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Basic Math

AR, Ry ETEZ—RHFOEAMBR. KA OERBRUIOIBAFTE-%X. B
ARFALHFERAAGEBRILES AL, BEFINMPaRMEHLE, EFLEE
FRES 5 X RAVR G —frde ey Ry E AR S A REAA (Calculus and Algebra) - % &
BEBFAERMNAGAFELER, ETRENARFRIN — TR EEBRE.

ATEREGN, RREX2ERZNGNT, mAKRRREGETE, iR LK HRY
PRAEA —AH D RFRE L .

1.1. Calculus

2 MBS XA P AR KA F math 237 498 4% Professor Spiro Karigiannis #
T —7TF — How things change. St & FHtfT Ry . 2T —F MR 2> LFRHE F8 £

1.1.1. other faculties’ calculus

FRGBENMBTABTLEET RN XA uwlow#ITEHK . INMRKRLEZLEL, FEHFTE
o R AN LG AF TR,

MATH 104 Introductory Calculus for Arts and Social Science
MATH 116 Calculus 1 for Engineering

MATH 117 Calculus 1 for Engineering

L@aANREARALF -, 2282 AXF—4# - 116 Open to students in Engineering
excluding Electrical and Computer Eng, Nanotechnology Eng, Software Eng and Systems
Design Eng. 117 Open only to students in Electrical and Computer Engineering or Software
Engineering or Nanotechnology Engineering.

MATH 118 Calculus 2 for Engineering

MATH 119 Calculus 2 for Engineering

B bd—#Ha), &AL —4H . 118 Open only to students in Engineering excluding
students in Electrical and Computer Eng, Nanotechnology Eng, Software Eng and Systems
Design Eng. 119 Open only to students in Electrical and Computer Engineering or Software
Engineering or Nanotechnology Engineering.



1. Basic Math

MATH 124 Calculus and Vector Algebra for Kinesiology.
BAL UL R RRAE TR — A2, HXBORETARE—T -

MATH 127 Calculus 1 for the Sciences.
& A& for Science, R % HF A F AT X137 4%k £127, MmBALZTRE LG (B
R 1% & 18 calendar X # 19 Fladvisor) -

MATH 128 Calculus 2 for the Sciences.
B’ E@m—4, MR 137 failed 89 ARF L T 213809 B Kt ok LiX AR, HEaEE LH#
TRKEH -

&R AR AL 7 69 7T ¥A & math major 9%, FREF R HETRA ZALEY
KEFERGR.

1.1.2. MATH 137

BINRATHEAREE—TIATIRBR I R—CEFHFE, ARG miRdrahia. L
RUEARITRABET, Rt 245558, FTRERESH—TC, BARSIFHAR KA IRE
BRFHRBEXEH, SRKERIL.

IR A A AL RE, REL—HAE2017 fall ZART > Hhe T proofd 34, Z 4
A B Femath147 Z AT AE L - 2018 fall 8/ A 69 4F AL 2 36 2Ll weekly quiz - R A HE R K
{2 #quizty B KR FRARNE D, mAAEINFZRKELT .

1.1.2.1. Topics
e Absolute Values

e Sequence and their limits

e Squeeze Theorem, Induction, MCT

e Function and Limits

e Infinite Limits, Continuity

o IVT, EVT, Instantaneous Velocity

e Derivatives, Differentiation Rules

e Tangent Lines, Newton’s Method, IFT
e Implicit Differentiation, Extrema, MVT
e Application of MVT, I'Hopital’s Rule

e Curve Sketching

e Taylor Polynomials and Taylor’s Theorem

REGELGZRERDMELT, PLZERERAEFEZRERE, 2ARTT . RAXTHR
REH Lproff 3R, REAXAHE@EG — L ETERXLE T, & Abig O notations %, 12
& Jordan AT & RAR PG, PIA R % AR A LE) IR L& ) Bl IR B R AF6)FIR 5 .

EH—BRAEERNREFTE, FTEHERERTE . RERRTZRAGER, —TRR

EEHD



1. Basic Math

1.1.2.2. Final Note

F IR IFprof ¥ % 6, T Hdelash B @profiE X 2 He £, LRA TG A AR
W, AREJordanH AR X KF T, FHR S AAREHJordanty R - L REE REHF, K E
DT R Senroll I AR AGEE, IARZALR —FMHRA LB EIDOHL . KHEN
R AT A0 Bl M8 IR IT/\T 3] 69 1% %ﬁ;&f"”’ay FIDH & 3k 3¢ 7 89 4Fprof'e . % Eddie¥ ¥ . %
A Jordan®review sessioni® £ IEFEF X, REFILTAZ RGO B, 4o RA ML
EITREHE—T -

X I'7#R & A — Mphysics-based section, R % T AL A MR LT o b0 RFEA YL
FEBREZANS, SRARFBATRLELER, PBERALE, LELREKEGH L

1.1.3. MATH 138

P R R KRR . MILIBTAEET TP . 1137HR Z R AL LE R, 1383
IR % Rl Fdrr—EEK, B @HR Kseriesth ZFLT - THAMEMELAREKERIKRFHRE, &
HARBERZ N 2IE .
1.1.3.1. Topics

e Area Under Curves, Riemann Sums, Definite Integrals

Definite Integrals, Average Value, FTC I, FTC II

Change of Variable, Trigonometric Substitution, Integration By Parts (IBP)

Partial Fractions, Improper Integrals

Areas, Volumes, Arclength
e DEs, IVPs

Qualitative Solutions

e Series
— Convergence

— Integral Test

— Ratio Test

— Alternating Series

— Positive Series

— Binomial Series

— Taylor Series

— Power Series

e Curves

e Parametrization

BT VAIZ TR A Ktheme: Integrals & Series. B4 A 6948 & 45, RBDES 4 E AR
J 8, B A R Zintro, & Bseriest) EHE 2R RE K, B L S HAE, REH K2 KR
THFT .

VY RA AT AR 24 .



1. Basic Math

1.1.3.2. Final Note

R’EALERZITR, MRS ﬁiT B A general cs & RE @EHBARST - BBRY
A8 K B AR 2 es B9 4F B R & AR 4 }i 49 iE A K BFEGcsH @« R & Fcomputer graphicsty
%, BWEALET 28R 2 (math237) - ¢s370 (Numerical Computation) & cs488(computer
graphics)®preq - %o & # E£cs370, MRS GRKTFHRE/FAAEZTRT -

X VAR cs A LA #AR 28 (amath231) 2. /& kesH BB £ L & % 9csif, shieik
BB RERRET, ARAANT . SAMALEYGKFRAE, BRI EZARKEGA
4, BTAREE & A, Bae ¥k A6 computer graphics: MR ALRIAERT -

FR—AAL, SAZRRBZIAENRERBXBGANRET, w5 RSANHZER
RELFRERE—T, FRARKAEME. 37T, # A EM . pmath365 (differential geome-
try, o JURT) 2R A M6 — A4 Fsubject, preq: amath231/math247, & 2R F &5k
BOBKTFE, FEE SR \a‘fr Bty 2@, T &1%mathl37/138 & # amath ¥ %
M RegEdE. 2R, RERZEEFI £ T3. &£ Apmathd67 (Algebraic Topol-
ogy) » preq: pmath347/351 L’l‘%ﬂ"ii’( {2 FA Rk — T RBA &

F A VAJG 4o R % 7 real /complex analysis, R 242 LA €6 . & K4 R137/138 L
Wk, #Epmath333 E — T 2lpmath351/352, K& B £, Epmath331/3324847, 22K
Afa e RRARR 2 R, gt xtag D FfTVb“i{ BARERTRS .

4o R JRamath¥ &k # 86915, MR D R F4F, A Breal/complex analysis#baby ver-
sion 34 T, % F A ML . 48 )S'Léﬁ pmath ¥ 1k & 4 enthusiasts %351/352 #t 4% 4F
T WA 3] Bl £ 3 HEHIOWT -

1.1.4. MATH 237
1.1.4.1. Selected Proofs

Suppose f is in C! at a, then f is differentiable at d.

Proof

» (for n =2, but the proof is identical for any n.)

Denote the function by f(z,y), and the point d = (a,b).

Our hypothesis: fy, f, both exist near (a,b) and are continuous at (a,b)
The linear approximation is

L(z,y) = f(a) + (Vf)(a) - (& -a) = f(a,) + fu(a,b)(x - a) + fy(a,b)(y — )

We want to show

im |f(.%',y)—L(.1‘,y)|
(@)~ (ab) \/(x —a)? + (y - b)?

f(,y) = L(z,y) = f(2,y) = f(a,b) = fa(a,b)(z - a) = fy(a,0)(y - D)
= f(@,y) - fa,y) + f(a,y) - f(a,b) —fa(a,b)(z - a) - fy(a,b)(y - b)

fa(zo,y)(z=a) by (2)  fy(a,yo)(y-b) by (3)

(1)
Consider the function

h(t) = f(t,y) on [a,z] (y is fixed )

2—/~amath prof& &6, .. ...
SEBRITH L, Tl RANS[HER




1. Basic Math

R'(t) = f+(t,y). By hypothesis, f, exists near (a,b), so h is differentiable on [a.z] fo z close
to a.

Apply MVT to this situation: there exists xg between a and x such that

h(z)-h(a)=h(20)(z-a)

to t1 to to—t1
f(x,y)—f(a,y)=f$(x0,y)(a?—a) (2)
Consider the function
k(s) = f(a,s) on [y,b] (a is fixed )

k'(s) = fy(a,s) exists near (a,b), so k is differentiable on [y, b] for y close to b.
Let s1 =y,s2 =b. Apply MV, there exist yo between b and y such that

k(s0) = k(s1) = k' (yo)(s2 - 51)

f(a,y) - f(a,b) = f,(a,y0)(y - b) (3)

We’ve shown that: there exists xg between a and x and there exists yg between b and y such
that

fla,y) - L(z,y) _ (@=a)lfalwo,y) - fa(a,0)]  (y=b)[fy(a50) - fy(a,b)]
V(@ =a)?+ (y - b)? V(@ =a)?+(y-b)? V(@ =a)?+(y-b)?

We want to show this - 0 as (z,y) - (a,b).

|A + B| < |A] +|B| also

ool P I
Ve-arr -0 Ja-aPr-b?

Then
f(z,y) - L(z,y)

V(@ -a)?+ (y-b)?

< |fa;(x0;y) - f%(a7b)‘ + ‘fy(%y(l) - fy(a7b)’

- 0 as (z,y)—~(a,b) - 0 as (z,y)—~(a,b)
since fg is continuous since fy is continuous
at (a,b) at (a,b)

So by Squeeze Theorem

- f(x,y)—L(a:,y)
(@)~ (ab) [\/(x - a)? + (y - b)?

So f is differentiable at (a,b) O

10



1. Basic Math

Example Prove that / e d converges, and find the value V.
0

Proof
2N:/ exzdx:/ enydy

>
4]\72=/0o _dex/oo e_dey
U
/ /°° @) g A
// —:" ) 4 A
R2

0<r<oo
0<0<2r

27
/ / -r? Tdrd@
_ 1 _.»2
=27r/ rdr=27r(——er)
0 2

Change to polar coordinates {

0
=T
0

Hence N =

S

1.2. Algebra

1.2.1. other faculties’ algebra

HRGRENBTAE T ET WK A uwllowt T ERK . IPMRELE LR,

fo Z e A EEG AL TR,

MATH 103 Introductory Algebra for Arts and Social Science
MATH 106 Applied Linear Algebra 1

MATH 114 Linear Algebra for Science

MATH 115 Linear Algebra for Engineering

11

AR TR



STAT

BHPRABREGATERY. A Astat TR LB EZR 288 (TRASEXXLA
&) o BEistat I RAANBRERARZRZBMEHTAEG, A&, EXELHE, FoaX
HITAT, BaftaBEMH 2B, ZITRERKLT - 3 Ao RE QT ZE NGRS, T
AR, ARG FERA, MBI LGTAATAR, RBRALRATREGRE .

2.1. STAT 220/230

TARNBRTFRELZ LT, FHHFLEKKEH . 7422048 2 f £ — & . 230%
Astatty H—TIATT R, REALE EHEKER. EERZIUAFHAF4E (18winter) » &
[TRGBFEEZH KT, FTROAZLET R, AEEGAAER TS, FEPFREH I
BB ke, RILFATZKRFZMRGKREZET—H .

2.2. ACTSC

BTG FHEREFH, AARFPEBRABOGELT S, LWRANALET .

12



AMATH

3.1. AMATH 231
3.1.1. Topics

Before you brush your teeth,
parametrize your curves.

Edward R. Vrscay

e Vector Calculus
— gradient vector field

— Conservation in physics

line (path) integral

b
/C f ds= / fe®)]e' (1)) dt

b
W:/CF-dx:/a F(g(t)- & (t)dt

Path-independence and the Fundamental Theorems of Calculus for Line Integrals

/cABF'dX= /C v -dx=f(B)- f(4)

First Fundamental Theorem for Line Integrals

G- | Fody — 9f(x)=F(x)

%F-dx
C

éF ~dx = /:F(g(t)) g'(t)dt = ;ﬁf ds

where the scalar valued function f(g(t)) = F(g(t)) - T(t)

— over closed curves

13



3. AMATH

— Green’s Theorem

/aDF'dX:%(%‘%)dA=%(VxF)sz

OF), 0F, OF;
+ +
or Oy 0z

— divergence

divF =V -F =

— divergence of position vector

o1
V~r—3r=0 (z,y,2) #0

— curl

- F: F'
CurlF:VxF:vxF:(Q_b)k
oxr Oy
VxF =0 =— F is gradient
— vorticity
v(z,y) = (v1(z,y),v2(x,y)), then vorticity is

87)2 81;1
Qz,y) = — - ==
(z,9) = o~ o

— Mean value theorem for (double) integrals

c a = 1
fm,y>:fD=Zaﬁzﬁf@unm4

. 1
[carlF(p1,p2)]s = Q(p1,p2) = lim —2515 F-dx
e—0 1€ C.

— Total outward flux
éFNm=A%@myﬁmw=ﬁ%@myﬂmmvwﬁ
— Divergence Theorem
}I%F-Nds://[)[%+%—1;2]dz4://ljﬁ-F dA

- .1 <

B} 1 =~
v-F(p) =lim éwé”// F-Nds
3 Se

— Circulation integrals/Outward flux integrals around singularities

— Surface integration
x Surface parametrizations

*x Normal vectors to surfaces from parameterizations
N(ug,vo) = T (ug, vo) x Ty (uo,v0)

where T, = %.

14



3. AMATH

x surface integrals of scalar functions

/Sf O // () [N, v)dudv

S://w
//SF.NdS://w F(g(u,v)) - N(u,v)dA

Gauss Divergence Theorem in R?

//SFNdS=///DdivF av

surface integral volume integral

surface area

*

8g 8g

8u v dudv

*

flux integral

*

— Let U(t) denote the total amount of substance X in region D at time ¢. u(x,t)
denote the concentration of substance X at a point x € R c R3.

Ut) = /// w(x, YAV —> U (1) // %Y (. )d

— The flow of X is defined by the flux density vector j(x,t). The net outward sub-
stance X through an infinitesimal element of surface area dS centered at point

x € D is given by j(x,t)-N(x)dS. The total outward flux: // j(x,t) - N(x)dS.
oD

By Divergence Theorem, we have

//8 i(x.t)-N0)as - ///D T -j(x, H)av

and U'(t) = /// (x,t)dV, then integral form of the conservation law

/// OU e )+ j(x, t))dV 0

i j k

for substance X:

— V operator

-l 9o 9
VxF= or Oy 0z

o F, F
Ou  Ou Ox 6u 6y — 8_x
61}1 T oz 81}1 ay 01}1 ovy
V in polar/cylindrical /spherical coordinates in R3

— final calculation (using spherical polar coordinate is easiest)

1 1 . . - 3-n
F—r—nr— (x2+y2+22)"/2[m+y']+2k] = V-F-=

rn

15



3. AMATH

e Fourier Series

f(:c)—?+ Zancosnx+2b sinnz, x€[-m ]
n=1

— piecewise C!
— pointwise convergence for a Fourier series (2m-period and piecewise C’l)

— even & odd extension of a function defined on (0, 7)

2 n
<fnafn :EO Z_: ak+b2 <||fH2

— {fn} converges pointwise to f: lim |f,(z) - f(x)| =0, for all = € [a, b].

— Series Y ay in C[a,b] converges uniformly to f means that the sequence {S,} of
k=1
partial sums converges uniformly to f

lim || f - Z agll =0
neee k=1 oo
— Series Y aj, in C[a,b] converges in the mean to f means that the sequence {S,}
k=1

of partial sums converges in the mean to f

[e o]
~ S || =
k=1 2

lim
n—oo

— Weierstrass M-test (also covered in MATH 148): If |a,(z)| < M, Vz € [a,b],

Z M, converges, then Z an(x) converges absolutely for each x € [a,b], with sum
n=1 n=1
f(x), it converges uniformly to f(x) on [a,b].

— * fp piecewise continuous == converges in the mean to f, on any finite interval
* fp piecewise C!' = converges pointwise to fpforall zeR

. . 1 . . .
* fp piecewise C* and continuous == converges uniformly to f;, on any finite
interval

— Complex Fourier series of a T—periodic function

— Parseval’s formula: (f, f) = | f||§= C P24t = TZ|Cn|

w\—\

— Fourier Transform:

FU(1)} = F(w) = / : F(t)e-

3.1.2. Selected Proof

Conservation of Energy Assumptions: F : R"™ — R"” is conservative.
Proof

>

B(t) = smlv () + V (x(2))

16



3. AMATH

B (1) = %%[v(t) (1] + %V(wl(t), (D)

%[V(t) V()] = V() v(t) +v(t) - v'(t) = 2a(t) - v(t)
By chain rule:

d AV daxy v dz, -
SV(@t),. .z (#) = — 2L 2D Gy,
dt (@1(2),- - 2a(t)) ooy at e @ VY

Put together,
E'(t) =v(t)-[ma(t)] +v(t) - VV = v(t) - [ma(t) + VV] = v(t) - [ma(t) - F(x(t))] = v(¢)-0=0

O

Work Integrals
F=-vV

Proof

>

W = / F.dx= / VV-dx=-[V(B)-V(A)]=V(4)-V(B) =-AV
Cap Cag
O
Second Fundamental Theorem of Line Integrals Let F : U/ — R" be a continuous vector

field on a connected open set U c R"™, and let x;,x2 be two points in Y. If F = Vf, where
f:U - Risa C! scalar field, and C is any curve in U joining x; to X3, then

/ Fdx = f(x2) - f(x1)
C

Proof
» Let C be given by x = g(t), 1 <t <ts, so that x3 = g(t1), x2 = g(t2). Bt the hypothesis,

/CF-fx:/C(Vf)-dx

2
= / Vf(g(t)) g'(t)dt by definition of line integral

t1

= /tl2 %[f(g(t))]dt Chain rule
= f(g(t2)) - f(g(t1)) second FTC
= f(x2) - f(x1)

Proposition 5.1

b
IF12 = / f(2)2de
< max [f(2)]2 (b~ a)

a<z<b

- [mas s @-a)

a<z<b

= (b-a)lfI%

17



3. AMATH

Proposition 5.2 If f,, converges uniformly in piecewise continuous [a,b], then converges in
(i) mean and (ii) pointwise. Proof
» For (i), use prop 5.1 and squeeze theorem. For (ii) by definition, |f,(z) - f(z)| < || fn

_f”oo?
then... =

3.2. AMATH 251

3.2.1. Topics
e First-order DEs
— An equation relating an unknown function and one or more of its derivatives is
called a differential equation.
— The order of a differential equation is the order of the highest derivative that
appears in it.
— IVP & IC

— Ordinary differential equations: the unknown function (dependent variable) de-
pends on only a single independent variable.

— If the dependent variable is a function of two or more independent variables, then
partial derivatives are likely to be involved; if they are, the equation is called a
partial differential equation.

— general & particular solution

— Slope fields & solution curves

— Theorem Existence and Uniqueness of Solutions
d

d_y = f(z,y), wy(a)=">. has only one solution is defined on I, if f(z,y) & Z—f are
a Y

continuous on some rectangle R in the xy-plane that contains the point (a,b) in
its interior.

— Separable Equations
— Linear First-Order

L P =),y =u

Integrating factor: p(x) = ol Bl

— Theorem Unique solution for linear first-order equation
P(x) and Q(z) are continuous on the open interval I containing z

— Substitution Methods

*@:F(a)_,vzg
dz @ @

* Bernoulli Equation

Y P@y=Q@y (@) =y

— Exactness (will not be tested on the final)

M N
M(z,y) + N(xy)d—y =0 8— = 6— <= exact in an open rectangle R
dx oy Ox

— Reducible Second-Order Equations

18



3. AMATH

*x Dependent variable y missing

* Independent variable x missing

e Models in Chapter 1

— Natural Growth and Decay Ccli—f =kx

— Newton’s Cooling % =k[A(t)-T]

— Torricelli’s Law
Suppose that a water tank has a hole with area a at its bottom, from which water
is leaking. Denote by y(t) the depth of water in the tank at time ¢, and by V' (¢) the
volume of water in the tank then. It is plausible — and true, under ideal conditions
— that the velocity of water exiting through the hole is v = \/2gy, which is the
velocity a drop of water would acquire in falling freely from the surface of the
water to the hole. As a consequence,

d d
d_‘t/ =—av = —a\/2gy — — = -k/y where k =a\/2g
Alternatively, Let A(y) denote the horizontal cross-sectional area of the tank at
height y.
v dv dy dy
Fm Aly ) (y) = =-av2g9y = ~kV/y

— Mixture Problem:

d
%P _ Rate of change of p in time = rate pollution in — rate pollution out
= (rate water in)(concentration pollutions in) — (rate water out) (concentration
pollution out)
o Mathematical Models and Numerical Methods
— Population Models:
B(t)/d(t) - # of births/deaths per unit of per population per unit time at time ¢

= [8) - 5 P

*

dpP
Logistic equation pr kEP(M - P), P(0) = Py

MPF, MP,
0 lim P(t)— 9 -

P(t) =
— P) Py + (M — Py)e kMt t>too Py+0

M: limiting population / carrying capacity

A constant solution of a differential equation is sometimes called an equilib-
rium solution.

*

*

the critical point c is stable if, for each ¢ > 0, there exists § > 0 such that
lzg —c|<d = |z(t) - <e

for all ¢ > 0. Otherwise it is unstable.

*

d
Logistic Population with Harvest d—f =kx(M-x)-h
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3. AMATH

Acceleration-Velocity Models

*x Resistance Proportional to Velocity

dv m
Fr=-kv. ma = —kv —mg. |ve| = Tg

* Resistance Proportional to Square of Velocity

Fr= —/{:U|U|. md—z =-mg — k:v|'u|. |'UT| =7 = %
Newton’s Law of Gravitation: F' = Gl\gm
7
dv d?r . GM __GM
dt  di2 (R+y)? 12 d GM T 1
— . T v:\/vngQGM(———
dr 72 r R

dt2  dt drdt dr

Consider the interval of existence, we must have the radicand > 0. Thus we can

2GM
find the escape velocity v = R
Numerical Approximation
d :
* ﬁ = f(z,y), y(zo) =yo. Stepsize h.  Yns1 =Yn + hf(Tn,yn).
*x Improved Euler Method
k1 = f(zn,yn)
Uptl = Yn + h- k1 predictor

k2 = f(zp+1, Uns1)

1
Yns1 =y +h- 5(k1 + ko) corrector

e Dimensional Analysis

Two principles

1. One can only add, subtract or equate physical quantities with the same physical

dimensions.

2. Quantities with different dimensions may be combined by multiplication with

dimensions.
Dimensionless Variables

Buckingham-7 Theorem

Qn=1(Q1,...,Qn-1) is equivalent to 7, = h(my, .

r independent fundamental physical dimensions. k=n—r.

Pendulum Model

e Linear Equations of Higher order

boundary value problem / initial value problem

oy Tho1)

— Theorem Principle of Superposition for Homogeneous Equations: y = c1y1 + coyo

is also a solution on I.

— Theorem Existence and Uniqueness for Linear Equations: 3" + p(x)y" + q(z)y =

f(z) has unique solution on I that satisfies y(a) = by, y'(a) = b;.
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3. AMATH

— homogeneous & nonhomogeneous (associated homogeneous)
— linear independence of functions

— Wronskian. Suppose the functions fi,..., f, are n—1 times differentiable on some
interval I:
i o fa

W(fi,. ., fn) =det| : .
1(n—l) o T(ln—l)

f1,---, fn linearly independent =— W( f1,...,fn)=0o0n I.

— Theorem General Solution for a Linear Homogeneous Equation.

Y™+ P (2)y™ D+ 4+ Py(z)y =0 (3.1)

Let ¢(x) be any solution of (3.1), y1,...,y, be linearly independent solutions on
I, then there exists ¢, ...,c, such that

P(x) = i ciyi(x), Veel
i=1

Note the difference from Superposition Theorem... I got no marks on proving this
in midterm...

Proof (n=2) Let ¢(x) be a solution of (3.1) on I. Let a € I. Consider the linear

system.
e [ ) ()-(0)

Since yi,y2 are linearly independent on I , W(yy,y2) # 0 on I. Thus det(M) # 0
and (*) has a solution
() ()
co ¢'(a)
Using these values of ¢i, ¢y define

y(z) = cry1(z) + caya ()

Then y(x) satisfies the IVP on I consisting of (3.1) and y(a) = ¢(a),y'(a) = ¢'(a).
But ¢(a) also satisfies this IVP on I. So by E/U we must have:

#(z) =y(z) = ciyi(z) + coya(x) wel

In other words, given yi,...,y, linearly independent solutions of (3.1), and arbi-
trary constants cy,...,cy,
ay1(z) + ...+ cpyn(z)

is a general solution of (3.1). O
— General Solution for a Linear Non-Homogeneous Equation.
— Homogeneous, linear ODEs with constant coefficients
« characteristic equation/polynomial: a," +...+a1r +agp=0

« Three cases: (¢; are arbitrary constants)
- Linear independence verification uses Wronskian.
- Proofs of the last two involve differential operator D

1. distinct real roots: y = c1e™* + ...+ c,e™”
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3. AMATH
2. repeated real roots (multiplicity k): €™, ze™®, ... zF1e™
3. complex roots (a£1i3): e** cos(fzx), e*sin(fx)

2 & 3. Repeated complex roots:
e cos(fx), e sin(Bx), . .., x* e cos(Bz), zF e sin(Bx)

— Application
* Mass spring damp: mx” + cx’ + kx =0
* pendulum: s =10, mlf" = -mgsin(0)

Two models are of the same form 3" + by + by = 0

b1=0 simple harmonic motion
b% —4by <0 two complex root underdamped oscillatory with amplitude decaying
b% —4bg = 0 | one real repeated root | critically damped not oscillatory
b% —4by >0 two real roots overdamped not oscillatory

— Non-homogeneous DE
* Undetermined Coeflicients
* Variation of Parameters
x Application
- Forced, undamped motion: resonance and beating

- Forced, damped motion: practical resonance

e Linear Systems of DEs

— definition x" = P(t) x+1£(t), x(to) = Xo
——

coefficient
matrix

— E/U: P(t),f(t) are continuous on an open interval I containing point ¢g, then there
exists a unique solution on I.

— Superposition
— Wronskian of x1,...,X, (which are solutions of x" = P(t)x) is
a;n(t) oo ITnl (t)
W(x1,...,%X,) =det(M) = det [Xl(t) Xn(t)] =det :
Tin(t) .. Tpp(t)

dependent, W = 0; independent, W =0, Vit € I.

— General Solution of Homogeneous/Non-Homogeneous Linear Systems
z' = P(t)% (3.2)

Proof of Homogeneous one (responsible for final)

Proof
» Let Z(t) be any solution on I of (3.2). Let to € I, and M (t) be as in the definition
of the Wronskian. Since Z1, ..., %, are linearly independent on I,
det(M(to)) = W(i’l(to), aoo ,i’n(to)) #0
Thus the linear system M (ty)¢ = Z(%o) (%)

has a unique solution
C1

¢= M (t0)a(to) = |

Cn
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3. AMATH

Define §(t) = c1Z1(t) +. ..+ cp@n(t). This is a solution of (3.2) by the Superposition
Principle and satisfies the initial condition 4(tg) = Z(tp). But Z(t) is also a solution
of (3.2) satisfying the same IC. By the E/U Theorem we must have

F(t) = §(t) = C1Z1(E) + ... + cBn(t)  Viel

O
— Eigenvalue Method *
A1, A2 € R V1i,Va creMtvy + cpettv,g
A v,u creMv + ey (e>‘tu + tektv)
Mo=az£if | vig=uziw | c1e® (cos(Bt)u-sin(Bt)w) + coe™ (sin(Bt)u + cos(St)w)

— solution curves

x saddle point: nonzero distinct eigenvalues of opposite sign

| /s
Ly | e=0,6>0 //
\ // I
c,>0, c,<0 e
¥
Y1 r
= -
7
s
Iy |
il VI ey<0,c,>0
rd
4 |
/7 £,<0,6,<0 11

X,

FIGURE 5.3.1. Solution curves
x(1) = c1vie*! 4 cavae?2! forthe
system X’ = Ax when the eigenvalues
Ay, Ao of A are real with

Al =0=< As.

* Nodes (sink): distinct negative eigenvalues. Origin: improper nodal sink

f\]‘\ >0, >0
A
\ \
=0, c;<0
¥1 /"_lf;
ca ¥2
= =
/_-J/ \
’__.-’_-J \
\\ <0, ¢5=0
<0, ;<0 \\
)

X,

FIGURE 5.3.2. Solution curves
x(t) = c1vie* ! + cavaet?! for the
system X" = Ax when the eigenvalues
A1, Az of A are real with

Al <Az =<0

« Nodes (source): distinct positive eigenvalues. Origin: improper nodal source

Y(A-XDu=v, u is a generalized eigenvector of A
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3. AMATH

\\ <0, c5=0
AY
Y

A
A}

<0, c2<0

X

FIGURE 5.3.3. Solution curves
x(t) = c1vie*!! + eavae*2! for the
system X" = Ax when the eigenvalues
A1, Az of A are real with

0=id> <A

*x Repeated positive eigenvalue.

- with two independent eigenvectors. Origin: proper nodal source

<l >0 =0, 5=0

X2

£1<0, <0 €,>0, c,<0

R
FIGURE 5.3.6. _Solution curves
h _ LAar| €1 .
x(t)=e [ o for the system

x’ = Ax when A has one repeated
positive eigenvalue and two linearly
independent eigenvectors.

- without two independent eigenvectors. Origin: improper nodal source

S
Soep=0,cy=0

c3=0
¥

X2

¥a
\\C2=0,(‘]{0

;<0

I~

5

FIGURE 5.3.7. Solution curves
x(t) = ey viet +ea(vyt + va)et!
for the system x’ = Ax when A has
one repeated positive eigenvalue A
with associated eigenvector v) and
“peneralized eigenvector™ va.

*x Repeated negative eigenvalue.

- with two independent eigenvectors. Origin: proper nodal sink (5.3.8)
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3. AMATH

¢, <0, c,=>0 ¢y =0, c,>0
<
¢,<0, £,<0 €20, 6,<0
1
FIGURE 5.3.8. _Solution curves

_ oAt | €1 ,
x(t)=e o for the system

x' = Ax when A has one repeated
negative eigenvalue A and two linearly
independent eigenvectors.

- without two independent eigenvectors. Origin: improper nodal sink (5.3.9)

~
=0, c;=0
/ - ;<0
Vi
o
V2 N
At
~
;=0
=0, ;=0 [
Y

X

FIGURE 5.3.9. Solution curves
x(1) = ey viert + ca(vit + vo)er!
for the system x" = Ax when A has
one repeated negative eigenvalue A
with associated eigenvector vy and
“generalized eigenvector” va.

*x Complex conjugate eigenvalues and eigenvectors
- pure imaginary: center
negative real part: spiral sink

positive real part: spiral source

L,_.y/

A2

/f
3 -~
™ ,’l///m
A 7
\ 4.2) v @ /

&>

=
Xz

\ FIGURE 5.3.14. Solution curve
FIGURE 5.?.]3. Solution curve x1(t) = e'(4cos 107 + sin 10¢),

'l x1(t) = e_x(4coslﬂt —sin 101), x2(t) = e’(2cos 107 — 25in 10r) for

x2(t) = e~"(2cos 102 + 25in 10¢1) the initial value problem in Eq. (59).

for the initial value problem in . .
. . The dashed and solid portions of the
Eqg. (54). The dashed and solid portions curve correspond to negative and

of the curve correspond to negative and ositive values of f. respectively
positive values of ¢, respectively. p - respe ¥

FIGURE 5.3.11. Solution curve
x1(z) = 4cos 101 — sin 101,

x2(t) = 2cos 10t + 25in 10¢ for the
initial value problem in Eq. (46).

— Fundamental Matrix: ®(t) = [xl(t) xn(t)], where x1,...,x, € R” are n
linearly independent solutions of x' = P(¢)x on I.
e Propositions

« Every solution x(¢) can be written x(t) = ®(¢)c where c e R"™.
* invertible
x D'(t) = P(t)®(t)

e Theorem (Fundamental Matrix Solution)

x"=P(t)x, x(tp) =xq unique solution is  x(t) = ®(t)® " (tg)xo,t € I

— Nonhomogeneous Linear Systems: Variation of Parameters. x’ = P(t)x + f(t)
x(£) = xa(£) + % (£) = B(t)c + B(2) / (1)"LE(t) dt

e Laplace Transforms
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3. AMATH

Definitions: F(s) =L{f(t)} = /O°° e St f(t)dt

0 t<a
Unit step: uq(t) =u(t-—a) =
p: uq(t) = u(t -a) {1 'sa
exponential order: |f(t)|< Me, fort>T (2)

Existence of the Laplace Transform (responsible for final): If f is piecewise con-
tinuous on ¢ > 0 and of exponential order as ¢t — oo with constant ¢ in eq(2), then
L{f(t)} = F(s) exists for s > c.

converge absolutely = converges — exists for s > ¢

Proof

» Since f is piecewise continuous on ¢ > 0, we can find M > 0 such that (2) is
satisfied with 7" = 0. i.e.

lf ()| < Me,  fort>0

Jo~ Mee*tdt converges if s > c. Thus using a comparison theorem [~ |f(¢)e™*|dt
converges for s > c.

It follows that [~ f(t)e 'dt converges. O
Gamma function

Uniqueness of the Inverse Laplace Transform

Transform of Derivatives L{f'(t)} =sL{f(t)} - f(0) = sF(s) - f(0)

Corollary

c{f™ @} =s"L{f (1)} =" f(0) = 5" 2F(0) - ... - FD(0) = F(s)

Theorem (Laplace Transform of Integrals) responsible for final
If f(t) is piecewise continuous on ¢ >0 and is of exponential order as t - oo (with
constants ¢, T, M) then

.c{/tf(r)ch}:lc{f(t)}:@ foi 55 ¢
0 S S
equivalently:

A [E@\_ [

L { . } /of(T)dT
Proof

» Since f is piecewise continuous, on t > 0. g(t) = fg f(t)dt is continuous on ¢ > 0,
g’ is piecewise continuous on t > 0.
Further,

19(1)] = ‘/Otf(fr)dfr $/0t|f(’r)|d’ts/0tMeCTdT:%(ed—l)s%ed £50

So g(t) is of exponential order as t - oo and we can apply the Theorem on Laplace
Transform of Derivatives.

L{f(t)}=L{g ()} =sL{g(t)} -g(0) = sL{g(t)} for s> ¢
. c{/ f(T)dT} _L{g®)} = 1L{f(®)} fors>e
0 S
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3. AMATH

— Translation: £ {e“tf(t)} =F(s-a), s>a+c

— differentiation of transforms: L {-tf(t)} = F'(s)
convolution: L{f(t) *g(t)} = F(s)-G(s)

translation: L{u(t-a)f(t-a)} =e*F(s) for s> ¢

Appendix
: o dy ‘
— Method of Successive Approximations: e f(z,y), theny,(x) = yo+ [ f(t,yn-1(t))dt.
a3 0
— Existence for Linear Systems. The IVP has a solution on the entire interval I.

x" = P(t)x + f(t), x(a)=b
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KRB TRRERGFTI—.... .. A Zmath 2x9 & B R A2 % 55 &2 1% H %] basic math 2 @
8, FRETREANLE, &kmﬁuﬂﬁﬁﬁkﬂ

L ECOZMANZEAEG 24 . Combinatorics and Optimization, A& F b . AAZH —
EREREY, 122 Z 5T o BEmath229/239/249 Zintroduction to combinatorics s
00227/250/255 & introduction to optimization o BN —AHRRAF ’% AN E R, RIR
FELETXERAMAEG T, AintroX N5, AITRGEKATEZRK .

Likw rl At egaE. L 4k (2018.10.22) math249R]# T introduction to graph theory, #AJ& T “Fco255%k
# T totally unimodular matrix# bipartite graph% & B . & 4~ & Hadvanced# T » F 4 #2504 T~ &
B anyway, #HAF# 3] —TF 4 24 Z£matching and perfect matching¥ - X (10.23) X# T cover -
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5.1. Overview

linear co 250
algebra Intro Optim.
¢ . ) ST ~ o
math 239,249 [ co 255 (adv) RS
Intro Comb. .................................................. ; Intro Optlm N N N
) : AN
/] \
I \
n 353 \
331 ‘\\\\ network discrete ‘|
coding \\\\\ . Aow optim. !
(W \\ ~ /
\ \ >/ S\ L
430 442 144é 446 -
algebra graph A8EDTA | matroid 450 452
enum graph combin- nt. convex
'y atorial optim. optim.
optim.
pmath Diiath
346,347 ki
471
semi-
definite
optim.
485 487
Public-Key Applied
O Cryptography math239 /249
c0250/255
453 454
network schdul- .
) . mtro
design ng game
439 440 459
topic: topic: topic:
enum graph optim.
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Basic

6.1. CS 135

6.1.1. Overview

CS 135

generative
recursion

A/ l Graph Theory
sort

| bst | lambda | (just joking...)

CS history
(will be tested)

syntax & struct |
semantics

v

| design recipe |

recursion | tree |

6.2. CS 136

6.2.1. Overview

Dave’s CS 136 (before Nomair)

: dular- ; .
Racket—C pointers mo ! ! strings Hea linked
- ization —>| arrays | | & ’QLﬂ list
. AT

efficiency ADT:

stack
‘ sequence

-time W queue

%4 A - tree

control | | memory bst
flow dictionary
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Major

%3 — T CS% big three. 452 (K %) , 444 (compiler) > 488 (graphics) - AJE
& A — &R A & %442 (Principles of Programming Languages) - K =1k 4k s 69 3L

246, 241 K =%E&350, 349 -

)G & J ikbig three (TR HA1E2™)  341-5466(666)>761 - =] RAAE G At
% 2RRS TAALERMFERS666. 16189 4%, HATEBAI—MERT. ... ..

7.1. CS 246

7.1.1. Summary

Note that it is NOT guaranteed that all the topics covered in class are listed here.

e linux shell (bash)

— commands

— globbing

— script

o C++

— basic

— stream

— reference

— overloading

— include guard

— Classes

*

*

*

Big 5
MIL

copy-and-
swap

rvalue and
Ivalue

linked lists

encapsulations

— inheritance — RAII
— Design patterns — piml
+ UML - MVC
x factory 5 Oflies
* observer _ alaefle
neelot .
* ilnge elton — debugging
x tempalte
P x gdb
x decorator ;
* valgrind
* visitor :
— exception
x literator
‘ — smart ptrs
* bridge
— vtable, vptr
e STL — cast
— vector — forward declara-
_ Stack tion
— queue — template
— set — STL algorithms
— maps x for each
e idiom x transform
— NVI — lambda
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7. Major

7.2. CS 251

7.2.1. Topics
A mess

7.2.2. Diary

Midterm

RAELTHAETEmAE2EATNT . AR TH46%, AAELGRER, RAELGZY
FRMBINE, LREZIFFT, AARAGHEHE . ERESB®ES E] -5, RALALD
ZHRI2ET......

RAE A B ERFZ XA IUFH 24 R 2693F Zphyslll, AR XE5F 24, @ BT Z B
Ko RMATFAARE, RENH LETRE, KBAARLIE— LA EKAT . AR 245
BATT . RERILEZA typesetting INTREX. ... ..

Midterm

BET, kT, FARET, Agit push®>—T.

After mid, B RET .. ... ZIRARSE FERLARDEE, g FFHpR—
o ElioAek ER, EFAl— R EAEE D6 £stat23] midl, FRPANF T KA P RAEH
T, BATRZHETRAZARET, MHBIEELT—PERGILHT . ERERXRKKRS &
RN . F KGRI

ﬁl—ﬁ}] iR, 2R H#GTRERFTE, slide?f’cff’t,%b, BEWmA EmKEE . 2
LT REF2EBHETE, REfe%H é’)%’[ﬁ %‘ﬁ?é(]ﬁﬁ) L RAF AT
1% KRG 833 Flprof, & & 7T A & i l]ﬁééﬁ & ARG .

HWHENMAHBEZITRAK, REFAZREALTEZIREY . IALZRE2E, 258
FHE—RE R RIRE . KL E AP EANlide iR cs135 /13678 B4 . A AR A6 X
ARARGEL, FEZ L. pptEROGBRLHEZ— DT B —MeA, REBE 5 5%, WEVEJ
## ﬁ’ﬁ’@ﬁT E—@EFET . THZZ IR course coordinatorf X [T 69 47 R £ 4R 5|
i, ARBERABEGDRE —MBEOELIRTT - LRI RELFSRAMAT, Fit
%Ek4ﬁ&aﬁﬁ7ﬁ@ﬁ%m$7,m@&m HAEAR T . ER2HARITG, 2F 2
ARERS, LABFEARF M.

After Mid

REET %”‘J‘IFT AN ZIRLZZHARAFRHER Y, %, I A Phsingle
cycle’s 8y, AKX T, slidedARRAAILT .. ...

e RIEFHET, FRNREK, FREFEZ .
25246 (e) 2 A e —
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10. Music Theory
10.1. MUSIC 111

11. Music Ensemble

Part IlI.

MUSIC



10

Music Theory

BAMT ZERRERGHN»I— . RETHEGER, LERSFI]REFHLBR.
fEAFEARY, BEFEXFLBRER, 2RAE . MUEKpmath REZHAER Y, &
FatblRey, SRZBILKREEZRARKMNAE. ...

10.1. MUSIC 111

K 7R 69title™ M Fundamentals of Music Theory. %t Zrudiment. IF%F K K69 KL 4
R, RLAMEILFRARGA LY, HACAEGENRERGFH, AL RE G
RAn— B XA . TR TFALNRRZIREGARZLEETA AR, T ERFMK, K
WAF LT ZRAF LR A 209 . FMegE, RAXFERNFRET ... ..
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Music Ensemble

GBS, AANRERA-ANDRAAR, —ITREA—FH, RERSLREE . RS
A MUSIC 116 117 216 217 316 317 EX—I1wREA LT —1st#EA L. 2R ETAR

F45 Fenroll X |TREEA XA - HTRA TIEEREXNES, RAAFAQIIE X kBT AL
— 4k 5] A .

OB A AR R
Answer: R3EE WAT |69, KA AT JULAF

e Chamber Choir £ R 478 A
e Chapel Choir 3 & *& 1% JE
e University Choir K#&"8H , 2% UW Choir
e Vocal Techniques # HR4L*3
e Instrumental Chamber Ensembles Z A &
e orchestraQuwaterlo & 7% & B
e Jazz Ensemble # + &R
e World Music Ensemble: Balinese Gamelan #7 % & & B . # £ 2!
Yo A fe Bt NI B R ER?
TIANEBEMOEANAFRAG ML, TERAFRONB . — L RALTERRTY
(audition) - 2T A LKA, 4w REI AL KX /\'1/‘ MY, TEHwRGFxrH
k. A& ERinstructor X R 34T, RARGER .
HRTAEFZH! 11292
b, XITRA02% 2, mATARXFER (Wikegh Arkst, TR 281E1007
6) o AR Z BEE T Ak BT dcourse load EM@a9, A LEAEm R _EEK T A

Kadvisor#H = . B AR ZRenroll T FHAE, KRG ET Taudition, KRB % K
zm)ﬁfkﬁﬁmﬁiﬁo%”A I kAT AEAREE

Ainstructor & # %2
FNMNRAG KRS FREE @F Nchapter ¥, FRMANAAZEFALZLYO T AKX, —
TR T2 F R .

HAEL2F2ERA XS H AR
o RBETTIFFTHGERT Y, REREREF K —H —Hdue, #mid. quiz¥F -
— MR VLAR R B HE — R, R34/, BRI A & & AT ke ¥R
o .

YRR E R £ RAER N M R F R
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11. Music Ensemble

—RAEMEHAR? RE LT LHEK?
N XREEMNZRGF FALRG KA, ERenisons 8 A NF 6 M B KR
2 € —Conrad Grebel College. —#x 278 TH% . MEMLZR=AHRDL%S, EATE
IR, (2R A AEE FE A, BER S HIRA A M Laurier AT k89, BE IR
TRk . BARGIREZIMEZ A THFod
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12. Science

13. Arts

Part V.

OTHER
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