
(0.29,0.18). Denoting by K deviations around the stationary point

K, we can express the linearized system as

Kyjpir = [ g;g } _i [ ’f;; } — A,

s_[EH 01 [ B H
0 FE? E? E? |-

where
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By evaluating H for the given parameters, it can be verified that
the system is unstable around the stationary point K = (0.29,0.18).

Exercise 6.9

a. To show that the functional equation
_ IN oy — (1 -
v(@) = max, {5 [w (xﬂ Oly — (1 =]+ ﬁv(y)}

has a unique continuous bounded solution, it is sufficient to check
that the assumptions of Theorem 4.6 are satisfied.

A4.3: X =R, C R/ Define the correspondence
INz)={ye X:0<y <az}.

Hence I' is nonempty because y = 0 € I for all z € X. It is also
clearly compact-valued and continuous (see Exercise 3.13a.).

A4.4: Define
Fz,y) =8 [g;qs (%)] [y — (1 6)a].

Hence F' is a bounded and continuous function by S bounded and
continuous and x € R4. Also, § € (0,1). Notice that S is homo-
thetic, but not necessarily homogeneous in (x,y). Hence Theorem
4.6 applies.

Next, we prove that v, the unique solution to the functional equa-
tion above, is strictly increasing and strictly concave.

A4.5: F(z,y) strictly increasing in x follows from S being
strictly increasing in ¢ and ¢ strictly increasing in = (the last fact
implied by ¢ being nonnegative and strictly decreasing).

A4.6: ' is monotone. Pick two arbitrary z, 2’ € X with z <
2’. Then, if 0 <y < ax, we have 0 < y < ax’ and hence I'(z) C T'(2/).
Therefore, by Theorem 4.7, v is strictly increasing.
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A4.7: By assumption S and ¢ are strictly concave functions.
As F is a composition of weakly concave and strictly concave func-
tions, F' is strictly concave.

A4.8: Pick two arbitrary pairs (z,y) and (2/,y') where y €
I'(z) and v/ € I'(2), for 0 < m < 1. Define 2™ and y™ as be-
fore. We need to show that y™ € I'(2™). By definition I'(z™) =
{y™:0 <y™ <ax"}. Note that also by definition, if y € I'(x) then
y > 0 and y < ax, and therefore 7y > 0 and 7y < mwax. Hence
my € I'(mx). Proceeding in the same fashion it can be shown that
(1 —m)y € I'((1 — m)a’). Therefore, 0 < y™ < az™. Hence I is
convex.

So, by Theorem 4.8, v is strictly concave and the optimal policy
function g is single valued and continuous. Define

A={(z,y) e X x X :yeTl'(x)}
as the graph of I'.

A4.9: The return function F' is continuously differentiable in
the interior of A, by S and ¢ continuously differentiable.

Hence, by Theorem 4.11 v is differentiable, with
V'(z) = Fa(z,y)

- ()] o (2) s (12

+6(1 — 6).

b. The proof is by contradiction. Take x,z’ € X. with z <
x’. Suppose g(z) > g(«’). Then, using the first order condition,

o ()]0 (22
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where the inequality comes from the strict concavity of v. Hence,

() () s () ()

but
() ()

and therefore

or ,
(%) o (1)
Hence,
g9(z) < g(a’),
a contradiction.
c. Combining the first order condition

0= 8 oo (L) | (1) — pugto.

and the envelope condition, the Euler equation is given by the ex-

pression
/ Li+1 1 [ Lt+1
05 [mo (222 (22)
- {5 e (52)
% [gb <5Et+2> _ ZL‘t+2¢/ (wt+2>:| +9(1 —6)} .
Tt41 Ti+1 Li+1
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At a stationary point, x;11 = 2y = Z. Hence, a necessary condi-
tion for a stationary point is

o)) = LI
[86(1) +¢'(1)(1 - 5)]
Therefore, by the strict concavity of S there is a unique z > 0 satis-
fying the condition above.
Notice that

5 s
(1-5) ¢(1)°
If this condition is not satisfied, the steady state does not exist.
To decide if our candidate is indeed a stationary point, we can

use the fact that v is strictly concave, then
{v'(2) = v'[g(@)]} [z — g(2)] <0, allz € X

with equality if and only if g(x) = x. Substituting for v/(z) from the
envelope condition and for v/'[g(z)] from the first order condition,

e (22 e (52) 0 (52) 5221
#01-9) - 5} le 9@ <0,
all z € X, §'[76(1)]¢" (1)with equality if and only if g(x) = z. Since

the left-hand side of the above inequality is zero when evaluated at
z, it follows that g(Z) = Z, so Z is a stationary point.

d. Expanding the Euler equation at the stationary point we
obtain that
{HEED sz miom - #1} e - o)
- {EEIT + mnjen )} o - ),

equals
s { FEEE 1 smotuio) - ¢ 1)} (s - 2

—@{ﬁﬁﬁgﬂﬂgl—Sﬁmwnw%mwu>—wun}@Hz—@.

Kl
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Rearranging terms we obtain
Axyyo = Bryyr + Cay,

where

T

A=p {s"[m<1)]¢'(1)[¢(1) — (1)) - W} 7

B = s”[xcﬁ(l)]cﬁ”(l)—%

~p8"[z¢(1)][6(1) - &' (D,

and

C = = 8"z (1) — ¢'(1)].

K
=
<
—~

2=
RS
—~

—

~—

By inspection A > 0, B > 0 and C < 0. We can define X; = (x441, ;)
to write the second order difference equation as

o[ 0 5] 2

Fu = oo )] o) ()4 o)
oo (2))or (B) 2} 0

so both roots are positive.
The characteristic function H(\) is

H()\) =\ — B/A\ — C/A,

so H(0) = —C/A > 0, and H'(\) = 2\ — B/A. In order to prove
local stability, we need to prove that one of the roots is less than
one. If there is a root that is less than one, it must be the case that
H(1) =1—-B/A—C/A <0, or equivalently that B > A — C. The
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proof is by contradiction. Suppose B < A — C, then

oo - STEOI)
S [iff¢(1)]¢2(1)—w
3" Fo(]Io() — ¢ () _

> 3 ssol o) - o] - SN
I | szoag (le() - ¢ (1),

which after some manipulation can be written as

Ble(1) = ¢'(1)] +¢'(1) <0

But, as we mentioned before, a necessary condition for the steady
state to exist is B[¢(1) — ¢'(1)] + ¢'(1) > 0, a contradiction.

e. The local stability of the Euler equation and the fact that
Fyy > 0 implies, by Theorem 6.9 and Exercise 6.6, that in a neigh-
borhood U of the steady state Z,

g(a') — g()

— <1, for 2’ € U.
-7

0<
Hence, for any =’ € U, g(z') is greater than, equal to, or less than 2’
as 7’ is greater than, equal to, or less than z. Next, pick any 2/ € OU
with ' < Z, and 2" = 2/ — ¢, for any arbitrary € > 0. Therefore,
g(z") > 2", otherwise g(2/ —¢e) < 2/ — ¢ and g(2/) > 2z’ which
implies, by the continuity of g, that there exist & € (' — ¢, 2) such
that g(#) = &, a contradiction to the uniqueness of the stationary
point T > 0. A similar argument can be made for any 2’ € 90U with
x> T
Hence g(x) is greater than, equal to, or less than 2 as 2’ is greater
than, equal to, or less than z for any x > 0, which coupled with ¢
being continuous and strictly increasing implies that for all ¢ > 0,
the solution to x;y1 = g(z¢) will converge monotonically to Z. An
argument constructing a Liapunov function L : X — X defined by
L = (z —z)[v'(x) — v'(Z)] for any compact set X C R including
T completes the proof.
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Exercise 7.1

Let
o <"4> = r]{a'—f:)ulgebraus F: AC}—}]:
be the smallest o-algebra containing A. We will refer to this as the

o-algebra generated by A. This is non-empty because the power set
of S (that is, the set of all subsets of S) is a o-algebra containing A.

A€ o(A) :Let A€ A Then A € F for all g-algebra’s F
containing A. Hence A € o (A).

S,0 € o (A): S, are elements of all o-algebra’s of subsets of S.

Aeco(A) = A°c o (A): If A€ o(A) then A is an element of
all o-algebra’s F containing A. Hence A€ is an element of every F
and A¢ € o (A).

Apeoc(A), n>1=U2 A, c0(A) :If A, € 0 (A), n > 1,
then A, is an element of all o-algebra’s F containing A. Hence
U, A, is an element of every F and US| A, € 0 (A).

n=1

Exercise 7.2

Note: On page 169, the text defines B', the Borel algebra
for R!, as the o-algebra generated by the open sets. However, on
page 170, the text defines the Borel algebra for higher-dimension
Euclidean spaces as the o-algebra generated by the open balls, or

102
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equivalently, the open rectangles, which in R! are the open intervals.
We will start by showing that these two definitions are equivalent,
before turning to Exercise 7.2 itself.

Following the text denote by A the collection of open intervals in
R, and denote by A; the collection of open sets in R. We will show
that o (A) = o (A;1). Note that as A C Ay, o (A;) is a o-algebra
containing A and hence o (A) C 0 (A;). To show the reverse, we
will establish that A; C o (A), which follows from the result that
every open set can be written as a countable union of open intervals.
To see this, let C' be an arbitrary open set, and let D = C'NQ where
Q is the set of rational numbers. As C'is open, for all x € D there
exists an € > 0 such that

E,=(x—¢x+e)CC

As D is countable,

UzGDEm SN <A>

Clearly UgepFE, C C. That UgepFE, D C follows from the fact that
C is open and the fact that the rationals are dense in Q.

Let As be the collection of closed intervals in R. That is, the
collection of sets of the form (—o0,b], [a,b], [a,+00), (—00, +00) for
a,b € R, a <b. Let o(Az) be the o-algebra generated by As. For
any a,b € R, the sets

oo 1
(—OO, b) - Un:l (—OO, b— E:|

1 1
D = U Ry
(CL, ) Un—l |:a+ Tl’ TL:|
1
(a,4+00) = U, [a + - +oo>

Hence, the collection of open intervals A C o (As) and as o (A3) is
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a o-algebra containing A, B! C o (A). Similarly,

o 1
(—OO,b] - n=1 <—OO,b—|- E)
1 1
[a,b] = Ny, <a — E’b+ E)
[CL, +OO) = 20:1 <CL - l? +OO>
n

and hence o (As) C B

Let A3 be the collection of intervals in R open from the left and
closed from the right (that is, of the form (a,b] for a,b € R, a < b),
and let o (A3) be the o-algebra generated by As. The proof that
o (As) = B! proceeds analogously to that for As.

Let A4 be the collection of half rays in R of the form (a,+00)
for some a € R, and let o (A4) be the o-algebra generated by Aj.
We will show that o (As4) = o (As). Clearly, A4 C o (A3z) and
hence o (A4) C o (A3z). To see that o (A3) C o (A4), note that
A3z C o (Ay) from the fact that

(a,b] = (a,+00)N(—00,b)
= (a,+00) N (b,+00)°

Exercise 7.3

Clearly, § and S are in Bg.
Let A € Bg. Then the complement of A relative to S, or

S\A = SN A° € Bg

as B! is closed under complementation and finite intersections.
Let A, € Bs for n = 1,2,... Then UJ2 A, is an element of B
and a subset of S. Hence,

Exercise 7.4
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We need to establish that the A in a. and b. are extended real
valued functions satisfying the properties of measures. Typically,
these properties are obvious with the possible exception of countable
additivity.

a. Let {An},2; be a countable sequence of disjoint subsets
in S. Then
AUnZidn) = py (UpZiAn) + pig (U2 An)

= Z p1 (An) + Z p2 (An)
n=1 n=1

= > AAn).

b. Let {A,};2; be a countable sequence of disjoint subsets
in S. Then

MUpZidn) = p1 (U1 4n) N B)
= (UpZy (An N B))

= Zﬂl (An N B)
n=1

where the second inequality comes from the fact that the intersec-
tion distributes, and the third equality comes from the fact that the
{4, N B} are disjoint.

Exercise 7.5

As A C B there exists a C = B\A = BN A° € S such that
AUC =B and ANC = (. Hence,

1(A) + 1 (C) = u(B).
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As u(C) > 0 we have p(A) < p(B). Further, if p(A) is finite,
p(B) — u(A) is well defined and

1(C)=p(B\A) = p(B) — p(4).

Exercise 7.6

a. Let A be the family of all complements and finite unions
of intervals of the form (a, b}, (—00,b], (a,+o0), and (—oo0, +00) for
a,b € R, a <b. Let C be the collection of sets that can be written
as a finite disjoint union of such intervals. We follow the Hint and
show that A C C.

Let A € A. Then by the definition of A, there are three pos-
sibilities. If A is an interval of this form, then A € C. If Ais a
finite union of such intervals, A can always be written as a disjoint
finite union of such intervals, and hence A € C. Finally, if A is a
complement of such an interval, note that

(=00, = (b,40)
(a,b]° = (—o00,a]U (b,+x) €C.

Hence A C C.

To show that A is an algebra, note that it obviously contains ()
and R, and is closed under finite unions. Closure under complemen-
tation follows from the fact that, for a,b,c,d € R, a <b<c<d

((a,b] U (¢,d])" = (—o0,a]U(b,c]U(d,+00) € A
((—o00,b] U (¢, d])® = (b,cJU(d,+o0) € A
((a,b] U (¢,400))¢ = (—o0,a]U (b, ] € A.

b. We showed in Exercise 7.2 that B is the smallest o-algebra
containing the intervals in R open from the left and closed from the
right. Hence, B! C o (A). To show that o (A) C B!, we need to
show that A C B'. But B! contains the half-open intervals and is
closed under complementation and finite unions.
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Exercise 7.7

Note: the definition of a measure p on an algebra A should have
specified that u is an extended real valued function.

a. Obviously, u is extended real valued and p () = 0. Let
A € A. Then by Exercise 7.6 a. there exists a finite number of
disjoint half-open intervals A, for n = 1,..., N such that UnNzlAn =
A. By property 4,

N
(A = i (U An) = 3 1 (An),

n=1

which is non-negative as for all n = 1,..., N the u(A4,) are non-
negative from properties 2 and 3.

To show countable additivity, let {A4;};, be a countably infinite
sequence of disjoint sets in A with U®;4; = A € A. Since A is a
finite disjoint union of intervals of the form

(a,b], (—o0,b], (a,+00), (—00,+00)

the sequence {A;} can be partitioned into finitely many subsequences
such that the union of the interavls in each subsequence is a single
interval of this form. By using such subsequences separately, and
using the finite additivity of u we may assume that A is of this form.
Then

p(A) = p(UgAy) +p(A\ UL Ay)

n

> p (U A) =) (4,

=1

where the equalities comes from finite additivity and the inequality
by non-negativity. Letting n — oo we get

p(A) = ().
i=1
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To see the converse, first assume that A = (a,b] for a,b € R.
Let ¢ > 0 and {e,},-; be a sequence of real numbers such that
Zzozl €n < €. Renumber the collection of intervals A; such that

a=0a1<b1<ay< ... <bp_1<ay <by, <apyr <.y
and construct the collection of open intervals B,, such that
By = (a1 —€1,b1 +¢€1),

and for n > 2
Bn = (anu bn + gn) .

Clearly, these intervals form a open covering of the set [a,b]. But
this set is compact, and hence there exists a finite open subcover,
say {Bn, } szl . We may renumber these intervals such that

a=0py < ap, <bp+e1<..<ap, <bg, , +ep, , Sb<by, +en,.
Hence

p((a,b]) =b—a < (bng +enx — an,)

IN

[bnk + Eng — a’nk]

[bnk - ank] +e

IN

AN
F e 1M 11

[bn, — an] + €.
But as ¢ is arbitrary

p((@,0) =b—a < pu((anbyl).
n=1

To see the result for A of the form (—oo, b], note that the inter-
vals By, cover [—M,b] for some M finite and hence using the above
argument

b+ M < ZH((anvbn]) :
n=1
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Similarly, for (a,+00) these intervals cover [a, M] and we get

M —a < ZN((ambn])
n=1

The desired result follows in each case by letting M — oo.

b. As ) = (a,a], we have

u(@):/aaw(s)ds:o.

Further, as 7 (s) is non-negative on S, p(A) is non-negative for all
A € A, while, by definition of 7

To see countable additivity, let {4;};°; be a countably infinite
sequence of disjoint sets in A with U2, A; = A € A. Since A is a
finite disjoint union of intervals of the form (¢, d] for a < ¢ < d <b,
by the same argument as for part a., we can assume A is of the form
(c,d]. Note that as 7 is continuous on [a, b] , it is bounded and hence

d d
,u((c,d]):/ w(s)dsg/ Mds = M (d—c),

is bounded for some M < oo.
Note first that

d
/C w(s)ds = p((e,d)) = p(UZ,A)

= M(U(?ol(ai,bi])
= (Uit (@i, b)) + (e, d] \ Uiy (as, bi])

n

= (Ui (ai, bil) Z/

Letting n — oo, and noting that the limit exists in R as this is a
montone increasing sequence bounded above, we get

u((c,db=/de<s>dsz§j/:w<s>ds
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To see the converse, let ¢ > 0 and {e,},; be a sequence of real

numbers such that
& bnk+5nk
Z / 7 (s)ds < e.
b

n=1""ng
Renumber the collection of intervals A; = (a;, b;] such that
c=a1<b<ar < .. <bp_1<ap <by <apyi <...<d,
and construct the collection of open intervals B,, such that
By = (a1 —e1,b1 + 1),

and for n > 2
By, = (apn, by, +€5) .

Clearly, these intervals form a open covering of the set [c,d]. But
this set is compact, and hence there exists a finite open subcover,
say {Bnk}sz1 . We may renumber these intervals such that

a=0py <Qp, <bp+e1< .. <ap, <by, , +en, , <b<by, +ep,.

Hence
w((ed) = /cdﬂs)ds
< / T ) ds

ni

K bnk‘H‘:nk
Z / 7 (s)ds

=1

IN

an,,
K

b"lc bnk+5nk
= Z/ ds—i—Z/ 7 (s)ds
an,, bn

k=1

< Z/’“ (s)ds + ¢

k

bn
/ s)ds +e.
Qn

[e o]

IN
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But as € is arbitrary

d 0o 0o b
p(ed) = [ (s <3 pllanba) =3 [ w o) ds

Exercise 7.8

Clearly, S’ contains () and S. To see closure under complemen-
tation, let A’ € §’. Then there exists A € S, C1,Cs € C such that

A= (AU Cp)\Co.
Hence

A = (A°NCSHHUCy
= (A°UC)\ (C1\Cr),
which is in S'.
To see closure under countable unions, for all n = 1,2,... let
Al € 8. Then for each n there exists an A4, € S and Cip,Cay € C

such that
A;L = (A, U C1p) \Cop.

Define A’ = U?LOZIA;L, A = UflozlAn, C; = U;’L":l(]ln, and Cy =
U2, Cap. Then

(AUCl)\ngA’gA/:AUCl,

and

1 ((AUC1)\C2) = p(AUCy).
Hence, there exists a C% € C such that A" = (AU Cy)\C). Hence,

AeS.
Exercise 7.9
a. The definitions differ as to whether the “ <” in

{seS:f(s)<a}eS,allacR (1)
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is replaced with >, < or > . Proof of equivalence requires establishing
that (1) is equivalent to the equivalent statement sets defined by >,
<or >.

<&>: Follows from the fact that, for all a € R

{seS:f(s)<a}leS <= {seS:f(s)<a}‘eS
<— {seS:f(s)>a}eS

as S is closed under complementation.
> < <: Follows analogously.

< = <: for any a € R, for n > 1 consider the sequence of sets
A, ={s€S:f(s) <a—21} which arein S by (1). Then

A={seS:f(s)<a}=Uy2 A,
is in § by closure under countable unions.

< <= <: for any a € R, for n > 1 consider the sequence of sets
Ap={se€S:f(s)<a+1}inS. Then

A={seS:f(s) <a} =24,
is in § by closure under countable intersections.

b. Assume that {s € S: f(s) <a} € S for all a € R. Then
by the result of part a., foralla e R {s € S : f(s) > a} € S. Hence

{seS:f(s)=a}={seS:f(s)>a}n{seS:f(s)<a}eS

for all a € R by closure under finite intersections.

To show that the converse is false, as a counterexample let S =
(0,1] and let S be the set of all countable and co-countable subsets of
S (where a co-countable set is a set with a countable complement).
It is easily verified that S is a o-algebra. Consider the function
f(s) =s. Then the set

{seS:f(S)Za}:{g ZiESH
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The empty set is finite and hence countable. Hence these sets are
in S. However, the set {s € S: f(s) < a} for any a € (0,1) is equal
to (0, a] which is neither countable or co-countable.

c. The sets

A = {seS:f(s)=—-0}=n2;{s€S: f(s)<-—n}
B = {seS:f(s)=4oc}=n2;{s€S:f(s)>n}

are in S because S is closed under countable intersections.

Exercise 7.10

a. Let f be monotone increasing. Then for some a € R the
set
{seR: f(s) <a}

is either of the form {s€ R: s <a} or {s € R:s <a}. Both are in
B by Exercise 7.6. The proof for monotone decreasing f is analogous.

Let f be continuous. By Exercise 7.9 a. it is sufficient to show
that for all @ € R the set {s € R: f(s) <a} is in B. But as f is
continuous, this set is open and hence in B.

b. For any f: S — R theset {s€ S: f(s) <a} is a subset
of S and is hence in S. Hence, all functions are measurable.

Exercise 7.11

Let A; € S, i = 1,...,n and without loss of generality, reorder
1 =1,...,n such that a1 < as < ... < a, which is possible as the qa;
are distinct. Then for all a € R, the set

{s€S:0(s) >a}
is either ) € Sifa > a,, S € Sif a < ay, or, for j = 2,...,n

Bj = U’,;”:jAk if aj_1 < a < aj. As S is closed under finite unions,
Bj € § for j = 2,...,n and hence ¢ is measurable.
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Let ¢ be measurable. Without loss of generality, reorder ¢ =
1,...,n such that a1 < as < ... < ap. Then for all a € R

{s€S:¢(s)>a}esS

and hence {s € S: ¢ (s) <a} € S as S is closed under complemen-
tation. For all ¢ there exist b;,¢; € R such that a;_1 < b; < a; <
¢; < ajy1. Then

Ai={seS:¢(s)>btn{seS:¢p(s)<cteS

as S is closed under finite intersections.

Exercise 7.12

a. Let f and g be measurable functions and ¢ € R. By
Theorem 7.5 there exists sequences of measurable simple functions
{fn} and {gn} such that f, — f and g, — ¢ pointwise. In each
case we will exhibit a sequence of measurable simple functions that
converges pointwise to the desired function. The result will then
follow by Theorem 7.4.

f+g: Let h,, = f,+¢gn which converges pointwise to h = f+g
because for any sequences of real numbers {x,} and {y,} we know
Tn+Yn — x+y. To see that each h,, is a measurable simple function,
note that it can take on at most a finite number of values on a finite
number of sets, all of which are measurable by the fact that S is
closed under finite intersections and set differences.

fg : Let h, = f.gn which converges pointwise to h = fg
because for any sequences of real numbers {z,} and {y,} we know
Tnyn — xy. That the hy’s are measurable simple functions follows
from the fact that each h, is non-zero only if both f, and g, are
non-zero. This can happen on only a finite number of sets, all of
which are measurable as S is closed under finite intersections.

If] : Let hy, = |fn| = f;7 — f, which converges pointwise
to h = |f| because for any sequence of real numbers {z,} we know
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—x, — —z. The h, are measurable simple functions, for if Zfi”l aiX a

n

is the standard representation of f,, then ZfV:"l la;| X 4, is the stan-
dard representation of h,,.

cf : Let h, = cf, which obviously converges pointwise to
h = c¢f. The h, are measurable simple functions with standard
representation SN ca;x 4, (8)-

b. To show that sup,, f, is measurable, we need to show that
foralla € R

{sES:supfnSa}eS

Asfor all n = 1,2, ... the f,, are measurable, {s € S : f, < a} € S for
all n. But

{sES:supfnga}:ﬂff:l{ses:fnga}

which is measurable because S is closed under countable intersec-
tions.
That inf, f, is measurable comes from

i%f fn = —Ssup (_fn)

which is measurable by part a. and the fact that sup,, f,, is measur-
able. Similarly, noting that

liminf f,, = sup (inf fn>

m>1 \n=m

limsup f,, = #gfl (sup fn>

n>m

we can iterate on the above results to get that lim inf f,, and lim sup f;,
are measurable.

Exercise 7.13
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a. By the result of Exercise 7.9 a. a continuous function f
on R! will be Bl-measurable if, for all a € R

{xGRl:f(x)<a}€Bl
But the set (—oo,a) is open in R, and as f is continuous
{mGRl:f(m)<a}
is open and is hence an element of B'.

Note: In answering part b., we will follow Billingsley (1995,
pp. 183-186) in defining the Baire functions to be real valued func-
tions (as opposed to extended real valued).

b. Let X be the smallest class of real valued functions on
R! containing the continuous functions and closed under pointwise
passages to the limit that do not give rise to £oo0. That is, if { f,,} is a
sequence of real valued functions in X converging pointwise to f, and
if f is real valued, then f € X. Let ) denote the Borel measurable
real valued functions on R/

Xcy: Note that the argument of Exercise 7.10 a. extends
to continuous real valued functions on R!. Hence, all continuous real
valued functions are in ). Further, by Exercise 7.12 b., ) is closed
under pointwise passages to the limit that do not give rise to £oo.
As X is the smallest such class of functions, X C ).

ycCcX: The argument proceeds in the following four steps.
First, note that if f,g € X and a,b € R, by the result of Exercise
7.12 (which applies because X C ), max{f,g} € X (where the
maximum is pointwise) and af + bg € X.

Second, let A = {A CR':y, € X} . We will use the first result
to show that this is a o-algebra. Note that as xg: is continuous,
R! ¢ A. To show closure under complementation, let A € A. Then

XAe = XR! — XA
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which is in X by the first result. To show closure under comple-
mentation, for n > 1, let A, € A. To show that US_;A, € A,
let

i = xa

Jn = max {fn7 XAn,l}

where the first is in X' by assumption, and the second by the first
result. Therefore,

XA~ lim f,
n—oo
which is in X.
Third, for z € R! note that

C= {SERlzsn §:L’n,n:1,...,l} e A
To see this, define for i =1, ...,1

C; = {seRl:sini}

1 if s € C;
gi(s) = xi+1—s; if s; € [,z + 1]
0 if s; >ax; +1

As the g; are continuous, and as

Xc = —max{—g1,—92,...,—g}

by the first result above, C' € A. Hence, as A is a o-algebra contain-
ing the sets of the form C, which generate B!, we have B! C A.

Finally, by Theorem 7.5 all Borel functions can be written as the
pointwise limit of a sequence of Borel simple functions that do not
give rise to £00. But as B! C A, the indicator functions of Borel sets
are in X. Further, by the first result, finite combinations of indicator
functions are in X', and hence X includes all Borel simple functions.
Hence, as X is closed under pointwise passages to the limit that do
not give rise to o0, YV C X.

Exercise 7.14
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Denote f~1(A)={zx € S: f(z) € A} and let
G={ACR:f 1 (A)eS}.

We will show that G is a o-algebra containing the open intervals in
R, and hence that B C G.
G is a o-algebra, from the fact that f~! (R) = S, the fact that

(7)) = {zes:f(x)eA)f
= {ze€8: f(x)e A%}
=AY,

and that

U A = {zeS:f(x) eUp Ay}
UpZi{z € S: f(z) € An}
= Ufzozlf_l (An) .

By definition of f measurable and Exercise 7.9, G contains the open
intervals.

Exercise 7.15

Suppose f; for i = 1,...,m is Bl-measurable. Then for all i =
1,...,m, for all a;,b; € R, a; <b;

A; {s eRr: fi(s) € (ai,bi)} e B
Let B={se€ R™:s; € (a;j,b;),i=1,...,m}. Then
{sGRl:f(s)eB}:ﬁgilAieBl

Now suppose that f is measurable, and for all i = 1, ..., m, for all
ai,bi eR, a; < b; let

B; (ai,bi) = {8 eER™:s; € (ai,bi) , 1= 1,...,m}



7 / Measure Theory and Integration 119

Then
{S eR': f(s)eB; (ai,bi)} = {5 eR: fi(s) € (ai,bi)} epB

and f; is B'-measurable

Exercise 7.16

Consider any finite partition of [0, 1] into intervals of the form
[a;—1,a;] for i =1,...,n. As each interval contains both rational and
irrational numbers, if we choose the y; < f (x), all x € [a;—1, ai], the
sum y i, y; (a; — a;—1) < 0. Moreover, we can always choose the y;
so that this sum is equal to zero. Hence, the supremum over all such
partitions, which is the lower Reimann integral, is zero. Similarly, if
we choose y; > f (x), all z € [aj—1, a;] the sum > 7" y; (a; — a;i—1) >
1, and the y; can be chosen so that this sum equals one. Hence,
the infimum over all such partitions, which is the upper Riemann
integral, is one. As they are not equal, the function is not Riemann
integrable.

Exercise 7.17

Let ¢ and v have standard representations
ni
¢(s) = > aixa,(s)
i=1
2
Y(s) = Z ijBj (s)
j=1

Then ¢ + ¢ has a representation

ny n2

(6 +v)(5) =YD (ai + b)) xaynp, (5)

i=1 j=1

where the sets A; N B; are disjoint from the fact that the A; and
Bj are separately disjoint. However, this need not be the standard
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representation of ¢ + v as the a; + b; need not be distinct. Let
k =1,..., K index the distinct numbers c; in the set

{ai +bj i=1,..,n1,5 =1, ...,ng}

and denote by {k} the collection of indices (7,j) that deliver this
number

{k}={(,j4),i=1,...,n,j=1,...,n2:a; + bj = cx }.
Define C}, as the union over all sets A; N B; such that a; + b; = cx,

so that
= pu(Ain By)
{k}
Then the standard representation of ¢ + v is given by

(@ +¥)( E CkXCy-

Then

K
/(¢+¢)du = > e (Cr)

k=1

K

= ZZCkM (AZ ﬂBj)

k=1 {k}

= ZZ (a; +b;) (A O By)
k=1 {k}

ny no

= > (ai+b)p (AN By)

=1 j=1
ny n2 niy n2

= S an(AnB) + 30D bu(4in By)

=1 j=1 i=1 j=1

ni
= Zazu ‘|’ij“

- /¢du+/¢du
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where the second last equality follows from the fact that
n2
p(Ai) = Y p(A4nB))
j=1

W(B) = Son(AnE).

If ¢ = 0, then c¢ vanishes indentically and the equality holds. If
¢ > 0, then c¢ has standard representation

ni
Z CaiX A;
i=1

Therefore,

/cqﬁdu = anm (4;) = cZai,u (A;) = c/qﬁdu.
i=1 i=1

Exercise 7.18

a. By definition

[ fdn=sup [ o,

where the sup is over all simple functions ¢ in M (S,S) with 0 <
¢ < f. As f < g, the subset of simple functions ¢ in M* (S,S)
satisfying 0 < ¢ < g is at least as large as that for f. Hence,

[ tan< [ gan
b. Note that

/A faw = [ Fadn
/deu = /fdeu-
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As A C B we have that fx4 < fxp and hence by the result of part
a.
[ sau< [ san
A B

Exercise 7.19

Consider the constant function f : S — R4 defined by f(s) =
a>1forall se€ S,and foralln=1,2,..., let f, (s) =a—1/n. Then
fn is a monotone increasing sequence of functions in M+ (S,S). Let
a = 1 and consider the simple function ¢ (s) = f (s) which satisfies
0 < < f. Then

Ay = {s€8:fu(5)
{s € 8:fn(s)
for all n. Hence, U2 A, =0 # S.

ap (s)}
f(s)}=10

>
>

Exercise 7.20

a. Let f,g € M*(S,S). By Theorem 7.5 there exists se-
quences of non-negative simple functions f, and g, such that

0<fi<..<fpn<..<f foralln,
0<g1 <...<gp <...<g forall n,

Then for all n =1, 2, ..., the function s, = f, + ¢, is a non-negative
simple function satisfying

0<51<..<sy,<...<s=f+g foralln.

Hence,

/sd,u = lim [ spdu

n—oo
= lim /fndu+ lim /gnd,u

= /fdu+/gdu,
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where the first and third equalities come from the Monotone Con-
vergence Theorem (Theorem 7.8) and the second comes from the
additivity of the integrals of simple functions (Exercise 7.17).

Now let ¢ > 0, and define for all n = 1,2,... s, = cf, which
is a pointwise monotone increasing sequence of non-negative simple
functions bounded above by s = ¢f. Hence

/sdu = lim [ sp,dp=c lim /fndu = c/fdu,
n—oo n—oo
by Exercise 7.17 and the Monotone Convergence Theorem.

b. Following the text, for n = 1,2, ..., let

A = {s€8:(k—1)27" < f(s) <k27"},
Co = {s€8:f(s)>n},
n2m

Sn(s) = Y (k=1)27"xyu,, (5) +nxc, ().

k=1

Then the ¢,, are a montone increasing sequence of simple functions
converging pointwise to f. Hence, the sequence of functions ¢,,x 4 is
a montone increasing sequence of simple functions converging point-
wise to fx 4, and

n2™
/%XAdM = / (Z (k=1)27"X4,,na + nXCnmA) dp
k=1
n2™
= > (k=127 (A N A) +np(Co N A) =0,
k=1

for all n. Then

/Afdu = /fXAdu

where the second inequality comes from the Montone Convergence
Theorem.



124 7 / Measure Theory and Integration
c. Note that f > f* = cox 4. Hence, by Exercise 7.18a.

o> [ fanz [ Fdu=ocon(a),

which implies p (A4) = 0.

Exercise 7.21

Defined this way, A is clearly non-negative and satisfies A () = 0.
To see countable additivity, let {A;} i > 1 be a sequence of disjoint
sets in S with A = U2, A;. Forn > 1, let f,, = 327, fxa, Then
by Exercise 7.20a. we have

[ = ;;/fo,.du - E_;A (4.

As {f,} is a monotone increasing sequence of non-negative functions
converging pointwise to fxg4,, the above result and the Monotone
Convergence Theorem (Theorem 7.8) imply that

) = [ pxadn= tim [ g

= > A(A).
i=1

Exercise 7.22
As the g; are non-negative, the sequence {f,} defined by f, =

>oi19i, n = 1,2, ..., is non-decreasing and converges pointwise to
[ =>.72,9i. By Exercise 7.20, we have

/fndu = /Zgz-duz Z/gidﬂ,
i=1 =1



7 / Measure Theory and Integration 125

and taking limits gives

n n
Jimy [ S o= Jim 3 [ st
1= 1=

But, by the Monotone Convergence Theorem (Theorem 7.8)

Yy oy Py
i=1 =1

and the result follows.

Exercise 7.23

Let S = (0,1], S = Bg,1), 1t the Lebesgue measure and consider
the sequence of functions for n = 1,2, ...

fn = nX(0,1/n]

As inf,, f,, > 0 Fatou’s Lemma applies. Noting that liminf,, f, = 0
and [ f,dp =1 for all n we have

0= /lim inf fdp < lim inf/fnd,u =1.

Exercise 7.24

a. For f € M the sequence of sets B, = {s € S : f (s) > %}
and the sequences of functions f, = fxp, satisfy

BiCByC..CB,C..CB={seS:f(s)>0},

and
o< . << . < f=fxp

[ tan=0= [ fudu=o,

Then
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for all n = 1,2,... as [ fodu converges to [ fdu = 0 from below by
the Monotone Convergence Theorem (Theorem 7.8). This implies

that u (Bp) = 0 from the fact that

1
0 S EXBH S fn;

and so

0< u /fndu

But this implies that p (B) = 0 by Theorem 7.1a.

Now suppose that p(B) = 0. Then for all n = 1,2,...

have u (By) = 0. Noting that
fn < OOXBn'

Exercise 7.18a. gives

0< /fndu < oop (By),

we must

from which we get that [ f,du = 0. The result follows from the

Monotone Convergence Theorem.

b. Let {f.} be a monotone increasing sequence of functions
in M that converges to f p-almost everywhere and let f* be the
pointwise limit of this sequence. By Theorem 7.4 f* is measurable,
and by the Monotone Convergence Theorem (Theorem 7.8) we have

lim [ fndu = / frdu.

We know that u({s € S: f(s) # f*(s)}) = 0. Therefore, by part a.

[ - ryau=o

and hence by Exercise 7.20 a. we get

[ tin= [ i
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Exercise 7.25

If f is bounded, there exists a B € R such that for all s € S we
have |f|(s) < B. Hence

[ 1rdn < Bus) < .

and

/fdu < Bu(S) < oo.

Exercise 7.26

a. Note that |f| = f* + f~ and hence that |f|T = f* + f~
while |f|” = 0. If f is p-integrable, then f* and f~ have finite
integrals with respect to y and hence so does |f|*. Therefore, |f]| is
integrable. If |f| is integrable, |f|T has a finite integral with respect
to ;1 and hence so must f™ and f~. Finally,

‘/fdﬂ' = ‘/f*du—/fdu‘
/f*dwr/f‘du:/\f\du-

IN

b. Note that
T+ =1f1<lgl=9"+g".

Hence by Exercise 7.18 a.

[ rraus [lgldn <.
/fdué/lgldu<oo,

which implies that |f| is p-integrable, and moreover

/Ifldué/lgldu<oo,

and
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by Exercise 7.18a.

c. Let o € [0,400). Then (af) = aft and (af)” = af .
Hence, [affdp = o [ ffdpy < oo and [af dp = o[ f~dp < oo
by Exercise 7.20. Hence, af is integrable and

/qmuz/@fwu—/@fuuza/fw.

Now let a € (—00,0]. Then (af)” = —af~ and (af)” = —af™.
Integrability follows as above, and hence

/afdu = /—af_d,u—/—afJ“d,u
= a/(f+—f_)du:a/fdu.
Note that (f +¢)" < fT+g¢t and (f+9)” < f~ +g¢ . Then

as f and g are integrable, by Exercise 7.20 f + g is integrable. Then
as

(f+9) = (f+9) =f+g=("—f)+("—9),

we get
(f+9) " +f +9 =(F+9 +f +g"

By Exercise 7.20
/(f+g)+du+/f‘du+/g_du
= /(f+g)du+/f+du+/9+du-

Subtracting the finite numbers [ f~du, [ ¢ du, and [ (f+g)” dp
from both sides gives

/(f+9)du = /(f+g)+du—/(f+g)du
- /f*du—/fdwr/g*du—/gdu
= /fd,u+/gd,u.
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Exercise 7.27

Let F be the set of all finite unions of disjoint measurable rectan-
gles, and let G be the algebra generated by the measurable rectangles.
We will show that £ = F = G.

Obviously, F C £ C G. The proof will be complete if we can
establish that G C F. But F contains the measurable rectangles,
and so we only need to show that it is an algebra.

0, X xY € F: 0 and X x Y are measurable rectangles.

To establish closure under complementation, we will first estab-
lish that F is closed under finite intersections. First, let B and C €
F. Therefore there exist {Bn}gzl and {C’m}ﬂ]\f:1 sequences of disjoint
measurable rectangles such that UN_; B, = B and UM_,C,, = C.
Then

BNC = (UL Bn) N (UX_,Cp)
= (Uflvleln X Bgn) N (U%Zlclm X Cgm)
= UhL1 Uy (Bin X Ban) N (Cim % Com)
= Uﬁle U;Z\n/lzl (Bln N Clm) X (Bgn N Cgm) R

which is a finite unions of disjoint measurable rectangles. Iterating
on this gives us the result for arbitrary finite unions.

Aec F= A°c F:Let Ae F. Then there exists {4},
disjoint measurable rectangles such that UM _; A4, = A and A° =
NN_A¢. For any measurable rectangle A, = X4 x Ya, AS can
be written as the union of three measurable rectangles (X4 x Ya),
(XaxYy§), and (X§ xY5). To see this note that if (z,y) € Af,
then either ¢ X4, or y ¢ Y4, or both. Hence, (x,y) is an element
of one of these rectangles. The reverse is obvious.

But these rectangles are also disjoint. Hence, the result follows
by closure under finite intersections.

To establish closure under finite unions, we first establish closure
under finite differences. If A, B € F they can be written as A =
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UN 1A, and B = UM_, B, for finite disjoint collections of C sets
{A4,} and {B,,}. Then

A\B = ) N (UM B,)°
Unz1An) 0 (N1 Bry)

= Urlyzl (m%:1 (An\Bm)) .

Writing A, = X,, XY, and B,,, = Uy, X V;;,, we have that for all n, m,
Ap\ By, is the union of the disjoint measurable rectangles (X, \U,,) x
Y, and (X, NUp) %X (Y,\Vin). But we saw above that F is closed
under finite intersections, and hence A\B is a finite union of disjoint
measurable rectangles.

A, e Fon=1,...,. N = Uﬁf:lAn € F : We demonstrate the result
for N = 2. Iterating on the argument gives the result for arbitrary
finite N. Note that

AU Ay = (Al\AQ) U (AQ\Al) U (Al N Ag)

is a finite union of disjoint measurable rectangles using the facts
proven above that F is closed under finite set differences and finite
intersections.

Exercise 7.28

It is sufficient to show that each o-algebra contains the generators
of the other.

BFtl  BF x B': BFf!is generated by A, the collection of sets
of the form

AI{I‘ERIH_Z S (ai,bi),izl,...,k+l}.

We will refer to these sets as the measurable pavings in R¥t!. But
such pavings are measurable rectangles and are in £. Hence B* x B
is a o-algebra containing A and B*+! ¢ BF x B.
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Bt 5 BF x B! : The text defines BF x B! as the o-algebra
generated by &; it is easily seen that it is also the o-algebra generated
by C. It is sufficient to show that C € B**!. That is, if B € B* and
C e B, BxC e Bk,

Let B be a measurable paving in R* and consider the class
m={ccRr:BxCeB™}.

It is easily verified that M is a o-algebra, and as B** contains the
measurable pavings in R¥*, M must contain the measurable pavings
in R!. Hence B! ¢ M.

Now fix C' € B' and consider the class of sets

NZ{BCR%BXCGBH%.

This is a o-algebra, and by the result immediately above contains
the measurable pavings in R*. Hence B¥ C A.

From this, if B € B¥ and C € B!, B x C € B** and B¢t 5
B* x BL.

Exercise 7.29

Let E € £. If we can show that ' can be written as a finite union
of disjoint measurable rectangles (that is, if we can adapt Exercise
7.27 to this set-up), we can use the argument in the proof of Theorem
7.13 to show that we can extend p to £. The extension to Z will
then follow from the Hahn and Caratheodory Extension Theorems.

Let F be the set of all finite unions of disjoint measurable rectan-
gles. Once again we only need to show that it is an algebra. That
it contains () and Z is immediate. To show closure under comple-
mentation and finite unions, we first establish that F is closed under
finite intersections and finite differences.

To establish closure under finite intersections, first let B and C' €
F. Therefore there exist { By}, and {Cy, }M_ sequences of disjoint
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measurable rectangles such that UleBk = B and UM_,C,, = C.
Then B N C' equals

(Ut By) N (UM_, Cy)
= (Up=1Big X Boj X ... X Bpg) N (UM_C1m X Copy X oo X Crop)
= UF UM (B, N Cim) % (Bag N Com) X oo X (Bpg N Crm)
which is a finite unions of disjoint measurable rectangles.

To establish closure under finite differences, let A, B € F. Hence
they can be written as A = UszlAn and B = U%Zle for finite
disjoint collections of C sets {A,} and {B,,}. Then

AB = (UK 4)n (UM, B,)"
= (Uit Ak) N (=1 Bry)
= Uiy (Minz1 (A6\Bm)) -
But we saw above that F is closed under finite intersections. Hence
A\ B will be a finite union of disjoint measurable rectangles if we can
prove that for all k,m, A\ By, is a finite union of disjoint measurable
rectangles. The proof of this is constructive. Writing Ay = X4, X

Xoa, X ... X Xpa, and By, = Xip,, X Xap,, X ... x Xpa
that

., We have
Ak = XlAk X X2Ak X ..o X XnAk
= ((XlAk\Xle) U (XlAk ﬂXle)) X )(2,4,c X ... X XnAk
= [(X14,\X1B,,) X Xo4, X ... X Xpa,]U
[(X14, N X1B,,) X X24, X ... X Xpa,]
= [(X14,\X1B,,) X X24, X ... X Xpa,]U
[(X14, N X1B,,) X (X24,\X2B,,) X ... X Xpa,]U
[(X14, N X1B,,) X (X2a, N X2B,,) X ... X Xpna,]-

Tterating on this process gives the result.

We can now prove closure under complementation and finite
unions.

AeF = A°€ F:Let A€ F. Then there exists {Ak}szl dis-
joint measurable rectangles such that UleAk = Aand A° = ﬁszlAi.
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For any measurable rectangle Ay = X4, X Xoa, X ... x Xpa,, 45,
can be written as the union of disjoint measurable rectangles con-
structed the following way. For j = 0,..,n — 1, let A/ repre-
sent the collection of measurable rectangles constructed from prod-
ucts of the X,,4,’s with exactly j of the XA, ’s.  Thus, A° =

XTa, X Xga, X oo X szAk} . Then taking the union of all the ele-

ments of these collections for j = 0, ...,n—1 gives us Aj € F. Hence,
the result follows by closure under finite intersections.

ApeFon=1,..,.N = Uﬁ;lAn € F : We demonstrate the result
for N = 2. Iterating on the argument gives the result for arbitrary
finite N. Note that

A1 U Ay = (Al\AQ) U (AQ\Al) U (Al N Ag)

is a finite union of disjoint measurable rectangles using the facts
proven above that F is closed under finite set differences and finite
intersections.

Exercise 7.30

Let E be a subset of R that is not Lebesgue measurable, and let
F € £! be such that A (F) = 0. Then the set E x F is a subset of
R x F and has Lebesgue measure zero. Hence, E x F € L2.

Exercise 7.31
We need to show that for all A € S,
p 1A ={(w,z) eW x X : ¢ (w,z) € A},

is an element of W x X. Define the function b : W x X — Y x Z
by b(w,x) = (f(x),9(y)). Then we can write ¢ = hob. The
proof will be complete if we can show that b is measurable between
W x X and Y x Z, and that compositions of measurable functions
are measurable.
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To see that compositions of measurable functions are measurable
in general, let (Q,F), (', F') and (Q”,F") be measurable spaces,
and let T : Q — Q' be measurable between F and F', and T" : O —
Q" be measurable between F' and F”. Then T'oT : Q — Q" is
measurable between F and F” because, if A” € F”, then

(T'oT) ! (a") =T~ (1) (4")) e 7,

because (1) (A”) € F' as T’ is measurable, and T is measurable.

To see that b is measurable between W x X and ) x Z, we first
establish that if F is a measurable rectangle in ) x Z, then b1 (E)
is a measurable rectangle in W x X. We then show that the set of
all subsets in Y x Z with inverse images in W x X, call it G, is a
o-algebra. Then by construction, we will have ) x Z C G and the
result will be proven.

Let E be a measurable rectangle in J) x Z. Then b~! (E) is
a measurable rectangle in W x X’ because f and g are measurable.
Now define

G={BCYxZ:b""(B)e Wx X}.

But G contains the measurable rectangles in W x X, and is a o-
algebra. To see the latter, note first that

b1 (Y xZ2)=W x X.
Also, if B € G, then as
b= (B°) = (b"1(B))",
we must have B¢ € G. Finally, if {B,} 2 isin G, then U2, B, € G
as
b LU B, = {(w,2) e W x X :b(w,x) € U, B}
U {(w,z2) e W x X :b(w,x) € By}
- U;ozlb_l (BTL) .
Then as G is a o-algebra on Y X Z containing the measurable rectan-

gles, we must have Y x Z C G. But then b is measurable between
Wx X and Y x Z.
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Exercise 7.32

a. There are two things to note. First, all functions in the
equivalence class are A measurable and are hence constant on sets
A; in the countable partition {4;};°, . Second, all of these functions
have the same integral over any A set. Hence, the equivalence class
is the class of discrete random variables on the {A4;}7°; that differ
only on A; such that i € J¢. That is, we can write

e}

E(flA) @) =) E(fl4n) x4, ©),
n=1

where F (f|A,,) is the number defined in (1).

b. The equivalence class is given by the class of step functions
on the {A4;};2,. Foralli e J, if w e A; we have

p(BNA)
w(A)

Members of this class differ only on A; such that ¢ € J¢.

E(xplA) (W) =

Exercise 7.33

a. Defined in this way, all sets A € A display no variation in
1y, in the sense that for all ¥ and A, the y-sections of A, call them
Ay, are identical.  Consequently, each version of the conditional
expectation E (f|.A) cannot display any variation in y, in the sense
that it’s y-sections are identical. That is, for all A € A, and for all
y and y’ we have

E(flA), = E(f|A), .

Therefore, each function in this equivalence class is defined by its
y-section for y = 0. As members of this equivalence class have the
same integral over any A set, they can vary only on sets of ;1 measure
Z€ero.
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b. Given B € F, the conditional probability F (xpg|.A) is any
member of the equivalence class of functions that are A measurable,
and satisfy

/E<XB|A><w>p<w>dA—/pr<w>dA—ﬂ<BmA>,
A A

for all A € A. As for part a., there is a sense in which A contains
no information about the dimension y. Consequently, if y,7’ € B,
for some x, we have

E (xglA), (v) = E (xslA), () -
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Exercise 8.1

As fand g € B(Z,2), and o, € R, then af + g € B(Z, 2)
(see Exercise 7.12a.). Hence, T'(af + (g) is well defined and

(T(af + B9)|(2) = / [ f + 8] ()Qz, d="),

all z € Z. As f,g € B(Z, 2), they are integrable, so we can use the
fact that integrals are linear operators (see Exercise 7.26c.) to get

[Taf +80)2) = [af)Qd)+ [ 5()QG. d2)

= /f Q(z,d2") +ﬁ/ Q(z,d2")

= )+ 8(Tg)(=

Exercise 8.2

Define v(A4) = aA(A) + (1 — a)u(A), which is a well-defined mea-
sure by Exercise 7.4. Let ¢,, be a sequence of simple functions con-
verging to (). Because @ is a probability measure, by Theorem 7.5
such a sequence exists. Let the sequence of sets {Z;} form a partition

137
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of Z. Then T*~ is well defined, and

(T*y)(A) =

/Q(Z,A)’y(dz) allAe Z
hm Op(2,A)y(dz) all A€ Z

lim Z% (Zi, A)y(Z:)

n—oo

lim Z% Zi, A)[aN(Zy) + (1 — a)u(Zs)]

n—o0

lim [anbn Ziy AN Z;)

n—oo

n—o0

+ lim [(1 - Q)Z¢n<ZiaA)M(Zi)

a nh_)ngo & (2, A)A(d2)

+(1-a) lim /¢>n(z,A)u(dz)

/ Qe AN + (1= a) [ Qe Audz)

(1 - Oé)(T*u)(A)

where the second line uses Theorem 7.5 and the rest of the proof relies
on repeated applications of the definition of Lebesgue integration.

Exercise 8.3

a. Note that

(af +bg,N) = / (af +bg)(2)A(d2)

—a/f(z) dz+b/g A(dz)

= a(f,\) +b{g,\),

where the second line uses Exercise 7.26¢.
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b. Note that

(frar+ (1 —a)u /f Jad + (1 — o) (d2)
/f Adz) + 1—a/f
AN+ =) (fn),

where the second line comes from applying an argument similar to
the one used in Exercise 8.2.

Exercise 8.4

a. The proof is by induction. By assumption, Q(z, A) =
Q'(z, A) is a transition function. Hence, by Theorem 8.2,

Q*(z,4) = (T7Q:)(A)
- [ @0,
all (z,A) € (Z, 2), is a probability measure on (Z, Z) for each z € Z.

To prove that for each A € Z, Q?(-, A) is a measurable function,
notice that Q2(-, A) € M*(Z, Z) and Theorem 8.1 applies.

Next, assume Q" !(z, A) is a transition function, hence
Q" (z,A) = (T*Qr 1)(4)
— Q@ AQe )
all (z,A) € (Z, Z), is a probability measure on (Z, Z) for each z €
Z by the same argument as before. That Q"(-, A), all z € Z, is

a measurable function, follows again from a direct application of
Theorem 8.1.

b. Using the properties of the transition functions estab-



140 8 / Markov Processes

lished in part a.,
QU™ (2. 4) — / QM= (21 A)Q(z0, dz1)
_ / / QU2 (2 A)Q (21, d22)Q (0, d21)
_ / QU2 (5, 4) / Q(z1, dz2)Q(z0, dz1)
_ / QM=) (2. YO (20, dza),

where z; is the state i periods ahead. Continuing the recursion in
this fashion we can write

ZO> /Qm Zna ZOadZn)
To show that T("+™) f = (T™)(T™ f), notice that

T+ £ (z9) = / F o) Q@™ (20, A2

n+m)

_ / F ) Q™ (2 Zm) Q" (20, dzn)
_ / { / Fnim)Q™ (20 2nm) | Q" (20, d2n)

_ / T™ ) (2) Q™ (20, d2n)
= (T™)(T™f)(20).

To show that T*M+™ )\ = (T*)(T*™)), all A € A(Z, Z), note that
by definition,

TN = [ QU ()
_ / / Q" (2 A)Q™ (20, dzm)Md20)
_ /Q" o A /Qm (20, dzm) M (d20)

— / Q" (s A) (TN (d2m)
= (YT (A),
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where both results rely on a repeated application of Theorem 8.3 and
the results obtained in part a.

Exercise 8.5

Clearly p!(z0,0) = 0, so that condition a. of Exercise 7.29 is
satisfied. In addition, u!(z0, B) > 0, as @ is a transition function.

The proof that u(2,-) satisfies condition b. of Exercise 7.29 is
by induction. Take any arbitrary sequence

{Cit}zil = {(A1i X Agi X ... X Ag) 172

i=1>
of disjoint sets in C, such that
Ct=uR,Ctec.
For t =1 is trivial. For t = 2,

(O = {(Aux A},
02 = Al X A2 = U@Qil(Ali X Agl)

Fix a point z; € A;j. Then for each z3 € As the point (21, 22) belongs
to exactly one rectangle (Ai; x Ag;). Thus Aj is the disjoint union
of those As; such that z1 is in the corresponding Ay;. Hence

D Q(z1, Azi)xay, (21) = Q(21, A2)x 4, (21),

i+1

since () is countably additive. Therefore, by the corollary of the
Monotone Convergence Theorem (see Exercise 7.22), we have that

> /Z Q1. An)xa,, (21)Q(z0,d21) = /Z Q1 As)xa, (21)Q (20, d20),

which implies that

Z Q(ZI,AQi)Q(ZO,dZI):/AQ(ZI,AQ)Q(Zmdzl)-

i=1 7 Avi
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Hence,

Z/A » Q(z1,dz2)Q(20,dz1) _/A ; Q(z1,dz2)Q(20, dz1),

and so

> 1P (20,C) = p* (20, C).
=1

Next, suppose p'~1[zg, (A1 x ... x As_1)] satisfies condition b.
We will show that ut[zg, (A1 x ... x A;_1 x A;)] satisfies the stated
hypothesis also. Fix a point

Zt_l = (Zl, ---;thl) c (Al X .o X Atfl)-

Then, for each z; € Ay, the point (2!71, z) belongs to exactly one
rectangle (A1; X ... X Ay;). Thus Ay is the disjoint union of those Ay;
such that z~! is in the corresponding (Ay; X ... x A;_1;). Hence,

ZQ 21, At XAy o x Ay (27 = Q215 A) XAy xn, (2171,

=1

since () is countably additive. Then, as before, by the corollary of
the Monotone Convergence Theorem,

Z . 1Q Zt— I;Atz)XAhx XA 1Z(Zt_1)ﬂt_l(207dzt_1)

= | Q(z1, A2)x 4, (21)" (20, d2" ),
SO

Z/A Q(zt—1,dz)...Q(20,dz1)

Atz
/ Q(z4—1,dz)...Q(20,dz1),
Aq Ay

which implies
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where the second line makes use of the definition of u. Hence condi-
tion b. of Exercise 7.29 also holds.
To show that uf(29, Z%) = 1, note that

0.2 = [ o [ Qs den).QUander),

/ Q(zi—1,dz;) =1
z

as () is a probability measure. Applying this recursively to u'(zq, Z¢)
we obtain the result.
Exercise 8.6

a. For Be 2!, Cc Z, defineC=2Zx..x ZxCxZx ..,
B=Zx..xZxBxZx...€ Z* and for t = 1,2, ..., the conditional
probability Pi1(C | [20(w), ...2¢(w)] € B) can be written (generaliza-
tions to Pry1,. +4n(C |[20(w),...2t(w)] € B) are straightforward) as

Pt+1(CHZO( ), 2t(w)] € B)
= Zo,BUC

= / / X (Zt41s s 2t4n) X B(20, --20)Q (21, d2z141)...Q (20, dz1)
= [ ] Qe Ol @1, 40 Q0,1
Hence
P, 11(C [z0(w) = ao, ...2t(w) = at] ) = Q(a, C) (almost surely).
Similarly, we can verify that
Piy1(Clz(w) = ar) = Q(ag, C) (almost surely).
Hence the desired result follows.

b. Follows from the proof outlined in part a.
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C. ForCEZ",deﬁneé’:Zxe...><C><Z><...GZOO.
Then

Pii1,. 14n(C)
= PHwe€Q:[241(W), e, 2ean(W)] €C=Ct x ... x C™})
= PHweQ: z1(w) € Ch ..., zipn(w) € CM}),

t=1,2,..;all C € Z" as

Pii1, 4n(C) = p=(20,0)
= / Q(2t4n—1,d2zt4n)...Q(2s, dzgy1)
o Jon

T MCY).
=1

J

Because t, n and C € Z™ were arbitrarily chosen, the proof is com-
plete.

Exercise 8.7

a. Define the canonical process through the sequence of func-
tions z(w) = wy, wr € {H, T}, t=1,2,..., and

A={BeQ:B={w:w, =a, € {H,T},7 <t}}.
Then we can define the sequence of sigma algebras as

Fo = {0,9}
Fo = o{A, . A} t=1,2,..

where o{- } is the smallest sigma algebra containing the sets A, ..., A%,
So the sigma field generated by wy, ...,w; correspond to the knowl-
edge of the outcomes of the first ¢ trials. Clearly, F; is an increasing
sequence of sigma algebras, and each function z;(w) is F;-measurable
by construction.
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b. We just need to show that the sequence of functions oy :
Q2 —{0,1}, t =1,2,..., are Fi-measurable. We can redefine o, as
or(w) = x[zt(w)]

o (w ) o 1 if Wt = H
= X710 otherwise.
We need to show that if z; is Fi-measurable, then oy is also Fi-
measurable.
To see this, fix B € Z, and C € {0,1}, then

{w:z(w) € B} = {w:xlz(w)] e}
= {w:zW)e Xfl(C)} € F,

t =1,2,..., and therefore, since x is Fi-measurable, so is ;.

c. Same argument as in part b. but here o4 being F;- measur-
able implies that g; is Fz-measurable too. This comes from F; C Fi11
and Exercise 7.12.

Exercise 8.8

a. To show that for ¢t = 1,2, ..., u!(-,-) is a stochastic kernel
on {Z, Z'} we have to show that for each z9 € Z, u'(2,-) is a proba-
bility measure on {Z!, Zt}. By Exercise 8.5, Caratheodory and Hahn
Extension Theorems (Theorems 7.2 and 7.3), u'(20,-) has a unique
extension to a probability measure on Z¢.

In addition, it has to be shown that for each B € 2t ut(-, B) is
an Z measurable function. The proof is by induction.

Let @ be a transition function on (Z, Z). Clearly @ is a stochastic
kernel on (Z, Z). For t =1

(20, A1) = . Q(20,dz1)

is a measurable function. The result comes from a direct application
of Theorem 8.4, with F'(zo,21) = x4, (21).
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Suppose u!71(-, B) is a measurable function. Then, by construc-
tion (see part b. of this exercise)

Mt(ZO,B) = // Q(thl,dZt)Q(thz.dztfl)...Q(Zg.dzl)
Ay JAs At

_ /A 1Yz, (Ag X oo X AD]Q (20, dz1)

and therefore, by Theorem 8.4, u!(zp, B) is a measurable function.
Because zg and B are arbitrary, the proof is complete.

b. This is a consistency property. By definition, for any
measurable set B = (A1 X ... x A;_1) € Zt1

Mt_l(ZO,B):/ Q(2t-2,dzt—1)...Q (20, d21)
Ay Ay

and

Q(z—1,4As) = ; Q(z4—1,dz).

In part a. we proved that u!(-,-) is a stochastic kernel. Hence,
by Theorem 8.5 and the definition of pu!(-,-),

Qx it = /A o[ Qe A )
1 t—1

- / / Qa1 d20) Q212 A1) Q 20, d21)
Ay Ay JA
= Mt(z()?BXAt)

Equivalently, for any measurable set B = (A x ... x Ay) € 21

Mt_l(ZbB):/ oo | Qzt-1,d2t)...Q (21, d22).
Ay JA

Hence by Theorem 8.5,

N

Wl Q = / 1z, BYQ20, )
Ay

= / / Q(2t-1,d2t)Q(2t—2, d2t—1)...Q(20, dz1)
Aq A1 J AL

= ul(z, A1 x B)
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and the desired result holds for B x A; = Ay x B.

C. This should be read as a Corollary of Theorems 8.6 to 8.8.
For t = 2 the results come from a direct application of Theorems
8.6 to 8.8. For t > 2 results follow from the application of the
aforementioned theorems plus the properties of u* shown in part b.

Exercise 8.9

a. Let E, be the x section of £ C Z = X x Y. By Theorem
7.14, if F'in Z is Z-measurable, then every section of E is measurable,
and v(E,) is a well-defined function of x.

Next, we must show that A(A x B) = pu(A)r(B) is a measure
on Z. Clearly X is non-negative, and A(f)) = 0. It remains to show
countable additivity. Let {Ej €eZ je€ N} be a disjoint collection,
such that there exist sets A7 € X and B? € Y with E7 = A7 x B,
and suppose F = UjEj € Z, such that there exist sets A and B with
E = Ax B. Any point (x,y) € A x B belongs to one and only one of
the sets A7 x BJ, so that for any x € A, the sets of the subcollection
{Bj } for which € A7 must constitute a partition of B. Hence,

AB) = [(0E),] =7 05 (B),] = Do

where we used the fact that B7 are disjoint sets, so we can use the
additivity of v. Since we can write

v(Ez) = v(B)xa(®),

we get
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as required.

Finally, the products A7 x B* for {Aj} and {Bk} as above decom-
pose X X Y into measurable rectangles of finite measure. Hence, by
Theorem 7.13, Theorem 7.2 (Caratheodory Extension Theorem) and
Theorem 7.3 (Hahn Extension Theorem), there exist a unique prob-
ability measure A on (X XY, X' X)) such that A\(Ax B) = u(A)v(B),
allAe X, Be ).

b. Let E = (A x B) € (X x)). By Theorem 7.14, F,(y) =
F(z,y) is Y-measurable with respect to y for each z € X, and
Fy(x) = F(x,y) is X-measurable with respect to x for each y € Y.

Let F(x,y) > 0. Then, since the function F(z,y) is Y-measurable
for each z, the integral

/ F(z, y)v(dy)
Y

is well defined. Next, we will show that this integral is an X-
measurable function and

/X [/YF(x,y)l/(dy)] u(dm)—/xxyF(x,y))\(dxxdy),

Consider first F(z,y) = Xaxp(z,y), A € X, B € Y. Then, since
XAXB(x7y) = XA(x)XB(y), we have

/ Yo (@ 1) (dy) = xa() / x5 ®)v(dy)
Y Y

and consequently the integral on the left is an X-measurable function.
Clearly the same result holds if F’ is an indicator function for a finite
union of disjoint measurable rectangles.

Let

&= {E EXxY: / Xg(z,y)v(dy) is X—measurable},
Y

we need to show that £ is a monotone class. Then, it will follow from
the Monotone Class Lemma that £ = X x ).
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Let {E,} be an increasing sequence of sets in &, with F =

Up2 1 Ey. Then
o0
{ [ e, <x,y>u<dy>}
Y n=1

is an increasing sequence of X-measurable functions, converging point-
wise to

[ sty
Y
Hence

/ (@, y)v(dy)
Y

is also X-measurable. A similar argument holds if { £, } is a decreas-
ing sequence. Hence £ is a monotone class.

If F(x,y) is an arbitrary nonnegative X'-measurable function, the
X-measurability of the integral

/ F(z,y)v(dy)
Y

follows from the Monotone Convergence Theorem. A similar argu-
ment is valid for

/ Fz,y)u(dz).
X

In part a. we showed that there is a unique probability measure
Aon (X xY, X x ) such that

MA x B) = u(A)w(B),allA € X, BE Y.
If F(ZL‘,y) = XAXB(xay)a Ae X, Be), then

/ Yo 5@ A(dz x dy) = A(A x B),
XXY

and since X 4x (%, y) = xa(¥)xp(y), we have

/X [/Y XAXB(mvy)V(dy)] p(dz)

-/ {xm) / xB<y>u<dy>} ()
—  W(A)w(B).
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Hence, by definition of A, it follows that the statement we need to
prove holds for F(x,y) = x axp(x,y).

Next, let F(z,y) = xg(z,y), E € X x ). Let

F = {EEXX)): Xg(x,y)A(dz x dy)
XxY

= [ | vt vt wiae)
= [ | [ vt utan] vian}.

We have shown that F contains the algebra generated by the mea-
surable rectangles, so it suffices to show that F is a monotone class,
and it will follow from the Monotone Class Lemma that F = X x ).
Let {E,} be an increasing sequence of sets in F, with ' = U2, E,.
Then { X En} is an increasing sequence of (X X )))-measurable func-
tions converging pointwise to xg. Then by Theorem 7.4, x g is also
measurable. Define the functions

gn(x) = /YXEn(x,y)v(dy), n=1,2,..

o(z) = /Y xi(@, 9)v(dy).

We have shown that those functions are measurable, and so by the
Monotone Convergence Theorem, g, — g pointwise. Hence,

oy oot = | [ xs, ot i,

n=12..

Taking the limit as n — oo and applying the Monotone Conver-
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gence Theorem to both sides, we find that

/X YXE(%ZU))\(C[DU xdy) = lim Xg, (T, y)\(dz x dy)
X

n—=0o0 JX XY

= i [ [ v vt i)

n—oo X

= lim [ gn(z)u(dr)
X

n—oo

= [ st@wmtar)

= [ xtewtan]| uao)

hence £ € F. If {E,} is a decreasing sequence in F, apply the
argument above to the increasing sequence {E¢}, and use the fact
that £¢ € F. Hence F is a monotone class. An argument similar
to the one used in Theorem 8.3 can be used to extend the result
to all measurable simple functions, and then by Theorem 7.5 and
the Monotone Convergence Theorem the result is establish for all
measurable (M-integrable) functions.

For the case of nonnegative measurable functions F, the only
point in the proof above where the integrability of F' was used was
to infer the existence of an increasing sequence of simple functions
converging to F. But if 4 and v are o-finite, then so is A, and any
nonnegative measurable function on X X Y can be approximated in
this way.

Exercise 8.10

First, we will prove that the stated condition holds for all indi-
cator functions of measurable sets, all measurable simple functions,
and all measurable functions.
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Let A € Z a measurable set, and let f(z) = x4(2) then

/Z x4 () Qzd) = Q(zA)
= u(r(A))

= /W X{weW:g(z,w)c A} (w) :U’(dw)v

so the condition holds for indicator functions of a measurable set. By
the linearity of the integral (see Exercise 7.26 c.) the result can be
extended to all measurable simple functions and finally by Theorem
7.5 and the Monotone Convergence Theorem to all nonnegative Z-
measurable functions. The general case is covered by representing f
as fT — f~ if f is integrable.

@ has the Feller property, if for z, — z and a continuous function
hy (Th)(zn) — (Th)(2).

Fix w € W. If f,g are continuous functions then h = fogis a
continuous function too. Hence, if z, — z, flg(zn, w)] — flg(z, w)].
Define h, = f[g(zn,w)], then h € C(Z). Then, by the Lebesgue
Dominated Convergence Theorem,

lim Th, = lim P pe(dw) :/ hu(dw) =Th

— —

Hence @ has the Feller property.

Exercise 8.11

First, we must show that @ is well defined on (Z, Z), that is,
Q : ZxZ — [0,1]. Clearly, @ takes values on [0,1], and for any
((w,w"), A x B) it is well defined because P is well defined.

Next, we need to show that for each (w, w') € WxW, Q[(w, w’), ]
is a probability measure on (Z x Z), and that for each (A x B) € Z,
Q[, (A x B)] is a Z-measurable function.

Let C be the class of all measurable rectangles, and let £ be the
algebra consisting of all finite unions of sets in C. Fix (w,w’); then
Q[(w,w"),-] defined on C clearly satisfies the hypothesis of Theorem
7.13 and Q[(w,w’),W x W] = 1. Hence it can be extended to
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a measure on all of £. Since Z is the o-algebra generated by &, it

then follows immediately from the Caratheodory and Hahn Exten-

sion Theorems that Q[(w,w’), ] has a unique extension to all of Z.
Finally, we must show that for each C' € Z, the function Q(-,C) :

Z — [0, 1] is measurable. Let S C Z be the family of sets for which

Q(-,C) is a measurable function. By the Monotone Class Lemma, it

suffices to show that S contains C and that S is a monotone class.
Fix C = (A x B) € Z. Then we can write @ as

Q[(w7w,)7A X B] = P(w7w,7B)XA(wl)7

where x4 is the indicator function for A. Since P(-,-, B) and x4 are
measurable functions, and since the products of measurable functions
are measurable, it follows that Q[-, A x B] is measurable.

Hence S contains the measurable rectangles in Z. Using the fact
that every set in C can be written as the finite union of disjoint
measurable rectangles, we can conclude that C C Z.

In order to show that & is a monotone class, let C; C Cy C ...
be an increasing sequence of sets in S, with C' = U2, C;. Thus, by
Theorem 7.1, for each (w,w’) € Z,

Ql(w,w"),C] = lim Q[(w,w’),Cy).
n—oo
Hence Q[(w,w’),C] is the pointwise limit of a sequence of measur-
able functions, and therefore by Theorem 7.4 is measurable. There-
fore C' € §. A similar argument applies for decreasing sequences.
Therefore S is a monotone class.
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Exercise 9.1
By definition,

wl[C(m, z1), (70, 21)]
= nh_)ngo un [C(7, 21), (70, 21)]

= lim {F[mo, Co(m,21), 2]

+/1F[Co(71', 21),C1(z2;m, 21), 22] ,ul(zl,sz)
A

+Z/ B [Croa(25 Y, 21), Croa (2w, 21), 21

Xt e, d) )

By Assumption 9.2, F' is measurable. By Theorem 7.14, C (7, -) and
Cy (2571; , ) are measurable functions of z;, and then F' is a mea-
surable function of z; by Exercise 7.31. Therefore, u is a measurable
function of z1. That u is measurable follows from Exercise 7.12.

Exercise 9.2

a. First, notice that by assumption F' is bounded and A-
measurable, and so it is Z-measurable (see Exercise 7.31). Therefore,
F [m1(27Y), m(2Y), 2¢] is p! (20, )-integrable, t = 1,2, ...

If F' is uniformly bounded above,

F [wt_l(zt_l),wt(zt),zt] <C, allZdeZ t=1,2,..,

154
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where C is the upper bound. Hence F' is bounded and coupled with
0<pB<1,

F* [$077T0720]

+ lim Z [ BF [mo1 (271, me(2Y), 2] 1t (20, d2Y)

n—00 {7 7y

— < 00,

<
= 1-3

and hence the limit exists (although it may be minus infinity).

An analogous proof applies if F' is uniformly bounded below.
Hence, u(m, sg) = limy,—,o0 un (7, So) is well defined.
If in addition, Assumption 9.1 holds, then by Lemma 9.1, II(s¢)

is nonempty for all s, and therefore sup s u(m, s) exists, so v* is
well defined.

b. The proof of Theorem 9.2 remains the same, but now the
part a. of this exercise (instead of Assumption 9.2) provides the
justification needed to take the limit of w, (7, sp) in the first part of
the proof.

In order to show that Lemma 9.3 still holds, let (zg, z9) = sp € S
and 7 € II(sp) be given and suppose F' is uniformly bounded above.
Then u(w, sp) is well defined, and we can write (10) in the text as

w(m, sg) = F(DUOJTO, 20)

+ lim Z ﬁtF [me1 ("1, m(2"), 2] p (20, d2").

We wish to make use of the Monotone Convergence Theorem to
justify exchanging the order of limit and integration. Towards this,
we split F' into its positive and negative parts. The second term on
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the right can then be re-expressed as

lim Z5F+ [0, 71 (21), 21] Q(20, d21)

n—oo

+ lim {Z/ BtFJr [ﬂ'tfl(zt_l)aﬂ—t(zt)azt] Mt_l(zladzé)}
n—oo |- o Zt—1

xQ(20,dz1) — lim 5F7 (70, m1(21), 21] Q(20, d21)

— li_)m {Z
XQ(Z(), dzl).

We then use the upper bound on F' and the fact that 0 < 8 < 1 to
make sure the limits exist and u is well defined. By the Monotone
Convergence Theorem, the above expression then equals

Zt—1

(i1 (271, (=), 2] 1t (2, dZE)}

/Z lim BF* [mo,m1(21), 21] Q(20, d21)

n—oo

LM&ZLﬁW ﬂ“mw@wwwﬁ

xQ(z0,dz1) —/ Jim GF™ [mo, m1(21), 21] Q(20, dz1)

égﬂiLﬁwﬂw<>mwﬂw%mﬁ
XQ(Z(), dzl),

which equals

ﬁ/ C(m,21), (70, 21)] Q(20,d21).

by the definition of u. A similar argument applies if F' is uniformly
bounded below. Substituting into (10) above gives the desired result.

Finally, Theorem 9.4 remains intact, because the assumptions
made about F' and § enter into the proof only through Theorem 9.2
and Lemma 9.3.
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Exercise 9.3

Choose a measurable selection h from T'. Fix sg = (x¢, 29) € S,
and define 7 by

)
m(2') = hlaf(2"), 2]

forall 2t € Zt; t =1,2, ...

Clearly 7 satisfies (1a’) and (1b’) and 7wy is measurable. That
each m; is measurable for all ¢ then follows by induction from the
fact that ¢ is measurable and compositions of measurable functions
are measurable (see Exercise 7.31). Since sg was arbitrarily chosen,
the proof is complete.

Exercise 9.4

Notice that under Assumptions 9.1’ and 9.2/, v* is well defined.
Hence, in order to show that v = v* we have to show that

v(s) > wu(m,s), allTell(s) and

v(s) = klim u(m®, s), for some sequence {7*}°; in II(s).
— 0o
Choose any sg = (2, 20) € S. Then for any 7 € II(sp),

v(so)) = sup {F(mo,y,z())+5/Zv[¢(wo,y,21),21]Q(Zo,d21)}

y€l(so0)
> F(ib‘o,ﬂo,zo)-i-ﬁ/U[¢(1‘0,7T0,21),21]Q(Zo,d21)
z

= uo(m,s0) + /Z ol(z0, w0, 21), 21l (20, d2V),

where the second line used the fact that 7 is feasible from sg,and
the third uses the definitions of ug and u!. Iterating on this process,
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gives
up(™, s0) + ﬂ/ v[@(wo, ™o, 21), 21) 1 (20, dz)
7z

= U()(Tf, 30) +ﬁ Sup F [ler(zl)vyvzl] M1(207dzl)
Z yel'zT (z1),21]

3 /Z O[S (2, . 22), 22)Q (21, dza) (20, d2V)

Vv

uo(, so)—i-ﬁ/ZF [2T(21), m1(2Y), 21] 1! (20, d2")
48 [ BT, ma(e!),20) 2)Qen, o) o, )
= u(m, 80)+52/ v[p(af (21), m1(2Y), 22), 22) 1% (20, d2°),

72
where the last line uses the definition of w; and that the two integrals
can be combined into one (see Exercise 8.8). Therefore, it follows by
induction that

v(sg) = un(m,sg) + pntt /Zn+1U[¢($Z(Zn),'ﬂ'n(2n),Zn+1),zn+1]

n+1( n+1)’

X b 20,dz

n=1,23,..
Taking the limit as n — oo and using (7') we obtain that

v(s0) > u(m, sp),

and since m € I(sg) was arbitrary, v(s) > u(mw,s), for all 7 € II(s).

To show that the second condition is also satisfied, let 7* be
any plan generated by G from sg. If G is nonempty and permits
at least one measurable selection, there is at least one such plan.
Then repeating the argument above with equality at every step, we
can show that v(s) = limg_,. u(m*,s) for the sequence 7% = 7,
k=1,2,..

Since sgp € S was arbitrary, this establishes that v = v*.

Exercise 9.5
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a. Let (z0,20) = sp € S and 7 € II(sp) be given and suppose
that F' > 0. Under Assumption 9.2 u(m, sq) is well defined, and
u(m, so)
= F(xg,mo,20) + lim Z BYF [a] (2'), mi(2"), z¢] 1 (20, d2").

For the second term on the right we have,
n
T}Lnolo ; . ﬁtF [x?(zt)7 Wt(zt)’ Zt] ,ut(zo, dzt)

= /Z lim BF [27(z'),m1(21), 21] Q(20, d21)

n
+ / lim {Z BUF (a7 (1), mu(Y), 2] ut*(zl,dzs)}
z N—00 i—2 Zt—1

XQ(Zo,dzl)
= g lim F [$71r(21),00(77, 21), 1] Q(z0, dz1)

VA n—oo

ﬁ lim F [gf)[l‘ir(zl),co(ﬂ'? Zl),Zl],Cl(Zg;ﬂ', Zl)aZQ]

Z1 n—oo

Xul(zl, dz2)Q (20, dz1)

+Z BUF [plaf 1 (2571), Cooa (2574 m, 21), 24,

Zt 1
Ct 1(25; 7, 21), 2¢) 1t~ (21, d25) Q (20, d21)

= ,6’/ C(m,z1), (27 (21), 21)] Q(20, dz1),

where the steps are justified as in Lemma 9.3 in the text. Hence,
substituting into the original equation the desired result follows.
If FF <0, a similar argument can be applied to the function —F.
If F' takes on both signs, then we can make use of Assumption
9.3, and define the sequence of functions Hy(z1) : Z — R by

Ho(zn) = BF [w’f( D, m(z1), 21

APt
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n = 2,3, ..., and Assumption 9.3’ implies that there exist a constant
L =572, 3"L(so) such that ‘I:In(zl)‘ < L, all z; € Z, all n. Hence,
as in Lemma 9.3, we can use the Lebesgue Dominated Convergence
Theorem to justify the change in the order of limit and integration.

b. Let 7* be a plan that attains the supremum in (2). Since
G is defined by (6'), it is sufficient to show that

v*(s0) = Fla0, 75, 20) + 3 /Z [T (1), 21]Q (0, d21)
and

T

CHCANED) N7 (2"), 4

= Flzf (=
+5/ U*[SU;L(ZHI),Zt+1]Q(Zt,dZt+1),
Z
t

w'(zo,- )-ae., t=1,2,..

To show that the first equation holds, notice that by hypothesis 7*
satisfies

v*(s0) = u(m™, s0) > u(m, so), all T € II(sp).

Therefore, using the result shown in part a., we can write the above
expression as

Fo, 75, 20) + 0 /Z a[C(*, 2), (o7 (21), 21)]Q (20, d21)
> F(xo, 70, 20) —i—/J’/Zu[C’(ﬂ,zl),(:pf(zl),zl)]Q(zo,dzl),

for all 7 € TI(sg). In particular, the above inequality holds for any
plan 7 € II(sp), with w9 = 7. Next, choose a measurable selection g
from G, and define the plan 79 € II(sp) as follows:

g _ *
7T0 = Ty

() = gl (2h), 2], allztezZit=1,2..
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For each z; € Z, the continuation C(79,2;) is a plan generated by
G from (¢(zg, 7, 21), 21). Hence, C(n9, z1) attains the supremum in
(2) for s = (p(xo, 7y, 21), 21) (see Exercise 9.4). That is,

vl (21), 21] = u[C(79, 21), (2T (21), 21)] = ulm, (2] (21),21)],

all 7 € H(2T (21),21), all 21 € Z. In particular, since C(7*,21) €
(27 (21), 21), all 21 € Z, the equation above implies that

u[C(m9, z1), (m’f(zl),zl)] > u[C(7™, 21), (x’lr* (21),21)], all 1 € Z;

and since 79 € II(sg) and 7 = 7,

/Z alC(*, 21), (2T (1), 20))Q (20, d21)
> /ZU[C(wg,zl),(xq*(zl),zl)]cg(zo,dzl).

By Exercise 7.24, these two inequalities together imply that

*

ulC(n%, 1), (aF (21),21)] = ulC(x", 21), (2T (21),21)],  Q(z0.- )-ace.

It then follows that

* *

vlat (1), z1] = w[C(77, 21), (27 (21), 1)), @20, )-ae.

v*(s0) = u(m*,s0)

= F(xo, 70, 20) + ﬂ/Z“[C(W*a 1), (2]

*

(21), 21)]Q (20, dz1)
= F((L'(),WE;,Z())+ﬁ/ZU*[.Z'T*(Zl),zl]Q(Zo,le),

where the second line uses the result obtained in part a. and the last
uses Exercise 7.24.
Using an analogous argument, with

* *

vlat (1), 2] = w[C(77, 21), (27 (21), 1)), @20, )-ace.
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as the starting point, we can show the second equation at the begin-
ning holds for t = 1, and continue by induction.

Exercise 9.6

a. To see that Assumption 9.1 is satisfied, notice that by
Assumption 9.6, I is non-empty valued. Assumptions 9.4, 9.5 and
9.6 imply that the graph of I' is (X x X x Z)-measurable. To see
this, recall that, A, the graph of I, is defined by

A={(z,y,2) e X x X x Z:yeTl(x,2)}.

We need to show that A € X x X x Z.
Let Z be countable. Then A = A; U As U A3 U ..., where

A,L' = Az X {Zi}, 1= 1,2,...,

and A; = {(z,y) € X x X :y € D(z, %} .

By Assumption 9.6, for z fixed, I' is continuous. But A; is (X x
X)-measurable for i = 1,2, ..., then A; is (X x X x Z)-measurable,
and so is its countable union. The extension of this result for the
case when Z is a compact (Borel) set in RF is similar to the second
part of the proof of Theorem 8.9.

As T is continuous by Assumption 9.6, it is upper hemi-continuous.
As it is compact valued, Theorem 7.6 applies and it has a measurable
selection.

To see that Assumption 9.2 holds, note that, because F' is con-
tinuous, it is measurable with respect to the Borel sets, and so it
is A measurable (see Exercise 7.10). Assumption 9.7 assures that
Flm_1(2871), m(21), 2] is p (20, -)-integrable for t = 1,2, ..., and that
the limit

n

Flxg, mo, 2z0] + lim Z BUF[m_1 (27, mi(2h), 2] (20, d2Y)
n—oo t:]_ Zt

exists (see Exercise 9.2). Therefore Assumption 9.2 holds.

Finally, Assumption 9.7 says that !F[m_l(ztfl), m(2Y), th <B
<oo for all ¢. Hence defining L¢(sg) = B for all ¢, and using the fact
that 0 < 8 < 1 Assumption 9.3 is satisfied.
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Exercise 9.7

a. The proof that Assumption 9.1’ holds parallels the one
presented in Exercise 9.6, but in addition it must be proved that the
function ¢ : D x Z — X is measurable. With Assumptions 9.16
and 9.17 at hand the result obtained in Exercise 7.10 applies, which
completes the proof that Assumption 9.1’ is satisfied.

The proofs needed to show that Assumptions 9.2 and 9.3" hold
are a straightforward adaptation of the ones developed in Exercise
9.6.

b. Let u = (z,y) and define ¥ (u,2') = flp(u,2'), 7] as in
the proof of Lemma 9.5°. Since f € C(S) and ¢ is continuous, then
1 € C(S). The rest of the proof is similar to the proof of Theorem
9.6, with ¢ playing the role of f.

c. Under the stated assumptions, an argument analogous to
the one used in Theorem 9.7 in the text applies. To see this, fix
z € Z. Let f(-,z) € C'(S) and take x1,z2 € X, with &1 > 2. Also,
let y; € I'(x;, 2) attain the supremum in

(Tf)(z) = sup &mm%a+ﬁ/fwmwwmzm@@w}.

y€l(z4,2)

Then
(T (1, 2) —.ﬂmwha+ﬁ/jwwhm¢%zm@ﬂx
2<ﬂmwm@+ﬁ/fW@hmJ%5W@Jﬁ

> F($27y27z)+ﬁ/f[¢(x27y2vZ/)’Z/]Q(Z7dz/)
= (Tf)((L'Q,Z),

where the second line uses Assumption 9.9 and the fact that y; max-
imizes the right-hand side, and the third line uses Assumptions 9.8
and 9.9 and ¢ nondecreasing. Hence (T'f)(:, z) is strictly increasing.

d. The first part of the proof is similar to the proof of Theo-
rem 9.8 in the text. The only difference is the proof that T[C’(S)] C
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C"(S), where C’ (S) and C” (S) are defined as in the proof of The-
orem 9.8. In order to show this, let f € C’(S) and let xy # w1,
0 € (0,1), and zg = Oxo+(1—0)z1. Let y; € T'(x;, 2) attain (T'f) (x4, 2)
for i = 0, 1. Then by Assumption 9.10, yp = Oyo+(1—0)y1 € I'(zg, 2).
It follows that

(Tf)(zg, 2)
MMWma+ﬂwau&wxmzmu@&

v

>9Pmmma+ﬂéﬂwmmxmﬂm%@ﬂ

+u—w{mmwh@+ﬁéfwmhmwmzmwﬂw}
= 0(Tf)(xo,2) + (1 = O)(Tf)(x1,2),

where the first line uses (7) and the fact that yg € I'(xg, 2); the
second line the hypothesis that f is concave, and the concavity re-
striction on F' in Assumption 9.10 and the assumption that ¢(- ,-
,2') is concave. Since ¢ and 1 were arbitrary, it follows that T'f is
strictly concave, and since f was arbitrary, that T[C'(S)] C C"(S).
Hence, the unique fixed point v is strictly concave. Since F' is strictly
concave (Assumption 9.10) and , for each s € S, I'(s) is convex (As-
sumption 9.11), it follows that the maximum in (7) is attained at a
unique y value. Hence G is a single valued function. The continuity
of G then follows from the fact that it is u.h.c. by the Theorem of
the Maximum (Theorem 3.6).

e. Let C"(S) C C'(S) be as defined in the proof of Theorem
9.8. As shown in part d. T[C'(S)] € C"(S) and v € C"(S). Let
vg € C'(S), and define the functions {f,} and f by

h@%sz@%d+ﬂ/wM@wd%ﬂ@AM%
7
n=1,2,.., and

f(z,y,2) =F($,y,2)+B/Zv[é(w,y,Z’),Z']Q(z,dZ')-
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Since vy € C'(S), each function vy, n =1,2,..., is in C”(S5), as is v.
Hence for any s € S = X x Z, the functions {f,(s,- )} and f(s,- )
are all strictly concave in y, and so Theorem 3.8 applies.

f. Fix z9. Let (zg,20) € int X x Z and g(x0,29) € int
['(x, 20). Then, there is some open neighborhood D of xy such that
g(xo,20) € int I'(z, 2p), all x € D. Hence we can define W : D — R
by

W (z) = Flz, g(xo, 20), 20] + ﬁ/v[d)(g(xg, 20),2'), 2'|Q(20,d2").

As F', v and ¢ are concave, W is concave, continuously differen-
tiable on D and

W(zx) < v(z,2p), all z € D,

with equality at xg. Hence Theorem 4.10 applies and the desired
result follows.

g. In order to show that v(z, 2) is strictly increasing in z, we
need to make the additional assumption that ¢ is non-decreasing in
z.

Paralleling Theorem 9.11, it is enough to show that T[C'(S)] C
C"(S), where C'(S) and C” (S) are defined as in Theorem 9.11.
Fix z € X. Assume f € C’(S), and choose 21 < z3. As before, let
y; € I'(x, 2;) attain the supremum in

(Tf) ) = sup {F@wﬁﬁ+ﬁ/fM@wJ%/W@uMU}

Hence,
(Tf)(ZL‘,Zl) = F($7y1721)+/8/f[¢(x>y17Zl)?'ZI]Q(ZladZ,)
< Floanz)+ 6 [ oo, ). 1QCa,d2)

§<NLWﬂﬁ+ﬁ/ﬂM%WJ%5W&mM5
= (Tf)(ZL‘, Z2)7
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where the second line uses Assumptions 9.13, 9.15 and the added
assumption about ¢, and the third line uses Assumption 9.14. Hence,
(T'f)(z,-) is strictly increasing.

Exercise 9.8

To see that Assumption 9.1 holds, note that Assumption 9.19
implies that I' is nonempty, while Assumptions 9.5 and 9.18 imply
that A is (X x X x Z) measurable. In addition, Assumptions 9.5,
9.18 and 9.19 imply that the assumptions of Theorem 7.6 (Measur-
able Selection Theorem) are satisfied. Hence, I has a measurable
selection.

To show that Assumption 9.2 holds, notice that under assumption
9.1 A={C X x X x Z:CC A} is a o-algebra, and by Assump-
tion 9.20 F': A — R is A-measurable (see Exercise 7.10).

We showed already that ||z||, < of ||zol];, t = 1,2, ...(see Exercise
4.6). Hence for any 7 € II(sp), all sgp € S, by Assumption 9.19 and
9.20 is it straightforward that

[Flre 1 (1Y), m(=), 2| < a'B(1 + a) |zl

all 2t € 7t t =1,2, ...

Therefore, for all t = 1,2, ..., the positive and negative parts of F’
are bounded and then F[m;_1(2'71), my(21), 2] is ut(z0, -)-integrable
(see Exercises 7.25 and 7.26). Finally, by the bound imposed on F'
for each ¢, and the fact that a € (0,571),

Flxo,m0, 20] + lim Z B F[m_1(27Y), m(2Y), 2]t (20, d2)
1 J 7t

n—oo

n

< Fleo,m0,20] + lim Y (Ba)'B(1+ @) |Jao|; < oc.
t=1

Hence, the limit exists. Therefore Assumption 9.2 is satisfied. More-
over, the limit is finite.

Define Ly(so) = a*B(1+ a) ||zol|; . Then, using the results above,
Assumption 9.3 is clearly satisfied.
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Exercise 9.9

To show that M : H(S) — H(S), first note that if f is homoge-
neous of degree one,

(Mf)w,2) = / fOw, 2)Q(z )

= Mf)(yv ),

hence M f is homogeneous of degree one.
To prove that M f is a continuous function, notice that the proof
of Lemma 9.5 applies with the obvious change of norm for H(S).
To show that the operator M preserves quasi-concavity, choose
y1,y2 € X, with y1 # yo and f(y1,2) > f(y2, 2). If f is quasi-concave,
then for 6 € (0,1), f[0y1 + (1 — 0)y2, 2] > f(y2, 2). Then,

MH)By + (1 — Oz 2] = / F10u1 + (1= 0), 1Q (2. d2')

> /f Y2,2 Z dZ/)
= Mf)(y27 )7

all z € Z, all 0 € (0,1). If f is strictly quasi-concave, then the
inequality above is also strict.

Exercise 9.10

a. The proofs that H(S) is a complete metric space and T :
H(S) — H(S) parallel that of Exercise 4.7. Define T as

Tf(r,2)= sup ){F(:c,y, 2+ [ 1 z')@(z,dz'>}.

yel'(z,2
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Choose f,g € H(S) and f < g. Clearly Tf < Tg, so T satisfies the
monotonicity property. Similarly, choose f € H(S) and a > 0. Then

T(f +a)(z,2)
= sup {F(J;,y, z) + 5/Z[f(ya Z') + alQ(z, dz’)}

yel'(z,z)

~ swp {F(sc,y,z>+6 /Z f(y,z’>cz<z,dz’>+ﬁauyu}

yel'(xz,2z)

< swp {F(:c,y,z)m / f(y,Z’)Q(z,dZ’)}+ﬁaallxll

yel'(z,z)
= (Tf)(z,2)+ Pac ||z,

where the third line uses Assumption 9.19. Since s € S was arbitrary,
it follows that T'(f+a) < T f+«Ba. Hence T satisfies the discounting
condition, and by Theorem 4.12, T' is a contraction of modulus a8 <
1. It then follows from the Contraction Mapping theorem that T" has
a unique fixed point v € H(S).

That G is non-empty, compact valued and u.h.c. then follows
from the Theorem of the Maximum (Theorem 3.6). Finally, suppose
that y € G(z,2). Then y € T'(x, z) and

v(z,2) = F(x,y,2) + ﬁ/Zv(y, 2NQ(z,d2").

It then follows from Assumption 9.19 that Ay € I'(A\z, z) and from
the homogeneity of F' and v that for each z € Z,

vz, 2) = FAz, Ay, 2) + B / oAy, 2)Q(z d2).
7Z

Hence Ay € G(\x).

b. For v to be strictly quasi-concave, (X,X), (Z,Z2), Q, T,
F, and 3 have to satisfy Assumptions 9.5, 9.18-9.20 and in addition
for each z € Z, F(- , ,z) must be strictly quasi-concave. The proof
parallels the ones in Theorem 9.8 and Exercise 4.8c.

c. Adding Assumptions 9.8 and 9.9 we obtain monotonicity
of v. The proof is similar to Theorem 9.7, with H(X), H'(X) and
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H"(X) as defined in Exercise 4.8c., instead of C(X), C'(X) and
C"(X).

For differentiability of v, we need the same assumptions as in
part b., plus Assumption 9.12. Then, for each z € Z, x, ' € X with
x # ax’, for any a € R, Theorem 4.10 applies.

Exercise 9.11
For this particular example,

v[mi_1 (2871, 2]

— a t—1 1
— Ao-O-l_aﬂlnwt_l(z )+1—aﬂlnzt
t—1
- 1 _aaﬁ {;atln[ln(aﬂ) + ln(zn)] + Oét hl $0}
+Ag+ ——1
0 1_@/@ nz.

Using the fact that 0 < < 1,0 < af <1 and E(lnz) =m < oo, it
is straightforward to show that

t—o0

lim /Bt /t 'U[T"tfl(zt_l)aZt]ﬂt('zO?dzt) = 07
Z

and hence that condition a. of Theorem 9.12 is satisfied.

Exercise 9.12

Denote by A the probability measure on w. Then,

/ 2ol (20, d2Y)
Zt
= / [/ |PZt—1+Ut|Q(Zt—1,dZt)} (g, d2tY)
Zt-1 Z
[ Upal + ) o, 2
Zt—l
|

i Mdur) + / ol 1 e, ),
"

IN

Z
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Hence, since 0 < p < 1, 29 € R, and |u| has finite mean since Z = R,
there exist an A > 0, such that

/ ol (20, d2) = ST pl= Z/|u@|)\ dus) + pt |20 < A, all t.

The second part is proved by induction. For ¢ = 1, since u has
finite mean and variance, there exists a B > 0 such that

/Z%/L(Zo, dz') = / (p*23 + 2pzour + u%) Q(z0,dz")
= p?2 —|—2pzo/u1)\(du1) + /u%)\(dul) < B.
Next, assume [ ., 22 1t (20,d2'Y) < B, then
f 2t (z0,d2") = [ [p*2iy + 2021 [wN(duy) + [uiA(duy)]

Zt—1
X :u’til (207 dztil)

= 0 [ e N (20,d" )
Zt—1

+ [uwhdug) 20 [ z-1ptH(z0,d2" )
Zt—1
+ [ uZ\(duy)
< B,

where the inequality comes from the result obtained in the first part
of the exercise.

Exercise 9.13
a. The most general solution to (1) would be

v(zx, z) = vg + V12 + Vo + V3ZT — v4x? + U522

That is, it may be the case that vs # 0. In fact, the proposed solution
(with vs = 0) does not satisfy (1).
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To show that the equation above constitutes a solution to (1),
substitute this guess in (1) to get

Vg + V12 + vox + v3zx — U4332 + U5Z2

1 1
= sgp {z:p - Ewa - §c(y —z)?

-l—ﬁ/ (vo + v12' + voy + v3zy — vay? + v5z’2) Q (, dz’)} )
z

The first-order condition of the maximization problem of the right
hand side is

—c(y—=z)+ vgﬁ/zz'Q (z, dz’) — 2Bv4y + Pue = 0.

Let @ and o2 denote the mean and variance of w. Then,

y:( [cx + B (va + v3 (pz + 1))].

¢+ 2v4f3)

We can plug this into the functional equation above, group terms,
and solve for the coefficients. The values of the coefficients that
satisfy (1) are implicitly given by

B2 (vg + v31)?

0 (1= 75)2(c+ 206v4) + 1-3 [v1T + vs (@ + 02)] :
_ 3pvs (va +70)

v = ﬁpvl + W

e (c+c—2ﬁﬁv4) (v2 + v30);
_ 4 Opvs

vg = 1+ et 2000
_ b, fua

Vg = 5 (C T 251}4))

v = M

> (C + 2/5'1)4) !

To verify that one of the solutions to vy is strictly positive, notice

that
cb

283 + (1= B) e = Bblvg — 5 =0,
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and therefore

(1= B)c— Bb] £ 1/[(1 — B) ¢ — BbI? + 4Bcb
13 )

Vg4 =
which clearly implies the result.

b. From part a. we know that the first-order condition for
the problem above implies that

yzg(wjz)z( ez + 6 (v2 + v3 (pz + 1))l

¢+ 2v4f3)

which can be written as

y=g(x,2) = go+ q17 + 927,

where

_ B(v2 +vsu)

g = T

(c+ 2v403)

c

T e 2up)

5o = pusp

2 (c+2v403)’

and clearly 0 < g1 < 1 since in part a. we showed that vg > 0.

Exercise 9.14

Using (10) we can write the measurable functions that conform
to the plan 7*(- ; s0) generated by g as

t t

m(2'50) = g0 > g + 9 w0+ 92 ) g1z
i=0 1=0
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Hence, (11) becomes

t—1 t—1
. t i t t—1—i
thjgloﬁ /Zt Vo + V12t + U2 (90 E g1 + 9170 + 92 E 91 ZZ)

=0 =0
t—1 t—1 '
+og (go S i+ gloo+ o zgi—l—wi)
=0 i=0
t—1 t—1 2
—vg (go > gl +gimo+g2) gillzi> p'(z0,d2"),
i—0 i=0
or
lim My + lim N,
t—o0 t—o0
where
t—1
M, = {Uo + U2 (90295 + 9§$0> } :
=0
and

t—1
Ny = ﬁt/ V124 + Vg (gzzgi“zz)
Zt X
=0
t—1 t—1 .
oy (go S gt 4 o+ g zgi—l—zzi)

=0 i=0

t—1 t—1 2
—v4 (90 > gi+gimote)y, 95—1—%) 1 (20, d2")

i=0 =0

t—1 t—1
< p'A <v1 +v2g2 gt Husgo > gi + gffvo)

i=0 i=0
t—1 '

+4'B <U392 Zgi_l_l> ;
i=0

where A and B are the same constant used in Exercise 9.12, and the
last inequality comes from the fact that vg > 0.
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That lim;_o, My = 0 comes from the fact that 0 < g; < 1, which
makes the sum converge.

That limy_,oo N = 0 comes from § < 1,0 < g1 < 1, and A, B,
v1, Vg2, and v3 are finite.

Exercise 9.15

a. We will prove that the stated condition holds for all indi-
cator functions of measurable sets, then all non-negative measurable

simple functions, and then all non-negative measurable functions.
Let C =Ax BeS, and let f(z,2) = xaxp(, 2). Then

/ Xaxg(@, 2 )P[(x,2),dx" x d2']
XxZ

= P|(x,2),Ax B]

= Q(za B)XA[g(l‘a Z)]

= [ xalste Mo()QG. )

- / XAXB[g(xv Z)v ZI]Q(Z7 dzl)’
Z

hence the statement is true for indicator functions of measurable sets.
Clearly, the argument also holds if f is an indicator function for a
finite union of measurable rectangles. Let

C = {C €S: / f(@' 2)P[(z,2),dx" x d2']
XxZ

= /Zf[g(x,z),z']Q(z, dz') for f = XC’}‘

We need to show that C is a monotone class; it will follow from the
Monotone Class Lemma that C = S.

Let {Cpn},2, be an increasing sequence in C, with C' = U2, C,,.
Then x, is an increasing sequence of S-measurable functions con-
verging pointwise to x; hence by Theorem 7.4, x. is also S- mea-
surable. By hypothesis,

| e @ Pl ) % d) = [ xe,lo(e,2), £1Q(. ),
XXZ Z
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forn=1,2,...
Hence, taking the limit as n — oo and applying the Monotone
Convergence Theorem to both sides, we find that

/ xo (@', 2")Pl(x, 2),dz’ x d2’|
XxZ

= lim xc, (@', 2 )P[(x, z),dx’ x d2']

n—oe JXxZ

n—o0

- / X[g($7 Z)? Z,]Q(Z’ dZ,),
Z

= lim ZXCn [g(wvz)wzl]Q(Za dZ,)

so C' € C. Similar argument applies if {Cy,}° | is a decreasing se-
quence.

We can use the linearity of the integral to extend the result to
all measurable simple functions, and Theorem 7.5 and the Monotone
Convergence Theorem to establish the result for all measurable func-
tions.

b. The proof that a. holds also for f being P (s, -)-integrable
comes from the fact that this requirement is sufficient for the integral
above to be well defined. Hence proceeding as in part a. for the
positive and negative parts of f we can complete the proof.

Exercise 9.16

Define Pr(z; = i), i = 0,1 as the unconditional probability of
z¢ = 1. Conditioning on x; only, we don’t have any information about
past realizations of the z; process, so

1

P(rip1 € Alx) =Y xalg(ay, )] Pr(z = i).
=0

Conditioning on z; and x¢y1, due to the specific functional form of
g(x, z), we can infer the value of z_1, and hence we can use that
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information to calculate the conditional probability, therefore

1

P(wip1 € Al @, xim1) = Y Xalg(@r, )]Q(ze-1, 7).
i=0

Hence, as long as Pr(z; = 1) # Q (21-1,1) , we will have that
P(l‘t+1 cA | l't) 75 P(IBt+1 cA | l‘t,l‘t,1) .

As an example, let § = 1/2 and A = [1/2,1]. Also, assume z; =
1/2, &1 = 1. Therefore, z;_1 = 0, and

Pr [$t+1 cA | Tt = 1/2] = Pr [Zt > 1/2]
= Prlz=1].

On the other hand,

Prizgjpi € Al =1/2,2,1=1] = Priz>1/2]2z_1 =0
= 0.1.

Exercise 9.17

a. Define

A~

H(A) = {(w,z,z') EXXZXZ:¢lx,g(x,2),7] € A}.

Then, H(x, z, A) is the (x, z)-section of I;T(A), and BN H(z,z,A) is
the (z, z)-section of B N H(A).

First, we need to show that P is well defined. To do this, it
suffices to show that BN H(z,2,A) € Z, all (z,2) € X x Z, all
B e Z, and all A € X. Since by hypothesis ¢ and g are measurable,
BNH(A) € X x Zx Z. As show in Theorem 7.14, any section of a
measurable set is measurable, so the desired result follows.

(37 )
0)

Next, we must show that for each (z,2) =s€ S=XxZ, P
is a probability measure on S = X x Z. Fix s. Clearly P (s,0) =
Qlz,0NH(xz,2,0)] =0, and P(s,5) = Q[z2,ZNH(z,2,X)] = 1.
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Also, for any disjoint sequence {(B x A);} in S, the sets C; = B; N
H(A;), 1 = 1,2,..in X x Z x Z are disjoint, and therefore their
(x, z)-sections are also disjoint. Then

Pl(x,2),UZ1(B x A)i] = Qlz, (U21Ci)(a,2)]
= Q2 U21(Ci)(e,2)]

— Z Q[z, Bi N H(z, 2, A;)]

i=1

= > Pl(z,2),(B x A)l.

=1

Therefore P (s,-) is countably additive.

Finally, it must be shown that for each (B x A) € S, P[-, (B x A)]
is a S-measurable function. Since for each (B x A) € S, the set
C =BNH(A) is in X x Z x Z, it suffices to show that the func-
tion @ [z, C(m,z)], as a function of s, is S-measurable for all C' in
X x Zx Z. Let

B={CeXxZxZ:Q[z,Cpulis (X x Z)-measurable} .

By the Monotone Class Lemma (Lemma 7.15), it suffices to show
that B contains all finite unions of measurable rectangles and that B
is a monotone class.

First, let C = A x B x D. Then

[ Q(#,D) if (z,2) € (Ax B)
@l Cn) = { 0 if (z.2) ¢ (A x B).

Since (A x B) is a measurable set, Q) [z, C(m,z)] is a measurable (sim-
ple) function of (z,z). Hence B contains all measurable rectangles.
The rest of the proof is a straightforward adaptation of the proof
of Theorem 8.9 to show that if F1, ..., E), are measurable rectangles,
then U, E; € B, and that B is a monotone class.

b. First, we need to show that

/ (@', )Pl 2), do’ x d2'] = / fl6(, 9(z, 2), 2)Qz, d2).
XxZ Z
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We will prove that the stated condition holds for all indicator
functions of measurable sets, then all measurable simple functions,
and then all measurable functions.

Let C = Ax B € S-measurable set, and let f (z,2) = xaxp (¢, 2).
Then

/ Xaxp(@', 2 )P[(z,2),dx" x d2']
XxXZ

= PJ(z,z2),A x B
= Q[z,BNH(z,z,A)]

B /ZXH(z,z,A)(Z/)XB(Z/)Q(Z7d'z/)
B /z Xald(x, (@, 2),2')Ixp()Q(2, d2")
B LXAXB[(Z)(x?g(m?2)72/)7ZI]Q(Z7dZI)7

so the stated condition holds for indicator functions of S-measurable
sets. Clearly, it also holds if f is an indicator function for a finite
union of measurable rectangles. The proof parallels the one presented
in Exercise 9.15. Similarly, the linearity of the integral allows to
extend the result to all measurable simple functions. Theorem 7.5
and the Monotone Convergence Theorem then establish the result
for all measurable functions.

Let Mg and Mp be the Markov operators associated with @
and P, respectively; and let f : S — R be any bounded continuous
functions. Then for any (z,z) = s € S, it follows from the argument
above that

(Mpf)(s) = /X XZf(S’)P(s,dS’)

— /f o2, 9(5), 2'), 1Q(2, d2')
= (Mof)lé(z, g(s)). .

Hence, the desired result follows immediately from Lemma 9.5’ (which
requires Assumptions 9.4, 9.5, 9.16 and 9.17) and the fact that g and
¢ are continuous.
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Dynamic Programming

Exercise 10.1

a. Define
(1) = I A (20):

Then, equation (1) can be rewritten as

sup ; /Zt BU [zef (w4) — wp41] p(d2h),

subject to

0 < Tt+1 < th(xt)v t= 07 17 ()
xg > 0 and zg > 0 given.

The set of feasible plans is a sequence {x:}7°, of measurable
functions z; : Z!~1 — X such that 0 < 2441 < 2z f(24).

b. Assumption 9.4 is trivially satisfied since 0 < x4 <
zef(x¢) defines a convex Borel set in R given z; € [0,7] and 2 € Z.
Assumptions Z1 and Z2 guarantee that Assumption 9.5 is satisfied
since Q(z,dz") = A(dz’) which does not depend on z. Define the
correspondence

D(a,2) = {y: 0 <y < 2f(x),y € X,z € Z},

179
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then since f(z) € I'(x, z), I'(x, ) is nonempty. Since
0= f(0) < 2f(2) < 2f(2) < oo,

for 2 € X and z € Z, I'(z, z) is compact-valued and since zf(z) is
continuous in x and z, I'(x, z) is continuous. Hence assumption 9.6
is satisfied. Define

F(:U,y,z) EU[Zf(l‘) _9]7

then since f and U are continuous and X and Z are compact,
F(z,y,z) is bounded and continuous. This, together with Ul, im-
plies that Assumption 9.7 is satisfied. Hence we can use Theorem
9.6 to show the first set of results.

Theorem 9.2 establishes then that the optimum for the FE is the
optimum for the SP and that the plans generated by the FE attain
the supremum in the SP. Theorem 9.4 establishes that a solution
of the SP is also a solution for the FE. Notice that Exercise 9.6
establishes that Assumptions 9.4-9.7 imply Assumptions 9.1-9.3.

c. By U3 and T3, F(-,y, 2) is strictly increasing and I'(z, z)
is increasing in x. Hence Assumptions 9.8 and 9.9 are satisfied and
we can use Theorem 9.7 to show that v(-, z) is strictly increasing.

By U4 and T4 Assumptions 9.10 and 9.11 are satisfied (see Ex-
ercise 5.1) and so we can use Theorem 9.8 to prove the rest of the
results.

d. The FE for this problem can be written as
0(s) = v(z, 2)

= e LUE7@ =440 [ o))

0<y<zf(z)

_ o N /
= O@ggg{U[S ] +6/Zv [ f(y)] A(dZ)},
where s = zf(y) and ' = 2/ f(y).

Hence the policy function g(z, z) only depends on the new state
variable s and so g(z, z) = h(s). Since g(z, z) is a continuous single
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valued function so is h. To show that h is strictly increasing suppose
not. Then for > 2/, s > s’ and h(s) < h(s') and so by U4

U'ls=h(s)] <U’ [s' — h(s')] ,

which implies using the first-order condition that

ﬁ/ A(d2") <ﬁ/ A(d2).

A contradiction with v concave in x. Hence h(s) is increasing in s
and by T4, g(x, z) is increasing in both arguments.

Since v(x,z) is strictly concave in z, for x > 2/, V'(z,2) <
V(2 2), s > s and h(s) > h(s"), hence

5/ A(d2') <5/ A(d2).

which implies that
U'[s = h(s)] <U'[s" = h(s")] ,

which implies by U4, that s—h(s) > s'—h(s'), so ¢(z, z) is increasing
in s and so in z and z by T4.

e. Assumption 9.12 is satisfied by T5 and U5. Hence we can
use Theorem 9.10 to show that v is differentiable at s with the given
derivatives since s, = zf'(z) and s, = f(z). Notice that we are using
Theorem 9.10 to prove differentiability with respect to s, and since
s is differentiable with respect to = and z, v(z,2) is differentiable
with respect to both variables. Hence differentiability with respect
to z comes from the possibility of reducing the problem to one state
variable.

f. If we replace Z2 with Z3, Assumption 9.5 is still satisfied
so 10.1 a.—c. hold. The FE for this problem can be written as

vw) = max SUf@) =3+ [ o)l d) )

with ¢,z > 0 given.
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Notice that now the problem depends on z through the transition
function so that we cannot reduce the state variables to s only. Hence
g depends on both arguments independently. It is no longer guar-
anteed that g(x, z) is increasing in z since we are not assuming that
for 2 > 2 € Z, Q(z,A) > Q(2', A) for all A € Z. If Q does satisfy
this condition, we can prove that g(z, z) is increasing in z. Towards
a contradiction suppose that for z > 2, g(x, 2) < g(z, 2). Then, by
U4,
U' [2f(z) - g(2,2)] < U' [2f(x) — g(x, )],

which implies that

Z

/v'(g(x,z),z’)Q(z,dz') </v'(g(x,2),z’)Q(é,dz').
z

A contradiction with v concave. Hence g(z, z) is increasing in z.

Because of the new dependence of the FE on z in the transition
function we can only apply Theorem 9.10 to the differentiability with
respect to x.

Exercise 10.3

a. We need to prove that I' is well defined and that it is
nonempty, compact-valued, and continuous.
Define I as,

T(z,2) = {y € X : (c,y) € ®(x, 2) for some c € RY}.

The correspondence is well defined since for every pair (z, z) € X x Z,
it assigns feasible consumption vectors and capital values. Since by
assumption a. ® is nonempty, compact-valued and continuous, I' is
nonempty, compact-valued and continuous. Hence Assumption 9.6
is satisfied.

The definition of A (the graph of I') is standard. In the definition
of F' we are using the fact that the choice of the consumption basket
is a static problem. That is, we can maximize which basket of goods
to consume first and then attack the intertemporal problem. We
know 3 € (0,1) by assumption. Since U is a bounded and continuous
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function and ®(z, z) is compact-valued and continuous we can use the
Theorem of the Maximum (Theorem 3.6) to obtain that Assumption
9.7 is satisfied. To show that F' is increasing in the first argument
notice that by Assumption b., for z < 2’ and z € Z, ®(x,2) C
®(2', z). Hence since the possible choices are more restricted in the
first case and U is strictly increasing, for y € X,

F(x,y,z) < F(2,y, 2),

hence Assumption 9.8 is satisfied.

Assumption 9.9 is also satisfied because of Assumption b. Since
®(z,2) C ®(2/,2) for x < 2/, and so for ¢ € RY, T'(x,2) C (2, 2).
U strictly concave and Assumption c. imply Assumption 9.10, since
for z,2’ € X and y,y € X

FOx+ (1—-0)2",0y + (1 —-0)y,z)
—

st. (c,0y+ (1—0)y) € @0z + (1 —0)2,2)
> max,cqy U(c)

s.t. (¢,y) € ®(x, 2),(c,y) € D(2/, 2)
>0F(x,y,2)+ (1 —0)F(2/, v/, 2).

where the weak inequality comes from Assumption c. and the strict
inequality from U strictly concave. Assumption 9.11 is guaranteed
by Assumption c.

b. First notice that in this case we have shown that I'(z, 2)
is nonempty compact-valued and u.h.c. and this guarantees that it
has a measurable selection. Hence Assumption 9.1 is satisfied. Notice
also that F'is bounded, and so Assumption 9.2 is also satisfied. Hence
we can use the Theorem 9.2 to show the result. The sketch of the
proof is as in the proof of this theorem.

Let

v*(x0, 20)
= MaAX ey 2441352, Zfio ﬂt fzt U (ct) Mt(ZO’ dzt)
s.t. (e, xpq1) € P(wy, 2¢) for all ¢, given g, 2o
= MaX(y,)° Do B [, F(xy, weq1, 20) 1t (20, d2*)
s.t. wpy1 € [(wy, 2¢) for all ¢, given xo, 2o
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Then for an arbitrary plan 7 and the consumption plan v* such
that [v7(z), m(2')] € ® [m—1(2'"1), 2] and given z¢ and 2.

v(z0,20) > F(xo,ﬂo,zo)+5/ZU(7T0721)Q(2076121)
= F(w07770720)+ﬁ/F[xlvﬂ-l(zl)azl] Q(Z[),le)

+52// m1(2"), 22] Q(20,d21)Q(21, d22),

and by Exercise 8.8 and using induction

x0720 Z/Bt/ F xt7ﬂ—t Zt) (Z[),dZ)

+ Jim B8 | F (e, mi(2Y), 2)ut (20, d2°).
—00 Zt

Notice that the last term exists since Assumption 9.2 is satisfied and
it is positive. Hence v(xg, z0) > v*(z0, 2z0) which yields the result.

Exercise 10.4

a. Let u'(z0,), 20 € Z, t = 1,2..., be as defined in section
8.2. Then a precise statement of (1) is given by

Sup{xt}oo Zt 0 th J,‘t,Zt — $t0($t+1/1}t)] (zo,dzt),
st x>0 for alltf 1,2, ...
given (xo, 29).

We need to show that Assumptions 9.1 to 9.3 hold. I'(x) =
R tis trivially non empty, has a measurable graph, and let h(x)
= B € R4, then h(x) is a measurable selection. Let

F(x,y,z)=U(z,2) — mc(%)

Since U(+, z) is bounded and z¢(y/x) is bounded from below, F'(z,y, 2)
is bounded from above. Hence Assumptions 9.2 and 9.3 are satis-
fied. This guarantees by Theorem 9.2 that the optimum for the FE
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is an optimum for the SP, and that the value generated by the policy
function attains the supremum in the SP. By Theorem 9.4, we have
that a solution for (1) is also a solution for (2).

b. X = R, satisfies Assumption 9.4. trivially. Assumption
9.6 is guaranteed since () is assumed to have the Feller property.
Assumption 9.7 is guaranteed by the definition of I'. T" is nonempty
since (1 — )z € I'(z) all =, compact-valued since it is defined by
closed intervals and continuous since the functions that define the
boundaries of the intervals are continuous in x. Since U and c¢ are
continuous functions, F' is continuous, and by the reasoning above it
is bounded. Hence Assumption 9.6 is also satisfied and so existence
of a unique bounded and continuous function v is guaranteed by
Theorem 9.6.

To show that the function v satisfying (2’) also satisfies (2) we
need to show that for any x € X, the solution, y, to the maximization
problem in (2) is such that y € I'(x). Let M be such that for all
y=>M, N

Y

and for all x < M,
A

A—xc(%)—F— < 0.
x r

Let x > M, then y < z, since otherwise the first part of the definition
of M implies that the value of the problem in (1) is negative given
xg > M which is clearly not the case. To see that the value in
problem (1) is not negative, choose for example a policy y = (1 —6)x
and notice that this yields a positive value for the problem. Since
by part a. the optimal plans implied by the sequential and recursive
problems are the same, so y < z. Let x < M, then y < M by the
same argument but using the second part of the definition of M.
Hence, if the capital stock today is larger than M tomorrow’s capital
stock will be smaller than today’s capital stock, and if today’s capital
stock is smaller than M tomorrow’s capital stock will be smaller that
M as well.

Since ¢(a) = 0 for all a < (1 — ¢), clearly y > (1 — §)z. Hence
y € I'(z), which implies that the restriction added in (2’) is not
binding.
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c. v strictly increasing in . We need to show that Assump-
tions 9.8-9.9 hold. F strictly increasing in x comes from Uy(z, z) =
D(x, z) strictly increasing in z, and that

Oxc(4

OrD) oy~ Lo <o,
by the strict convexity of ¢ for y/x > 1 — 6§ and c(y/x) = 0 for
y/x <1— 6. Hence Assumption 9.8 is satisfied.

Since I'(z) is defined by intervals with increasing functions of
as boundaries, it is increasing in x in the sense of Assumption 9.9.
Hence we can use Theorem 9.7.

To show that v is strictly increasing in z we need to check that
Assumptions 9.13-9.15 hold. U is strictly increasing in z since D is,
and so F' is strictly increasing in z. And the transition function Q is
monotone by assumption. Hence we can use Theorem 9.11 to prove
the result.

To show that v is strictly concave in x we need to show that
Assumptions 9.10 and 9.11 hold. The strict concavity of U together
with the strict convexity of ¢, imply that

2
Fro = Upp— %c"(%) <0,
1,y
F, = —=d"(%)<0,
w = <&
Yoy
Fy:r = FC (;) > 0,
and so ]
FmFyy - F:r2y = _EC”(%)UQM >0,

(notice that for simplicity we are assuming that ¢ is twice continu-
ously differentiable). Hence the characteristic roots are all negative
and so the Hessian is negative definite which yields Assumption 9.10.

Assumption 9.11 is satisfied since I' is defined by intervals with
boundaries that are linear functions of x. Hence we can use Theorem
9.8 to show that v is strictly concave and also that the optimal policy
correspondence is single valued, call it g(z, z). Since ¢(1 —§) = 0 and
c is continuously differentiable,

li "(h) = 0.
pim e ()
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And since v(z, 2) is increasing in x this implies that it is never optimal
to choose g(x, z) < (1 —46)z. In part b) we showed that if € (0, M],
g(x,y) < M, and if z € (M, o], g(z,y) < x.

To show that v(-, z) is continuously differentiable we need to show
that Assumption 9.12 holds and use Theorem 9.10. The differentia-
bility of ¢ and U, yield this result.

d. The first-order condition with respect to y is

() + 1+t /U'(y, 2NQ(z,d2") =0

SHESS

By contradiction, suppose g(z, z) is nonincreasing in z. Since v
is strictly concave in z, for x < 2/,

d [M] <d [M} ;

T !

and g(x,z) > g(2', 2), a contradiction since ¢ is convex.

We will prove that for 2’ > x, g(2/, 2) /2’ < g(x, z) /x (notice that
g increasing and with slope less than one does not imply this). By
contradiction. Suppose that for ' > z, g(2/, 2) /2’ > g(z, z)/x. Then
convexity of ¢ implies that

o [Hea)] < o],

x x!
but then
[ v o0 #]1Qd) < [ o', 2). 2] Qo).
Since g is increasing this contradicts that v is concave in x.
e. The envelope condition of the problem is given by
Yy Y,y
Vg, 2) = D(x,2) — c(= Zc (=),
o(2,2) = D, 2) = e(2) + Lo ()
since D is increasing in z this implies that v,(z, 2) is increasing in z

and so by the monotonicity assumption [v'(y, z')Q(z,dz’) is nonde-
creasing in z. By contradiction. Assume g(z, z) is nonincreasing in



188 10 / Applications of Stochastic Dynamic Programming

z. Then by the first-order condition, for z < Z,

¢ [M} — (14 / o [9(x, 2), 2] Q(z,d)

< (l—i—r)l/v’ [g(m,Z),z’] Q(z,d?")
- ofond],

a contradiction since c¢ is convex. For y/x > 1—4§, ¢ is strictly convex
and so the proof holds with strict inequality.

f. In this case Q(z, ) = u(-), so the Bellman equation becomes
v(z,z) = max [U(az, z) — xc(g) + (147t /U(y, z')u(dz’)] .
yel'(z) x

Since only the result in part e. was obtained using properties of
the transition function of z, everything holds except that the policy
function is a nondecreasing function of z. In this case, the first-order
condition of the Bellman equation above becomes,

d [M] =147 /Um [9(z, 2), 2] p(dz").

x
And since neither side depends on z, g(z) = g(x, z) for all z € Z.
In part d. we showed that for x < 2/,
g(z' g(x
9( / ) 9@
x x
Let ¢ be such that g(xzo) < o, then {z};°, is a monotone decreas-
ing sequence since g(z) is strictly increasing. Hence by the result
of part d., {z4+1/x:};-, is a monotone increasing sequence with an
upper bound,

1>

So it converges. Conversely, if g(zo) > xo, then {z;};° is a monotone
increasing sequence and so {xy1/2¢};o, is a monotone decreasing
sequence with a lower bound,

9(x:)

>1-6.
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Hence it converges. Notice that at both limits, say z,

7l5@)] _ @)

9(%) &

and since g(z)/z is a strictly decreasing function of x, this implies
that g(Z) = &. So both sequences converge to one and {x;},°, con-
verges to a point & independent of xg.

Combining the envelope and first-order conditions for this prob-
lem,

ve(z,2) = D(w,2)—c [9@] L 9@, {g@] |

X

we obtain

(1+r) [%@}
_ /[D(x,z’)—c[g(;)] + 9@, [gf)ﬂ u(d?).

X

Now suppose x; — 0, we know by the proof above that g(x¢)/z; — 1,
and so since 0 is the lower bound for x,

+rc /DOZ d,z

Hence a sufficient condition to rule out z = 0 is

—i—rc /DOZ dz

Exercise 10.7

a. By choice of y; the agent can, given a wage offer, wy,
decide to work for that wage or search. If he searches he will get
an offer of z,41. If the agent works he either gets the current wage
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or loses his job (depending on the value of dy+1). Hence the law of
motion of the wage, wi+1 = @(wy, Yt, diy1, 2e41), 1S given by

W1 = dpprypw + (1 — ye) 241

b. The worker decision problem is
v*(wo) = sup {yoU(wo)
{y:i2o
+ Zlﬁt /Zt th (wt) /Lt(dzt X ddt)}
t=
st. wipr = dipiygwe + (1 — yg) ze41, given wo,
where

pt(dzt x dd") = Ti_ f(2¢) [X1cad, (1 — 0) + Xocda,b)] -

Notice that this problem depends only on wgy, This is so, because
once the agent has an offer at the beginning of the period, the pair
of shocks that generated that offer is not important for the decision
making. That is, the wage offer at the beginning of the period is the
only relevant state variable.

c. Define the operator T by

Tv(w) = max{U(w)+ 3 [( 0) v(w) + 0v(0)] ,
o[ onnone)

First notice that since w € [0,w], both parts of the right hand side are
bounded if v is bounded so the operator maps the space of bounded
functions into itself. Since both parts are continuous, if v is contin-
uous and since the maximum of continuous functions is continuous,
the operator maps continuous functions into continuous functions.

We will use the Blackwell conditions to show first that v(w) is
a contraction. For monotonicity just notice that for ¢ (w) > v(w),
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Ty (w) > Tv(w), since both choices increase. For discounting,

Tlo(w) +a) = max{U(w)+B[(1-6) (v(w) +a) +0((0) + a)],
8 / )dw}
= To(w)+ fa

Hence by the Contraction Mapping Theorem and Corollary 2, there
exist a unique, continuous and bounded function v, that satisfies
Tv(w) = v(w).

We can rewrite the problem in part b. by noting that

v*(wo)

= sup {yoU(wp)
{yt}foo

+Zﬁt/ yeU (wy) pt(dzt x dd*)}

= max {U(wo) + {Sl;g [By1 [(1 — 0)U (wo) + 6U(0)]
Ytri=1

B 0) S0 [ U (o) (0" )

t=2

00381 [ U (urhuyo) (02" dd)

t=2

sup [ le z1) f(dz1)
{ye 2y

+ 3 Zﬁt 1/ U (Wt|wy =2 ) Nt(d'zt X ddt)f(dzl)]} )

Z =2
which can be rearranged to get

max {U(wo) + B(1 — 0)v* (wo) + 6v*(0),

ﬁ/ (z1)f(=1 dzl}
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Hence v(w) = v*(w) for all w € [0,w]. Alternatively, we could prove
that Assumptions 9.1-9.2 hold and use Theorem 9.2.
Let w be such that

v(w) = U(w) + B[(1 = O)v (w) + v (0)],
then since U(w) is increasing in w,

U(w) 4+ B6v(0)

v(w) = 1= B1-0)

is also increasing in w. If
o(w) =5 [ vlw!)fw)ae’
z

v(w) is constant and hence v(w) is weakly increasing.

d. First we will show that v(0) = A.

0(0) = max {6v(0), A},

if v(0) = Bv(0), then v(0) = 0. If v(0) = A, then v(0) > 0. Hence
v(0) = A.

Since U(w) is strictly increasing and v(w) is weakly increasing
by part c., U(w) + B(1 — 0)v (w) + 0v(0) is strictly increasing in w.
Notice also that since v(0) = A,

pu(0) < 4,

and that
U(w) + B[(1 - 0)v(w) + 6v(0)] > ﬂ/ow v(w') f(w')dw' = A,

since if not v(w) = A a contradiction with 5 < 1. These conditions,
together with U and v continuous, guarantee that there exists a
unique w* that satisfies

U(w*) 4 B[(1 — 0) v(w*) + 0A] = A.
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e. If w < w*,
U(w) + (1 —0) v(w) + 4] < A,

since the left-hand side is increasing in w and so v(w) = A.
If w > w*,

Uw)+ 61 —-0)v(w)+0A] > A,
and so v(w) = U(w) + G [(1 — 0) v(w) + 0 A], hence the result.

A=p /O " o) f )

and substituting (4),
w') + BOA

A = BAF(w*)+ ﬁ/zj %ﬂw’)dw'

BF20A(1 — F(w*))
1-p3(1-0)

YU N
8 [ Tty

and rearranging terms we arrive to equation (5).

f. From (2)

= BAF(w*) +

g.  First notice that
0= UO)[1+50) <5 " () fla Y
Also notice that
U@ +50-)> 5 [ Ui <o

Rewrite equation (6) as

Uw*)[1+p00] = B U(w Ndw' + BU (w / flw

[
.y /w w*) f(w)dw' + BU (w*),
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which implies that
@
Utw) (1406 -5 =5 | (Uw) V) f(w)in'
w*
The left hand side is strictly increasing in w since U is strictly in-
creasing in w, and the right hand side is decreasing in w, since

25 [ W) - v sehn =5 [T 0w <o

ow' J,

h. Equation (5) can be rewritten as
Ulw) (14680~ 5= 8 [ (U(w) - Ul ) ()i,

as shown in part g), so

w
U(w") [1 Lo 1} — / (U — Uw*) f(w')du.
ﬂ w*

The left-hand side of the equation above decreases with 8 and the
right-hand side does not depend on (. Hence w* is increasing in (.
The intuition for this result is that if the agent is more patient, he is
ready to wait more for a good wage offer. With an increase in 6, the
left hand-side increases, so w*, is decreasing in 6. Again the intuition
is that if it is more likely to lose one’s job, then the future expected
utility derived from a good offer decreases.

i. If the change in the variance is given by a mean preserv-
ing spread in the wage distribution, the weight of the tail of the
distribution increases. Hence

| ww) - v s

increases, and since this term is decreasing in w*, w* increases when
the variance increases. The result for expected utility is ambiguous.
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Figure 10.4 shows that the function v is neither globally convex nor
concave, hence the term

8 [ vt sl

may increase or decrease with a mean preserving spread in the wage
distribution.

Exercise 10.8

a. To show that the difference equation is stable, use equation
(2) to obtain

A1 (A9) = A(A)] =10+ Au(A°) [1(A%) = 0] = (A7)
= [u(A%) = O [Ae(A?) = A1 (A°)] .
And since |pu(A°) — 6| < 1, the difference equation is stable.

To find the limit, find the fixed point of (2). Denote the fixed
point A(A€) = limy_,o A¢(A€). Then,

A(A) =0+ AM(A°) [1 — pu(A) — 0],

which implies that
0

Ny

b. If 0 € C then P(w,C) =0 for all w € A. Hence

At (€)= /WP(w,C)/\t(dw)

M(A°)(C) + A(A)0
= 0+ M\(A) [u(C) — 0]

Taking limit of the equation above we obtain
ANC) = 0+ MA) [u(C) - 0]

0 [u(C) — 0]

0+ ,
0+ p(A)
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which yields equation (4) after rearranging terms.
If 0 ¢ C then P(w,C) =0 for all w € A, hence

Ae+1(C) = A(A)p(C) + Ae(A)0
= M(A)u(O).
Again

A(C) = A(A)u(0),
which implies that ©)
< Ou(C
)

C. Take limits of
Ai+1(C) = M(A)pu(C) + Xe(C)(1 - 0)

to obtain B B B
MC) = A(A)u(C) + A(C)(1 - 0),
(O
A o)

d. The result in (3) gives the probability of obtaining an offer
that is not accepted. Equation (4) gives the equilibrium probability
of staying unemployed searching or getting fired. Equation (5) gives
the probability of staying unemployed searching and equation (6) the
probability of staying employed. The average wage in this economy

is then
L dw)
A 0+ pu(4)
Let h(n) be the probability of staying on average n periods unem-
ployed, then

Wq =

_ Op(dw)  Ou(A) 1"
= [ n [e ) oA

Exercise 10.10
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a. Because of the specification of u, we just need to check

that
I'(n+2) B 1

L(k+1)I(n+1—Fk) fol uk(1 — w)n—Fkdu

First notice that
o0
I'(n) = / t"le~tdt
0

tn oo tn
= —et18°+/ —e tdt
n 0 n

I‘(n—i—l)'

Hence, applying the result above repeatedly,

I'(n+2) . (n+1)!
T(k+ DD(n+1—Fk)  (k)(n—k)!

Using integration by parts repeatedly

1 n—k+1
k n—k k(1 —u) 1
1— =y
/0 u¥ (1 —w)" "du e lo
1 n—k+1
-1 (1 —u)
+/O ku S du
_ Kl(n—k)
 (n+ 1)
So
I'(n+2) B 1
P(k+DT(n+1—k)  [Luk(1 —u)n—hdu
b. ‘We need to show that

MNa+pB+n) B 1
D(a+kITB+n—k) fol uoth=1(1 — y)B+n—k—1qy’

Following the proof in a.,

I'(a+B+n) B (a+p+n—1)
Dla+k)(B+n—k) (a+k—1DY(B+n—k—1)
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Also as in part a.,

1 — 1) k1)
otk—1(y _ \Bink-1, _ (@+k=—DI(B+n )
/0“ (1—-u) du (a+B+n—1) ’

using integration by parts.



11 Strong Convergence of
Markov Processes

Exercise 11.1

To show that the matrix ) takes the given form we will use the
fact that @) satisfies
Q =11Q = QIL

First notice that following the same block matrix notation as in the
text,

Roow1Q1  Roow2@2 RoowpmQum
+Ro1GQ1 +Rp2Q2 7 4+Rom@Qm
O RllQl O cee O
ne=1 g 0 R22Q2 0 ’
0 0 0 o RymQu
and
0 wiQiRi1 w2Q2R22 ... wuQmRymm
0 Q1R11 0 0
QH — 0 0 Q2R22 0
0o 0 0 o QuBuum

Since Fj; is an ergodic set, Theorem 11.1 implies that there is only one
invariant distribution and hence all the rows of @); are equal. Also,

199
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because each matrix R;; is a stochastic matrix and by the definition
of Q;, i =1,...,M, we know that Q; = Q;R;;. Hence QII = @) and

Roow1Q1  Roow2@)2 Roown@Q
+Ro1G1 +Rp2Q2 7 +RomQm
0 O 0 0
=1 0 Q5 0
0 0 0 Qum

We still need to show that there exists a set of matrices {wl}f\i 1 such
that

Roow; Qi + Roi Qi = wiQ4, 1 =1,..., M.

Notice that w; is a vector only if the transient set is a singleton. We
will use a guess and verify strategy to prove the existence of the set
of matrices {w;}2, . So guess that

w; = (ZR}}O) Royi, i=1,...,M.
n=0

Substitute the guess in the equation above to get

(Z R80> RoiQi = (Z Roo — Idim(F)xdim(F)) RoiQi,
n=1

n=0

but clearly
> Ry =Y Ry — Lgim(F) xdim(F)>
n=1 n=0

which verifies the guess. One can obtain the same result for w; by
calculating II"™ and then using induction.

For the case when the transient set is a singleton, this implies
that

since Rgp < 1.
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We will also show that

M dim(Ey

)
YY) wrgi=1, j=1,..,dim(F).
k=1 =1

For this notice that since @ is a stochastic matrix,

dim(E},) dim(E},)

M
Z W jiqk,ie = 1,
k=1 =1 =1

and that since all the columns of @) are the same, g does not
depend on i. Hence, since Q. is a stochastic matrix,

Z Qryie = 1,
=1

which yields the result.

Notice that the elements of Rg,Ro; give the probability of going
from one of the transient states in I’ to a state in E; in n periods.
Hence each element in w; gives the probability of a transition, in any
period (summing the probability in all periods), from a specific state
in F' to a specific state in E;. Hence the sum of the rows in w; gives
the probability of an eventual transition from a specific state in F' to
any set in I,

Exercise 11.2

By Theorem 7.5 for any bounded and measurable function f :
S — R, there exists a sequence of simple functions f, such that

lim f,(x) = f(x) for all x € S.

Without loss of generally assume also that f > 0 (f can be expressed
as the substraction of two positive valued functions), then f,, can be
chosen such that 0 < f,, < f,41 < f, all n. Also notice that for any
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n, fn can be expressed as a sum of indicator functions. Let x € A7,
where {A7'} is a partition of S in n sets, be such that

n

fu(z) = Zf(w?)XA? , AV e Salli=1,..n.
Hence,

lim [ fd\, = lim lim f;d\,

n—oo n—o0 1—00

n—oo

= lim iliglozlf(xj)XA;d/\n
]:
i
7 : i i
= il S
]:

= Jim 37 farA))
j=1

- [ an

where the third line uses Theorem 7.10 (Lebesgue Dominated Con-
vergence Theorem) and the fourth line uses equation (1).

Exercise 11.3

The definition of a vector space is given in Section 3.1. Since a
signed measure is a real valued function, properties a. through e.
are trivially satisfied for addition and scalar multiplication. To see
this, notice that if v,v € ®(S5,S), there exist a four-tuple of finite
measures such that

o(C) = M (C) — M (C), all C €S,

and

5(C) = A1 () — M(C), all C € S,
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hence
v(C)+0(C) = [/\1(0) + /_\1(6’)] — [)\2(0) + 5\2(0)] ,all C €S,

and since \; + \;,i = 1,2, are finite measures, v + v € ®(S,S). Also
notice that for any finite real number «, |a| A1 and |a| Ay are finite
measures. So for all o € R,

av(C) = |a| A1 (C) — |a] A2(C), al C € Sif a >0

or

av(C) = |a| A2(C) — |a] A1 (C), all C € Sif a < 0.

Hence, av(C) € ®(S5,S) and so av(C) is closed under scalar multi-
plication.
For f. notice that v € ®(S5,S) can be defined as

v(C) = AC) = A(C) =0, all C € S.

where A is a finite measure. Hence for any other signed measure
veds,S),
v(C)+v(C)=v(C),

all C' € §. For g. notice also that
0v(C) =v(C), all C € S.
For part h. let A\; and A2 be two finite measures so
INEC)=X(0), allC e S, i=1,2

Then
1v(C) = 1A (C) — 1X2(C) = v(C), all C € S.

To show that (1) defines a norm, notice that ||| is trivially non-
negative for any A € ®(S5,S). Also notice that

k k
la ]l = sup Y~ JaA(4s)] = |afsup Y [A(A7)],
=1 =1
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since the absolute value is a norm in R. For the triangle inequality,
for A\, p € ®(S,S),

k
A il = sup DA + )

IN

supZM )|+ [1(Ad)])

< supZ\)\ ]—i—supzm

= [l + IIMII :
where we used the properties of the absolute value for the first in-
equality and the fact that the supremum of the sum is less or equal
than the sum of the supremums.

Exercise 11.4

a. Fix e € (0,1). Since S is a finite set, let co > ¢(s;) > ¢ for

all s;. Then
N
Zqﬁ(si) < 00,
i=1

where N is the number of elements in the set. So in this case we can
assign enough mass to all states such that the restriction in Condition
D never applies.

b. Let M be such that
sup |1 — Dpij| <e.
R
Notice that the number M exists for all € € (0,1) since the partial

sums » ; pij converge uniformly in 7. Let @(s;) = 2¢ for all i < M
and ¢(s;) = 0 for ¢ > M. Then ¢(S) = 2Me. So if ¢p(A) < ¢

Su Z Dij <1-—

j=M+1



11 / Strong Convergence of Markov Processes 205

foral N>1and 0 <e < 1/2.

c. Let ¢p(A) > e if sp € A and ¢(A) =0 if so ¢ A. Then for
A such that sp ¢ A,

PN (s, A) < PN(s,5\{s0})
=1—PY(s,{s0})
<l-—¢,

for some N and € > 0.
d. If p(A) < ¢, then

PN(s,A) < ¢(A)
<e¢
<l-—¢,

for 0 <e < 1/2.

e. Let p(s,s’) > 6 > 0 for all s,s' € S and

M= / p(ds).
S
Then for all A such that p(A4) <e,

P(s, 4) = /A p(s, ") u(ds)
—1- / b, $u(ds))

Sl—é/ p(ds')
<1-6(1—e)M

<l-—¢,

for some ¢ such that
Mé

1+ Méb

> €.
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f. Let p(s,s’) < 6 for all s,s € S. Then for all A such that
u(A) <e,

Pls, A) < 6 / 1u(ds)

A
< be

<1l-—g¢g,
for some € such that 1/ (14 6) > e.
g. By assumption there exists an ¢ andAa N such that for all
A with ¢(A) < e, P¥(s,A) < 1 —e. Define ¢(4) = ap(A). Then

#(S) < oo and ¢(A) < e implies that ¢(A) < ae = &. Hence for A
such that ¢(A4) < ¢,

P(s,A) = aPi(s,

h. The proof is by contradiction. Suppose there exists a
triplet (¢, N, ), such that condition D is satisfied. Since
1 ifs; € A
Ny(.. _ )
P (si4) {O otherwise ’

PN(s;, A) > ¢ implies that ¢(s;) > € and so ¢(S) = > o0, ¢(si) is
not finite.

i. By contradiction. Suppose P satisfies condition D, then
since
1 ifs;p1 €A
Ni(.. _ i+1
P (si, 4) { 0 otherwise ’

PN (s;, A) > ¢ implies that ¢(si+1) > € and so ¢(S) = Y22, ¢(s;) is
not finite.

j- By contradiction. Let A; = (1/2¢,1/271], then P(s;, A;) =
1if s; € A;—1 which implies that ¢(A4;) > € all . But then

oo

B(S) = BUR14:) =D p(Ay)

=1
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is not finite.

Exercise 11.5

a. Part c.: PN(s,{so}) > ¢ all s € S. Since for all A € S
either s € A or s9 € A¢, we have that PN (s, A) > PN(s,{so}) > ¢
or PN (s, A°) > PN(s,{s0}) > e.

Part e.: Let P(s,S) > au(S). Notice that since either p(A4) >
(1/2)u(S) or u(A°) > (1/2)u(S), we have that either

PN(s, A) > ap(A) > ¢

or
PN (s, A%) > au(A°) > ¢

for e < (1/2)au(S).
b. Define ¢(A) = sup, PN (s, A), then ¢(S) = 1 and ¢() = 0.

Then ¢(A) < ¢ implies that PV (s, A) < & and by Condition M we
have that PN (s, A°) > ¢, and so

PN(s,A)=1—-PN(s5,4° <1 —¢.
C. P satisfies condition D as a corollary to Exercise 11.4 a.

To show that Condition M is not satisfied, let A = {s;}. Then
PN (s, A) =0 for all N, and PN (sy, A°) =0 for all N.



12 Weak Convergence of
Markov Processes

Exercise 12.1

a. S,@G{AQS:AEBZ}.HAQSandAGBl,this
implies that S\A C S and since A,S € B!, S\A € B'. Hence
A e {A CS:Ae Bl} implies A¢ € S, where the complement is
relative to S. Let A, C S and A, € B for all n = 1,2... then

%, A, C S and since A, € B!, U2, A, € B'. Hence U2, A, €
{ACS:Ae€ Bl} .

b. A is open relative to S if for all x € AN S there exists
an € > 0 such that b(x,e) NS C A. Let A= A'NnS for A’ € B and
A’ open relative to R!. Then A’'NS € B' and since A’ is open, there
exist an € > 0 such that b(z,e) C A for all z € A C A’. But then
b(z,e)NS C A'NS. So A is open relative to S.

C. The interior of A relative to S is given by
int(A) ={x € ANS :b(x,e) C AN S, for some € > 0}.

We need to show that for all = € int(A), there exists an € such that
b(xz,e) C int(A) N S. Notice that by definition int(A) C S and for
all © € int(A) there exists an € such that b(z,e) C AN S. Hence
b(x,e/2) Cint(A).

d. If A is open relative to x, for all z € AN .S there exists an

¢ such that b(z,e) C AN S. But this implies that for all x € AN S,
x € int(A). Since int(A) C A, we know that int(A)NS C ANS and

208
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soint(A)NS = ANS. Further notice that if A C S, this implies that
int(A) = A.

Exercise 12.2
a. First notice that
plx, A) = znelg p(x,z) = p(x,z) for some T € A C S,
and
ply, A) = inf p(y, z) = p(y, ) for some g € AC S.

Also notice that by definition

p(z,z) < p(z,7),

and
(v, 9) < ply, T).

Hence since p is a metric we know that

p(z,7) < p(z,9) < p(z,y) + p(y,9)

and
oy, 7) < py, ) < plz,y) + p(z, )
which yields the result.

b. Given any € > 0 and any pair x,y € S such that

p(x,y) <,

by part a.
lp(z, A) = p(y, A)| < p(z,y) <&

Hence p(+, A) is uniformly continuous.

c. Suppose = € A, then there exists a sequence {an} 2| such
that

lim z, = z,
n—oo
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with @, € A for all n. But this implies that

lim p(x,,z) =0.
n—oo

Since p(+, A) is uniformly continuous by part b.,

lim p(x,, A) = p(z, A) = 0.

n—oo

For the reverse, suppose z is such that p(x, A) = 0. Then, for
all € > 0 there exists an x. € A such that p(x,z.) < e. Hence,
there exists a sequence {z,} -, € A such that p(x,z,) < 1/n all
n=1,2,... and lim,_e0 Tp = =. So = € A.

Exercise 12.3

F is continuous at x if and only if for any sequence {zy},- ; such
that =, — x,
lim F(z,) = F(x).
n—oo
Let {ak}zo:l and {5721}2021 be two sequences of real values such that
el 70and 2 | 0, and

w—i—e}llgxngx—i—sil for all n.

Then, since F' is nondecreasing,

F(z+ell) < F(x,) < F(z +€21) for all n.

Taking limits this implies that

F(x) = lim F(m+5£1) < lim F(x,) < lim F(az—i—sil) = F(x),

n—oo n—oo n—oo

where the first and last equalities follow from F continuous from
above and below at z. Hence

lim F(x,) = F(z),

n—oo

and so F' is continuous.
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Exercise 12.4
Take F' closed, then A = A implies by Theorem 12.3 that

lim sup A (F) < A(F).
Since F' is closed, by Exercise 12.1 b. F'N S is closed relative to S.
By definition

~

An(F) = An(F'NS),

and

AF) = MFNS),

hence
lim sup A\, (FNS) < ANEFNS).

n—oo

So by Theorem 12.3 part b., A, = .
If A\, = X this implies by Theorem 12.3 that

lim sup A\, (F) < A(F),

n—oo

onr some closed set F e S. Since S ¢ R, F € B!, which implies that
A (F) = A (F) and A(F') = A(F'). Hence

lim sup A (F) < A(F),

n—oo
which yields the result.
Exercise 12.5
a. For z € S, [a,z] € A so

FE.(z) = M\, ([a, 2]) .
Hence
FE.(z) — F(z) = X ([a,2]) .

Define \ as R
MA)=XNANS), all Ae B
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Then, since
Fu(z) = A([a, min(z, b)]) = A([a, 2])
and R X
F(z) = AM[a, min(z, b)]) = A([a, 2]),
we know that X )
Theorem 12.8 then implies that A, = A and by Exercise 12.4, \,, =
A

b. Construct a sequence of monotone and continuous func-
tions as follows. For any F' = [a, (], ¢ € [a, ], let

[ 1-np(s, F) i pls, F) <
Tnls) = { 0 if p(s, F) >

9

SI=3 =

where p(s, F') is defined in the proof of Lemma 12.1. Then

M) = [ fudh= [ fudn= ().

Notice also that since fy(s) — f(s) all s € [a,b], by the Lebesgue
Dominated Convergence Theorem

/S Fod\ — /S fd,

lim A (F) = \(F),

n—oo

and so

and
Jim i, (F) = p(F).

Hence by part a., A, = A and p,, = p, so A = p.

Exercise 12.6

a. In the proof of Theorem 12.9 the assumption of support
in a common compact set is used to prove that the function G and
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hence the function F' satisfy condition D1 in Theorem 12.7. To see
that this is still the case under the weaker assumption proposed in
this exercise, first notice that

1> F,[b(e)] — Fula(e)] > 1 —¢,
since F,, is a distribution function for all n. Hence

lim ;. [b(e)] = Fn la(e)] = 1.

Now if lim._,q b(¢) and lim._,o a(¢) are finite, then we are back into
the case proven in Theorem 12.9. Hence for this assumption to be
weaker either lim. o b(¢) and or lim. g a(e) are not finite. Suppose
that lim. o b(¢) is not finite but that lim. g a(e) is, then

lim F, [a(e)] =0,

e—0

and so B
gi_r% F,[b(e)] =1,

all n. This implies that G satisfies condition D1. If lim. g b(e) is
finite but lim._,¢a(e) is not, the same type of reasoning applies. If
lim. ¢ b(¢) and or lim. g a(¢) are not finite then lim. g a;(¢) = —occ
for some ¢, and since F), is a distribution function for every n,

lim F, [a(e)] =0,

e—0

all n. Hence B
lim F,, [b(e)] =1,

e—0

and so G satisfies condition D1.

b. Fix €, then since K is a compact set, there exists a pair of
points a(e),b(e) € R! such that

K C [a(e),b(e)] -

For all n define
Fo(z) = Ap((—00,2]).
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Then -
1 —e < A(K) < Fy [b(e)] — Fyla(e)].

So by part a. we know that there exists a subsequence {F,} and
a distribution function F' such that {F,} converges weakly to F.
Corollary 1 of Theorem 12.9 then yields the desired result.

c. If S is a closed subset of R there exists a pair (s,5) € S
such that S C [s, 5]. Notice that s and or § do not have to be finite.
If both s and 5 are infinite then we are back to the case in part b).
If one of them is not finite, for example s then just let a(e) = s for
all € > 0. Since we did not restrict the function a(e) in part b., this
implies that the proof in part b. applies.

Exercise 12.7

b= a: Let s, — s. The continuity of f and P(s,, ) = P(s,)
imply that

lim (Tf)(s,) = lim [ f(s')P(sp,ds")

n—oo n—oo S
_ / F(s')P(s, ds')
S
(TF)(s)

a = c¢: By Theorem 8.3, (f,T*\) = (T'f,\) . Part a. implies that
T f(s) is continuous in s, and so

/ T () An(ds) — / T f(s)A(ds),
S S
if A, = A. Hence T*\,, = T™*\.

c=b: Let
1 ifscA

A(4) _{ 0 otherwise ’

and
1 ifs, €A

An(4) :{ 0 otherwise °



12 / Weak Convergence of Markov Processes 215

If s, — s, for any given continuous function f,

téﬁ%zﬂ%%

and

Lﬂm—ﬂw
Hence A\, = A . So by c., P(sp,A) =T*\,(A) = T*\(A) = P(s, A).

Exercise 12.8

a. The transition function is given by
1 ifl—seAd
Pls, 4) = { 0  otherwise

To show that P has the Feller property notice that

1
W@-Af@ﬁ@ﬁ%ﬁﬂﬂx

hence if f is a continuous function 7T'f is continuous.

b. Applying the operator T* to 6 yields
1
T*64(A) = / P, A)8,(ds') = Pls, A) = 61_4(A),
0

and applying the operator again yields
T*26,(A) = T*(T*65)(A) = T*61_5(A) = P(1 — 5, A) = §,(A).

Hence since the above holds for arbitrary A4, T*?" 1§, = §1_s all n
and 7?76, = &, all n, which implies that

lim 7% 16, = &1_,

n—oo

and
lim T*2"68, = &s.

n—oo
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Since s # 1/2, and 65 # 61_s, none of the limits is an invariant
measure.

c. The invariant measures of the system are given by

1
Aa,f:/ a(s)Af(s)ds,
0

where ! 1
)\s - 563 + 561—57

/01 a(s)ds =1,

and f :[0,1] — [0, 1]. To show this, notice that A, f(S) = As(S) =1
and apply the operator T to A; to obtain,

1 1
T Ny = =814 + =64 = \s.
501 T3

Hence
. ! 1 1
T = / a(s) Qél—f(S) + §6f(s) ds = Aq.
0

Notice that the invariant measures are symmetric, that is,

Aas ({s}) = Xay ({1 —s}).

Exercise 12.9
a. Fu(s) = p((=39, ]) = 1=p([5,3)) = 1= [g Xy ) (W) 1ldy).

And the result follows since the indicator function x s @)}(y) is an

increasing function so

[ X @) =[xy )

Here the notation [s, 33) allows for s to be a vector and o3 is a vector
with all its entries equal to co.
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b. In R, F,(s) < F)\(s) all s € S implies that
w([s,00)) > A([s,00)) all s € S.

Let f be an increasing and bounded function and let f,, be a sequence
of increasing and bounded step functions such that

7}1_}11010 fa(s) = f(s)all s S.

Then the inequality above implies that

/an( (ds) /fn yalln=1,2...

So taking limits, by the Lebesgue Dominated Convergence Theorem,

[ 1@t = [ ren

which yields the intended results since f is an arbitrary increasing
and bounded function.

c. Let s € R?, then F,(s) = Fi(s) all s € S implies that
w([s,33)) = A([s,3)) all s € S.

Let pu([s,30)) = pz([s1,00)) and A([s,33)) = Ay([s2,00)) where s;
denotes the ith coordinate of vector s. The the equality above implies
that

Mm([sla OO)) = )\y([527 OO))

Let f(z,y) = 1 for x < 8§ and y < 83, S2 > 1, and f(z,y) = y
otherwise. Notice that f(x,y) is a weakly increasing function in
both arguments. Then since f,, [(—00,00)] = Ay [(—00,00)] =1,

/Z/Zﬂmfy)u(dw,dy) — 1, (00, 1]

= —00, 53]

—/ / 7 (2 y)\ (e, dy).
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Notice that

/81 /52 yu(dzr, dy) = sap1,([51,00)),

—00 J —O0

and that

/_oo /oo yMdz, dy) = /OO Yy [dy] > 52y (52, 00)).

/ f e y)lde, dy) < / f ()M (de, dy)
S S

which violates p > A.

Exercise 12.10

Let {Fi,}, {Fon}, F and {G,,} be the cdf’s of pq,,, i1, 1 and Ay.
If p;, = u, F = F pointwise at all continuity points of F' (by
Theorem 12.8). If py,, < A\p < g, by Exercise 12.9 a.,

Fln(s) < Gn(s) < FQn(S)-
Hence G, — F at all continuity points of F'; and so by Theorem 12.8
An = U
Exercise 12.11

a = b :p > Ximplies, for all f increasing, that (T'f,u) >
(Tf,A),and so (f,T*p) = (f, T*A).

b= c:Let u(A) =1if s € A, and 0 otherwise, and let A\(4) =1
if s € A and 0 otherwise. If s > s', for all increasing function f,

f(s) > f(s). So
[ fdn=10)= 1) = [ o,

and T*u(A) > T*A\(A) and so P(s,A) > P(s', A).
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c<a:Let s > ¢ sothat P(s,-) > P(s,-).Then for f increasing

/f P(s,dx)

Exercise 12.12

In the solution of Exercise 12.8 we showed that
T*64,(A) = P(a, A)

for any Borel set A C [a,b]. First we will show by induction that
T, is a monotone increasing sequence. For n = 1, notice that for
any increasing function f, (f,6,) = f(a) and since P is monotone

(f, T*6, / f(s)P(a,ds) / f(a)P(a,ds) = f(a),

hence since f is an arbitrary increasing function 6, < 7*6,. For n+1
assume that for any increasing function f,

<f7 T*n6a> > <f> T*n_16a> )

Notice that since P is monotone T'f is also an increasing function.
Hence using Theorem 8.3,

<f7 T*n+16a> = <Tf> T*n5a> Z <Tf7 T*n_16a> = <f7 T*n6a> ’

and so T*"t1§, > T*"6,,.

The proof that 7", is a decreasing sequence is analogous. Then
Corollary 1 and 2 of Theorem 12.9 (Helly’s Theorem) guarantee that
each sequence converges weakly. To show that each sequence con-
verges to an invariant measure notice that since 7", converges,

lim T*"6, = lim — Z T"8,.

n—oo N—oco N
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Hence since P has the Feller property, we can use the proof of The-
orem 12.10 to show that each sequence converges to an invariant
distribution.

Exercise 12.13

a. We first prove that P is monotone. For all s > s’ and f
increasing, h(s) > h(s’) and H(s) > H(s') implies that

/f P(s,dz) /f P(s,dx),

and so P(s,-) > P(s,-) by Exercise 12.11.
To prove that P satisfies the Feller property, let f be a continuous
function. Then

where
Take a sequence s, T s. Then

1 h(s)
- / fdu
h(sn)

c

1| [H(sn)
+ = / fd/"L ’
€1|JH(s)

and the first and second term converge to 0 by the continuity of h
and H.

Tf(sn) =Tf(s)| <

b. First we will show that F; is an ergodic set. Let s; be such
that for all s € Fq, s1 < s, and let so be such that for all s € Fj,
s9 > s. Since h(s1) = s1, H(s2) = s2, H(s) > h(s) all s € [a,b], and
from the figure so —s1 > H(s1) — h(s1) and s2 — s1 > H(s2) — h(s2).
We know that

[h(s1), H(s1)] C Ex
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and
[h<82)7 H<32)] C Ej.
So
(BN [h(s1), H(s1)]) = p([h(s1), H(s1)])
and

p(E1 0 [h(s2), H(s2)]) = u([h(s2), H(s2)]),

which implies that P(s1, E1) = P(s2, E1) = 1. In part a. we showed
that P was monotone and so by Exercise 12.11 for all s € F;

P(s1,E1) < P(s, Ey) < P(s2, Ey).

The proof that FEs is also an ergodic set is analogous. To show
that F' is a transient set, notice that for all s such that

s2 < s <sy+ (H(s2) — h(s2)),
P(s,F) < 1 since
u(F 0 [h(s), H(s)]) < pu([h(s), H(s)])-
Let s3 be such that for all s € Fy, s3 < s. Then, for all s such that
s3 — (H(s3) — h(s3)) < s < s3,
P(s,F) < 1. For all s such that
sg + (H(s2) — h(s2)) < s < s3 — (H(s3) — h(s3)),
notice that
P (s, [s2, 82 + (H(s2) — h(s2))] U [s3 — (H(s3) — h(s3)), s3]) > 0,

for n sufficiently large, since either H(s) # s or h(s) # s or both.
Hence P”,(S,F ) <1 for s € F and n’ > n, which implies that F is
transient.

C. It is not clear from the graph which points are a and b.
We will solve the question by letting a = s1 and b = s4 where s7 is
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defined as in part b. and s4 is given by the number such that for all
s € Ey, s4 > s. Then a € Fq which implies that for all n

T*"6,(A) >0if ANE; #0

and
T 6,(A) =0if ANE; =0.

Symmetrically b € Fy implies that for all n

T*"6p(A) > 0if ANEy #0

and
T*n5b<A) =0if AN Ey=0.

So the limit of {T%"¢,} assigns mass only to F; and the limit of
{T*"6,} assigns mass only to Es. This implies that both limits are
different since F1 N Ey = 0.
Exercise 12.14
Since P is monotone and satisfies Assumption 12.1,
PN(s,[c,b)) > PN(a,[c,b]) > ¢

for all s € S, and

PN(S, la,c]) = 1-— PN(S, e, b])
> 1—PN(b,[c,b])
= PN(bv [a7 C])
> &

for all s € S.



13 Applications of Convergence
Results for Markov Processes

Exercise 13.1

a. From equation (1), we obtain that

v(z)=Bi[p+pv(r—1)], x=1,2,..,

where ;
S
Hence
v(x) = Bip[l+ BB+ BB +...+ 67 By + 8" Biv(0)
= 2 o) - (2 .
Let 5
By = 1—1ﬂpBl > 0,
then
0(0) = max{co ey +o(®))

= max {—co —c1y + B2 + (v(0) — B2) (BB1)?}.

Notice from the expression for v(z) that we need v(0) — Bz < 0 for
v(z) to be a decreasing function of x.

223
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The gain from increasing the order size by one unit is given by
—c1(y +1) + (0(0) = Ba) (BB1)"™" — (=e1y + (v(0) = Ba) (BB1)Y),
which can be rearranged to give
—c1+ (B2 —v(0)) (1 = 8B1) (6B1)”.

Clearly 1— By > 0. We proceed under the guess that By —v(0) > 0;
this will be verified below. Since SB; < 1, the gain is decreasing in
y and the gain converges to —c; as y goes to infinity. Hence, there
exists a finite optimal order size. It is given by the smallest S that
satisfies

(By —v(0)) (1= 8B1) (8B1)* ™ < en.
So v(0) is implicitly defined by

v(0) = —co — 18 + By + [v(0) — Ba] (6B1)°,

and we have found the value function and the optimal level of the
order S. We can rewrite this expression to get

s
By — v(0) = 10_0?721)3

which verifies the guess that By — v(0) > 0. Also notice that we
can substitute this expression in the condition that determines the
optimal order size, to get an expression that depends only on the
parameters of the model. The optimal order size is the smallest S
such that

)

(co+a18) (BB«

1—-(3B)°  ~ 1=(BB)
b. The transition matrix is infinite, but the transition func-
tion is given by
PG,i—1) = 0, fori > 1,
P(i,q) = 1-0, fori>1,

P(0,S—1) = 0,
P(0,S) = 1-4,
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and 0 otherwise. An ergodic set is {0,1,2,3, ..., 5} since once we are
in one of these states the probability of leaving the set is zero. All
other states are transient, and there are no cyclically moving subsets.

c. To guarantee that this process has a unique invariant dis-
tribution we will show that Condition M is satisfied. Define the state
space S as {0,1,2,3, ..., S} . Since this is the ergodic set we know that
an invariant distribution will only assign positive probability to these
states. Since PN(s,8) > 057! > 951 > ¢ for all s € {0,1,2,3,.., S}
and some € > 0, the result in Exercise 11.5.a) holds and condition M
is satisfied. Theorem 11.12 then yields the results. To characterize
the invariant distribution use the transition matrix for the reduced
state space S.

0 0 0 0 0 0 1-6
0 1—-46 0 0 0 0 0
0 0 1-06 0 0 0 0
0 0 0 1—-6 0 0 0
Pgys =
0 0 0 0 .. . 1—-86 0 0
0 0 0 0 oL 0 1-0 0
0 0 0 0 o 0 0 1—-0

Then the unique invariant distribution is given by the rows of
P=PP,

where Zf:o p; = 1. Hence we need to solve a system of S linearly
independent equations in S unknowns. That is, we need to solve

Po = Ops—1+(1—0)ps
pi = Opi_1+ (1 — 9)]52 fori=1,...,5.

Which implies that pg = p; = p;—1 for ¢ = 1...5. Hence pgS = 1.
Therefore,

1
pi = 3 fori=1,...,S.
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Exercise 13.2

a. Let A = [a,d'], where a > s > 0, then the transition
function satisfies
P(z,A) = p(x—d,x—a]) forxz>s,
P(z,A) = p([S—d,S—a]) forx<s,
P(x {0}) = u([z, 2]) for z > s,
Pz, {0}) = u([S,2]) for z <s.

This defines a transition function, since P(z,X) = 1, and us-
ing the closed intervals, unions and complements we can calculate

P(z,A) for all A e X.
Define F(y;x) = P(z, [y, max[0, x — Z]), then

Fly;a) = A;uwa /’ (d2) / u(dz) =1 - Gz —y)

forx > s,

Fo) = [ ulds)=1-G(s )

S—y
forx < s.

where G(z) = [; 1(dz). And notice that if {ay}r ;| is an increasing
sequence Wlth Tn T s, and {z,},2 is an decreasing sequence with
Tn | s,

Fy,an) =1-G(S—y) #1-G(s—y) — 1= G(Tn—y) = F(y, Tn),
hence P does not have the Feller property by Exercise 12.7 b.
b. Since

P(z,{0}) = u([z,z]) for S >z > s and
P(z,{0}) = u([S,z2]) for x <s,
if S < 2, then u([S, 2]) > & > 0 for some ¢ > 0. Hence PV (z, {0}) > ¢

all z € [0,S5] and all N = 1,2,.... If S > Z there exists an =* such
that * < z and p ([z*,2]) > 1 — «a and p([0,S — 2*]) > a. Then

PN(8,[0,8 = 2*)) = (u([a*, SN = (1 = )™



13 / Convergence Results for Markov Processes — 227

and so
PNFL(S {0}) > aPN((S,[0,5 —2*]) =a (1 — ).

For any N > 2, let ¢ < a (1 —a)”. Then PN*1(S,{0}) > ¢, which
yields the result.

Exercise 13.3

a.-c. The arguments to prove the first part of results in
this exercise are standard and very similar to the ones described in
Section 10.1, so we will not present them here. We will focus on
part d. and e. which guarantee the weak convergence to a unique
invariant distribution using Theorem 12.12.

d. Define P by
P, A) = (2 flg(@)] = € A).

Let h(z) be an increasing function of z, then

[ Pl = [ 1 o) s

and if x > Z since g(x) is strictly increasing
h(flg(@)]2') > h(f[g(x)]2') all 2’ € Z,

hence P is monotone.

e. We need to show that for some N > 1 and 6 > 0,
PY(z,(0,2%)) 2 PY(z, (¢ (2,1), én (2,1 +6)]),

the result is then implied by equation 3b. Consider the sequence

¢o(T,1) =T > f(7) = flg()] = ¢1(2,1)

it follows by induction from the fact that f and g are nondecreasing
that this sequence is nonincreasing. Since it is bounded from below
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by 0, it converges to a value ¢ € X. The continuity of f and g then
implies that ¥ = f [g()] . Hence

U'le(9)] = ﬁ/U’ 1)1 [o(9)]2 u(d2’)
Y <>]jfcﬂ[<ﬂzﬂz;mdz>

ﬁfwwﬂwwwn/?wwz>
= BT [e(9)]"

where the inequality follows from the fact that z € [1,z] and the
strict concavity of U. Hence 1 < [f'[g(¢)]z*, which implies that
¥ < x*. Choose N > 1 such that ¢5(Z,1) < 2* and 6§ > 0 such that
on(Z, 1+ 06) < x*. Then 2* > ¢ (Z,1 4+ 6) > ¢n(Z,1) > 0, which
yields the result.

N

Exercise 13.5
a. Define
F(m,m') = U(m+y —m'),

and
I(m) = [y,m +yl.

Assumptions 9.4 and Assumption 9.5 are trivially satisfied, since
X = Ry, and the shock to preferences is i.i.d. Assumption 9.6
and 9.7 are satisfied since y € I'(m) for all m € X, I'(m) is a closed
interval defined by continuous functions of m, and U is bounded and
continuous so F' is too. Hence Theorem 9.6 yields the result.

b. Assumption 9.8 is satisfied since U is strictly increasing
and Assumption 9.9 too since the upper bound of I'(m) is increasing
in m. Hence Theorem 9.7 implies that v(:, z) is strictly increasing.
To show that v(-, z) is strictly concave notice that we can not use
Theorem 9.8 since Assumption 9.10 is not satisfied. The linearity of
the resource constraint with respect to both today’s and tomorrow’s
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real balances creates this problem. We can, however, prove strict
concavity of v(-, z) using the sequential problem and the principle of
optimality. Notice that since Assumptions 9.4-9.7 hold by part a.
the conditions of Theorems 9.2 and 9.4 are satisfied.

The resource constraint in present value for the sequential prob-
lem is given by

o o
Z y+mo > Z Ct,
=0 =0

hence if mg > mo and {c;};2, and {¢},-, are the corresponding
optimal consumption sequences, it must be the case that ¢; > ¢ all
t, with strict inequality for some ¢. Hence, if {Cf}zo is the optimal
consumption sequence associated with initial real money balances
Omg + (1 — 0)my,

v(@mo + (1 — 8)myg)
= E ZﬁtU(c?, zt)]
=0
FE ZﬁtU(HCt + (1 — H)Et, Zt)
L t=0

> B |3 00 =) + (10U (@, z»]] ,

Lt=0
ZﬂtU((_Jt, Zt)]
=0

v

= QE Z,BtU(Ct, Zt)

t=0
= 6Gv(mg, z) + (1 — O)v(mg, 2),

+(1-0)E

where the weak inequality comes from the fact that ¢, 4 (1—60)¢; may
not be an optimal consumption sequence for mg + (1 — 0)my, the
strict inequality from the strict concavity of U and the fact that the
consumption sequences cannot be identical, and the second equality
from the linearity of the expectation.

Assumption 9.12 holds because of the differentiability of U, hence
since we showed above that (-, z) is strictly concave, we can use
Theorem 9.10 to prove the differentiability of v(-, z) in the interior
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of X. Hence for m € intX and m’ € intI'(m),
vi(m, z) =Ui(m+y—m).

Now suppose m’ = y. Then

v(m, 2) = U(m, 2) + 8 / oy, 2)u(de’),

SO
Ul(m7 Z) =U; (m7 Z)'

Hence since both derivatives coincide, v(-, z) is differentiable.
c. Since we have shown that v(, z) is strictly concave, and
since I'(m) is convex, the Theorem of the Maximum implies that

g(m, z) is single-valued and continuous.

d. The first-order condition is given by
Ui(m+y—g(m,z),z) > /Ul(y, 2p(dz2") with equality if m’ > y.

Consider the problem without the cash-in-advance constraint,

0<m’ <m+y

v(m,z) = max {U(m+y—m/)+ﬂ/v(y,z’),u(dz/)}.

Using exactly the same arguments as in parts a.-c., there exists a
unique, continuous, increasing in x and differentiable function ©, that
solves the problem above. Furthermore, the corresponding policy
function g(m, z) is single valued and continuous. We will show next
that g(m, z) is strictly increasing in m. The first-order condition of
the unconstrained problem is given by

Us(m +y — g(m, 2),2) = 3 / 01(g(m, 2), ) a(d).

Suppose that g(m, z) is nonincreasing in m, then for m > m,

g(m, 2) < g(m, z),
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and so by the concavity of v,

v1(g(m, 2), 2") > 01(g(1n, 2), 2').
Hence by the first-order condition and the concavity of U,
m+y—§(m,z) < m—l—y—g(m,z),

which implies that g(m,z) > g(m,z). A contradiction. Hence is
strictly g increasing in m.

So
g(m, z) = max {g(m, z), y} .
Let ¢(z) be implicitly defined by

9(6(2),2) = y-

¢(z) is well defined since g is a strictly increasing function in m, and
for some 2%

g(0,2) <y for all z € [zH, z| and lim g(m,z) >y for all z € Z.
m—0o0

Notice that if we want 2 =z, we need to assume that
lim U’'(m, z) = oo;

m—0

that is an Inada condition so that

U'(0, z) > ﬁ/U’(y,z'),u(dz’).

e. By contradiction. Suppose m > m and c¢(m, z) < c(mn, z).
Then by the strict concavity of U,

Ui(c(m, z),2) > Ui(c(m, 2),2) all z € Z,

and so by the first-order condition ,

/ vr(glm, 2), 2 )u(de) > / v1(glii, 2), 2 )(d2),
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a contradiction with g(m, z) increasing in m and v concave.
This implies that for mq < mg,

my +y — g(mi, z) < ma +y — g(ma, 2)
and so

g(ma, z) — g(ma, z) < mg — my.

f. We need to show that there exists an m such that
Ui(y,z) = ﬁ/vl(m, p(d2).

Notice that by the concavity of v the right-hand side is a decreasing
function of m, and that the left-hand side does not depend on m.
Also by concavity of v and since v < B for allm € X and z € Z, for
some B big enough,

v(0,2) < v(m,z) —vi(m, z)m.
Hence
0 <wvi(m,z)m <wv(m,z) —v(0,z) < B—0(0,2),

and so

1i%n vi(m,z) — 0.

Notice also that
Uil0:2) < 8 [ oa(y. 2l

since if not g(m, z) =y all m € X and z € Z. Hence m is well defined
and it exists.

g. By the first-order condition, since U is an increasing func-
tion of z we know that by the envelope condition

Ur(y.2) > B / v1(y, 2)u(dz') = 8 / Us(y, 2 )u(de),
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hence for m <y, g(m,z) =y.

h. By contradiction. Suppose c is decreasing in z. Then for
z >z, ¢(m,z) < c(m,z) < m and so g(m,z) > g(m, z). Then since

U is concave,
Ul(c(m7 Z)? Z) >

2,6’/1)1 m, z), 2 \u(dz")

> 0 / v1(g(m, 2), 2" ) u(dz")
= Ul( ( m, ))
Hence ¢ is weakly increasing in z and so g is weakly decreasing.

i. The transition function P is given by

P(m,A) = /1{91(m’A)},u(dz/)
= pl{z:g(m,2) € A}]

for all A € X.
First we will prove that P has the Feller property. Since g(m, z)
is continuous, for any bounded and continuous function f,

/f P(m, dm) /f (m, ) u(d="),

which is continuous by the Lebesgue Dominated Convergence Theo-
rem (see the proof of Theorem 9.14 for an alternative proof).
Take f to be increasing, then since g is increasing in m, for m >

/fwmzmmw>/fwmzmmw.
Z Z

So the transition function P is monotone since T f(m) > T f(mn).,
Before showing that Assumption 12.1 holds, notice that for m <

¢(z) and 2 = ¢~ (y) < 2,
Pim,y) = pl{z:g9(m,z) =y}

A~

m,

%
2
N
|
>
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for some a > 0. For m > ¢(z),

P(m, [0,9(2)))

Il
=
—_

N
Q
B

N
~—

m
=)
<
—~

I
~—
N
-~

> az—2).

Hence if we let ¢ > (a(z — 2))? we showed that Condition M is sat-

isfied by Exercise 11.5 a., so we can use Theorem 11.12 to guarantee

the strong convergence to a unique invariant distribution.
Assumption 12.1 is satisfied, since for m < ¢(z),

P(m, [¢(2), m)) P(6(2),[0(2),m))
1

>
> alg” (¢(2), ¢(2)), 2),
where g71(4(2), ¢(2))) > z since g(1m,z) = m. Hence let

e > max [a(z - 2),a(g™ ! (6(2), 6(2)), 2)]
which yields Assumption 12.1 with ¢(Z) as the middle point.

- Define f by f(m) = m. Then

[ [ a2t amy = [ [ s, an)xam)

= (Tf,\%)
= (£, T*\")
M
= (==
(f; X% )
Exercise 13.7
a. The first-order condition of the problem is given by

—qz+ 0 / v1(w', 2 u(d2') + 6 — X =0,

where 6 > 0 is the Lagrange multiplier associated with the constraint
0 <w so 6w =0 and A > 0 is the multiplier corresponding to the
constraint

w/ < (1 + —)’LU,
q
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SO

Yy no_
)\((1+E)w—w)—0.

The envelope condition (for an interior solution) is given by

vi(w, 2) = (y +q)-

Notice that 8 > 0 and A > 0 is not a possible case, hence we need to
take into consideration only the cases 8 >0, A\=0and 6 =0, \ > 0,
plus 0 = A = 0.

Suppose the first case, 8 > 0, A = 0, then

ﬁ/ummxmwA<qa

and therefore substituting the envelope and letting A = [ u(dz’), we

obtain that
BA(y +q)
—q <

Hence, if z satisfies the condition above, w’ = 0.
In the second case, 8 = 0, A > 0, we obtain that

zZ.

¢

6/U1(w',z')u(dz’) > qz,

then
BA(Y +q) -

q

(=

2,

and v’ = (1+ HHw.
If 6 = X = 0 we have that ( = z, and w’ can take any value. For
example, we can let w’ = 0 to obtain the result in the book.

b. The transition function for this problem is given by
Plw,w') = p({z:g(w,z)=u'})
u(lc 1)) i’ =0
= u(0,¢]) i = (14 Ly

0 otherwise.
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We will first show that one of the assumptions in Theorem 12.12 is not
satisfied. This, of course, only proves that the sufficient conditions
in the theorem are not satisfied. However there could still exist an
invariant distribution.

Let wy, | 0, and let w’ = 0, then

P(wp,w") = u([¢,1]) alln = 1,2, ...

lim P((wy,w') = u([¢,1]),

n—oo

but
P(0,0) = 1.

Hence by Exercise 12.7 P does not have the Feller property.
Define 6 = p([¢,1]). The evolution of the distribution is given
by

W(0) = Wo (0) + (1 — o (0) [6+ (1 —8) 6+ ... + (1 — 8)" §]

and

e (0,0]) = (1-8)' o (0. 11

"1+yg!
In particular, ﬂ&‘l’t (0) = 1 and tli)rglo\llt ((0,w]) = 0 all w. The
obvious candidate for the stationary distribution is a distribution
with all the mass concentrated at 0, U* ({0}) = 1, zero for any set
not containing 0. To see this is a limiting distribution we are going
to check condition a. in Theorem 12.3 (i.e., limy, oo [ fd\, = [ fdA,
all f € C(9)).

/ )y (dw) = [(0)T(0) + / o ) aw)

< fO)¥(0) + [l 0 )‘I’t(dw)

= f0) W (0) + |[f1] W (0, 00))

tim [ )@ (d) < £ 0) = [ f0)w (@)
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We get the other inequality if we use — || f|| instead of || f]|.

So the Markov process defined by the policy function g together
with p has an invariant measure (i.e., the sequence {T*t\IJO} con-
verge weakly to an invariant measure). But notice that the sequence
converges weakly to an invariant measure U* that does not satisfy

(1).

c. By induction, (you can check it works for ¢ = 1) if

/ Wl (dw) = 1,
then
Jurviaw) = [ e (0.) ¥ @)
= (o0 ) (0.0) [ (dw)

| —
=1
= (1+yqg ") p(0.,¢]).
So a necessary condition for an equilibrium is
(1+yg ") u([0,¢]) = 1.

In addition, we can use the constant returns to scale results developed
in Section 9.3 to write

v(w, z) = wo(z).

The two equations above, together with the equation that determines

¢, imply that
o€ =5 [0 () (@)

This expression characterizes the equilibrium price. The implicit
function theorem can be used to analyze how g depends on 3, etc.

Exercise 13.8



238 13 / Convergence Results for Markov Processes

a. Let 6 > 0 and define the operator T' by

To(z, 2) = max {0, f(2,2) + min {9, ﬁ/v(:p, 0, dz’)}} .

First we will prove that T': C(X x Z) — C(X x Z). For this notice
that f(z,2) < f(0,2) for all z € X and z € Z. Hence for v €
C(X x 2),

Tu(x,z) <max{6#, f(0,z)+ min{6,5B}},

where B satisfies v(z, z) < Bforallz € X and z € Z. Hence Tv(z, 2)
is bounded. And since @) has the Feller property if v is continuous
so will be Tv by Theorem 12.14.

Next we will show that T is a contraction, for this we will use
Blackwell sufficient conditions. For monotonicity notice that if

n(z,z) > v(z, 2)

for all x € X and z € Z,

ﬁ/n(x,z’)@(z,dz’) > ﬁ/v(x,z’)@(z,dz’) forall x € X and z € Z,

which implies that
Tn(z,z) > Tvu(z, 2).

For discounting notice that
T(v(x,z)+a)
= max {6), f(x,z) + min {Q,ﬂ/(v(a:, 2') + a)Q(z,dz')}}

< max {e, f(2,2) + min {a, 3 / (@, 2)Q(, dz’)}} + fa.

Hence by the Contraction Mapping theorem there exists a unique
continuous and bounded function v such that

v(z, ) = max {9, f(x, ) + min {9, ﬁ/v(az, )0, dz’)}} .



13 / Convergence Results for Markov Processes 239

By the argument above, we know that

v(z,z) < max{e, f(o,z)+min{9,5/1)(%2’)@(2@2')}}

< max{@ f(0 +ﬁ/ v(z, ) zdz)}

< max{&, {(E’;)}

Since f is decreasing in x, the operator T maps strictly decreasing
into nonincreasing functions of x, since only one of the two terms in
the maximum decreases if x increases. Hence, by Corollary 2 of the
Contraction Mapping Theorem v(x, -) is nonincreasing in z. Since f
is strictly increasing in z and since () is monotone, by the same ar-
gument, 1" maps strictly increasing functions of z into nondecreasing
functions and so v is nondecreasing in z.

b. First notice that if g(x, z) solves (5a), it does not depend
on x. So denote §(z) = g(x, z). Where g(z) = 0 if there is no positive
number such that (5a) is satisfied with equality. Similarly, if g(z, 2)
solves (5¢), let g(z) = g(x, z), where again we choose a notation that
emphasizes that g(z, z) does not depend on z in this case. Combining
(5a) and (5c¢) we obtain,

ﬁ/ v(g(z Q(z,d2) > +ﬁ/ Q(z,d?).

By part a, v is nonincreasing in « as well as f. Hence the above in-
equality implies that g(z) > g(2). Since the inequalities (2a-c) divide
all of X, for any x € X, g(z, 2) is either constant at g(z) or g(z), or
g(x,z) = x. Hence g(z, z) is nondecreasing in x.

To show that g(z, z) in nondecreasing in z first we will show that
g(z) and g(z) are nondecreasing. Towards a contradiction suppose
that z > 2z and g(z) < g(2). Then by (5a) and part a together with
the monotonicity assumption on @,



240 13 / Conwvergence Results for Markov Processes

Again towards a contradiction assume that z > 2 and g(z) <
g(2). Then

Since either g(x, z) is increasing in z as shown above or g(z, z) =
z, g(x, z) is nondecreasing in z.
Let > 2/, then for any z € Z,

( 0 if x> 2" > g(z) > g(2),
9(z) —2'| ifx>g(z) >2" > g(2),
o B !g(z) — g(z)’ if x> g(z) > g(z) > 2/,
}g(a:,z) g(x,z){— |z — | if g(2) > x> 2" > g(2), ’
lv—g(z)] ifg(z) >z >g(z) >,
0 if g(2) > g(2) > = > o',
which implies the result.
c. Since by part a, v and f are continuous in X x Z and Q) has

the Feller property, both g(z) and g(z) are continuous in z. Because
of the same conditions, the boundaries of the sets in which (2a) and
(2¢) hold are continuous in X x Z. In addition, if (2b) holds, g(z, 2)
is continuous. Therefore, g(x, z) is continuous in X x Z.

d. The transition function P is given by

P(x,2; A X B) = X{g(a,2)ca}Q(2, B).

We need to prove that P is monotone, has the Feller property and
satisfies Assumption 12.1. Then we can use Theorem 12.12 to prove
the result. Since g(z,z) is monotone in both arguments and @ is
monotone by assumption, P is monotone. Since assumptions 9.4
and 9.5 are satisfied, we can use Theorem 9.14 to prove that P has
the Feller property.

Proving that P satisfies Assumption 12.1 requires (6). First no-
tice that if we define

f(0,2)

1—

0

9

=
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0 > 6 implies that v(x, 2;0) = 0 and g(z, z;0) = 0. Where the first
result comes from part a, and the second from the fact that nobody
else arrives at the island since

@/M%%WX%&WWZBG<&

and everybody leaves since
F@,2) + 8 / (e, 2:0)Q(, d2') < £(0,2) + 50 < 0.
Soif >0, P(x,2; Ax B) = X{oc4}, Which implies that A\(AzB) =1
if 0 € A and 0 otherwise.
If 6 € (0,0) , then (6) guarantees that Assumption 12.1 is satis-

fied. To show this we will first show that (6) implies that g(z) < g(2).
Suppose not. Then there exist an x such that

fa2) 58 [ (e300 d2) 202 6 [ vla,50)Q(z, )
and
fle,2) + 8 / (@, 2:0)Q(z,d) > 0 > 3 / o(@, 5 0)Q(z, d).
and g(z,7) = g(z, z) = . Hence by (3b)
v(x,z;0) = f(x, 2) +ﬂ/v(az,z’;0)@(2, dz") = w(zx,2)
and
(e 50) = f(@.2) + 8 [ v(w.#0)Q(z.d) = u(z.2)
But then

$Z>,@/ (2,2';0)Q ﬁ/ r,2)Q(z,d?)

which contradicts (6).
The ergodic set of the problem is given by [g(2),g(2)], notice
that g(x, z) monotone in = and z, and the assumption on ) used in
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Section 13.4 then guarantees that there exists a triple (¢, NV, b) such
that
PN[g(z2), 2 [b,g(2)] x B] > ¢

and
PNlg(2),2[g(2),b] x B] > ¢

for any B= (bl, bg] with b1 < bo.

e. In the modified model
v(z, 2) = max {9, F(z, 2) + min {9, ﬁ/v(w(l — ), )0, dz’)}} .
So g(z,2) is defined by
Fgl2,2),2)+ B [ vlg(e.2)(1=2), )@= d) <6
with equality if g(z, 2) > 0, if
fla2)+ 6 [ vla(1=2), )@z ) < 0

g(w,z) = $(1 - '7)

if
fa2) 8 [ (a1 =), )@z ) < 0
gﬂ/mmr~mzm@@w;
and
ﬂ/dﬂ%@ﬁ—ﬂw%ﬂ&wﬁ—H
if

ﬁ/v(az(l —-v),2)Q(z,d2") > 0.

All of the analysis above holds except that the ergodic set is
given by [g(z),g(2)] . Notice that in this case we do not need the
assumption in (6) to guarantee that Assumption 12.1 is satisfied
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since g(z) < g(%) follows from f and v nondecreasing in z, and @
monotone. The monotonicity of g(x,z) in both z and z and the
assumption (2) in Section 13.4 then guarantee that Assumption 12.1
is satisfied.

f. By (F2) f(z,2z) =0 for all z € Z. @ = 0 implies that (2c)
always holds and so

v(z, z) = f(z,2).

Hence g(z, z) is given by

5 / Fla(a, 20), 2)Q(2 ') = 0,

which implies that g(z,2;0) = 2. Hence M(A x B) = 1ifz € A
and 0 otherwise. So D(0) = z. We proved in part d that if 6 > 6,
g(x,2;0) = 0. Hence M\g(A x B) = 1if 0 € A and 0 otherwise. Hence
D(0) = 0.

g. Clearly [0, Z] x [z, 2] is compact. Given a continuous func-
tion h we need to show that

lim /h(m, 2) Py, [(n, 2n); dx X dz]

($n7zn,9n)—>($0720,90)

= /h(x,z)Pgo((azo,zo;dx X dz),
or (see Exercise 9.15a.)

lim /h(g(xn, Zn;0n), 2 )Q (2, d2')

(xn Zn ,Gn)ﬂ(wo »20 760)

- /h(g(l“o,zo;@o)aZ/)Q(Zoadzl)-
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The triangle inequality implies that
/ h(g(:rm Zn; en)a Z,)Q(Zm dZ/)
—/h(g(ﬂfo,zo;@o)’z/)Q(Zo;dz/)

< / B(g(ns 20 O), ) Qs d2')

- / h(g(0, 20: 00), 2')Q(zn; d=')

+ / h(g(0, 20: 0n), 2)Q(z; ')

— /h(g(mo,zo;ﬂg),z’)Q(zn;dz')

+ /h(g(:to,zo; 00), 2 )Q(2n; d2")

_ '/h(g(q:o’ZO;90),2/)Q(zo;dzl)'

In the right-hand side, the first term can be made arbitrarily small
by choice of n since g(zx,z;6) is continuous in (z,z). The second
can be made arbitrarily small by choice of n since f is a continuous
function in x and so is v by part a. Hence, g(z, z; 0) is continuous in
0. The third term can be made arbitrarily small since () satisfies the
Feller property.

We also proved in part d that for every 6 > 0 there is an invariant
distribution. Hence all the assumptions of Theorem 12.13 have been
verified, so )y, converges weakly to \g,. This implies that D(6,) —
D(6p) and so D is a continuous function. The result then follows by
the Mean Value Theorem.

h. First notice that
Tox(z,z) = /m’Pg(m,z; da’ x d2')

9(x, 2 0)Q(z,d?')

= g(z,20).
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Hence we need to show that g(z, z;0) is a nonincreasing function of
6. Towards a contradiction suppose 6 > 0" and g(z, z;0) > g(z, z;0').
Then if the pair (z,z) is such that for both 6 and ¢ (2a) holds,
g(z,2;0) = g(2;0) and g(z, 2;0") = g(2;6'). And so

0 = f(g(#0),z +ﬁ/ )Q(z,d2")
< f(g(z —l—ﬁ/ 3(z,0),2)Q(z,d') <0,

a contradiction. If (x,2) is such that (2c) holds for § and ', then
g(x,2;0) = g(2;0) and g(x,2;0') = g(2;0"). Hence

0 = ﬁ/ )Q(2,d2")
< ﬂ/ (2,60'),2)Q(2,d") = ¢,
a contradiction. If (x,2) satisfies (2b) for both § and @', then
9(@,2;0) = g(w,2;0') =

a contradiction. We still have to consider the case in which (z, z)
satisfies (2a) for 6 but (2b) for 6 and the case in which (z,z) sat-
isfies (2b) for 6 and (2¢) for #'. In the first case notice that g(x, z;0) =
G(z;0) and g(z, z;0') = x. But since g(z;0) < x, g(z, 2;0) < g(x, 2;0'),
a contradiction. The last case can be proven similarly. So Tyx is a
decreasing function of 6 given a pair (z, z) and so D is a nonincreas-
ing function. Notice that in order for the proof above to follow for
g(z, z; 0) decreasing in 6, we need the probability of (2¢) holding to
be positive. Notice that this is guaranteed by the assumption in (6):
see part d.
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Exercise 14.1

Let k > 1 index the sequence {fix} = {f11, fo1, fo2, f31,..-} -

a. To see that the sequence does not converge at any w € €2,
note that for all w € Q and for any K > 0, there exists a k1 > K
such that fi, (w) =1 and a kg > K such that fi, (w) =0.

b. For all £ > 1 and for all ¢ > 0,
p(weQ:|fr(w)| >e)=1/n,
where fi = fni- But as k — 00, n — oo and so

klim wweQ:|fr(w)|>e)=0.

c. Consider the sequence { fkj} = {fj;}, so that for j > 1 we

have
(1 ifwell-1/j1)
Jiy (W) = { 0 otherwise

For all w € Q = [0,1) there exists J such that for all 7 > J,
w < 1—1/j. Hence, { fkj} converges to the random variable that
is indentically zero everywhere in 2. Hence, { fkj} also converges
p—almost everywhere.

Exercise 14.2

246
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a. Let {f,} and f be random variables, and let {e,} be a
sequence of positive numbers converging to zero. For any ¢ > 0
define the set

An(6) ={w € Q: |fu (w) = f (W)| > €},

and for convenience denote by By, the set A, (&) .
By the results of Lemmas 14.2 and 14.3, it suffices to show that

o0

Z,u (Bp) < oo implies Zu (Ap (g)) < o0,
n=1

n=1

for all e > 0. Fix ¢ > 0 and note that as {e,,} converges to zero there
exists an N such that e, < € for all n > N. But then for alln > N,
By, D A, (¢) and hence p (By) > p(Ap (€)). Therefore,

S p(An(€) <> p(Ba) <Y p(By) < 00
n=N n=N n=1

Hence, as p is a probability measure, Y >, (A, (€)) < co.

b. The proof is constructive and follows the Hint. As f,
converges to f in probability, for all € > 0 we have

Jim pu(|fn = f| > €) = 0.

Hence, for all € > 0 and all 6 > 0 there exists an IV such that for all
n>N

H(|fn_f| >€)<6‘
For example, if we set ¢ = 1 and 6§ = 1/2 there exists an n; such that

for all n > ny, p(|fn — f| > 1) < 1/2. In general, for £ > 1, if we
set € = 1/k and § = 1/2F there exists an ny, such that for all n > ny,

p(lfn = fI > 1/k) <1728
Now consider the subsequence { f,,, } generated by these ny. Then

S ullfa—fI>1/K) <3 5p <00,
k=1

k=1
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and by the result of part a. f,, converges to f u—almost everywhere.

Exercise 14.3

a. Let 2,y € X and o, 8 € R. The proof that for all k, T* is
linear, is by induction. Note that

T° (azx + By) = ax + By = oT%x + 3T,
and hence TV is linear. Assume that
T (ax + By) = aT 1o + BT 1y.
Then
Tk (ax+py) = T (Tk*l (ax + 53/))
= T (aT* 2+ 0T 1y)
= aT%z + BT"y,

since T is linear and by definition of T*.
The proof that for all &, HT"”'H < 1, is by induction. Note that

TO — TO
|T° xexjmg\\ z|
— s ey <t
zeX, ||z 5 <1

Assume that HTk_lﬂ < 1. Then

o IS
zeX, ||z x <1 X

= _sw ()|
zeX, ||z x <1 X

< ||T||- sup HTkila:H

zEX, ||z x <1 X

< <
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where the third line follows from ||T']] < 1.

b. Let z,y € X and «, 3 € R. The proof that for all n, H,
is linear, is by induction. Note that

Hy (ax + By) = T (azx + By),

and so is linear by part a. Assume that H,,—1 (ax + 0y) = aH,— 12+
O6H,_1y. Then

e~
Hy(ax +By) = — > T (ax + By)
k=1
= ET (ax + By) + THn_l (ax + By)
_ ngflx_i_ éTnfly_i_
n n
n 1 a n—1 5 n—1
B Tk‘—l Tk‘—l
n n—1 Z T n—1 Z y
k=1 k=1
- O[an + /BHnZ%

where the third line follows by part a.
To see that for all n, [[Hy| < 1, note that for all n

1 n
- Tk_lx
n

k=1 X

1 n
- sup g Hkalx
N zeX ||z) x <1 5= X

1

— Z sup T 1z

N meX ol x <1 H X
1 n
S B
n
k=1

by the result of part a.

[Hnll = sup
IEEX,HLFHXSI

IN

n
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Exercise 14.4

Recall that if P is a transition function on (S,S), and if f €
C (S), under Assumption 14.2 we define the operator T': C' (S) —
C (S) by

T )= [ () P (s.ds).

for all s € S.
To see that T is a linear operator, let f,g € C'(S5) and «, 5 € R.
Then for all s € S

T(af +89)(s) = [ (af+59)P(s.ds)
= a/fP (s,ds") —i—ﬂ/gP (s,ds")
= a(Tf)(s)+8(Tg)(s),

where the second equality comes from the linearity of the integral
(Exercise 7.26 c.). Hence,

T (af + Bg) =T f+ BTg.

To see that ||T||, =1, let f € C(S) with || f|| = sup,eg |f (s)
1. Then for all s € S

<

[(T'f) (s)]

' [76)Ps.a9)
J176)|P(s.a5)
L

IN

as || f]] <1. Hence,

[Tf] =sup [(T'f) (s)| < 1,
seS

and

1Tl = suwp Tf] <L
JeC(®).lfl<1
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Next, consider the function g such that for all s € S, g(s) = 1.
Clearly, g is a bounded and continuous function on S, and satisfies
llg]l < 1. But then

1Tl, = sup [|T'f]
FeC(S),|IflI<t
> [T
= sup|(Tg) (s)| = 1.
sES

Hence, ||T']|; = 1.
To see that every constant function is a fixed point of T, let
f:S — R be defined by f(s) =aforall s € S. Then, for all s € S,

TN = [16E)P(sds)
- / P (s,ds')

= a7

and hence (T'f)(s) = f(s) =a for all s € S.



15 Pareto Optima and
Competitive Equilibria

Exercise 15.1

Let {¢;} be a Cauchy sequence in S*. That is, for all € > 0 there
exists a N such that ||¢;, — ¢, || < € for all m,n > N.. As ¢y, — ¢},
is a bounded linear functional by Theorem 15.1, for any s € S the
sequence of scalars {¢), (s)} satisfies

|67, (5) — & ()] < ll67, — Ol - I8l

and is hence a Cauchy sequence. Hence, as R is complete, for each
s € S there exists a scalar ¢* (s) such that ¢}, (s) — ¢* (s). The proof
will be complete if we can show that the function ¢* (s) defined in
this way for all s € S is an element of S*, and that ¢ — ¢* in the
norm ||.||.

That ¢* is linear follows from the fact that for s,t € S and
a, 3 € R we have

¢* (as+pt) = Jim, oy, (s + Bt)
= a lim ¢; (s)+ 0 lim ¢, (¢)
= ag®(s)+P¢" (1),

from the linearity of the ¢ .

To see that ¢* is bounded, note that as {¢}} is Cauchy, for every
e > 0 there exists an N, such that |¢}, (s) — ¢y, (s)| < ||s||€/2 for all
m,n > N, and all s € S. But as R is complete, ¢}, (s) — ¢* (s), and
hence

|67 (s) = ¢ (s)] < llslle/2 < e]ls], (15.1)

252
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for all m > N.. Hence

9" ()] = [0 (8) = & () + P ()]
6% (5) = & ()] + &, (5))]

<
< ellsl + llomll sl = (¢ + llonlD sl

and so ¢* is bounded.
Finally, by (15.1) we have that for all ¢ > 0 there exists an N,
such that for all m > N,

[0 = dmll = sup [¢* (s) — ¢y, (s)| <e.

l[sll<1

Hence, ¢, — ¢* in the norm ||.||.

Exercise 15.2

a. Let ¢ be a continuous linear functional on ls, and for all
n let e, denote the sequence that is zero everywhere except for the
n’th term which is one. If x € [, then

N
T — E Tnen
n=1

and by linearity we can write ¢ (z) = Y .2, z;¢ (e;) . The sequence
defined by y; = ¢ (e;) is our y; we need to show that y € ls.
Note that for all N

N N N
Z y?z = Z Yn® (6n) =9 (Z yn€n>
n=1 n=1 . " n=1
< ol (Zy> ,
n=1

where the second equality comes from linearity and the inequality
from continuity. Hence

N 1/2
(Z y,%> < 16l < ox,
n=1

lim
N—oo

=0,
2
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for all N. Taking limits as N — oo we get ||y||, < [|¢|| and hence
y € lo.

Conversely, let y € ly. If © € I, then ¢ (x) = > 2, yiz; is a
continuous linear functional on ls since by the Holder inequality

[ee)
6 @) <Dyl < llylls- s
i=1

and thus [|¢[| < lyll, -

b. Let ¢ be a continuous linear functional on [y, and for all
n define e, as for part a. Note that if x € [1, then

N
T — E Tnén
n=1

and by linearity we can write ¢ (z) = Y .2, z;¢ (e;). The sequence
defined by y; = ¢ (e;) is our y; we need to show that y € l,. But,

lim
N—oo

=0,

1

lyil = 1@ (es)| < ¢l

and hence [y, < [|6] < oc.
Conversely, let y € l. If z € Iy, then ¢ (x) = > 72, yiz; is a
continuous linear functional on [; since by the Holder inequality

o
6 @) <3 lyiril <yl -zl
i=1

and thus ||¢| <y -

Exercise 15.3

Let y € I and for all z € [, define
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which is well defined because limy_ s Zgil Y is finite and the x,
are bounded. We need to show that this is a continuous linear
functional. To show linearity, let z, 2z € I and «, 3 € R. Then

¢ (ax+ Bz) = JL“;OZ% (ax; + Bz)

=1

= o lim > yioi+ 6 lim ) yia
1=1 i=1

= a¢(z)+ 0o (2).

By Theorem 15.1, ¢ is continuous if and only if it is bounded. But
for all z € [

o0 o0
6 @) <D lyiwil < llelloe - D il = llylly - 2ll < oo,
=1 =1

and hence [|¢]| < [jyll; < oo

Exercise 15.4
Let cg be as defined in the text, and for all x € ¢y let

2]y = N[l = sup [an| = max [z,].
n

That ¢g is a vector space follows from the fact that if x,y € ¢y and
a € R, we have

lim (z, +y,) = lim z, + lim y, =0,
n—oo n—oo n—oo

and
lim ax, = o lim z, = 0.
n—oo n—oo

As ¢y C lo, |||l is obviously a norm on cg.

Let ¢ be a continuous linear functional on ¢y and for all n define
en as for Exercise 15.2. If x € ¢g, then

N
T — E Tnln
n=1

lim
N—oo

=0,

oo
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because lim,_,oc &, = 0 (this would not be the case in general for
T € l). Hence, by linearity we can write ¢ (z) = > oo, i (e;).
The sequence defined by y; = ¢ (e;) is our y; we need to show that
y € 1.
Define
B 1 ifp(en) >0
bn = { 1 it ¢ (en) <0,

and for all N > 1, let
ZN = (€17€27 "'7CN70707 )

which is an element of ¢y. Then

00 N N N
¢ (2N) = 2 d(en) =D Cut(en) =D ld(en)l =D lynl,
n=1 n=1 n=1 n=1

which for all N satisfies [¢ (V)| < [¢] . HZNHOO = ||¢|| < co. Taking
limits, we get

[e%s)
D lynl < I8l < o0,
n=1

and hence y € [;.

Conversely, let y € I1. If z € ¢, then ¢ (x) = Y7 | ypxyp is well
defined because z is bounded and > 7, y,, converges. Then ¢ is a
continuous linear functional on ¢y since

S 00
16 @) <D |yntal < 2l D 1yl = 1ylly - 2]l »
n=1 n=1

and thus ||¢| <yl -

Exercise 15.5

a. To see that ¢ is linear, let x,y € Lo (Z, Z,p) and o, 5 €
R. Then

é(ax+ By) = / (o (2) + By (2))  (2) du (2)

- a/w(Z)f(Z)dﬂ(Z)+5/y(2)f(2)du<2)
— 0d(@) + o)
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by the linearity of the Lebesgue integral.
For all # € Loo (2, Z,11) , |¢ (2)| < ||y - [l2]loc and hence [|¢]| <
|| f]|; so that ¢ is bounded and hence continuous by Theorem 15.1.

b. Let fel1(Z,Z,u). As ftand f~ arein M1 (Z, Z, ),
by Exercise 7.21 both define finite measures, say v and v~, on Z.
But, for any A € Z we have

v(4) = /Af(Z)dﬂ(Z)

_ / () dp(2) — / (2 du(2)
A A
V+(A)_V_ (A)a

and by definition ¥ = v — v~ is a signed measure.

To see that v is absolutely continuous with respect to u, let A € Z
be such that p (A) = 0. Then by Exercise 7.20 b., v (A) = v~ (A) =
0 and hence v (A) = 0.

Exercise 15.6

Towards a contradiction, assume that 6 € int (B). Then there
exists an open neighborhood of 6, say N (0,¢), that is a subset of B.
As 3 € (0,1) there exists a T such that ¢ > 771, and consider the
point yr = (0, 0,... O,E/QT*I,O, ) which is zero except at the T7"th
position. Then

0.0]
lyrll =D 68 lyre| = Be <,

t=0

and hence yr € N (0,¢). But as |yr| = ¢/87 ' > 1, we also have
yr ¢ B, a contradiction.

Exercise 15.7

a. Towards a contradiction, assume that = is an interior
point of the positive orthant of /,, which we denote as l;,r . Then
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for some € > 0, the open ball B (x,¢) C l;. We produce a contra-
diction by exhibiting an element of B (z, €) that is not in }.

As z € [, there exists an N such that, for all n > N, |z,| < €/2.
Define z € [, such that z, =z, for all n # N and 2y = zn — €/2.
Then z ¢ I} (as zy < 0) but z € B (z,¢) as

o8] 1/p
|z — Z”p = (Z |zn — Zn’p>

n=1

= €/2.

b. Consider the point z = (1, 1,...) and pick € € (0,1). Then
if y € N (z,e), we have for all ¢ > 1 that y, € (0,1 + ¢) and hence
is an element of the positive orthant of [,. Hence z is an interior
point of the positive orthant of /..

Exercise 15.8
A 15.1: The proof that X = [1 is convex is straightforward.
A 15.2: Let x,2' € X with
. . I /
u () —Htlfl‘t > lItleL‘t =u (2'),

and let 6 € (0,1). Then @ inf; x¢+ (1 — 0) inf, x is a lower bound on
the sequence {zf} = {0z¢ + (1 — 0) z}} and so

iItlf (0z¢ + (1 —0) a}) > Hirgfxt +(1-96) irt}falcff > irtlfacg.
A 15.3: Fix e > 0 and choose x, 2" € I such that ||z — 2/|| <

6 = ¢/2, where we have, without loss of generality, labelled these el-
ements of [, such that inf 2’ < infx. Then, for all t > 1,

[u(@) —u(@)] =

< ‘mt — inf 2/,
S

inf x, — inf 2/,
S S
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By definition of the infimum, there exists a T' such that z/, < inf, 2/, +
/2. Hence,

lu(z) —u(2)| < ‘xT—infx

< ugfx’s—x'T + |27 — @7
_ e,

— — =

2 2 ’

and so u is continuous.

A 15.4: As Y is defined by a sequence of linear inequalities,
it is convex.

A15.5: To see that Y has an interior point, consider the point
y defined by y; = 1/2 for all t > 1. Then for ¢ € (0,1/2) we have
that the e-neighborhood N (y,e) C Y because for all ¢, y, € (0,1).

Exercise 15.9

To show that « is not continuous if the norm

o0
lzl =" 6" el
t=1

is used, it is sufficient to establish that there exists an € > 0 such
that for all & > 0 there exists x, 2’ € X; with ||z —2'|] < ¢ and
lu(x) —u(z')] > e. Fix e > 0 and note that for all 6 > 0 we can
find a T such that $Te < 6. Consider the sequences = = (1,1,...)
and ' = (1,1,...,1,1 — ¢,1,...), where the 1 — ¢ appears at the T"th
position, which are both bounded in ||.||. Then we have

o0
=2l = D8 e — i
t=1

= gle<s,
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but also

ju (@) —u(@)] =

infz; — infzy| =e.
t t

Exercise 15.10

a. To see that A 15.1 holds, note that as C' is convex, then
X, is convex. To see that A 15.6 holds, let z € X;. Then for all
t>1, xy € C. But by assumption, 8 € C and hence for all T

2T = (:131,:1:2, w7, 0,0, ) € X;.

b. First, note that the assumptions of the problem are not
sufficient to show that w; satisfies A 15.2. As a counterexample, let
X =R, C =[0,1] and define U; : C — R by U; (z) = 2. As C is
compact, and U; is continuous, it is bounded on C. Further, as U; is
monotone on C, then if x, 2" € C we have z > 2’ if and only if U; (z) >
Ui (') . Hence, for 6 € (0,1), we have 6z 4+ (1 — 0) 2’ > 2’ and hence
Ui (0x + (1 —0)2") > U; (2') so that U; satisfies A 15.2. To see that
u; need not satisfy A 15.2, consider the points y = (1,0,0,...) € X;
and ' = (0,1,0,0,...) € X;. Then

ui(y) =1>B=u; (¢).

But if § € (0,1), we have that u; (Qy + (1 —0)y/) = 6% + 3 (1 — 0)?
which is less than w; (') = 3 for combinations of § and 3 satisfying
02 (1+ ) — 2860 < 0. Given 3, this is true for

20
0 e <O,m> .

For example, if = 1/2, this holds for 0 < § < 2/3.
To recover the result, we place the following stronger restriction
on Uj;.

ASSUMPTION 15.2": (Concavity) For each i, if x,2’' € C, and 0 €
(0,1), then U; (0x + (1 —0)2') > 0U; (x) + (1 — 0) U; (/).
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To see that u; satisfies A15.2, under A 15.2" on U;, let z, 2’ € X; with
w; () > u; (2'), and let § € (0,1). Then for all T

T T

T
> BU bz + (1—0)at) 20> BUi(x) +(1-0)>_ BUi (af) .
t=0

Taking limits as 7" — oo, which exist because U; is bounded, gives
u; (0z + (1= 0)2') > Ou; (z) + (1 — 0) u; (2') > w; ().

To see that wu; satisfies A 15.3, let € > 0 be given. As U; is
continuous, we can choose 6§ > 0 such that ||z; — 2}/ y < ¢ implies
that |U; (z¢) — Ui (2})] < e(1—=p). Now if z,2/ € X; such that
|z — 2'||x, < 0, this implies that ||z; — 23|y < ¢ for all ¢ > 0. Hence

o
}ui (x) — u; (x')‘ < Zﬁt }Ui (x¢) = U; (x;)‘
=0
e}
< e(1-8)) B =¢
t=0
and so u; is continuous in the norm topology.
To see that u; satisfies A 15.7, let z, 2’ € X; with u; () > w; (2).
As Uj; is bounded, there exists an M € R such that |U;| < M. Fix
e € (0,u; (x) —u; (2')) and choose T™* such that

741 M €
g -3 <35
for all T' > T*. Then for all such T,
T o0
u(xT) = ZﬂtU(xt)—i- Z BU (0)
t=0 t=T+1
= wi(x) = Y B (U(x) - U(0)
t=T+1
> (.I) . 26T+1%
> wu;(x)—¢
> u; (')



262 15 / Pareto Optima and Competitive Equilibria

c. By Exercise 5.11d. uyp is concave. But all concave func-
tions are quasi-concave. To see this, note that if x,2’ € X with
uw () > uw (2') and 6 € (0,1), then

Uw (9$ +(1-10) x') > Ouw (z) + (1 — 0) uw (x') > uw (:p') )

Hence uyy satisfies A15.2. Similarly, by Exercise 5.11d., uyy is con-
tinuous in the sup-norm. Hence it satisfies A15.3.

To see that upy satisfies A15.7, let z, 2’ € X with uy (z) >
uw (2'). By Exercise 5.11d., uy satisfies

‘UW (1:) —uw ($T)‘ < ﬁT ||UW|| )

for all T and some 8 € (0,1). Fix € € (0,uw (z) —uw (2')) and
choose T such that 87 |uw| < e. Then for all T > T, we have
luw (z) —uw (z7)| < & and hence uw (z7) > uw (2/).

Exercise 15.11

a. To see this, let X = {r €l :0<a; <1}. Then the
points z defined by x; = 1 for all ¢ > 1, and 2’ defined by z} = 1/2
for all t > 1 are in X and satisfy

1

u(w):irtlf:ttzl >3 :ilgf:tgzu(:v').

But then for all T,

b. To simplify the notation, drop the index i. First, assume
that for all z € X, u(z) = limr_cu (27). To show that A15.7
holds, let z,2" € X with u(x) > u(2’). Fix e € (0,u(zx) —u(2')).
Then there exists a T™ such that for all T' > T,

|u () —’LL(ZL‘T)‘ <e.

Hence, for all T > T*, u (z7) > u (/).
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One can prove a partial converse: A 15.7 implies that

lim u(zT) > u(x),
T—o0
all x € X. To establish this, we must show that the limit on the LHS
exists and that the inequality holds. To show the former, note that
for any x € X, the relevant limit exists if and only if
lim supu(z?) = lim infu(z?).
T—o0 T—o0
Suppose to the contrary that for some x the LHS is strictly bigger.
Choose & such that
lim supu(z’) > u(2) > lim infu(z?).
T—o0o T—o0

A 15.1—15.3 insure that this is possible. Choose some T with

Then A15.7 implies that
u(a®) > u(@),

for all T > T sufficiently large, a contradiction. Hence limz_,q0 u(z?)
is well defined for all x.
To show that the inequality holds, suppose to the contrary that
for some x,
lim u(z?) < u(x).

T—o00

Then A15.7 immediately gives a contradiction.

Notice that this inequality is sufficient, in combination with As-
sumptions 15.1—15.6, to establish Theorem 15.6. It implies that
“tail” pieces cannot increase utility, although they can reduce it.
Thus, if the “tail” piece has a positive price, the consumer will choose
the (cheaper and better) truncated sequence instead. If the “tail”
piece had a negative price, the consumer might want to buy it, since
it would ease his budget constraint. But firms would not want to
produce it: if Assumption 15.6 holds, they will choose to produce
the (feasible and more valuable) truncated sequence instead.
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Exercise 15.12

A 15.2: As in Exercise 15.10 b., this need not be true. In-
stead, assume that U; satisfies Assumption 15.2'. Let z, 2’ € X; with
w; () > u; (2'), and let 8 € (0,1). Then

u; (0z + (1 —0) ')
_ / Us (62 (2) + (1 8) 2/ (2)) dyss (2)
> 0 [ Ui @) dug () + (1-0) [ U (@' (2) s (2
= Oui (@) + (1 —0)u; (2)

> Uy (1") .

A 15.3: To see that u; satisfies A15.3, let € > 0 be given. As
U; is continuous, we can choose § > 0 such that |z (z) — 2’ (2)| < 6
implies that |U; (z (2)) — U; (2/ (2))| < e. Now if z, 2’ € X; such that
|z — ||, < 6, this implies that |z (z) — 2’ (2)| < 6 for all z € B for
some set B € Z with pu (B€) = 0. Hence

|ui (x) —u; ()] < / Ui (z (2)) — U; (2 (2))| dpss (2)
< €

and w; is continuous in the norm topology.

A 15.9: Let x,2' € X;, such that u; (z) > u; (2'), and A, | 0.
Then for all n,

wlat) =[O @) du (2

= / Ui (z(2))dp; (2) + Ui (0) dp; (2)
(An)° Ar

_ / Ui (x (2)) dps; (2) — / (Us (2 (2)) — U3 (0)) dpy (2)

Asx € Lo (Z, 2, ), it is bounded except possibly on a set of mea-
sure zero. Hence, as U; is continuous, there exists a B € Z with
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p(B) = 0 such that sup,cpe |U; (2)| < M for some scalar M. Hence
for all n,

| @) -viodn) < [ 10 ) - U0l ()
< 2M:ui (An) .
As p; is absolutely continuous with respect to u, we have
Jim 1 (An) = 1 (M2 An) = (M2 An) = 0.

Then for all ¢ > 0 there exists an N, such that for all n > N,
w; (An) <e. Pick

2M

e (o, ).

Then, for all n > N, we have

wl@™) = [Uia@)dnE - [ O E) - Vi) du )

Ui (2 (2)) dps (2) — 2Mp; (A)
ui (x) —2Me

u; (a)

Vv
—

vV Vv



16 Applications of
Equilibrium Theory

Exercise 16.1

a. As the results of Exercise 5.1 apply, there exists a unique
symmetric Pareto efficient allocation. By the First Welfare Theorem
(Theorem 15.3) (the non-satiation requirement follows from the defi-
nition of X and U strictly increasing), every competitive equilibrium
allocation is Pareto efficient. But since there is only one symmet-
ric Pareto efficient allocation, there can be at most one symmetric
competitive equilibrium.

b. We need to verify that assumptions A15.1 through A15.5
hold. A15.1 is obvious; we verify the rest in turn.

A15.2: Let x,2’ € X such that u (z) > u(2'). Let 6 € (0,1)
and define 2% = {0z, + (1 — 0) x}};°,. By the strict concavity of U,
we have for all ¢ that

U (xf) > 0U (1) + (1-0) U (x})

T T

> 0 lim Y U () + (1= 0) lim Y 5U (x7)
=0 =0

= Ou(z)+(1—-0)u(z') >u(a'),

266
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where the limits are well defined by 8 € (0,1) and U bounded.

A15.3: Let € > 0 be given. Then as U is continuous there
exist a & > 0 such that |z, — ;| < ¢ implies |U (x) — U (x})| <
e(1—p). Let z,2’ € X such that ||z — 2/, < 6. Then for all ¢,
|z — x}| < &, and hence

}u () —u (x’) ‘ ZﬁtU (x¢) — ZﬂtU (xg)
t=0 t=0

< ) BU () —U ()] <.
t=0

Al5.4:  Let y,y’ €Y. Then there exists k, k' € loo such that
ko=ko =k, kip1 +ye < f (k) and Ky +y; < f(kp), for all t. Let
0 € (0,1) and define

o= {0+ (-0,
o= {0k+(1-0)ki},2,.

Obviously, k‘g =k and
Ko+l = 0 (ke + o) + (1= 0) (K + 1)
< 07 )+ -0 (k) <7 (k)
for all ¢ by the concavity of f. Hence, y® € Y for all 6 € (0,1).

Al15.5: We construct an interior point of Y. Let k € (0, E)
and define the point y such that

v =(1/2) |f (k) = k],

for all . This is in Y as the sequence k defined by k; = k for all ¢
satisfies y; < f (l%) — k for all t. We need to show that there exists
an £ > 0 such that the e-ball B (y,e) C Y. Choose ¢ such that

()<5<(1/3)[f(l§:>—l§:}.
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Then if 4 € B (y,e), we have 0 < y; < f (l%) — k for all ¢ and hence
B(y,e)CY.

The definition of X and the assumption that U is strictly increas-
ing imply that the non-satiation requirement is satisfied. —Hence
the Second Welfare Theorem (Theorem 15.4) applies and we have
that the Pareto-efficient allocation (mo,yo) is a symmetric quasi-
competitive equilibrium. To show that it is a competitive equi-
librium, we need to establish the existence of a “cheaper point” in
X.

By construction of X, either ¢ (3:0) is strictly positive, or it is
equal to zero. If ¢ (a:o) > 0, the existence of a cheaper point follows
from the fact that § = {0,0,..} € X with ¢(#) = 0. Suppose
10) ($0) = 0. Then either 2° = 6, or ¢ is identically zero. The
second is ruled out by the Second Welfare Theorem (Theorem 15.4).
To show that x° cannot equal 6, note that by the result that A15.5
applies above, we have the existence of a point x € X NY, with x # 0
satisfying u () > u (0) by the fact that U is strictly increasing. But
this contradicts [$0, yo] being Pareto efficient.

By Exercise 5.1 we know that a symmetric Pareto efficient alloca-
tion exists. Hence, we have the existence of a symmetric competitive
equilibrium.

c. We establish each of these in turn.

A15.6: This is obviously true for X. Let y € Y. Then there
exists a k € IZ such that ki1 + y: < f (k) for all . But then, as
ki1 < f (k) , we have that y7 € Y.

A15.7: Let z,2" € X such that u(z) > u (') and let ¢ =
u(z)—u(2'). AsU is bounded and 3 € (0,1) there exists a T* such
that for all T > T,

ST B|U (@)~ U ()] < </2

t=T+1
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Then, for all T > T*

u(z) —u(a) = u(m)—u(a:T)—i-u(mT)—u(x’)
< > BU @) —U0)] +u (") —u ()
t=T+1

< u(z?) —u (@) +e/2.

and hence u () > u (2/).

The non-satiation condition in Theorem 15.6 follows from the
definition of X and U strictly increasing. Hence the price system
has an inner product representation.

d. We assume an interior solution: Exercise 5.1d. gives suffi-
cient conditions for this to be true. Using standard Lagrange multi-
plier methods, the first-order conditions for an optimum in the profit
maximization problem include

Mg = A, forallt >1,

)\tf/ (kt) = )\tfl, for all ¢ > ].,

where, for each ¢t > 1, \; is the Lagrange multiplier on y; + k41 <
f (k) and A\g = 1. Hence we have

L4y = f (ki) -

Similarly, using standard Lagrange multiplier methods, the first
order conditions for an optimum in the consumers problem include

1
trr! t—1
= pll_
B () = iy

where p is the Lagrange multiplier on the consumers’ lifetime budget

constraint. Hence ,
U (th) . 1

U/ (iL‘t) N 1 + Tt

As the capital stock sequence corresponding to this competitive equi-
librium is unique (from the uniqueness of the Pareto efficient capi-
tal stock sequence), the set of equilibrium real interest rates {r;} is
unique, and hence so is the sequence of relative prices {p;+1/p:} -

g
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e. Under our assumptions on f and U, the function ¢ (k) de-
fined by
U'(c[g (R)])
k s —_—

is continuous. Further, under our assumptions the space of attain-
able capital stock choices is bounded; denote it by K. Let C (K x K)
be the space of continuous functions on K x K bounded in the sup
norm, and define the operator 7' on C' (K x K) by

(T) (k, 2) = max {f(z) =2 +q®) v [K,Z]},

subject to
0<2 < f(2),

and k' = g (k). Given the restriction on the choice of &/, this func-
tional equation corresponds to the one defined in (1) in the text.

To see that T" maps bounded functions into bounded functions,
note that f is bounded above, ¢ is continuous on the bounded set
K, and ¢ is bounded by assumption. That T" preserves continuity
follows from the Theorem of the Maximum noting that the constraint
correspondence is continuous by the result of Exercise 3.13 b.

The existence of a unique fixed point of T" will then be established
if we can establish that 7' is a contraction mapping. The proof of
this result is complicated slightly by the fact there exist k£ € K such
that ¢ (k) > 1. To see this, note that substituting from the Euler
equation from the social planners problem, we get

Denoting k* as in Exercise 6.1, for k£ < k*, we have g (k) < g (k*),
and hence

flgB)] = f'lg (k)] = f' (k) = 1/B.

This implies that for k& < k*, we have ¢ (k) < 8 < 1. However, for
k > k* it is possible that ¢ (k) > 1.
Define k such that
7 (k) — 1.
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Note that if ko < k, by the properties of g (k) established in Exercise
6.1, we have ¢ (k) < 1 for all kx = g (k—1). The interesting case
is when ko > k. Starting with such a ko, by the properties of ¢ (k)
established in Exercise 6.1, we have g (k) < k; for all ¢, and further
there exists an N such that &k = g (k;—1) < k for all ¢t > N. Hence,
there exists an M > N such that

for all n > M.

Our strategy will be to show that the operator 7™, defined by
iterating on 1" a total of M times, satisfies Blackwell’s sufficient con-
ditions for a contraction. Monotonicity of TM follows from the fact
that T itself is monotone. To see that T' is monotone, note that if
11 > g, then we have

(Ty) (K, 2)

{f(2) =21 +a(k)¥y [g(k), 2]}
{f(z) =2 +a(k)vy [g(k), 2]}
{f(z) = +q(k)yy [g(k), 2]},

where 2] and 2} are the optimal choices corresponding to ¢; and 1),
respectively, the second line follows from the fact that 2} is feasible
and not chosen for the problem with ;, and the last line is by
assumption that ¢¥; > 1, pointwise.

To see discounting, note that for any a > 0 we have

T (¥ +a)(k 2) = (TY) (k, 2) + q (k) a,

AV

so that

T (§ +a) (k,2) = (TM) (k,2) +q (k) a (g (k) ...a (6" (k) a,

with
Q=q(k)q(g(k)..q(¢" (k) < 1.

Hence, TM is a contraction of modulus Q.

The Theorem of the Maximum implies that h is upper hemi-
continuous. To show that it is continuous, it is sufficient to show
that it is single valued. This will be true if, for a given (k, z), the
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problem in 2’ is strictly concave, which in turn will be true if the
function 1 is strictly concave in z.

The usual proof of strict concavity does not apply because the re-
turn function is only concave in 2’ for a given z. However, exploiting
the fact that 1) also solves the sequence problem, strict concavity can
be proven directly. Let z§ and 23 be two distint levels of initial cap-
ital with associated optimal sequences z! and 22, and let A € (0,1).
For all ¢ define 2 = Az} + (1 — A) 22. Then

o(h) 2 () -2 +am]r () -2+
a(g (k) [£ () - 3+
q (92 (k)) [f (zé‘) — zi‘ + }H

> M (ko, z9) + (1= A) ¢ (ko, 25)

where the first inequality follows from the fact that for all ¢

F() = ME)+a=-NF D)

1 2 A
> /\Zt—i—l +(1-=2A) Ri+1 = Rt41s

so that 2z is feasible from 2, and the second from the fact that f is
strictly concave and the sequences are distinct. Hence 1) is strictly
concave in z.

To show that € is the unique continuous and bounded function
satisfying (2), define the operator T on C (K x K) by

(TQ) (k,a) = max {Ua—q(k)d]+ B2 (K, d)},

subject to
a

q(k)’

and k' = g (k). The continuity of ¢ and ¢ on the bounded set K,
combined with U and §2 bounded ensures that T€2 is bounded. That
T preserves continuity comes from ¢ continuous and the Theorem

of the Maximum. That T is a contraction mapping comes from
verifying that Blackwell’s sufficient conditions for a contraction hold.

0<d <
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The Theorem of the Maximum implies that w is upper hemi-
continuous. To show that w is single valued, it is sufficient to show
that, for each k fixed, Q (k, a) is concave in a. Once again we exploit
the fact that Q also solves the sequence problem. Let aj and a2 be
two distinct levels of a and let a! and a? be the associated optimal
sequences. Let A € (0, 1) and define, for each ¢, a} = Aaj+(1 — \) a?.
As the constraint on the choice of a’ is linear, a},; is feasible from
a}. Then

Q (k, a()\) > U {a()\ —q (k) ai\] + 0 [U {ai\ —q(g (k))a%} +
8lUad —a(s? (k) ad] +..]]
> A (k,ad) + (1= A)Q (k,ad),

where the first line follows from feasibility and the second from the
fact that U is concave (the inequality is not necessarily strict because,
although a} and a2 are distinct, a} — q (k) a and a2 — ¢ (k) a2 need
not be distinct).

f.  The first-order conditions of the firms problem gives
L=q(k) f'[h(k k)],
which, combined with the definition of ¢ (k) , gives
U'[f (k) — g (k)] = Bf [l (k, )] U (f lg (k)] = g g (F)]) -
But by definition, g (k) solves
U'[f (k) —g (k)] = Bf g ()T (f lg (k)] — g g (K)])-

Hence g (k) = h (k, k).
By definition of the firms problem we have

¥k, k) = f (k) = h(k,k)+q (k)¢ (g k), h(k F)),

which, using the result above, implies

f (k) =g (k) =9 (k k) —q (k)¢ (g (K),g(F)).
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Substituting this into the Euler equation that defines g (k) and using
the definition of ¢ (k) we get

q(k)U' [ (k, k) —q (k) (g (k) , g ()]
= U (Y] (k)9 (k)] —alg (k)] [ (k). 9" (K)])-

But the first-order conditions of the consumers problem imply

q(k)U'la—q(k)w (k,a)]
= AU (w(k,a) —qlg(K)]wlg (k) ,w(k,a)]),
so that if 1 (g (k), g (k)) = a we get

w (k, o (k, k) = (g (k), g (k).

g. Given the function g (k) defined in (3) and the price ¢ (k)
defined in (4), part e. of this question exhibits the functions ¢ (k, z)
and h (k, z) which satisfy (R1) and govern the behavior of the firm,
as well as the functions Q (k,a) and w (k, a) which satisfy (R2) and
govern the behavior of the consumer. Part f. then establishes that
individual and aggregate behavior are compatible (R3), and that
market clearing (R4) hold. Hence, all the elements of a recursive
competitive equilibrium are present, and all that remains is to estab-
lish that they deliver the allocation (z, o) -

Given a value for the firm’s initial capital stock zy = kg, we can
construct the sequence of firm capital stocks from

zi+1 = h (ke 2t) = b (kt, ki) = g (kt) = ki1
Then we have from the firms problem that
ye = fke) = h(ke,ke)
= [ (k) —g(ke),

where the second line comes from (R3), for all ¢, which delivers the
sequence o by the results of Exercise 5.1.

Given an initial value of assets a = ¥ (ko, ko), we can construct
the consumers asset sequence from

atr1 = w (ke, ar) = w (kg, Y (ke k) = ¥ (Kig, kegr) -
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Then we have from the consumers problem that

e = ar— q (k) w(ke,ar)
= (ke ki) — q(ke) ¥ (keg, ki)
= [(k) —g(ke),
for all ¢, where the third line comes from the definition of the firms

problem and the result above. But this delivers the sequence xg by
the results of Exercise 5.1.

Exercise 16.3

a. Define = /(=) and let l%t+1 = kt+1/ét, and 7y = yt/@t.
We also require that y; > 0. Then (1) can be rewritten as
Fern + 9 < kg

Written this way, familiar results imply that g, and k; are bounded
above by some number, say M, which implies |g;| < M for all ¢.
Hence, we have
At
|yt’ S Mo )

for all ¢. Then, for all @ > 6, we have for all y €Y and all ¢ that

AN\ t
07"y < M (g) <M.

That is, for all > 6, we have Y C Sp.

b. We will establish that, for 8 < 0 = 71/(1_0‘), and only for
such #, Y has an interior point when viewed as a subset of Sy.

First, let 6 > 9, and towards a contradiction assume that y is an
interior point of Y. Then there exists an € > 0 such that

B(y,e)={y €S|y —yll,<e} CY.

Consider the bundle 3 defined for all ¢ as y; + 66" for some & € (0, ¢€) .
Then for all ¢,

‘O_t (yé—yt)‘ =6<e,
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and hence y € B(y,¢). However, as 0 > 0 > 1, and |y,| < Mét,
there exists a 1" such that

T
9_TyT—|—5 <%> > M,

for all ¢ > T, where M was defined in part a. above. Hence

¢
Z/; = (9_tyt +0 (g) ) 9t,

is not in Y for all t > T, a contradiction.
Second, let # < #. We must find a bundle y and an € > 0 such
that B (y,e) C Y. From any kg, construct a sequence k according to

1
kiy1 = E’Ytkta;

a‘Ild a quuellce y 3.3
t1.a

By construction
At
L= iI;flf 0 Ak,

is finite and strictly positive so that we can pick € such that

1
0 —L.
<€<4

Then for any y' € B (y,€), we have that
At
‘yt —y,’f‘ < el < b,
as 0 < é, and hence,
At , At
Yy — €l §yt§yt+€0 .
But

e <

IN
W
\Qu-
&
<+
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for all ¢, so that
0 <yi <Ak — ki

and hence ' € Y (using the same sequence k as for y).

c. In what follows, let 0 = . Let e > 0 be given, let D be
the bound on U, and pick T such that
2D €
T— p—
B -3 < 5"

As U is continuous, we can find a 617 > 0 such that |z, — x}| < 61
implies that

/ 1 -
}U(mt)—U(a:t)’ <§1_§T.

Then, if z, 2’ € X such that
|z —a'||, < 62 =0""61,

we have that
|z — af| < 0°62 = 0°0"6y,

for all ¢ > 0. Hence, for such z,z’, we have

(@) —u (@) < Y6 |U (@) - U (})]
=0
-1
< Zﬁt’U($t)—U($§:)}+5T12_D/3
=0
T e 1-p3 €
< ;ﬁ%ﬁ—i_g:&

where the third inequality comes from the fact that for ¢ < T, we
have |x; — 2] < 81. Hence, u is continuous in the norm topology.

d. To show boundedness, first note that, for all x € X, where
X is defined as

X = {:13 € S; : irgf ’(‘)*txﬁ > a},
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we have that there exists a b such that |z;| < 6'b for all . Then

Y BU (@) < > BU(0%)
t=0 t=0

t=0

blfa oo ot 1
— 91 o\t _

l_Ut:O(ﬁ ) 1-8)(1—-o0)
= M,

This is finite, by assumption that 86177 < 1, and hence u is bounded
above on X.
To see that u is bounded below, note that for all x € X we have

d BU(w) = AU (6'a)

t=0 t=0
B alfo 0 Lot B 1
B 1—at:0(69 ) 1-8)(1-o0)
= M,

which is finite. Hence, u is bounded. Note that these assumptions
are sufficient, but overly strong. For example, for the case of o €
(0,1), U is bounded below, and the extra restriction on consumption
bundles is not necessary.
To see that w is also continuous, let € > 0 be given and pick T'
such that
(90" (3T - A1) < <.

where M and M were defined immediately above. As U is continu-
ous, we can find a 61 > 0 such that |z; — 2} < 61 implies that
el—-p

\U (w¢) — U (z})| <§1—5T.

Then, if z,2’ € X such that

|z — /||, < 62 =0""61,
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we have
v — 2| < 0'62 = 0'677 6.

for all t > 0. Hence, for such z,z’, we have

279

)]

|u (@) = u ()]
T-1 0o
< BUU (@) = U ()] | + DB U () = U (
t=0 t=
T-1 !
< Y AU (@)~ U (a)]
t=0
|3 0 ) 0 (0
s=0
< iﬁti L=0 (80" (3T - M)
= - B
< g,

where the third inequality comes from the fact that for ¢ < T, we

have |z; — | < 61, and the fact that for all ¢, we have
abt < xy < o,

so that
ab® < 0T xr s < bO?,

and we can use the same bounds constructed above. H
continuous in the norm topology.
Exercise 16.6
a. We establish each of the assumptions in turn.
A15.1: X =17 is obviously convex.
A15.2: This follows from the fact that

1 —exp (—xt2t) ,

ence, u is
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is strictly concave. For let z, 2’ € X with u(z) > u(2'), and let
6 € (0,1). Then

ulfz+(1-0)a’] = 22% [1—exp (— [0z, + (1 —0) ;] 2)]

> Z 9t {6 [1 — exp (—xtQt)]
t=1
+(1—0) [1—exp (—2}2")]}
= Ou(z)+(1-0)u(a’)
> u(2).

A15.3: Let £ > 0 be given. As 1—exp (—l‘tQt) is continuous,
we can choose ¢ > 0 such that |x; — x}| < 6 implies that

}exp (—xé2t) — exp (—xt2t) ’
= }1 — exp (—xtQt) —1+exp (—xQZt)} <e.

Now if z,2' € X such that ||z — /|, < 6, then |x; — z}| < 6 for all
t > 1. Hence

’ui () — (3:/){ < Z 2t ’exp (—272") — exp (—xtQt)}
t=1

o0
< 522% =g,
t=1

and so w; is continuous.

Al15.4: Y is obviously convex, being defined by a sequence of
linear inequalities.

A15.5: As I C Y, and as [ contains an interior point (see
Exercise 15.7), therefore Y contains an interior point.

A15.6: This is obviously true of X = [Z. That it is true of
Y follows from the fact that, for all ¢, 2=¢ > 0.
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Al15.7: Let »,2' € X with u(z) > u(z'), and pick ¢ €
(0,u(xz) —u(z")). Choose T such that

2*(T+1) < E.

Then for all T > f, we have

o0

!u () —u (acT)‘ = _z: 2t [1 — exp (—tht)]

< Z 27t }1 — exp (—xtQt)‘

t=T+1

< i 2*t<<€,

t=T+1
and hence u (z) > u (2') .

b. By Theorem 15.1, a linear functional on [, is continuous
if and only if it is bounded. But

lpl = sup |p.x|
2]l <1

o0
E bty
t=1

= sup
llzll o<1

oo
D>
t=1

which is not finite, and where the last line comes from the fact that
o' =(1,1,...) € le, with |2/ = 1.

>

Y

C. Let ¢ be a continuous linear functional on [, that satisfies
(1) and (2), and let 1) be the continuous linear functional that satisfies
(3). By Lemma 15.5, for all = € I, we can write ¢ as

U (@)= pay,
=1
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for p; € R for all t. Note that if, for any ¢, p, < 0, then ¥ (y*)
cannot satisfy (2), for then we could set y; = —oo and increase
profits. Hence we must have p; > 0 for all ¢. If there exists at ¢ such
that p; > p1, then consider the allocation ' constructed from z* by
reducing x; by some small amount, and increasing x1 by this amount.
This is affordable, and increases utility, which contradicts (1). Now
suppose that p; > p; for some ¢ > 2, and consider the allocation
2’ constructed from x* by increasing x; by some small amount and
decreasing x; by a smaller amount such that ¢ (z') = ¢ (2*). This
is possible, and as

exp [—2'z}] = exp [-2'2}]

for all ¢, this increases utility, a contradiction of (1). Hence, we
must have p; = p; for all t. But then ¢ is not a continuous linear
functional on [, unless p; = 0 for all ¢.

d. We first establish that, if the commodity space is l1, then
Y has a non-empty interior. Towards a contradiction, assume that
there exists a y € int (Y). Then there exists an open neighborhood
of y, say B (y,¢), that is a subset of Y. We produce a contradiction
by exhibiting an element of B (x,¢) that is not in Y.

As y € [y, there exists an Ny such that, for all n > Ny, |y, | < €/4.
Further, there exists an Ny such that, for all n > Na, 27" < €/4. Set
N = max {Ny, N2}, and define z € [y such that z, = y,, for all n # N
and zy = yn +€/2. Then z € B (z,¢€), as

oo
|z — 2], = Z |Tn — 2]
n=1

= ¢/2.
But, 2 ¢ Y, as
€ € _N
= - > - >27".
ZN = YN + 571
To show that (z*,y*,p) is a competitive equilibrium, note first
that (x*,y*) is obviously feasible. Second, note that if y € Y, then
yy <27 for all t = 1,2, ..., and hence

Sy) =Y <> 2= ey =6y,
t=1 t=1 t=1
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which establishes (1). Finally, let z € X such that u (z) > u (z*).

That is,

i 1 —exp (—2'ay) > i 1-— exp(—l).

2t 2t

t=1 t=1

We will show that this implies that ¢ (x) > ¢ (z*). As an input to
this result, note that for all z € R we have that the function

is non-negative.

and

g(z)=z+exp(l—2)—2,
This follows from the fact that

g (z) =1—exp(l-2),

9" () =exp (1 - 2),

so that ¢ attains its global minimum at z = 1, where g (1) = 0. Then

p.x

Y

(e 00
2t.'L‘t
C E Iy = C E 7
t=1 t=1

t=1
Ctiil 2 —exp (1) +exp (;z (1 —exp (—2'z¢))

2 —exp (1) +exp (1) (1 —exp (—1))
>3 3

t=1

=1
CZ of = p.x*,
t=1

where the second line follows the result proven immediately above,
and the fifth line from the fact that u () > u (z*) by assumption.
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Exercise 17.1

For all z € X the agent’s problem is to choose n € [0,L) to

maximize (@)
xnp (x ,
—Hn)+ |V m(x,dx") .

o+ [ [m’)} (. ')
As n — L this objective goes to —oo, while at n = 0 the objective
is finite valued and has a positive slope. Further, by the strict
convexity of H and the strict concavity of V' this objective is strictly
concave in n. Hence this problem has a unique solution on [0, L) .

The first-order condition for an optimum is

_H'(n wp () [2np(@)] >0 inifn:L
ww s [Ty S| ) Zo e

As H' (L) = +o0 and as V' [zLp (x) /p («')] is finite and positive for
all (z,2'), n = L cannot be a solution. As H' (0) = 0 and V' (0) > 0,
n = 0 cannot be a solution. Hence the choice of n satisfies the first
order condition with equality, and for all z € X the optimum choice
n (x) is strictly positive.

Exercise 17.2
a. For f € F, as GG is continuous and 7 satisfies the Feller

property, T'f is continuous. As G takes values in D and D is convex,
Tf:X — D. Therefore, all we have to show is that T'f is bounded.

284
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But this follows from the fact that f is bounded, G is continuous and
X is bounded.

b. The proof of completeness follows that of Theorem 3.1
closely. The only extra step is involved in the construction of the
candidate limit function f. Fix x € X and let {f,} by a Cauchy
sequence in F. The sequence of real numbers {f, ()} satisfies

[fn (2) = fm (2)] < Su)ﬁ;‘fn (Y) = fmn W) = I fn — fmll -

ye

As the sequence of functions {f,} is Cauchy, the sequence of real
numbers {f, (z)} is also a Cauchy sequence in D. As D is a closed
subset of R by the result of Exercise 3.6b., this sequence converges to
a point, call it f (x), in D. For all z € X define f (x) in this fashion
as our candidate limit function. The rest of the proof follows that
of Theorem 3.1.

Exercise 17.3
Note that in this case with G (z,2",y) = ¢ [2/¢"! (y)] we have
that . .
¢ [2'C )]
¢ (v)

Now limy,—,0 ¢’ (y) = 0 while limy_o ¢! (y) = 0. But ¢’ (0) > 0 and
so there exist (x,2’,y) such that |Gs (z,2/,y)| > 1.

G3 (ZL‘, lj? y) =

Exercise 17.4

a. As the logarithmic and exponential functions are continu-
ous, 7 satisfies the Feller property, G is continuous and g € F, we
have that Tg is continuous. As G is continuous and X is bounded,
Tg is bounded. Finally, note that Tg : X — D as G takes on values
in D which is convex. Hence, T:F—F.

b. Note that as D is closed and convex, so is D. The proof
then follows part b. of Exercise 17.2 above.
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Exercise 17.5

a. We consider the following problem. Consider the differ-
ential equation and boundary condition

dx (t)
= t
O ).
for t > 0 with 2 (0) = ¢. Show that if f is continuous, then there
exists a tg € (0, 1] such that this equation has a solution on [0, %] .
For some ty > 0, define the operator 7" : C ([0,%0]) — C ([0, o))
by

t
(Tz) (1) = /0 Fz(s))ds+c.

We will use Schauder’s Theorem to show that this operator has a
fixed point in C ([0, t]) for some tg € (0,1].

As f is continuous, for all € > 0 there exists a § > 0 such that
|z —¢| < 6 implies |f (2)| < |f (c)] + . Choose

. b}
t“‘mm{l’m}’

so that to {|f (¢)| + e} < 6. Let D be the closed §—ball about zero
in C ([0,tp]). Then clearly D is closed, bounded, and convex, and
the result will be proven if we can establish that T' (D) C D, that T
is continuous, and that 7" (D) is equicontinuous.

To see that T'(D) C D, let € D, so that |z (t) — ¢| < 6 for all
t €[0,tp]. But then

(Ta) (t) —¢| = /0 f (x(s)) ds

< t sup [f(z(s))]
s€[0,to]

< t{lf () +e}.

Hence, we have that

[Tz —c|| = sup [(T2)(t) - ¢
te[0,to]

to {|f (c)] + ¢}
67

VANVAN
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so that 7' (D) C D.

The continuity of T" follows from the fact that f is continuous,
and that the integral preserves continuity. To see that 7'(D) is
equicontinuous, note that for any ¢ > 0, we can choose k such that

¢
NHCIES

where € was defined above in the construction of D. Then, for any
t,t" € [0,t0] such that |t' — t| < k, and any Tx € T (D), we have that

tl

|(Tz) (t) — (Tx) ()| = )] ds — f [z (s)] ds

f[(ﬂ

< yt'—t\ sup |f [ (s)]|
s€[t,t']

< | =tl{|f (¢)| + e}

< w{lf(c)] +¢}

< 9,

where the second inequality follows from the construction of D.
Hence, T' (D) is equicontinuous.

b. Obviously, x (t) = 0 is one solution. To find another, if
x # 0 we can write rewrite this equation as

x*%dx = dt.

Integrating both sides and using the initial condition we get that

is also a solution.

c. Compared to Exercise 3.10 (not Exercise 3.8) we have that
our function does not satisfy the Lipschitz condition. For if z > 0
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we have that

1
xz —0

=2
|z = 0] ’

=

which is unbounded as = goes to zero.

Exercise 17.6

Let {f.} be a sequence of functions in F' converging to f and fix
€ > 0. Then

|Tfn—Tf|

= sup |Tfn(x) —Tf (x)]
rzeX

= sup

hex /{G (2,2, fr (2)] = G [, 2, f (2')]} 7 (x,da’)
oup 16 [e.0", (0] = G [, ()] | (o ).

zeX

IN

But as G is uniformly continuous in its third argument, there exists
a 6 > 0 such that |f, (2/) — f (2')| < 6 implies that

}G [x,:z:’,fn (m’)] -G [x,:n',f (a:’)” <e,
for all x,2’ € X. Then we have that for all € > 0 there exists a § > 0
such that if ||f, — f|| < 6 we have | Tf, — T f|| < € and hence T is
continuous.

Exercise 17.7

We will establish that Schauder’s Theorem applies to the operator
T defined by

(Tn) (2) = ¢ [ [o@n (@) (wdr)|.

for all x € X, for an appropriately defined set of functions F.
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Note that the set of continuous and bounded functions on X
taking values in [0, L) is not a closed subset of C'(X). However,
for a given x the function ¢ (zn) is non-negative and is bounded for
n € [0,L). As X is bounded and ¢! is continuous, there exists a
closed set D C [0, L) such that we can restrict attention to the set
F' of continuous and bounded functions on X that take values in D.
Let B be a bound on D. This set F' is non-empty, closed, bounded
and convex. That T is continuous follows from the fact that both ¢
and ¢! are continuous functions and 7 satisfies the Feller property.

To show that T (F) is equicontinuous, fix ¢ > 0. As ¢! is
continuous, for every € > 0 there exists an ¢ > 0 such that for
all 2,2/ € Ry with |2 — 2| < ¢ we have |[(7!(2) = (7' ()] < e.
Further, by the argument of Lemma 17.5, for ever ¢ > 0 there exists
a 6 > 0 such that for any =,z € X with ||z — Z|| < 6 we have

‘ / 6 (a'n () 7 (a,da’) — / 6 (@'n (o)) 7 (7. d2")| < o,

for all n € F, where the ¢ and ¢ are independent of the function n.
Combining these results we get that 7' (F) is equicontinuous.

Combining all of the above and using Schauder’s Theorem gives
the desired result.

Exercise 17.8
a. G<§|E> =Pr {9§§|z=5}. But
Pr{@ﬁgandz:g}

i Pr{z =72}
[,
0

Pr{0§5|z:5} =

7 (2)

Hence,
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Since ¥ and g are continuous, g (.|z) is continuous for each z €intZ.

b. By the result of Exercise 12.7b., it is sufficient to show
that if f is continuous and bounded on O, then

uv>@>::t/fww9wma
— /f«»ngww
B g (0)1(62)
= [ro 5 e,

s

is continuous and bounded on ©. But this follows from the fact that
1 and 7 are continuous.

Exercise 17.9

As noted in the text, the proof strategy follows that of Proposi-
tion 2 closely. As in that proof, for k = 1,2, ... define

e =min{e > 0: (! () = ke},
which is a strictly decreasing sequence. Note that
ﬂfe[éé}
0~ [0°0]
and that (~! is bounded above by L so that for all (9’ 0,2 ) we have

that o' 0’ 0 0
! —1 =17/ —

Pick some K > 1/C and consider functions f : Z — [ex, +00) .
We have that

s(5cwe) = Srvev ()

0, /(9
v ().

v
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as (! is increasing. Hence

" (%’c-l T <z>>) > (Mex)C
= KegC > eg.

Define the closed, convex set D = [eg,+00) C Ryt and let
F be the set of bounded continuous functions f : Z — D. The
above argument establishes that T f : Z — D; the continuity and
boundedness of T'f follows as before.

Take logs and define T and F as above. Fix g and h in F and

define w (0', 0,7, z> as

6 (¢ exwn ()
Jo Jr Jo 6 (5¢ (exph (w) ) G (d0/)u) 7 (du) G (d]z)

which is positive and satisfies

/e /z/@w (0.0,2',2) G (a0')2') 7 (d2') G (aB]z) =

for all z € Z. Therefore, <T g) (2) — (Th) (z) equals the difference
between

m{/// ( ! expg (= )))G(deqz/)w(dz’)a(dmz)},
_m{/// ( Uexph (2 )))G(d@’]z’)ﬂ(dz')G(dé\Z>},

which can be rearranged to give

{/// (¢.0.2".)

¢(§g (expg(z ))) (da’z)w(dZ')G<déz>}’
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1 ¢ expg ()

eiﬁz{n{ Cl@wh@W>}}

_ W?B@{m{¢< cl(wpg@ﬁo}
i {¢ <%’¢1 (exph (z’))> }} .

Note that for all 2’ fixed, g (2’) and h (2’) are numbers. Hence,
by the Mean Value Theorem there exists a number A € (0,1) such
that if g = Ag (2/) + (1 — A) h (')

oo (G tmsn)} -fo (G emni)}
e -

whihc can be rearranged to give

which is no greater than

hASS
~

ASS
/
IR [

| R

0 ~—1 ~ 6 ~—1 ~
?C (exp y) ¢/ (?C (exp y)) exp @\C_l/ (exp @\)
6 (4¢ (exp)) e )
But from Proposition 2 we know that for all y = expy € D,

¥ ()
()
while by Assumption 17.2 we have that

2o (5 W)
o (% W)
for any <9/,é,z’> . Hence

(Tg) (2) = (Tn) (=)

(9() =1 (=)

<1,

<5,

IN

5Sgﬂﬁ(%)—h(5ﬂ
lg =Rl

IA
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Repeating the analysis with the roles of g and h reversed gives
|7g—Tn|[ < llg - nll.

Since g and h were arbitrary elements of F , it follows that T is a
contraction of modulus 5 on F'. Hence by the contraction mapping
theorem T has a unique fixed point ¢g* in F.

Exercise 17.11

For all ¢,0 € O fixed, we saw in Exercise 17.7 above that

/
o(F ).
was bounded. As © is compact, there exists a compact interval
D C R, such that for all f and for all <9' ,é,z’), ¢ takes values
in D. Let F C C(Z) be the subset of continuous and bounded
functions f: Z — D.

Let f € F. Clearly, Tf : Z — D and is bounded. That it is
continuous comes from the continuity of ¢ and ¢(~! and the fact that
the uniform distribution satisfies the Feller property.

To see that the operator T' is continuous, let {f,} be a sequence
of functions in F' converging to f and fix € > 0. Then

|Tfn — TSl
= sup |Tfn (1:) - Tf ($)|
zeX

[ {6 . £ (@) = G [0, £ ()] 7 (0.
< sup/!G [ac,:v',fn (:L")] -G [:p,:p',f (ac')] ‘ T (w,dw') .

rzeX

= sup
rzeX

But as G is uniformly continuous in its third argument, there exists
a 6 > 0 such that |f,, (/) — f (2/)] < 6 implies that

G e, fo ()] ~ G’ £ ()] <
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for all z,2” € X. Then we have that for all € > 0 there exists a § > 0
such that if ||f, — f|| < 6 we have | Tf, — Tf|| < € and hence T is

continuous.

Exercise 17.12

There are four cases to consider.

First, consider the case where

z>x/0, and z > T/0. Then we have that § <Z/z =b(z) <0, and
further that x > zf. In this case, we have

G0]2) =

Pr {0 < 9*\£ = z}

0
x *
Pr{; <40 ]azzzQ}
0z — 0z
z—0z
0*—0
z/z—0
0" —a(z)

Next consider the case where z < z/6, and z < ?/5 Then we
have that 0 > z/z = a(z) > 0, and further that x < z0. In this case,

we have

G(0*]2) =

b(z) —a(z)

The remaining cases, that 2/0 < z < /0 and that /0 < z <

x/0, are proven analogously.
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Exercise 17.13

By Assumption 17.1, V is twice continuously differentiable, so
that ¢’ is continuous. The function ¢~! is bounded and by As-
sumption 17.5, © is compact. Hence, for all f € F there exists a
By < 400 that is independent of f such that

% (9)
/Z/®¢’ (%/Cl |f (Z,)]> g_;gl [f (2))] G (d0'|2')  (d2')

< B

But gb'f (é) continuous in 6 and © compact, implies that there exists
a B < 400 such that

o (0)] <
for all f € F and all 6.

Exercise 17.14

a. As p(z) = z/n(z), we have

IO= 5 e

Therefore, p’ (z) > 0 if and only if 21/ (2) /n(2) < 1.
b. Asn'[H' +nH"] = J' we have

2J' (2) 20 (2) [H (n(2) +1(2) H" (n(2))]
J (2) n(2) H' (1 (2)) '

Note that
[H' (1 (2)) +n(2) H" (n(2))]
H' (n(2))

and so zn/ (2) /n(z) < 1if 2J' (2) /J (z) < 1.

> 1,
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c. As ¢ (y) = yV' (y) we have

yo(y) _ V' +yV" ()
¢ (y) V' (y)
yV" ()

By Assumptions 17.1 and 17.4, 0 > yV”/V' > —1, so

Now

so that

and hence

d. Note that

PR CICETIO) P

b(z) —a(z) b(z) —a(z) ’
so that
2l'(z) _ W (2)z—d'(2)2]  E(0(2))V(2)z—E(a(z))a’(2)
76 T b —aC) [Tcow

There are four cases to consider. One, if a’ (z) =V’ (z) = 0 then
we have J'(2) = 0. Two, if d’ (2)z = —a(2) and V' (2) 2 = —=b(2),
then we need to show that

(), EBE)bE) ~EaE)al) _
( <1

ol A T

J(z) I
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The result in part c. implies that

7 0eon=c0) 1+ 0] >0

£(0)
and so 6¢(0) is an increasing function. Hence, the second term
above is positive and the desired result holds.

Three, if o’ (2) z = —a(z) and V' (2) = 0, we have to show that

zJ' (2) —alz) | glalz)alz) _

7@ @ el e (g0

Y

. fa)alx) __ b

o € 0ydo — b2) —alz)

But note that

A

b(z)

EeE)a6E) < g [ 0w
B b(2)

= ﬁ/() $(6)db,

which holds since 0¢ (0) is an increasing function.
Four, if a’ () =0 and b’ (2) 2 = —b(2), we have to show that
W) b)) k)b
= — b(2) =5
J(z) b)) —alz) [P eg)ap

a(z)
EOELE L al)

o € 0)do — b(z) —alz)

or

But note that

\Y

b(z)
EB()b(z) > a;%;@iﬂ)eamw

a(z) b(2)
ua—a@yﬁagw”&

which holds since 0¢ (6) is an increasing function.

Vv



18 Equilibria in Systems
with Distortions

Exercise 18.1

We impose the assumptions of Exercise 6.1 on the production
and utility functions. These are sufficient to ensure interiority of
solutions.  Given a ko, define the sequence {k;} recursively by
kir1 = g (k). Necessary and sufficient conditions for the optimal-
ity of solutions to the planning problem are then given by the Euler
equation

U'[f (kt) = kea] = BU" [ (Ke1) — Ker2] £/ (Fega)

and transversality condition
tlg})lo s’ [f (ke) = kega] f' (Ke) ke = 0,

The result will be proven if we can establish that the solution to
the individual consumers problem, evaluated at the market clearing
conditions, x; = k¢, imply these equations.

Given x, define the sequence {z;} recursively by

Ty = G (24, ki3 g) -
The Euler equation for a consumer is

U' [f (ke) = f' (k) ke + 2o f' (ke) — 2e41]
= BU"[f (kes1) = [ (kes1) keer + zen f' (k) — 2er2] ' (ki)

298
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while the transversality condition is
tlgélo 5tU/ [f (k?t) - f/ (kt) ky + fl?tf/ (kt) - $t+1] f/ (kt) xy = 0.

Imposing that x; = k; for all ¢, it is easily seen that this reduces to
the Euler equation and transversality condition of the social planner.
This implies that G (k,k;9) = g (k) and V (k, k; g) = v (k).

Exercise 18.2

Note that transfer income is not taxed. Given aggregate capital
holdings k, the after tax (and transfer) income of an agent with
capital x is the sum of wages, rents and transfers, or

(L —a) [f (k) =kf (B)] + (L —a—0)af (k) + 0k [ (k)
= Q-a)f(B)+ (1A -a-0)(=—k)f (k).

Assume that the aggregate savings function h is continuous and de-
note by H (x, k; h) the optimal policy function of an individual. The
functional equation for the individuals problem is then

W (z,k;h) = m;ix{U (1—a)f(k)+
(1—a—0)(z—Fk) f (k) —y] +BW (y,h(k); h)},
which has first-order condition
U’ [(1—a)f(kr)+(1—a—¢9)(m—k)f’(k‘)—H(m,k’;h)]
= Wi (H (z,k;h),h(k);h),
and envelope condition
Wi (2, kih) = (1—a=0)f (R)U'[(1-a)f(k)+
(1—a—9)($—k)f’(k:)—H(m,k;h)] )

In equilibrium, @ = k and H (z,k;h) = h(k), and writing ¢ (k) =
Wi (k, k; h) we get

U'[(L=a) f (k) = h (k)] = Bo (h(k))

¢p(k)=1-a-0)f (K)U[(1-a)f (k) —h(F)].
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To see the equivalence with equations (9) and (10), write ¢ (k) =
[(1—a—0)/(1—a)]w (k) and substitute 3 = (1 —a—0) /(1 —a)
and we have exactly equations (9) and (10) for a production function
equal to (1 —«) f (k).

With the envelope and first-order conditions equivalent, the Euler
equations implied by the two problems are the same. It is easily
verified that transversality conditions are the same also. Hence the

solutions to both problems are the same.

Exercise 18.3

Let h, be a sequence of functions in D) (1) converging to h, and
fix v > 0. By the argument of Proposition 2, for all k,z and 2’ in
1., there exists an mg such that

}H(k,z) —H(k:,z')! < mgo !z—z’},
so that

|H (k,h2 (k) — H (k,h* (k)] ma B2 (k) — h* (k)|

<
< mA by (k) =R ()]

Then setting 6 < v/ (ma), we have that if ||hy,, — k|| < §, then

|Thy —Th|| = sup |H (k,h2 (k) — H (k,h* (k)|
kel
< maA|hy (k) — h (k)|
S mg)\é
< 7

and hence T is continuous.

Exercise 18.4

a. Denote by DYP (1) the space of non-decreasing functions
that are also in D) (I.). Let h and /' be elements of DY (I.) such
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that ' > h. We aim to show that Th’ > Th. For any k € I., we
have

(TH) (k) = H (k,h"(k))
> H(k,h(h’(k))),

from the fact that Hy > 0 on I. x I, and h'? (k) > h(h'(k)). As h
is non-decreasing, we have h (h' (k)) > h? (k) so that

> H(k,h(h’ (k:)))
> H (k,h*(k))
= (Th)(k),

(Th') (k)

or T is monotone on DYP (I.).

Note that in order to apply the above results, we also need to
show that 7' : DYP (I.) — DY¥P (1.). Let h € DYP (I.) and consider
k' > k. Then we have

(Th) (K) = H(K,h*(K))
> H (k,h*(k))
= (Th)(k),

where the inequality follows from the fact that A is non-decreasing,
and both H; and Hs are strictly positive on I, x I..

b. By construction, if h € DYP (I.), then h > h > h. Hence,
as T : DYP(I.) — DYP(I.), we have h > Th and Th > h.
Then Theorem 17.7 applies (note that DYP (I.) is a closed subset of
D, (1.)), and hence lim T™h and lim T"h are in Dy (1) and are fixed
points of 7.

Exercise 18.5

To see that T' is well-defined, note that if A € F, then by (6), there
exists a k > 0 (possibly with k& > k*), such that ¢ (k) — h (k) > 0.
Hence, by (3), for y > k,

BA=0)f WU [ () —h(y)],



302 18 / Equilibria in Systems with Distortions

is finite and decreasing in y. For y approaching zero, we have

BA-0)f (YU [ (y) —h(y)] = B(1—0)AU [ (0)]
> U'[y(0)],
where the first inequality comes from Assumption 18.2 and the last

inequality comes from Assumption 18.1d.
Note that, for any &

U' [y (k) — ol

is strictly increasing in y with limit, as y approaches ¥ (k) , of +oo,
and limit, as y approaches zero, of U'[¢ (k)]. As 1 (k) is non-
decreasing in k, and U is strictly concave, we have

U' [ (k)] < U (0).

Hence, for any k, (T'h) (k) exists, and the operator T is well-defined.

To see that T : F' — F, we will verify that each of the properties
of F' are inherited. If h € F, then Th is continuous by the implicit
function theorem, using the continuity of U’, f’, and f (and hence
¥). The rest are verified in turn.

0 < (Th) (k) < (k) for all k € K : fix kK € K and note that for
h € F, U [¢ (k) — y] is continuous in y with

lim U’ [y (k) —y] = oo,
i U ) )

and U’ [¢ (k)] is finite. Similarly, 3(1 —0) f' (y) U’ [¢ (y) — h (y)] is
continuous in y with

yiig%k)ﬁ(l -0 f WU [¥(y)—h(y),

finite and
lim 5 (1= 6) S () U'[ () — h (y)] = oo.

Hence, (Th) (k) € [0,v (k)].
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Th and v —Th non-decreasing: Let k1, ko € K with ko > k1 and
h € F. Note that for a given y, the right hand side of (7) is indepen-
dent of k while left hand side is decreasing. Using Figure 18.2, it is
clear that the y that solves these equations is non-decreasing. Also,
from Figure 18.2, the increase in y is no more than the increase in
¥ (k) so that ¢ — T'h is non-decreasing.

(Th) (k) > k, all k < k* : Assume not. The for some h € F
there exists a k < k* such that (Th) (k) < k < h (k) < k*. Then

k
U'l (k) —h(k)] > U (k)= (Th) (k)]
= BQA-0)f ((Th) (k)) x
U'[¢ ((Th) (k) = h ((Th) (k)]
> BL=0)f (h(k) U [¢ (h(k)) = h(h(k))],
where the last inequality comes from the fact that f and U are strictly

concave, and that i) — h is non-decreasing. But, as h (k) < k¥,
B(1—0)f (h(k)) > 1 which is a contradiction.

(Th) (k*) = k* : Towards a contradiction, assume first that
(Th) (k*) > k*. Then
U'[¢ (k") — k]

< U'[Y (k) = (Th) (k)]

= BA=0)f (Th) (k) U" [ ((Th) (k) = h (Th) (k*))]

< BA=0)f (E)U [ (k") — h (k)]

= U (&) —h(E)],
where the first and last inequalities come from the fact that f and U

are strictly concave, and that 1) — h is non-decreasing. A contradic-
tion for the case where (T'h) (k*) < k* can be derived analogously.

(Th) (k) < k, all k > k*: Assume not. Then for some h € F
there exists a k > k* such that (T'h) (k) > k > h (k) > k*. Then

A
<
<
=
|
'~
>
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where the last inequality comes from the fact that f and U are strictly
concave, and that ¥ — h is non-decreasing. But, as h (k) > k¥,
B(1—0)f" (h(k)) <1 which is a contradiction.

Exercise 18.6

To see pointwise convergence, fix £k € K and let {g,} be a se-
quence of functions converging uniformly to g. For each n, let y, be
the solution (which by Exercise 18.5 is unique) to

U’ [V (k) —yn] = B(1—0) fl (Yn) U’ [V (Yn) = gn (Yn)]

with y denoting the equivalent solution for the function g. If we can
show that for all € > 0 there exists an N such that

‘yn_y‘ <g,

all n > N, the proof will be complete.
Fix € > 0. By the implicit function theorem, the equation

Ul (k) =yl =060-0)f (@)U (y) —al,

defines a continuous function, call it ¢, mapping values of x into
values for y. If we let & = g (k), we then have § = ¢(Z). As qis
continuous, there exists a ¢ > 0 such that if 2’ € B(&,6) we have
q(2') € B(g,e). But as g, converges to g in the sup norm, there
exists an N such that ||g, — g|| < ¢ for all n > N. Combining these,
we have our result.

To show uniform convergence, fix ¢ > 0. Equicontinuity of F
implies that for each k € K there exists an open set V C K such
that for all £’ € V}, and for all n

{(Tgn) (k) — (Tgn) (k")‘ <e/3.
As this is true for all n we have
[(Tg) (k) = (Tg) (K')] <e/3,

for all k' € V4.
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The compactness of K implies that there exists a finite collection
{Viy,-..s Vi } of these sets that covers K. Exploiting pointwise con-
vergence, we can choose M; for i = 1,..., N such that for all n > M;,

[(Tgn) (ki) = (Tg) (k)| < ¢/3,

and set M = max{M;,..., Mx}. Then for any k' € K, there exists
an 7 < N such that

(Tgn) (K') — ()1
< ’Tgn () Tgn Z‘

+1(Tgn) (ki) — (Tg) (k)| + |(Tg) (k) — (Tg) (k)|
< €

for all n > M. As this ¢ is independent of k', {T'g,} converges
uniformly to T'g on K.
Exercise 18.7

Let h,h € F with h > h. Fix k € K. Then for all y € K,

U(y)—h(y) =¥ @y) —hy)

and so

U (y) —h () < U (v () —h(y)).
Using Figure 18.2 for k fixed, we have that

(Th) (k) > (Th) (k) .

As k was arbitrary, the result follows.



