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e Page 4, Prob. 1.15 (b): last expression should read y + 2z + 3.

e Page 4, Prob.1.16: at the beginning, insert the following figure

Page 8, Prob. 1.26: last line should read
From Prob. 1.18: V x v, = —622%X + 22y + 3222 =
V- (V xv,) =2 (—6zz) + 8%(22) +2(32%) =—62+62=0.v

Page 8, Prob. 1.27, in the determinant for V x (V f), 3rd row, 2nd column:
change > to y2.

Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert
minus sign).

Page 9, Prob. 1.31, line 2: change 223 to 223; first line of part (c): insert
comma between dx and dz.

Page 12, Probl 1.39, line 5: remove comma after cos 6.

Page 13, Prob. 1.42(c), last line: insert Z after ).

e Page 14, Prob. 1.46(b): change r’ to a.

Page 14, Prob. 1.48, second line of J: change the upper limit on the r
integral from oo to R. Fix the last line to read:

= ar (=)

+dme B =4rn (—e_R + e_O) +d4re R =drx. v

Page 15, Prob. 1.49(a), line 3: in the box, change z? to x3.



e Page 15, Prob. 1.49(b), last integration “constant” should be I(z, z), not
I(z,y).

e Page 17, Prob. 1.53, first expression in (4): insert §, so da = rsin 6 dr dgbé.

e Page 17, Prob. 1.55: Solution should read as follows:
Problem 1.55
Nz=2=0,dr=dz=0;y:0—>1. v-dl=(yz?)dy=0; [v-dl=0.
(2)x=0; 2=2—2y; dz=—-2dy; y:1—0.
v-dl = (yz2)dy + 3y + 2) dz = y(2 — 2y)? dy — (3y + 2 — 2y)2 dy;

0
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B)e=y=0;dz=dy=0; 2:2—0. v-dl=By+2)dz=zdz.

0
2
z
cdl= [ zdz=Z
2
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Total: §v-dl=0+4 -2 =[3.]

Meanwhile, Stokes’ thereom says § v - dl = [(V XVv) - da. Here da =
dydz X, so alrl we need is )
(VXv), = a%(Sy +2) — Z(y2*) =3 —2yz.  Therefore

J(Vxv)-da = [ [(3—2yz) dydz-fo{ - 2”(3—2yz)dz} dy

= [I[3 2—2y —2y2(2—2y)]dy: ) (—4y? + 8y> — 10y + 6) dy
= [ 8P -52 6y, =1+ 8 -5+6=5v

e Page 18, Prob. 1.56: change (3) and (4) to read as follows:

(B)¢p=75; rsind=y=1,s0r= ﬁ7 dr = —Si;219 cosfdb, 0: 35 — Oy =
tan—!(3).
2 .
v-dl = (rcos®6)(dr)— (rcos@sin6)(rdf) = Csoiz; (—%) d —%d@
3 2 .2
_ _<C?839 C?SQ) dG:—C,OSQ (cos G.A;sm 0> d0:7c'0559 "
sin®f  sinf sin 0 sin” 0 sin” 6
Therefore
T coso 1% 1 1 5 1
/v-dl:f/(’ioz o= —— - - —2_ 2 _9
sin® 0 2sin* 0| /o (1/5) 2-(1) 2 2
/2



D=0y, d=2;7r:v/5—0. v-dl=(rcos?6) (dr) = 2rdr.
2 5
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/vd 5/rdr 53
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Total:

3
j{v-d1=0+§+2—2= an |

Page 21, Probl 1.61(e), line 2: change = 2% to +z 2.
Page 25, Prob. 2.12: last line should read

Since Quot = 37R%p, B = £l (as in Prob. 2.8).

Page 26, Prob. 2.15: last expression in first line of (ii) should be d¢, not
d phi.

Page 28, Prob. 2.21, at the end, insert the following figure

v(r)
16
1.4
1.2

b IR
0.8
0.6

0.4
0.2

I
I
I
I
I
|
|
|
1

0.5

In the figure, r is in units of R, and V(r) is in units of ;L4.

Page 30, Prob. 2.28: remove right angle sign in the figure.

Page 42, Prob. 3.5: subscript on V in last integral should be 3, not 2.
Page 45, Prob. 3.10: after the first box, add:

q -
ZX +(

2 1 1 1
F = - -
dreq { (2q) @)Y " oV 1 1)
where cosf = a/va? +b%, sinf =b/+/a? + b2.

[cosefc—i—sinﬁy]},

F ¢ a 1] . n b 17 .
= — | X S — .
167eg (a2 +b2)3/2 a2 (a +b2)32 B2 y
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W= ine (o) T @) T ovar 1) | B2mee |Vars2 a b

Page 45, Prob. 3.10: in the second box, change “and” to “an”.

Page 46, Probl 3.13, at the end, insert the following: “[Comment: Tech-
nically, the series solution for o is defective, since term-by-term differen-
tiation has produced a (naively) non-convergent sum. More sophisticated
definitions of convergence permit one to work with series of this form,

but it is better to sum the series first and then differentiate (the second
method).]”

Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72.

Page 53, Prob. 3.21(b), line 5: Ay should be 1o hext line, insert r? after
1

ﬁ.

Page 55, Prob. 3.23, third displayed equation: remove the first ®.
Page 58, Prob. 3.28(a), second line, first integral: R® should read R2.
Page 59, Prob. 3.31(c): change first V' to W.

Page 64, Prob. 3.41(a), lines 2 and 3: remove ¢ in the first factor in the

W [1P%)

expressions for E,; in the second expression change “p” to “q”.

Page 69, Prob. 3.47, at the end add the following:

Alternatively, start with the separable solution
V(z,y) = (Csinkz + D coskx) (Ae™ + Be ") .

Note that the configuration is symmetric in x, so C' = 0, and V' (z,0) =
0 = B = —A, so (combining the constants)

V(z,y) = Acoskxsinh ky.

But V(b,y) = 0, so cos kb = 0, which means that kb = +7/2, +37/2,-- -,
ork=(2n—-1)7/2b=a,, withn=1,2,3,... (negative k does not yield
a different solution—the sign can be absorbed into A). The general linear
combination is -
V(z,y) = Z A, cos a,z sinh a,y,
n=1

and it remains to fit the final boundary condition:

oo
Viz,a)=Vy = Z A,, cos apx sinh o a.

n=1



Use Fourier’s trick, multiplying by cos a,,»x and integrating:

b oo b
Vo / COoS (i X dx = E A,, sinh ana/ COS (pyr X COS vy T dx
—b

n=1 -
2sinon b e _ .
VOﬂ = Z Ay, sinh apa (b0, ) = bA, sinh oy a;
Qs n=1
So A,, = _OSII.1—Ot. But sin a,,b = sin " ) =—(=1)",s0
b «a,sinha,a

sinh o,y
COS X

Vo) = |- 20 37 -1y Sohony_
Y= b —~ oy, sinh ana

Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3.

Page 75, Prob. 4.7: replace the (defective) solution with the following;:

If the potential is zero at infinity, the energy of a point charge @Q is
(Eq. 2.39) W = QV(r). For a physical dipole, with —¢g at r and +g¢
at r+d,

r+d
U=qV(r—|—d)—qV(r):q[V(r+d)—V(r)]:q[—/ E-dl

For an ideal dipole the integral reduces to E - d, and
U=—qE-d=—p-E, since p = qd.

If you do not (or cannot) use infinity as the reference point, the result still
holds, as long as you bring the two charges in from the same point, ry (or
two points at the same potential). In that case W = Q [V (r) — V (ro)],
and

U=gq[V(r+d)—V(rg)] —q[V(r) = V(rg)] =¢q[V(r+d) — V(r)],
as before.
Page 75, Prob. 4.10(a): = should be -%.

Page 79, Prob. 4.19: in the upper right box of the Table (o for air) there
is a missing factor of €.

Page 91, Problem 5.10(b): in the first line 11012 /27 should read pol?a/27s;
in the final boxed equation the first “1” should be ¢.

Page 92, Prob. 5.15: the signs are all wrong. The end of line 1 should
read “right (Z),” the middle of the next line should read “left (—2).” In
the first box it should be “(ny — n1)”, and in the second box the minus
sign does not belong.



Page 114, Prob. 6.4: last term in second expression for F should be +2 BB -

(plus, not minus).

Page 119, Prob. 6.21(a): replace with the following;:

The magnetic force on the dipole is given by Eq. 6.3; to move the dipole
in from infinity we must exert an opposite force, so the work done is

U:—/O:F-dl:—/O:V(m-B)-dl:—m-B(r)+m~B(oo)

(T used the gradient theorem, Eq. 1.55). As long as the magnetic field goes
to zero at infinity, then, U = —m - B. If the magnetic field does not go
to zero at infinity, one must stipulate that the dipole starts out oriented
perpendicular to the field.

Page 125, Prob. 7.2(b): in the box, ¢ should be C.

Page 129, Prob. 7.18: change first two lines to read:

I Ia [***ds' I
/Bd B_ Mo 7@:“0a/ ds’ _ pola, s—i—a;
2 J, s 2m s

dd a dI
€= loop R ‘d—?R“E—‘&”““/SW
_ _ poal
dQ = o Rln(l—i—a/s)dl = Q= or R In(1+a/s).

Page 131, Prob. 7.27: in the second integral, r should be s.

Page 132, Prob. 7.32(c), last line: in the final two equations, insert an I
immediately after ug.

Page 140, Prob. 7.47: in the box, the top equation should have a minus
sign in front, and in the bottom equation the plus sign should be minus.

Page 141, Prob. 7.50, final answer: R? should read Rs.
Page 143, Prob. 7.55, penultimate displayed equation: tp should be -.

Page 147, Prob. 8.2, top line, penultimate expression: change a? to a*; in
(¢), in the first box, change 16 to 8.

Page 149, Prob. 8.5(c): there should be a minus sign in front of o2 in the
box.

Page 149, Prob. 8.7: almost all the r’s here should be s’s. In line 1 change
“a <r < R’ to “s < R”; in the same line change dr to ds; in the next
line change dr to ds (twice), and change ¥ to §; in the last line change r
to s, dr to ds, and T to § (but leave r as is).



Page 153, Prob. 8.11, last line of equations: in the numerator of the ex-
pression for R change 2.01 to 2.10.

Page 175, Prob. 9.34, penultimate line: o = n3/ng (not nz/ns).

Page 177, Prob. 9.38: half-way down, remove minus sign in k2 + k; +k2=
—(w/c)%

Page 181, Prob. 10.8: first line: remove .

Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42).

Page 203, Prob. 11.14: at beginning of second paragraph, remove ;.
Page 222, Prob. 12.15, end of first sentence: change comma to period.

Page 225, Prob. 12.23. The figure contains two errors: the slopes are for
v/c=1/2 (not 3/2), and the intervals are incorrect. The correct solution
is as follows:

Problem 12.23.

(a)

o 3 925
(b) £ = slope = g%

35
_ 875, _ |
U= G = e

((:)1)’:4—(‘.501):é
56 1

asme _ |35
@S | 37 v

8 75—

e Page 227, Prob. 12.33: first expression in third line, change ¢? to c.
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Chapter 1

Vector Analysis

Problem 1.1

(@) From the diagram, IB + Cl COSOZ IBI COSO%* ICI COSO2Multiply by IAI.
IAlIIB + Cl COSO3= |AIIBI coso1r + IAIICI COSO2. ICl sin 82
So: A.(B +C) = A.B + A.C. (Dot product isdistributive.)

Similarly: IB+ CIsin03= 1Bl sin 01 + ICI sin 02, Mulitply by 1Al n.

IAlIIB + Cl sin03n = IAIIBIsin 01n + IAIICI sin O, IBlsingL
If n isthe unit vector pointing out of the page, it follows that A
AX(B +€) =(AxB) + (Axe). (Cross product is distributive.)

(b) For the general case, see G. E. Hay's Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and
Section 8 (cross product).
Problem 1.2

The triple cross-product is not in general associative. For example,

suppose A = —~ and C is perpendicular to A, as in the diagram. k-hB

Then (B XC) points out-of-the-page, and A X(B XC) points down,

and has magnitude ABC. But (AxB) = 0,50 (Ax B)xC =0 :f.

AXx(BXC). BxC iAx(Bxe)

Problem 1.3 z
A=+1x+1Y- H; A=/3; B =1x+ 1Y+ Hi B =/3.
AB =+1+1-1 = 1= ABcosO = /3/3coso =>cosO= ~.
10= COS-1(t) ~ 70.5288° .

Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,
wemight pick the base (A) and the left side (B):

A=-1x+2y+0zB=-1x+0Y+3z
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X vy Z

AxB =1-1 2 o 1=6x+3y +2z
X 0 3 3

1
-1
This has the' right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its
length:

IAXBl=v36+9+4=7.
Problem 1.5

ft = 1AEBI = 16/X+ Yy + oZ.

X y Z
Ax(BxC) = AX Ay Az
(ByCz - BzCy) (BzCx - BxCz) (BxCy- ByCx)
= X[Ay(BxCy - ByCx) - Az(BzCx - BxC2)] + yO + zO
(I'Nl just check the x-component; the others go the same way.)
= X(AyBxCy - AyByCx - AzBzCx + AzBxC2z) + yO + zOo
B(A.C) - C(A.B) =[BX(AXCx + AyCy + AzC2) - Cx(AxBx + AyBy + AzBz)] x+ 0y +0Z
= X(AyBxCy + AzBxCz - AyByCx - AzBzCx) + yO + zOoThey agree.
Problem 1.6

AX(BXC)+Bx(CxA)+Cx(A-xB) = B(A.C)-C(A.B)+C(A.B)-A(C.B)+A(B.C)-B(C.A) =o.
So: Ax(BxC) - (AxB)xC =-Bx(CxA) =A(B.C) - C(A.B).

If this is zero, then either A is parallel to C (includingthe case in which they point in oppositedirections, or
oneiszero), or elseB.C = B.A = 0, inwhichcaseB is perpendicular to A and C (includingthe caseB =0).

Conclusion:Ax(BxC) = (AxB)XC <=:=gither A isparallel to C, or B isperpendicular to A and C.
Problem 1.7

~= (4x+6y+82) - (2x+8y+72) =12x-2y+  Z
~-=yla +4+1=@J
TTE T AR

:rroblem 18

(@ AyBy + AzBz = (coscpAy+ sin cpAz)(coscpBy+ sincpBz) + (- sin cpAy+ coscpAz)(- sin cpBy+ coscpBz)

= cos2 cpayBy  + Sincpcoscp(AyBz + AzBy) + sin2 cpAzBz + sin2 cpAyBYy - sin cpcoscp(AyBz + AzBy) +
COSzpAzBz

= (COS2p+ sin2 cp)AyBy + (sin2 cp+ COSEp)AzBz = AyBy + AzBz. ./

- 2 - 2 - 2=- 3 --_ - 3 3 3 . —_
) (A) "+ (Ay) "+ (A " - ~i=IAIA - ~i=l (§=IRjA ) (-k=IRIKAK ) =~jk (~iRijRiK)AAK
Th I A2 A2 A2 dd RR - | if j=k
ISequa s x+ y+ zpovz e LJ=l ij ik-{ 0 if j =1k}

Moreover, if R is to preserve lengths for all vectors A., then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then ~jk (~i RijRik) AjAk —~i RilRil, and this must equal 1 (since we
want A+Ay+Az" = 1). Likewlse, ~=IRi2Ri2 = ~ZIRi3Ri3 = 1. To check the casel’ =1k, choose A = (1,1,0).
Then we want 2 = ~j,k (- RijRIK) AjAk = ~i RilRIl + ~ Ri2Ri2 + ~ RiIRi2 + ~i Ri2Ril. But we aready
know that the first two sums are both 1;the third and fourth are equal, so ~i RilRi2 = ~ Ri2Ril = 0, and so

on for other unequal combinationsofj, k. ./ In matrix notation: RR = 1, where Ris the transpose of R.



Problem 1.9 y

X Looking down the axis:

Z X

A 1200 rotation carries the z axis into the y (= 2) axis,y into x (=), and x into z (= x). SOAX = Az,
Ay = Ax, Az = Ay.

001

R= 100

(o 1 o)
Problem 1.10

(@  Nochange.! (Ax = Ax, Ay = Ay, Az = A2)
(b) A -t -A, .inthe sense (Ax =-AX, Ay=-Ay, Az=-A2)

(c) (AxB) -t (-A) X(-B) = (AxB). That is if C = AxB, le -t CI. Nominussign, in contrast to
behavior of an "ordinary" vector, as given by (b). If A and Bare pseudo vectors, then (AX B) -t (A) X(B) =
(AxB). Sothe cross~product of two pseudovectors is again a pseudovector. In the cross~product of a vector
and a pseudovector, one changes sign, the other doesn't, and therefore the cross-product is itself a vector.
Angular momentum (L =rxp) and torque (N —rxF) are pseudovectors.

(d) A.(BXC) -t (-A).«-B)x(-C)) =-A.(BxC). So,ifa= A.(BxC), then.a-t -a; .apseudoscalar
changes sign under inversion of coordinates.
Problem 1.11

(@Vf =2xx + 3y2y + 423z

(b)V f =2xy324 X+ 3x2y2z4 Y + 4x2y323 Z

(Vv f =eXsnylnzx + eXcosylnzy + exsiny(l/z) z
Problem 1.12

(@ Vh =10[(2y 6x- 18)x + (2x- 8y + 28)y]. Vh =0 a summit, so
2y- 6x- 18=0
2Xx- 8y +28=0==>6x =24y + 84 =0 } 2y - 18- 24y+ 84=0.
22y =66 ==>y = 3==>2x - 24+ 28=0==>x = -2.
Top is 13 miles north, 2 miles west, of South Hadley.
(b) Putting inx = -2, y =3:
h=10(-12 - 12- 36+ 36+ 84+ 12) = 1720 ft. .
(©) Putting inx =1y= 1 Vh = 10[(2- 6- 18)x + (2- 8+ 28)y] = 10(-22 x + 22y) = 220(- X + V).
IVhi = 220v'2 :::1311ft/mile I;direction: . northwest.!
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Problem 1.13

=X =X)X+ (Y- Y)Y+ (z- Dz ~-=VeX-x2 + (Y- ¥)2+ (z- Z)2.
(@ V(=2) = tX[(X_X)2+(y_Y)2+(Z Z')2Ix+tyOy+ tzOz = 2(X_X)X+2(y_Y)y+2(z Z)Z =2~.
() V(K) =X [(x- X)2+ (y- y)2+ (z- Z1)2]-! X+ tyo-l y+ tzo-! z

=270 2xx )x2 0 22(yy V2 022z )z

=-0~(x - X)X+ (y-VY)y+(z- 2DIi]= _Ww1-3~ =-(/1-2)i.

() Ix(~n) = n1-n-Ifi = nl-n-I(H21-x)= nl-n-lix, so. V(1-n) =nl-n-li.1
Problem 1.14
Y = +VY cosif> + z sinif>; multiply by sinif>: ysinif> = +y sn if>cos if>+ Z sn2 if>.
Z=-y sinw + Z cosif>multiply by cosif>:z cosif>= -y SiNw COS» + z cosz ifs.
Add: ysinif>+zcosif> =z(sin2if>+cos2ifsz. Likewiseycosif>-zsinif>=y.
S0 T = cosifs: ™ —- ginif>;~v =snif>; ~~ —cosif>. Therefore
vy ZU=~~ + M= roos>(VO)y tinif>(v92

VD=5 Toyor T 88 T T eV y * stV 7 }
Problen 115

So V1 transforms as avector.  ged

(@V.va =1tXx2 + ty(3XZ2F tz(-2x2) =2x + 0:-2x =O0.
(b)V.Vb = IX(xy) + ty (2y2) + tz(3x2) =y + 2x + 3x.

(©V.ve =1IX(y2)+ ty(2xy + Z2)+ 1z (2y2) = 0+ (2¥) + (2y) = 2(x + ).
Problem 1.16

Vv S ERHYCH?) . T EIXIX0R 2 42ty Y2 +y2 +Z2]Hz (20 +y2 +22)-]
=02 +Xx(-32)()-22x + 02 +y(-320-22y + 0-2 + z(-3/2)0-22z
=3r3 - 35X +y2+ 22 =3r-3 - 3r-3 =0.
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V.v = O? The answeristhat V.v = 0 everywhere except at the origin, but a the
origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V.v is infinite at
that one point, and zero elsewhere, as we shall seein Sect. 1.5.

Problem 1.17
Vy :cosif>Vy|-sm|f>vz Vz = -ginif>vy +cosif>vz
8y 8y cosl’ '(|3Jg%sml - (~o!3l/3|8y+ 8z 8y) cosll * ”JL Ibl * lgzl_o% sfnl Uszeresult hprab 1.14:
= (8y cogr + g, SiNif» COgf>+ (% cos » + Idb.sin ify sin if>.
B = "oz Sne+ 73, cosf=- (5, &BZ) sn. + (g}- ~ + '{)JZL-gzi-) cosif>
=- (v dgnif>i: cosif» sinif>* (-~  snif* = cosif» cosif>.So0

"éy + 87 :~gy coszry.+ g, SN ificos if>+ 'ég}. .Sin ijicost + 1Bl .sin2 if>+ By sn2ly - g, Siniicosty,



oy sinif>cosif>+ 87 COosaf>

=~ sy (o= wFsin2it+ g, (@2 g coszA)—;y +=
Problem  1.18
5 ¥ ¢
@Vxva = g oy oz =Xx(O- 6x2) +y(O+ 22 + 232 - 0) =1-6xz X+ 2zy + 32221
X2 X2 -=2xz
X ¥ £
(b) VXVb = ox 8 0z =x(0O- 2y)+yO- 32 +2z(O- x) =1-2yx - 3zy - xz!
Xy 2yz 3xz
¥ %
© Vxve = | ix oy oz =X(2z- 22 +y(O- 0)+2z(2y- 2y) =[QJ
2. (29 +22) 2z
Problem 1.19

v =YX + Xy, OrV=yzX +Xzy +XyZjorv = (3x2z- z3 X+ 3y + (x3- 3x22)z,

or v = (sin x) (cosh y) x - (cosx) (sinh y) yj etc.
Problem 1.20
() Vf)) =8~)x+8~)y+o0~)Z=(t~ +gU) x+ (I~ +gU) y+ (t~ +g¥2)z

=J(~x+ ~y +~2) +g(Ux+ Uy+ ¥Z2)=J(Vg)+g(Vl). ged
(iv)V.(AXB) =1x(ayBz - Asz) + 1y (AzBx - AxBz) + llz (AxBy - AyBx)
n Ay~OX z “Bx AZS&V - y|\§>!‘ +Az8a; +B W‘ A< oy Bz%"
+A -Soz +B MJ— A %@ x 8z

:Bx(M8y ) ~OZ) +B (ML-ML )+B Gz -OA) A (8y - 8z
-Ay (8tz,- ~) - Az(8~v- 0~,) =B.(VXA) - A.(VxB). ¢ged

(V)VX (fA) = (O(~:%)- O(~~VvR+ (8(~~,.y 8(~:%»Y + (8(~:V)- 8(~:,.»)Z ‘
= (Jl\g/"'-i-Azgy- \]“é-ZA )X+ (J8A +A L ‘]'\élx Az'é-x)y

+(J§£|'A y5e JoAz -A <o z

I )R T (- T )T

- V) [(a i (V/IASZU) X+ (AzU - AZ¥Z)y + (AxU - AyU) 7]
Problem 1.21

@ A-\YB = (A,0B.+ A 8B+ AR, )x+ (Ao + Ao + A )Y
(AX~8§A y oy Z~82 )Z
(b) f = L = %éf%}’;zz' Let'sjust do the x component.

[EADf]x = )- (X x+ Ylly+ ztz2) ylz2;y2+z22
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=- X [3 +X()(-)32] +yx [-~(-)32Y] +ZX[-~(-)322]}
=~{}- ~ @+ 2+ X2} =~(; - ~ (2+y2+ 22} =~(; - ;) =0,

Same goes for the other components. Hence: . (f. V)f =0.

(c) (VaV)Vbh= (X2tx + 3XZ2Ay - 2xztz) (xyx + 2yzy + 3xz2)
= X2(yX + Oy+ 3z2) + IXZAxx+ 2zy + Oz)- 2xz (Ox+ 2yy + 3x2)
= (X2y+ 3x222) X+ (6XZ3 4xyz) Y + (3X2z- 6X22)Z

= xe (Y+3Z2)x + 2xz (32 - 2y) Y- 3X2ZZ.
Problem 1.22

(i) [V(A.B)]x = :x (AxBx + AyBy +AZBZ) = 0zBx + A~>Xz+ a;",By + Ay >x* + ~Bz + Az~
[AX(VXB)]x = Ay(VxB)z - AZ(VxB)y = Ay(>: X" - °.uv)- Az(°fzz -~)
BX VXA )L, =B (%7 o) B ()
[(AV)B]x = (AXtx + Ayty + AztIBx = AX°:Xz+ Ay°..vz+ Az°fzz
[B-V)A] =B, oz + B, gz + B, of
S [AX(VXB) ~ +BX(VXA)  + (AV)B + (BV)AIX
- AVGR - AgBg, - ARz AL +ByQAT - B og, = B o + B,y
+A, g8z +A I|k +A ZpBz +BX& +By,gAz +B ...

= B oAz+A oa§(z+B y(oA -5 T )+Ay(oa|§("- 7 )
+B (~+~+~ax )+A (~'|£!||! x T3 )
= [V(A.B)]x (mefor y and 2
(vi) [VxX(AxB)]x = ty(AXB)z - tz(AxB)y = XiAxBy AyBx) - tz(AzBx - AxB2)
N 4 y+ oy T oy Px” o5 ME By -AZH +O@fBz+Ax!!)|z'""

[(B.V)A (AV)B +A(V. B) - B(VA)]x

-B oy tB Y %§ +B, oy - yO&/Z 267 +AX(Q(5% +H|\-/-|(I)-i|”! oz.)-B x(®&% T oz)
= Byo§z+AX( e 77 +°c?’ Y B (Tax TTx oy oz)

AT ) A )+ B0
= [Vx(AxB)]x (same for y and 2

Problem 1.23
vUig) = b Yoy gz
_ gU + yF¥ e 2
= 1 |9 (an+ny+n|_3 (£IX+£|y+£|z)]—gifV§ oed
V(NG = tx(AXIg) + ty(Aylg) + tz(Azlg)

= g—Az- g~-A,,~ g~-A~
— 92 + g2 + g2. . . 3
T (WY )T (A AR Ty o



[VX(A/9)]., = ty(AZ/g)- tz(Ay/g)
_ GUAILL - -2
= - 9

: g(ngg( +(Axvg (Azov Ay))

)" '(same for y and 2). Qed

Problem 1.24
X y Z

@AxB =1 x 2y 3z, =x(6x2 +Yy(9z)) +2z(_2X2- 6y2)
3y -2x 0

V.(AxB) = t.,(6x2) + ty(9zy) + tz(-2x2 - 6y2)=6z+ 92+ 0 = 152z
VXA =X (ty(32)- tz(2Y))+y (tz(X) - t.,(32))+z (t.,(2Y)- ty(x)) =0; B.(VXA) =0
VXB = x (ty(O) - tz(-2X)) +vy (tz(3y) - t.,(0) + z (t.,(-2X) - ty(3Y))=-52z; A.(VxB) =-15z
V.(AxB) :?:B.(VXA) - A(VxB) =0- (-152 =15z../
(D)A.B=3xy- 4y =-xy ; V(A.B) =V(xy) =xt.,(-Xy) +Yty(-xy) =-yx - xy

Xy z
Ax(VxB)=. X %y %z 1= x(-I0y) +y(5x); Bx(VXA) =0

(AV)B = (Xt., +2yty + 3zt2) (3yx - 2xy) =x(6y) + y(-2X)
(BV)A = (Byw - 2xty) (XX +2yy + 3zz) =x(3y) + y(-4x)
Ax(VXB) + Bx(VxA) + (AV)B + (B.V)A
=-10yx +5xy +6yx - 2xy +3yx - 4xy =-yx -xy =V.A.B). ./
(©Vx@axB) =X (ty (-2X2- 6y2)- tz(9ZY))+y (tz (6x2) - t.,(-2x2 - 6y2))+ z (t., (9zy) - ty(6x2))
=X(-12y - 9y) + y(6x + 4x) + z(O)=-21yx + IOxy
V.A =t,(X) + ty(2y) + tz2(32) = 1+2 +3= 6; V.B =1.,(3y) + ty(-2x) =0
.(BV)A - (AV)B +A(V.B) - B(V.A) =3yx - 4xy - 6yx + 2xy -18yx + 12xy =-21yx + IOxy
=Vx(AxB). ./
Problem 1.25
@@ 8;:a=2; 8;;/ =8~a=0 =>,\72Ta =21
(o) Wi =M =en =-n =>\%n =-3Tb=-3smxsmysmz.

(c) 8,7 = 25Tc; 8;;;c= -16Tc ; 8;;;c= -9Tc =>\72Tc =0.1

(d) w =24, =8 =0 :>\72V.,: 2
—_PA — vV 2
—W =0 =6x = \7W= 6x
a;{=8;~=8;1=0 =>\72z=0 Vv ~2X+6xy.l
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Problem 1.26
V. (VXv )=.JL (~ay - ~az)+ %(;Z - &ax
2 82\/ : ..
(ax 8y - 8y 8x) (ayoz - gzzvoy) (ozax ax82 ) y equalfy O]c Cross- denva tIves.
From Prob. 1.18: VXVb = -2yX - 32y - x2 =?V.(VXVb¥ 12(-2y) + /y(-32) + !/z(-X) =0../
Problem 1.27
X
- a X g f32t f32t fa2t fa2t azt
VXMV) =T oy 91 —x (nysz szny) + Y(szfJx - i) + Z(afoy- flyax )
fx fly az

= 0, by equality of cross-derivatives.
In Prob. 1I1(b), Vf = 2xy3z4 X + 3x2y2z4 y + 4x2y373z, SO
Z
- a ¥i a
VX(V) = fIx fly az
2xy3z4  3x2y3z4  4x2y3Z3
= X(3. 4x2y223- 4. 3x2y223) + y(4. 2xy3Z3- 2. 4xy3z3) + z(2. 3xy2z4- 3. 2xy2Z4)=0../
Problem  1.28
@ (00,0~ (1,00). x:0-t 1,y=2z=0d =dxXjv .d —=x2 dx Jv.d = xex = (x313)IA = 1/3.
(1,0,00~ (1,1,0). x=1,Y:0-t 1,z=0;d =dyy;v.d = 2yzdy = odv .dl =
@1, 0~ (1,11). x=Y=1,2z:0-t ljdl =dzZjv. dl = y2dz= dz Jv. dl =Jotdz =2A = 1.
Total: Jv .dl =(1/3) + 0+ 1=14/31
(b) (00,00~ (00,1). x=y=0,z:0-t 1;d=dzzv .dl =y2dz= O;Jv .d =0.
(00,1~ (0,1,1).x=0,y:0-t I,z = 1jdl = dyy;v.dl = 2yzdy = 2ydy;Jv.dl = J; 2ydy = y214 1.
01,1~ (1,11). x:0-t Ly=z=ljd =dxx v. d = x2dx; Jv. d = J; x2dx = (x3/3)IA= 1/3.
Total: Jv .d =0+ 1+ (V3) = 1431
() x=y=2z:0-t ljdx =dy =dzjv. dl =X2dx + 2yzdy + y2dz =x2 dx + 2X2 dx + x2 dx = 4X2 dx;
Jv .d =J a2 d&x = @x33)A = 1431
) fv. d=@s - @) =@
Problem  1.29
xy :0-t I,z = Ojda= dxdyzv' da = y(z2- 3)dxdy = -3ydxdy;Jv. da = -3J.dxJ:ydy=

-3(xI~)(fl~) = -3(2)(2I) = []1] In Ex. 1.7wegot 20, for the sameboundaryline (the squarein the xy-
plane), so the answer is Ino; [the surface integral does not depend only on the boundary line. The total flux

for the cube is 20 + 12 = [|
Problem 1.30

JT dr =Jz2dx dy dz. You can do the integrals in any order-here it is simplest to save z for last:

/. [/ (/ dX)dYpz

The slopingsurfaceisx+y+z = 1,sothe x integral isJ~I-y-Z) dx = 1-y-z.  Foragiv~~z, y rangesfromOto
1- z sothey integra isJ~I-Z)(1- y- 2) dy = [(1- 2)y- (y22)J~I-2)=(1- 2)2- [(1- 2)2/2] = (1- 22/2=
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(12) = z+ (22/2). Findly,the z integral is J; Z2(~= z+ z)dz =J0O1(; - z + ~4)dz = (~ - ~4+ f~)lb=
I-t+fo=~
Problem 1.31
T(b)=1+4+2=7] T(a) =0. =>IT(b)-T(a) =7.1
= (2X+ 4y)x + (4x + 2Z3)y+ (6yz2)z, VT.dl = (2x + 4y)dx + (4x + 2x3)dy + (6yz2)dz
(@ Segmentl: x: Ot 1, y=z=dy=dz=OJVT.dl =J;(2)dx = x21—= 1.

Segment2: y:.O-tl, x=I, z=0, dx=dz=0.JVT.dl=Jol(4)dy=4YI~=4. JvTd=7./
Segment3: z O-t 1, x=y=1, dx=dy= OJVT.dl = J;(6Z22)dz = 2231~= 2. }

(b) Segment!: zO-tl, x=y=dx=dy=0.JVT.dI=J;(0)dz=0.

ment2: X: 0-t 1,x=0,z=1dx=dz= OJVT.dl ~Jo1(Qdy = 2yi~ =2. JbVT.d =7./
ment3: X 0-t T.y=2z=1,dy=dz=0JVIid = Jo(2x+4 dx a
= 2 +4x)I~ =1+4=5, }

(C)x:O-tl, y=X, Z=X2, dy=dxdz=2xdx.
VT.dl = (2x + 4X)dx + (4x + 2X6)dx + (6XX4)2xdx — (I0x + 14x6)dx.

1.vrd =J(0x + 14x6)dx = (x2 + 2xn1~- =5+ 2=7../
Problem 1.32

Vv =y+ 2z + 3x

JVVAr = 5y + 22 + 3% dxdydz = JI{J; (Y+ 22+ 3x) dx} dydz
-t [(y+22x + ~X2]—2(y+22) + 6
J{J; @y + 4z + 6)dY} dz
't [y2+ (4z+ 6)Y]~ =4+ 2(4z + 6) =8z + 16

= J(8z + 16)dz = (422 + 162)l~ — 16 + 32 —1481
Numbering the surfaces as in Fig. 1.29:

(i) da = dydzx,x = 2.v.da= 2ydydz.Jv.da =JJ2ydydz = 2y21=8
(ilyda= -dydzx,x = 0O.v.da=0.Jv.da=0.
(iil)da=dxdzy,y = 2.v.da= 4zdxdz.Jv.da = JJ4zdxdz = 16.
(iv)da= -dxdzy,y =Ov.da=0Jv.da=0. .
(v) da = dxdyz,z = 2.v.da= 6xdxdy.Jv.da = 24.
(vi)da= -dxdyzz = O.v.da = OuJlv.da = O.
=>Jv.da =8+ 16+ 24=48 ./
Problem 1.33

Vxv = x(O- 2y)+ y(O- 32) +2(O- X) =-2yX - 32y - XZ
da= dyde if weagreethat the path integralshall run counterclockW|s§o
(Vxv).da =-2ydydz
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Jvxv).da = J{J:-Z(-2Y)dY}dz z
y y21~-Z-2 - 22
= -J.(4-4z+Z2)dz=- (4Z-222+~)I:
= -(Ssth=I-11
Meanwhile, v.dl = (xy)dx + (2y2)dy + (3zx)dz. There are three segments. y

~)

~ y

(Dx=z=0; dx =dz=o0.y:0-t 2. Jvdl =0.
(Qx=0;z=2-y, dx=0, dz=~dy, y: 2-t Ov.dl = 2yzdy.
Jvdl = J2@y(2- y)dy= - J:(dy - 2y2)dy= - (2y2- ~y3)- =- (S~ ~.9 =-I
(3)x =y =0; dx =dy =0; z 2-t Ov.dl =O.Jv.dl =0. Sosv~d =-i. ./
Problem1.34

3)1

By Corollary 1, JVxv).da should equa ~ VXv = (422 - 2X)X + 2zz

(i) da =dydzx, x=1;y,z 0-t 1.(Vxv).da = (422- 2)dydz, JVxv).da =J;(422 - 2)dz
=(~3- 22)|~=~- 2=-~,

(i) da = -dxdyz, z= OJ<y 0-t 1.(Vxv).da=0; JVxv).da=O.

(i)da=dxdzy, y=1;%xz O-t 1.(Vxv).da =0; f(Vxv).da =O0O.

(ivyda=-dxdzy, y=0; x,z:0-t 1.(Vxv).da =0; JVxv).da = O.

(v)da=dxdyz, z=1;x)y: 0-t 1.(Vxv).da = 2dxdy; JVxv).da = 2.

=>f(Vxv).da = -~ +2=~./
Problem 1.35

(& Use the product rule V X(fA) —f(V XA) - A x (V) :

Lf(VXA).da= L Vx(fA).da+ LrAX(Vf)].da= ifAdl+ LrAX(Vf)]'da ged.
(I used Stokes theorem in the last step.)
(b) Usethe product rule V.(A x B) =B. (VxA) - A. (VxB) :

IvB,(VXA)dr= v V.(AxB)dr+  IVA,(VXB)dr= t(AXB).da+ IVA,(VXB)dr. ged.
(I used the divergence theorem in the last step.)
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Problem 13611 = ,jx2 + y2+Z2; O:cos-l (yx'+y+" ); q.= tan-l M.
Problem 1.37

There are many ways to do this one-probably  the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach isto study the expression:

r =xX+yY+2zZ=rsin0cosg,x + rsin0sinqy +r cosOz

If | onlyvary r slightly,then dr = fj-,.(r)dris a short vector pointing in the direction of increaseinr. To make
it aunit vector, | must divide by its length. Thus:

8r 8r 1k
f= I~I; {h 1,1, >=1,1
¥ = sinOcosg,x + sin0Osing,y +cos0Oz,  1!1¥ 1Z sin20cos2q,+sin20sin2g,+co0s20 =1
~ = rcosOcosg,x+rcosOsing,y -rsinOz; 1~12 = r2c0s20c0s2q,+r2c0s20sin2q,+r2sin20 =r

~ =-rsinOsing,x + rsinOcosg,y; 1~12 =r2sin2 Osin2 o +r2 sin2 ocos2q, =r2sin2 O..

f =sinOcosgx + sinOsin g,y + cosOZ.
=} i = cosOcosq X+ cosOsing,y - sinOz.
> =- §ing,x + Ccosq,y.
Check: f.f =sin20(COS3 + sin2q,)+ COS2—sin20+ CO2= 1, {
1i.J>=-c0sOsing,cosg,+cosOsing,c0sq,=0, { etc.

sinOf = sin20cosg.x + sin20sing,y + sin OcosOz.
cosAi = COSBoosq,x + COSRsing,y - sinOcosCe.

Add these:
(1) sinOf+cosoli = +cosg,X + sing,y;
2 > =-sing,x+cosq,y.

Multiply (1) by cosq* (2) by sing" and subtract:

x = sinOcosy,f + cosOcosg,li - Sing,;>.1
Multiply (1) by sing" (2) by cosg" and add:

ly =sinOsing,f + cosOsing,li + cosq,J>.
cosOf = sinO cosOcos g,x + sin OcosOsing,y + COSAz.

sinO li = sinO cosO cosg,x + sinO cosO singy - sin20z.
Subtract these:

|z=cosOf-sinoli.1
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Problem 1.38
@ vvi =~treera =-4r3 =4

v Vi = J(4r )2 sin (3dr dddd» = (4) JoRr3dr Jo"sin (O n" da>= (@) (~D)oer)  cur ra
Jvida = Jr2f).(r2  sin (JdQdd4>f) = r4 Jo"sin(J d(JJ:" d4>= 411"R4./ (Note: at surface of sphere r = R)

® vvz =~tr (r2~)=o = . Jvwa =0.

Jvada = J(~f) (2 sn Qd@da>f) = Jsn (dQ d4> = 1ara
They don't agreel The point is that this divergence is zero except at the origin, where it blows up, so our
caculation of JV 'V2) is incorrect. The right answer is 411".

Problem 1.39 .
~ tr(r2 rcos(J) + rs=n@J(sin(JIrsin(J) + rs~nOr sin(Xkoss

Vv =
= 13r2 cos (I k" 28N (Jkos(I+ 7oy ," S0 (- SNy
= 3cos(J + 2cos(J.- sin 4>=5cos(J = sin 4>
JV.v)dr = J(5 cos (J= sin 4 r2 sin (Jdr d(Jd4>= JoRr2 dr Jof [J:" (5cos(J= sin 4» d4>] d(dsin (J

~211"(5 cos (J)

= (~3) (1011")Jo;; sin (Jcos (3, d(d

-~ sn2° ”
2 .0

-1
-2
7153 R3_
Two surfaces-one the hemisphere: da = R2 sin (Jddd4>f, r =R, 4>:0 -t 211"(J: 0 -t —~.
Jv.da = J(rcos(O)R2  sin(Jd(Jd4> = R3 Jo;;sin(Jcos(dd() J:" dd>= R3 U)(211") = 1"R3.
other the flat bottom: da = (dr)(rsin(Jd4»(+8) =rdrd4>8 (here J=~).r: 0-t R, 4>:0-t 211".
Jv.da =f(r sin(J)(rdr d4» = JoR2dr J." d4>= 211"~3
Totd: da =us +~11R3 —~1R3. ./

Problem 1.40 |Vt = (cos(} sin(kosd»f + (- sin(J+ cos(kos4»8+ Si{J- si~(Jsird»ch

v.(Vt)
~tr (r2(cas+ sin(Los4») + rs-n (dto (s - sin (J+ cos(Jcos4») + rs~nQ4X- sin4»
~2r(cos (J+ sin(Jcosd» + rsn (I(-2 sin(Jcos~ + COSRIcosA>= sin2 (Jcos 4» = rs-n (Jcos 4>

\72t

rs~m[2sin (Jos (J+ 2sin2 (Jcos 4> 2sin (Jos (J+ COS2(JCOSA>- sin2 (Jcos 4>- COS #
~ [(sin2 (J+ COSRI)COB> coss) — 0.

=>\72t =0,
Check: r cos(J= z rsin(Jkos4>= x =>in Cartesian coordinates t —x + z. Obviously,Laplacianis zero.

Gradient Theorem: J~ Vt.dl =t(b) - t(a)
Segment 1: (3= ~,»=0,r: 0-t 2.d =drf; Vt.d =(cos(I+ sin(Jcosd»dr =(0+ |)dr =dr.
d =Jidr =2

Segment 2: (J=~,r =2, 4>:0-t~. dl =rsin(Jd4>ch= 2d4>ch.
vtd = (-sind»(204» = -2 sin4>d43vtdl = - Jo;2sin4>d4= 2coA>|! = -2.
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Segment 3:r =2,4=~; 0. ~-t O.
d =rdob6=2d06; Vtdl = (- sin0+ CO COgh)(2dO) = -2 sin0dO.
Jvtd =- J-2sn0d0= 2cogoi, = 2.

Total: J: vtdl =2- 2+ 2=m. Meanwhile(b) - tea) =[2(1+ 0)] - [O()] =2. ./

Problem 1.41 From Fig. 1.42, S=cogdJx+ Sin4Jy; ~=~ sn 4Xx + cogdlyj Z=12Z
Multiply first by COgn, second by sin 4J,and subtract:
SCOg4)- ~~sin 4J= cosz 4 + COgdlsin 4y + SiN24Jx - Sin 4Jcosddy = x(sin2 4J+ cos2 4y = X.
So . X = COS4JS - sin 43~

Multiply first by sin4, second by COgJ,and add:
SSiN4J+ ~cas 4J=sin 4JCOgakx + SiN24Jy - sin 4JCOg4IX + COS24)y =y(sn2 4J+ COS24J) =Y.

So. Y =sin4d} + cas4d-| z=z1
Problem 1.42
(@ Vv ~ts(sS(2+s1N24J))+~:4>(ssindJcosAl) +tz(3z)

~29(2 +s8in24) + ~g(cOSA4J- sin24y + 3
4 + 292 AR cos24F sin2 41+ 3

4+ sin243 cosax 3 =[]

() JVA)dr = J(@)sdsddddz =8J6 sdsll  ddddddz =8(2) (~) (5)=
Meanwhile, the surface integral has five parts:

top: z=5, da=sdsdiflz v.da=3zsdsdifJ=15sdsdifJ. Jv.da=15Jo sds]02d4J 1511".
bottom:z= 0, da= -sdsd4Jz v.da = -3zsds.difJ= O.Jv.da = O.

back:4¥ ~, da=dsdz~] v.da = ssin4Jcos4Jdsdz= O.Jv.da = O.

left: 43 O, da: -dsdz~] v.da = -ssin4Jcos4Jdsdz= O.Jv.da = O.
front: s= 2, da =,sd4dzs;, v.da :55(2 + Sin24J)sd4Xz = 4(2 + sin2 4)d4Xz.

Jv.da =402 (2+ sin24J)d4lb dz = (4)(11% (5) = 2sur-.
Solv.da = w511 + 2510 = 401T./

r_::_inz—l

© Vxv = (~4>(32)- :z(ssinifJoosifl)p+ (tz (S(2+ sin2ifd)) ts(32) ~

+~ (ts(X sinifdcodfd- :4>(s(2 + sin2ifd))) Z
= ~(2ssinifJcosifd = s2sinifJcos4d) =
Problem 1.43

(8 3(32) - 2(3) - 1=27- 6- 1=1201

(b) cosit :QJ
(C)zerol

(d)In(-221-3) =In1="~
Problem 1.44

(8) J~2(2x+ 3H8(X) dx = 1e0+3) =[]

(b) By Eq. 194, 81 - x) =8(x - 1),s01+ 3+ 2=1l]
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() J-19x2115(x + ydx =9 (-1)2! :[]
(d) 11 (if &> b),0 (ifa< b)..
Problem 145
(@) J~oof(x) [xd~15(x)]dx = Xf(X)15(X)I~00 - J~00 d~ (XF(X))15(x)dx.
The first term is zero, since 15(x)= 0 at :1:00;d~ (xf(x)) = xIx + ~~f = xIx + f.
So the integral is - J~00(x1x + f) 15(xfix = 0- feD) = - feD)= - J~00f(x)15(x)dx.
S0, xd~15(x)= -15(x). Qed
(b) J~oolex) ~.dx = f(X)O(x)I~00 - J~00fxO(x)dx = f(o0) - Joodxdx = f(oo) - (f(oo) - feD))
= feD) = J~00f(x)15(x) dXx. SO = = 15(.  Qed
Problem 1.46

(@)  per) =q153(r- r').1 Check: Jp(r)dT :qJ153(r- M dr=q. ./

(b). per) =q153(r- ') - g153(r).1
(c) Evidently per) —Al15(r- R). To determine the constant A, we require

Q= JpdT =JAI5(r- R411"r2élr =A411"R2. SO A = 41f~2 ,per) =~15(r - R)./
Problem 1.47

(8 a2+ aa + a2 =13a2.1

(b) J(r - b)29\153(r)dT = 1~5b2 — 1~5(42+32) = []

() C2=25+ 9+ 4=38>36 = 62,s0cisoutside V, sothe integral is|zero. |

(d) (e- (2x+ 2y+ 22)2 =(Ix+Oy+ (D22 =1+ 1=2<(152=225s0¢€eisinsideV,
and hence the integral ise(d - ¢ = (3,2,1).(-2,0,2) =-6 +0+2=GD

Problem 1.48

First method: use Eg. 1.99 to write J :Jcr (42r(~3(r))dT = 411"e-& 1471'.1
Second method: integrating by parts (use Eg. 1.59).

I f r 8
J = - ) r2 V(er) dT +I er r2 .da. But V (er) = (8rer)f = -e-rf.

00
I r~er4ll"r2dr + I er :2 .r2 sin 0dOdfjJf :411"1 erdr+eR I sinO dOdfjJ

411(-e-r) I -+ 411eR =411ec0 +e0)=471./ (Hee R=00, soeR =0)

Problem 149 (a) V.F1 = tx(O)+ ty(O)+ tz (X2=@]; V.F2=~+ T+ ¢- =1+ 1+ 1=M

| 2 ¥ 4 -8 2 ~ vV _F Y & ml
VXF1= ax ea/ az =-vsx [ ) =~ X 2=  ax ey az ' =t.Qj
0 X2 X z
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.F2 isagradient; FI isacurl, U2=~ X2 +y2+ Z2), would do (F2 —VU2).

~ - fh \=(fb - £ =0, ~ -~ = = A= As = -
For A we want ({}Z ) ) 0. Oix X Ay 3 Ax = Az = Owould do it.

Oy 0z Ox Dy

VAl =~x2Y.  (FI =VxAIl). (But these are not unique.)

X'y z
(b)V.Fa=/x(y2)+/y(x2)+/z(xy)=0Oj VXFa=l [/x )/é 1z 1=X(X-X)+y(y-y)+2(z-2=0
yz Xy

So F3 can be written as the gradient of a scalar (Fa =—VU3) and as the curl of a vector (Fa =VxAa). In
fact,, U3=xyz . doesthe job. For the vector potential, we have

£b - v, =yz, which suggests Az = ty2z + f(x,2); Ay = -tYZ2 +g(xy)

T - B3 X2+ suggesting Ax = tz2x+h(xy)] Az=-tzx2 +j(y,2)
{ Tx oy Xy ® Ay = tx2y +Kk(y,2); Ax=-txy2 +I1(x,y) }

Putting this all together: . Aa =t {X(Z2 y2) X+ Y(x2 - Z2) Y+2z (y2 - X2)Z} | (again, not unique).
Problem 1.50

(d) ~ (@: VxF =Vx(-VU) =0 (Eg. 1.44 - curl of gradient is adways zero).

(@ ~ (c): 8F. d =JVxF). da=0(Eq. 157-Stokes theorem).

©~ (o) JIF. d- Jiifr. o =JIF. dl + J:IfF. dl = 8F .d1=0, so

{bF..d= (b F d.

ia | ia If
(b) ~ (c): same as (c) ~ (b), only in reverse; (c) => (a): same as (a)=> ().
Problem 1.51
(d~ @: VF =V.(VXW) =0 (Eq IA6-divergence of curl is always zero).
@~ (©: 8F.da=J)v.F dr =0 (Eq. 1.56~divergence  theorem).
(¢)~(b):  JIF.da-JIfF.da=8F.da=0,s0

{F.da= { F. da
il ilf

(Note: sign change because for 8F .da, da is outward, whereas for surface 11 it is inward.)
(b)~ (c): sameas (c) ~ (b), inreverse; (c)~ (a): sameas (&~ (C) .

Problem 1.52

In Prob. 1.15we found that V,va =0; in Prob. 1.18 wefound that Vxvc =o. SO

vc can be written as the gradient of a scalar; Vacan be written as the curl of a vector.
(& Tofind t:

1 g =y2 - t=y2x+f(y 2
@ o =@y +22
3 g =2yz
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From (1) & (3)weget M =2yz =>J =y2+g(y) =>t =y2x+y2+g(y), SO -~ = 22Xy + 2+ =
2xy + 72 (from (2» => ~=0.We may as well pick 9 =OJhenlt =xy2 + vz2.1
(b) Tofind W: & - 8= 2 By, - 8y —azx . 8W T 8&,’-' =-2xz.
Pick Wx = OJthen
Bz = -3;x2 =>Wz= _~x272 + J(y,2
8y = -2z =>Wy= _X2Z+ g(y.2).
&Y. - 8y = Wi+ X2- Pz x2 =>Y)" F= 0. Mayas well pick J =9 =O.

IW=-X2ZY_~X2727.1

X Z
Check:  VxW= & )é gz =X(x2)+y (3x2)+ z(-2x2).f
0 X2z - yxez

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =XZ3X -x2z)j
W = (2xyz + XZ3) X+ X2y Zj
W =xyzx = ~X2zy + ~X2(y - 322) Z.

Probelm 1.53
138 2 18 \ 2 — 1 8 2 .
vy = 12g ( ? cos0) + T0go (EMOrTcost) =5 ga (-r * cososmt)

1 1 1

= 124r3 cos0 + g1 ©0S 012 c0s U+ —ci-75 (-r2 cos 0cos t/J)

— rcosO .

- Sﬁf(—)_ [4smO + cost/J - cost/J] = 4rcosO.

R w/2 w/2
\J(V y)da = \J(4r cos O)r2sin Odr dIJdt/J:4BJr3 dr BJ cos(}ginOdIJBJ dt/d

ra) (~) (=)=~
Surface consists of four parts:

(1) Curved: da =R2sinOdOdt/Jrj r =R. y. da = (R2 cosO) (R2 sinOdQOdt/J).

72 /2

\Jy. da = R4 gcosOsin OdIJU]dt/JE Ra(~) (~) = 1r~.



(2) Left: da =-r dr dO;Pj 4>—0. v. da= (r2cos() sin4» (rdr d)) =O. fv.da=0.
(3) Back: da =rdr d();Pj 4>=7/2. v. da= (-r2 cas(sin 4» (r dr d()) = -r3 cos() dr d().
R /2

/ v. da =l 13 dr l cos)d) =- (~R4) +1) =_~R4.

(4) Bottom: da=rsindrd4>§ (O0=1r/2. v.da=  (r2cosd» (rdrdd».
/2

R
/V. da:/rS dr /cas 4>da> — ~R4.
0 0

Total: fv .da =7R4/4 +0- {ra +tra = 114 (

Probleml.54
Xy z

Vxv=l.z 'y iz I=z(b-a). So f(Vxv).da=(b-a)7rR2.
ay bx O

v. dl= (ayx + bxy)' (dxx +dyy + dzz) =aydx + bxdYi X2+ y2 =R2=>2xdx + 2ydy = 0,
sody = -(xfy) dx. So v. dl = aydx + bx(-xly) dx = L(ay2 - bx2) dx.

. a(R2-22)-bz2
Forthe "upper" semicircley= VR2 - x2, so v .dl = = _fvzxi dx
R
- aR2 - (at+b)x2 — . X X R X
cdl = dx = arResinl (- Y- (a+b) -VR2 - X2+ - sinl (-
/V r VR2 - x0T (Eesn (R) SR o 9N (R)]}|+R
= Ra- bl WR) R =Rea - b)) - sni() =R b)( , 2)
1
= "“2nR2(b a).

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
fv. d =7rR2(b- a). (V
Problem 1.55
(Dx=z=0Jdx =dz=0; y: 0--t1. v.dl=(y +3x)dy =ydy.
| |

0/v .dI—O/ydy—~.

(2Qx=0i  z=2-2Yi dz=-2dYi y:1--tO. v.dl=(y+ 3x)dy+ 6dz=ydy-12dy= (y-12)dy.

0
/v.dl :/(y- 12)dy = - (~ - 12) =- ~+12.

() x =y =0Jdx =dy —0Jz 2-t0. v. d =6dz
0

/v. dl :IZ 6dz=-12.

17
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Total: f v .dl =~- ~+12- 12=[QJ
Meanwhile, Stokes thereom says f v .dl :J(V Xv) .da. Hereda =dy dz X, so all we need is

(Vxv)x = Iy(6) - -Iz(y+ 3x) =O. ThereforeJ(Vxv). da=0..f

Problem  1.56
Start at the origin.
(1)) O=~, 4>=0j r;O-+1. v.dl=(rcos20)(dr)=0. Jv.dI=0.

"1f/2
2 r=l, O=~ <jJ0-+1r/2. v.di=(3r)(rsinOd<jJ)=3d<jJ. v.dI=3 ad<jJ:3;.

(3 <jF~j rsnO=y=l,sor=si~8 dr=S~}8cosOdO, O:~-+~.
_ 2 . CcOS0 COO cosOsinO
vd = (rcos O)(dr)-(rcosOsmO)(rdO)=--;--z U ("'sm o ) dtheta- sh o dO
= - (C.osao + cosp ) dO= - cosO 0520_+ Sin20 ) do = - cosO. do.
sin30 sn0 sin0 sin20 sn30

Therefore
/ /‘ cosO 1 1 1 1 1
v .dl :-.lf/23in30 do= 2sn'If/z= 2. (UV2)- 2. ()=1- 2= 2

(4) O=~, <jl=j r:v2-+0. v.di= (rcos20)(dr)= ~rdr.
0

Total:

Stokes' theorem saysthis shouldequal J(Vxv). da
Vxv = rs=nO[:0 (sin03r) - :<jJ(-r sin0COV)Ji+ ~ [S~0:<jJ(rcos20) - :r(r3r)] 9

+ ~ [:r (-rr cos0sin0) - :0 (rcos20)] 4>
= Fg,%(&os()]H Fl[-Gr]O4 -r1[-2rcosOsinO + 2rcosOsinO]é|,
= 3cotOi - 69.
(1) Backface:da=-rdrdO4>| (Vxv).da=0O. J(Vxv).da=0.

(2) Bottom: da = -r sin 0dr d<j9; (V xv). da =6rsinOdrd<jJ. 0= ~,s0 (V xv). da = 6rdrd<jJ
1 12

/ 1 1Ir 3Ir
(Vxv). da =/ 6rdr d<j& 6. 2' 2"="2' . f
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Problem 1.57
v.di=ydz.

(1) Leftsides z=a- x; dz=-dx, y =O. Therefore Jv .d =oO.
(2) Bottom: dz =.0O. Therefore Jv .dl = O.

(3) Back z=a- hi dz=-12 dvi Y:2a-t 0. Jv .d zziy (- ~dy) = - ~ﬁga: 4~2 =1-=2
MeanwhileV Xv = x, SOJ(V Xv) .da isthe projection of this surface on the xy plane =~ .a.2a =aZ2. .;
Problem 1.58

Vv = rlzd)r (r2r2 sin()) + rsm 0 O0) (sin()4r2 cos()) + rsm 0 OO</Sr2tan())
= A2r3sn 0+ rgn 042 (Cos2() - sin2 () = s (sin2()+ COSR- sin2())
4 C_OSZ)
r sin().

R 716 27r

I(V,v)dr / (4rc~:2) (r25in()drd()d</J)=/ 4r3dr / cos2()d() 0/ s« = (R4) 21T) [+ Si~2()|C6

0 0

1T sin 60° 1TRA J3
= 21TR4(12+~ ) =6

(1T+ 32 ) = ~(21T+3J3).
Surface consists of two parts:

(1) Theicecream: r =Ri </J0-t 21Ty): 0-t 1T/6i da — R2 sin()d()d</JJ:i v.da = (R2 sin()) (R2 sin() d()d</J)—
R4 sin2 ()d() d</d.

796 r 7rl6 4
/v.da =R4 [sjnz()deid<u: (RA)@1T)[~() - ~sn20L =21TR4(;2 - ~sin60°) = 1T (1T- 3V;)

(2) The cone: ()= if;<u; 0-t 21Tir: 0-t R da =rsin Qd</dr 9= :/f-r dr d</9; v. da =J3i3 ar i
R
/ ' / < R4 J3
v.da=V3 { r3drO d</J=V3'4.21T=21TRA4.

Therefore Jv .da = 7rf4 (f - 1 + vI3) = 1<{f(21F 333). g

Problem 1.59

(a) Corollary 2 says f(VT).d = 0.Stokes theorem says .f(VT).dl =f[V X(VT)].da. Sof[Vvx (VT)] .da =0,
and since this is true for any surface, the integrand must vanish: V X(vVT) = 0, confirmingEq. 1.44.
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(b) Corollary 2 says §(V xv) .da = O.Divergence theorem says 8(V Xv) .da =lv (V Xv) dr. Sol V .(V Xv) dT
= 0, and since this is true for any volume, the integrand must vanish: V(Vxv) = 0, confirmingeg. 1.46.

Problem 1.60
(@) Divergence theorem: 8v .da =I(V'v) dr. Let v = cT, wheree is a constant"vector. Using product
rule #5 infront cover: V.V =V.(eT) =T(V.e) +e (VT). But eisconstant so V.e —O. Therefore we have:

le. (VT) dT =| Te .da Since e is constant, take it outside the integrals e. | vT dT=e.IT da Bute
is any constant vector-in  particular, it could be be X, or y, or i-so each component of the integral on left
equals corresponding component on the right, and hence

! VTdT = I Tea 0

(b) Let v ~ (v x ©) in divergence theorem. Then | V.(v X€)dT=1(v Xc) .da Product rule #6
V.v xc) =e (Vxv) -v.(Vxe) =e (V xv). (Note: Vxe = 0, sinceeisconstant.) Meanwhilevector
identity (1) saysda. (v xc) =e. (daxv) =-cC. (vxda) Thusle. (Vxv)dT=- le. (vxda).Takee
outside, and again let e be X, y, z then:

I(VXV)dT =- !vxda Qed

(c) Letv =TVU indivergencetheorem: IV.(TVU)dT =ITVU.da. Productrule#(5)::} V.(TVU) =
TV.(VU) + (VU) .(VT) =T\72U + (VU) . (VT). Therefore

. (T\72U + (VU) .(VT») dT = a (TVU). da Qed

(d) Rewrite (c) with T B U: | (U\72T+ (VT) . (VU») dT=1(UVT) .da. Subtract thisfrom(c), noting
that the (VU) .(VT) terms cancel:

» (M72U - UW\72T) dT =1(TVU - UVT). da qed

(e) Stoke'stheorem: 1(Vxv), da= 8v. ill. Let v = cT. By Product Rule#(7): VX(€T) =—T(Vxe)-
ex (VT) =-e x (VT) (sinceeisconstant). Therefore, - I(e x (VT». da= 8Te. ill. Usevector indentity
#1 to rewrite the first term (e x (VT». da =e. (VT xda). So - | c. (VT xda) = 8e. Till. Pull e outside,
andletc~ X, y, and z to prove:

. VT xda:-fTiII. Qed

Problem 1.61

(8 da = R2sinO dOdrjJf. Let the surface be the northern hemisphere. The x and Y components clearly integrate
to zero, and the z component of f is cos0, so

("/2 sin20
a = » R2sn0OcosOdOdrjJz =21TR2J0  SinOcosOdO=21TRz~ -2 ='1TR2Z."

(b) Let T =1in Prob. 1.60(a). Then VT =0,s08da=0. qed.

(c) This follows from (b). For suppose a =j:a2; then if you put them together to make a closed surface,
§da:al - a2 =j. O

(d) For one such triangle, da = ~(r x ill) (since r x dl is the area of the paralelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a= ~8r x ill.



21
(e Let T =c.r, and use product rule #4: VT =V(c .r) =cx (Vxr) + (c.V)r. But Vxr = 0, and
(c. V)r = (cxtx + Cyty+ c:t:)(xi +yy =zz) = Ci + Cyy+ c: Z= c. SoProb. 1.60(e)says

deI =f(c. ndl =-1(VI) xda=-! cxda=-c x! da=-c xa=axc. Qed

Problem 1.62
(1)
r2ar( )—er) =il

For a sphere of radius R:

fv.da = f (ki) .(R2sin0dOd4x%) =R f sin 0dOd4>=47R. .
R So dlvergence

f(v -v)dr = f (~) (r2sin0dr dOd4»= (£ dr) (Jsin0dQid»= 47R. } theoremchecks.

Evidently there is no delta function at the origin.
VX (rnr) = a5, (r2rn) = sagy (M+2F o0 +2)rH= (n+2)rn-1,

(exceptforn = -2, for whichwealready know (Eq. 1.99)that the divergenceis 47ro3(r».

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives |zero. |
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using

Prob. 1.60(b): If Vx(mi) = 0, then f(Vxv)dr = 0==-8 xda Butv = ri and da =
R2sin0dOd4x are both inthe i directions, sov x da = O. .



Chapter 2

Electrostatics

Problem 2.1

(@) 1zeol!

®) IF = gog0 | | _ .
]&0,‘ where r is the distance from center to each numeral. F points toward the missing g.
Explanation: by superposition, this isequivaent to (a), with an extra -q at 6 o'clock-since the force of all

twelve is zero, the net force isthat of -q only.

(c) « Zero. .

@ J£11€Q§~, . pointing toward the missing g. Same reason as (b). Note, however, that if you explained (b) as
a cancellation in pairs of opposite charges (1 o'clock against 7 o'clock; 2 against 8, etc.), with one unpaired g
doing the job, then you'll need a different explanation for (d).

Problem 22 E

(8 "Horizontal" components cancel. Net vertical field is: Ez = 4;<02~ cosO.

1 20z A

Here 1-2=2 + (<)2 ; c0sO=1, s0. E = 41r€0(z2+ (~)2)3/2 z.

X
When z» dyoure so far away it just looks like a single charge 2q; the field
should reduce to E =,.; >~ z. Andit aoes(just setd -+ 0 in the formula).
(b) This time the "vertical" components cancel, leaving E
E= 4.8~ snOx, or
E 1 qd
= 41r€0 (2 + (7)2)3/2 Xx. X
@ + ()2 a1

From far away, (z » d), the field goes like E ~ 4;<07z, which, as we shall see, isthe field of a.dipole. (If we
set d -+ 0, weget E = 0, asisappropriate; to the extent that this configurationlookslikea singlepoint charge

from far away, the net chargeiszero,so E -+ 0.)

22
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Problem 2.3
1 rL), d 2 2 2
Ez 411'70 J(I; )~ * cos (); (1 =z +x ; COg) = ‘“‘)
---1- rL d
s 16 (22+x2)312 L
—1).7 [1 X ] R
41110 |72~ 0 - 411"fe- )
— _ ' ; _ xdx
/Ldg =—)"dx . Ex striapr YO SN0 L P I (X2+22)312
X X ----1» F L- ] - - 1. [1- - ]
411"fO -~ - 411"fO
E- D0 14 R
- 4m:0Z [( 22+ L2) (..,j22+ L2) 1.,

Forz » L you expect it to look like a point charge q =)"L: E -+ 41, ¥z. It checks, for with z » L the x
term-t 0, andthe z term -+ g}, 5Kz

Problem 2.4
From Ex. 2.1, with L -+ ~and z -+ vZ2 + (~)2 (distance from center of edge to F), field of one edge is:
Bl =~ ).a
aftove + V2 + 4+
There are 4 sides, and we want vertical components only, so multiply by 4cos()= 4 ' |z2+2-:

E=—~ 4)..az zZ
ATrE0(Z2+ as) V22 + ~2

Problem 25
"Horizontal" components cancel, leaving: E = 4;,fO{l = cos()} z.
Here, 1-2= r2 + 22, cos() = ~ (both constants), while |d| =27rr. So
E=" Y@z A
47r£0 (r2 + Z2)3/2 z.
Problem 2.6
Break it into rings of radius r, and thickness dr, and use Prob. 2.5to express the field of each ring. Tota
charge of a ring is 0".27rr .dr =). .27rr, s0 ). — O"dris the "line charge® of each ring.

1 (O"drR7rrz r

1 R
Ering= : i = 2I
g dersoqra + 22 32, Edisk =4, 2704, 2 + 2 3/2dr.
mik = . 1 27107 - 1 v
Az [z R+ 2]
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For R » z the secondterm -+ 0, soEplane 4, .
“H'fO7Taz = , 24'07.1

Forzs R, ' SH(F)Y - (15 ) w5 EF =
and E = 3,,LIrR2= 7845 - WwhereQ = 7TR2a. (
Problem 2.7 z

E isclearly in the z direction. From the diagram,
dg = ada = aR2 sin 0dO d<jJ,

1z2= R2 + 2 - 2Rz cos 0,

coslj; = zRIzcosO.

So

E - -0 /aRQ sn 0dOd<jle - R cos0) Jus= o
d<jJ — .

Z = 47T€0 (R2 + 22 - 2Rz cos0)3/2
-1 2 11" (zRcosO)sinO _X - . O=0=>u=+| _
- 424dR a) l (R +2z2- 2Rzcos0)3/2dO.  Let u- cosO, du - -smOdO, { O=x. y=-1 }

Z%-%Tma) /—1 (R + z2- R~ zu)3/2du. Integra can be done by partia fractions-or look it up.
1 .

- 2. 27TR2a -2- 2u- R - -2 271MR2a (z- R - (-z - R
- A7T€0 ) [2~R2 +Z72- 2Rzu]-1- 47T€0Z22 { Iz- R Iz+Rl }.

For z > R (outside the sphere), Ez = 4:f -~ =y 4 1 qz
.0 z —!I‘fo_z\’ m‘E:_ﬁ€OZ z1

For z< R (inside),Ez= 0,50 E =0.1
Problem 2.8

According to Frob. 2.7, all shells interior to the point (Le. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

- 1 Qint'
B() ~Nrrear

where Qint is the total charge interior to the point. Outside the sphere, all the charge is interior, so

E=-2-Q-
47T€0r2 1.
Inside the sphere, only that fraction of the total which isinterior to the point counts:

W/Tr3 r3 1 3 1
int — = R3Q, 0 E= 3Q2f =
on 3"7j|23Q R Q 44|'-€dq Qr

Problem 29
(@ p=10V. E =e- 1r (r2. kr3) =€0~k(5r4) = 15€o0kr2.1



(b) By Gaussslaw: Qenc= €ofE. da = €0(kR3)(41rR2)= . 41reokRs.

By direct integration: Qenc :deT = JoR(5€okr2)(41rr2dr)

Problem 2.10

25

= 201r€ok JoRr4dr = 41r€okR5.,(

Think of this cube as one of 8 surrounding the charge. Each of the 24 sguares which make up the surface
of thislarger cube gets the same flux as every other one, so:

/E. da= 2- / E. da.

one whole
face large
cube
Thelatter is 1.9, by Gausss law. Therefore [ E. da=-.IL.
<0 24€0
one
face
Problem 211
GalUSsian g face: Inside: f E. da = E(41rr2) =-;Qenc =0 = |[E=0.
-— _ ) _ R2 (As in Frab. 2.7.)
Gaussian surface: Outside: E(41rr2) = 1..(ad4lrR2) => E = ‘€~ , I
<0 or,-
Problem 212
JE=~prr.1
Since Qtot = ~1rR2p, E = 4';<Q&r (as in Frob. 2.8).
Problem 2.13
Gaussia
;LE. da =E. 2lrs| = J.Qenc= J,>"|So
~/
" , n ,unace
| IE =218bs  (same as Ex. 2.1).
Problem 214

Gaussian surface (LE .da=E 41rr2 = 1,.Qene JOJp dT = 1,.} (2 sin Bdr dB dd»

JE =

~1rkr2r.
41r€o0

1,k 4lr gr r3dr = 411k = k4.
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Problem 2.15

(i) Qenc= 0, so IE = 0.1
(H)f E. da = E@471T2) = zQenc= I;f pdr = 15f Af2 sinOdfdOd phi

"8 I=
=M %t . "Yr -oj1E. *® (f? )'.1

(i) E@11r2) =~ fru = 4:rok a), so
|[E=H~)r.1

Problem 2.16

fEda-E- -21"S[- 1Q

a )- Gaussiasurface
@ EQZ : - t0 enc= fp7rs2].

(i)

(H) g f E. da= E 211's[= LQenc= lp7ra;

2

G"""'an ,."face E = ga S.
oS
- Gaussiansurface
(Hi) f E. da= E. 211's[= ifenc= O;
IE=0O.I
\,
IEl
a 6 S

Problem 2.17

On the xz plane E = 0 by symmetry. Set up a Gaussian "pillbox" with one face in this plane and the
other at v.

Gaussian pillbox f E. da=E. A=1Qenc= LAyp;

IE = PYY. (for Iyl < d).
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Qenc= £..Adp=} IE = ®dy . (for y > d).

1
0

Problem 2.18
FromProb. 2.12, the field inside the positive sphere isE+ = ~r+, wherer+ isthe vector fromthe positive
centerto the point in question. Likewise, the field of the negative sphere is - a Jf ~- S0 the total field is
= -(r+ - r-
E 3550 r)
~

But (seediagram) r+ - . =d. So.E = ~d'l
Problem 2.19

VXE = 2100 vx J ~PdT = a0 J [Vx (~~)] pdT (Since p depends on r, not r)

=0 (sinceVx (~) =0,from Prob. 1.62).

Problem 2.20
x vy Z

(M) VxEl =k ItX ty tZ1= k[x(O- 2y) +:900 - 32+ 2zO- x)] f..0,

Xy 2yz 3
soEl isan impossible electrostatic  field.

X y4

y
(QVxE2 =kltx ty  tz1=[x@2z- 22+ y(O- 0)+ z(2y- 2y)]=0,
y2 2xy + 22 2yz

soE2 is apossible electrostatic  field. 7
Let's go by the indicated path:

E. d =(y2 dx + (2xy + 22)dy + 2yz d2)k (xo, Yo, ZO)
Stepl: y =z =0;dy =dz=0O.E .dl =ky2 dx =O. m
Step Il: x =X0,Y:0-+ Yo, z= O.dx = dz = O. | y
E .d =k@2xy + 2)dy = 2kxoY dy.
il E. dl =2kxo fl’IQ dy = kxoY5. I
step Ill: x = X0,Y= Y0,z :0-+ Zo;dx = dy = O. X
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E. dl = 2kyzdz = 2kYozdz.
an  E. dl = 2YokJoza dz = kyoZ5.

V(X0,Y0,20)= (7, Byl = -k(x0Y5 +Yoz5), 0r V(x, y.2) = k(xy2 +yz2)..
Check: -vv=K[lz(xy2+yz2) X+IV(Xy2+yz2)y+/;(xy2+yz2) Z]=k[y2 x+(2xY+22) y+2yz i]=E. (

Problem 221
Outside the sphere (" > R): E = g1 -\

V() = - Je:E .dl
{ Inside the sphere(r < R) : E = 4;fO-J/:srr.
Soforr>R: V(r)=-Je: (4;f o "‘) df= 4;f0q(to) L -1 41@1"10“-,|

and for r <R: V(r) = - J: (~~) df- J~ (4;f0-J/:sfydf = -dto [:K-:h  (r22rR2)]

=1411"7R ( - R2).

Wh enr >, R W - _Ll_l "8D ( )r - 2‘rli-l"féﬁ"r,so EZ W I Zfli-l "fEp” r(
Whenr < R, VV = -dto2~tr (3- ~) r = -dto2k (-~) = --dtobrj soE =-VV = 4;fQJ/:srr.,(
Problem 2.22

E = 4028 (Prob. 2.13). In this case we cannot set the reference point at 00, since the charge itself
extends to 00. Let's setit at s = a. Then

Vi) =- [ (T81)®B =L, 2Xn()-

(In this form it is clear why a = 00 would be no good-likewise the other "natural” point, a= 0.)

Vo= 2B g (N (Ié)) §= L2 X8&, = -E.

Problem 2.23
V(O) = -J::OE.dl = -J:0(-lo(b;;a»)dr-Jba(-'o(r;;a»)dr-J~(O)dr = -lo(b~a)- -lo(In(%)+a(~-i)\

= li. f1-11-In LN = |~In )
fgatn Gy y= o
Problem 2.24

Using Eqg. 2.22 and the fields from Prob. 2.16:
V) - V()= - g E.di=- g B dl- 5B di= L fasds - efabigs

= - (“‘) 8;l: + = Insl: = 1-
Problem 2.25

l

T (1+2in(~)) .1

(@lv = ~ 2q
411102 + (4)2
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L
OV - f4 At = fdnlk+ Y22+ x2) L

=I-Iri\ £+ Yz +£2 — n L4e
460 [ + YZ2 + £27° 270 ( 2 )
X
(©V = 4:f0JoR~~~~ = 4&fo2lr<qwr2 +z2)L:=, " (JR2 +Z2- 2) 1
In each case, by symmetry ~~ = ~~ =0, ~E=_8/7Z

(AE= ___\2@ (_!) (22+(29 w 2= 411r€0(22+(~)2)qz 2322z |(agree£ with Prob. 2.2a).

OF 2 afior e’ Yumber % - (Lt} 2~ ! 22}2

: Lt ~L-o,- -
= - V'2L2 { L (IZ+L2) L }.2-12@1@0 v 2ol £2 Zl(agre% with Ex..2 1)

— a
Z -

T 12¢, [1 z | (agreeswith Prob. 2.6).

E =--" . - z
(©) 20 #VRI, 222 - |} VR + 2]

Iftheright-hand chargein (a) is-q, then. v =01, whichpaivelysuggest€ = - v = 0, in contradiction
with the answer to Prob. 2.2b. The point isthat we only know V on the z axis, and from this we cannot

hopeto compute Ex = - ~~ or Ey = - ~~. That was OK in part (a), because we knew from symmetry that
Ex —Ey — O. But now E points in the x direction, so knowing V on the z axis is insufficient to determine E.

Problem 2.26 orr
=~ h = 2lracgMq2h) = ah.
Ve 41r€0 JEVIZ}(azl- ) ¢ 41r%%\;¥ ) 2€0
(where r =1-/V2)
veh  aoirr
Vo) =g IO (a%) ch, whereii= \/h2+1-2 V2hi-.
r -
2ra 1 rvzh 1-
a Zare0V2Jo Jh2 +1-2 V2hl<ch
v'2h
= ~ 5 . +1.0. ) _
APED [th +1-2 v2hi-+ \;12 In2V h2 +1-2= V2hl-+ 21 V2h)] 0
- ~ " _ - h. ™ _ = ~ '"nin@h+Vv2h) -In(2h-V2h
= 5260 [h + V2n|n(2h+2V2h V2h) h Viﬂn(Zh V2h) | = ov2e0 Vzn[ ( ) ( )
=uk In 2+V2 ah In (2+V2)2

4100 (2- V2) 4€0 ( 9 ) = ggoln(1+ V2).

- 1V(a) - V(b) =&~ [1In(1 + V2)].
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Problem 2.27

Cut the cylinder into dabs, as shown in the figure, and
use result of Prob. 2.25c, with z -t x and Ckt Pdx:

z+L/2 |
=I
V =lto -|_/2 (VR2 + X2- ) dx I ] .%b r

—_ X
T4k pure +2 +RAN(+ VR + X - 2] r

= | 4fof (z+t W R2+(z+1)2 -(z- t WR2+(z1)2 +R21n[..,. fe a2 270,

2 L
(Note: - (z + 5) + (z- 2")2 =-z Z. zL - 'IT'ZL‘r+ Z2 -z + 'IT'24:-21.)

8V L o)
R (o) G R A o

VR2+ (Z+1)2 VR2+(z- t)2
+L
+ R? YR2+(Z+1)2 i y'R2+(Z t)2 - oL
z+T+Vr+(z+t)2 Z-t +Vre + (z- 1) 2 }
’ 1 1
Vre + z+1)2- Vr +(z- 1)
E=. {2VR2 + (Z+~)' . 2wrz + (Z—-~)‘ -28)
~n0  [LOR+(Z+~) +JR+(Z-~)1Z
Problem 2.28
Orient axes so P ison z axis. z
v=-_] Here p is constant, dT = r2sin edr deds<j,
ar<odB { +=v2 +1r2- 2rzcose. y
v - Zfl]I‘|<(-)] vz|r§+5ir%—|2‘]rdzru:(g‘I jéip ) J%lT dll'}' - 27': X
B verideogy 987 - (w2 + 22- 2rzcos 1T L (w2 + 22+ 2rz- wr2 + 72- 2rz)
2z, ifr <z

=rlzr+z-IT - 2)=¢ 2r, ifr>z }
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i L A CRL S S )

B P=FW' sovg =~~ (R - ~):'d!°R(3' ~);‘V(r) = (3 —\)"I’f
Problem 2.29

\72V = 4;<OVX(*)dr = 4;<0f p(r') ("V2K)dr (since p isa function ar’, not r)
= Lafee) (AP - 1) Jdr =-1p (-
Problem 2.30.
(@ Ex. 2.4: Eabove= ny,ft; Ebelows --py,ft (ft dways pointing up); Eabove- Ebelow= £ft. f

Ex. 2.5: At each surface, E = O one side and E = & other side, so 6.E = &. f

Prob. 211: Eout = Zf, = Hf;, EiN=0; s06.E= Hf. f

. Outside: 8E. da = E(211s)l = lg.Qenc= 1,.(211R)I=} E = £B.8§ = £8§ (a surface )
(b) 0 1
C

- Insidel genc =0,50E =0O.:.. 6.E = g5
I

(© vout = Rgu= Ry (@ surfacey; \In = Ry ; so Vout= \In- f

~, - -Ru=_E @ surface)r 8Vin=o, 0~ - e = _£f
Problem 231
. - -L- +
Q V- il - drdra + \1‘2& 2} - a1 <c(a2 ])-
4
WA=V = e foa(2 * v'\ﬁ) M- +'( )
I+ } | |
_ A (Y —F) (Y- _ 2 ©)
()W =0,W2= 4;<Q=f); W3= 4,<(:;a - s WA= (see(a))

1 2 I 1 2q2
Wiot = 411"?0{-1 +'Vi- 1- 2+ VZ = s10- ( 2+ V2)
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Problem 2.32
(@ W = ! JpvdT. From Frob. 2.21 (or Frob. 2.28): V =f<o(R2 - I';) =40 M(3 ~)

1 1 g {R r3 1r5 R
W = 2P411"12R Jo (3- R2)411dr—4€0R[33- R2"5 ] O—4€0R (?3- 5)

= gpR2= grR2~= ( )
5100 5100 ~11R3 411"10

if JE2dT. Outside (r > R) E =40 ~I j Inside (r <R) E = 4:€Q0Mr

(b) W =
. - 100 1 2 roo 1 2
. W - 2" (411"€0)2q R r4(r 411"dr) Jo (R3) (411" ur)}
R
1 2 1 o 1 1 2 g1 1 1302
"5 )| 0} = 411710072 (R + SR) = 211"100:5R"/

= 4117100 {( JIR + Re

(¢ w = If{isVE. da+ JvE2dT}, where V is large enough to enclose all the charge, but otherwise

arbitrary. Let's use a sphere of radius a > R. Here V = 4,€0~

ey r2sn0dOd4>+ {R E2dT + {a
{ :/ (411 10() (41]_[ 1600 ) { {R (4£1 )2 (411"r2dr)

w

0 1 @ 411"
2 { (411"100)2 11% (411"100BR + (411 100)2| q ( )

12 1 1 1 1 1 3092
411"10022~ + 5R - ~+ R} = 411"100:R ./

goes to zero, while the volume integral

As a --t 00, the contribution from the surface integral (4;€0~)

(~f.(~ - 1)) picks up the slack.

Problem  2.33
. 1 - i
dw =dqVv =dg 41y 1() = (g= charge on sphere of radius r).
4 r3
(g = total charge on sphere).

411"r2 3q 2
= R3r dr.

g—3wr3p= gR3
2
dg = auv dr p = 43qdg

O 3q 2 1 392 4
dw = 411"1 (R3) (R3r dr) = 211"10% r dr
1 302 {R 1 392R5 1
rddr = 411"1®65 = 411" R i

W = 411186 Jo
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Problem 2.34

@w=~fE2dr. E = 4fOl-r (a <r <b), zero elsewhere.

N2 b )
W: ; (41Tf() J'a;:gl)24 dr- sla_leoJép;;i Il&vfo (~ 7

()W =8for W2= 8;fOT, El = 4fOl-r (r > a), E2 = 4;fQ:;ir (r >b). So
E1.E2= (4fOR2~, (r>b),andhencef E1.E2dr = - (4;fO)2q2go ;!r471T2dr- 4::0b

Wot= Wl +w2 + 10081 .E2dr =~Q2 (~+! ~) =~ (~1).(
Problem 2.35

@ aR=4R2; aa= ~q ab=4p2
()V(O)F - t:0E. dl = - f::0(4;f0-r)dr - foa(O)dr - faR(4;fO !-r)dr - f~(O)dr =. - (t+ ~ -"') 1

() ab ~ 0. (the charge "drains off"); V(O)= - f::0(0)dr faR(~-r )dr - f~©O)dr =~ (~- ~) 1
Problem 2.36

) aa=-~ g pab= -4,qp2,| aR = ALRy, .
1 ga+ qgb.
(b) |E0ut a1y foq r g r, |where r = vector 'rom center of large sphere.

1 ga A

-ra, Eb= - ' i
(0)|Ea = 41rfQ~ _41%0% rb, |where ra (rb) is the vector from center of cavity a (b).

(d) 1Zera. .
(e) aR changes (but not aa or ab); Eoutsidechanges (but not Ea or Eb); force on ga and gbstill zero.

Problem 2.37
Betweerthe plates, E = 0; outside the plates E = a/10=Q/foA. So

p — 10€2 = 100~ -1Q2l

2 2 f5A2 =~

Problem 2.38

Inside, E = O; outside, E = #}51; SO cME
Eave = ~4f0 I, fz = a(Eave)z a= 41T~2

Fz= Jizda = f( 41T~2~(4fO~ )cas QR sn 0d) dg

- 1,9 f1T/2 9. . 1
- 2<da1r) 210 sm()casodo- 1mtbar) (rem 0o - 21lfg11R - 321rR2fO
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Problem 2.39

Say the charge on the inner cylinder is Q, for alength L. The field is given by Gausss law:
|E. da=E .21T9 = gQenc = 4Q => E = 295, 3 S Potential difference between the Gylinders is

b
Vi) - V@@ =- | "Edi= - 2 | °dB= e ()

a 21T€oL a S 21T€oL a

As set up here, aisat the higher potentid, soV = V(a) - V(b) =~ In(~).
C = T~ ==~.1~)' 0 capacitance per unit length is. I?-m(i)) 1

Problem 2.40
(& W = (force)x(distance) — (pressure) x (area) x (distance) — ~E2 A€l
(b) W = (energy per unit volume)x (decreasein volume) = (€0~2) (A€). Same as (a), confirming that the
energy lost is equal to the work done.

Problem 241

From Prob. 2.4, the field at height z above the center of a square loop (side a) is

1 4Aaz Z.
E-= 41T€o(2 + ~2) Jzz + a2 —— qa ga
Here A -+ ad2a(see figure), and we integrate over a from 0 to ii: - a__
i 2 -at+aa-
E =247 a alia ? . _
.Let u="4" so ada = 2duwo
41TE0 0 2+ &) /22 + a22
-2 ' 0.2/4
= _4h al4 du =82 Zon| Vv + 2z
ateo 1 w+2pveu +2  meolz ( 2z o

2 \]a2+22

= 1T {tan-l ( 2Z ) - tan-I(l) };
E=2 a1 (f-2-7 2
1T€q 272 4]
a -+ 00 (infinite plane): E = kg, [tanvl (00) - 41T: Ko G = f

z » a (point charge): Let f(x) =tan-l VI +X - 7' and expand as a Taylor series:

1
f(x) =f(0) +x!,(0) + "2x21"(O¥ ...
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Herd(0 =tan™ (1) - =4 4. O f (x) 1+{+xp VXD 2(2+0).114 x50 IO =y =

f(x) = Zli( + ()x2+ ()x3+ ...

. 20" 1 a2 o'a2
s SneeW =x« DE ~ Trio(aw ) = 41<B0 = 41<Eov

Problem 2.42
oV E: | 8 + 1 8 BSnocos</»
p- fOV.E- 28 (r r F'sin08</>( r }

1 1 BsnO
oy

=fo [2A + ron - sm</j> - %A - Bsm</».‘

Problem 2.43
FromProb. 2.12, the field inside a uniformly charged sphere is. E = 4;EG-r. So the force per unit volume

isf=pE = (~~3)(41<~R3)r = ~(41<~3)2r, and the force in the z direction on dr is:

dFz = fzdr = fO (471—R; r casO(r2sin 0dr dOd</».

Thetotal force on the "northern” hemisphere is:

2 R 1/2 21f

fO (471R r3dr ]0 cas0sin Odol) a</>

1
fo (471 R; (R ) (9n2° ‘: ) (271')=11~:(3)gz.2

Fz = f fzdr

Problem 2.44

47I 'fO

- Yo =-" da=-1 28,7/ =R
veente= 3 f =g Rf &7 e R @R 26

R h = 2711'rRe sinO dO,
Vpole - 471fj 1- da, Wi {12 R2 + R2 - 2R2cosO = 2R2(1 - cosO).

! 1f/2
- .1 a@iTR2) l)lflz sn0do =._ @Vl - cas0)
471fORV2 VI - cas0 2v2fo 0

aR R o (vE- 1)
':::v'\ﬁfo(l_ 0) _VIEfO .. Vpole- Vcenter= 20 )

Problem 2.45
First let's determine the electric field inside and outside the sphere, using Gausss law:

(r<R),
fOf E .da = fo47112 E = Qenc = f Pd = p k1)1'2sin 0d1'dOd</= 47K Ir 131'= {: ~~4 (r>R).
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SOE =402 f (r <R); E =4~~2 (r >R).
Method 1:

€ (R :ig) kR4
W = 2J E2dr (Eq 2A5) ="21Q 4€Q) 47rr dr + "2 (4€Qr2) 47rr2dr

-47r"€£ r6r+RB 4 %Ir =" Rice 1 =" Rin7
4€Q {IQ y 8 7 IR} seo \ 7

=1mkEER7 1

Method II:

W—~J pV dr (Eq. 2A3)

rokr2 k IWR '
Forr <R V()= | E.di=- I (2 )dr- 1. (; )dr:-- R4 ( ) -
00 00 4€Qr 4€Q 4€Q { r J,00 3 ‘R}

=- (R3+r3- R3) (RS'rS)

4€Q 3 360 4
: = k « R3 47rr2dr= e " 6 Ydr
"W_z:]o(r)[%o( - - ] re r—- ]o R3r3--r)

=onke rers Ry =rkeR? —7rk2R7..(
30 { 4—47} 230\7 7€0

Problem 2.46

_ . ~ -Ar - -A: -Ar } -Ar - A . _f
=-WwW AY (er )'r A{r( )e~ e }r ‘Ae r(1+Ar);
p=¢eV.E =€€A{eAr(1+ArnV. () +~ V (eAr(1+ An)}. But V. (~) = 4m53(r) (Eg. 1.99), and
e-Ar(1+ An(P(r) = 83(r) (Eg. 1.88). Meanwhile,
V (eAr(1+ An) =ftr  (e-Ar(I+Ar)) =f{-Ae-Ar(I+Ar)+e-ArA} =f(-A2re-Ar).

So~. V (e Ar(1+ Ar)) = -Arz-Ar, and Ip = €0A[47r83(r)- ~2e-Ar} .

Q= jPdr = €OA{47r /83(r)dr-A2 je~Ar 47rr2dr} =€0A(47r-A247r 100 re-Ardr).

It reArdr = ~, s0 Q :47r€0(’31- "') = lzero. |
Problem  2.47

(a) Potential of +A isV+= - 2'01In(y), wherest+ isdistance from A+ (Prob. 2.22).
Potential of -A isV- =+3A,In (*,7), wheres- isdistance from A-.



. TotalV = (S )

Nows+ =vVyl(y - a)2+ Z2,and s = yl(y + )2+ 22, s0

Vexy Z) _ (y+a)2+22 = ~ In

(y+a2+ 22 3. ).

11Myy-a2+2 )~ a0 ((y - a2+ 21

(b) Equipotentials are given by 9/”%2)'252 e(41T¥@a/A)= k = constant That is

y2+ 2ay+ a2+ Z2=k(y2 - 2ay + a2+ 72) = y2

y2(k - 1)+ 22(k - 1)+ a2(k- 1)- 2ay(k + 1) =

(X\Y,2)

0, or

y2+ 722+ a2- 2ay (fl:t) = O.The equation for a circle, with center at (Yo,0) and radius R, is

(y-yo?+22=R2,0ory2+ 22+ (Y5- R2) -

2yyo=0.

Evidentlythe equipotentials arecircles,with Yo= a(fl:t) and
a2- yg- RR=>R2: Yg- a2: az(‘ki?I )z - a2c a2 (@2 ael) 204 O

R= ?I?—Y'Ik' or' in terms of V&

e41T<OVOM1 - e21T<OVOe-21T<OVO/A aireovo
YO- 8esiTamlAl - Ae2lTa/A- e211'<adA - acoth (-
_ . e211"<OVO/A_ 2
R=2a —a

z

Problem 2.48

da2v 1
@ V2V= L (Eq.2.24),50 g o =-'<go

b qv: 2w -+ gy i |

(c)dg=Apdx | ¥i =ap~—~ = Apv =1 . (constant).

(Note: p, hence also I, is negative.)

a 71"EOVO
= = acsch - .
e4IT<OVAIA  (e211"<OVOE21T<OVO/A) sinh ell™ Xvo) ( ). )

37
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(d) a2v = -.1..00 .
S <0 = g<gav = oA 20V .y @9 ={3v-U21 ' where {3= 1oAMen..
(Note: [ is negative, so {3is positive; g is positive.)
(e) Multiply by V' = ~
vV dV' ={3V-172 dV 3 I\/'d\/' :{3| VU2 dv o 5V'2 = 2{3VL/2+ constant.
But V(O) = V'(0O) =0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and

V2 = 4{3V1/2:}gy = 2VP VU4 :V-U/4dV = 2vp~'

IV—1/4 dv = 2VP Idx 4 ~ V34 =2VP x + constant.

But V(oy = 0, so this constant is also zero.
3 8112
V34 = 2VPX, soVex) = 2VP) X4/3, or Vex) ="A{ 3 ) x4/3 = 32€~A~() x4/3.

Interms of Vo (instead of 1): | Vex) :Vo(d) . (see graph).

Without space-charge, V wouldincreaselinearly: Vex) =VQ(~). V-
d2v 14 1-23_ 460V
p = de =-€0 Vodd33.3x - - 9d2x)2/3 .

f2q X\ 23
v =v MIVV= v2gvVo/m (d)

) V(9 =vp = (&1_4251'&9 3d4/3 3= ~81rT1d4 2 [2= sglérﬁéaqvoe;

[ - AvecoavQraz - KTT32 g - 4€0A f2q
- 91nd2/o - vo ,wee. - 9d2VvVm:

Problem 2.49
1 .
- _ . 1+ ~\e1J-/Adr.
= 47f€0 IflJ-ﬁ"( A)

(b) . Yes.! The field of a point charge at the origin is radia and symmetric, so V XE = 0, and hence this isaso
true (by superposmon) for any coIIectlon of charges

© v =- IOOE ol = gmo |00"2 (1+ A)er/Adr
1

00 1 1 o1 ,
=. [Adr = - -e-r/Ad - q. -er/).dr .
47t€0 { (1+ a) SR 47f€o{ {r er " Ak o ")
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_ -rf).
Now “er /Adr =~ x| <dr t-- exactly right to kill the last term. Therefore
V() q er/A g er/A
ry=- - J—
41rfO[ rory- 1 41rfO 1
(d) 1E da =~0O~ 1+ ~YeRA# 1)? = 1+ ReRA
sEd = |)!|-,( )e )’ !fJ'O">( )
R
- eri\ r
I Vdr=- q Rf}r”A 2#dr:- alr re r/Adr=- q . Xl
Y mio b ¢ fo lo fo [ (U X2, )] o

= Xi-{-eRA (1+~) +I}.

:.jl.E. da+ ~ Fvar =u. d+RYeRA- fi1+ R\eRA +| =1n. ged
S X2 Jv fO'g X } fo

(e)Doesthe result in (d) hold for a nonspherical surface? Suppose we
makea "dent" in the sphere-pushing a patch (area R2sin BdBd</»
fromradius R out to radius S (area S2sinBdBd</».

DIfE. da=4:fo{;2 (1 +~) eSARXsnBdBd</» ~2 (1 + ~) e-R/A(R2 sine dBd</p
=a4fo [(1 +v) egA - (1 + ~) eRA] sinBdBd</>.
1 S IJ'A , U JS A
D.X2hVdr - X2ALrfO r r smB,dr dBd</> ,X241rfOsm BdBd</4R re dr
= - 4f0 sn BdBd</ter/A (1 + I))I
=-4fO[(1 +~) eSA- (1+ ~) eR/A] sinBdBd</>.

Sothechangein -b IV dr exactly compensatesfor the changein 8E .da, and we get t;q for the total using
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive

distortionsof the sphere, so the result holds for al shapes. By superposition, if there are many charges inside,

thetotal is .,..Qenc. Charges outside do not contribute (in the argument above we found that O for this

voluméE .da+-bIV dr = aand, again, the sumisnot changedby distortions of the surface, aslong asq
remainsoutside). Sothe new "Gausss Law" holds for any charge configuration.

(f) In differentiadl  form, "Gausss law" reads. IV.E + ~~V = ~p, lor, putting it al in terms of E:
VE - g2] E. dI= =p. SinceE = -VV, thisasoyields"Poisson'squation”: _\72V + ¥ = =p.
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E=-VV

V=- JEd

Problem 2.50

p =100V. E =100lX(ax) = foa . (constant everywhere).
The same charge density would be compatible (as far as Gausss law is concerned) with E = ayy, for

instance, or E = (~)r, etc. The point isthat Gausss law (and VXE = 0) by themselves do not determine
the field-like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so "obvious' that weimpose them almost subconsciously ("E must go to zero far from
the source charges' )-or we appeal to symmetry to resolve the ambiguity ("the field must be the same-in

magnitude-on  both sides of an infinite plane of surface charge”). But in this case there are no natura
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question "What is the
electric field produced by a uniform charge density filling all of space?" is simply ill-posed: it does not give
us sufficient information to determine the answer. (Incidentaly, it won't help to appeal to Coulomb's law

(E =~ Jp~dT )-the integral is hopelessly indefinite, in this case)
Problem 251

Compare Newton's law of universal gravitation to Coulomb's law:

F=_Grg|rm2 ) F:'l qq2 .

471"100;:2  r.

Evidently 4;<0-t G and gq-t m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore

IWgrav=-G~.1

Now, G = 6.67 X 10-11 N m2kg2, and for the sun M = 1.99 X 1030kg, R = 6.96 X 108 m, so the sun's
gravitational energy isW — 2.28 X 1041J. At the current rate, this energy wouldbe dissipated in atime

t= W - 288x 105 — 5.90 X 1014s = 11.87 X 107 years.!
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Problem 2.52
First eliminate Z, using the formula for the ellipsoid:

a(x,y)=_m Q ! .
47rab yl C2(X2fad) + CAy2fbd) + 1- (x2fa2) - (yz2fb2)
Now(for parts (a) and (b)) set c-+ 0O, "squashing” the ellipsoid down to an ellipsein the xy plane:
Q 1

Aby)=- oTrabyll- (xfa)2 - (yfb)2

(Imultiplied by 2 to count both surfaces.)
Q

(@) For the circular disk, set a= b= R and let r ==yIx2 + y2.1 a(r) = 27R ..;R21- r2 4

(b) For the ribbon, let Qfb ==A, and then take the limit b-400:1 a(x) = R a2 X2\
(c)Let b=C,r ==yly2 + 22, making an elipsoid of revolution:

X2 12 . 1

2 +¥ =1, witha= Q :

a2 C2 47rac2 yix2 faa + r2 fea

Thechargeon aring of width dx is
dg = a27rr dB, whereds = yldx2 + dr2=dxJ1 + (drfdx)2.

2xdx  2rdr dr c2X C4X2 c2
Now~5 +-~c =0~ gx — & SO0s=dx\y1+ 42 =dx-Jx2fa4 + r2fc4. Thus

-~ 1 2 Q
== =om Q = 5 (Constant!)
Al R =
X dy 47rac2 yix2fad + r2fcd 4 bafad - +r2fed ‘ 2a
o(r)
o)
R ' -a I a’ '

(a) (b)

(c) (d)
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Special Techniques

Problem 3.1
The argument is exactly the same as in Sect. 3.1.4, except that since z< R, v2 + R2- 22R = (R - 2,

Insteadof (z- R). HenceVave 47?€0221R [(#R)- (R- 2]= "T?'éogll If there 1Smore than one charge

inside the sphere, the average potential due to interior charges is 11 Qﬁ]c, and the average due to exterior

charges is Vcenterso Vaves Vcentet D. (
Problem 3.2
A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is gV.

But we know that Laplace's equation alows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the box "leaks" through the center of each face.

Problem 3.3
Laplace's equation in spherical coordinates, for V dependent only on r, reads:

\72v= r2dr (rz dr ) =0~r2 gy =c(constant) ~ qr =R ~ V=-+ke

Example: potential of aunlformly charged sphere

In cyIIndricaI coordlr.1ate3 \7 vV =- dS (a ) =0~ s@ =¢c- & =¢ . v=cins+k-
Example: potential of a long wire.
Problem 34

Same as proof of second uniqueness theorem, up to the equation is V3E3 .da — - JWE3)2 dr. But on
each surface, either V3= 0 (if V is specifiedon the surface), or else E3.I.= O (if ~~ = -El. is specified). SO
JV(E3)2 = 0,andhenceE2=EI' qed
Problem 3.5

Putting U =T =—V3into Green's identity:
Ivr [V3\72V3+ VV3 .VV3] dr = J'ls. V3n3. da. But \72V3=172v1 - \72V2= -P€-O+ 56: 0,andVV 3= -E3-

Solv E~dr = - Is V2E3.da, and the rest isthe same as before.

42
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Problem 3.6
Placeimage charges +2q at z =-d and -q at z= -3d. Tota forceon +qis

g 29 29 -q - 1 92
F =411"/;02d)2 + (4d)2 + (6d)2] z = 47r€0d2 (2 + 8 36)2 = - 47r€0 szz
Problem 3.7
(@ From Fig. 3.13: -1=Vr2+ a2- 2racoss “-=wr2 + b2--2rbcosjJ-: Therefore:
J = - I_:Q 9 i = yv
i V2 + b2- 2rbcoss (Eq.3.15), whileb a (Eq.3.16).
q q
= - (li))y vr2 + ~ - 22 cos8 = - V([;.)2 + R2- 2racos8
Therefore:

1 1
V(r 8)- - =
, - ame \(- we {w2 +a2- racas8 VR +(ral R2 - 2racas8} .

Clearlywhenr =R, V-~ O.
(b)u=-€0~~ (EQ. 2.49). In this case, ~~ = ~~ at the point r = R. Therefore,

u(o)

-€0 (4,€0) {-~(r2 + a2- 2racos8)-3/2(2r- 2acos8)

+ ~ (R2+ (ralR)2- 2racos8)-3/2 (~Z 2r = 2acos8) } Ir=R

= -4~{(R2 + a2- 2Racos8)-3/2(R - acos8) + (R2 + a2- 2Ra CO8)-3/2 (~ - acos8) }
= I;(R2 +a2- 2Racos8)-3/2R- acos8- ~ + acosg]

= ~(R2 - a2(R2+a2- 2Raco0s8)-3/21

Qinduced= w uda —4;R(R2 - a2)!(R2 + a2- 2Racos8)-3/2 R2 sinOdOdcP
1r

= LR - a22nrR2 2R+ a2- 2RaCOS3)—1/2]
47r [ Ra )

- N 1 - 1
ZaIT(az R2)[VR2+a2+ 2Ra  VR2 + a2- 2Ra] .
But a> R (elseqwouldbe inside), so VR2 + a2- 2Ra —a- R.

= 2-(a2- R2)[(@a~R) - (a~R)] =2~-[(a- R) - (a+R)]=2-(-2R)

= |-gq:=ql.1
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(c) The force on g, due to the sphere, isthe same as the force of the image charge g, to wit:

F=~ o =~ [ RrRe 1 =-- gRa
47rEO(a-b)2 47rE a (a-R2Ja)2 47r€0(a2-R2)2'
To bring g in from infinity to a, then, we do work
2R 3 0 @R 1 1 2 1 gR
W =470V (0,2- R2)2aa =aneo [- 202 - R2)] 0 =1 - 47r€02(a2 - R2)
Problem 3.8
Place a second image charge, ", at the center of the sphere
this will not ater the fact that the sphere is an equipotential, a-b
but merely increase that potential from zero to Vo = -1 qu 8 8
47r€0 q q q
v .
" = 47r€VoR at center of sphere.! a
For a neutral sphere, g + " = 0,
1 " q' qq 1 1
F = 47mreq G2+ (@a- b)2 ) = ame0 (-a2 + (a- b)2)
- qq b(2a- b) - g(-RgJa)(R2 Ja)(2a- R2Ja)
- 4A7rE@2(a- b)2- 47r€0  a2(a- R2Ja)2
g2 3 a2 - R2)
- - 4meo \, (@2- rR2)2 .
(Drop the minus sign, because the problem asks for the force of attraction,)
Problem 3.9
(8) Image problem: A above, -A below, Potential was found in Prob. 2.47:
z 2A A
= +)= . o
y V(y2) = 4, In(s_Jst)= 4 In(s.Js~) .2
A [}
x =i~ In Y2+ @+ d2 y
47v€0 {y2+ (z - d)2}
oV oV oV
(b) (I= -ECon' Hereon = oz evauatedat z = O.
A
(I(Y) = -€0, |
o { Y2+ (& + d)22(z+d)- y2+ (- d22zd) }z=0
2A d -d Ad
= 4n{y2+dz- y2+dz} = -~ dz)"
Check: Total charge induced on a strip of width | parallel to the y axis:
—_ —_ | 1 = - -~
= _IAd 1 dy=_Ad -tarl (- o =_IAd
! R y2+dZy 7 [d (d)]loo 7r E (2)]

= -Al. Therefore Aind =- A, as it should be.
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Problem 3.10
Theimage configuration is as shown. y
I 1 -qrey q
Vixy) = - +- "
41f,o YVex - a2+ (Y- b)2+ 72 vex +a)2+ (y-t-b)2+ 22 . I . X
1 I ' :
LR ~q

- Vex + @)2+ (Y- b)2+ Z2- vex - a)2+ (y+ b)2+ Z2} .

Forthisto work, . ¢ must be and integer divisor of 180°.1 Thus 180°, 90°,'60°, 45°, etc., are OK, but no
others. It works for 45°, say, with the charges as shown. 450 line

(Notethe strategy: to make the x axis an equipotentia (Vv = 0),

you place the image charge (1) in the reflection point. To make the

45° line an equipotential, you place charge (2) at the image point. x

But that screws up the x axis, so you must now insert image (3) to

balance (2). Moreover, to make the 45° line V = 0 you also need (4),

to balance (1). But now, to restore the x axis to V —0 you need (5)

to balance (4), and so on. why it works for ()= 450
Thereason this doesn't work for arbitrary angles isthat you are even- 130 e
tually forced to place an image charge within the original region of
interest, and that's not allowed-all images must go outside the re- o x
gion,or you'rE!no longer dealing with the same problem at all.) _;:(_2.)""..(,)!'

why it doesn't work for ()= 1350

Problem 3.11
FromFrob. 2.47 (with Yo-t d): v =4€01n [<: ~:~ =], Iwherea2= Yo2- R2=> a=yld2 - R2,,
and
a coth(27r€o Vol A) : d o d _ h 27r€0/o , A= 27rEgdo .
{ acsch(27r€oVolA) =R } => (dividing) R =cos |\~ or cosh-I (d R)

Problem 3.12

a

00
V(xy) = r!:_I Cnenrx/a sin(n7ryla)  (Eq.330),  where Cn = ~0! Vo(y) sin(n7ryla) dy (Eq. 3.34).

+Vo, forO<y<al2

InthiscaseVo(y) = { -Va, foral2 <y<a } . Therefore,
T ; 12 | a
G I v | sng a)dy - | sn(mrda)dy - 2V . COS(n7|ryIa)a + cos(n7|rya)
® (s al2 y @ { (hla) o (hrla) a2}

2Vo n7r

2Vo
n7r{ 1+ (-Hn - 2cos(2 )}

n7r n7r
= n7r{- cos(27 ) + cos(O} cos(n7r) 005(2:)}
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The term in curly brackets is:
n= 1 . 1-1-2cog(1rf2) =0,

n=2 1+ 1- 2cos(1r)= 4
n=3 1- 1- 2cos(31f2) —0, etc. (Zero if n isodd or divisible by 4, otherwise 4.)
{ n=4 1+ 1- 2cos21)=0, }
Therefore
cn= 8vofnlr,  n=2610, 14€c. (ingenerd, 4j + 2, forj = 0,12, ..,
{0 otherwise.
So
vx =8Vo -~ e-mrx/asin(nlryfa) = 8vVo™ e~(4j+2)1rx/a$in[(4g + 2)1ryfa]
(.Y 1r n:2|:6,11),... n o Ir )'50 4 +2 .
Problem 3.3
Viy) = VO T3 Anuxlasnininfa)  (Eq336):  a= o
' ir n=135,.n 29.90), a=-fOan (Eg. 2.49).
So
_ a 4vo~ .1 - 4Vo~ nir .
ay = -fO ax {1r L..Jhenlr%agn(nlrWa)}l =0 -fO "1 L..J-( -- a )e-nlrxasn(mryfa) =0
4f0OVo =~ .
= 1 L..J sm(nlryfa).
a n=135,.. (niryte)

Or, using the closed form 3.37:
_2V0tan-1 sin(1ryfa) \ _ a= -fO-2V0 1 = sin(1ryfa)
0 o \smh(irda) ) I 1+ ggingg) \sinh2(irxia) 3 cosh(lrxfa)L=0
2fOVO sin(1ryfa) cosh(1rxfa) 2fOvVOo 1
= -a 9n2(lryfay snh2(lrxfak=G -a sin(1lryfaf

Summation  of series Eg. 3.36
4Vo ~ 1 /.
V(xy) = -, where | = L.J -enlrx asm(nlryfa).
Ir n=1,35,.n
Now sinw =Im (eiw), so
I =Im L fi-enlrx/aeinlry/a = Im L A-zn,

where Z = e-1r(x-iy)/a. Now

00 Z 00
1" 70 — o _
1,%5,...H”Zn - jI:-o 3~ 127(21+1) — JO {jLOUZJ } du
Z

1 1 1+ Z 1 . 1 .
= é l-u2du="2In  (I-z )="2In(Re~6)="2(InR+zO),



47

whereRelO = ~~~. Therefore
1= Im —I(InR+zO) -4 pBudtZ 1telr(xiy)a _ (1+elr(xiy)/a) (1- elr(xt+iy)/a)
{2 } 2 1- 7 1- elr(x-ty)/a (1- elr(xty)a) (1- elr(x+ty)/a)
- 1+ elrxa(eilryla- eilryla) - e2lrxla- 1+ 2ielrxasin(7ryja) - e-2lrx/a
- 11- e-1r(X-iy)/aj2 - 11- e-1r(x-iy)/al2
so
tan 0 = 2e-1rX/asne7rYa) = 2sin(7rja) = sine7rYa)
1- e2lrx/a elrXa - eer/a sinh(7rx | a)
Therefore
1 -1 gsin(7ryja) 2Vo -1 gsin(7ryja)
1= 2tan (Siﬂh(7rXJ'a)' and Vex,y) = -;- tan \sinh(7rxja)
Problem 3.14
()82V 82v 0 ‘hb d q - y
a’ 8x2 + 8y2 = ,WIt oun ay con lItlons
a
(i) V(x0)=0,
@i) Vex,a)=0, V=0
(i) V(Oy) =0,

{ (iv) V(by)=Vo(y).} 2
Asin Ex. 3.4, separation of variables yields
V(xy) = (AekX+ Be-kx) (Csinky + Dcosky).
Here()=}D = O, (iii)=} B = -A, (ii)=} ka isan integer multipleof 7r:

Vex, y) = AC (enlrX/a- e-nlrx/a) sin(n7ryja) = (2AC) sinh(n7rxja) sin(n7ryja).

I(E}_u)t S_Z_A)\C) is a constant, and the most general linear combination of separable solutions consistent with (i),
i), (i) is
00

vex,y) = L cnsnnirnga) sniia)

It remainsto determine the coefficients Cn so as to fit boundary condition (iv):

a
L Cnsinh(n7rbja) sin(n7ryja) = Vo(Y), Fourier's trick =} Cnsinh(n7rbja) = ~ O/ Vo(y) sin(n7ryja) dy,

Therefore

2
Cn = asinh(n7rbja) Vo(y) sin(n7ryja) dy.
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a
( - 2 f . - 2Vo 0, ifn i_s even,
b) Cn = asm h(nib/a Vol sm(mry/d) dy - asm h(nub/p x { aar fnisodd, 3

Vex, y) = 4Vo I_ smh(nll 'x/a) sm;nll 'y/a)

11"n=1,3 n sinh(nll"b/a)
Problem 3.15
Same format as Ex. 3.5, only the boundary conditions are:
() V=0 when x=0,
i) V=0 when x=a,
(H) v=0 when y=0,
(iv) Vv==0 when y=a,
(vy V=0 when z=0,
(vi) V=Vo when z=a.

This time we want sinusoidal functionsin x and y, exponential in z
X(x) = Asin(kx)+ Bcos(kx), y(y) = Csin(ly) + D cos(ly), Z(2) = Ee~z + Ge~z
()::}B = 0; (ii):::}k = nll*/a; (Hi):::}D = 0; (iv):::}1 = mll"/g; (v)::: 3} E + G = O. Therefore
Z(2) = 2Esinh(1l"vn2 + m2za).

Putting this al together, and combining the constants, we have:

Vexy, Z) = I_1 L1 Cn,msin(nll"x/a) sin(mll"y/a) sinh(11"vn2 + m2z/a).
n=1nm=
It remains to evaluate the constants Cn,m, by imposing boundary condition (vi):

Vo— LL [Cnmsinh(1lI"vn2 +m2)] sin(nll"x/a)sin(mll"y/a).

According to Egs. 3.50 and 3.51:

a a
0, if nor miseven,

Cnmsinh (11"vn2 +m2) ( ) Vol f sin(nll"x/a) sin(mll"y/a) dxdy = { LYo, if ~othareodd. }

Therefore

16Vo ~ ~ 1 . sinh (11"vn2r m2z/a)
V(xy,2) = ~11" n=r35,.. m=r35,.. Mh(nll"x/a)sm(mill“y/a) sph - (11"vn2 + m2)



Problem 3.16

P3(X)

Weneed to show that

1 d3 , 3 ~ 2 2 1~ 2 2
8.6 dx3 (x—l ) = 48 dX23 (x—l ) 2X —'8dx2 X (x-| )
Id Id

= | - 1)2 + 2x (X2- 1) 2x] =g [(x2- 1) (x2- 1+ 4X2)]
1d 1

8~ [(x2- 1)(5X2 1)] ='8[2x(5x2- 1)+ (x2- 1)10x]

1 1 3
2 (5X3- x + 5x3- 5x) =7 (I0x3 = 6x) = X8 - X

P3(cosO) satisfies

s~o~ (sino~:) =-I(I + np, with 1= 3,

where P3(COSO)= - cosO (5 COS20 - 3) .

3 = ~[-sn0(5C0SD- 3)+ cosO(I0cosO(-sin0)] = =~&nO (5COSD - 3 + 10c0s20)

= -~sinO(5c0s20-1).

:0 (sinod~3) =

1 d
sinO dO

1
{ PLX)P3(X)~ =/p)~ (5X3- 3) dx =~ o6 =x31-1=~(-1  +1-1) =O./

Problem 3.17

dpP
smO dO

1
= -3.4. 2coso(5COR- 3)=-I( +1)P3. Qed
1

(@Inside: V(r, 0) = IIA 0,r‘p‘(cosO) (Eq. 3.66) where

@+ 1) :
A = 2R | Vo(O)P(cos0)smOdO  (Eq369).

Inthis case Vo(O) = Vo comes outside the integral, so

1T

AL (2 ZRI‘)VOZ P.(cos0) sin 0dO.

) = -3cosO [5COS21- 5(1- COSR)] =-3cosO (I0cos20- 6)

49

=~ [sin20 (5 COS® - 1)] ==""[2sinO cosO (5COS20 - 1) + sin20(-10 cosOsinO)]
-3sinOcosO  [5c0S20-1-  5sin2 0] .
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But Po(cos0) = 1,so the integral can be written

I . _ 0, ~fI#O0 (Eq. 3.68).
¢ Po(cosO)~(cos0)sin0dO 2, Ifl=0
Therefore
A= e if128,

Plugging this into the general form:

V(r, 0) = Aoropo(cosO) =IVo.1
The potential is constant throughout the sphere.

Outside:V(r,0)= tdr~l ~(cosO) (Eq. 3.72), where

B, (21; DRI+1 s Vo(O)~(cosO) sinOdO  (Eq.3.73).

0] Ifl#0O
(21; 1)RHVo (! P, (cos0) sin0do={ RVo, ifI=0}.

Thezgf)ore 'V(r,0)= Vo~ (Le. equals Voat r = R, then fallsofflike~).

{_Alrt~(cosO), forr ~R (Eq.3.78)
=0

00 Bt

: _ forr ~R (Eq. 3.79
V(8= L f1+I~(cos0), Torf (Ea. 3.79)

)

where
B, =R2tH At (Eg. 3.81)
and
At = 2fO~t-l! 0 a0 (0O)Pt(cos0)sn 0dO (Eq.3.84)
1 0, if | #0
= 2foRt-lao! 0 ~(cosO)sin0dO  —{ Raoffo, if 1= 0 } .
Therefore
Rao
“to forr ~R

V(r,0)= { Rgoao;n forr~R }
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Note:in terms of the total charge Q = 47rR2a0,

1 0Q 5

47rtoR forr ~ R

1 Q .
Ve - { 47rol forr 2.R}

Problem 3.18

YoU}) —kcos(30) =k [4COS0 - 3cosO] —k [0:P3(COs0) + ,BPI (cosO)].

(I know that any 3rd order polynomial can be expressed as a linear combination of the first four Legendre
polynomials; in this case, since the polynomia is odd, | only need Pl and P3))

4COS30- 3cosO =0: [~(5COS3 0 - 3COS0)] + ,BcosO = 5;c0330+ (,B- ~0:) cosO,

o)
50: 8 3 3 8 12 12 3
=5 =>0=¢4 -3=B -20:: B 55" B = =>B= 5 - 3= g
Therefore ‘
Vo(0)= "5[8P3(cosO) - 3PI(cosO)].
Now
fAr'Pz(cosO), for r ~R (Eq. 3.66)
V(r,O):! 3 6fl Pl (cos0), forr 22R (Eq.3.71) ]
where
@ +1) |
A = 2Rl Vo(O)Pz(cosO)smOdO (Eq.3.69)
(2~ 1)~ {8 P3(cosO)lj(coB)sinCdO 3[ P (cosO)lj(cosOgioOdG
k(21 + 1) 2, 2
= "5 2R {8(2 + 1) 013- 3(2 + 1) Oil} ="5 RI [8013- 3Qil]
8k/5R3,  ifl=3
= { -8kBR, ifl=1} (zerootherW|Se)
Therefore
V(r,0) = - :~rPdcosO) + 5~3r3P3(cos0) = ~ [8 (~) 3P3(cos0) - 3 (~) PI (COSO)] ,
or

~ {8 (“'f ~ [5COS30 - 3cosO] - 3 ("‘)coso} = V(r,0)= ~~ cosO {4 ("‘f [5COSD - 3] -,-3}
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(forr ~ R). Meanwhile, Bl = A1R21+1(Eq. 3.81-this followsfrom the continuity of V a R). Therefore

BKRA/S, It 1=3 (zero otherwise)
Bl = { -3kR2/5, ifl=1} -

3kR2 1 8kR4 1 k 4 2
V(r,0) = 5 r2PI(COS0)+ S r4P3(CO0) =, 5[8 (R) P3(cosO)3 (R) Pl(coso]),

or

V(r,0)=~(~r cos(4 (~r [5CO®* 3]- 3}
(forr ~ R). Finaly, using Eg. 3.83:

00

a0) = €021)_2&+ 1)AIRI-IPI(COS0) =€0[3AIH  +7A3R2p3)
3k 8k " €0k
= €03 (- SR) Pl +7 (5R3) R Pq = B5R [-9PI (cos0D) + 56P3(cos0)]
€ok 56 3 €ok 2
= ill [-9 cos0+"2 (5c08 0- 3cos0)] = 5R cosOf9 +28.5c0s ¢ - 28. 3]
= 1~~CO0S0[140c0s20-93].
Problem 3.19 .
00 ~+1 I .
UseEq.3.83:  a((}) :€02P21+1)AIRI-IPt(cosO).ButEq.3.695ays: Al = 2R : Vo(O)Pt(cosO)sin 0d8.
Putting them together:
a@ = ;~ 2321 + 1)2C1Pt(cosO)with Clz(! Vo(O)Pt (cos 8) sin 8dO. ged

Problem 3.20

Set V =0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:

R3 10
V(r,0)=-Eo (r—2"r )cosO+——41r€0r
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Problem 3.21

~ ) ~ ) - B! (|
(@ V(r,0) = L.g/+1.P,(cosO)r > R), so V(r,0) = L.odI+IPI(1) = L.J/+1= 2fO[Vr2+ R2 - r].
Sinca > Rin thisregion,vr2 + R2=rvl + (RN2 =r [1+ ~(Rr)2 - ~«(R/r)4 +..], so

o Bl 0 1R2 1R4 (i R2 R4
Lo I+ 2f/ [1+27" - 844+ .- 3 a0 (o - 83+... ).

.y _ QRZ . - — __(j R4
Comparingkepowersof r, | seethat Bo = 40 Bl =0, B2 1660 Therefore
(iR2 1 R2

V(r,O) 4O [;: = 4r3P2(cos0) + ... 7,

= e 1-| - :
or ;8 C)z (3cos2 0- 1)+.. 3

(forr > R).

00

(b)V(r,0)= Iif(\jr"p‘(cosO) (r < R). In the northern hemispere, 0 ~ 0~ 1r/2,

00

V(r,OF LAr =2,[w2+R2-1].

Since <Rinthisregion,vr2 + R2=RV1 + (r/R2 = R[1+ ~(t/R)2 - ~(r/[R4 +..] . Therefore

00 (i 1r2 1r4

L_OO\,I" =20 [R+2R- 8R3+...-1].
C - \ . _— (J —_ __(j ' _ (J i
omparmghke powers. Ao —2+6R, Al = 20 A2 = 20R S0

V(r,B) = 20 [R~-rPl(cosO) + 2~P2(CO0) +...] ,
(for r < R, northern hemisphere).

= ~n- (~)COSO+ ~ (~)2 (Bco20- 1)+ ...],

In the southern hemisphere well have to go for 0= 1r,using Pz(-1) = (-1)/.

00

V(r,1r)= &(__-é)IA,r‘ = %[vrz +R2-1] .
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(1 put an overbar on A, to distinguish it from the northern A,), The only difference is the sign of At: |
At = +(uf2€0), Ao= Ao, A2= A2. So: I

V(r,0) = 2:0[R+rP1(COSO)+2~r2P2(COSO)+..],

(forr < R, southern hemisphere).

~= [1+ (~) co®+ ~ (~f (3cos0- 1)+...],

Problem 3.22

LAS p(cosD), (= R) (Ea378),
B,
V(r,B) = | 'Z f+1P(cos0), O ~ R (EQ.3.79), )

whereB, = AR2IH (Eg. 3.81) and
11
A, = 26011 0/ uo(O)P, (cos0) SNOdO (Eq.3.84)

= 2€0-1-1 Uo / P,(cosO¥in0Ode- / p,(cose)sinede} (let x = cos0)
0 1172

= 2600;.-1 {OI P,(x) dx - ‘i] P.(¥) dX} '

NowP,(-x) = (-D)'p,(x), sinceP,(X) iseven,for evenl, and odd, for odd I. Therefore

1
[ P,(x)dx :[P,(-X)d(-x) =y !P,(X)dx,

and hence
0 if | iseven

A= U [1- (-1)] firw & =
1

_—~
| 2€0R - € R-1 /1P,(x) dx, if | is odd

0 { o 0 }
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SoAo= A2 = A4 = A6 = 0, and all we need are Al, A3, and AS5.
1 1

[xdx = ~2|:: ~
1

[ P3(x)dx = Zf(Sx - 3x) dx = 2 (54 - 32" )0_2(4 2)—-B

IPI(x)dX
Pl

1 1
- / (63x5- 70X3+ 15x) dx = - 63— - 70— + 15-
8 8 6 4 2 )

0

oo
= 1 f21. 35+ 15\ = _(3p . a2y = ~
8(2 5 2)‘1%36 3%) = g

0/ P5(x) dx

Therefore
00 41
Al =~ (2) A3 = €OR2( ) A5 = €0OR4 (16) etc.
and
00 3
BL = ~R (2) B3 = €0R ( S) B5 = €0R (16) etc.
Thus
2€0(r) [PI (casB) - a4 (R) P3(cosB)+ S(|I) P5(cosB) +. ] (r =R,

1

R3
V(,0) - { -~or2[P|(casB) 4. (R) P3caB)+ S(R) P5cosB)+ . 1 v (r 2:R). }

Problem 3.23

10 ,0V 1 02v
-;0S (sa; )+ S20(p2= O.

Lookfor solutions of the form V(s,4» = 8(s)<I>(4»:

d d2<1>
-<lxs (sds) + 528 d4>2 = 0.

Multiply by s2 and divide by V = 8<1>:

s d 1 d2<1>
S<I>ds (S ) + ¥ da>2 =
Sincethe first term involves s only, and the second 4>only, each is a constant:

s d ds 1~<I>
Sds (s ds ) =Cl, ¥4, = C2, with C1+ C2= O.
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Now C2 must be negative (else we get exponentials for <I>which do not return to their original vaue-as
geometrically they must- when <jik increased by 27r).

2 d2<|> 2 .
c2 = -k Then d<jJ2=— k <I>=> <I>= A cos k<jd+ B sm k<jJ.
Moreover, since <I>«8 27r)= <I>«jJ, must bean integer: k = 0,1,2,3,... (negative integers are just repeats,

but k = 0 must be included, since <I= A (a constant) is OK).
Sis (s%%) = k2S can be solved by S = sn, provided n is chosenright:

d d
Sgg (snsl) = nsyq (sn) = n2ssn-l = n2sn = k2S =>n = :fi k.

Evidently the genera solution is §s) —ask + Dsk, unless k = 0, in which case we have only one solution
to a second-order equation-namely, S = constant. So we must treat k = O separately. One solution isa
constant-but  what's the other? Go back to the differential equation for S, and put in k = O:

Srd
ds

dBy _ . _dS _ __._d cC ds
(Sds) —0=> 5y Tconstant =C = -, = - =>dS=C-, =>S= Clns + D (another constant).

So the second solution in this case isIns. [How about <I>7That too reduces to a single solution, <I= A, in the
case k = O.What's the second solution here? Well, putting k =0 into the <l®quation:

d2 <I> d<I>

a<ji2 =0 => d<jF constant = B =><I= B<j3 A

But aterm of the form B<jJs unacceptable, since it does not return to its initial value when <ji augmented
by 27r.] Conclusion: The general solution with cylindrical symmetry is

00

V(s, <jJr ao+ bolns+ I!_—I [sk(ak cosk<jJ+ bk sink<jJ) + sk(Ck cos k<ja+ dk sin k<jJ)].

Yes: the potential of a line charge goes like Ins, which is included.
Problem 3.24
Picking V = 0on the yz plane, with Eo in the x direction, wehave (Eq. 3.74): y

i Vv =0, whens=R,
{ (ii) V--+-Eox=-Eoscos<jJ, fors»R. }

Evidently ao= b.o= bk= dk = 0, and ak = Ck= 0 except for k = 1: X
V(s, <j¥ (als + c) cos<jd.
(i)=>Cl = -aR2; (ii)-+al = -Eo. Therefore ,

E R2
. ~ ) or
V(S,<j\]§f -EOs + )COS<J‘]’ V(S,<j\]§= -Eos [(~r -1]  cos<ja.
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a=-EO0~Y .x — -Eoko (- |§: - 1) COS</>‘ = 12E0E0  cos <>l

s=R
Problem 3.25

Inside: V(8, </»= a0+ r 8k (ak cos wi»> + bksink</». (In this region In8 and 8-k are no good-they  blow

upat s=0.)
1
Outside: V (8, —(10+ kE Kk (Ckcos i + dk sin k</». (Here In8 and 8k are no good at 8 -+ 00).
=18

- (aVant - O~

n
Eq. 2.36).
a- -EO 08 08 )S=R (Eq )

Thus

asin 5</%= -EQ ;[l { - R+1 (Ckcos ke/>+ dk sin kef» - KRkl (ak cos k</>+ bk sin k</»} .
Evidently ak —ck = 0; Ek —dk —0 except k =5; a =5EQ(~6 d5+ R4 bs). Also, V is continuous a 8 = R:
a0+R5b&n5</>=(10+ R5 d5sin5</>S0 ao = (10(might as well choose both zero); R5b5 = R-5d5, or d5= RIOb5.

Combininghese results: a — 5EO(R4b5 + R4b5) — |IOE0R4b5; b5 — 10E:R4; d5 = ~~.. Therefore

( <i»- asps<s R4 for 8<R,
vig, - 20" reles, for 8> R}

Problem 3.26

Monopole term:

Q :\] pdT —kR \] iz (R - 2r) singl r2 sinO dr dOd</>.

Butther integral is R

BJ(R' 2rydr = (Rr-r2)l: =re - R =0. SOQ=0.

Dipole term:

J r COSOpdT = kR \J(r cosO) [:2 (R - 2r) sin Q] r2 sin 0dr de d</>.
Butthe Bintegral is

.2 sme 1
Jsm ocosodo= ~ = 3(0- 0)= 0.
0 0

Sothe dipole contribution is likewise zero.
Quadrupoleterm:

= 12 (~COS20 - ~) pdT :~kRJJr2 (3cos20= 1) [r1ZR - 2r) sin€] r2sin0dr dO.
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r integral:
"R 3 R _ _
I r2(R - 2rnjdr = (~R - r4) —R4A- R4 —="R4
0 3 2 )Jo 3 2 6'
0 integral: i i i
! — sn20de =2 « sin20de - 3 » sin4Ode
0 3(1-sin2 11)-1=2-3sn2 11 0 0
= 2(~) -3(3) :1r(1-~):-i'
c/Jintegral:

2~
w dod = 21r.
0

The whole integral is:
k1r2R5

é‘R (“Rg )(g) (21rf== 45

For point P on the z axis (r ~ z in Eq, 3.95) the approximate potential is
V(2 ~ e Ok%8221§5- (Quadrupole.)

Problem 3.27
p =(30a - ga) Z+ (-20a- 29(-a» y =2gaz Therefore

Voot -1 PT
- 41ro r2 '

and p.r = 2gaz.r = 2gacos0, so

V - |~  2gacosO '
ang %o (Dipole)

Problem  3.28
(@ By symmetry, p isclealy in the z direction: p —pz; p :szdr - Jzada,

p — = (RcosO)(kcosO)R3  sinOdOdlj> = 21rR3k & COS20sinOde = 21rR3k (— co-3 O)|6

~1rR3K[ I-(-1)]=41r~3kip=~z.1
(b)

v OOC  4lrRskeos0 2 @0 pinole)
2 .

= 41r'0 3 r2 = 3£0
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Thidsalso the exact potential. Conclusion: all multiple momentsof this distribution (except the dipole) are
exactlyzero.

Problem 3.29
Using Eq. 3.94 with r' = d/2:

1 10(L dy"
- == - Pn(cosfJ)j
1-+ r n=0O\2r

forL, welet fJ--t 1800 + fJ, so COdJ--t - COdJ:

10 dy"
:;:-j:_O (Zr) Pn(- cosfJ).

ButPn(-x) = (-1)npn(x), so

1 10 dy\n
V—;% . (J ) q i_ (;r ) [Pn(cosfJ) - Pn(- cosfd)] = 4 q ( ) Pn(cosfJ).

411"EOr n=0 =Ir'Eorn= 138
Therefore

viip = 4¢P HbOTHJ) = gCe®  while  Vquad= O.

2q
Voot == . Eor( ) P3(cosfJ) = 5(8'42 (5cos fJ- 3cosfd) = 41| E§-4 (5cos *i- 3cosfJ).

Problem 3.30
@ 0 Q=[8J (i) p =130az 1 (i) v ~ 4U[EG+] r = | 411°EQ2q + 30a20ST}
b)) Q=[8I )p = gaz. i)V~ smrEpy+ quoasy .

©0Q=[8J (ii)p=13qay,1 (iii)V~ M1EQx + 3qasdISn 4] (from Eq. 1.64,y.f =sinfJsin 4».
Problem 3.31

@ o _ 7P
(@) Thispoint isat r =@,0= ~, » =0,0 E = [T = {i = 72l F 0 = Thres
(B)Herer =8,0=0,08 =4 p 32 =4,205Z F= 20932

©Vv=0[V(0,0,aV(@,00f ~ (s - cog(%)]=
Problem 3.32

_ - 1 -0 _ . _ 1 gacosfd
Q=-Q, o vinono = 7, .o p =daz, s Vdip= 3950 2 - Therefore

-~ -~ + aCosJ ~ ~ ~ [2COSfI+sinfXj .
V(1) 411"E(( r 2 r2 ) E(r.1) 411EO [ L2t ( Al )]
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Problem 3.33

=(p.Hf+(p. 000= c s{}f - psin{}O (F|g 3.36). So 3(p. f) f - p =3pcos{}f - pcos{}f+ psinOO =
2pcos{}f + psin{} (J. So Eg. 3.104 ==Eg. 3.103.

Problem 3.34 1
At height x above the plane, the force on gisgiven by Eg. 3.12: F = “41I"€@Z2 = mat~; W= _A/x2,

g2 . dx dv Adx 12 A

where A ==1611"€om Multiply by v = dt: vdt =- x dt =} dt ) dt ) ‘} 2v =+ constant.

N
But v = 0 when x = d, so constant = -A/d, and hencev2 = ZA( -- d) - dt = 2AY;;--d =

[¥4Jd: X.

0 .;X [2A [ 2A
}~dx:-Ya: I dt=-Ya:t.

This integral can also be integrated directly. Let x —u2; dx —2uduo

0
[orx =] w0 2w - (<) Vb =

Vii
Therefore
t=Y églg_d- P tioirem = A
Problem 3.35
Xu +_ —- h.-. +- ; hl-l hll

The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net
force of the negative image charges is:

FE = 1 2 1 1 1
A1reof (2@ 17 [2a+ 2(a- X7 [4a+ 2(@- 0]
1 1 1
-~ (2at+2x)2 - (da+ 2X)2-... }
- 1@ 1 1 1 1 1 1

211"€0f (a- x2 + (2a- X)2+ (3a- X)2+.. ) - [X2+ (@+ X)2+ (2a+X)2 + .. }} .

1
~ . q2
When a -+ 00 (Le. a ~ x) only the , term survives: F = "41I"€(12x)2'/ (same as for only one plane-
Eq. 3.12). When x =a/2,
1 g2 1 1 1 1 1 1

F =arens {[ @22 + (3a/2)2+ (5a/2)2+ ..., - [(a/2)2+ (3a/2)2+ (5a/2)2+...}} =O../
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Problem 3.36
FollowingProb. 2.47, we place image line charges -\ a y —band +\ a y —-b (here y isthe horizonta
axiszvertical). Z
p
-\ y

In the solution to Prob. 2.47 substitute: a
2
a-b at+b a-b at+b 2 2 R
a~—, YO~~s0 (~ ) = (~ ) -R i b=~

\ +In - ~I\n
e (S (~)] - 411"£0 (s~s~
A [(y+a)2+2)(y - b2+ 22

~

= In{ [(y- @2+ Z2](y+ b)2+ 2]} , or, usmgy = scosrjJ,z = Ssmer

(s2 + a2 + 2ascosrjJ}(asfR)2 + R2 - 2as cos 1jJ]
= 1411"£® { (a2+a2-2ascosrjJ}(asfR)2+R2+ 2ascosrjJ] }.

Problem 3.37
Sincethe configuration is azimuthally symmetric, V(r,8) = L (A,r' + I’~1).Pt(c058).

(@r>b: A =0foralii, sinceV ~ 0at 00. ThereforeV(r,8) = I_ r~1.Pt(cos8).

a<r<b: V(r,8)= L (clrl +:;:1) .Pt(cos8).r <a: V(r,8)=Va.

Weneed to determine B" C' D" and Yo. To do this, invoke boundary conditions as follows: (i) V is

continuousat a, (i) V is cgntinuous at b, (jii) ~ (~~) =- £-a(0) a b.
" | DI

(1)1~ LJ ff+1 plcoso = ch + bI+I) Plooso) bR =Cbl + B - 'B, =p+1C, + D,. " (1)
L D _ aa + D if | =0, D - a+1¢C |t

(i)~ (C,a +a»_;,1..).Pt(cosO) —Vo;{ {}Bao_'_a_jlja: vo, 1170 Db=m®0- ado. ' » 12

Putting2) into (1) givesB, =b21+1C- a21+1C"l =B, Bo= bCot+ aVo- aGo.Therefore

B1- (b21+1 - a2+l )C|' I'yt.0 ’
Bo = (b- a)Co + aVo. ()

(i) LBo-(I  + 1)]f~2P1(COSO) L (Clibl-l + DI-~I~ 1») Pt(cosO)= ~: Pl (cosO). So

(1+1) 1-1 -1 F 1y - ,
- b+2 Bl - (Cllb +DI bi+2 ) 0, If I =F1,
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or
-(I + )BI - ICIb2IH+ (I+ 1)DI =03 (1 +1)(B, - D,) = -Ib2l+1C"
1 -2 k 2
B1(+2)b2+ (C1+ D1[;2 ) =fo,forl=l; C1+b3(B1-D1)=k.
Therefore

(I + I)&B, - D) + Ib2‘|k-|C, = 0,for 1¥ 1,

c1+ 3B1-Dd = ®)

fo

Plug (2) and (1) into (3):
For 1¥ Oor 1:
(I+ 1) [(b21+* a21H) C, +a2l+1C)+Ib2l+1C, =0J (I+1)b2’HC,+Ib2’HC, =0; (21+1)C, =0=>C, =o.

Therefore (I and (2) =>.B, =C, =D, =0for 1> 11
For 1= 1 c1 + ~[3-a3 c1+a3Cd =k Cl+ 2C1l =k = .Cc1 =k/3fO; . p1 = -a3C1 =
D1 = -a3k/3fo; . B1 = (03 - a3) C;t=>,Bl = (b3- a3)k/3f0.1

For1=0: Bo-Do =0=>Bo =Do => (b-a)Co+avo = aVo-aGo, sobOo= 0=> Co =0; Do =aVo = Bo.!

avo (b3-a3)k avo k 63
Conclusion: IV(r,0)=-r + 3 co0, r ~b. V(r,OF -, +§fO( - 2 )cosO,| a:r: b

av avo k a3 Vo Kk
(0)0'i(0) =-fO ar \a =-fO [~ + =~ (1+ 2a3) cosO] = -fO ( + fO cosO) =, -kcosO + voip. .
(©qi = [ oica = Ala , = 47rafoVo —Qot. At large r: V ~ ayo.;- Z#foé _Zﬂffdqufovoz ayo ¥

Problem 3.38

Use multipole expansion (Eq. 3.95): pdT -t Adz=""dz, andr' -t z

a

-1 1 Qg4
V() =3 +1 [ zPn(coso)- 5, 9
foOn=0mr 2§ a
The integral is
a
H = 2anH
-%n(cosO) / mdz = -S Pn(cos0O) i 1 ? = '2Q Pn(cosO)- 1 for n even, zero for n odd.
2a LA a m+ --a a n+
Therefore
V = 4~fO~ n:(!:2,4,... [n:1 (,f Pn(COSO)].  Qed
Problem  3.39

Use separation of variables in cylindrical coordinates (Prob. 3.23):

00
V(s, </»= ao+ bolns + I!:I [sk(ak cos k</s+ bksink</» + sk(Ck cos k</>+ dk Sink</»] .
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s<R: V(slj» =1:~l sk(ak cosklj> bksinklj» (Insand sk blow up a s =0);
s>R  V(slj» = I:~l sk(Ck cosklj>+ dksinklj» (Ins and sk blow up as s -+ 00).
(Wemay as well pick constants so V -+ 0 as s -+ 00, and hence ao = 0.) Continuity a s = R =}
LRk(akcoskIG + bksmklj» = LR-k(Ckcosklj>  + dksinklj», so Ck = R2kak, dk = R2kbk. Eg. 2.36 says
_aV (:E' Therefore
as R+ as R EO
I_ Rl (Ckcosklj>+ dksin kij» - L kRk-I  (ak cosklj>t+ bk sin Kj» = - #d,
or: 1
2kR KA + C KAy T (10/EO 0 << ]
(ak cos Kif lqksm If) - { -ao /EO (11.</|}.<211) }
Fourier's trick: multiply by (cos llj» dlj>and integrate from O to 211"using
211" 211"
/ / 0, k=l
f sn Kij=coslIjlj>=0; I cos Klj>codlj>dij>= { ot }
Then . o o o
ARy = U0 o ldh - /coslAf dp =¢0 SnlliEe_ ST —g g-0
EO [(/ ] EO { I 0 I .}
Multiplyby (sinllj» dlj>and integrate, using I sn Kj>gnllj>dj= {~, ~~~}:
. 211" 2
(10. . (10 cosllj>" codlj> 11" (10

21RI-111"6l EQ[sm Icdj>! smljdlj>=e{ - zlo + 2z-111% =0 (2- 2cosi

- 0, if | iseven b - 0, if | iseven
- { 4QQ0/EQ, if l'isodd } =} 1- { 2(10/11"EdRe-, if | isodd }
Conclusion:
_ 2(10R" 1. SRk (s<R
V(sli» = 1'EQ_13s K2smKjX (R9k (s>R) }.
Problem 3.40
UsEq.3.95mtheformv(r) = ,1 — P | /
4 (= 4 e m in =l MA@ dz

. 11" 4ak
(@ 10= kf cos (Za) dz =k [- (2a )] -a = --;- L‘n (2 (—2 )] = ---;-. Therefore:

aky ~
V(r,B) ~ e EO( )r' (Monopole. )
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(b) 10 = O.
n = k_w; zsin(7rz/a)dz =k {(,)Zm (rraz) - Z COS(7I‘aZ}[a
a2 a2 2a2
k { ( ) [sin(7r)- sin(-71)] - -;- cos(7r)- -i- cos(-7r) } =k-;-

— I -~ = 2a2ky 1 _
v(r.0)- 47r€0( 7r )r2 coso.  (Dipole)
(© 10 = h =o.
= 2 d _k 22Cos(1rzla) | (Trala)2:2 -~ °
2 kJZ COS( ) ‘ @a? T @a)’ Sm’(a—a}l
4a3k
AZ) = Zk( ) [acos(7r )+ acos(-7r)] =--;;:2'
;dA\r a 4a3k
; V(O ~ 771e0 ( 72 ) 33 (3005 0-1). (Quadrupole.)
Problem 3.41

(8 The average field due to a point charge g a r is

Eave © 4 L EdT, whereE = -2¢ ¥
=D (3mel®) JEdT,  whereE = 47red"-
1 1

so Eave= ”
(§7r€0 R3) 47r€0 ‘] P2 dT.

(Here r isthe source point, dT ist?e field point, so-tgoesfromr to dT.) The field at r due to uniform
charge P over the sphere isEs = 4 JP,,_~ dT. This time dT isthe source point and r isthe field point,

so -t goes from dT to r, and hence carries the opposite sign. Sowith p = -g/ (~7rR3),the two expressions

agree: Eave = Ep.

(b) From Frob. 2.12:
1 . q I p

p = 360 - 47r€0 R3 - 47r€0R3.

(c) If there are many charges inside the sphere, Eaveis the sum of the individual averages, and Ptot is the
sum of the individual dipole moments. So Eave= - 47,§R3 qed

(d) The same argument, only with q placed at r outside the sphere, gives

1 (17rR3p) . . 1
Eaver Ep= 4, 93,2 r (field a r due to uniformly charged sphere) = g7 e I
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But this is precisely the field produced by q (at r) at the center of the sphere. So the average field (over
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces
at the center. And by superposition, this holds for any collection of exterior charges.

Problem 3.42
(@
Edp = gpRop (2c0s(r + sin()0)

Amieg [2cos()(sin(cos 15X + sin() sin 1/>y+ cos()2)
+ sin ()(cos()cos I/ + cos()sinl/>y - sin ()z)]

#=P 3 3sin() cos()cos I/x + 3sin()cos()sinl/>y + .(ZCOSZ)O- sin2 () Z

=3cos211-1 ]
Eave = (t7|"1R8] Edip dT
(t71"1R3) (4:EO) J r13[3sin ()cos ()(cos I/x + sin I/y) + (3C0SZ) - 1) Z]r2 sin (dr d() dif>.
2", "

But oI cos/>di/> = B] sn/>d/> = 0, sothe x and y terms drop out, and rd|/>: 27150

R

Eave= (t: R3)(4 EJzn--J ~dr BJ (Bcos2 ) - 1)S|n() d()

( cos3 ll+cos 11)10=1-1+1-1=0

Evidentty . Eave= 0, which contradicts the result of Prob. 3.41. [Note, however, that the r integra, JQQ F"dr,

blowsup, since Inr -t -00 asr -t D.If, as suggested, we truncate the r integra at r = £,then it isfinite, and
the ()integral gives Eave = D.]

(b) Wewant E within the E-sphereto be adelta function: E = A83(r), with A Selectedsothat the average
fieldisconsistent with the general theorem in Prob. 3.41:

1

J ,and hence E = 3 8(n.
Eave — (471"8) VY A83(r) dT = (43m'8) = - 47ER3:::} A = =380 | B0

Problem 3.43

@1= JoWd .(W2) dr. But V. (VIW2) S(Wd .(W2) + VI(V2V2), so

1= Jv. vwadr - Jvaves =tv1(vv2). da+ E~J VIP2dr.

Butthesurfaceintegral is over a huge sphere "at infinity”, whereVland V2-t D. Sol = ‘E"OJ V1P2dr. By

thesameargument, with 1and 2 reversed, 1= E~J V2PIdr. SoJ V1P2IT=J V2Pidr. Qed
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(b) : .o ik
( SRR B o & M. § WiYSha )

JV'P2d,-~VI.J.P2dT+ V"I P2dT~V.'Q.

{ Jvepi & =Vv2alaPl dr + V2hibPl dr = VbaQ. }

Green's reciprocity theorem says QVab= QVba, so Vab= Yba. ged
Problem 3.44

(@) Stuation (1): actual. Stuation (2): right plate at Va,left plate at V = 0, ho charge at X.
V=0 V=0

0~X » VIP2dr =v,IQh + Vo:1QO2 VriQr2.
But v,| = Vrl=0and QO:2 0, so JVIP2dr = o.

» V2PIdr =v,2Q1 + vozqon  + Yr2Qn.

But v,2=0QO:=q, Vr2= Va, Qrl = Q2, and VO:2 Vo(x/d). So 0= Vo(x/d)g + VOQ2,and hence

Q2 =-gx/d.1
Stuation (1): actual. Stuation (2): left plate at Va,right plate at V = 0, no chargeat x.

» VIP2 dr =0=a V2P o =Vv,2Q1 + V0:2Q0:F Vr2Qrl = VOQI + gVO:2+ o.

Bu vo:2=Vo(1l- J), S0
.Ql =-g(1 - x/d)..
(b) Stuation (1): actual. Stuation (2): inner sphere at Va, outer sphere at zero, no charge at r.

» VIP2dr = Val Qa2 + Vrl Qr2 + Vbl Qb2.

But Val = Vbl = 0, Qr2= O.So JviP2dr =O.

s V2Pl dr =vaoa + vr2Qri  + Vb2Qbl= QaVo+ qvr2+ O.

But Vr2is the potential at r in configuration2: VCr) = A + B/r, withV(a) = Vo=>A + B/a = Va,or
aA+B = avo,andV(b)= 0=>A+ B/b = 0, or bA+ B = O. Subtract: (b- a)A= -aVo=>A =

-avo/(b - a); B (~- !) =Vo=B(b;;bo}=>B = abVoi(b - ). SovCr) =~ (~ 1).Therefore

QVo +q(ba~oa) U -1) =0; 1Q. :'R U -1)1



67

Nowlet Stuation (2) be: inner sphere at zero, outer at Vo, no charge at r.

I VIP2dT=0=! V2PIdT=Va2Qal +Vr2Qrl +Vb2Qbl=0+qVr2 + QbVO.

ThistimeisplaysterV(r) =A+ ~with V(@ =0=> A+ Bfa =0; V(b) =Vo=> A + Bfb = V0,50
bVo a a

bVo
V(r)=~ ( )Thereforeq~ (1-; )+QbV0:O; Qb=-~ ab (1_; )
Problem3.~5 . 3 3
el AL S A T
s { = A i }
B i = =l = g AU =A P S,
C_1 a ! 11

2 .
Vaud =77, 03 _ > (r cos ¢-r )pdT — Rrep &1 P2cos})pdT (the n =2term m Eq. 3.95).

(b) Because X2 =y2 = (af2)2for all four chargesQxx= Qyy= [3(af2)2 (V2af2)2](g- q- q+ q) =O.
Becausz = 0O for all four charges, Qzz = -(V2af2)2(q - q- q+ g) = 0and Qxz = Qyz= Qzx = Qzy = O.

This leaves only

Qy=Qx=3[(~) G) a+ (%) (=) (D+(-~) () (A)+(-~) (-~) dl=13a20.1
©

Qij o [3(ri - di)(rj - dj) - (r- d)2jij]pdT (I'll drop the primes, for simplicity.)

w [3rir) - r2/jij]pdT - 3~ w rjpdT - 3dj = ripdT + 3didj =« pdT + 2d. = rpdTijij

= azjij = pdT =—qij - 3(diFj + djPi) + 3didjQ + 28ijd. p - d28ijQ.

Soifp =0and Q =0 then Qij — Qij. qed
(d) Eq. 3.95 with n = 3:

1
Voot _411 & ! I (r)3P3(cos(t)pdTj  p3(cos(}) = 2 (5c0s3(} -3c0s(}).

-1 (' Lijk fififkQijk )
V. - i
O p11ecy 4 '

Defingthe "octopole moment” as

Qijk ==a (Br~rjrke (r2(r~8jk + rj8ik + rk/jij) p(r) dT.



68 CHAPTER 3. SPECIAL TECHNIQUES

Problem 3.46
r
i 411"€0 {q G 1-2) * q (.-3 1-4)}
11— Jr2 +a2- 2racos(),
1-2 = Jr2 + a2+ 2racos(), q
1-3 = Jr2 + b2- 2rbcos(),
1-4 = Jr2 + b2+ 2rbcos(). a a

Expanding as in Ex. 3.10: (:1' :2) Si'2~cos() (wewant a» 1, not r » a, this time).

2b
(.3 _ ~) S 2" cos() (here wewant b« r, because b= R2/a, Eq. 3.16)

_2_R2
ar2

cos().

But g = - ng (Eg. 3.15), so

R3
VI0)S 4, €qqa§:os()--q--cos%5 ] :'4111"€c(§23 ( T2 ) cos()-

Set EO = - 7 el (fieldin the vicinity of the sphere produced by ::i:q):

V(r,))=-Eo (r - ~) cos() (agrees with Eqg. 3.76).

Problem 3.47
The boundary conditions are
() V=0wheny=0,
@iy V= Vowheny = a,
@ity V=0whenx =D,
(iv) V=owhenx=-b. }

Go back to Eq. 3.26 and examinethe casek =0: cFX/dx2 =cFY/dy2=0,s0X(x) = Ax+B, Y(y) = Cy+D.

But this configurations symmetrian X, sOA = 0, and hencethe k = o solutionisVex,y) = Cy + D. Pick
D = 0, C = Vola, and subtract offthis part:

V(xy) = Va + V(xy).

The remainder (V(x,y)) satisfiesboundary conditionssimilar to Ex. 3.4:
i V=owhery=0,
(i) V=owheny=a,
iii =-Vo(y/a) when x =D,
E.v& = -Vo(y/a) whenx = -b. }



(Thepoint of peeling off Vo(yJa) was to recover (ii), on which the constraint k = mrJa depends.)
The solution (following Ex. 3.4) is

V(X y) = LI Cn cosh(mrxJa) sin(mryJa),
n=
andit remains to fit condition (Hi):

V(b,y) = I_ Cn cosh(mrbJa) sin(mryJa) = -Vo(yJa).

InvokeFourier's trick:

LCncosh(mrbJa) JE sin(mryJa)sin(n’-rryJa)dy = - \ép JE ysin(n'-rryJa)dy,
~Cncosh(n-rrbJa) = - ~o Iaysin(n-rryJa)dy.
a
a
cn = 2Vo )2 ( )
- a2cosh(n-rrbJa) [(n—r sm(n-rryJa) - \n-rr/ cos(n-rryJa) Jo

2Vo (-Dn
a2 cosh(n-rrbJa) (;;; )cos(n-rr): n-rr cosh(n-rrbJa)’

=~ (_Dn cosh(n-rrxJa).
V(xy) = IVO[a+ et COMn-rbB sm(n-rryde).

Problem 3.48
(8 Using Prob. 3.14b (with b= a):

4vVo ' sinh(n-rrxJa) sin(n-rryJa
VIx,y) - nLo;- ( nsmr)l(n-r(y 9.
aly) = -EOaV o EO4V? |? (n )cosh(n rrr1xé?T)1 ?]nr(rr;rryJa) a
= - 4f9VE|Em S'QHMFIYA?)'
I a 40V0 ™ 1 I a
N = lpay) dy=- a deadsmhQerr lo sm(n-rryJajy.
But J@ sin(n-rryJa)dy = -~ rI;;os(n rrYJa)l~ —~[h cos(n-rr)]— I%t_eh(since n is odd).

= - gieNo nde nsmh(n-rr) = 1- fo¥® In 2.1

69

[l havenot found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434,

whichagrees precisely with 1n2J8.]
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Using Frob. 3.47 (with b =a/2):

V(xy) = V0[¥ + ~| + ()nCOS(mnyaSmry/)

— - - (-n  cosh(nTix/a) cos(nTiy/a)
a(x) £o %/wyzo "FOVo | + I ( ) n cosh(nTi /2) ] 'y=0

= . | 4 ~ -EXVo 1+2" Nn COSh nT|x/a
Eovo[a aI (')”cogﬁiﬁqfnﬂfl) a | - ¢ )cosh mr£ )

0.2 E V. (On 0./2

A= 10/2 ax) dx =-~4 [a+ 2 In- COg 3 nTi/2) 10/2 cosh(nTix/a) dX]
0./2

2
10 cosh(nTix/a) dx = ~ smh(nTlx/a) =~ snh(nTi/2).
12 nTi 0.12 nTi

= == Ja+ ~~(-nta;:h(nTi/2)] =-EOVO[ 1+ ~~(-1)nta~h(mr/2)]

= 1-~In2.1

[Again, | have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees
with the expected value (In2 - Ti)/4]
(b) From Frob. 3.23:

V(s4J) = a0+ bolns+ — (aksk  + bk s~ ) [Ck coskad) + dk sin(k4J)].
In the interior (s < R) boand bk must be zero (Ins and I/s blow up at the origin). Symmetry::} dk = 0. So
y 00
V(s4)) = a0 + I_

« aksk cos(k4J).
Vo =1 s(k4J)

At the surface:

Vo, if - Tiia <4I<Ti/4,

V(R4J) = I akRk cos(kdd) = {0 othewise

Fourier's trick: multiply by cos(k4J) and integrate from -Ti to Ti:

7114
n 7114

r R 1 oSk costkdl) d4I= VOl Zos(k'4J) d4J:{ xgivgk}?dz(k;gl"m (Volk) sin(k'Ti/4), if k' i O,

But .
w 0, ifkl kK

l?lCos(k4J):os(k'4J)j4J={ k=K T8
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So21fac= Vo1ff2 ::} ao = Vol4; 1fakRk = (2Volk) sin(k1f/4) ::} ak = (2Vo/1fkRK) sin(k1f/4) (k ::J0); hence

1 2~ sn(kif/4) (S )"
V(s,cfJF Vo["4+ -; k R/ cos(kcfl) .
UsingEg. 2.49, and noting that in this case ft = -8:
00
av 2 P sin(k1f/4)  « 210V0 | s
act) TrowS R fovou = KRk ks -1 coskeld) &R = -1R sin(k1f/4) - cos(ketd).

Wewant the net (line) charge on the segment opposite to Vo (-1f < cfk -31f/4 and 31f/4 < cfXk 1f):

1<

I 1< 40Vo 00 .
A = T a(cf)RdcfI= 2R11¢4 a(ch)dch—-IIfsmg%fM) ]31¢4 cos(kcfJ)dcfd
_ snkefd) f _ _
= 4€BV°E{‘(I‘1H4) [ k34 4€qyo e sin(k1f/4) sin(3k1f/4).

s sin(k1f/4) sin(3k1f/4) product
1 1.2 1../2 1/2
2 1 -1 -1
3 1.2 .12 12
4 0 0 0
S 12 .02 12
6 -1 1 -1
7 1.2 .02 12
8 0 0 0

A= - 4€0Vo _

Ouch! What went wrong? The problem is that the series 1:(I/k) is divergent, so the "subtraction" 00 - oo
issuspect. One way to avoid this isto go back to yes, cfl)calculate fO(aV/as) a s ::JR, and save the limit
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s ~ R until the end:

(9 = oV _2€oVo~s n(klrJ4)ksk- Ay
~‘¢;,S - €oo0s - r =l Rk CO&k'I'

00

= 20,0 Hk—l sin(k1rj4) cos(k<{J) (where x ==siR ~ 1at the end).

%) == ~{J9YRI<{E - 4E:Vo I I:~xk-| sin(k1rj4)sin(3k1rj4)

= - 2- - L

B R ) )

2€oVo x3 x5 X10
= o~ [(x+3+5+" ) (x 43454 )] -

1
But (see math tables) : +X1) X2(X+ 3+ 5 + . )

= _2€7(r))\(/0 2" (1 x) J (1 - x2)] =-€ovan [(1 x) (-; x2)]

- - govoin (1+X)2
X 1+ X275 x =) =1-600 In2.1

Problem 3.49
z

F=qE= 47fBoB(2coso.f + sino.0).

Now consider the pendulum: F = -mgz - Tf, where T - mgcos<{F mv2jl and (by conservation of
energy) mglcos<{J= (lj2)mv2 =>v2 = 2glcos<{Jassuming it started from rest at <{JF 90° as stipulated). But
cos<{JF - €0s0.,50 T = mg(- coso.)+ (mjl)( -2gl coso.)= -3mgcoso., and hence

= -mg(cosOf - sino.0) + 3mgcoso.f = mg(2coso.f + sino.O).

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on g in the
field of a dipole, with mg +-+qpj 47r€ol3.Evidently q also executes semicircular motion, as though it were on a
tether of fixed length t.



Chapter 4

Electrostatic Fields in Matter

Problem 4.1

E=Vix =500/10-3 =5x 105. Table 4.1: a/47r€0 = 0.66x 10-30,s0a = 47r(8.85x 10-12)(0.66x 10-30) =
7.3/X10-41. p =aE =ed ~ d =aFEle =(7.34x 10-41)(5x 105)/(1.6x 10-19) =2.29 X 10-16 m.

d/R =(2.29 x 10-16)/(0.5 x 10-10) = 14.6x 10-6.1Toionize,say d= R. Then R=aE/le = aVlex ~ Vv =

Rex/a.= (0.5 x 10-10)(1.6 x 10-19)(10-3)/(7.34 x 10-41) =110&.1
Problem 4.2

First find the field, at radius r, using Gauss law: JEda = E~Qenc,or E = 4;<0~Qenc.

r " a I, a2 r
Qenc = I pdT = f1ml "edt/ar2dr= 29 _@orjia r2+ar+
0 7raslo a3 [ 2 ( 2)]lo

2q r r2
= - a2e/a(r2+ar+2 ) 2 1 =ql- e2la (1+ 2~ +2a2)] .

[NoteQenc(r --+00) —q.] So the fieldof the electron cloudis Ee = 4;<0~ [1- e-2r/a(l+2~+2~)]. The
protonwill be shifted from r =0 to the point d where Ee = E (the externa field):

E=--1 4 1.0 2a 14995, "
ATrE0d2 | (TA T a2)]

Expandingin powers of (d/a):

e-2d/a

1- (2;)+ |2 (2:')2 - 3L| (2;)3 +... =1- 25+2(;)2 - ;(;)3 +...
1- e-2d/a 1+ 2—OI + 2—OI2
("% %2) = 1 (Lom42(~r ~(~r +.) (L¥2~+2-)

— d e d o d3 _cP  d3 4
=r-r- 2A-2p+t2A+t4p+45- 25 - At 3zt -

4 3
=3 C‘) + higher order terms.

73
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—- 1 q d3y _ _ o
=t @a3) =.algl) T, a=arie
[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts

4E@ = !'a3 = ! (05X 10-10)3 = 0.09 X 10-30 m3, compared with an experimental value (Table 4.1) of
0.66 x 10-30 m3. Ironically the "classica" formula (Eq. 4.2) is dlightly closer to the empirical value.]
Problem 4.3

per) — Ar. Electricfield(by GausssLaw): 8E.da = E (471"r2) -!@enc = E|0J;Ar471"rﬂ, orE=
E..r atg\ 14 = A - This "internal” field balances the external field E when nucleus is "off-center” an amount
d: ad2/4€0 = E ~ d = V4€0E/A. So the induced dipole moment isp = ed = 2evEO/AVE. Evidently

.p is proportional to El/2.1
For Eg. 4.1 to hold in the weak-field limit, E must be proportional to r, for smal r, which means that p

must goto a constant (not zero) at the origin:  p(O) :/; 0. (nor infinite).

Problem 44
r Field of g0 = ~f. Induced dipole moment of atom: P —aE =
Q A

. 0 EOT
g arer I,

Field of this dipole, at location of g (0= 711nEq. 3.103):E = 41, 13 (4%2) (to the right).

Force on g due to this fidd: IF =2a (:17?(92 /13 |(attractive).

Problem 4.5
Field of Pl a P2 (O = 71"/2in Eg. 3.103): E1 = 47,%%(”39 (points down)

Field of P2 a PI (0 =7rrin Eqg. 3.103): E2 — 47ﬁé)r3 (-2f)  (points to the right).

— — 1 2PIP2 . .
Torque on PI: N1 =P X E2 = |217|-- o3 |(pomts mto the page).
Problem 4.6
@
Use image dipole as shown in Fig. (a). Redraw, placing Pi at the origin, Fig. (b).
-- P - .
. A71°€0(22f2c0s0f+sin0g): T PeOsOf +psinGg.
2
N = PXE =47€@z)3 [(:osOf +sn09) x (2cos0f + sin09)]
(b) 02 . .
= 4r£0(223 [cosOsj nO4J + 2sinOcosO(- 4J)]
p2sin0 cos0
lO ~0 =

471"€0(22)3 (-4J)  (out of the page).
pfl Z
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. p2sin20
But sin0cos0 = (1/2) sm 20, so In = 4m:0(16z3) (out of the page).

ForO< 0< "2, N tends to rotate p counterclockwisefor ''¥2 < 0 < 'Ir,N rotates p clockwise. Thus the
stableorientation is perpendicular to the surface-either T or ..

Problem 4,7
Say the field is uniform and points in the y direction. First dlide p
y in from infinity along the x axis-this takes no work, since F is J..dl.
{E (If E is not uniform, dlide p in aong a trgjectory J.. the field.) Now
0. rotate (counterclogkwise) into final position. The torque exerted by
P E isN = pxE —pEsnOz. The torque we exert is N = pEsinO
p x  clockwise, and dOis counterclockwise, so the net work done by us is

negative:

U= J:/2 pE sinOdO=pE (- cosO)1~/2=-pE (cosO- cos~) —-pE cosO=-pE. Qed
Problem 4,8

U= -pl,E2, but E2 = ~lir [3(p2f) f- P2]. SOU = ~-lir [PI'P2 3(pl,f) (p2f)]. Qed
Problem 4,9
— . — 1 g-~_ ¢ XX+yy+zz
@F =@ -VIE (Ea 49 E =005 " = aueqg +y2+ 2232
8 8 8
Fx = (3x- +P - +pz -'q X
8x Y8y 8z ) 4fEQX2+ y2 + Z2)3/2
q 1 3 2X 3 2y
ANUEO[Px [ (X2 + y2 + Z2)3/2 - 2x (X2+ y2 + Z2)5/2] + py [-2x (X2+ y2 + Z2)5/2]
3 2z g Px 3 qa p  3rpn

+pz [-2x (X2+ y2+ Z2)5/2]} = 41rEAr3 - ;:S(Pxx+ Pyy+pzz)] = 4fEQr3 - 5 I«

F = g - 30 .01

O E = 2de6:-(30p. (DI -f) - P} = 2dgg33p. f)f - pl. (This isfrom Eq. 3.104; the minus signs
arebecauser points toward p, in this problem.)

F=0qE=131-,033(p.f f - pl,

[Notehat the forces are equal and opposite, as you would expect from Newton's third law.]
Problem 4,10

(@ Ub=Pn =§ﬂz; Pb=-V.p :-3'1-88r (rzkr) :-~|3]kr ==

(b) For r <R, E = 3~oprf (Prob. 2.12),s0 E = I-(k/EO) r.1

Forr > R, same as if al charge at center; but Qtot = (kR)(4''rR2) + (-3K)(I''rR3) =0, solE = 0.1
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Problem 4.11

Pb=0; ab = P.il =:1:P (plus sign a one end-the one P points toward; minus sign at the other-the one
P points away from).

(i) L » a. Then the ends look like point charges, and the whole thing is like a physical dipole, Qflength Land
charge P-rra2. See Fig. (a).

(i) L « a. Then it's likeacircular parallel-plate capacitor. Field isnearly uniform inside; nonuniform "fringing
field" at the edges. See Fig. (b).

(iii) L ~ a. See Fig. (0).

C
(a) Likea dipole (b) Like a parallel-plate capacitor ©

Problem 4.12

VvV = 4‘;Ed LidT =P. {4’;EO J~dr } . But the term in curly brackets is precisely the field of a uniformly
charged sphere, divided by p. The integral was done explicitly in Prob. 2.7 and 2.8:

R3 .
| @3RS, (>R sepre ORI (>R
1 £dT -1 411"€0 r So V(r,B) =
AW<Q! - pl prefd/AWRD (r<R).} gepr - 1Moo, . (T <R).
Problem 4.13

Think of it as two cylinders of opposite uniform charge density :!:p. Inside, the field at a distance s from

the axis of a uniformly charge cylinder is given by Gausss law: E211"'se= -:OP1"S2e} E = (p/2€0)s. For
two such cylinders, one plus and one minus, the net field (inside) is E —=E+ + E- = (p/2fO) (s+ - s ). But

st - s =-d, so E =1-pd/(2€0),whered isthe vector fromthe negative axisto positiveaxis. In this case
tst]% tacl)tal dipole moment of a chunk of length eis P (11"a2ef~ (p7ra2e)d. Sopd = P, and IE = -P /(2€0), Ifor
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Outside, Gausss law gives E27r8E = }..p7ra2£:}E = 3HE, for one cylinder. For the combination, E =
E++E = g_z?f@('sf L ),where

d
sl: = ST-éﬁ

Si

o gST' d) (82 +_1;f'd ) N 812 (ST' g) CT' ng ) N 812 (ST' Z) (1;f;_3-§2 )

(s.d) d .
= 82 (S *f:5-52 T "2) (keepmg only 1st order terms in d).
+- L = ~ _,Sts~ -~\" [ss +~q — " /25(Sd) -d\.
(§+ 8 ) 82 [( 82 2) ( 82 2)] 82 ( S(sz )

a2

1 >
E9 =54, [2P. 8§- P, for8&=2a

Problem 4.14

Total charge on the dielectric is Qtot = is O"ttla+ Iv Pbdr = is P .da- Iv V.p dr. But the divergence
theoremsaysis p. da =1VV.p dr, so Qenc= O. ged

Problem 4. 15

=-\/ . p=-~~ 2~ ) =~ "b=P.ii= +P.~=k/b atr=b),
(QPb=-v,p r2 or ( r) 'r2 O'b=Pui { -P .r=-ka Eatrz)a). }

Gaussslaw:::} E = 4:<0Q;~cr. Forr < a, Qenc= 0, s0|E = 0.1For r > b, Qenc= 0 (Prob. 4.14), so E =0.1

Fora<r <b,qQenc = (~K) (47ra2y l: ("') 47rf2dr = -47rka - 47rk(r- @) = -47rkr; so. E = -(kffor) r.1
(b) fD.da =qenc = O:::}D = Oeverywhere.D = foE+ P = O:::)}E = (-l/fo)P, so

IE=zO0(forr <aand r >h);j IE =-(/fOr) r (fora<r <h)..

Problem 4.16

(8) Same as Eo minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14)

is-PI3fO.SolE =Eo+ ~p.1 D =foE=foEct ~P=Do- P+ ~P,s0.D =Do- ~p.1

(b) Same as Eo minus the field of:f: charges at the two ends of the "needle’-but  these are small, and far
awayso. E =Fo.J D =foE =foEo =Do - P, so.D =Do- P.1

(c) Same as Eo minus the field of a paralel-plate capacitor with upper plate a 0" — P. The latter is
-(I/fo)P, solE = Eo+ 'op.1 D =foE = foEo+ P, soID = Do.!
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Problem 4.17
P
E D
(uniform) (field of two circular plates) ~ (Same as E outside, but lines
continuous, since V.D = 0)
Problem 4.18

(@ Apply JD .da =Qlencto the gaussian surface shown. DA =aA ; D = al(Note:D = Oinsidethe
metal plate.) This is true in both dabs, D points down.

(b) D =t 3 E =alfl indab 1, E = af2 insdab 2. But f = tofT, so fl = 2fo; f2= ~fO' IEI = a&2fo, .
'E2 =2al3fo.l
(c) P = foXeE, so P = foXed/(fOfr) = (Xeffr)a; Xe=fr -1} P=(1- fila |pl=a/2,IP2=a/3.1

(d) V = Ela+ E2a= (aal6fo)(3 + 4) = 17aal6fo,!

ab= +P1 at bottom of slab (1) = a/2, ab = +P2 at bottom of slab (2) = a/3,

(OPb=0; b= _p| at top of Slab (1) = -a/2; ab= -P2 at top of Slab (2) = -a /3.

total surface charge above: a- (a/2) =a/2,

E - — ..
(f) In slab 1: { total surface charge below: (a/2) - (&/3) + (a/3) - a= -a/2, } ==> 1- 2fO (
tota surface charge above a - (a/2) + (a/2) - (a/3) = 2a/3, E - 2a .
In slab 2: { total surfacecharge below:(a/3) - a =-2a/3, } == 2- 3O
I+u
-u/2
O]
+u/2
-u/3
@
+u/3
J-u

Problem 4.19

With no dielectric, Co = Afo/d (Eqg. 2.54).

In configuration (&), with +a on upper plate, -a on lower, D = a between the plates.
E = a/fO(in air) and E = a/f (in didectric). SoV ={;~ + [~ =2~ (1+ ~) .

- ~- ~ 2

Ca- v - d (1+1](r )::>| Ca = 12 ..
In configuration (b), with potential difference V: E =V/d,so a =foE =roV/d (in air).
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P =EOXeE= EOX¥/d (in dielectric), so O'b= -EOXeV/d (at top surface of dielectric).
0'torEoV/d= 01+ ob= O'f- EoXeV/d,so O'f= EoV(I + Xe)/d = EOErV/don top plate above dielectric).

Q 1,A A A v v A0 g1+ Er
=?Ccb=V =V (yz + Of2' )—2V (Eod+EOdEr) ~ )-@9=T+Er ‘

[Which is greater? =, = &, = 14<r- o = {I§Ng-4<F 1+3gred<~4=r (152> 0 S0 C > Cy]
Ifthe x axis points down:
8 E D p ] O'b(top surface) ~ Of (op plate)
(@) air «r+ 1) d X «'r2|—|<)r d X 0 ) 0 ar+l) M
(a) dielectric «r+|) d x @) d X ) dx a) d )
(b) air %X d x 0 0 7 (et
(b) dielectric ¥x Er7x (Er- )7 X -(Er - 1)7 Er7  (right)

Problem 4.20

ID.da = Qfenc =>D41fr2 = pl1fr3 =>D = lpr =>E = (pr/3E) r, for r < R; D41fr2=p!1fR3 =>D =
pR3/3r2=>E = (pR3/3Eor2)r, forr > R.

fO pR3 1R P fo pR2 PR2 PR2 1
V=-}oE d =380 -;0- 3}Rrdr =30 + 3. = 3E0 \1+ 2
Problem 4.21
Let Q be the charge on alength £ of the inner conductor.
—0-p=_0 _
fD .da = D21fs£ =Q => D 2uc ¥ E= _21on5~ (a<S<b) E= 21fEs~ (b<r<o.

a b ds
v - -f Ed- L Q% | In 2\ +F° ¢
c - afece ) s ad ) s - 21fEO£[ (a) E b)]
C
£ - E = Inb/a) +2EEr) In(cjb)"
Problem 4.22
Same method as Ex. 4.7: solve Laplace's equation for V;n(s, tj)) (s < a) and Vout(s, tj)) (s > a), subject to
the boundary conditions X
@i Vin = vou a s=a,
(i) en = EB—~ut a s=a, Eot
{ (Hi)vot -+ =Eoscostj) for S» a.

FromProb. 3.23 (invoking boundary condition (Hi)):
00

Vin(s, tj)) = Ei i>k(ak cosktj)+ bksinktj)), Vout(s,tj))= -Eoscostj) + |!T| sk(Ck cosk</> + dk sink</».
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(Leliminated the constant terms by setting V =0 on the y z plane.) Condition (i) says

I:;ak(ak  cosk</J+ bk sin k</J)= -Eoscos</J + L ak(ck cosk</J + dk sink</J),
while (ii) says
fr L kak-l(ak  cosk</J+ bksink</J) —-Eo cos</J L ka-k-I(ck  cosk4> + dk sink</J).

Evidently bk =dk =0 for all k, ak =ck =0 unless k = 1,whereadork = 1,

aal = -Eoa + &ICl, f.rd = -Eo - a-2ClI'

Solving for al,
Eo E)?
Eo _ scos</J= B
a =-(1+Xe2) s -nS </F -1+ Xe2) 1+ Xel2) ,
and hence Ein(s, </ = X:~2).1 As in the spherical case (Ex. 4.7), the field inside is uniform.
Problem 4.23
Po = foXeEo, El = --3f = "X36Eo; Pl = foXeEl = --f'%x~Eo; E2 = --I?ur’L = 2Eo;
Evidently En = (— ~e)n Eo, so
E=Eo+EI+E2+"'= [~(_~er] Eo.

The geometric series can be summed explicitly:

1
S0

1 E
E= (1+ Xel3)

which agrees with Eqg. 4.49. [Curiously, this method formally requires that Xe < 3 (else the infinite series
diverges), yet the result is subject to no such restriction, since wecan also get it by the method of Ex. 4.7.]

Problem 4.24

Potentials:
Vout(r,0) = -EorcosO+): r~IPI(COS0), (r>Db);
Vrned(r,O)= L(Alrl+r~1)1't(cosO), (a<r<b)
{ ~n(r,O = 0, (r < a).
Boundary Conditions:
(i) Vout = Vrned, (r = b)j
@ f~or = fo7or ' (r = b)]

{ (Hi)Vrned = 0, (r = a).
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. " Bl " I hi
)~ _EobcosO+~ bl ~(cosO) = ~ (Alb + bl+ )~(cosO)j
i} " |1 hi "Bl
i~ e~ [Alb S (e 1)b|+2] ~(cosO) = -Eo cosO- ~(I + 1) bl+2PI (cos 0);
(Hi) ~ Alal + aﬂll =0 ~ hl = -a2l+1 AI.
Fori =f.1:

[0) Bl = (A bl - a21+1A|) ~ B = A (b2#1 - a2141)-
bl+1 I bl+l I I )

(i 11 a A B, - ' 21+1 2141 -
er [Alb +(+1) b2 ] (1 + Doz ~ B - el [(1+ l)b +a ] ~ A -8Bl - 0.
Fori = 1:

. Bl a3Al 3 3 3

() _Eob+b2=Alb-—~ - BrEob =A12 (b -a )

. a3 At B1 3 3 3
W e (AI + 2~ ): Eo - 2b3 ~ -2B1 - Eob = €Al (b +2a) .

3 3 3 3 3 -3Eo
So -3Eob = Al [Z(b - a ) +er (b +2a )] ;o Al = 2[1- (afb)3] + €r[1 + 2(afb)3].

-3Eo a3
Vrned(r,0) = 2[1- (afb)3] + €r[1+ 2(afb)3] \r -;:2 ) cosO,

E(r,0) = -VVrned = 12[1- (afb)3]~E:r[1 + 2(afb)3] {(1+ 2r~3rosOi (1- ;:) sinoo}.
Problem 4.25

There are four charges involved: (i) g, (i) polarization charge surrounding q, (Hi) surface charge (CTbpn
the top surface of the lower dielectric, (iv) surface charge (CT~pn the lower surface of the upper dielectric.
In view of Eq. 4.39, the bound charge (i) is gp = -g(X~f(1 + X-~), so the total (point) charge at (0,0, d) is
qt=g.+ gp= gf(l + X~) = gf€~. As in Ex. 4.8,

@ ctb = €oXe .- M - CTP ST hereCTh P.n = +Pz = €0XeEz)]
[“71ea2 + cFy2 %o 264
b) e = €oXe , 0 ST0= CT° (here CTb -Pz = -€OXeEz).

oXe 3 -
[“7reqz +cF)2 %0 g
Solvefor CThCT~first divide by Xe and X~ (respectively) and subtract:

CT- CTb 1  qdfé- | i CTb 1 qdfé-
X~- Xe = 274t2 + cF)~ - cm= Xe[Xe+ 274t2 + cF)~] .
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Plug this into (a) and solve for O"bysing €~= 1+ X~

- ' -1 d Xe
ob- 1 W e XQPXeSOO b=- ) * 3 1
T2 + d2)2 4172+ d2)2 [1+ (xe + x&'b
" ) 'I d 1 1 d/€~ y ~[E~
o' q q 1 qd €rX~/€

Xe { 41T(r2 + d2) ~ [1+ (Xe+ X-)/2] + 21Tr2+ d2)~} ' so O'l 41Tr2 + d2)~[1+ (Xe + X~)/2]'

X . . .
The total bound surface charge is O"F o+ 0'-= 4175, ~ & 1( ;)12 (Which vanishes, as it should, when
X~ = Xe)' The total bound charge is (compare Eq. 4.51):

o2~ [1(+~(>-<e + )§~)/2] - (~+ €r ) €~' land hence

v = g€~ + qt |(for z > 0).
41T€q X2+ Y2+ (z- d)2 "2 +y2+ (z+ d)2)

g &~ - & . ~

o _ , 1 [2ge~+en)  ldorz<o).
Meanwhile, since & + gt =7f [1+ €& + €] - e €' V() Taue x +y2+ (2 d)2

Problem 4.26

From Ex. 4.5:
0, (r<a)
D= 0Q (r<a c Iﬁl’tt (a<r<b)
{ 241Tr2, (r>a) } =
>3 { ZbTeor (r>b) }
w = IDEdT— lIb-l-rﬁdr+- Lo -]dr =2 ( ) +-- ( )
2@m2 {elar2r2 €0 r2 8IT{ € b}
Q2 1 1 1 1 Q2 1 x

= g17eq (1+ X¢) (~ - b) +b} = 81Te0@Xe) (- + b
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Problem 4.27

Using Eq. 4.55: W =If JE2 dr. From Ex. 4.2 and Eqg. 3.103,
-l

E = 3108 7, )
{ Bor(2cosBf+sinBo),  (r>R)y

fa 2 11 R3 — 211P2R3.
3100 27 fa

Wr>R = .2 3100) J p (4cos’ B+ sm B)r~ smBdrdBd<jJ

Ir

= (R3p)2 ]I 1 11'(R3p)2
8 21l, (1+ 3COB)SnBABLR # dr = - o100 (-COSB-COS3B)I~(-3-3)1:

11 (RSP)Z = m1Rae,
3R3 27100

211R3 p2
9100

(r<R)

Wr<R

Whot

Thisisthe correct electrostatic energy of the configuration, but it isnot the "total work necessary to assemble
the system,” because it leaves out the mechanical energy involved i~ polarizing the molecules.

Using Eq. 458 W = - JDEdr. Forr < R, D = foE, so this contribution is the same as before.
For <R D =foE+P =-lp +P = jp = -2fOE, so ~D.E = -2IfE2, and this contributionis
now(-2) (~—~p:~3) = - —~R::2, exactly cancelling the exterior term. Conclusion: . wot =0.1 This is not
surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem
thereisno free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as
the "work necessary to assemble the configuration” -the latter would depend entirely on how you assemble it.
Problem 4.28

First find the capacitance, as a function of h:

Air part: E = bl o ==>V = zilf}o.lﬂ(bJa) > > "
o ' > o =] = S.=l0n"
Oilpart: D = 7, ==>E = gas==>V = ZxIna). }

Q=>.h+>"(f- h) =fr>"h - >"ht>"t=> [(r - |)h + ) =>"(Xeh+ f), where f isthe total height.

Q >"(Xehtf) (Xeh + f)
C =V = 2>"In(bla) 411106- 211'1000(bJa)
b E 464 F - 1y2dC - 1\y/22ufoxe V2

g . . - 2" dh- 2" |In(bfa). h = fOXe
=mg =puree - a2)gh. b p(b2 - a2)gIn(bJa)

I .
The net upwar d LOrCdSglven 'y
Thegravitational force down is F
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Problem 4.29

8
(8 Eq. 45 = F2 =(P2.v) E —P2~y (Ed;
Pl PI '7IV
Eq. 3.103::} El = Fmror 0= = Mroyd z. Therefore .
_ PIP2d |
~ —41rfop dy (‘7? )] z= fo\flz or F2= ZF_Zeror (upward).
To calculate FI, put P2 at the origin, pointing in the z direction; then Pl [
y isa -r z, and it points in the -y direction. So Fl = (' V) E2 =
|
-PI 8:; X0, Zr s Wwe need E2 as a function of x, y, and z
Il 3(P2 . . . .
From Eq. 3.104: E2 = Aﬁ.rfO’ [ ( r2 r - P] , vv@re r=xx +yy +2Z P2 = -P2Y, and Nence
P2 .r = -P2Y
E2 = ~ SBYXX +yy +22) + (XR2+y2 +Z22)y = ~ -3XYX + (x2- 2y2+ 22)y - 3YZZ
41rfo [ (x2 +y2+ 22)5/2 ] 41rfO[ (X2 + y2 + 22)5/2 ]
88Ej -~ {-~2-2Y[-3XYX + (X2- 2y2+ Z2)y- 3yzz) + ~(-3xx - 4yy - 322)} ;
BE2 = -~ 377z H=-p [~ 32\=- 3PP2Z
8y (0,0) 41rfO 15 41rfO r5 41rford

These results areconsistent with Newton'sthird law: FI = -F2.
(b) From page 165,N2 = (P2x El) + (r x F2). The first term wascalculated in Frob. 4.5; the secondwe
get from (a), using r =ry:

P2 XEl = PIp2 o orxF2=@y)x

41rfor3 (—X)j Aaxior?

3PIP2 _ 3PIP2. N. — 2PIP2 .
z _ilr.torsx’ SO 2_iLr.torSX'

This isequal and opposite to the torque on Pl due to P2, with respect to the center of Pl (see Frob. 4.5).
Problem 4.30

Net force is to the right | (see diagram). Note that the field lines must bulge to the right, as shown, because
E is perpendicular to the surface of each conductor.
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Problem 4.31
P=kr =k(xx +Vyy +2zz) =? Pb=-Vp =-k(l + 1+ 1)=1-3k.1
Total volume bound charge: 1 qua = -3ka3.1
(I=P.il. Attop surface, il = z, z= a/2] so O"b ka/2. Clearly, o'v=ka/21 on al six surfaces.

T~tal surface bound charge: . Qsurf= 6(ka/2)a2 = 3ka31 Total bound charge is zero. if
Problem 4.32

_ . _ .9 - — — q f gXe f
f D.da= Qfonc:} D = 3,21 E= %I(:)) T Ano(l+ X P P fOoXeE = 47(L + X6 2"

Pb=-V.p = 47r(~—Xe)(V. ~) = -(1-exe83() (Egq 1.99) O'b—Pf = 47r(1~X~-eR2;
Qsurf (Jb§7R2) = . gl Xe&€.1 The compensating negative charge is at the center:
+Xe

I =- gXe = = -0-, Xe
J PbdT | +XeJ 83(r)dT ql

Problem 4.33

Ell is continuous (Eqg. 4.29); DI. is continuous (Eg. 4.26, with O"f= 0). So EX| =-EX2' DY| = DY2 :}}
eievi = f2EY2'and hence

tan02 = EX2EY2= EY|= E2. Qed
tan 01 EXI/EYI EY2 El

If lisair and 2 isdielectric, tan O2/tan 01 = EZEC> 1, and the field lines bend away from the normal. This is
theopposite of light rays, so a convex "lens' would defocus the field lines.
Problem 4.34

Inview of Eq. 4.39, the net dipole moment at the center ispi =P - 1—~ep = ix p = {P. We want the
potential produced by pi (at the center) and O'lfat R). Use separation of variables:

B
Outside: V(r,0)= '; rl:l  Pz(cosO) (Eq.3.72)

) 1 pcosO 00 .
Instde:  V(r,0)= o oS . LAIrIPI(cosO)  (Eqs.3.66,3.102)
1 TEO Err 1=0 )

R-L = AR, o Bl =R2HAI (I ¥ 1)
V continuousat R ::}
BL- 1 P - p 3
{ R2 - 4TTEErR2+ AIR, or B1- 47rfOf+ AIR }
8V av
— | 1 2pcosO I 1 1
&Rt ar R — DI A DRI+ 2Pz(cosO) 4o 5R3 - LIAR - Pl(cosO) = -atp

I 2pcosO " |

,E) r=--1 EoXeE.r) =X =x : !
= --p. =-- r) =Xe = --
3 o' Q r °{ T4ne0 103 + ~IAR - Pl(cosO)y .
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-(I ¥+ 1)R~~2 - IAIRI-I = XelAIRI-l (I ¥-1); or - (21 + DAIRI-l = XelAIRI-l =>Al = 0 (E¥-1).
Bl 1 2p 1 2P P AIR3 1 XeP AIR3
Forl=l: -2-+---Al=Xe (—--+A1 ) -Bl+---=---+Xe-;
R3  a1'to fR3 411"fCrR3 411"fOfr 2 411"fo fr 2

~  JAR3+~ - AIR3 = ~XeP_ +XeAIR3 => aR3 (3+ Xe)= ~XeP.
411"fOfr 411"fOfr 2 411" Ofr 2 2 411"t Ofr

=~ XeP B ~ 1+ 2(fr - 1) =—".
411"f523frg3 +Xe) 411" fd?agr(fr + 2) 411"fOfr| $ )

dr + 2]  411"fOffr + 2

_ o0 _
V(r.0)= 411“for2) (fT+ 2) r =~ R).

Meanwhile,for r:;; R, V(r, 0) = 411 o frr2sO+ 41}1‘ cos(} egr 1)2)

P cos() fr -1
= 1 ytor 24y [1+2(Tr +2) R3] (r R).

Problem 4.35

Giventwo solutions, VI (and El = -VVI, DI = fEd and V2(E2 = -VV2, D2 = fE2), defineV3=2/2- VI
(E3=E2- EI' Da= D2- DI).

lvV.(VaD3)dr = IsV3Da da=0, (Va=°onS), sol(VW3) .D3dr + 1 V3(V.D3)dr =o.
But v.o3 =V.D2 - V.DI =PI- Pl =0,and VV3=VV2- VVI = -E2 + El = -E3, s0IE3 D3dr =0
But D3 = D2 - DI = fE2 - EEl = fE3, 0 | f(E3)2 dr =0. But f > 0, s0 E3 = 0, so V2- VI = constant. But

at surface, V2= VI, so V2= VI everywhere. qed
Problem 4.36

(@) Proposed potentia: | VCr) =Vo~.1If so, then IE = - VV = VO~f, . in which case P =fOXeVo~ f,

in the region z < 0. (P = ofor z > 0, of course) Then CTk fOXeVoy (f.ft) = 1-fo~ Vo.1(Note: ft points out
of dielectric => ft =-f) This CTis on the surface at r = R. The flat surfacez = 0 carries no bound charge,
sinceft = z 1.f. Nor isthere any volumebound charge (Eg. 4.39). If V isto have the required spherica
symmetry, the net charge must be uniform:

crouirre - = Qtot = 411"fORVo(since Vo = Qtot/411"foR), so CTtot= foVo/R. Therefore

- (fOvd R), on northern hemisphere
Cr- { (fovol R)(I + Xe), on southern hemisphere’ }

(b) By construction, CTtot— cTb+cti = foVo/R isuniform (on the northern hemisphere CTE O, ci =foVo/R;
on the southern hemisphere CTh= -foXeVo/R, so CTl= fVo/R). The potential of a uniformly charged sphere is

Vo= Qtot = cTwot41l'rR?) — fOVo PZ =VoR /
411"for 411"0r R for r

(c) Since everything is consistent, and the boundary conditions (V =Voat r = R, V -+ 0 a 00) are met,
Prob. 4.35 guarantees that this is the solution.
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(d) Figure (b) works the same way, but Fig. (8) does not: on the flat surface, P is not perpendicular to ft,
sowe'd get bound charge on this surface, spoiling the symmetry.
Problem 4.37

Eext = 27r€08 8. Since the sphere istiny, this is essentially constant, and hence P = 1 -€oXe/ 3Eext (Ex. 4.7).
2
F - J €oXe ~ e i 8dr - €oXe ~ . -1 8J dr
- 1+ Xel3 27r€08 J d8 \ 27r€08 - \1+ Xe3 2no 8 82
= Xe 2~TrR38 - - [~ ).2R3 8
1+ Xe/3 \47r2€0 ) 833 - 3+ Xe J 7r€083 .
Problem 4.38

The density of atoms isN = (4/3)7rR3'The macroscopic field E is Eself + Eelse, where Esdlf is the average
fieldover the sphere due to the atom itself.

p —oedse =} P = No:E€else.

[Actualy,it is the field at the center, not the average over the sphere, that belongs here, but the two are in
fact equal, as we found in Prob. 3.41d.] Now

1 p
Eself = - 47r€0R3
(Eq.3.105), so
1 0 0: NO.
E = - 477€0 R3 Eelse + Edse = (1- 47r€0R3 )Eelse = (1- 3€0 )Edse.
So
P= No:
(1 - No0:/3€0) E = €oXeE,
and hence
No:/€o
Xe= (1- No:/3€0)
Solving for & N N N
o: o: o: Xe
- - - =} - + =
Xe 3€0 Xe: €0 } €0 (1 %) Xe,

or

€©  Xe 360 Xe €0 g - 1
a=N (1+Xel3) = li (3+Xe ButXe=€r- 1, s00:= |l (Z+2 . Oed
Problem 4.39

Foranideal gas, N = Avagadro'snumber/22.4liters = (6.02x 1023)/(22.4x 10-3) = 2.7 X 1025. No:/€o =
(2.7x 1025)(47r€R 10-30),8/€0— 3.4 X 10-4,8, where,8 isthe number listed in Table 4.1.

H: (3= 0.667, No:/€0= (3.4x 10-4)(0.67) = 2.3x 10-4, Xe= 25X 10-4

He: (3= 0.205, No:/€0= (3.4x 10-4)(0.21) = 7.1x 10-5, Xe =6.5 X 10-5 .

Ne: (3= 0.396, No:/€o= (3.4x 10-4)(0.40F 1.4x 10-4, Xe= 1.3X10-4 agreement SqUItegood.
Ar: (3= 1.64, No/€ =(34 X 10-4)(1.64) =56x 104, Xe= 52X 104 }
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Problem 4.40
@ - J~E ue-u/kT du - (KT)2e-wkT [-(wKT) - IlI~~E
JPE eukT du - kteukt 5
pE -pE
= 1 [epEKT - ePEKT] + [(pE/KT)e-pE/KT  + (pE/KT)ePE/KT]
{ epE/KT = epE/KT }
PEKT  + ePEKT PE

KT - PE (epEIKT - epE/KT | =KT - pE coth (KT ) .

A - - -(u) PEy\ KT
P =N(p); p = (pcosO)E =(p. E(E/E) =-(u)(E/E); P =Np pE = Np {coth (kT) - pE}.

Lety ==P/Np, x ==pE/KT. Theny =cothx-1/x. Asx --+0,y= (~+ f- ~+.. )~ =f-~; +.. -
0, so the graph starts at the origin, with an initial slopeof 1/3. Asx --+00, y --+coth(oo) = 1, so the graph
goes asymptotically to y — 1 (see Figure).

E...
np'
11

pe/kT
(b) For small x, y ::::kx, so;; p cnsfler,or P oiixE = €oXeE =>P isproportional to E, and Xe — -Np2 .

For water at 20° = 293K p = 6.1 X 10-30 em’ yhlye molecules malgeuleX gglesX Jirams.

. 3 1 6, - 9. - 0.33%1029)(6,1X10-30)2 __ - _j")l :
N I 60 x 105 x ({5 x.(10% ~ 0335 107 ol o) RBRI0TN) (1 38x15-23)2b%)" TPl e? 2 givesan
experimental value of 79, so it's pretty far off.

For water vapor at 100° = 373K, treated as an ideal gas, v~~r:e= (22.4 X 10-3) X (~~~) = 2.85 X10-2 m3.

N6 (2.11x 1025)(6.1x 10-30)2 i
PEXAES = 211 x 1028 Xe= (3)(8.85x 10-12)(1.38x 10-23)(373)= 15.7x 10 3.1

Table 4.2 gives 5.9 x 10-3, so this time the agreement is quite good.



Chapter 5

M agnetostatics

Problem 5.1

Sincev x B points upward, and that isalso the direction of the force, g must be | positive.. TofindR, in
termsof a and d, use the pythagorean theorem:

a2+ d2
(R-d2+a2=rR2 =?R2-2Rd+d2+a2=R2 =7R= od

The cyclotron formula then giyes -

P =gBR = lgB (a25g) RV

Problem 5.2
The general solution is (Eg. 5.6):

o = Clcosuit) + C2sinuit) + ~t + c3; A TC2cosuy) - Cl sin(ut) + C4.

(@) y(O) =z0O) = 0Jy(0) = E/ B} i(O) = O. Use these to determine CI, C2, C3, and C4.
y(OF 0=?Cl + C3= OJy(0) = u;C2+ E/B = E/B =?C2= 0JZ0O) = 0=?C2+ C4= 0=?C4= (;
i(OF 0=Cl = 0, and hencealso C3= O.S0. y(t) =Et/ B; z(t) =0.1Does this make sense? The magnetic
forcasq(v x B) ==q(E/B)Bz ==gE, whichexactly cancelsthe e ectric force; sincethere is no net force,
theparticle moves in a straight line at constant speed. ..(

(b) Assumingit starts fromthe origin, so C3= -Cl, C4= -C2, wehavei(O) =0=?cl =0=?C3= 0

y(OF 2~ =?C2u;+ ~ = 2~ =?C2= - 2~B = -C4; y{) = - 2-B sn(u;t) + ~ t;
E E E. E
Z(t) = - 2u;B cos(u;t) + 2u;B' or y(t) = 2u;B [2u;t- sm(u;t)]; z(t) = 2u;B [1- cos(ut)]. Let (3 ==FE/2u;B.
Theny(t) = (3[2u;t- sin(uit)];  z(t) = (3[1- cos(uit)l; (y - 2@3u;t) = -(3sin(u;t), (z- (3)= -(3 cos(u;t) =?
(y- 2(3VItR (z- (3)2= (32. This is a circle of radius (3whose center moves to the right at constant speed:
Yo—2(3Vdt; Zo = (3.
. . E E E E E
(©)z20)=y(0) =B =?-CcluJ =B =?Ccl =-C3 =-uBjC2u+ B = B =2C2= C4= 0.

89
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E E E E. E E
y(t) =- wB cos(wt) + Bt + WB; z(t) =wB sm(wt). y(t) =wB [1+ wt - cos(wt)] j z{t) = wB sin(wt).
Let /3==EjwB; then [y- /3(1+ wi)] = -(3cos(wt), z = {3sin(wt)j [y- {3(1+ MW + 22 ={32 This is a cirde

of radius {3whose center is a Yo— (3(1+ r.vt), Zo= O. 7

-3
©

Problem 5.3

(@ FromEq. 5.2, F = qE+ (v x B)] = 0=>Ii,f]vB =>v="1
g v
(b) FromEqg.5.3,mv=gBR =>;;, = FIR=""
Problem 5.4

Suppose f flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward
the left) cancels the force on the right side (toward the right); the force on the top islaB = lak(a/l2) =
Ika2/2, (pointing upward), and the force on the bottom islaB —-lka2j2 (also upward). So the net forceis

F = 1ka2 z.1
Problem 5.5

@ . K = 238 pecause the length-perpendicular-to-flow  is the circumference.
(o J = 3 :>1:/Jda:a/!§ dsde/>:21ra/d5 = 2lraa => a —

Problem 5.6

2jra j = 2Y4as;

@ v=rwso K =trw1 (b) v=rwsng8~ =>,J = pr.vrsin8~where p ==Qj(4j3)1rR3.
Problem 5.7

m =~ lvopradr =/ (a;:)r da = - /(V .Jr dr (by the continuity equation). Now product rule #5
saysV .(xJ) =x(V .J) +J.(Vx). But Vx =X,s0V. (xJ) =x(V .J) +Ix. Thus Iv\(V' Jxdr =

vV .(xJ)dr - Iv Jxdr. The first term isIs xJ . da (by the divergencetheorem), and sinceJ isentirely

insideV, it iszeroonthe surfaceS. Therefordv(V' J)xdr =- |VJxdr, or, combiningthis with the y and
z components, Iv(V'  Jrdr =- [VJdr. Or, referring back to the first line, I I =171 Jdr. Qed
Problem 5.8

(@) UseEq. 5.35,wlth z= R82 = -81 = 45°, and four sldes: B = | =] |

(b) z=R, 82=-81=;, andnsides.B= ~~~ sin(lr/n).
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n/-Lol /7
(c) For small B, smB B.Soasn-t 00,B -t 2R, ( ) 12Ro) 1 (same as Eq. 5.38, with z = 0).
Problem 5.9
(8 The straight segments produce no field at P. The two quarter-circles give B =, ¥ ("'- I) |(0Ut).

(b) The two half-linesare the same as one infiniteline: :;~] the half-circlecontributes ~'.

SoB =|~~ (1 + ~) I(intothe page).

Problem 5.10
— — /-Lol2a
(a) The forces on the two sfdes cancel. At the bottom, B = /2;33 =F = ( LO')|a = _2oe (UD). At the
/-La /-Lol2a . /-Lol2a2

top, B = 271(Sta) =>F = 27(S+a) (down). The net force IS 275(Sta) (up).
(b) The forceon the bottom isthe same as before, /-Lol2/27¢up). On the left side, B = H‘rQ{k

=1(dl xB) = I(dx X + dyy + dzz) X (~;~ 2) =~~i(-dx y + dyx). But the x component cancels the
12 (s/vV3+a2) 1

- dx. Herey = J3x, so

correspondingerm from the right side, and Fy = o7 Js/V 3 Y

_ a2 §/J3+ar2 _ FLeiz J23 a . The force on the right slde ISthe same, so the net
r=-2ysrin (9 J3 —-rq/37rln(1+_s%
| 12 2 J3a y
forceon the triangle is l/L7r [1- J3In (1+ ~ )] . a
a
S
:\ 600 : X
V3
z
Problem 5.11
UseEq. 5.38 for aring of width dz, with | -t nl dz
g =/-Lonl a2
—2 J (a2+ 7off2 dz But 2= acotB,
1 ~~B ~7
sodz= —~&ﬁ, B and (a2+ 22)3/2 =~ 2 7 dz
So
in3B = . - -
B: [- |5 ‘IJ ags:z B( dB)* __/-L20nli] smBdB: [I_ZOI’IICOS E)hl /Lonl (COS2 - CO§1).

Foraninfinitesolenoid,B2= 0, Bl= 7r,s0 (cosB2- cosBd = 1- (-1) =2, and B = Lon1s
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Problem 5.12
Magnetic attraction per unit length (Egs. 5.37 and 5.13): 1m — Eq a/

Electric field of one wire (Eq. 2.9): E _lﬁ'E . Electric repulsion per unit length on the other wire:

1 \2 1

le = 311EC They balance when pov2 = 5 O ’V“ OPO Puttmg m the numbers,

vV = V(885 x 10_1]2)(411.)( 107) = 13.00 X 108m/s.1 This is precisely the speed of light(!), so in fact you could

never get the wires going fast enough; the electric force always dominates. G
Problem 5.13
f fors< a
(@ | B .d =B 211s—polenc=>B = %)I lf. fors> a )
a a 211'ka3 31 s "s
(b) J =ks, 1= I Jda = I ks(21l's)ds - 3 =>k=~,  lenc= | Jda = | ks(211's)ds=
0 0 211a 0 0
Pol 2 .
211ks3 s3 sty GJ, for s <@
- = < a = > : =
3 1(3, fors<a lenc=1, fors>a So. B Pol .
{ -le,qu, for s> a }
Problem 5.14

By the right-hand-rule, the field points in the -y direction for z > 0, and in the +y di.rection for z < O.
At z = 0,B = O.Usethe amperian loop shown:
B. d =Bl =polenc =polz] =>.B =-PoJzy . (-a <z<a). Ifz>alenc= polal,

0IB = ‘ -poJa~, forz> +ga;

+l'0Jay, Imz > -a. -1 Z{:ampedan ~y|oop
|

Problem 5.15
The field inside a solenoid is ponl, and outside it is zero. The outer solenoid's field points to the left (-2),

whereas the inner one points to the right (+z). So: (i) .B = pol(nl - n2) Z, (ii) .B = -poln2 z, (iii) B =oz1
Problem 5.16

From Ex. 5.8, the top plate produces a field poK/2 (aiming out of the page, for points above it, and into
the page, for points below). The bottom plate produces a field poK/2 (aiming into the page, for points above
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates
they add up to poK, pointing in.

(@ B =poov (in) « betweem the plates, B = 0. elsewhere.

(b) The Lorentz force law says F = JK x-B) da, so the force per unit areaisf =K x B. Here K = (TV,

to the right, and B (the field of the lower plate) is poO'v/2, into the page. So. 1N Poo2v2  (up).!
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(c) The eectric field of the lower plate is O'/2Eo;the electric force per unit area on the upper plate is

le=0'2/2Eo (down). . They balance if POV2= I/EO,0r v = 1/..ft0il0 =c. (the speed of light), asin Prob. 5.12.
Problem 5.17
We might as well orient the axes so the field point r lieson the y axis: r = (0,y, 0). Consider a source point

a (x,y,Z) onloop #1:
~= X X+ (Y- Y)y- Zz d'=dx X+dy'y;

X v yi
dx== & dy 0 =(z d)X+@d)y+[(y-y)dx +x dylz
Xo(y-y) 2
dB1= _Pol d' x~ Pol (-z dy) X+ (Zdx)y+[(y-y)dx +x dy]Z
471" 13 471" [(X)2+ (Y- V)2+ (2)2] 3/12
Now consider the symmetrically placed source element on z

loop#2, at (X, Y ,-Z). Since Z changes sign, while every-
thingelseisthe same, the x and Y components from dBl and

dB2cancel, leaving only a z component. ged
With this, Ampere's law yields immediately:

B = ponl Z, inside the solenoid; r
{O, outside

(thesame as for a circular solenoid-Ex.  5.9).
For the toroid, N/271"s= n (the number of turns per unit

length), so Eq. 5.58 yields B = ponl inside, and zero outside,
consistent with the solenoid. [Note: N/271"s=n applies only
if the toroid is large in circumference, so that s is essentially
constant over the cross-section.]

Problem 5.18

It doesn't matter. . According to Theorem 2, in Sect. 1.6.2, JJ.da isindependent of surface, for any given
boundary line, provided that J is divergenceless, which it is, for steady currents (Eg. 5.31).

Problem 5.19
@p = giiide = s S S B O (i ) @ whee

charge of electron = 16x1019 C,
Avogadro's number = 6.0 X i023 mole,
atomic mass of copper 7 64gm/mole,

density of copper - 9.0gm/cm3.

ozzo

p= (1.6x 10-19)(6.0x 1023)(~~) =11.4X 104C/cm3.1

(b)J = 7'z = pv=>v = 7' S2p 717(2.5 10-3)(1.4 x 104) = 9.1 X 10-3 cmis, ' or about 33 cmvhr.  This
isastonishingly small-literally ~ slower than a snail's pace.
Po /1112
(c) From Eg. 5;37, Im= 271(d ) = @i Q97 = .2 X 10-7 N/cm.
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. _ ALA2\ — e 12 \ = /2 Fo A2 \ —
(d) E=~~ fe=~ o = C2fm, where
211"fd 211"fO d V2 211"fO\ d ) v2 ) 211" d V2

' c2 30 X 1010
C==Iiyfo-LO0 =3.00 x 108m/s. Here i =:2=\9."X 103 ) =11.1x 1025.1

fe = (1.1 x 1025)(2 x 10-7) =12 X 1018 N/cm.1
Problem 5.20

Ampere's law says V x B = /-LoJ. Together with the continuity equation (5.29) this givesV . (V x B) =
eV .J = -/-Loop/ot, whichis inconsistent with div(curl)=Ounlessp is constant (magnetostatics). The other
Maxwell equations are OK: V x E =0=?V .(V XE) = 0(./), and asfor the two divergenceequations, there
is no relevant vanishing second derivative (the other one is curl (grad), which doesn't involve the divergence).

Problem 5.21 ~
At this stage I'd expect no changes in Gausss law or Ampere's law. T4e divergence of B would take the

form .V .B = 0.OPmwhere Pm is the density of magnetic charge, and 0.0 is some constant (analogous to (O .

_ ‘ : ! . .
fiad 1-}oyThe curl of E becomes., v/ x E: = 130 Mwhere dm {sthe mognetic

satisfy a continuity equation: V. Jn =-0Pnvot.

As for the Lorentz force law, one might guess something of the form gm[B + (v x E)] (where gm isthe
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is

current densit resentingthe,
harge is conser}/,egepso Pm anéJ Jm

C - wao IF=qlE+(vxB)]+gm[B- ~(v xE)] .I'n this fo'm the magnetic acalog to Coulomb',
law reads F = @{3gm};m2 f, so to determine 0.0wewould first introduce (arbitrarily) aunit of magnetic charge,

then measure the force between unit charges at a given separation. [For further details, and an explanation of
the minus sign in the force law, see Prob. 7.35.]
Problem 5.22

A = /-LofF | Zdz = /-LolZ t2 dz

~Z

411 1z 411" J71 y2 + 2
=HoA o h 2 +62 oz = Loy, Z2+V(Z2)2+<2 5

s U ! 2l a1 [2 +V(@)2 +s2 z

B = V xA =-0Ap=_/Lol 1 8 - 1 8 :
08 a1 [z2+ v@z22 +s2 vz te 2 +v(zd2 +82V(Z)2 + 82
- /-Lol8 Z2- V(222 +82 1 - Z- vzd2 +82 1 0
A1 [(222 - [(222+82 V(zd2 +82 Z7- [(zd2 + 82 v(zd2 + 82
= = /'LOI - = 72 - 1 - b} + 1 0 - /'LOI z2 - Zl (J;
- 411" 82) [V(222 + 82 vz + e ] - 411'8V(Z22)2 + 82 v(zd2 + 82
. Zl :
or, slnce smlh = and sm()2= ,
v(zd2 + 82 V(Z2)2 + 82

Q&ggsin()Z - &n(l) ;pl(as in Eq. 5.35).
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Problem 5.23 _ _

A", =k~B=VxA=- -i 3?(sk)z_:-zl;; i J=-(\f/E>(§B):- leo [--32 (z)] Cp= Cp.
Problem 5.24

v. A=~V .t xB) = —~ [I%.(er) -1 (V >1<B)] = 0,sinceV x B = 0 (B is uniform) and
V xr =0 (Prob. 1.62). V xA =-2V x (r xB) =-2 [(B. V)r - (. V)B +r(V. B) - B(V. r)]. But
(. VJB =0and V .B =0 (since B isuniform), and V .r = ~ + ~+ ~ = 1+ 1+ 1= 3. Findly,
éEdV)r = (Bx:x +By:y +Bz:2) (xx+tyy+zz)  =Bxx+Byy+Bz z=B. So VXA = -~(B-3B) =B.
Problem 5.25

.(a) A points in the same direction as|; and isafunction only of s (the distance from the wire). In cylindrical
coordinatesthen, A = A(s) Z,soB =V XA = - %~:§pr]5~(the field of an infinite wire). Therefore

%\:_szgl, and A(r) = _flLplin(s/a) z (the constant a is arbitrary; you could use 1, but then the units

look fishy). V. A :ﬁ =0.,(VxA= agé cp= ];l;rchﬁ: B. |

(b) Here Ampere's law giv&sf B. d =B 27rs=floenc =flol TR —flo7~2 72 — fL~2 .

JLads T aA fLol s fLol 2 2 - .
B=21lR2 cpo as = - 21'R2 ~ A = -41'R2(s - b)z Hee blISagall arbltrary, except that Sllice A
mustbe continuous at R, =~ In(Rla) = - ;;~2 (R2- b2),whichmeansthat wemust pick a and bsuch that

- fI-0|(2 for s~ R,
2In(Rb)=1- (b/R)2. I'll usea= b=R. Then A = 4rR2 S - R2) Z,
fLol f R
{ - 2ring Rz, Torsa=R}
Problem 5.26
K =KX~ B =xfLeK Y (plusfor z < 0, minusfor z > 0). z
A isparallel to K, and dependsonly onz, so A = A(2) x.
X y z aA K
B=VxA=1 %/(%( a/gy a/g\z :8yZ:fo~ y. ,
JA=-¥lZl X, ~ill dothejob-or this plusany constant.
X
Problem 5.27
@VA =~/ v. (=) dr. V.(~) =~V .)+L V(~). Butthefirstterm iszero, because Xr'

isafunctionof the sourcecoordinates, not the fieldcoordinates. Andsince~=r-r', V (~) =-V' (~). S0
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ButV'. (~) =~V")+lV' (~), andV'J —OlnmagnetostatlciEq531)So

d h '
) , and hence, by the Ivergencet eorem, V .A = 47rJ 2_4 —-- 47r - 8
wher the mtegral [ now over the surface surrounding all the currents. But J —Oont rface,soV.A = 0./
b))V XA = ~; Jle (~) dr =~ J [~(V xJ - IxV (3] dr. ButV xJ =0 (since J isnot
4 0= JX4
a function of f), and V (rJ)— -2 (Eg. 1.101),s0V x A = ZF')WJ ~y dr'=B. ./
() \72A = ~! J\72 ("') dr'. But \72 (~) =72 (~) (once again, J is a constant, as far as differenti-
ation with respect to r is concerned), and \72 (~) =-47r(53(1t)Eq. 1.102). C
So \72A zfﬂj Xr) [-4mB3(1t)] dr' =-pod(r). ./
Problem 5.28

Pal :f B.d=-lb vu .d =-[U() - U(a)] (by the gradient theorem), so U(b) f U(a). ¢ed

For an infinite straight wire, B = PBISJy. U =- P8I&/> would do the job, in the sense that

VU = on)r V(e» = chp leg/;]y— B. But when .. advances by 27r,this function does not return to its initial

value; it works (say) for 0 ;. < 27r,but at 27rit "jumps' back to zero.
Problem 5.29
Use Eg. 5.67, with R...+f and a ... $dt:

A e ] ro BAP B Rl
- o 3
r5 . Powp . r2
= (%WP)smB [r2 (5)+2(R -r)] <p= ~rsmB 5)<p
B = VxA=PWP __-__ Br smB 2 g, 2.2 4
- 2 {rémBaB[Sm s (Q )] ' rsm (3 5) 9
R2 r2 , 2r2
powp [(3 - 5) CcosBr - (Rz 5 )smB()] But p= (4/3)7rR3'
powQ cosBr - f1- 6r
47R [( 5R2 ( 5R2
Problem 5.30
@ az = FY:IWZXY,2)=-:FY(X,Y,2)dX+Cl(y,2).

{ avy Fz:3JWy(xy,2)=+f;Fz(X,y,2dx+C2(y,2). }

These satisfy (ii) and (iii), for any C1l and C2; it remains to choose these functions so as to satisfy (i):
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- Ixeryixysd 4 ' 8Cl - IXSFZ(X',y,z) q'- 8C2 - F 8Fx 8Fy 8Fz -

o 8y X+0) uy 0 85 X ouwz - x>(,y,z. ) ut)ux tay tiuz - ,S0
{ sFrxxy2 ., 8c  8c2 o (X 8FX(X.y,2), ()
10 8x' dx+8y-8z = XXy, NowJo 8x' dx= Fxx,y,&-FxO, ,Z,50

8~1- 8~2 = Fx(0y,2. Wemay as well pick C2= 0, Cl(y,2 =1Y Fx(O,y',2dy', and we'redone,with

W0 Wy= Ix Fzxy2dx;  Wz= 1Y FX(Oy',2)dy -Ix  Fy(x'y,2)dx.

= 8Wz - 8\Ny WX - 8Wz - 8WX
(b)V xW ggy s X+ o )y+( 8y)z
y I Fy(X,y,2 g "' {X8Fzx ,y z) d . L )
= [K(0,y,Z’ - Jo 8y X - Jo 8z x]x+[O+Fy(x,y,z y + Fz\X,y,z -O]z.

%’tv F= =Q s%thex termis [Fx(O,y,2)¢ Ix 8Fx~~:y,2) dX'|= Fx(O,y,2)+ Fx(x\y,2) - Fx(O,y,2),

v W = SM 8Wy 8Wz 0, x.8Fz(X,y,2) dxl . IOY8FX(0,y’,Z) dYI ] I X8Fy(X',y,2) dy} 0

8x 8y 8z 0 8y 8z 0 8z
ingeneral.
{X x2 {y {X y2
(¢ wy =Jo Xdx' =2; Wz=Joy'dy- Jo Zdx'= 2" -
X y Z
8/8x 8/8y 8/8z =yx+zy+xz=F. (
lw= ~Y+ (~2) 1V xw-~ 0 x22 (y2/2- zx)
Problem 5.31
(a) At the surface of the solenoid, Babove= 0, Bbelow= J.lonk = JLoKz ii = s soK xii = -K Z

Evidently Eq. 5.74 holds. ,(

(b) In Eq. 5.67, both exprons reduce to (J.LoR2VJa/3)sin()(iJat the surface, so Eq. 5.75 is satisfied.
J.LoR4VJa n() 2J.LoRvJa . 0 8A J.LoRv.Ja 0ix 8 .h
'a‘RJ,: 3 -~ PR—- 3 sm'Bll y R = 3 sm”'P 0 tee tsfleo
Eq.5.76 is -J.LoRVJain() (iJ. Meanwhile K =av = a(~ x r) = aVJRsin()(iJso the right side of Eq. 5.76 is
-/10(JR3Sin()(iJand the equation is satisfied.
Problem 5.32

Because Aabove= Abelowat every point on the surface, it followsthat ~~ and ~—~ are the same above
andbelow; any discontinuity is confined to the normal derivative.

= ( 8AYabove +8AYDE|°W )X+ (8Axabove = 8Axbelow )Y But Eq 574 says this equals

B - B
above  below 8z 8z 8z

lloK(-y). 80 8Atove = 8A~~,0OVEind 8A~7ove 8A~:e,ow -J.LoK.Thusthe normalderivativeof the com-
f i d: . K 8Aabove 8Abelow K
ponento A parallel to K su ersa Iscontmmty -JLo ,or, more compact y: 8n - 8n  =.lo
Problem 5.33
(Sameidea as Prob. 3.33.) Writem = (m. f)f + (m. 0)0 = mcos()f - msin()O (Fig. 5.54). Then
3(m.Hf - m =3mcos()f - mcos()f+msin)O = 2mcos()f+msin()O, and Eq. 5.87 <=Eq. 5.86. Qed
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Problem 5.34
(@m=la=lhrR2i.1

® B~ I~ 1:~2 (2comf +sn08)..
—~
(c) Onthe z axis,0=0,r=z f =i (forz> 0),s0.B - i (forz<0,0=11f,= -i, sothefied
is the same, with 1zI3in place of Z3). The exact answer (Eq. 5.38) reduces (for z» R) to B ~ /LolR2/2113,
so they agree.
Problem 5.35

For aring, m = 111"r2.Here | --+av dr = alUJrdr, so m = foR1l"r2aUdr = 111"aUJRA1
Problem 5.36
The total charge on the shaded ring is dg —a{211"Ein O)RdO.
The time for one revolution is dt — 21¥UJ. SO the current

in the ring is | = ~~ = aUJR2sin 0dO. The area of the ring z
is 1I"(Rsin 0)2, so the magnetic moment of the ring is dm =

{aUJRZin 0dO)1I"R&n20, and the total dipole moment of the
shell is

RsinO

m = aUJ1I"Rdo" sin3 Ode = (4/3)aUJ1I"R\or 1m = ~aUJR4 1.1
The dipole term in the multi pole expansion for A is there-

- A - [Lo411" R4sn0;., - /LoaUJR&INO;., h'h-

lore dip- 41138UJ 7 P - 3 r2 'P,wIC |

also the exact potential (Eq. 5.67); evidently a spinning sphere
produces a perfect dipole field, with no higher multipole con-
tributions.

Problem 5. 37

The field of one side is given by Eg. 535 with s -+

22+ (Wi2)2 and SnO2= - SOI = (w2) |
WJZ2 + w2/2

B = /Lol w . To pick off the vertica
411".32 + {w2/4).J22 + (w2/2)
component, multiply by sin4>= (w/2) ; for all four
J2 + (Wi2)2

sides, multiply by 4: IB = /Lol i. IFor

W2
21122 + W2/4).J2 + w2/2

z» w, B ~ /L;:~2 i. The field of a dipole 1m = [W2, for

points on the z axis (Eg. 5.86, with r --+z f --+i, 0 = Q) is Wi2
B-/Lomi o«
- 21173 .

Problem 5. 38

Themobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on
a mobile charge g balances the magnetic attraction: F =(g[E+ (vxB)] =0=> E =-(v X B). Say the current
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isinthe z direction: J —p_vz (where p- and v are both negative).

f B .d =B 27rS=110J7rS2 ~ B = 110P%s J;

/E. da =E27rd :f!o.(p+ +p)7rs21~ E :Zf_le(p+ + p-)ss.

2~Qp+ + p)ss —- [(v2) X (110P2-VEB)] —~Op_V2ss ~ p+ + p- =p(oiovz) = p- ("'Z) .

Evidently p+ =-p- (1- ~) = ~,,or p- =_2p+. In this naive model, the mobile negative charges fill a
smallerinner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v « ¢, the effect
isextremely small.

Problem 5.39
(a) If positive charges flow to the right, they are deflected . down, . and the bottom plate acquires a positive
charge.

(b)) B =qE ~ E =VB :3 V —Et = VEt, . with the bottom at higher potential.

() If negative charges flow to the left,they are alsodeflected down, and the bottom plate acquires a negative
charge. The potential difference is still the same, but this time the top plate is at the higher potential.

Problem 5.40

From Eqg. 5.17, F = | J(dl x B). But B is constant, in this case, so it comes outside the integral: F =

| (JdI) x B, and J dl = w, the vector displacement from the point at which the wire first enters the field to
thepoint whereit leaves. Sincewand B are perpendicular, F = 1 Bw, and F is perpendicular to w.

Problem 5.41

The angular momentum acquired by the particle as it moves out from the center to the edge is

L:/~~dt:/th=/(er)dt:/rxq(va)dt:q/rx(dIxB) =q[/(r. B) dl- /B(r. d] .

But r i~perpendicular to B, sor. B = 0,and r. d =r. dr = !d(r. r) = 1d(r2) = rdr = (1j27r)(27rrdr).

SoL = - 2: foRB27rdr = - 2: / Bda. It followghat L = - -I; <I>ymee <>=JB da isthe total flux.
Inparticular, if <I= 0, then L = 0, and the charge emerges with zero angular momentum, which means it is
goingalong a radial line.  qed

Problem 5.42
FromEq. 5.24, F = J(K x Bave)da. Here K = av, v = wR sinBJ;, da = R2 sin BdBd4J,and
Bave= |(Bin + Bout). From Eq. 5.68,
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Bin = ~J.100"R(VZ=~J.100"R(V(cosBf-sinBO).FromEq.5.67,

Bout = V XA =V X (1i0pgvospg ~) = oo~~~ B\ f - "By 0
A0RVOSP3 3 [rsmBoB\ r2 ror )

=7 1234(\/0(2 cos Br +smBO = JlORgo (2 cOSBr +sm Bq (smce r =R) .
Baye = 1°R(Vc%4 cosBr - SInBO
3.10R(VO J.10 ?
K XBaye = (0'(VRin B) 6 ) |;‘ij (4cosBf - snBO) ] = 6(0"(VR)- (4COSBO + sinBf)sinB.

Picking out the z component of O (namely,- sinB)and of f (namely, cosB), wehave
(K x Baye)z = -~0(0"(VR)2sin2BcosB, so

Fz = -~0 (O"(VR)RZf sin3 BcosBdBdgj; = -~o0 (O"(VR2)211Ci:4 B) C2, or F = ~(O"(VR2)2 z1
Problem  5.43
J.10gegm ' J.A
@F =ma=0gdvxB =4 Gxp a= Aﬁqﬁe;m (v xr).
1dd dv dv
(b) Becauseal..v,av=0. Buta,\ﬁZdt(v,v):Zdt(VZ) vdt' So dt =0. ged
(_jQ - + _ Jlogegm d 'y - o, J.1ogedm _ J.logegmyV ___r dr
© m(v x V)T m(rx ?) 411" dt (r) 411"r3 TP (VX1 411" (r r2 dt)
_Jloqeqm— - -~ | ~(~ = J.logegm ~ - o~ e "
a1 {r r2v - (r. v)rd =+ L ) } 4;1?1 [r (f v)f + f 2(r V) =O0.v

- - J.1logegm
(d (i) Q .fjJ: Qi .fi)= mer xv) .fji> 411" (f. fjJ).But z.fjJ=f. 19 = 0,0 (r x v) .fjJ= 0. But

r=rf,andv =gt =rf+rBO+rsinB~~ (where dots denote differentiation with respect to time), so

f 0 -~
rxv=1r00 . =(-r2sinB~)0+  (r2B)~.
r rB rsinB~
Therefore (r x v) .~ =r2B=0,so0 Bisconstant. ~ ged
0 (||) Q. fJ_lo%%q = mer X quc]; J10~qn(f B). Buttz f = cosB, and (r );V) J.r~ (rxv) .f =0,%0
cos :- 411" 'or v = - 411t’:os B. n smce " IScons ant, so too ISQ ge

(iii) QO =Q(z0O) =mer xv) .0- J.1o:~qthO). But zO = -sinB, f.O = 0,and (r xv).0O = -r2 sinB~
' . 2. J1
(from ) .0 - Qdn B= -mr  sm E”Ifl => !f/: m? = ?k W'Ith k ::f? = - 41|--?r22rg'

2. 2 2 .2 .k 2 2 2 2k _ 2 ksn2B
(e v2=r2+r B2+r sin Bcj;, but B=0andcjz 2 sor =v -r sin B4 =v - 2 .
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(jef)z mnTe ((kkzs;rr:l())/r)2 :rz k) sm2 0l ldefy - rV( )2 )

smo >° (ksm()) sec{(GJ- cJopm(] = Rsm()l o
(f) rJ(vr/k) 2o S0 =T 4G G gn = -

r(ety) = cos[(cj3Af)sm (] where A ==~
Problem 5.44

Put the field point on the x axis, sor = (s, 0,0). Then
B = %'0/ KXD ja da = RiGlz kK = K4

K(- s§ingdx + coscjdy);™ = (s - RcoscJ) X - Rsingly - ZzZ
X y
K x ™ K - singjJ coscjJ 0
(8- Rcoscd) (- Rsingd) (-2 y
K[ zcosck + (- zsin¢JY+ (R - 8CO§Jy] ;
1,2=22+R2+82 - 2R8 COg§JThe x and y components integrate X
to zero (z integrand is odd, asin Prob. 5.17).

Jlo / (R - 8cosqy) dejddz
Bz - 41fKR (2 +RrRe + & - 2R8COSGJ)3/2
KR {21f roo dz
= JI°4lf io (R8COSGJ) {i-00 (Z2+d2)3/2 } dgjJ,

roo dz 2z ° 2
where d2 ==R2 + g2 - 2RscoscjJ. Now i-00 (22 + d2)3/2 = dv2 +d2 0 = a2

- JlgKR  {21f R-8COS dcjJ; (R-8COScjJ)=~[(R2_82)+(R2+82_2R8COSJ)].
DR 8 (e ¥ T 3R cog, (7 (RO Gy (e RS

21f dA.
J.loK 2- 2 T + l dcjJ.
~ [(R 8 1 (R2 + 82- 2r8cOs) |

(2" defy 3 " dgJ 4 1 va2-b2tan(cjJ/2)
Jo atbcoscjJ 210 a+ bcoscjJ vaz - b2 [ a+b 110
4 -1 va2 - ban(if) - 4 (ﬁ) = % Hgea=R2+42
vaz-b2 [ a+b' ] va2-b2 \2/ va2-b2
b=-2R8, s0a2- b2= R4 + 2R282 + 84- 4R282= R4 - 2R282+ 84= (R2- 82)2; Ja2 - b2= IR2- d21,
Jok  (R2 - 82 Jok  R2- 82
Bz=~ (IR2-82121f+21f =2 (IR2-:821+1) .

Inside the solenoid, 8 < R, so Bz = J.Izol(1+1) = J.loK. Outside the solenoid, 8 R, soBz = J.IQK(—1+1) = 0.

HereK = nl, so. B =J.Lonkz(inside), and O(outside) . (as we found more easily using Ampere's law, in Ex. 5.9).
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Problem 5.45

Let the source point be r = Rcos</Ji - Rsin</Jy, and
the field point be r = Rcos(}i + Rsin(ly; then" =
R[(cas ()- cas</)) + (sn()+ sin</J] and d = R sn </d@</i +
Rcos </Jd</3¢ Rd</J(sin </Ji + cas </Jy).

[ Y z
d X" = r &«n sn </J cas </J 0
(cas ()~ cas </)) (sn () +sn <) O
R2(sin </Jsin)+ sin2</3 cos(} cos</3 cOs2</Jd</Jz
R2(1 + sin(sn <~ cas()cas <Jd</ =R2 [1- cos((} + </)pP</d

B = Lo " dix"=J-LOIR2z - [1-cos((} +</J)] d</J=  JLolR2 ZI i d<ld
47r J ~3 47r [2R2 - 2R2 cos((} + </J)]3/2 47r(2R2)3/2 0 VI - cos((} + <

JLol . I1T d</J Mo . 91 (}+< JLoll tan(~) .
= gv2mRz Yo vosn@ + </)21=167Rz { n ltan (~ }j = 8/MRn[ tan(f) ] z

Problem 5.46 |

@ From Eq 538 I8 = TR ([R2 + (2 + 22132 [R2+ (d/2 - 221%) -

0B = JLolRZ (-322(d2+2)  + (-3/2)2(d/2-Z)(-1)
oz 2 {[R2+ (di2+2)2]512 [R2+ (dI2- 2252 }
3J-LolR2 -(d2 + 2 (di2 - 2)
= 2 { [R2+ (d/2 + 2)2]5/2+ [R2+ (di2 - 2)2]5/3 .
oB - 3)LolR2 -d/2 d2 —0/
0z'z=0 - 2 {[R2+(d/2)2]5/2 [R2+ (d/2)2]5/2
(b) Differentiating again:
02B _  3J)LOIR2 -1 + ~(dI2+2)(-5/2)2(d/2+2)
02 - 2 L[R2+ (d/2 + 2)2]5/2 [R2+ (di2 + 2)2f/2
-1 (di2 - 2(-5/2)2(d2 - Z)(-1)
+ [R2+ (d/2 - 2)2]5/2+ [R2+ (d/2 - 2)2f/2
08 . sk 2+ 2622222 - 3ldR2 (—R2 -~ 45
02 =0 - 2 {[R+ (22152 [R2+ (d/2)2f2 } - [R2+ (d/2)2f/2 4 4

= ReFEB) @ - R2). Zeroif.d =R, in which case

B(O) = JLoRr2 1 + 1 = olR2 1 =
2 [[Re+ (R2)2]32 [Re+ (R2)2]32) I (SR24)3/2
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Problem 5.47
(a) Thetotal charge on the shaded ring is dq = a(211"r)dr. The
timefor one revolution isdt — 211W. Sothe current in the ring

isl=~; —awr dr. From Eg. 5.38, the magnetic field of this
. /10 r2 -

rlng ?;or pOInts on the axls) I1ISdB = 2"'awr (r2 + z2)3/2 dr z,
and the total field of the disk is

R 3d —
/1oaw r Yr - 2
B = ~ ]9 (r2+22)32z. Letu=r ,sodu=2rdr. Then

p UT 22 R2+22) - 27 Z.
= leawifR2. (u )32 = Maaw] (Wu+ 2)] @ = naw(VRe + 22 |

(b) Slicethe sphere into slabs of thickness t, and use (a). Here

t = Id(RcosB)1 = RsinBdB; z
a~ pt=pRsinBdB; R ~ RsinB; z ~ z- RcosB. First

rewritethe term in square brackets:

(R2+ 272) - 27 :2(_R2+22%- - R2 -2z
[..JR2+ ] JJR2+ 2722 L JR2+ Z2 y
=2 Vre+n- RP2 -7.
[ Rtz )
But R2 + Z2~ R2sin2B+ (Z2- 2RzcosB + R2 COSB) —R2 +
z2 - 2RzcosB. So
Bz = 2P 29, SinBdB VR2 + 22~ 2RecosB - (R2) sn2B ) _ ReosB) .
[ JjR2 + z2 - 2RzcosB ]

Letu::cosB, sodu=-sinBdBj B:0~1I"=>u:1~-1j sin2B=1-u2.
= Ve +2- 2Ru- (RY2)(1- u2) - z+RU du
/ 1oprLq [ vigzz +)£2- 2uRz)u z ]

= JlopRw [II - ~2 (12- 13) - 14 + 15].
1
f 1 3/2
h = L1 VR2 +2Z2- 2Rzudu =- 3Rz (R2 + Z2- 2Ray) ‘-1
= -ERZ [(R2 + Z2- 2RZ)3/2 - (R2 + 72+ 2RZ)3/2] = _~3RZ [(Z_ R)3 _ (Z + R)3]
1 2
= -3¢ (8B 3ZR+3R2- R3- 23- 32R- 3zR2- R3) = (32 + R2).

- 1 1 _ 1 _
12 = 11 jR2+ 22 2Ra du—--v$2+22_2Rzu 1 —--[Fgl%-R)-(z+ R)]=-.
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1 uz

h = 1 du
1 ../RZ+zz - 2Rau
1 1
= - 60R3z3 [8(RZ t+ z2)z + 4 RZ+ ZZ)2Rzu+ 3(2R2)ZUZVRZ + ZZ- 2Rzu.-1
= - 60~3Z3{[8(RZ +z2z + 8RzRZ + ZZ)+ 12RZzZ)(Z- R)
- [8(RZ + Z2)Z- 8Rz(RZ + ZZ)+ 12RZz7Z) (Z + R)}
1
= - 60R3Z3{z [16Rz(RZ+ ZZ)]- R [16(RZ+ zz)z+ 24RZ7Z)}
= - g 1BR (RZzZ +24 - R4- 2Rzzz - 74 - ERZZZ)
4 5 7z 4 z 57z { {1
= -15R7z3 (—"ZRZ - R): 1523 (R +"27 ) /4 =231 du =2z /5 =RJ-l udu =0
Bz = Jlova@?z +R)- T2+ 1523(R + ) 2
_ 2Rz z 2R4
= J1 oR(ﬁz+ 5 "y Tient 22)
Q J.1.oQUJRZ A
= JiorPwszz But P= (4/3)'OR3'so B = 101'0zZ.
Problem 5.48

B = Ji%bO/ d'_y 1z. 1z= -Rcosddi. + (y- Rsind))y + zz. (For simplicity I'll drop the prime on 4J.)
~z= Rz cosz 43 yZ- 2Ry sin 4% Rzsinz 4% zZ =Rz + yZ+ zZ- 2Ry sin 4).The source coordinates (X, Y, Z)
satisfy X = Rcosd4J~ dx = - Rsin4dd)jy = Rsind~ dy' = Rcosdddly = 0~ dz = O. Sodl' =
-RsindJd4Ji.  + Reos4Jddy. v .

i.

d' x 1z= | -RsindJd4J  RcosAJd4d) 0 1= (RzcosAJd4l). + (Rz sin4Jd4y) + (-Ry sin4Jd4d Rz d4Jdy.
-Rcos 43 (y- Rsn4)d) z

Bx = J.1lo/Re1 <" cos4J d4J = J.1.0lRz" 1 7'=0,
410 (RZ + yZ+ ZZ- 2Ry sin 4J)3/2 410 Ry VRz + yZ+ ZZ- 2Ry sin 430

since sin 4= 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms
of elementary functions.

- I o/Rz - — (R - ysindd) d4J
Bx_a’ J@ sindd d4J . 37 -B, = J1oR _ 37"
410 (RZ +yZ+ zZ- 2Ry sn 4J)/ 410 (RZ + yz+ Zz- 2Ry sin 4J)/
Problem  5.49 .
. J.1.oxg dli xi.
From the BIOt-Savart law, the field of loop #1 ISB = i : the force on loop #2 1S

F =iz dzx B =g |111;I_ dz X (I Xi). Now dz X (di xi) =dli(diz.i) - idi .dz), so
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3l 4 (dh4)
=. 47?h|2 {ff 1.2dI1 . dI2) - fdll 12 }

Thefirst term is what we want. It remains to show that the second term is zero:

t=0e - x) X+ (Y2- yd Y+ (Z2- ZI)z, 0V2(U1)= (Q, [(X2 xd2 + (Y2- yd2 + (22- Z)2rU2 X

8 - -1/2
tg [be- %)+ (v2- Y0P+ @2 2)7 0 Y O(z [02 - x )2+ (Y2- YD)+ (22- 0 7]
— (exd~ . (Y2Y)~, (2z~ ___t__4 4. 1 _
X e (e, 2 ==t sof gy f va (1) di2 =0 (by Corollary
2in Sect. 1.3.3). qed
Problem 5.50
Poisson's equation (Eq. 2.24) says \72v = - (') .p. For dielectrics (with no free charge), Pb = -V. P

(Eq.4.12), and the resulting potential is V(r) _A.erol P(rl A4 dr'. In general, P= fO/ .E (Gausss law),

E(r) .4
SotheanalogyISP --+-foE, and henceV(r) = - 47rI 12 dr'. qged

[Thereare many other waysto obtain this result. For example, using Eq. 1.100:
V. (~ =-V. (~) —47r153(-t) = 47r153(r - 1),

V(r)=j v(rM83(r -y == | v(rV', (142) dr’ :“’ | 4 [Vv() ]d - o f () A, .da

1] Erm .4
(Eq.1.59). But V'V(r) = -E(r'), and the surface mtegral --+0 at 00, so V(r) = - 47r! 12 dr,
beforelY oucan also checkthe result, by computing its gradient-but it's not easy.]
Problem 5.51
(@) ForuniformB, f;(B x el)=B xf; d=.Bxr.. A =-HB xf).
= B xd = fJlOI8- Jlol8\w = Jlol - e}
(0) B = Jjd (p'sof X (27ra 21t )W 2c7)rw(; ;)8 ©
() A =-r xBfOR'd>= I-~(r x B).l
_ Jlol _ — Jlol Jlol - .
(d) B = 35.5cid B(>.r)= 27r> SC,JJ A= (% X qJ)]0 > d> = ~(,s X GJ). But r here is the
Jlol -
vector from the origin-in  cylindrical coordinates r = sS+ ZZ. g5 A = - 27rs [S(S X ¢+ Zz x Cj‘]]’ and

(8x~)=z, (zx(p)=-s. SOIA=~(ZS-sz.1

The examples in (c) and (d) happen to be divergenceless, but this is not the case in general. For (letting
L ::f;>'B(>.r)j>',for short) V .A = -V. (rxlL)= }L VxnD-r.(VxL) =r. (VxL), and
V xL = fOP'[Vx B(>.N]d>'= f; >2VAX B(>.nN]d>= JId, >2)>.rd>",so V .A =Jlor. fOl >.2)>.r) d>', and
it vanishesin regions where J =0 (which is why the examples in (c) and (d) were divergenceless). To construct
anexplicit counterexample, we need the field at a point where J =lasay, inside a wire with uniform current.
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Here Amperes law gives B 211"s /-Lolenc= /-LoJlI"S2>B = /-L~JS4>,50

A /-Lod /-Los
-+ x Jo \(2 O‘)'\sjonr\ =Tr x )=~z - =)

VA = /Lw[ségz) + g4 ]—/LOJ ~2$Z)—/L§Jz + 0.

Conclusion: . (ii) does not automatically yield V .A =0.1
Problem  5.52
(8) Exploit the analogy with the electrical case:

E = 41,4380 .0f-p (g 3109 =-VV, With/=41 p (Eq 3.102).

B = gygu3am .f)f- m (Eq. 587) = - VU, (EQ.5.65).

Evidently the prescription isp/€o + /-Lom: . U(r) — T I
(b) Comparing Egs. 5.67 and 5.85, the dipole moment of the shell ism = (411"/3)VJaR4whichwea sogot

/-LoVJaR4cos()

m Prob. 5.36). USIngthe result of (&), then, U(r) = 3 r2 forr >R
Inside the shell, the field isuniform (Eq. 5.38): B = ~/-LoaVJR so U(r) = -~J:toaVJRz+ constant. We may

as well pick the constant to be zero, so. U(r) =-~/-LoaVJRrcos() for r <R.

[Noticethat U(r) is not continuous at the surface (r = R): Uin(R) = -~/-LoaVJR&s() =FUout(R) =
i/-LoaVJRZos(). As | warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from
places where there is current!]

(©
—  LoviQ _ 32 ) ! — ) _aU, ) _1{:1u i‘
B = “ur (M7 Bre )OS0 (1 )Sm 00, ==VU == "~ 1500 tsnQ
8uU .
aj] = 0= U(r, 0,49)= U(r, ().
18U LoVJQ 6r2 . LoVJQ 6r2
r8) - ( 411" R) ( 5R2 Jsm() =>U(r,()) = - \ 411" R) ( 5R2)rcos() + f(r).
8u 3.LOVIQ 3r2 LoVJQ
8 = (411 R) (1 5R2 )cos() >U(r,()=- (411 F) (r 5R2 )cos() + g«()).

Equating the two expressions:

J.LoVIQ 6r2 LoVJQ
- 411"9 (1— 5R2 Jrcos() + f(r) = - (411"9 (- 5R2 Jrcos() + g«()),
or
(4L101\F/z3Q)r3 cos() + f(r) =g«()).



107

Butthere is no way to write r3cos() as the sum of a function of () and a function of r, so we're stuck. The
reasonis that you cant have a scalar magnetic potential in a region where the current is nonzero.
Problem 5.53

/Lo= J

@V .B=0,V xB=/LoJandV .A =0,V XA =B =>A = 111] G drt, 0

V.A=0, VXA =B, and V. W =0 (well chooseit so), V xXW =A =W =-};] ~d'l
(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I'll

try something of the foom W =ar(r .B) + .8r2B, and seeif | can pick the constants a and .8in such a way
that V..W —0and V x W =A.

2 2 8x 8y 8z
V. W= a|(r. B}(V .r) +r. \Gr. B)]+8(r (V.B)+B. V(r )].Vr =8 +8y +82 =1+ 1+1=3;
V(r.B) =rx(V xB)+Bx (V xr)+(r. V)B + (B. V)r; but B isconstant,soall derivativeof B vanish,
andV xr = 0 (Prob. 1.62),s0

V(r.B)=B.V)r = (Bx:x +By:y +Bz:2) (xx+YY+2zz) =Bxx+ ByY+ Bzz=asi

VIr2) = (XX + Yy +2:2) (X2+y2+ 22) =2xX + 2yY+ 222=2r. So
V.W =a[3(r.B) + (r.B)] +.8[0+2(r .B)] =2(r .B)(2a + .8), which iszero if 2a + .8= o.
VXXW =af(. B}V xr) - rxV(. B)]+8 (r2(v xB) - Bx V(2] —a[0- (r xB)] +.8 [0- 2(B x f)]

= . xB)a - 28 =-~(r xB) (Prob. 5.24). Sowewant a- 28= 1/2. Evidently a - 2(-2a) =5a = 1/2,

or 0:=1/10;,8=-2a =-1/5. Concluson: W =~ (r(r. B) - 2r2B] .1(Buit this is certainly not unique.)
OV XW =A = JV xW) .da =JA. da. Or fw. d =
A .da. Integrate around the amperian loop shown, taking
W to point parallel to the axis, and choosingW = 0 on the
axis:
I /Lon /Lonl821.
Wi =10 \~ )ISdS =~2 (usmg Eg. 5.70 for A).

lw=-~zI (&R).

' R -wW =/LonlR21 ]E Lonly B2 14-= jLoniR21  /LoniR211 ( gy
rors > 4+ 2 ) s s 4 + 2 ng’,

W = _/LonjR2 [1+ 2In(8/R)] z1(8> R).
Problem 5.54

Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that
V.[Ux(V xV)] =V xV). (V xU) - U. [Vx(V xV)]:

!v JqUX (V xV)] dr :j {(V xV).(VxU)- U.[Vx( xV)]} dr -f [Ux (V x V)] .da

Asaways,suppose we have two solutions, B1 (and Ad and B2 (and A2)' DefineB3 = B2 - B1 (and

A3=A2- Ad, sothat V xA3=B3ad V xB3=V XBl1-V xB2 =/LoJ- /LoJ=0.SetU =V =A3
inthe above identity:
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! {(V x A3)" (V x A3) - A3" [V x (V x A3)]} dr = ! {(B3)' (B3) - A3 [V x B3]} dr = !(B3)2dr
= f [A3 X (V x A3)] .da = f (A3 X B3) . da. But ei ther A is specified (in  which case s = 0), or else B is
specified (in which case B3 = 0), at the surface. In either case f(A3 x B3) .da —ao SO ! (B3)2 dr = 0, and

hence Bl = B2. Qed

Pr obl em 5.55

From Eq. 5.86, Btot = Bo z - %%13?(2005()”5“()6). Ther e-

mn
B - B - - J. Lorno 2 _ J. Lono
lore r = "0'z.r - 411"r3cos’ = (Bo- 211"y 80s.

This iszero, for all,(),when r = R given by Bo = ~; ~~, or
1/ 3
R = (~;;~ ) .. Evidently no field lines cross this sphere.

Pr obl em 5.56

@ 1= (2~W=~:; a=lI"Rnmx ~:1I"R2Z=~WR2Z. L=RMv= MwRZ2L= MwR2Z

b = éMVFRZ Z(M m—(ZI\/DL ant egyronagnetldatlosLNJ

(b) Because g is independent of R the sane ratio applies to all "donuts", and hence to the entire sphere

(or any other figure of revolution): g = 2~.1

O™ = Sm2” 4m X4%OQ.191§1'106- élj)o' ) =14 61x 10-24 Am2.1

Problem 5.57

@ Bave = (J4-1'RBIBr = A3V x Aydr =

- - Axda = --° 2L ‘]'xda:
411'R3 f 411'R3 411f { z

- (4~oR3 {f da} drl. Note that J depends on the
source pomt r/ No on the field point r. To do the surface
integral, chooset he (x,y, z) coordinatessothat rl liesont hez
axis (see diagram). Then 1= VR2 + (ZI)2- 2RzZICOY)), while
da = R2sin()dOd4x. By symmetry, the x and y components

must integrate to zero; since the z component of r is cos(), we
have
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f"‘da = ZJ cos () R2 sin() d() d4>= 27rR2 Z r cas ()sin () dQ).
1- VR2 + (2)2 - 2Rz' cos() Jo VR2 *+(z)2 - 2Rz cos()
Let u ==cas(), so du = - sin ()d().
= 27rR22f1 0 du
-1 vR2 + (@22 - 2RZ'u
1
- 97R27 .- 2[2(R2+ (2)2) +2RZ'U] VR2 +(Z)2- 2Rzu
3(2RZ')2 } 1
27rR2Z }
= 3(Rz)2 {[R2+(Z)2 +Rz]VR2 +(z)2 - 2Rz' - [R2+ ()2 - Rzl VR2 + (z)2 + 2RZ.

- [B(~~)2z] {[R2 + (z)2 +Il?z‘] IR- zI- [R2+@)2 - Rzl (R+2)}

47r . - 47r '
"3z Z- ™3I , (r <R),

47R3 . 47rR3, ,
3z)2 z="3(@3r, ( >R). }

3/Lo 47r /Lo 1
Fornowwewantr' < 52 SoBave = - (47r)2R33 J(J Xr )aT' = - 47rR3J (I xr) dT. Nowm = :2(rxJ) dT
Lo2m
(Eq. 5.91), so Bave = 47rR3" ged , ,
, 3/Lo 47r 3 "'\ g o _ Jxli.
( ) ThIS time r >R, sosae = - (47r)2R3 3 R J J x ()3 T = 47r\] ~ dT, where ~ now goes
from the source point to the center (~= ~r'). Thus Bave = Been. qed

Problem 5.58

(a)Problem5.51givesthe dipolemomentof ashell:m = 4; (IwRZ. Let R -7 r, (1-7 Pdr, and integrate:

m = 4Bwpz J® r4dr = 4BwPR5 z. But p= (4/3JrR3' so.m = $QWR 2z. .

© A ~ flomsin) $= JoQWR2sig) $.
, (d) UseEg. 5.67,with R -7 r,(1 -7 par, and integrate:

A = /L%wpsm ()$ {OR rd dr = /L§W47 R3smz() rRs $= /L<7) QWSRZ sin () $.

This is identical to (c); evidently the field is pure dipole, for points outside the sphere.

(e) According to Frob. 5.29, the field is B = /L:;~[(1— :~:)cas()f - (1- :~2) sinp{j]. The average
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obviously points in the z direction, so take the z component of r (cosB) and {J(- sinB):

Eave Jloulo 1 3r2 2 6r2y .2 2.

411"R(4/3)1I"R3 = [(1- 5R2)cos B+ \1- 5R2 Jsm B r smOdr d(dif>
3J-LUJQ r3 3 R5 6 RS
(@11~22211% [(3" - "ssR2 JcosB+ (g - "5R2 ) sin2B| sin BdB
3J-LouJQ 3 Y16 2 7. 2 . 3J-LouJ@ ( 2 .
81R4 R L 75cos B+ 75sm BJsmBdB= 81R 75 ]J 7+ 9cos QsdeB
J-LouJQ 3 1r J-LouJQ J-LouJQ
2001'R (7cos8 - 3005 B) 0 = 20011"R(20) = 101I"Rsame as (b)). ./

Problem 5.59

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) isto regard
Eqg. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field isa
delta-function, Ac53(r), with A selected so as to make the average field consistent with Prob. 5.57:

- 1 3 - 3 - JLo2m - 2J3Lom . 20 3
Bae - (4/3)U"R3 = Ac5 (r)dr - 411"R3A - 411R3 =} A -~ The added term 1S: "3mc5 (r).
Problem 5.60
00
@ 1d-+J3dr, o la=1; ,I,zorn~1 (r,)n Pn(cosB)J dr.

. — o d
(o) Amon = éiiolrl Jdr = iﬁnﬁ (Prob. 5.7), where P is the tota electric dipole moment. In magne-

tostatics, P is constant, so dp/dt = 0, and hence Amon= O. Qed
(©m=1la =~ §r Xill)-+m=~Jr XJ)d. ,Qed
Problem 5.61
For a dipole at the origin and a field point in the x z plane (if>= 0), we have

Aq0; (2cosBr + sinBY) = gupn; [2cos B(sin Bx + cos Bz) + sin B(cos BX - sin B2

44" [3sin Bcos ()x + (2COSB- sin2 B) 7.

Here we have a stack of such dipoles, running from z =
-L/2 to z = +L/2. Put the field point a s on the Xx

axis. The x components cancel (because of symmetrical- z
ly placed dipoles above and below z = 0), leaving B = £/2
Lo M L/2 (3COSB- 1) ] ]
111—12 Zl .3 dz, where M is the dipole mo- y
ment per unit length: m =Rz = (CTvh)LI"R2 —cTuRirRn =}
M =M _ .3 . _ 8 1 _ sn3B _ X
h — 1I"CTUJ8R. Now smB = 7, SO g — —ig z = £/
-8 cotB =} dz = Sn BdB. Therefore
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9Im
B = sn3 () 8 J1- aCl.JR3

29(7raCI JR3_];/2 (3cos2()- I)~~d£)- . ‘2% z ]mz (3cos2()-1)sin()d()
Jl-0aCl.JR3  ~ 9m J1-0aCl.JR3 2 A J1-0aCl.JR3 . ~
228 z- cos()+cos()) 2 = 28 COS)m(1-COS)m)Z= 22 COS()msm2()mZ.
Butsin()m= 8 and cos() = -(L/2) 0 B = - J10aCl.JR3 L

w + (L2)2 m 32 + (L2)2 482+ (LI2)2]3/2 z.



Chapter 6

Magnetostatic Fields in Matter

Problem 6.1
N = B B — JLol A A A __A _ A _ A Jloml A
—m2 X BL P1= 13 [38mi. Nr-ml;r=y;m =mz m2 =my B1=--43
=-JLomim2 J.Lomim2A — 2 — _ J.Lo(abl)2A . .
ATIT (yxz )= = =477 Hereml —1ra1,m2 = .SaI =4 % I F I onentatl On:

‘downward . (-2).
Problem 6.2

eF=1d XB; tIN=r XdF =Ir X (d XB). Now (Prob. 1.6): r X(dl XB) +dl X (B Xr) +B x
(r Xill) =O. But dir X (r XB)] =dr X (r XB) +r X (dr X B) (since B is constant), and dr = dl, so
dX@B Xr) =r X XB)-dr X(rXB)]. Hence2r X (dl X B) =d[r X (r XB)] - B X (r X dI).
dN=!1 {d[r X (r XB)] - B X (r Xd)}. . N =!I {8d[Ix (r x B)] - B X §(r X dI)}. But the first term
iszero (8d(... ) = 0), and the secondintegral is2a (Eq. 1.107). SoN =-I(B X a =m X B. qged
Problem 6.3

(€Y
I~ Accordingto Eq. 6.2, F = 27rIRBcos(). But B =
YQI3(mlg~r-mtl: and Beas() = B. ¥ so Beas() =

~ [3(ml .i)(i. y)- (mi"y)]. Butml .Y =0 and
i .Y—smq while ml .i = ml cos(). : Bcos() =

~~3ml  sing casq,.

F =27rIR—~3m  sinq,cosq,. Now sing, = ~, cosq, = yr2 - R2/r, soF = 3~mlIR2~.
BuIR27T = m2, %0 F = pimim2~,  whilefor adipole, Re 1, 0 F = 3,

(bF=V(m2. B) = (m2. V)B = (m2:2) [~2\(~(ml. 2)z- ml)] =~mim2z d~(2\),
2ml -3\,

or,sincez=r: F=- ZWom™2 %& |

113
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Problem 6.4

dF =J{(dyy) X B(Oy0O) + (dzzy XB(Ot2 - (dyy) X B(Oyt) - (dzz) X B(O,0,2}

= J{-(dY y) XIB(O,y,t) - B(O,y, On+(dz z) x IB(O,t, 2 - B(O,0, zn}
~ 18g, - 8y

B
AN {ZX8 8|$,_ng 81" [Notethatde~B|0 , 4 OtBl, 0 ooandJdz-B

y 00z y.000]
X Y z x y [Z
F =mQoO 1 - 0 1 0 =m ys8Bx - Xx8By- x8Bz- z8Bx
{ 8Bz -~ 88z L.l 1} {8y 8y 8z 8z }
8y 8y 8y 8z 8z 8z
_ 8Bx  _. 8Bx 8Bx _ 8By 8Bz _ __8Bx
= -ty-+z- .B= = = -- :
m x-gy-+2 8y 82 | (usmgV B=Otownte & o 8x)

But m. B =mBx (sincem = mx, here), soV(m. B) = mV(Bx) = m (8fxzx + ~Y + s Z).
Therefore F =V(m. B). Qed

Problem 6.5 z

(@ B =110Joxy (Prob. 5.14).
m. B=0,s0Eq. 6.3says. F =01

() m. B = mWoJox,solF = mol1oJox.!

(c) Use product rule #4: V(p. E) y
= px(VxE)+Ex(( xp) +(p.V)E + (E.V)p
But p doesnot depend on (X, Y, ), sothe second
and fourth terms vanish, and V x E = 0, so the
first term iszero. HenceV (p .E) = (p .V)E. Qed
This argument does not apply to the magnetic analog,
sinceV x B =10."In fact, V(m. B) = (m. V)B + 110(nmx J).
(m. V)Ba =mofx(B) = molloJoY,(m. V)Bb = mo-/y(I1oJoxy) = O.
Problem 6.6
Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to
be paramagnetic. The rest (having an even number) should be diamagnetic.
Problem 6.7

b =VXM =0, Kb =M X ii =M(p.
The field is that of a surface current Kb = M (P,
but that's just a solenoid, so the field

~fi

loutside is zero,  and inside B = 110kb — 110M. Moreover, it points upward (in the drawing), so. B —110M.!
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Problem 6.8

VXM =3 = ;v!s (sksdz = g(3ks2)z = 3Ksz, Kb=M X Ii =ks2(>X s) = -kR2z

Sothe bound current flowsup the cylinder, and returns down the surface. [Incidentally, the total current should

bezero ... isit? Yes, for Jdbda = JoR(3ks)(27rsds) = 27rkR3, while JKbdl = (-kR2)(27rR) = -27rkR3.]
Sincethese currents have cylindrical symmetry, we can get the field by Ampere's law:

B .27rs = polenc= Pol18 Jbda = 27rkpoS3} B = pPoks2s> . = paM.

outside the cylinder lenc = 0,s0. B = 0.1
Problem 6.9

Kb =M X1li =M .
- - B (Essentially a long solenoid)

B (Essentially a physical dipole)

(Intermediate case)

[The external fields are the same as in the electrica
case; the internal fields (inside the bar) are completely
different-in  fact, opposite in direction.]

Problem 6.10

Kb = M, so the field inside a complete ring would be PoM. The field of a sgquare loop, at the center, is
givenby Prob. 5.8: Bsg = V2pol/7rR.  Here | = Mw, andR = a/2, so

B - V2poMw - 2V2poMw.
sq- @2 - ra ' petfieldngap: IB=paM(1- 2:: w) .
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Problem 6.11

As in Sec. 4.2.3, we want the average of B = Bout + Bin' where Bout is due to molecules outside a small
sphere around point P, and Bin is due to molecules inside the sphere. The average of Bout is same as fieldat
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is "far" from all the moleculesin
guestion:

_llo M.
o = ) T d

outside

The average of Bin is 'l; (iW )-Eq. 5.89-where m =7 R3M. Thus the average Bin is 2/loMj3. But whatis
left out of the integral Aout is the contribution of a uniformly magnetized sphere, to wit: 2/loMj3 (EQ. 6. 16),
and this is precisely what Bin puts back in. So well get the correct macroscopic field using Eg. 6.10. qed

Problem 6.12

(@ M =ksz b =VxM = -kepi Kb= M X ft= kRep.
B isin the z direction (this is essentially a superposition of solenoids). So

B =0 outside.! Use the amperian loop shown (shaded)-inner  side at radius s:
8. d =8l =/lolenc /lo[fibda +Kbl] =/lo[-KI(R - s) + kRI] =/lokis.

2.1 B =/loksz inside. .

(b) By symmetry, H points in the z direction. That same amperian loop gives fH .dl = HI =jorec =0,

since there is no free current here. So.H =0 and hence B =/loM.1 Outside M =0, so B = O; inside
M = ksz, soB = /loksz.

Problem 6.13

(@) The field of a magnetized sphere is ~/loM (Eg. 6.16), so. B =Bo- ~/IOM, with the sphere removed.

In the cavity, H= :0B,soH= :0 (Bo-~/loM) =Ho+M-~M=>IH=Ho+~M.1
The fieldinside a long solenoidis/loK. HereK = M, so the field of the bound current on
the inside surface of the cavity is/loM, pointing down; Therefore
(b)
B =Bo - /laM; .
K'~

H :/TSBO - /laM) :/~|§o - M= H =Hol

© (Kb This time the bound currents are small, and far away from the center, so. B = B0,

while H =:0Bo =Ho+ M = H =Ho+ M.l

[Comment: In the wafer, B is the field in the medium; in the needle, H isthe H in the medium; in the
sphere (intermediate case) both Band H are modified.]
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Problem 6.14

_—~

M: ; B isthe same as the field of a short solenoid; H = ;03 - M.

Problem 6.15
"Potentials":
Win(r,0) = EAr'p'(eosO), (r<R);

{ Wout(r,0f Er~Ip,(e09), (r>R).
Boundary Conditions:

(i) Win(R,OF Wout(R,0),

{ (i) 8~utlR+ 8~nIR=MJ.=Mi. r = MeoD.
(Thecontinuity of W follows from the gradient theorem: W(b) - Wa) =J:ww. d =- J: H.ill;
ifthetwopointsareinfinitesimall geparated thislast integral-+0.)

(i) = AR = RIfll=>B, = R2+A"

{ (i) == E( + 1):.1.2P,(e0sO) + EIAR-2P,(e0sO) =M cosO.

Combining these:

- ] M
L.J2% DR 1Ap, (€09) = M cosO,s0A, = 0(1'11), and 3Al = M =>Al = 3.

M M M. 1
ThuswWin(r,OF 3reosO = 3z, andhenceHin=-V~n =-3z =-3M, <0

B=~H+M) =~ (-~M+M) =1~JLOM.l/
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Problem 6.16

fH. d =uwe =I,0H =28p B =Jlo(l+ XmH = JLO(I+Xm) l

a 2 S </>.
b =VxM ==~ [Sm. .\ _ _ M a%(mH %
Sas 211"9z=[QJ Kb =M ar=nh.
Total enclosed current, for an amperian loop between the cylinders:

|+ Xpiz11'a= 1+ Xm)l, 0 f & o =aolenc=aLo@ xm)i:} B = JLo(12im) cPa

Problem 6.17

) _ - (R/a2), (s< a);
From Eq. 6.20: fH. dl =H(211"y = llene= {I (s> a).
, /La(1+Xm)ls :
= 2 f5Y,. oB=ane T2 ¢ <a)
S { p138. (S> a).
Jb =XmJl (Eq. 6.33),and Jl = ~, 0. Jb = ..,  (same direction as I).

Kb =M X fi. =XmH X fi.:} Kb = yy . (opposite direction to I).

= Jb(ira2) + Kb(211"aj=Xml = Xml —=[Q] (as it should be, of course).
Problem 6.18
By the method of Prob. 6.15:

For large r, we want B(r,0) -+ Bo = Boz, so H = x4 B -+ xdBoz, and hence W -+ ,[Boz =
/Egorcoso.

"Potentials"
Win(r,0) = L:Alrlpl(cosO), (r <R)j
{ Wout(r,0) = -~aBorcosO+L:r~I~(cosO), (r>R).

Boundary Conditions:

(i) Win(RO)= Wout(R,0),
{ () “ros RYregr RCO
(The latter follows from Eqg. 6.26.)

(i) » JLd:0 BocosO+ 2)1 + 1):~2 ~(COSO)J+ JILIAIRI-l  Pt(cosO)=o.

For 1¥ 1, (i) =} Bl = R21+IAl, so [JLo(l+1) + JLIJAIRI-1= 0, and henceAl = O.
For 1= 1, (i) :} AIR = /LBoR + Bd R2, and (ji) ::} Bo+ 2JLoBdR3 + JLAI = 0, so Al = -3Bo /@0 + v

3Bo 3Boz 3Bo . 3Bo
Win(r,0)=-(2 JLo+JrcosO=-(2 JLo+J). Hin=-VWin=  (2-Lo+Jz= (2JLo+/L

B- H- 3-LBo- (1tXM\p
Sl - @le il \1+xm3) o
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By the method of Frob. 4.23:

Sep 1: Bo magnetizes the sphere: Mo =XmHo = I'o(~;m) Bo. This magnetization sets up a field within
the sphere given by Eq. 6.16:

2 2 Xm 2
Bl= g-LoMG; 31+ XmBoz -3~Bo (where ~ ==pixmy )

Sep 20 Bl magnetizes the sphere an additiona amount M1 = 181. This sets up an additional field in

the sphere: )
2 2 ~
B2 = 3'/-LoM1 = 3-BI = {- ) Bo, etc.

The tota field is:

2 2 Bo
B=Bo+B1 +B2 +. .=Bo+ (2~/3)Bo+ (2~/3) Bo+ ... = [1+ (2~/3) + (2~13) +.. ]Bo =@ - 2~y
1 - 3 - 3+3Xm - 3(1+Xm) B - 1+ Xm
1- 2~/3 - 3- 2Xm/(1+ Xm)- 3+ 3Xm- 2Xm- 3+ Xm 'so. - (1+ Xm/3) o.
Problem 6.19
-m = -~uB; M = ~?7 = -4, where V is the volume per electron. M = XmH (Eg. 6.29)

= JIO(~Xm (Eg. 6.30). So Xm = - 4"'mv/-Lo. [Note: Xm « 1, so | won't worry about the (1+ Xm)
term; for the same reason we need not distinguish B from Belse, as we did in deriving the Clausius-Mossotti

equation in Frob. 4.38] Let's say V = t1I"'r3. Then Xm = - ~ (4~:). Il use 1 A= 10-10 m for r.

Then Xm= -(10-7) (4(9~1(~:0X_13~~t:3=d)2 X 10-5, . which is not bad-Table 6.1 says Xm =-1 X 10-5.
However,| used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital

radiusis smaller for the inner electrons, they count for less (D.m rv r2). | have also neglected competing
paramagnetic effects. But never mind. .. this isin the right ball park.

Problem 6.20

Place the object in aregion of zero magnetic field, and heat it above the Curie point-or simply drop it on
ahard surface. If it's delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it
back and forth many times; each time you reverse the direction, reduce the field dlightly.

Problem 6.21

(a) Identical to Frob. 4.7, only starting with Egs. 6.1 and 6.3 instead of Egs. 4.4 and 4.5.
(b) Identical to Frob. 4.8, but starting with Eq. 5.87 instead of 3.104.
(U =-~~[3COS01 COS02 COS(02 01)]mlm2. Or, using COS(02 Od = COSOLOS02 sin0lsin O2,

__ [-Lomim2 . .
U=g ;  (smOl smo2 - 2c0S0l cosod .

Stableposition occurs at minimum energy: g~ = g~ =0

1'°4:~;;'2cos01sin O2+ 2sin01lcas O2)—0 => 2sin 01cos 02— - cas 01sin O2;
1°4:~;;'2sin 01cas O2+ 2cos01sin O2)= 0 =>2sin 01cosO2= -4 CO®1lsin O2,

g~
{ o
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Either sin()1 —sin)2 =0: ~CD~ or ~@f-

Thus sin (lcos 02 =sn (2cos 01 =O. o o5 (1 =coslz =0 tt o t4
@ @

Which of these isthe stable minimum? Certainly not @ or @-for these m2 is not paralel to B1l, whereas we
know m2 will line up along B1l. It remains to compareG) (with ()1=(2 =0) and@ (with (1= rr/2,()2Z= -r1/2):
Ul= /L°4:~2); U2= /L°4:~1). Ulisthe lower energy, hence the more stable configuration.

. Conclusion: They line up parallel, along the linejoining them: ~ ~

(d) They'd line up the same way: ~ ~ ~ ~ ~ ~
Problem 6.22

F=If dixs =1 (I dl)(Bo+II di x ((r. Vo)Bo]- | (I dl) x ((ro.Vo)Bo]=1I dix ((r. Vo)Bo]
(becausef dl =0). Now

(dl X BO)i = L Eijkdlj(Boh, and (r. Va) = L ri(Vo)l, so
ik 1

Fi = | J‘R‘\ Eijk [l rl dij] ((VoMBoh] { Lemma 1 1r| dj = |F Eljmam (proof beIOW).}
= | L EijkEljmam(VO)I(Boh { Lemma 2: LEijKEljm = Qillhm - OimOKI (proof belOW).
j.kl,m j
IkII_ otom - omomanvol@ak = IL  (ak(VoMBofr ai(Voh(Bo)k]
,m

= I((Vo)i(a.Bo)-ai(Vo.Bo)].

But VO.Bo =0 (Eg. 548), and m = la (Eq. 5.84), so F = Vo(m. Bo) (the subscript just reminds us to take
the derivatives at the point where m islocated). Qed
Proof of Lemma 1:
Eg. 1.108 says f(c .r)dl =axc =-c x a The jth component is L:pf cprpdlj = - L:pm EjpmCpam’  Pick
cp = Opl(Le. 1for the Ith component, zero for the others). Then f rl dj = - L:m Ejlmam = L:m Eljmam. Qed
Proof of Lemma 2:
EijkEljm — 0 unless ijk and Ijm are both permutations of 123. In particular, i must either be | or m, and k
must be the other, so
|__ EijkEljm ==AQilOkm + BOIimOKI.
i

To determine the constant A, picki =1 = 1, k = m = 3; the only contribution comesfromj = 2:
E123E123 = 1 = a0llo33 +Bo13031 — A =>A = 1.
To determine B, picki =m=1,k=1=3:

E123E32% -1 = AO1303% BOIIO33= B =>B = -1.
So

L EijkEljm — Cilokm = OimOklo Qed
]
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Problem 6.23

(& The€dectricfieldinsideauniformly polarizedsphere, E = - 3-0P (EQ. 4.14)translatesto H = - 3~0(JLoM) —
-l M.ButB = (H+M). Sothe magnetic field inside auniformly magnetized sphere isB =JLO('I M+M) =

. ~-LOM. (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = 1+~e/3 Eo
(Eq.4.49). Now Xe trandates to Xm, for then Eq. 4.30 (P = EoXeE) goes to JLoM = JLoXmH,or M = XmH
(Eg. 6.29). So Eq. 449 =} H = 1+x1nY¥3Ho. But B ~ JLo(1+ Xm)H, and Bo = JLoHo(Egs. 6.31 and 6.32),
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is
B 1 Bo 1+ xm

Bo |(as In Prob. 6.18).

/-l@+ Xm) = (1+ Xm/3)' JLo or B = (1+ Xm/3 I( )

(c) The average electric field over a sphere, due to charges within, isEave= - 470 -h. Let's pretend the charges
areall due to the frozen-in polarization of some medium (whatever p might be, wecan solve V.p = -p to find

the appropriate  P). In this case there are no free charges, and p = IP dT, so Eave = - 4';<( I[P dT, which
translates to
1 1 I 1

Have = - 4700 R3 = JLoMdT = - 47rR3m.

But B = JLo(H+ M), so Bave= -~p + JLoMaveand Mave= -3’ so|Eave= **, | in agreement
withEq. 5.89. (We must assume for this argument that all the currents are bound, but again it doesn't really
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H.
Goedecke, Am. J. Phys. 66, 1010 (1998).)

Problem 6.24
Eq. 215 E = p{4:;<0lv #zdT} (for uniform charge density);
Eg. 49: V = p. {#< |V #2 dTr} (for uniform polarization);
Eq. 6.11: A = JLo€oM x { 4;<0lV#zdT'} (for uniform magnetization).
_ _ Ein = p 4y (.Prob.2.12),
Fora uniformly charged sphere (radius R): { Bou = P32 ) (Ex. 22).
-n = -t(p. f),
Sothe scalar potential of a uniformly polarized sphere is: { Vo = @B (P r),
d the vector potentid of a uniforml cized sphere is . Am o < X0
an e vector potentl Or a unitorm magnetiz ere IS - -~
P Yo me * { AL = 3B M xy),

(confirmingthe results of Ex. 4.2 and of Exs. 6.1 and 5.11).
Problem 6.25

@8l = —z (Eq.5.86,with()= 0). Som2.B1 = -~r;:. F =V(mB) (Eq.6.3)=} F = 114-~r;:] z=

3t~~2. This isthe magnetic force upward (on the upper magnet); it balances the gravitational force downward
(-mdg2):

1/-
3JLom2 3JLom2 V4
arza - mdg =0=} z = [27rmdg
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(b) The middle magnet isrepelled upward by lower magnet and downward by upper magnet:
3pom2 - 35)om2 - md9 =O.
1TX4 1Ty4

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

32]'1|T351nz 21%'?%'“3%4 i mdg =0

.. 3/<omgi | 1 | : o2 ro- Lo 1
SPlractimg 211 fx4- yir- yr T (:z:+y)]1—md9 trdg - O or x4 yirt (zeya Q020 wiitd @zryw:
Let Q==xly; then 2 ~ clr+ ~. Mathematica  gives the numerical solution Q —, Xly =0.850115.. .1
Problem 6.26

At the interface, the perpendicular component of B iscontinuous (Eq. 6.26), and the parallel component of

H is continuous (Eq. 6.25 with Kf =0). SoBt = Bt, H~= H~. But B = JIH (Eq.6.31),50:1 B~ =:2B~,
Now tan{h = BillIBt, andtan92= B~/Bt, so

tan 92 - BWBJ. - BIl - JI2
tan9l - BBl - BY - JI

(the same form, though for different reasons, as Eq. 4.68).
Problem 6.27
In view of Eq. 6.33, there isa bounddipole at the center: mb = Xmm. Sothe net dipolemomentat the

center islllcente= m + mb = (1+ Xm)m = -/lom.This produces a fieldgivenby Eqg. 5.87:

B(df:BgFg AF13[3(m. Hf - m].

This accounts for the first term in the field. The remainder must be due to the bound surface current (Kb) at
r =R (since there can be no volume bound current, according to Eqg. 6.33). Let us make an educated guess
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface
bound current is (for interior points) of the form Bgyface= Am (Le. aconstant, proportional to m). In that

case the magnetization will be:
M =XmH= >§|rTB = %W,rls[s(m D - m] + XmAm.

This will produce bound currents Jb = VxM =0, asit should, for 0 < r < R (no need to calculatethis
curl-the second term is constant, and the first is essentially the fieldof a dipole, whichweknow is curl-less,
except at r = 0), and

Kb =M(R) Xi =4,~3 (~-m Xi) + X;A(m Xf) = Xmm (- 41T~3+ ) sin 9~.
But this is exactly the surface current produced by a spinning sphere: K —ov = O"wRin9~, with (O"wR}+

Xmm (~ - 411"¥3 So the field it produces (for points inside) is (Eg. 5.68):

_2 _2 !
Bsurface ~ — 3J|O(O wWR)— §J|0Xmm G - 41-[R3) .

current
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Eve_rythings consistent,therefore providedA = ~JtoXifr-  41T-3)r A (1- ~Xm) = -~~~~7. But
%o~ (5 AR 3% 3T) T ERR oA (1 1) = 2090)-A = Piridi0sly) and hence
Jt | -- 2(J.te J.t)m
B= 411 ¥d3(m.r)r-m]+ R3(2J.tor J¥}  Qed

The exterior field isthat of the central dipole plus that of the surface current, which, according to Prob. 5.36,
isalso a perfect dipole field, of dipole moment

msurface = ~11"R3((Jc..JR)= ~11"R3 [ ~Bsurface = 211"R3.11:.2(Jto - JtHm = J1(Jto-- Jt)m.
current 3 3 2J.to current Jto 411"R3(2J.to+J.t) J.to(2J.to+J.t)

Sothe total dipole moment is:

J.t Jt (Qto Jy _ 33tm
to  Jto (2Jto+Jt) '(2)to+Ji)

mtot

and hence the field (forr > R) is

B — Jto 3t 1
411\ 2J.to+ JtJ r3 [3(m. f)f - m] .

Problem 6.28
The problem isthat the field inside a cavity is not the same as the field in the material itself.

(8) Ampere type. The field deep inside the magnet isthat of along solenoid, Bo ~ J.toM. From Praob. 6.13:
Sphere: B = Bo -- ~J.toM = iJ.toM;
Needlee B =Bo - J.toM=0;
{ Wafer: B =J.toM.
(b) Gilbert type. This isanalogous to the electric case. The field at the center is approximately that midway
betweentwo distant point charges, Bo ~ O. From Prob. 4.16 (with E --t B, /Eo--t J.to,P --t M):
here: B=Bo+M = iJ.toM;
eedlee B=Bo=0;
{ Wafer: B =Bo+ J.to\= J.toM.

In the cavities, then, the fields are the same for the two models, and this will be no test at all. . Yes.. Fund it
with$1 M from the’ Office of Alternative Medicine.



Chapter 7

Electrodynamics

Problem 7.1

(a‘}D a% % be the charge on the inner sheII Then E = 4;EGf inthe spacebetweenthem, and (Va- Vb)=
41EoQJf§l ‘] dr = 41E%L( b)

IJ .da =u IE. da=uQ = u 47r€o(Va v,) = 47U (Va - Vb% .

100 100 (i/a - l/b) ‘ (Ja - 1/b
BR= Va v 47ru Ca )

(c)Forlargeb (b» a), the secondterm isnegligible,and R = 1/47rua. Essentially al of the resistance isin
theregionright around the inner sphere. Successiveshells, as you go out, contribute Iessand_lessi because the
cross-sectionahrea (47rr2)gets larger and larger. For the two submer ged spheres, R = 412, — 222 (ON€R @S

thecurrent leaves the first, one R as it converges on the second). Therefore | =V/ R =, 27rud/.|I
Problem 7.2

(& V —Q/IC =IR Because positive | means the charge on the capacitor is decreasing,

~~=-| =- RICQ, soQ(t) = Qoe-t/RC.But Qo= Q(D) avo, so. Q(t) =CVoe-t/Rc.1
Hencelet) = --d-Q = C\/O&.E/RC = ’ngc

roo roo ~2 100
(b)W=l!cVI.1 Theenergydeliveredo theresistorisJo Pdt= Jo 12Rdi= ~ Jo e-2t/RCdt=
- (' ~Ce-2t/RC) =-~Ccvo2. ./
ic)Vo: QC +IR Thistinle positivel meansQ isincreasing: ~~ =1 = RIC(CVo - Q) => Q ~~V0 =

-liCdt = In(Q - aVo) = - RCt + congtant => Q(t) = avo + ke-t/RC. But Q(O) =0 => k = -avo, SO

IQt) =avo (1- et/RC) 1 let) = ~~ =avo (Ricet/RC) = ~et/Rcl
125
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roo V,2 roo V,2 0 V,2
(d) Energy from battery: Jo Voldt= ~ Jo e-t/RCdt= ~ (-RCe-t/RC)lo = ~RC=ICV02.1

Since I(t) isthe same asin (a), the energy deliveredto the resistor is again ~CVO02 The final energyin
the capacitor is aso. ~CV|, . S0, half the energy from the battery goesto the capacitor, and the other half

to the resistor.
Problem 7.3

(@ I = 1J .da, wherethe integral is taken over a. surface enclosing the positively charged conductor. But
J = OE,and Gausss law says|E. da= (1Q, sol = alE. da=1tQ. But Q=CV, and V = IR, s0

1= ILCIR, or@E]&OC. ged

() Q=cv =CIR = —™ =- =-JcQ =>Q(t) =Qoet/RC . 'or, sinceV = Q/C, V(t) = Voet/RC. The
time congant isT=RC ="
Problem 7.4
1= J(s) 27rsL => J(9)=1/27rsL.  E=J/O'=1/27rsO'L=1/27rkL.

V=-la Ed= -~(a-b). SOIR=~.1
Problem 7.5

I=~; P=I12R= £2 £2 ! R

T r+R T (r+§)2" 85-— [fr+R2- (r+R3 =0=>r+R=2R=>R=I.1
Problem 7.6

£=1f E.d = Izerolfor all electrostatic fields. It looksasthough [; = f E .dl = (a/fo)h, as would indeed
be the caseif the field werereally just a/Eo insideand zero outside. But in fact there is awaysa "fringing
field" at the edges (Fig. 4.31), and this isevidently just right to kill off the contribution from the left end of
the loop. The current is ™
Problem 7.7

@ £ = -~ = -BZ—~ = -Blv; £ = IR =>Il = B~v.1(Never mind the minus sign-it just tells you the
direction of flow: (v X B) is upward, in the bar, so downward through the resistor.)

b)F=11B=~, to the | left. .
1 B2z2v |

(O F =ma =mgy = -8Bpz2 =>¢y = -( f¥g2 =>V = Vo] 't
(d) The energy goesinto heat in the resistor. The power deliveredto resistor is 12R, so

aw N2 B2 B2z dw
o B%z '&R}Z&Z@t wheree=:. | = (it = amvbe-2at.

00 -2at 0 1

1
The total energy delivered to the resistor isW —amv5 l) e-2atdt —amvbs ~ 200 :amv52a_ = -2m\/5. I
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Problem 7.8

sta
I-Lol I /-Lol I 1 /-Lola
(@) The field of long wire ISB = 211¢B,s0<I= ., B. da= 211" -;(ad8) = In (-

211"\8+ adt 8dt 211"8(8 a)
Thefield points out of the page, so the force on a charge in the nearby side of the sguare is to the right. In
thefar side it's also to the right, but here the field is weaker, so the current flows. counterclockwise. .

(b)[;=_d<olt> =_/-Lﬂ?;dtn (s+: ),and (égt} =v,s0 /-Lola ~dS _~d8 ) = /-Lola2v.

(c) This time the flux is constant, so. [; =0.1
Problem 7.9

SinceV.B = 0, Theorem 2(c) (Sect. 1.6.2) guaranteesthat fB .da isthe same for all surfaces with a given
boundary line.

Problem 7.10
«>—B .a =Ba2 cos ()
Here () = WL, SO (view from above)
[= -4Jt= -Ba2(- snwt)w; B_
1[;= Bwa2 sinwt.1
Problem 7.11

[[=Blv =IR => | = IJiv=>upward magnetic force =1IB = B;t v. This opposesthe gravitational force
downward:

mg- BYz “mgy dy =9- av, wherea= gy 9- avt=0=>Vt= @

dv

1
é-av =dt = --Ig](g - av) =t+const. =>9- av=Aeat; at=0,v=0, soA=g.

av=g(l - e-at); v=~(1- eat)=w(l - eat).l
At90%of terminal velocity,v/Vt = 09= 1- eat =>e-at = 1- 0.9=0.1; In(O.l) = -at; In10= at;
t:LIn 10,0rt90% = \t In 10.

Now the numbers: m = 41].4.Iwhere 1]is the mass density of aluminum, A isthe cross-sectional area, and
listhe length of aside. R =4l [Ao-, where 0-is the conductivity of aluminum. So

P=28 XIO-s nm

- 41]1Alg4l - 161 1691 9=98
vl A0 R Mlry, :g 27X103kg/m3

}

SoVt= (16)(9.S)(2.7Xi03)(2.SXI0OB12 s 1190% = 1.2~1S0-2n(10) = 12.8ms.!

If the loop were cut, it would fall freely, with acceleration g.
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Problem 7.12
a2 Tra2 dg, 7ra2 E  sew )
q,= 7 (2) B =TBo cos(Udt);E=-di = TBoUJsin(UJ)I{t) =11 = 4R BosmUJ).
Problem 7.13
g, = \JB dx dy = kt2 loa dx loa y3dy = ~kt2a5. E=- ~~ =_I ~ktad .1

Problem 7.14
Suppose the current (1) in the magnet flows counterclockwise (viewed from
above), as shown, so its field, near the ends, points upward. A ring of
pipe belowthe magnet experiences an increasing upward flux, as the magnet
approaches, and hence (by Lenz's law) a current (find) will be induced in it

plpe-+- such as to produce a downward flux. Thus lind must flow clockwise, which is
) opposite to the current in the magnet. Since opposite currents repel, the force
rfggl;r?egt —_——— on the magnet is upward. Meanwhile, a ring abovethe magnet experiences
a decreasing (upward) flux, so its induced current is parallel to I, and it
J~\ attracts the magnet upward. And the flux through rings next tothe magnet
is constant, so no current isinduced in them. Conclusion: the delay is due
ring -f| n d to forces exerted on the magnet by induced eddy currents in the pipe.
Problem 7.15
| h . . /LonlZ, (s < a);
nt equasistatic approximatlOn, = { O, (s> a).

Inside: for an "amperian loop" of radius s < a,

dqg, dl
g,= B7rS2= /Lonl?rsz;f E. dl = E27rs= -di = -/Lon7rs2dt; E = _ / @nsdt ciJ.

Outside: for an "amperian loop" of radius s >.a

dl

g, = B7ra2 = /Lonl7ra2; E27rs = -/Lon/ra2dt; E= _/_I:onaZ%It cjJ.

Problem 7.16

(a) The magnetic field (in the quasistatic approximation) is "circumferential”. This is analogous to the current
in a solenoid, and hence the field is. longitudinalL

(b) Use the "amperian loop" shown. Ir-

Outside,B = 0, sohereE = 0 (likeB outsidea solenoid).

So8E .dI=El =-~r=-ftfB .da=-ftf f~;,lds!

- E = _laldydin (§). But ¢ = -L guJsinudt. | .

_ /Laloud . a, .
o IE =-_ " sin(UX)in (S) z.
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Problem 7.17

(a) The field inside the solenoid is B —/Lonl. So ~ = 7ra2/Lonl ~ £ = -7ra2/Lon(dlJdt).

Inmagnltude, then, £ = 7ra/Lonk. Now £ = IrR, so lresistor= 7,58 onk .
B isto the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or

Itotheright, . through the resistor.

(b) LH)=27rgfLonl; 1=¢ff = B =-ligdh. ~ D.Q= liD.~, ill magmtude. SO D.Q= 78 onl -
Problem 7.18

J. - da- B - /L@ Te. /Lola 2ads - /Lolaln2. dQR- - d~ - - /Loaln2dl
- fB 2 s ¥ o oy G Llobp- dt 27 dt”

dQ= /L~~2d - 1Q=1/L~:2.
The field of the wire, at the sguare loop, is out of the page, and decreasing, so the field of the induced

current must point out of page, within the loop, and hence the induced current flows. counterclockwise.!
Problem 7.19

In the quasistatlc approximatlOn B = ( 5291"8
(Eg.5.58). The flux around the toroid istherefore

(insidetoroid)'
(outside toroidy

~ =/LoNI ra+w!hds =/LoNlh In (1+ w) ~ /LoNhw I.  d~ =/LoNhw dI = /LoNhwk
27 }a S 27 27ra dt 27ra dt 27ra

Theelectricfieldis the same as the magneticfieldof a circular current (Eg. 5.38):

B = JLol a2
2 (a2+Z2)3/2z,
with (Eq. 7.18)

I~ ~d~ = Nhwk.  SoE=/Lo_ (_NhWk a2 Z= -/LO Nhwka =z
— JLodt — 2rra 2 27ra ) (a2+ Z2)3/2 . 47r(a2+ Z2)3/2

Problem 7.20

(a) From Eq. 5.38, the field (on the axis) isB = ¥ (b2+~22)3/24 the flux through the little loop (area 7ra2)

/LO7r/a2b2
ishi = 2(b2+ z2)3/2 .

(b) The field (Eg. 5.86) isB — ~ ?-(2cosOr + sin09), wherem = |7ra2. Integrating over the spherical "cap"
(bounded by the big loop and centered at the little loop):

~ = B. da= ~: 1;:2 1(2COS0)(r2sin0OdCdc/ I /Lo~a227r 16 cosOsin 0 dO
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- 2 .2 € J.1O7rIa2b2

where 1 =Vb2 + 72 and sin B=Db/r. Evidently cl>= /10r7ra 8m2(J0 = 2(b2 + Z2)3/2"' |the same as in (a)!!

J.|O7razb2
(c) Dividing off I (cI>1=—M12h  c>2= M21h): ' M12 =Mm21 = 2(b2+ 22)3/2'
Problem 7.21

dcl>

E=- =M o =Mk

It's hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances,
Il find the flux through the little loop when a current | flowsin the bigloop: cI>= MI. The field of one long
wire is B = ug=} a>1= Inhg2ala ds = /Bjaln2, so the total flux is

if, — oif,. — Jlolaln2 — —
=2l = . =}M =

:} ||’|’:

Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced

current in the big loop is such that its field points out of the page: it flowsi counterclockwise!
Problem 7.22

B = /-Lonl =} cI>E /-Lonl7rR2(flux through a single turn). In a length 1lthere are nl such turns, so the
total flux iscl= J.lon27rRR The self-inductanceisgiven by cl= LI, so the self-inductanceper unit lengthis

1l.c=Jlon27rR2.1
Problem 7.23

ill magnltu de,

Jlodn2 Jlokaln2l'

d-f
The field of one wire isB1 — ~~, s0c>—2. .11: ~S= /1~llin (d;f). The €in the numerator is
negligible (compared to d), but in the denominator we cannot let €-+ 0, else the flux is infinite.
L = Jlolin(d/€) |. Evidently the size of the wire itself is critical in determining L.
Problem 7.24
(8 In the quasistatic approximation B — 27.Ir(§;p. SO cl>F+— /zl%lIr ﬁ) ghds —J.&cyrhln(b/a).

This is the flux through one turn; the total flux is N times cl>1cl>= J.10;:h In(b/a)lo COSLVt).So

E=-d = J@nh In(b/a)loLVsin(LVt) = (47rx 10-7-(A03)(10-2) In(2)(0 5)(27r60)sin(L V1)
2. 61x 10-4

— 261 x 10-4sin(LVt) (ill volts) where L\& 27r60 = 377/3 Ir = R = 0. sm L\A
= 15.22 x 10-7 sin(LV1t)l (amperes).
(b) Eb =-L ~}; where (Eq. 7.27) L = /1°l:rri2ifb/a) = (47rX10-7~~06)(10a22) = 1.39 x 10-3 (henries).
Therefore Eb=-(1.39 x 10-3)(5.22 x 10-7 LV)ICOS(LVt)=1-2.74 x 10-7 COS(LVt) (volts).
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RatiOof amphtudes.  284% 16 =11.05x 10-31=/-baN2IW(J a)
Problem 7.25

With | positive clockwise, £ = -L~: = Q/C, where Q is the charge on the capacitorj | = —~, =0
~ =-1cQ = vi2Q, where Vi= K. The genera solution is Q(t) = AcosVt+ BsinVdt. Att = 0,
Q=CV,s0 A =¢vj 1(t) =~ =-AVJsinVJt + BVJsinvVJt. Att=0,1= 0,s0B = 0, and

1(t)= -CWEVIE I-vif  sin (J fC)

Ifyouput in aresistor, the oscillationis "damped”. Thistime -L~. = 8 +1R, soL~ +R~ +bQ =0.
Foran analysis of this case, see Purcell's Electricity and Magnetism (Ch. 8) or any book on oscillations and
waves.

Problem 7.26

(@W=~L12.L =/-Lgn27rRAPrab. 7.22), W = ~/-Lon27rR21121.

byw =~f(A. Ddl. A = (/-Lon/2)R~, at the surface (Eg. 5.70 or 5.71). So Wl = ~JLOZARL. 27rR,for one
turn. There are nl such turns in length |, so W = ~/-Lon27rR2112(

() W = 2~0JB2dr. B = /-Lonljnside, and zero outside; Jdr = 7rR2l,so W = 2~0/-L6n2127rR2|
1J.ton27rR2112,(

@w =2-0[B2dr - f(A X B) .da]. ThistimeJs2 ar =/-L6n227r(R2- a2)l. Meanwhile,

A XB = Ooutside (a 8= b). Inside, A = JL02a~ @& 8 = a), while B = /Lon1 Z.

Ax B= ~/-L6n212a(~X 2)
~ pointsinward ("out" of the volume)

y ! | .21

{/Q/A x B) .da = J(~/-L6n212as)[ad4>dz(-S)] = -~/-L6n212a227rl.

'21'0(,1..'8”2127r(R2 - az)l + 1gn2127ra2l ] - N2 12R27r ]
Problemy
_ - 1
B = /lon; W=7 17B2dr =-/-L6n212 ~hrd4>d8 = /-Lop212 h27rl -
20 210 2-Lo 472 J 82 g2 " \a 47r/-Lon2 12 h In(bla).

L= ~n2hin(b/a) . (same as Eq. 7.27).

Problem 7.28
/-Lol18

) 2/ 2
fB .d =B(27r8’ = /-Lolens /—Logs R) =>B = 27R2.

w=2- =~ L = = /Lol12 = ~L12.
S1o)B2 U T3 Jh612 (R s228)l ds = Lloiaes & T Peo 2

SoL =~I, and.c= L/l = /Lasm,  independent of R!
Problem 7.29
(a) Initial current: 10=£0/R. S0-L ~~=1R =>~~= - ~| =>1= loe-RUL, or . 1(t) = ~e-Rt/L.I

(b)P =1R = (£0/R)2e2RVL R = ~ezre. =0

w = £6 rooe-2Rt/Ldt = £6 ( ~e-2RY/ L) w = £6(0 +LI2R) = ~L (EO/R)2.
R 10 R 2R .0 R 2
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(© Wo =~LI5=! (£0fR)2. (

Problem 7.30
(& B1 = ~r\Id3(al A)i - al]' since ml = |1lal. The flux through loop 2 is then
CP2=B1 .a2

" 40— (3@l )@ ) - a .a2 =M. 1M =40%[3(al.i) (@2 .i) - al.a2].1

(b) £1=- M %, d:; 11= -£lit = MIt %. (This isthe work done per unit time against the mutual emf in
loop I-hence the minus sign.) So (since It is constant) WI = MItl2, where 12is the final current in loop 2:

W = ~[3(m1 (M2 L) - m.m2].1

Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole
moments were fixed, and we did not worry about the energy necessary to sustain the currents themselves-only
the energy required to move them into position and rotate them into their final orientations. But in this
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For
(;]ommentaryon this subtleissueseeR. H. Young,Am. J. Phys. 66, 1043 (1998), and the referencescited
there,

Problem 7.31
aOI_The displacement current density (Sect. 7.3.2) isdJd =ro~~ =f =~ z. Drawingn "amperiahoop'at
raqaluss,

I fJ-ols2 —
yc B -Ell=B .2ns Znodec =flg N2 =fJ-Q2->B = 5, 2) B s 4

Problem 7.32

E - al s - -
(a) fo é’ a() - @?8 . ng2  nfpp2 Z
dE = 1 @ fa-ol A
(b) ldene =Jdn2 =fodin®2 = O J B. d =fJoldene=>B 2ns = flola2 =>B = 2na2 s<p.

(c) A surface current flowsradially outward over the left plate; let 1(s) be the total current crossing acircle
of radius s. The charge density (at time t) is

a) = [I- ot

Sinceweare told this isindependent of s, it must be that 1- 1(s) = {3s2for someconstant (3.But 1(a) =0,
0 {3a2=1, or (3= Ifa2. Therefore I(s) —1(1- s2fa2).

B 2ns =fJ-olenc fJ-o[F I(s)] =frag =>B = ~3, <p,

Problem  7.33
(@ Jd =fofrcRowdswt) In (af s z But 10coswt) =I. So.Jd = f¥Bfoan2lin(a 9 z.
f3f wal fa
(b) Id =03 da = O;n Jo In(afs)(2nsds) =fJ-ofow2lJo (dna - sins)ds

2 > L 2L 2 frofowz] a2

2 248
= J-Ofow?! [(Ina)82 - 82ins + 8££||O: fJ-Ofow2lly.na - Y.Na + a| = ---t
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2 2

| . - 2 - 2 - -3 1..- 1 wa - 1
Q7 - noicda - meefofo- Ve, 'd1T (020" Mal ¥ m e 1 0wt 2¢- o
(0= = 3X4Bs. or 1.JF 06 X IOl /S -6 X 1010/5:31”: ~ "1010Hz or 104 megahertz  (This is the
microwave region, way above radio frequencies.)

Problem 7.34

Physically, this isthe field of a point charge -g at the origin, out to an expanding spherical shell of radius
vt; outside this shell the field is zero. Evidently the shell carries the opposite charge, +g. Mathematically,
usingproduct rule # and Eqg. 1.99:

V.E =8\t - nV. (-;-;HLOQ f)- o, - VIBWE - 1] =_H331)8M- 1) - ol (F. f) =8t - 1),
But J3(r)8(vt - r) = J3(r)8(t),and tr8(vt - r) = -J(vt - r) (Prob.1.45),s0
p=fQ/ .E= 1-qI3(r)8(t) + 42\t - r).

(Fort < O the field and the charge density are zero everywhere.)
Clearly V .B = 0,and V x E = 0 (since E has only an r component, and it is independent of () and qJ).
Thereremainsonly the Ampere/Maxwelllaw,V x B = 0= /loJ + /lofoaE/at. Evidently

_ B q a _
J =104 =-fa { “4rrforat [8(vt- r)]} r= A%(YE i r)r.~|

(Thestationary charge at the origin does not contribute to J, of course; for the expanding shell wehave J = pV,
asexpected-Eq.  5.26.)

Problem 7.35

From V.B = /loPm it follows that the field of a point monopole is B — ~~.1. The force law has the
formF exgqm (B - -by X E) (see Prob. 5.21-the C2is needed on dimensional grounds). The proportionality

constant must be 1to reproduce "Coulomb's law" for point charges at rest. So.F = ¢gm (B - ~Vx E)l
Problem 7.36

Integrate the "generalized Faraday law" (Eq. 7.43iii), V x E = -/loJm.- ~~, over the surface of the loop:

/(V x E) .da:f E. d =[; =-/lo /Jm .da- ~/B. da = -/lolmen. - ~~.

dl d /o 1dip llo 1 . .
But£ =-L dt' so dt = LImen.+ Ldt" or | =L!::>.0m+ LI::>.ipwhere !::>.QriSthe totad magnetic charge
passingthrough the surface, and!::>ipisthe change in flux through the surface. If we use the flat surface, then
tJ.Qm= gm and !::>ip O (when the monopole is far away, ip = 0; the flux builds up to /logm/2 just before
it passes through the loop; then it abruptly drops to -/lognvV2, and rises back up to zero as the monopole
disappearsinto the distance). If we use a huge balloon-shaped surface, so that gm remains inside it on the far
side,then !1::>.Qm O, but iprises monotonically from O to /logm' In either case,

/ = /10dm1
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Problem 7.37
V

1 V aD a A va cos(271vt) f VO
E=4d:::}Jc=aE = pE = pd Jd=at = a (p = tfa | d 1 =d [-271"vsm(271"vt)].
The ratioof the anplitudes istherefore:
Jc Vo d 1
Jd = pd 271"VfVo = an'vip = [271"(4% 108)(81)(8.85 x 10-12)(0.23)r1 =12.411
Problem 7.38
The potenti al and field in this configuration are identical to those in the upper hal f of Ex. 3.8. Therefore:

= 1J.da=a !'E.da

where the integral is 0" the hemisphedcal surface  jnst outside the sph'.e. Qm....

But | can with impunity close this surface:

(because E =0 down there ~ ~eeeen
anyway-inside  a conductor).

Sol =a JEda = y,qec = y,.Jaeda, where aeisthe electric charge density on the surface ofthe hemisphere-
to wit (Eq. 3.77) ae = 3fOE0C0sO.

~I2

a
1= -3fOEo I c0sOa2sin0dOdcjJ = 3aE0a227 '.‘-B.. sin 0cosOdO = 3aE071"a2.

Sin2} ~j2. 1
2 .0 - 2

But in this case Eo = Void,so. 1= 3a7l";0a2.1
Problem 7.39 z

Begin with a different problem: two parallel
wires carrying charges +>' and ->. as shown.

y
Field of one wire: E — 2205 8 potentia: vV = --23%, In(s/a,.
X
potential Of combination: V = 2,EO In(L/st),
or V(y, 2 - seom {(y-tbr+ZQZZ }
Find the locus of points of fixed V (Le. equipotential surfaces):
(y+b)2+22 —
~ ==]. =3 — ;
ed~EOQV/==].. - b2+ 22 }J.t(y2 2yb+ b2+ Z2) —y2 + 2yb + b2+ Z2,
y2(J.4 D)+ b20.4 1)+ 2.4 1)- 2ybd.4# 1) =0=:3 y2+ Z2+ b2- 2yb(3= 0 (B3==~~~);

(y- b2+ 2 + b2- b2(32=0=3 (y- b(32+ 22=Db?((32 1).
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Thisis a circle with center a Yo =p(3= b('<+'J) and radius = bY 2o 4= b\/(l<2+21<+1% (1<2_21<+1F 2bjii.

This suggests an image solution to the problem at hand. We want Yo=d, radius=a, andV = Vo These
determine the parameters b, J.l,and>' of the image solution:

b(l 1d: !)
~= ~ = Mu =—u+1 dcdl~
a radus i 2'fi a-

a2 3= (J1+ 1)2 =312+ 200+ 1===}J12+ (2 - 4a2)dl + 1 =0;

w=2 7 YA 2802 4 —opp  1u1yle 4a2+ dad- 1= 22 - L2y B L

47n:vo _ \— 411EQVo

|nJ.I:::}1\

= — Th ' he I, ~+ha i bl
> In (2a2 1:12av&2 - 1)' a sthelme carge m the image problem.

| = 0> = 41100
Z EO In(2e2- l:l2ava2- 1)
thecylindersare far apart, d » a, sothat a » 1.

The current per Unit lengt h is~= Which sign 9o we want,? Suppose

—po 101 ) — o 11 R
() =2a2-1::1: 2a2yl-1/a2 = 2a2-1::1: 2a2[1 222  8ad ]

42 - 2-12a2 +"  ~ 4a2 (+ s€ign),

—2a2(1:1:1) - (11 1) :FZ:éI:"‘ - { Yaa2 - sign),

Thecurrent must surely decrease with increasing a, so evidently the + sign is correct:

i = 411'0'Vo d
In (2a2 -1 +2aya2 -1 where a =~.

Problem 7.40

(@ The resistance of one disk (Ex. 7.1) isdR —:A = ~ dz, where r = (bl:a) Z+ a is the radius of the
disk. The total resistance is

R = . {L 1 2dz = .. ( ) L= pL - 1 + =
11'10 [(bl:a)z+4] b- { [(bhaz+a) } o0 1pa [ (pat+a) a’

_ (b-a) (b )_I’PL|

(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor isit radial with respect to
the apex of the cone, since the ends are fiat. This isnot an easy configuration to solve exactly.)

(c) This time the flow isradial, and wecan add the resistances of nested spherical shells: dR = ~ dr, where
{Q @

A =10 r2sn ()d() d<l>= 211'r2(- cos()) 10= 211Tr2(1 - cos()), b
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R = P I“’-ldr: P rb-ra oy =b =4
27r(1-cosO) 1o r2 27r(1-cosOQ) ( rarb) ra rb
p(b-a) sinO pytsnpo= b-a and cosO— L
27rab (1 = cosQ JL2 (b= a)2 IE2 + (b- a)2
p(b = a)2 1
27rab [./1E2 + (b = @2 = L] .
_ 1(b= a2  p(b=a)2 1 -
[Note that ifb- a «
L, then ./£2 * (b - a2 s: L1+ 2 £2 ,and R = 27rab (b- a2j2. -
PL
7!'@' as in (a).]
Problem 7.41
00
~n(s, 4» = L skbk  si n(kd», (s<a);
From Prob. 3.23,
00
Vout (s, 4» = kI_I s-kdk  sin(k4», (s > a).

(e don't need the cosine terms, because V isclearly an odd function of 4-) Ats = a, ~n = Vout= Vo4>j21r.
Let's start with ~n, and use Fourier's trick to determine u«:

~akbkSi n(k4» = ~0. => ~akbk 1: Sin(k4»sin(k'4»d4>=~ 1: 4>sin(k'4»d4>.But

1 : sin(kd»sin(k'4»d4> = 7r|5kk',and

1 <psinka» da>= [(K2sin(k'4» t coskas] LI =- ~~cogk4» == ~~(-k. So
Kk Vo 2 K vo 1y Vo~1(sk.
7rabk=27r [-T( -1) 1, orbk=- 7rk(-~ ) " andhence ~n(s, » = --, 6 K \-~ ) sm(k4».

Similarly, Vout(s, 4»= - ~ f_ ~ (-~f sin(k4».Bothsumsareof theforms ==f_, ~(-x)k sin(k4xwith

x —sjaforr < aandx :oaojs forr > a. Thismseries can be summed explicitly, using Euler's formula

(6D =cosO + isin0): S = 1ml!5| ~(-Wkeik<I> = 1ml!5| ~ (-xei<I»k,

1 1 1 00 1 .
But Inl +w) =w- -W2+ -W3- -WA... =- ~ -(-wk soS=-1Im [In(1+ xes<I»]
2 3 4 6k’ .
Now In (ReiD) =InR+10,s0S = -0, where
- Im(l+xe<l» ~ [(I+xe<l» (I+xe-i<l»] - x(e<|>-e-i<l» - XSin.

tan 0- Re (1+ xei<l»= H(1 + xei<b# (1+ xe-i<l»] - i[2+ X (ei<i>e-i<I»]- 1+ x cosd>.
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Vo -1 g ssin~
< a)
~n(s~) = --tan (a+ scos~) o (s<a);

Conclusioni . Vr -1 asin~
J vout(s~ - Wtan (s +acos~ ) (6>

(b) FromEq. 2.36, u(~) = -10d a~:ut Issa a~n Is=a}’

avout Vo 1 (-aSin~) Va asin~
8S = ainp  \2 (s +acos-)2 = --;- [(St+acos~)2 (asin~)3
st+acost/J

Vo asin~
= -- -(sz + 2as COB-+ a2

a—n Vo 1 [(a+SCOS~)Si n~-SSin~cos~] Vo asin~
as = (a+ scos~)2 =-;-[(a+ scosy2  + (ssin~)2 |
(a+ Scost 1

asin~
= - (sz + 2ascos~ + a2

a—n - = in~
avant = Vo sin SO U(~) =fQVO,  sin~ — fQVOtan(~/2).
as sa as 'ssa  2Tra\1l+ cos~ Tra(l+ COS~) ' Tra
Problem 7.42
(a) Faraday's law saysVXE = -~—, soE =0=> ~~ =0 => B(r) isindependent of t.

(b) Faraday's law in integra form (Eq. 7.18) says § E. €ll=-d~/dt. In the wire itsef E = 0, so ~ through
the loop is constant.

(c)Ampere-Maxwell¥5xB = JLod+ JLofe~'soE = 0,B = 0=>J = 0, and hence any current must be
at the' surface.

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = !JLoulAJai.So to cancel

suchafield, we need ulAJe -2Rg, Now K = uv = ulAJasinOcp,s0 K = -2gp, SinOcp,
Problem 7.43
(8) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13

and2.14),so the image dipole points: down(-z).1
(b) From Prob. 6.3 (with r -+ 22):

E= laomy  3Jom2 | atoma
2Tr(22)4.  2Tr(2h)4 =Mg=-h =2 (32‘TrM9
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m
(c) Using Eq. 5.87, and referringto the figure:
B =~; ()3 ([3(mz. rl)rl- mz]+ [3(—mz r2)r2+ mz]}
- 3/-lom A B t* A A
ar(n )’ (G rD - (2 12) 2] Wt 2 11 =7 .12 =cos"-
= - 411 (rd.’ibs r1+r ut rl+r2= smrr.
== 2383 sin() cos)r. But sn()=rt, cos() =rr, and rl =vr2 + h2. -m

3/-lomh r
=- 211" (r2+ h2)5/2r

Now B =/-lo(K x z2) => ZX B =/10Zx (K X 2) =/lo[K - z(K .2)] =/-loK. (I used the BAC-CAB rule,
and noted that K. z = 0, becausethe surface current isin the xy plane.)

1. 3mh r 3mh
K_ (B oo o r
=/Hozx 7 =- 2112+ h2)5/2zxr" = - 27r (r2+ h2)5/2 1"' qe
Problem 7.44 z
Say the angle between the dipole (md and the z axis is () (see diagram). ~_1|_
m
The field of the image dipole (m2) is
B@ =~ (h.23[3m2.2)Z- m2] X
h
for points on the z axis (Eq. 5.87). The torque on ml is (Eg. 6.1) _
~
N =ml x B = 411"~oh)B(m2 .Z)(m.1x 2) - (ml x m2)] . 0+

But mL =m(sin)x +cos()z), m2 =—m(sin()x - c0s()z), som2. Z= -mcos(), mlx Z= -msin()y, and
ml x m2 = 2m2sin ()cos()y.

/-lo 2 A 2 A /-lom2. A

N= 411"(2h)Bm sm()cos()y 2m sm()cos()y)] = 411" (2h)3sm() cos() Y.

Evidently the torque is zero for () = 0, 11"/2,or 11""But 0 and 1lare clearly unstable, since the nearby
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is () = 1r/2:

parallel to the surface . (contrast Prob. 4.6).

In this orientation, B(z) = - 41Tr~;2¥, and the force on ml is (Eq. 6.3):
2 3 2 3 2
F=V /-lom = “/Hlom z = "/Hom Z

[ 411"h23]1z=h 411"(h2)4 :z=h 411"(2h)4.
At equilibrium this force upward balances the weight My:

3/-lom2 /-lom2 va
411"(2h)4=Mg => h= 2 (3111 M)
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Incidentally, this is (1/2)1/4 —0.84 times the height it would adopt in the orientation perpendicular to the
pla~e (Prob. 7.43b).
Problem 7.45

f =v X B; v =U)asin B(hj f =U)aBasinB((bX z). t: = If. €l,and ell= adBO.
SO£ = wa2Bo 101</&inB«b x Z) .0dB. But O. «b X 27 =Z. (0 x =z f = cosB.

(2 . sin2B 1</2 : . .o
[[=waBoJo smBcosBdB =wa2Bo[~] 10 = (same as the rotating disk m Ex. 7.4).
Problem 7.46

(@ In the "sguare" orientation (0), it falls at termina velocity Vsquaré= ~,~ (Prob. 7.11). In the
"diamond" orientation (0), the magnetic force upward is F —IBd (prOb

' 5.40); 1
Thefluxis~ =B [I12- (d/2)2],andd/2=1//2 -, Y
o~ =B [12- (12 - y)2].
£=-~~=-2B (I//2 - y)~. But ~=-V. er-

Sof£ =2Bv (/2 - y) = IR =>1= 2~V(U/2 - y); F=2. 2~V (U/2 - y)2 = mg (at termina velocity).

Vdiamond— R 2.1 (This works for negative y as well as positive, if you replace y by Iyl.)
4B2 (ZrLT/]?Z -y)
Vs In
ThUSVd amond_ (rBrgIZ) 4B; (Hg; FQ_ = (v2 - 2yl )2 . At first (y -2 ) the "diamond" falls faster;

toward the halfway mark' (y - 0), the ' square fallstwice as fast; then the diamond again takes over. The
total time it takes for the square to fal is:

tsquare — =
Veepare ™, BB
(assumingit always goes at the termina velocity, which-as we found in Prob. 7.1l-is close to the truth, if
thefieldis strong). For the diamond, t is
0

/ (ij =- 8B2 / (1/\,2 Y)zdy:882 (1/\,2 ) =82 I~ = 22823,
Vdiamond mgR,/, moR [3 )1/.12 mgR32/2 - 3 mgR

Sotsquare/tdiamonel 3/2/2 = 1.06. The "sguare'falls faster, overall. If freeto rotate, it would start out
inthe "diamond" orientation, switchto "square" for the middle portion, and then switch back to diamond,

awaysrying to present the minimum chordat the field'sedge. z
(bF =1Elj] ~=2Bl~aya2 - X2dx (a = radius of circle). 12
[(=-~~ =-2Bva2 - y2~ =2Bwa2 - y2= X
I =2-Wa2 - y2; U/2=va2 - y2. SOF =4~V (a2 - y2) =ng. 1
Vcircle= mgR ;
2, 2 2y
Ba -y Y
_dy —4B2 o 4B2 1 o _4B2 4 _ 16B2a3

teircle= I+ Vv ng 1a - y2)dy :r-ngR (a2y - §y3)‘_a ng (3a3) 3mgR
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Problem  7.47
(8 In magnetostatics

JLoI Irl) x~
V.B=0,VxB=JLoJ~ B(r) =47 a ~2  drl.

For Faraday electric fields (with p = 0), therefore,

VE=O VxE=aB _ - Eqty=_2

, - a D) —fTrat I B(r/%-dr

(with the substitution J -t - :0-)

(b) From Frob. 5.50a,
B(r, t) x~ - - aA
A(rt) - 47rl ( j d SOE- a’

[Check: V X E = -ttt (V xA) = - ~~, and werecover Faraday's law.

(c) The Coulomb field is zero inside and 4;10™f = at0 traore f — f outside. The Faraday field is- ~~'
where A isgiven (in the quasistatic approximation) by Eq. 5.67, with .Y function of time. Letting w==dJ..Jjdt,

JLorwu rsin (Ja, r <R),

E(r, O,"‘,t) = I{y(@ '>Rgu oSG <> (r > R)

Problem 7.48
gBR —rrév (Eg. 5.3). If R |sto stay flxe%then qR~~ = m~~= = F=0E or E = R—~. Bu
Ip dip
f E.dl=-dt' SOE27rR=-dt' S0 -27r Rdt=Rdt' orB=-' (7rR2<)>+ constant. Ifattimet=0

the field is off, then the constant is zero, and B(R) = ~ (7r~2<p) (|n magnitude). Evidently the fieldat R
must be half the averagefieldover the cross-sectionof the orbit. Q«d

Problem 7.49
Initially, mv2= ,19f ~ T =3m2 =141 18, After the magnetic field is on, the electron circles ina
new orbit, of radius T and velocity VI:

v o= 1 qQ 2_1-1 aQ 4+ 14
~ = = riB.
rl *reo 2rI e o 2mVI 24760 11 qu

But i =r +dr, so(rd-l =r-1 (1+ d)-1 s!r-l (1- d;), whileVli= V+ dv, B = dB. Tofirst order, then,

1.1 daQ ¢, Iy} -T1T =% - aQ
= (1 : ) + 9(vr)dB, andhencelT=TI -T = g’B 24 s
Now, the induced electric field is E — ~~~ (Ex. 7.7), som~~=gE = 9f ~~'or mdv = 9fdB. The increase in
kinetic energy is therefore dT =d(!'nv2) —nmv dv = '1'JfdB. Comparing the two expressions, | concludethat
dr=0. Qe
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Problem 7.50
£E=- %:tp: -a. Sothe current in Rl and R2isl = R1a R2; by Lenz's law, it flows counterclockwise. Now

the voltage across R1 (which voltmeter #1 measures) isVI =IR1 =1 R;:~21 (Vbisthe higher potential),

—~

and V2=-IR2 =~ (Vbis lower).
Problem 7.51
dl dv ~v  hBdl hB
£=vBh=-Ldt; F=IhB=mdt;  dt2=~ dt =~ C )v, lahe-w 2, lwith™
Problem 7.52

A point on the upper loop: r2 = (acos<P2,asin<P2,2); a point on the lower loop: 1l = (bCOS<PI,bsin<Pl,0).

1]1.2 (r2 - )2 = (acos<P2 bcos<pd2+ (asin<P2 bsin<pd2 + Z2
= a2 cos2 <p2- 2ab cos <PZOSPH b2 COSXPH a2 sin2 <P2 2ab sin <Pkin <P2 b2sin2 <Pk 72

—a2 + b2+ 22 = 2ab( cos <PLOSPI+ sin <P&n <Pl)—a2 + b2 + 22 = 2ab cos( <P2- <Pl)

= (@2 + b2+ Z22)[1- 2{3COSP2- <pd] =~ [1- 2{3COP2 <pd].

dl1 = bd<pl~1 = bd<pd - sin <Px + COSPly]; di2 = ad<P22 = ad<P2[- sin <PX + cos <P3], so
dil.dh =ab d<Pl d<P2[sin <Plsin <P2+ COS<Plcos <P2] — ab cos( <P2- <Pl) d<Pl d<p2.

M = /-Lo dil .dl2 = /Lo P2 - < d<P2d<pl.
41131} ar Vab J{ej} VI < 2{goseb2 <pi) T

Bothintegrals run from 0to 211"Do the ct>ihtegral first, letting u ==w2 - w

21<-<1>1 21<

cosu cosu
du- / du
yl- 2{3cosu - I yl- 2{3cosu
-<1>1 0
(sincethe integral runs over a complete cycle of cosu, we may as well change the limits to 0 ~ 211")Then the
~lintegral isjust 211"and

21<
M = figrpb(321L; yl- Bacoaft T HYE g ) CBaag O

(8 If aissmall, then {3« 1, so (using the binomial theorem)

1 21< cosu A< A<
-

~1+{ 3cosu,and . du~ cosudu+{3

s2udu=0+{311",
yl-  2{Zosu Dyl - 2{Zosu D cos2udu=0+{

r:i7i3 /-LO1I"a2b2
andhence M = (/-Lo1l"j2)y@b{33.Moreover, (3~ abj(b2 + 22), SOM ~ ' 2(b2 + 22)3/2 |(§ame as In Prob. 7.20).
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(b) More generally,

-1/2 1 32 .53 1. 32 53 3
(1+) —1--1‘+-f2 8 --f 16 +..=> V- 2.8c08u =1+,8cosu+-,8 5 C052U+-,82 cos u+",
0
{21r {21r 3 {21r 5 {21r

M= ~Ovab,8{ Jo cosudu+,8 Jo cos2udu+2,82 Jo cos3udu+2,83 Jo cod4udu+", }

= 1yeiom 0+ BT+ 58200+ 58N . _ o (1+ 15,82+ (.84 +.. ) Qed

Problem 7.53
Let g>be the flux of B through a single loop of either coil, so that g>1= N1g>and g>2= N2g>, Then
£2 N2
£1=-N > = - = -
1§+ £2= N =gy Qe
Problem 7.54
~a) Suppose current Il flowsin coil 1, and 12in coil 2. Then (if g>is the flux through one turn):

L1 M L2 M

g1 =ItLl + MI2 =Nig>; 2 =12L2 + MIt = N2g>, - -
or g>=1It N1 +12N1 =12N2 + It N2-

- . . - h - . - M2
In case I1 0 , we have Nt - N2 1 2 0 , we have Nt - DIVIdmg Lt - rI]\/I or I‘1L2- M ,qe d
) F 7 o Loy MU TTcos\/\l) - ~dt DL M s R g

(c) Multiply the first equation by L2: LIL2% + L2!!ftM =1L2VI coswt, Plug in L2!Ift =-I2R - M5!X.

M2% - MRI2 - M2!1Jt = L2V1coswt =>12(t) = - ~~ CcoSwt.L1% + M (~~wsinwt) =i cosat,
dil Vi L2. Vi /1 L2
a =11 (cstt - RwW smwt) = I(t)= L1 {~smwt+ R cos:vt)

Vout 12R =77 coswmtR L2 = - N2 N2
ou — o - N, - The ratio of the amplitudes is ' . Qed

()~ =Vacosw — V].’COth
L2 1|\_/r)2 L2 2
(e)Rn=~nit = (Vlcoswt)(L ) ~sinwt+ Rcoswt ) = (~smwtcoswt+ RCOS wt

Pout = Voutl2 = (12)R = |(~~~2 COS&t.1Averageof COSt is 1/2; averageof sinwtcoswt is zero.

1 2412 1 2 (L22 1 2 (L22 (Vr2L2
So(Rn)=2(M) \L;R }; (PoutF 2(Vr) (M2Rs = 2(Vr) [L;L;,Ry (Rn)= (PoutF 2L1R.
Problem 7.55

(@) The continuity equation says !!lt= - V. J. Herethe right sideisindependeniof t, sowecanintegrate:
p(t) =(- V. Jt+ constant. The "constant” may be afunction of r-it's only constant with respect to t. So,
putting in the r dependence explicitly, and noting that V.J = -p(r,0), p(r,t) = p(r,O)t+ p(r,0), Qed
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(b) Suppose E = 4;0 J~dr and B = ifrdJ~.tdr. Wewant to show that V.B = 0,VXB =J.1t03+J..to€o
V.E =10p,and V XE =- ~~'provided that J isindependent of t.

Weknowfrom Ch. 2that Coulomb'slaw (E = 4;'0 J™dr) satisfies V.E =1opand V XE =0.Since B is
constant(intime), the V.E and V XE equationsare satisfied. From Chapter 5 (specifically,Egs. 5.45-5.48)we
knowthat the Biot-Savart law satisfiesV.B =0O. It remainsonly to checkVV XB. The argument in Sect. 5.3.2

{:/arnesthrough until the equation following Eqg. 5.52, where | invoked Vi .J = O. In its place we now put
--p
J.to? -t
VxB = J.tod- 471'] @ V) ~2 d (Egs.5.49-5.51)

(-JtpV)~  (Eq.5.52)
Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is
~V[J =_2:(-p). So:

sor .0 - oF
V XB =J.tod - 471"J ~2 (-p)dr S + a0 at { 471"€0J ~3 ar } =J.toJ+ J.1OE€°Ft. qed
Problem 7.56
de - 1 (FA)dz . o
(3) ) 471"€0 ~2
SnE=- -~Sviz+tse
vt
~ o~ -1 z
E - Zdz vt - € -7 V't
z- 4a11io)] @2 t 932 - 4710 [vizz + I 0wt
E -~ 1 - 1
z- 4710t - €2+ X Jw)2 + X} .
(b)
_ _ " _ a
<|>E=~r 1 1 271SS=~ g(vt-€)2+.52 J(vt)2+ <2 |
471"€010 {J(vt -2+ Jw2 o+ 52} 260 ! - 1o

U (JM - D24+ a2- Jv)2 +a2- (€- w) + Vo),

(C)ld=€0d<|>E= T vwvt-§) R I AT
dat 2{Jwvt -2 ta2 Jw)2 +a2 }

Asf-t O,vt < faso--*0, so Id --* ~(2v) = AV=|. With an infinitessimal gap we attribute the magnetic field
to displacement current, instead of real current, but we get the same answer. qed
Problem 7.57

(a) Vav _|~ (SO(aZ_I') )+ O%Sﬂ —gag‘(SdéS) O } (S%]S) O::}sdf = A (aconstant) ::}

Ags=df:::}f = Aln(gso) (soanotherconstant).But (ii) :::}f(b) = 0, soIn(bjso)= 0, so So= b, and
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. 2 Ip 1 Ipz In(gb)
V(sz2) =AZn(gb). But (1)::} Adn(ajb) = -(Ipg)j(7ra ), SCA = - 7ra2in(ajb)j V(s,2 = - 7ra2ln(ajbf

e _ ib)z= ::sHin
(DE=-VWV=_8Vs 8Vz=lpz sty STORSIRE iRy ST () 9

Ip z €olpz
(©) a(?) =€o[Es(a+) - Es(a)] =<€o[7ra2in(ajb) (a) a = 7ra3ln(ajb).
Problem 7.58
-H
fl'B
tg .
1 1Q Q fow ==

(@) Paralel-plate capacltor: E =€0ad V =Eh =ewh:} C=V =h }CIJ

_ - 1 _ ~Jol  _ .. _Jo oh
(b)B—JIoK—mo--W <|>—Bhl—-v\} —LI..}L—-IW.i} 'E'-'-W

(c)  CE ==Jlo€o = (47rx 10-7)(8.85 X 10-12) =11.112X 10-17 s2jm2 .1
(Propagation speed I/m = 1/v'Jlo€0=2.999 X 108 mjs =C.)

@ B2y DA S R oby I, } I£C=€ 31 Iv=1/3eJ1.1)
Problem 7.59
@J=aE+v XB)J fiQEe, a= %%:} E+ (v XB) = O.Takethe curl: VXE + Vx(v XB) =0O.But

Faraday's law saysVXE = -7Ft. So 7Ft = Vx(v XB). qed
s éb) VdB = a:} 8B. da= aforany closedsurface. Apply this at time (t + at) to the surface consistingof
, and n:
ig' B(t + at) .da+ iFl B(t + at) .da - ig B(t +at).da =a
(the sign change in the third term comes from switching outward da to inward da).

dei>= & B(t +at) .da- ;£ B(t) .da =;§ IB(t +at) - BE)j .da- jf, B(t +at) .da

~~ dt (for infinitesimal dt)

d<I= {l ~~ .da} dt-In B(t +at) .[(dl X v)at] (Figure 7.13).

Since the second term is already first order in at, we can replace B(t + at) by B(t) (the distinction would be
second order):

w=al o cact | oxy. -t () dad VX(vXe) dal.



Problem 7.60
@

V. E =

V XE =

VXxB =

(b)

dn=F .n. _
b =g 3B~ VX(v XB) da=0.  Qed

(V .E)cosa + ¢(V. B)sna = ]';d:’ecosa + c/loPmsina
1

. 1 1.
5 (Pecosa+c/lofoPmsma ) = f-o(Pecow éDmsma) = f-yeo

(V. B)cosa - =(V' E)sina =/10Pmcosa - 2-Pesina
C CEO
/10(Pmcosa - Elljl%fo sina) —/10(Pmcosa - CPesina) —/10P'm..(
(V x E)cosa + ¢(V xB) sma = (-lloJm {I'[)cosa + C(loJe+ /10f°{it )sma
. 10 ,aB'
-/100mcosa- clesma - at (B cosa- ~Esmeé)= -/1oJm- Tft. (

1 0 a 1 aB, .
(V xB)cosa - ~«(V x E) sma = {{LoJet+ /10f°{it )cosa -~ (—/1oJm - {it )sma

/1o(JeCosa+~Jmpsing)+/10fo~ ut (Ecosa+cBsina) =/10J~+/10fOa~"G(

1
qE +VXB)+q (B'- & xE)
(gecosa + ~gmSina) [(ECOSa+ cBsina) + v x (Bcosa - ~Esina)]

+ (gmCOg - cgesina) [(BCOg- ~Esina) - cv x (ECOg + cBsind) ]

ge[(ECOS2a + cBsina cosa - cBsinacosa + Esin2 a)
+v X (Bcos2a- ~Esinacosat ~EsinacosatBsin2ad)]

+gm[(~Esinacos~ + Bsin2a + BCOSA - ~Esinacosa)

tv X (EBsinacosa- d2Esin2a- J2Ecos2a- zBsinacosa )]

ge(E+v xB)+gm(B- :2vXxXE) = Fo Qed
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Chapter 8

Conservation Laws

Problem 8.1
Example 7.13.
E-- -8 1
211108
B - Poll. ~(ExB) = 1.
211" 8 op } 411"21082 7
S. da= | 11"8d | ldg= "
P= I %'11 100} Zi1100 In(b/a).
b
Butv= / E.dl=- AOJ ~dg=~Ip(b solp=IV.1
! 2111 1 g8 ﬂg {n%)’ p=1v.
Problem 7.58.
E=~Z
00 1
’ G xB) =
— . _ J.Lo JLo oW
B —J.Lokx =-w X }
pP= / Sda=SWh=alh, - butv= / Edi=-h, ~ solp=IV.1
Problem 8.2

a Q _
@E=:z a==i"QM =It > Et) =5 z

. BE 2 _ 111"82 J.LOl8 .
B 211"& J.LO€OU't;—1I"8 = J'LO%?ﬁ%Oa => B(8 t) = 711"4

J.Lo12
(b) Uem= 2" (€0E + JLB ) =2 [100(1| €oa2 + JLo(211a§ = 211"2a4[(ct)2 + (8/2)2)

S- 5(E xB) - O8N gy . . 12t g8
- JLO 11"€0a2 211" - 211"2€0a4 .

146
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o =02 202t =Tl Y ST il BadY 89 T Theem — P 4

b

I N2 {b W2 82 184
© vem = 1 UemW27r8dR7rW2:2ado [(ct)2+ (8/2)2]sds= a4 [(ct)2"'2+ 44 1.0

w[ 2b2 b2 [2t [2wtb2
=1JL027rad[(ct)2 + 16] . Over asurface at radius b: .Rn=- 1 S. da = 27r2€oaflbs. (27rbve)] = 7reoad .
G =R 2t =5 = Rn./ (Set b=afor total)
Problem 8.3

F=fT" da- foeo~ I Sdr.
Thefieldsare constant, so the second term is zero. The force is clearly in the z direction, so we need

++ 1 1 2
(T" da)z = Tzxdax + Tzyday + Tzzdaz ="/I0 (Bsz dax + BzZBy day + BzBz daz -"2B daz

= :0 [Bz(B'da)-~B2daz].

NowB = §/IoaRc.vz (inside) and B — Agp; (2cosOr + sinO8) (outside), where m = -3~7rR3(awR). (From
Eq. 5.68, Frob. 5.36, and Eqg. 5.86.) We want a surface that encloses the entire upper hemisphere-say a
hemispherical cap just outside r —R plus the equatorial circular disk.

Hemisphere:
/lom . .n /lom . 2n /lom
Bz = 47rR3 [2cosO )2+ smu @) ] _ s7tralocos U - sn ol = 47rRe (Geos 0- 7).
da = R2sn OdOch? B. da=a., (ZcosO)RZSm 0dOdcP;daz = R2 sin 0dOdcPeos OJ
/lom /lom
B2 = \47rR3 (4C0820 +sn2B) = \47rR3 (3COX0+1).
H 1 ,/lom 1
(T'"da)z = o 47rR3 (3COSZO 1) 2e0sOR2 sinOdOdcP "2(3cos2 0 + 1) R2 sinO cosOdOdcP

= (a ) [ "2R2smOcosOdOdcP ] (12c0s20 - 4 - 3e0s20-1)

/Io
= ( ) (geos 0- 5 sMOeosOdOdcP.

1r/2
5

2
/lo
(Fhemi)z = ( ‘I (9cos3 0 = 5e0s0) SmOdO — fo7r (WSQZ [ 450540+ "2e0s2 O]

= /lo7raw3dR2r (0 + ~- ~) = _[I~7r(a~R2r
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Disk:
2
Bz = -fo(JRI JJ; da = rdrd</J<p -rdrd</Jz
2 2
B.da = -"3pO(JR| JQdrdrd</J;  B2= (?Spo(JRIJ) ; daz=-rdrd</J.
2 1 1 2 2
€l.da)z = PO (3P0(JR|)J [- rdrd</J + 2rdrd</y = - 2po ( 3PO(JR|)Jerrd</J
JI.JJR 2 I JI.JIR2
(Fdisk)z = -2po 3 ) 211"} rdr = -211"po ( )
0
Total:
F =-1"Po((J1.JIBRA (2 + ~) z = 1-U"PQ(J1.JI2RAZ |(agree£ with Prob. 5.42).
Problem 8.H4 .
€) (T .da)z =Tz dax + Tzy day + Tz daz

+
But for the xy plane dax = day = 0, and daz = a

-r dr d</g'll calculate the forceon the upper charge).

(T" da)z =eo (EzEz - ~E2) (-r dr d</J).

Now E = /1 2 casal', and cosO= ~, s0 Ez = y
00\~ 12

0, E2= ' :

211"10) 2 + ) 3 Therefore

0
211 1 Bdr - @1 udu lettm  u =r2
211 (r2+ a2)3 411" m(él- w+a23 (g - )

00

= @1 a2 @ 1 1 a2 -2 1
411" 1002[-(u+a2) + 2uta2)3 ].0 =411"10p2+ a2 - 2ad] = 411"Eo(28)2,1(

(b) In this case E = -~ﬁluloosin02,andsin02 wr, SO
2

2
—_ [ — ga 1 H EO ¢ qa rodr d</J
e =E = 3 and hence (T' da)z = -5 (=— 3 Therefore
EOJ (2 + a2 U'EQ) (2 + a2)

_ 2 2 1 1 00 2 2 1 2
z:-Eo(2 E))le;l_ =-qga -- = LM o+ = - ~ 1.(
11" (r2 + a2)3 211" 4 r2+a22]o 411106 4a4 I 411"EQRa)2'
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Problem 8.5
(@ Ex =gy =0, Ez= -affa. Therefore
- - - - T -T - -fog2- -~ Tz = 2_1 :fﬁ — &
Ty=Txz=Tyz=...=0) Tu =T, = 2o 127 1O(g ;E 2=20
2 -1 0 O
t=% 0 a1 o

20( 0 0 +1)'

(b) F = IT. da (8 = 0, sinceB = Q)jintegrate over the xy plane:da = -dxdyz  (negative because
outwardwith respect to a surface enclosing the upper plate). Therefore

Fz = a Tn daz= - :f: A, and the forceper unit areaisf = ~=1-~: z.1

() -Tn = a22fo . isthe momentum in the z direction crossing a surface perpendicular to z, per unit
area,per unit time (Eg. 8.31).
(d) The recoail force is the momentum delivered per unit time, so the force per unit area on the top plate is

(same as (b)).
Problem 8.6

(@ Pem =faCEX B) = foEBy; Pem = | foEBAdy.1

(b) 1= w0 Fdt = 1(1X B)dt =0 |Bd(Z XX)dt :(de) 100 (' ~~)dt
= -(Bdy)[Q(00) - Q(O)]=BQdy. But the-origina field was E =alffa = Q/foA, soQ = foEA, and hence

1= foEBAdy; . as expected, the momentum originaly stored in the fields (a) is delivered as a kick to the
capacitor.

(©IE. d = -~~ = -~Id (for a length 1in the y direction). -tEed) + IE(O) = -ld~ =>

E(dy E(O)= d~. = -aAE(d) y + aAE(O)y = -aA[E(d) - E(O)ly=-aAd~ vy. 1= 100Fdt=
-(aAdy) ppo dB dt = -(aAdy)[B(oo) - B(O)]= aAdBy. But E =~, sol = foEBAdy, . as before.
Problem 8.7

B =/.Lonl2 (for a <r < Rj outside the solenoidB = 0). The force on a segment dr of spoke is

dF =I'dl x B =I'/.Lonldr(i x 2) =-I'/.Lonldr<f,.

Thetorque on the spoke is

N =« r xdF =1I"/.Lonl x rdr(-i x /j)=1'JLonl~ (R2 - a2) (-2).

R
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glerefore the angular momentum of the cylinders isL :/N dt = -~J.tonl(R2 - a2)Z/ I'dt. But JI'dt =Q,

L =-~J.tonlQ(R2- a2)Z (in agreement with Eq. 8.35).

Problem 8.8
@
0, r<R ~J.toMZ, (r<R)
E-  B-

- { 4€0~i, (>R}, -{ ~~ [20050i+sn00], (r>R) } (Ex.61)

4 3 J.to Qm . . .
(where m ="371"Rvl); p —€0(E x B) = (471")2:8(i" x 0) sinO, and (i' x 0) = <jJs0

Jto mQ. A A

[ =r xp = (471")2::4 smO(r x <jJ).

But (i'x (/)= -0, and only the z component will surviveintegration, so (since (O)z= -sinO):

21f

JtomQ A/Sinzo 2 . ) / /_3 4 fl Iy o 1
L = @rme2zl -4 (r smOdrdOd<jJ. f d<jF2r1j 4 sm 0odo="3; dorzdr = (—;:) R =1i,"

JtomQ . ) 1
L = @2z en "3) (R ) = 1pJ.toMQR2z.

(b) Apply Faraday's law to the ring shown:

f E d =E@71'rsin0)= - dgp = -71"(rsin0)2 (73].tod8{ )

J.tadM
= |E = -3&(rsm0O) <jd.
The force on a patch of surface (da) isdF —O0"Eda = _Jt~0" ~~ (r sin 0) da(/J (0" = a7~y

JtoOdM 2 . . .
The torque on the patch isdN =r x dF = -3& (r sin0) da (i' x <jJ).But (i' x <jJ= -0, andwewant
only the z component (Oz= - sinO):

N = g0 di: Z/ r2 sin2 0 (r2 sinO dOd<jJ).

1f 21f

Here r = Rj O/ Sin3 0dO = ~j O/ wo = 2710 N = _Jt=0'd:: zZR4 (5) (271"F 1- 2~oQR2d:: z.

0

L :/th =- 2~oQR22ldM = iI-MQR2Z . (same as (an.
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(c) Let the charge on the sphere at time t be q(t); the charge density isa — 4%32. The charge below
("south of") the ring in the figure is

s —a (27rR2)lSine' dB' =~ (- cosB)l; = ~(1+ cosO).

Sothe total current crossing the ring (flowing "north™) is | (t) = - ’2"89 (1 + cosB), and hence

I . 1 dg(1+ cosB) a :
K(t) =27RsmB(-0) =47Rdt smB o. The force on apatch of area da ISdF = (K x B) da.

2 Po t7rR3 M . 1 PoM
Bave= [3poMi+ 47r R3 (2cosBf+sinBO) | 2'= ~[2i+2cosBf+sinBO];

K xB = 750 di PoM (1§ 6esB)[2(0 x i) + 2c0sB(Q_ xf)l.

-4>
dN = RfXdF= POI\Z/I47r G?) (I+§onsE)2[ fx(Oxi) - cosB(f x (F)]R2sin BdB d4>
o .i) - i(f .0) -9

poM  «dq 2 : : PoM R2 /dq -
= 12nr dt) (1+ cosB)R [cosBO + cosBO] dBd4>=  67r dt) (1 + cosB) cosBdBd4>0.

211"

Thex and y components integrate to zero; (O)z = - sin B, so (using 0/ a> = 27r):

PoMR2 q . POMR2  #dq
Nz = - 67 dt) (271 (1+cosB)cosBsmBdB=- 3 dt) (5i~2 B- co-s B)[

P G?) @ = - 2PoMR2dd.  IN = - 280 MR2ddft i

Therefore o

L :/ N dt =- 2~OMR2 | Q/dq = ~MR2Qi . (same as (@)).

(lusedthe averagefield at the discontinuity-which  is the correct thing to do-but in this case you'd get the
sameanswer using either the inside field or the outside field.)

Problem 8.9
(@ E=-Oi. if>= 7raB; B = ponls; E= IrR 80 Ir = -liq (po7ra2n) Stl‘s
(b)f E d = %‘lf -> E(27ra) = -PO7r§n-(g: - E= “%Poan-d(;: cPoB = iag (b2 +b222)3/2 z (Eq. 5.38).
8=~E xB) =~ (-Poan dls) polr b2 ((fIXi)y = -~polr dis ab2n f.
Po Po 2 dt ( 2 (b2+ z2)3/2) 4 dt (b2+ 22)3/2
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Power:
1 dis 1 1
P = I Sda= I 27ra dz:--‘}r 0a2b2nin; |
! . (S(27ra) Ip B 1 b+ 22320
. . z 100 =1_ . 1y_2
The mtegralls b2y b2 - b2 ( b-’) =2
2 dis 2
= - \{7rpoandl )Ir =(RINIr =1Ir R Qed
Problem 8.10
According to Egs. 3.104, 4.14, 5.87, and 6.16, the fields are
-~ 1 2
E= B C<R B= oM r <R,
1 1 pom
. _ g . >
{ s >R, 3 { Zi3mnem, (r>R) 3y

where P = (4/3)7rR3P, and m = (4/3)7rR3M. Now P = £0f(E x B) dT, and there are two contributions, one
from inside the sphere and one from outside.
Inside:

| 1 2 2 4 3 8 3
Pin = £0 = (— 3£0P) X \3fLoMm ) dT = -gfLo(P X M) u dT =-gilLO(P X M)37rR = 27fLO7rR (M X F).
Outside:

1 pPo
Pout = £047r£047r! A6{[3(p. f) f - pl X [3(m. ) f - ill]} dT.

Now f X(p x m) =p(f.m) -m(f.p), sof x[fx (pxil)]= (f.m)(f xp)- (f.p)(f xill), whereasusingthe BAC-
CAB rule directly givesf x [fx (p xill)] =f[f.(p xill)] - (pxm)(f.f). So{[3(. f)f- p] x [3(m. f) f- mn =
-3(p.f)(Fxm)+3(m.f)(fxp)+(pxm) =3{f[f. (p xilD] - (p x M}+(pxm) = -2(pxm)+3f[f.(pxm)].

Pout= 1~;2 « r16{-2(p x m) + 3f[f .(p x il)]} r2sin 0dr dOdI/>.

To evauate the integral, set the z axis dong (p x ill); then f. (p x m) = Ip x ml cosO. Meanwhile,f =
sin0cosl/x + sin0sin I/y + cosOz. But sinl/>and cosl/3ntegrate to zero, sothe x and Y terms drop out, leaving

Pout = 1~2 (1001rld_x) {-20 x m) ' sin0dodi/> 31px ml z = cosz Osin 0dOdI/3
Po r

47 Po
- -- -2 47r+3 - =
167r2( 3r3) RI (P x m)47r+3(p x m) 31] (P27rR3 xm

= T (§7rR3p )x (§7rR3M ): 4ppRAM X F).

Ptot = (287+ 2~) POR3(Mx P) =. ~POR3(Mx p).1
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Problem 8.11
(8) From Eg. 5.68 and Frob. 5.36,

e
4 R2 A

r>R E= ~ r B = AL@ (2cosBr + sinBO), with m = »~0"cvR4.
{ 4:l‘Or 4L0. 3

r<R E=0,B= '"JLooRCVZ with 0"=

Theenergy stored in the electric field is (Ex. 2.8):

1 e
WE =s8-€0 R

The energy density of the internal  magnetic field is:

1 2 1 € N2  Jlocwe JLocv2e24 3 JLoe2cv2R
uB = 2JLoB = 2ilo \3JLloRev 4-R2 ) = 72-2R2" s0 WE;" = 72~2R2 3"~-R = 54~ .

Theenergy density in the external magnetic field is:

1 JL5sm2 2 2 €2cv2R4 J.Lol 2
UB = 2J.L46~2-;:6 (4cos B+ sm B) — 18(16~2) r6 (3cos B+ 1), so

00 ~ 2~

Weout = JLoeeveRa I 12 I 2 I JLoe2cv2RA 1 JLoe2cv2R
(18)(16)~2 = 161 dr = (3cos B+ 1)sdeB d<jF (18)(16)~2 (3R3)(4)(2~) = 108~ .
J.Loe2c.vR J.Loe2c.vR 1 e J.Loe2c.vR

WB = ws* +Wbout 108~ (2+1)= 36~ ;W=WE+WB= 8~foR + 36~
(b) Same as Frob. 8.8(a), with Q-t eand m -t zecvR2: L= ILoRZoVR 2

(©) gipeVvR= > EvR= Prer (4~(9)(IO(?)Q§..60 3@135919)2 =19.23 X 1010m/s.!
~ @ ; ~f\V 2 = 5 1 ~fCV 2 — ~ /9.23 X 1010 » =210 X 104
SITEED[+9 e ) me,[+9 e ], 1+ 9 3x108) . ,

R:= 8~(8.85(- Qb 1AL 6 M dBARNE x 108)2 =l 295 x 1011 m;1 cv 288 X 1619 | 313 x 1021radss. !

Sincé; JRthe speed of a point on the equator, is 300 times the speed of light, this "classical” model is clearly
unrealistic.

Problem 8.12 z

Eommt
- 4~€0r3"

B=J.Logm~=J-logm (r-d2)
4~ r3 4~ (r2+ d2- 2rdcosB)3/2'

am,

ge
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Momentum density (Eg. 8.33):

p I fQEXB): /queqm (-d)(r x2)
41]) r3 (r2 +d2 - 2rd cos0)

Angular momentum density (Eq. 8.34):

/logegmd rx(rxz () 2 2 2
[=(rxp)=- (A2 13 (r2 +d2 - 2rdcosO) 32 Butrx  ‘rxz 7 =r(r.z)-r z=r cosOr-r z

The x and y components will integrate to zero; using (f)z = cosO,we have:

L - - /logegmdz 2 (cos20- 1) 3212 sin Odr dOdc/>. L€t U ==€0sO:
- (411")2 r3 (r2 + d,2- 2rdcosO)

= Jlogeggmd Z (211" f/ - Uz) 3/2 du dr.

(4112 (r2 y d2 - 2rdu)

Do the r integral first:

00

rdr (ru = d) o u d u+1l 1
(r2+ d2- 2rdu)3/2 = d(l - u2vr2+d,2 2rdu0 =d(1-uw) +d@-u2)d =d(@1-u2 =d(l - u)

Then

1 1
L — /logegmd ~.l. / I U2 4 = ogegm . + )d = /lOgegm + =
811" zdh @-u s zf1  Uu 811" Z 2 )1

Problem 8.13
(@ The rotating shell at radius b produces a solenocidal magnetic field:

B =/loK z, where K = O"bWbland O'l - 2~br SoB = - /I~~~Qz (a < 8 < b).

The shell at a also produces a magnetic field (/lowaQ/211"D), in the region 8 < a, so the total field insidethe
inner shell is

B —~~ (wa Wy Z ¢ <a).
Meanwhile, the €electric field is
=1 =_0
E - <g < D).
'ETI‘fGB 2> (@S2 <D
g /IOWhQ /IOWbQ2 /IOWhQ2
P =fo(E x B) = 1" C(le"l')l 2,1 )(s XZ) = ar228 </3; | —=r X p = 4112128(r x </J).

Now r x (fJ= (8S+ z2) x (fJ=s Z- zS,and the s term integrates to zero, so

L = /lonDQZ /d :/|OVVOQ2 b2 - 2)1.2 — /IOWhQ2(b2 = 62) A
411"212z7 T 411"2[21£ 411" zZ.
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by

d<|>
| => = - 1 d<|> . h b
E2Ars it E s1rgy iand mt ereglOm < s<
/1oQ L2 ,.LOQWb /2 2 loQ 1 /1oQ / 2dwa 2 dwb
<P=-, = (Wa-Wb)lla 11 " (s-a’)-= (waa -Wbs ) EG=- .. o (2 Gt _dt)

In particular.

_ wa  dwb _ _
E@ = oga (o - at ) O EO =R (B T 5 ) o

Thetorque on ashell isN =r x gE :qSEz S0

Na = /|0Qa ["XJ NloQ2a2 ,
Qa - 410 d - dt La=Jo Nadt = - 41 (Wa- Wh)z

Nb = -Qb ( IIOQ) (ZdWa - bZde ) z Lp= :b nb dt = IIOQZ (a Wa - szo) z.
oQ2 , 2 2 2 J.LoQ2Wh, 2 2
= L b
Ltot La+ b— 41 Wa- Wb- aWa+aV\f[)Z: 411 (b - a Z

Thusthe reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum
inthe fields (a), .(
Problem 8.14

B=llonz, (<R E= 4, 3 wherell= (xay.2)

p = €0(E x B) = €o(.Lonl) (41I €0) 1301.x 2) = Qg1 [yx - (x - @) y].
Linear Momentum.

yX- (x- a)y =

J..Lognl
\J [(x - a)2 + y2+ 7z233/2dx dy dz. The x term [Sodd my; It Integrates to zero.

p — deT—4—

_ toan a) \ -
41 J [(x ) ry2 4z ]3/2dx dydz. Do the z Integral first:
® 2
[(x- @2 +y2h/(x - a2+ y2+22-00- [(x- a2+y2
— __Nlogni (x-a
STURAN [x - a)?+ y?]
X=8COSYJ, y=8sint/J,  dxdy => 8d8dt/J; [(x-a)2+Yy2]=82+a2-28acost/J,
— qgnl J (8 costa- a) od daf'
21 (8 + a2 - 28acast/d)

dx dy. Switd to polar coordmates:

Now {27r cost/Jdt] - 21v f1- A S v a1
0" A¥Boosy)- B\ vA2 B Jo (A+Beostd) - VA2 B2

Here A2- B2 =(s2 +a2)2 - 48202 —s4 + 28222 +ad - a2z —(82 - a2)2, VIA2 - B2 —a2 - 82.

~ a2 + 82 2a2 /lognl R J..LognlR2
— /_I)(}qnl ) + oy = _)(l)qn ]0 8d8 — ogn ,
%a n” (a2- 82) " (a2- 82y a 2a
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Angular Momentum.

I = rxp=Jlogtl x[yx- (x- a)y] =Jlogqz(x - a)x + zy Y- [x(x - a) +Yy2]z} .
The x and y terms are odd in z, and integrate to zero, so

J-Lognl . x2 +y2- Xa .
L = --411"z = [(X- @2+ Y2+ Z22]3/2dx dydz The z mtegralls the same as before.
= - Jlognz +y2 - xg_ dxdy =- J-Loqual : d8 d
21 I Gy Y pan I (82+°22 2 Sacds<p) ™ °© P

_ I 82 a2+ 82 I R 8 - 8
— -Jlognlz 7 [a2 8 2t (1— a2 .8 2)] 8d8=-J-Lognlz 0 a2.g 28d8=lzero.l
Problem 8.15
€) Ifr(ve're only interested in the work done on free charges and currents, Eqg. 8.6 becomes
dw aD aD

dt =IvE J1dr. But JI =v xH - at (EQ.7.55)0E. JI =E. (V x H) - E. at. From product

rue#6, V. (ExH) =H(V xE)- E. (V x H), whileV xE=a-B~~, SOaD

E. (v xH)=-H. At V. (E x H). Therefore E. J| =-H. ot - B gt - V- (ExH) and hence
W e n Bar L Exh) .da
dt ]v('at "at) 'Is(x)' '

This is Poynting's theorem for the fields in matter. Evidently the Poynting vector, representing the power per
unit area transported by the fields, isS= E x H, and the rate of change of the electromagnetic energy density

isalﬁn:E.aée+H.aa§.

For linear media, D = €Eand H = 'J!LB’ with €and J-lconstant (in time); then

auem _ ae 1 aB 1 1la _1la
w TE AR w cFE Dtk PEgy EDrBH,

soUen= ~(E.D + B .H). qed
(b) If were only interested in the B%rceon freechargesand currents,Eq. 8.150bec0m&6f = PIE+ JI xB.

But Pl =V. D, and J =V xH - al' sof =E(V. D) + (V x H) xB - at)xB. Now
a aD B aB D a
at(DxB) =al x B + D x (%.t)‘andat=-v xE,sodl xB =at(dD xB) +D x (V x E), and

hence f —=E(V .D) - Dx(V XE)- B x(V xH) - % (D x B). As before, we can with impunity add the
teem H(V .B), s0

f=(E(N .D)- Dx(VxE)]+[HV .B) - Bx(V xH)}- %D x B). ‘

The term in curly bracket be written as the div ce of a stress_tensor (as in Eg. 8.21), and the last .
term % (mlnus) 1¥1e rate o c?%?]ge of the momentum gr&%nty’ p=D xB. ( a ) J
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Electromagnet ic Waves

Problem 9.1

a:
8ft

m
M
8z

8h
8t

813
8z

813
8t
g4
Z

8i4
8t

8is
8z

8,~5

Problem 9.2

-2Ab(z - w)e-b(z-w)2; ~~1 = -2Ab [e-b(Z-wt)2- 2b(z- vt)2e-b(Z-wt)2] ;
2Abv(z - Vtye-b(z-vt)2, 82ft = 24bv [-veb(Z-vt)Z + 2bv (Z - Vt)2e-b(Z-v)2 | :V28w2|'ft

~h 2.
Abcog[b(z - wt)]; 822 =-Ab sm[b(z- w)];
82h 22. 282 h
-Abvcog[b(z- Wt)]; 8t2 =-Ab v sm[b(z- w)] =v 82"
-2Ab(z - vt)  82h -2Ab + BAb2(z- w)2

[b(z- W)2+1]2 82 - [b(z- W2+ 1]2 [b(z- w)2+ 1]3

2Abv(z ) -2Aby2 BAbZVZSZ V)2 =v282h. ;
[6(z- W2 % 1]2 ) T b2 192 [hlzs w3 g

-2Ab2ze-b(bz2+wt). 8214 = -2Ab2 [eb(b22+vt) - 2b222e-b(bZ2+vt) ]
1 822

- Ab —b(b22+vt). 8214 - Ap2 2 -b(b2+wt) -J 282i4
ve 8t2 - ve -rv 822

3 82is 2. 3 8|s 332. . 3
Abcos(bz) cos(bvt) ; 82 =-Ab sm(bz) cos(bwt) ; =-3Ab vt smbz) sm(bvt)

-6Ab3v3t sin(bz) sin(bvt)3 - 9Ab6v6t4 sin(bz) coSbwt)3 =1V2~-5 .

M ~
8z = Akcos(kz)cos(kvt); 822 =-Ak2 sin(kz) cos(kwvt);

—~ = -Akvsinka) sin(kvt); ~i; =-Ak2v2 sin(kz) costkvt) =v2 ~{. ./

Usethe trig identity sin a cos 13= ~[sin(a + t3) + sin(a - 13)]to write

I = ~ {sin[k(z+ w)] + sin[k(z- W]},

157



158 CHAPTER 9. ELECTROVAGNETI C WAVES

which is of the form 9.6, with 9 = (Aj2) sin[k(z - vt)] and h = (Aj2) sin[k(z+ Wt)].
Problem 9.3
(A3)2 — (A3€03) (A3eiO3) = (AleOl + A2eio2) (Alesiol + A2e-io2)
= (Ad2 + (A2)2 + AIA2 (eiOle-io2 + eiOleio2) = (Ad2 + (A2)2+ AlA22cos(61- 62);

V(A2 + (A2)2 + 2A1A2 cos(61 - 62).1

A3 (cos 63 + i sin63) — Al (cos 61+ isin6l)+ A2(cos62+ i sin62)
A3sin63 Al sin6l+ A2sin62

(Al COB1+ A2 cos (h) + Z(Al sm6l+ A2sm62). tan 63= Azcos6s = Alcossl  +A2c0S62

83 tan 1 (AI sin 61+ A2 sin 82)

A3
A3eio3

Al COS81 + A2 cos 82

Problem 94
. 82j
The wave equation (Eg. 9.2) says 8212 = lBtJZ L ook for solutions of the form j(z, t) = Z(2)T(t). Plug
d?z 1 d2T 1d2z 1 d2T
this in: TdZ2 = w2 Z dt2. Divideby ZT : Z dZ2 = v2T dit2. The left side depends only on z, and the
righ SO both must be constan t. Call the constant - k2.

t Si~=nl on t,
LY 0N 2,

- — ApiK k
oz =} Z(z) = Ael“Z+ Be'l Z

{ ~t; = _v)2T =} T(t) = Ceikvt + De-ikvt. }
(Note that k must be real, else Z and T blow up; with no loss of generality we can assume Kk is positive.)

i(z, 1) = (AelkZ + Beikz) (Ceikvt + De-ikvt) = Alei(kzt+kvt) + A2ei(kz-kvt) + A3ei(-kztkvt) + Adei(-kz-kvt).
The general linear combination of separable solutions is therefore

J(ZY) = w0 [Al (Kei(kz+U.lt) +A2(K)ei(kz-Ult)  +A3(K)ei(-kz+U.It)  +Ad(K)ei(-kz-U.It)]  dk,

where W ==kv. But we can combine the third term with the first, by alowing k to run negative (w = IKlv
remains positive); likewise the second and the fourth:

izt) = I . [AlKei(kentd  +A2(Kei(kz-U.ItJ]  dk

Because (in the end) we shall only want the the real part of j, it sufficesto keep only one of these terms (since
k goesnegative, both terms includewavestraveling in both directions); the secondistraditional (though either
would do). Specifically,

Re(f) = . [Re(Ad costkz +wt) - Im(Ad sin(kz + wt) + Re(A2) cos(kz - wt) - Im(A2) sin(kz - wt)] dk.

The first term, cos(kz + wt) = cos(-kz - wt), combineswith the third, cos(kz - wt), since the negative k is
picked up in the other half of the range of integration, and the second, sin(kz+wt) = - sin(-kz -wt), combines
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form

iz, t) = I » AKei(kzU.Itddk ged (the tildes remind us that we want the real part).
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Problem 9.5
o — . gl =--18gl .8hR = 18hR. 89T = ___1agT
Equation 9.26 ~ gl(VIt) + hR(vIt = gT( V2t)l\T|OV\_%Z Lol 8R = L8R 8T = . 1 agT,
18gI(~vlt) 1 8hR(VIY) 1 8gT(-V2t) Vi

EquatlOn 9.27 ~ --v| 8t + V] 8t = -\2 8t ~ gi(-VIt) - hR(VIt) = \gd( -v2t) + K,
(where K,is a constant).

. . _ 2 " - V2 |
Adding these equations, weget 2gl(-VIt) = (1+ Vz) gT(-V20)+K" or gT(-V2t) = (VI N VZ) gl( -VIH+K,

(where K,I::-K,Vl\_{zvz). Now gl(Z, t), gT(Z, t), and hR(Z, t) are each functions of a single variable u (in the
firstcaseu =z - vit, in the second u =z - v2t, and in the third u = Z+ VIt). Thus

gT(UF VIZ:-IZVZ)gI(VI uv2) + K.

Multiplyingthe first equation by VdV2 and subtracting, (1-~) gl(-vit) - (1 +~) hR(VIt) =k, ~

— yV2- VI (VI K V2 hR() = 2 = VI | LK
hR(VIt)—C/I+V2 gl(-VIt) - ’(VI+V2)'Or (u) = (V|+V2 gl(-u) .

[Thenotation is tricky, so here's an example: for a sinusoidal wave,

g = Alcosklz- wt) = Al cogki(z- VIt)] ~ gl(U) =Al cosgkiu).
gT = AT cosk2z - wt) = AT cogk2(z - v2t)] ~ gT(U) =AT cos(k2u).
{ hR = ARCOS(-klz-wt) =  ARCOY-kdz+VIt)] ~  hR(u)=ARcos(-Klu).
AT _ 2V2 AR V2- VI VI

Here",| =0, and the boundary condlifions say A v 4w’ A Ty +y, (ame asEq 932), and ki k2

(consistent with Eq. 9.24).]
Problen 9.6

(@ T,;n9+ - T,;n9- - ma-= IT (¥Zlo+- ¥ZIJ - m~o

(b) Al + AR =AT; T[ik2AT - iki (Al - AR)]=m(-W2AT), ar ki (Al - AR) = (k2 - im;2) AT.
- Rw\é - - zki -

Multiplyfirst equation by ki and add: 2kIAI = (ki +k2- iT )AT, or AT = (ki + k2 - imw21T )AI.

o o o= 2Kl- (Ki+K2- imw2lT) o - gk - k2 Himw2T Y

AR AT - A ki +k2 - imw2T Al (Td + k2- imw2T Al

If the second string is massless,so V2= JT Ip2 = 00, then kd ki = 0, and wehave AT = (1~i{3) Al,

= ."_'i_{é_ N _w2_m(kivl)2_mkIT } - ki N +i{3 - A
T AI,wlére {3 KT - KT - -T g OFm~=my ow({%_ 33)” A€ , wih

2- A+ -3 - - w-  (A+i{3)2 - 1+2{3 {32
A - (1- i{3 (1+i{3 -1~ Al, ande - (1- i{3)(1+i{3)- 1+(32 -

tn. ~ 1~f" Thus ARe" ~ &' Aig" => AR~ A. Ilor= 01+ tan-' (~) .

. 2 - . _ 2 2 - 4 - 2
i<l> 2 A
SImIIarIy,(l- i{3)- Ae -~ A - (1- i{3) (1+i{3)- 1+ {32~ - J+732
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2 A
Aei<k 21+i{3) = 2(1+i{3) o "~ @mApelo
\ (1- <@+ i{3) (1+ (1) =}tan 4= (3. So ATeiOT = J1+i132

ar = JLAi32A1; 1iT =il + tan1 {31

Problem 9.7
(@ F :T-g?ﬁz -'- g 6.2= JL.6.aé%f cor T gﬁ = JL%ZE +'-g ‘
(b) Let](z t) = F(29e-iwt; then Te-iwt~~~ = JL(-r.})Fe-iwt+ ,(-iw)Fe-iwt =}
dzF - d2E -2 - -2 W ) _ - -1 -1
T 422 = -WALW+ if)F, 1,2 = -k F, wherek == (JLW+ if).  Solution: F(z) = Ae'zZ’ + Be' "z

ResolveK into its real and imaginary parts; K=k + ik, =} P =k2 - k2 + 2ikK, = f(ILW+ if).
W, =i (W2 Lo T)- w,/2T)2=0=
St ke - Ke=ke - ('2T) o = o k4 ke (owe/ T) ™ (w, /2T) }

x*K, = \-/.\II.’ =}k =

k2= ~ [(ALW2IT):WILW2I T)2 + 4W,/2T)2] =NJfI-[1:3 V] + blJLw)2]. But K isreal, so k2 is positive,so

172
we need the plus sign: k =W)HI:|T 1+ VI + bldlw)2. K=2Hr = ..jéTJLl-l+ VI + bIJLW)Z.l .
Plugging this in, F = Aei(k+iK}ae-i (k+i K)z Ae-Kzeikz+ BeKze-ikz. But the B term givesan expo-
nentially increasing function, which we don't want (1assume the waves are propagating in the +z direction),

so B = 0, and the solution is. ] (z, t) = Ae-Kzei(kz-wt).1 (The actua displacement of the string isthe rea part
of this, of course.)

(c) The wave is attenuated by the factor e-Kz, which becomes lie when

z= Rz ..j2TJLJ 1+ 0-+(,1 JLW)2;|this is the characteristic  penetration  depth.

1-k-i K
(d) This isthe same as before, except that k2 --*k + iK,.From Eqg. 9.29, AR = Gl+ k + "IA)

ARy, = Kk Lokt = (aKaz, AR (doron
Al kv, ) (kiekein, KL+ )2+ K2 KL+)2+"2

(where k1 =wvi = WVJILI/T, while k and K,are defined in part b). Meanwhile

1- k- 0"y = (K- k- i")KkL+ k+iK)= (k)2- k2- ",2- 2" KL=} yp =gan -1 -2KIK, _
KL+ k+ ') (k1+ K2+ K2 (KL + K)2 + K2 (K2 - k2 - 2)
Problem 9.8

Ji

(@ fv(zt) = Acoskz - wt)x; fh(zt) = Acoskz - wt+
N0°)y = -A sinkkz - wi)y. Since i?; + f~ = A2, the vector
sum f = fv + fh lies on a circle of radius A At time t = v

0, f = Acos(kd)x - Asin(kz)y. At timet = n)2w, f = ' )
A cos(kz-900) x- A sin(kz-900) Y = Asin(kz) x+A cos(kz) y. ’
Evidently it circles counterclockwisa. Tomakeawavecircling
the other way, use lih= -90°.

J

(b)

at t =Tr/ 2\N"---Z /
/
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(c) Shake it around in a circle, instead of up and down.
Problem 9.9
k k w W
(a)‘ =~y Nn=z. U= (—~x ) .(xx+yy+zz ) =~ k XN=-XXZ=Y.

E(x,t) = Eocos(~x +wt) z; B(x,t) = ~0cos(~x +wt)y.

z z
' |
t
|
y |
g
y
@ (b)
by k- ~X++2) ;- ~.I (moce fi;, p"alel to the x z plane, it mut have the fom ax +~Z,
sinceft. k = 0,/3= -0:; and since it is a unit vector, 0:= 1/V2)
Xy z
Kr= % (X+y+2).0x+yy+22)= % (x+y+2); kxft= ~ 11 1 .
B (Hy+2) (ocyy+ 22) 3 0ry*2) v6 1 0 -1 =jb(-x+2y-2).
E(x, y,z1)

= Eoco$~c(x+y+2) -wt] (X;/);

o w X42Y-Z
B(X,y,Z,t) ecos [V3C(X+y+Z)'\Nt ] ( J6 )

Problem 9.10

P=£=48x 10: =14.3x 10-6 N/m2 .1For a perfect reflector the pressure istwice as great:

18.6X 10-6 N/m2 .1 Atmospheric pressure is 1.03 x 105N/m2, so the pressure of light on a reflector is
(8.6x 10-6)/(1.03 x 105)=18.3X 10-11 atmospheres.!
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Problem 9.11

- 1 (T
(fg) — (
If Jo acos(k. r - LVt+ 8a)bcos(k. r = LVt+ &) a
ab (T ab 1
2T Jo [cos(2k. r - 2LVt+ 8a + 8b) + cos(8a = sy a — 2T c-sea - 8b)T = 2abcos(8a - .
Nianvmile, 1 in the conplex notati on: j = aei]lfor—"‘t),g = beikor-",t),where a = aeioa, b = beiob. So
- ) - . 1 - . -
(k)Y (k) ) !
2f1J* = 2ae~ or-",tb*e-~ or-",t = 2ab* = 2abe~ va-vb, Re (219* ) = 2abcoS(Ca - Oh) = (fg). Qed

Problem 9.12
1 2 1 12
Tij —fa(EiE -28ijE) t/-LaBig - 28ijB ) .
With the fieldsin Eq. 9.48, E has only an x conponent, and B only ay conponent. So all the "off-diagonal"
(i f:j) terns are zero. As for the "diagonal" elenents:

a (ExEx - - 2) /La( ) (‘oE - -La 2):O.
S(2) e, B) (e k)
=, -2E )+/-|_a(-25 ):-u.

S0 Tzz= -foE5 cos2(kz- LVt 8). (al lot her el enent s zero).

The nonmentum of these fieldsisin the z direction, and
i tisbeing transportedin the z direction, so yes, it does make
sense that Tzz should be the only nonzero element in Tij. Ac- 1
cording to Sect. 8.2.3, - .da isthe rate at which momentum O_
crosses an area da. Here we have no momentum crossing areas
oriented in the x or y direction; the momentum per unit time Edt
per unit g,reaflowingacross a surface oriented i nt he z di r ec-
tion is-Tz =u =pc (Eq. 9.59), so LIp = peALlt, and hence
Lipl LIt = peA = momentum per unit time crossingarea A.

Evidently . nonent unfl4X density — energy density.™
Problem 9.13

2
(EE R) (Eq.9.86)F} R= @ 8,) (Eq. 9.82), where (3= LLZ'XZ' T= fli\ﬁ (E’[T) (Eq.9.87)

= IT = (+ (3) (Eq. 9.82). [Notethat %% - B2l V- b—z(\vfz) VT, T
1 2] 1 2 1 2
T+R=(1+ (3)2 [4(3+ 1- ) = 1+ (324@+ 1- 23+ 3) = (1 + (JAL+ 2(3+ (3) = L.



163

Problem 9.14

Equation 9,78 is replaced by Eolx + EORIR = EOTIITand Eq, 9.80becomes=otY - EoR(zx fiR) =
(3EOT(zx IIT), The y component of the first equation is EORsin()R — EoTsin()T; the x component of the

second is EoR sin()R = -{3EoT sinDT, Comparing these two, we conclude that sin)R = sn()T = 0, and hence
eR=0T=0, ged
Problem 9.15
Aeiax + Beibx = Ceicx for al x, so (using x = 0), A+ B = C,
Differentiate; iaAeiax + ibBeibx= icCeicx, so (usingx = 0), aA + bB = ca.
Differentiateagain: -a2 Aeiax- bBeibx= -c2Ceicx, so (usingx = 0), a2A + bB = c2C.
a2A + bB = c(cC) = c(aA + bE); (A + B)(@2A + b2B) = (A + B)c(aA + bE) =cC(aA + bE);
a2A2+ b2AB + a2AB + b2B2= (aA + bB)2 =a2A2 + 2abAB + b2B2, or (a2 + b2- 2ab)AB =0, or
(a- b)2AB =0, But A and B are nonzero, so a —bh. Therefore (A + B)eiax = cdicx,
a(A+ B) = cO,oraC= cO,so(sinceCf:.0)a=c. Conclusona=b=c. ged

Problem 9.16 _
E| - EOteI (kt'r_""t) ﬁ‘
|
{ H = VIIEoIe|(kIIr—“"t(COSOI X+sn()1 z); }
ErR - EordkRT- kR
{ HR = 1EORe|_i_kRor— ‘t{cos01X + sin01z); } z
E;r = EOT ,
{ HT = :2EoTei(KTor-""t) (- CO2X + sin ()12);
(J) pEt =gE S (11)lE|i EY BJ

Boundary co~ditions:

(ii) B.L :B.L2 (iV) B} = 1Pl

sin 02 _ V2
Law of refract~on: 3501 v [Note: Kl r - VIX—=kR t - va =KT .r - VXa z= 0, sowecan drop al
exponential factors in applying the boundary conditions.]

Boundary condition (i): 0 =0 (trivial), Boundary condition (iii): . Eot + FOR= EOT.1
" } - ! - 1 - . n I'sin ()2
B d E
oun dary con ItlOn (12 v Otsm 01+ v EORsm 01 = \-,ZEOTsm 02 = EOt + EOR = CZ sm ()1) Eor
But the term in parentheses is 1, by the law of refraction, so this |sthefame as (ii).

Boundary condition (iv): - o [-EOt( coq)ny + EoR Cosql— EoT( C0S()2) =>

IV Ccos()2 _
Eot - EOR = C].lzvmos()l) BT Let a==gesgy’ Lo w1 IEOt - EOR=a{3toT.|

Solving for EoR and EoT: 2Eot = (1+ a{3)E0T_-> EoT = (1 +2&{3) Eal;
- 2 1+ & 1- a{3
Eon= EoT - Eot = \1+ a{3- 1+ a{3)Eot =>EoR = \1+ a3 ) Eol'
Sincea and {3are positive, it followsthat 2/(1 + a{3)is positive, and hence the transmitted wave is in phase

withthe incident wave, and the (real) amplitudes are related by . EoT = (~) EOt,1 The reflected wave is
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—~
in phase if 0:(3< 1and 1800out of phase if 0:(3< 1; the (real) amplitudes are related by eor =:. . Eal.
These are the Fresnel equations for polarization perpendicular to the plane of incide~ce.

VI - sn20/32  J(32 sin2e
To construct the graphs, note that 0:(3=: (3 cose = cose where ()isthe angle of incidence,
: \12.25- sin2e
so, for (3=: 1.5, 0:(3=: cose

O 10 20 30 40 50 60 70 AO0'O 81

Is there a Brewster's angle? Well, EOR=: 0 would mean that 0:(3=: 1, and hence that
VI- (v2/vt)2sin2 1 P2v2 2 . 2V2
. = (v2wvt)2sin2() _ 1 _F o L GI )2 sn? ()= (r_; § )2 cod0, s

cos () "3 "BV

1= ("':) 2 [sin2 () + (p2f PI)2 COSZ]. Since Pl ~ P2, this means 1~ (V2/Vt)2, which is only true for opticaly
indistinguishable media, in which case there is of course no reflection-but  that would be true at any angle,
not just at aspecia "Brewster's angle'. [If P2 were substantially different from PI, and the relative velocities
werejust right, it would be possible to get a Brewster's angle for this case, at

'"V2 = 1- cos2e + (P2 Yocowe =>cove = (vav2)2 -1 = (P2fPIfl) -1 = (f2/ft) - (PdP2) .
\/2 Pl (p2/pt)2-1 (p2fpd2-1 (p2/PI1)-(pdp2)

But the media would be very peculiar.]
By the same token, ORis either always O, or aways 7['for a given interface-it  does not switch over as you
change (), the way it does for polarization in the plane of incidence. In particular, if (3=:3/2, then 0:(3> 1, for

)2.25- sine . .2 2 .2 2
0:(3:: Cos () >1 1f 225 - sm 0 > cos e, or 225 > sm e+ cos €= 1 (

In general, for (3> 1, 0:(3> 1, and hence OR=: 7[.For (3< 1, 0:(3< 1, and iSH=:O.

At normal incidence, 0: =: 1, so Fresnel's equations reduce to EoT = (1 ~ (3) Eo/; EOR=: -~ ~, Eon
consistent with Eq. 9.82. ,

Reflection and Transmission coefficients: IR =: (""“)z = (~ ~:~) 2.1 Referringo Eq.9.116,
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2 2
T=ee (25) T 48 a9)

R+T=@1- 32+ 4a{3=1- 2a{3+ + 40:{3= (1+
G- fHH R i

1+ a{3)2 {%)22: 1. !

a
0)

Problem 9.17
Equation 9.106 ~ {3=242; Eg. 9.110 ~

= VI - (SnB242)2

COSB 1.0 e
_ = _ OR 0:-{3 0.8
(@B=0-~ o =1 Eq 9109 (EEOI) o (3 .
1+ 242 =- 342 = 0415, . 0.4
0.2
("':‘) =ad {3= 3~2 =10585.1 0 o1
(b) Equation 9.112 ~ BB —tanl (242) =!67.5°.1 o2
(c) EOR=Eor ~0:-{3=2;0:={3+2=4.42; i
-0.4

(4.42)2COSB = 1- sin2B/(2.42)2;

(4.42)2(1- sin2B) = (4.42)2- (4.42)2sin2B -0.6

= 1- 0171sn2B; 195- 1=(19.5- 0.17) sin2B;

185 = 19.3 sin2 B; sin2 B = 18.5/19.3 = 0.959;

sne =0.979; le= 78.3°.1
Problem 9.18

(d) Equation 9.120~ r = E/a. Now f = fofr (Eq. 4.34), IO~ n2 (Eqg. 9.70), and for glass the index of
refraction is typically around 1.5, so 16- (1.5)2 x 8.85 X 10-12 = 2X 10-11C2/N m2, whilea = /P~ 10-12nm
(Table 7.1). Then r = (2 x 10-11)/10-12 =~ (But the resistivity of glass varies enormously from one
type to another, so this answer could be off by a factor of 100 in either direction.)

(b) For silver, p= 1.59 X 10-8 (Table 7.1), and f ~ EOso c..JE 217X 1010x 8.85 X 10-12 = 0.56.
Sincea = 1/P= 6.25 X 107» c..JBhe skin depth (Eg. 9.128) is

d=~~ Vc.JfE V21TX 1010 x 6.25 ~ 107 x 41TX 10-7 =6.4 X 107 m =6.4 x 10-4 mm.

i"dplate Silver to a depth of about . 0.001 mm; . there's no point in making it any thicker, since the fields don't
penetrate much beyond this anyway.

(c) For copper, Table7.1givesa = 1/(1.68 x 10-8) = 6 X107, ¢c..JEG (21TX 106) x (8.85X 10-12) = 6X 10-5.

Since a »c..JE, EQ. 9.126 ~ k - ve..3~fL, S0 (Eg. 9.129)

— — 2 —_ -
A = 21f r~ —21f =4X10-4 m — 0.4mm.
c..JafLo 21f x 106 X 6 X 107 X 41T X 10-7 ‘

i,FromEq. 9.129, the propagation speed isv —~— ~"A=Av = (4 X 104) X 106 = 1400m/s.! In vacuum,
A=y =3,0~08 =1300 m; Iv =c =13X 108m/s.1 (But really, in a good conductor the skin depth isso small,
compared to the wavelength, that the notions of "wavelength” and "propagation speed’ lose their meaning.)
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Problem 9.19
(8 Use the binomial expansion for the sguare root in Eq. 9.126:

~~w, €, 1+~ oo 1 v2 W EEL~-n ~ ~
V2.1 2 \ew ]2 %gé:yzEw 2V~

1 2
S (Eg. 9.128) d:;:: -~ aff Qed

E:;:: ErEO :;: 80.1EO (Table 4.2),
For pure water,p supo(l + Xm) szpo(l - 9.0X 10-6) ~ PO (Table 6.1),
a;:: 125 x 105) (Table 7.1).

S d: (2)(25 X 105) (80.1~~.~51~-~0-12):;: 11.19 X 104 m.1
(b%lfln tglls]c case (alEw)2 dorr\ﬂnates, so (Eg. 9.126) k ~~, and hence (Egs. 9.128 and 9.129)
\ o T - wn21fd,  or d o >1f Qed
Merwhile ~ ~ wvivfa: 5 Vwpa:: (1015)(41f 2 10-7)(107) = 8 X 107, d = 4. 5 8X 107

1.3 X 10-8 :;: 113nm.1 So the fields do not penetrate far into a metal-which iswhat accounts for their opacity.

(c) Since k ~~, as we found in (b), Eq. 9.134 says q;:;::tan-I(l) 545, Qe
: - Bo 107)(41fX 10-7)
Meanwhile, Eq. 9.137 says ~ o -.11 For atYPlcal metal, then, = (

q Say EO o I:. §® m\f 1015+

110-7 gm.! (In vacuum, the ratio is lie;;:: /(3 x 108) :;::3 X 10-9 dm, so the magnetic field is comparatively
about 100 times larger in a metd.)
Problem  9.20

@ u;:: ~ (EE2 + tB2) i3 ~€-21<Z [EEJco2(KZ-Wt+ OE)+tBJco2(kZ-Wt+~E+q;)] - Averaging
over a full cycle, using (COSZ):;::t and Eq. 9.137:

2
(U) ;i~e2kz B2 + ~B2 i -e2i<z -
2 [2 0 2p 0 4 (EE0 + d.E2EPV1+ (EW ] ime2l<ZEEQL+ VI + ci]

B (i 2 k2 1 2 k2 k2
But Eq. 9126 =} 1+ f 1+ (W gy, o W 2€21<ZERJ-21005  2BJe21<2.1%0 the ratio of the

magnetic contribution to the electric contribution is

a. 2 a.2
o~ a0 oV * () - V() >4 o

(b) 8:;: .6.(EXB) :;::.[!).EoBerI<Z cos(kZ-Wt+OE)  cos(kz-wt+OE+qQ;) z, (8) z]pEoBerKZ cosg;z. [The

average of the product of the cosines is (1/21f) JOZhoseCOS(e+ qu;;:; (1/2) cosq;.]So | :;::-kEoBoe-2KZ cos ¢ ;i

1
-Ele-2I<z (svcosq;), while, from Egs. 9.133 and 9.134, Kcosq;:;:: k, so I:;:: 2ﬂm Ele-2l<zl1 Qed

2p
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Problem 9.21 -

. _B _1-38_ 1-8 {3 hee (=W
Accordingo Eq.9.147R Eor. 1+{3  (1+() (1+(3)" t J.L2UJ

= ‘”‘2'&5k2+ i"'2) (Egs. 9.125and 9.146). Sincesilverisa good conductor (0"» EUJJEQ. 9.126 reducesto

¥ 202 _ _ fiG :
Kemieud f e O v AR 28"

VO'UlI22

_~ _~

8 (6 X 107)(47r x 10-7)
Let, ==JLIVly 2JL2UF JLocy 2uoua=cy 2w = (3x 10) (2)(4X1015) =29. Then

R= (1. . = -+
(ﬁ.+, +Z,) (?H-, - Z,) = ~~~+4,~ =1093.1 Evidently 93% of the light is reflected.
Problem 9.22

(@) We are told that v = a...[).,wherea isa constant. But). = 27fk and vV =uik, so

I)E akJ27r/k = av27rk. From Eq. 9.150,Vg= = ayd7t 2%k = 2ay R = 3ay).1= 2v, or V= 2vg.

(b) j(px Ui gy =2kx - UIF*k= L' UF | = 2pli = g’ Thereforev = [( =P = 2m=2m;

Vg ~~=~~ =~ = ~1S0.v=-~Vg.lSincep =mvc (where Vcis the classical speed of the particle), it
followsthat Vg (not v) corresponds to the classical veloctity.
Problem 9.23
e=." §9 =*F = gE = - (41 Y = kspringx = -mUJox (Eq. 9.151). SolUJE ”
47rEO 7rECa 47rEoma3 .
- "0- 1,1 (1.6 X 10-19)2

Va 27r- 27V 47r(8.8% 10-12)(9.11x 10-31)(0.5 X 10-10)3 =17.16X 1015Hz.! This is ultraviolet.
[.From Egs. 9.173 and 9.174,

A ng2 f N = # of molecules per unit volume = Ayol'ad:gis= 6,02x1023= 269 x 1025
2mEOUJ5'{ f = # of electrons per molecule =2 (for H2).
(269 x 1025)(1.6 x 10-19)2 -
= (9.11 X 10-31 )(8.85 x 10- 12)(45 x 1016)2 —14.2 x 10 51 (WhICh ISabout 1/3 the actual value);
27rC 27r X 3 X 10
B = (UJO) = (4.5 X 1016 ) =118 X 10-15 m21 (which ISabout 1/4 the actual value).

Soeventhis extremely crude model isin the right ball park.
Problem 9.24
Ng2 (U U2 .
EquatIOn917O =*n =1+ 2mEo[(""B- U2+, 2J2]' Let the denommator ==D. Then

dn=Ngz 200 (U WL 5 - v 2)c2ug) + 2208, =0= 20ID= (UB UR[(UR UJ)y 2] 2us
dw 2mEo { D D2 0 } 0

@Ws- ".2)2+ 202 =20k - UJ2)22("5 - UJ2),or (UK UJ2)2= ,2 (UXd U UJ2)= 2UB =* (UK UJ2)= :tUJo,;



168 CHAPTER 9. ELECTROVAGNETI C WAVES

V2 = w =FWl', W = woVi =Fl'/wo ~ W (1 =F1/2w) — W =1=1/2 sow = ""O+ 1'/2, ""1= ""0- 1'/2, and the
wi dt h of t heanomal ous regi oris.6"L""2>2""%f1 1 :
Ng2", " Ng2
FromEq, 9,171, ¢ = -mCOc (20 W22 + |I'2"2 so a the maximum (*" = ""0), Qrnax = mcoCT"

. 0)? _ N g2w2 "2
At Wland "2, W-= ""0=F""0T",s0 Q = “meoc |.2...%+ r.QJZ = Qrnax (... + ...%) But

"2 - "6=1="01' ~ (1=1=1/"0) Z(1 12 )(1f 19 (1 1__1_)_
"L, 2+ 6-2""6=F""01" -2(1 =1=1"/2""0) -

So Q ~ ~Qnax at ""land ""2.
Pr obl em 9.25
N g2 h m; 1
k=~[1+ 2mfo~ (";-",2] . v = dk = (dk/m,;).
dk =~ 1+ Ng2" ] +", "1 -(-2",) =~ 1+ Ng2 "I' ( ,,,,2)

| 2mfo ~ ("J-",,2) J(md - ",2)2 c 2mco ~  J("™J - 2)2]
IV 2 "+ )

Vg=c [1+ >mCo h (- 2)2] .1Since the second term in square brackets is positive, it followsthat

- — —~ L
< o wheeas v—~ —cjl1+ (T r' s great" than ¢ odess than  Co depending on ",
Problem 9. 26
- aB - '(k t) - 1 aE "t ‘(k
(a) From Egs. 9.176 and 9.177,V x E = ——a =i""Boeld V X B :%'_a :_ZEOEJ z—LUt).
In the terminology of Eq, 9,178:

(v xE)"= %EZ B&y - (aEd); " kEo ) e 0 S (1) agjz T AEy T By

C é) -aE",- oEz - kg - OE0Z (kv S ()X " aEz - . B
v x ‘y- oz ax - (Z Oz ax )e 11 X ax -z vy
(~ é) = BEy_ aEx= aEo. - OE0z i(k-u) S (]? BEy -aEx = B

v ay ( ax aye) 0 ay 7"z

OBy By BB S0, T e

(~V X B)y = a&x- E&Z: (ZkB-Oz- ag(oz) glauwy (VI) sz"" ag‘z - _ nu y
(V xB)z = Qa§y' aBX_ (ag(() i OS,OZ) ei G-y S0 (iv) OBy - oB" =- BFz,

This confirms Eq. 9.179. Now multiply (Hi)by k, (v) by™, and subtract: ik2Ex - kaa-z - a~z +i""kBy=
i",2 2 2 acz abz ( [ akz aBz
ﬂ< '‘By + -;;2E", =>z (k - -?)Ex =k ax +"ay , or f Ex= (",/c)2- k2 (k ax + " ay )

Multiply (ii) by k, (vi) by"", and add: ka~z -ik2 Ey+i""kBx-""a:xz = i""kBx- i~2Ey =>i (~: - k2) Ey=
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8Ez 8Bz.. [ 8Ez 8Bz
-k 8y +w 8x 'or @ Ey = (wc)2 - k2 (( 8y - w 8x )

: PR 8Ez 8Bz - w2 wk
Muliply (1) By wic® (Vi) Py K, and add. év - z% Ey . X°B, - kg - 22 Bx- 12 By
ol W2 8Bz w 8Ez 8Bz w 8Ez
z(< - 7!i)Bx =k 8 - C28y , or (11)I Bx = (w/c)2 - k2 \k 8 - C28y

2 WK w 8Ez _ k_SB iwk
Multiply  (iii) by w/c , (v) by k, and subtract: Z%EX - 8 8y 8y + zk By = Z%By + ~(!Ex i}

g2 w2 w 8Ez 8Bz. i 8Bz w8Ez
Z(lfr - 7'i)By— c2 8x + k 8y ,or (IV) By = (W/C)2- k2 (( 8y + c2 8x )

his completes the confirmation of Eq. 9.180.
(b)V. E= %Ex + BéEyy+ %I%z— (8%o> + 8§0y + ikEo ) ei(kz-"t) = 0 => 88Exx + 88E))/ + ikEz = o.

82Ez 82Bz [ 82Ez 82Bz
USIngEq 9.180, (w/c)2 - k2 (k 8X2 + w8x8y) + (WIC)2 k2 (k 82y - w8x8y) + zkEz = 0,
82Ez  82Ez
or 8X2 + 82y + [(V\)c) - k Ez = O.

Likewise, V .B = 0=>8Xx + 8~y +ikBz = 0=>

! 82Bz - W82Ez)+ i ((8282 +w 8Ez ) +ikBz = 0 =>
(w/c)2 - k2 8X2 c2 8x8y (wic)2 - k2 8y2 C28x8y
82Bz 82Bz 2
8x2 + 82y + [(w/c) - k]Bz = 0.

This confirms Egs. 9.181. [Youcan also do it by putting Eg. 9.180 into Eq. 9.179 (i) and (iv).]
Problem  9.27

Here Ez = 0 (TE) andw/c = k (n = m = 0), soEq. 9.179(ii) =>Ey = -cBx, Eq. 9.179(iii) =>Ex = cBy,
EQ.9.179(v) =>8~z =i (kBy - ~Ex) =i (k_3y- ~By) = 0, Eqg. 9.179(vi) =>8:Xz = i (kBx + ~Ey):
i(kBx - ~Bx) = O.So 8Xz = 8~z = 0, and since Bz is a function only of x and y, this says Bz is in fact

a constant (as Eg. 9.186 also suggests). Now Faraday's law (in integral form) gaysf E.d ==~ .da
and Eq. 9.176 =>~~ = -iwB, sof E. dl = iwf B. da. Appliedto a cross-sectionof the waveguidethis gives

fE .dl = iwei(kz-",t) « Bz da = iwBzei(kz-",t) (ab) (since Bz is constant, it comes outside the integral). But

if the boundary isjust inside the metal, where E = 0, it follows that . Bz = 0.1So this wouldbe a TEM mode,
whichwe already know cannot exist for this guide.

Problem 9.28
Here a = 228 em and b = 101 en, s0o VIO = -2!1.1\/,v|o = fa — 0.66 X 1010 Hz; V20 — Zfa — 1.32 X 1010Hz;

c c 10 C 10 c~
v30 =32a = 1.97 x 1010Hz; VOI = 2b =149 x 10 Hz; Vo2= 22{;= 2.97x 10 Hz;VII= "2V;;2 b2=

1.62 X 1010Hz. Evidently just four modes occur: 110, 20, 01, and 11.1
To get only one mode you must drive the waveguide at a frequency between VIOand V20:

10.66x 1010 <v < 1.32 X 1010 Hz! A=y, s A0 =23 A2 —a. 12.28em < A< 456em.!
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Problem 9.29
FromProb. 9.11,(S) = 2}_L§)E X B*). Here (Eg. 9.176) E = Eoei(kz-wt), B* = B~e-i(kz-wt), and, forthe
TEmn mode (Egs. 9.180 and 9.186)

W
[

-ik mil"x nil"y
(cvi0)2 k2 Bosm( )CDé I );

-ik n 11" n
B, = (chIC)Z kz(bll )Bocos(m )sm lIY ).

B, = Bocpgny comy)
ic.v nal" mil"x

Bx = cviozke (b )eocod )an(b b Y);
-ZC.V 10

Ey = (cvjo)2 k2 (m )Bosm (ﬂl'x )cos CIIY ;

Ez = O.

_ -1 i1 chg mlI"X mil"x 2 Y
S = 23-Lb (cje)? - 2 (5 )sm( a CDS( )CDS ((b)*

i1l"c.vBi X
+ (cion 2 ) CDs(m )Sm b ook Y) %

y w2 2008 M X g2 01l Y 2R M Xc:D§ "y
[(c.vjC)2 k2]2[(b) Ca ) ( b ) ( ) ( (o )1
| 1 cvkiE2 m2 n?2 1 " -
= (9 .da = g1Lp(cvjc)2 ?<2]zab [(a )t (b) ] [In the last step T u
Joasin2(mll"xja) dx = Joacos2(mll"xja) dx = aj2; J: sin2(nll"yjb) dy = J: cos2(nll"yjb) dy = bj2]
Similarly,
1 -
(W = = E*+B
= CVZlIZBg s Yy 4 M 2.6m2 ml"x o (AU
4[(cv1c)2 P2 [(b) C ) ( b) (a) ( ) ( b )l
+ ~ BZ cosz(m )cosz (”1' Y)
+  kl'ms N 20, M XSII? n1| am o2 nity
[(cvjc)2 k2]2[(b) a) ( ) ( * Oy
ab fo cv211By n2 m?2 1 k211Bgy n2 m?2

= (uyda="4 {"4[(cvjc)2 k2]2[(b) +(2) ] +4J lo4J- lL(I:Vjc}ZkZ]Z[(b) + () 1} .
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These results can be simplified, using Eq, 9.190 to write [(U.I/C)2 k2] = (U.Imn/c)2follo= |/c2 to eliminate€o,
and Eq. 9.188 to write [(ma)2 + (n/b)2] = (U.Imn/7ro)2:

U.I12ab 2

/ (8 -da = ghlkpraRS / (Wda = GloumBo
Evidently

energy per unit time - J(8) .da k2 ¢
energy per unit length = Juda = -:; = ~";U.l2U.lI~-n= Vg(EQ. 9.192). ged

Problem 9.30

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with Ez =F0,Bz = 0, subject to the boundary
conditions 9.175, Let Ez(xy) = X(X)Y(y); as before, we obtain X(x) = Asin(kxx) + Bcos(kxx). But the
boundary condition requires Ez =0 (and hence X =0) when x =0 and x —a, so B =0 and kx = m7r/a.
But thistime m = 1,2,3,... , but not zero, since m = 0 would kill X entirely, The same goes for Y(y), Thus

Ez =Eosin(m:x) sin(nyy) withn,m=123,...

The rest is the same as for TE waves: . U.Ima c7rv(m/a)2 + (n/b)21 is the cutoff frequency, the wave
velocityisv = ¢/VI - (U.Imn/U.l)and the group velocity isVg= cVI- (U.Imn/U.l)2The lowest TM mode is
11, with cutoff frequency U.I1l= c7rv(l/a)2 + (I/b)2. So the ratio of the lowest TM frequency to the lowest

TE frequency is CTrV(I{:;~~ (I/b)2 = VI + (a/lb)2.1
Problem 9.31

(@ V.E = ~;—§sEs) =0/; V.B = ~~£B“) =0J/; VXE = oEs(b-~ oEsz = - Eoksingkz- wt) (b:b

] , oB", E k kz - U.lt
'%3'[ - _Ec():U.i;m(kz U.It),”, (since K=u/d):V x B = - e + 1 (SBq) ok sin( zS ) 2
laE _ EoUsin(kz - U.It
&ut — ¢ ( S )A/ Boundary conditions: Ell=Ez=0 /;Bl. =B8=0./.

(b) To determine A, use Gausss law for a cylinder of radius s and length dz
fE.da = Eocog(kg- U.If§7r9dz = -Qenc = -fdz :>IA|: 27rfoEocos(kJ.It).

To determine |1, use Ampere‘s law for a circle of radius s (note that the displacement current through this

. —_ 27'&
loop iSzero, Since E ISIn the SdlrectIOn) f Bd = Fo cos(kzs v It)(27r5) =llolenc=> | = -“ CO cogkz = wi).
(0]

Cc

The charge and current on the outer conductor are precisely the . opposite . of these, sinceE = B = 0 inside
themetal, and hence the total enclosed charge and current must be zero.

Problem 9.32
<!)820)— I » A(Kelkz %—>|(z 0). I . &gk).eikz dk. Let | ==k, then i(z, °t =
1 A(-WeilZ(-dl) =1 A(-Weilz d = 1 A(-K).eikz dk (renaming the dummy variable 1-+ k).

jiz.0) =Re[i(z0)] = 7[i(z0) +!(z0).] = 1tg®2 [AK)+ A(-K).] eikz dk. Therefore
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1r. - l . oo Uk
i) FACK) +A(- ke, :'27rj.oof(z'o)e" zdz

Meanwhi | e, fez, t) = I: AK)( -iwei(kz-""t)dk => f(z,0 = I [-iwAk)]eikz dk.
(Note that w = 1Iklv, here, so it does not cone outside the integral.)
i(z.0* = J-oc[iwA(k)*]e-ikz dk = J—OO[iIkIvA(k)*]e—ikz dk = l [il1IVvAG-T)*]eilz(-dl)
= 0 [ilkIVA(-K)*]eikz dk = | I [iw -0eike  dk.
j(z,0 = Re [fez,0)] = ~ [f(z,0 + fez,0)*] = | L ~[-iwA(K) + iwA( -k)*]eikz dk.
~w [AK) - A-K)*] = 2~ 11 j(z,0e-ikZ dz, o= [A(K) - A(-K)*] = -f;i: [~i(2,0] e-ikz dz.

Adding thesetwo resultswe get A(k) — 2; J—OO[f(z,O) +..:1(z0 ! ek dz.1 Qed
Problem 9.33

(a) (i) Gausss law: V. E_F_S‘Jn'p
(ii)Faraday's law:
aB | : .10 )
%V XE= = demOEq) T - +Eq) O
_ | a S|n20 0 1. 5
- Fér_ﬁ'GOO[ (casu K?'nu )]r For [Eosm (casu Smu)]
a
ut or casu = - Smu, or Smu = casu.
= L E0gnocas casu- - smu - 'Eosm - kemu+ o | :
rsmo r o kr u) r o kr2smu - p casy(
Integrating with respect ta t, and noting that! casudt —- ~sinu and! sinudt = ~casu, we obtain

2EocasO EosinO 1. )
= (Smu .|.k casu)r+ (kcosu e+ smu)O

(iif) Divergence of B:

I a , | a
V. B = 2-y (" Br)+ reyogig (STOBID
| a 2Eocaso I | A Eosin20 [
= r2or | (smu+ krcasu)] +rsin0a0 [ wr (-kcosu+ kr2 casu + ;:sinu)]

I 2EocasO .
- P W k casu - krzcasu- T,-SrnU)

| 2EosinOcasO I
Framo w0 Re2easipam)
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— 2EocasO 1 1 1 1
Wwr (kcasu - kr2casu - 7 Sinu - kcasu + g, 2casu + fsmu) 0. .(
(iv) Ampere/Maxwell:
VxB 7 [g' Eo) - -gp, oP

— 1 8 Eosino 1 1 8 2Eo0casO 1
8w (—k casu + kr20asu+-"sinu)]- 80[ wr2 (sinu+krcasu)]}cp

— Eo\;:nO( smu-krg?SU smu %mu + £ (:asu+ %mu +krg§SU )Cp

k Eosin0 1Eosin0 1

Woor (k snu + - casu)cp— r (ksmu+Fcasu)cp
18E 1Eosn0 , . . W _ 1wEosin0 : 1
co 8t &r. (Wsmu + ke casu) cP—e'«x r (ksmu +; casU) cp

. ] 1
%EO?”O (ksmu+i,casu)cp:V xB. .(

(b) Poynting Vector:

— EosnO 1. 2Eocas0 ,. 1 A
8 = . = - casu Y ()
/I%cl)E xB) /Lor (Casu k s ) [ Wr2 (smu * Ky )
Eosin 0 1 1
+ wr -kcasu+  kr2 casu+ -;.smu ) (-r) |
— E2sin0 2casO0 . 1 _ 1 -
. 2 1 2 1 1 1 . 1 2 .~
- Smo(- cas u+~ cas U+ .smucasu+ .smucasu- W smucasu- k2 sin u)r}
EJsin0 2cas0 1 1 2 .
/Lowr2{ -;:-- [(1 k2r2) smucasu + kr (cas u- sm2u)] ()

+ SinO[(- ~+ K21r3) sinucasu + kca2 u + k-2 (sn2 u - cas2u)] r}.

Averaging aver a full cycle, using (sinucasu) = 0, (sin2u) = (cas2u) = ~, we get the intensity:

1= (8) = EBSINO ~smo)r = E5sn20r.
2/Locr2

It points in the r direction, and falls off as 1/r2, as we would expect far a spherical wave.
I S|n20 47r E2

S|n OdOdC/>— 2/% 27!’ S|n3 OdO - -

(c)P—II da—2 3 ILoC

/LO
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Problem 9.34

CHAPTER 9. ELECTROVAGNETI C

cD
y
s<0 EI(Z, 1) = Elei(KIZ-UJX, BI(Z t) = JElei(kIZ-Udty
{En(z, t) = Enei(-kiZ-UJt) X, Bn(z t) = - ;1Enei(-KIZ-UJt) y.
Erz t) = Ereikez-Ud) x, B, (2 t)= JE ei(k2zwt)y
O<z<d: { EI@Z 1) = Bld(-kzzwt) X, BI(Z t) = - VIElei(-kezwtj y.
7> d: { ET(Z1) = ETei(k3Z-UX) BT(Z) = :3ETei(k3Z-Upk)

Boundary conditions: E~ = E~, B~= B~, a each boundary (assumingJ.LFi2=Js3=JLa)
El + En = Er + El,

Z:.O. 1-

1-

1- 1-

{ §/||EI - §/||En = Q%r - K/I;I =>El - En = {3(Er- El), where{3==VvdVv2.

Ereked + Eleiko2d ==ETeik3d;

z- d.

WAVES

- { 1/.2..Ereik2d- 1/.2..E|e-ik2d= Lé.ETeik3d=>Ereik2d- Ele-ik2d = aETeik3d, wherea ==v2/V3.

We have here four equations, the problem isto eliminate En, Er, and El, to obtain a single equation for

ET in terms of El.

Add the first two to eliminate En : 2E1 = (1+ {3)Er + (1- {3)El

Add the last two to eliminate El : 2Ereik2d = (1+ a)ETeik3d;

Subtract the last two to eliminate Er : 2Eleiked = (1- a)ET eik3d.
Plug the last two of these into the first:

2El

4El

(1+ {3peiked(l + a)ETeik3d + (1- {3)eikad(l - a)ETeik3d

[(A+ a)(1 + {)e-ik2d+ (1- a)(1 - {3eiked] ETeikad
[(1+ af3) (e-ikad + eiked) + (a + {3)(e-ikad - eikad)] ETeik3d
2[(1+ a{3)cos(k2d)- i(a + {3)sin(k2d)] ETeik3d.
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Now the transmission coefficient isT = vaf

VIfl

Lo [~TI2 = v I-TI2 =a IETI2
VI JLofl J 1EI12 ValEl12 /3IEI12" <o

2

= e -
_ aBIETI2 /3, 2'[(1 + a/3) cos(kad) - z(a + /3) sm(k2d)] etkad

= 4~/3[(1+ a3)2co2(k2d)+ (a+ /3)Zin2(k2d)]. But cos2(k2d)=1- sin2(k2d).

= 4~/3[(1+ &{3)2+ (a2 + 2a{3+ (32- 1- 2a{3- a2(32)sin2(k2d)]
4&11{3[(1+ a{3)2- (1- a2)(1 - (32)sin2(k2d)] .

. c c c — na —n2
But ni = - 2 —-, na—-, soa— 3—
unt =5 = g Va =
— 1 (n2n2 2 n2

Inina [(nl +na2+  1- 24 a° 2 snkd) ] -
Problem 9.35

T =1=>sinkd =0=>kd = 0,11',211' The minimum (nonzero) thickness isd = 1I'/k. But k —=w/v =
27rviv= 211'vn/c,and n = V{IL/{OJIL@q, 9.69), where (presumably) J.=- JLoSo n —vffo = Fr, and hence

d=21NFr =avfr = 2(10%(%[6%%“2.5 =949 x 10%m, or '95mm.
Problem 9.36
From Eq, 9.199,

Tl = A 4/3%(1) {[(4/3)+ 1]2+ [(16/9) - (&%][1- (9/4)] Sin2(3wd/2(?
3 49  (-17/36)(-5/4). 2 49 85 .2
16 ["9 + (9/4) sm (3wd/2c) = 48 + (48)(36)sm (3wd/2c).
T = 48

49 + (85/36) sin2(3wd/2c) -

Sillcesm?(3wd/2c) ranges from 0 to 1, Tmin= 49+ 85/36) = '0.935; Tmax= 4§ = FNON| ot mych
variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you

switch 1 and 3, the transmission is the same either direction, and the . fish sees you just as well asyou seeit. .
Problem 9.37
(@ Equation 991 => ET(rt) = EoTei(kTr-14lt); KT r = KT(sinOTx + COSOTZ)' (xx +vyy + zZ) =
kr(x sin OT+ Zcos OT) =xkT sin OT + iZKTV sin20T- 1=kx + iK,z,where
Wn2 InI

k == kTsmOT= ( )%’nOI =

K, == kTvsn2 OT- 1=W;2v(n/n2)2 sin201-1 =~/n~ sind1- n~. SO
ET(r,t) = EOTeltzei(kx-14lt). Qed
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2 2
() R = .., . Here /3isreal (Eq. 9.106) and a ispurely imaginary (Eq. 9.108); write a =i,
, b= _a_/_3_ ia-(3 a2+(32
with area: R (w : /3) (W/3+ ): a2+ (32 :[|] 2
1-a(3 1-a3 l-ia(3 2 (-ia@)(+ia3) fal

¢) From Prob, 9,16, EOR= - 1+ a(3 EOl,so R= .1+ a(3. = . 1+ia(3 = (1+ia/3)(I - ia(3)=L!:J
From the Sol(tion to Prob. 9.1 ,the transmltted waveis

Eq,t) = Eor ei(kTT-ulty, :B(r,t)= SFoTei(KT.r-"'t)(-cos(hx+sin(hz).

Using the results in (a): KT.r=kx+iK,z-wt, sinOT= ck2 cosOT=i Cl&,:
wn wn
— : " B E |<Z(kx ) A ck A
E(r, t) = EoTel<zei(kx-"t) y, B(r;t) = - EaTe & ( 7%=z )
wn2 wn2

We may as well choose the phase constant so that EOT is real. Then
E(r.t) Eoe-l<zos(kx - wt)y;
ghoel<z=Re ([cos(kx - wt) +isin(kx - wt)][-iIK)x + kz]}

B(r, t)

¢ Eoe-I<Z[K,sin(kx-wt)x+keos(kx-wt)z] . Qed

(1 used V2 =c/n2 to smplfy B.)

(e @)V .E = .y [Eoel<ds(kx wi)]=0./

(i)v. B = Ex [~oel<zK,sin(ke« Wi)] + :z [~0e-lI<Zkcos(kx- Wi)]
=  [el<zKkcos(kx wt) - K,e-I<zkcos(kx wi)] =
X 'y Z 8E . SE
i)V xE = 88« 88 88 =--gyX+ gvZ
0 Ey 0 z  =x
= K,Eoel<aos(kx - wt) X - Eoe-l<ksin(kx - wt) z.
8
$ = - Bpel<d-KWos(kx - wt)x + kwsin(kx - wt) Z]
= K,Eoel<zcosfkx - W) x - kEoel<z sinkx - wt) z=V XE. ./
(ivVVxB = 8-~x 88 88z = (8BX - 852)y
Bx 0 Bz 8z

- C FVQK,ZeIQin(kx - wt) + lg\cpekzszin(kx - V\ﬁ)] Y=k - K,2gp el<zsinkx - wi)y.
nw | 2
Eg. 9.202 3 k2 - K2= (~) [n~sin2 01 - (nl SNOJR+ (n2)2] = (~ ) = Ww2e2L2
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- f2JL2UJEoelsin(kx - UJ)y.

sz ~~ = JL2f2Eoe-l<aidkx - UXY=V x B .
() 1 1E2 X y Z
8 = -(E xB)=-J.e2<z 0 cos(kx - UJt) 0
JL2 J.L2uJ ' ~sin(kx-UJt) 0 keos(kx-UJt)

JIEQUJeZkz[kcosZ(kx - UX)X- ~sin(kx - Ud)coskx - Ud)z] .

Averagingover a complete cycle, using (COS2r 1/2 and (sincos) = 0, (8) = EE?_EU?ZKZX' On average,

then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface). qed
Problem 9.38

Look for solutions of the form E = Eo(X, Y, 2e-i"'t, B = Bo(X, Y, 2)e-i""t, subject to the boundary condi-
tionsEll = 0, Bl. = Oat al surfaces. Maxwell's equations, in the form of Eq. 9.177, give

V.E=Q =2V. Eo= VXE=-,~ =2V x Eo= iU}
{ V. E=8 =?V. Eo=8ﬂ V sz ~Bt =?V X o=-~€o.J }
Fromnow on I'll leave off the subscript (0). The problem isto solve the (time independent) equations
V. E=0J V x E =iux
{ V.B=0j VxB=-~E.
FromV x E = iUJBit followsthat | can get B once | know E, so I'll concentrate on the latter for the moment.
iuJ

ux
V x (V XE) =V(V. E) - V2E =-V2E =V x (iUB)=iw ( cZE) =2E. o

\72Ex = - (~) 2B V2Ey = - (~)2E j V2Ez —- (~) 2Ez0 Solve each of these by separation of variables:
X’ ¢ Pz 2 1TePX  1cPy 1cPz
Ex(xy,2) = XX)Y(Y)Z(2 =?YZ dX2+ZX dy2+XY dZ2= - C‘ XYZ, or X dX2+y dy2+ Zdz2 =
2 cPX 2 cPY 2 cPZ 2

- (UJc). Each term muét béaconstant, so dx2 = -kxX, dy2 = -kyY, dZ2= -kzZ, with
k; + k~+ k~= - (UJC)2The solutionis

E:ri{¥.2 = [Asin(kxx) + B cos(kx)][Csin(kyY)+ D cos(kyy)][Esin(kzz) + F cos(kz)].

ButEll = O at the boundaries=?Ex=0aty=0andz=0,soD=F =0,andEx=0at y = band z=d, s0
ky= mflb and kz = |11 d, wherenand | are integers. A similar argument appliesto Ey and Ez. Conclusion:

Ex(x,y,2 = [Asin(kxx)+ B cos(kxx)]sin(kyY sin(kzz),
Ey(x,y,2 = sin(kxx)[Csin(kyY ) D cos(kyY)]sin(kzz),
Ez(xyy,2 = sin(kxx)sin(kyy)[Esin(kzz) + Fcos(kzz)],

wherekx = mifla. (Actualy, there is no reason at this stage to assume that kx, ky, and kz are the same for
all three components, and | should realy affix a second subscript (x for Ex, y for Ey, and z for Ez), but in a
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation [I'll assume
they are from the start.)

NowV.E =0 =?kx[A cos(kx)-B  sin(kxx)] sin(kyY) sin(kzz)+ky sin(kxx)[C cos(kyy)-D sin(kyY)]sin(kzz)+
kzsin(kxx) sin(kyy)[ Ecos(kzz) - Fsin(kzz)] =O. In particular,puttingin x = 0, kxAsin(kyY)sin(kzz)= 0,
andhence A = O.Likewisey = 0=?C = 0and z = 0 =?E = O. (Moreover, if the k's were not equal for different
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components, then by Fourier analysis this equation could not be satisfied (for al x, y, and 2) unless the other

three constants were also zero, and we'd be |eft with no field at all.) It followsthat -(Bkx + Dky + Fkz) =a
(inorder that V .E = 0), and weare left with

E = B cos(kxx) sin(kyY)sin(kzz) x + D sin(kxx) cos(kyY) sin(kzz) y + F sin(kxx) sin(kyY) cos(kzz) z,
with kx = (m7r/a), ky = (n7r/b), kz = (I7r/d) (I, m, n all integers), and Bkx + Dky + Fkz = O.

The corresponding magnetic field is given by B = -(i/(;.)V X E:

B - - ~ (88~z - 8ffzY) = - ~ [Fkysin(kxx) cos(kyY)cos(kzz) - Dkz sin(kxx) cos(kyY)cos(kzz)],
By = -~ (8ffzx - 88~) = -~ [Bkzcos(kxx) sin(kyY)cos(kzz) - Fkx cos(kxx) sin(kyY) cos(kzz)],
Bz - -~ (88~y - 8~x) = -~ [Dkxcos(kxx) cos(kyY)sin(kzz) - Bky cos(kxx) cos(kyY)sin(kzz)].

Or:
B = |(Eky - Dkz) sin(kxx) cos(kyY)cos(kzz) x - j;_(Bkz - Fkx) cos(kxx) sin(kyY) cos(kzz) Y

- {}'(Dkx- Bky) cos(lo) cos(kyY) sinkzz) z.

These automatically satisfy the boundary condition Bl =0 (Bx=0atx=0andx=4a By=0a Y=0and

Y=Db,and Bz=0a z=0and z = d).
As a check, let's seeif V .B = 0:

V .B QIF)ky - Dkz)kx cos(kxx) cos(kyY) cos(kzz) - (I(BSkz - Fkx)ky cos(kxx) cos(kyY) cos(kzz)

] (?P"X - Bky)kz cos(looq) cos(kyY) cos(kzz)

--(,%kxky - Dkxkz + Bkzky- Fkxky + |)kxkz - Bkykz) cos(kxx) cos(kyY)cos(kzz) = O..(

The boxed equations satisfy all of Maxwell's equations, and they meet the boundary conditions. For TE
modes, we pick Ez = 0, so F = 0 (and hence Bkx + Dky = 0, leaving only the overall amplitude undetermined,
for given I, m, and n); for TM modes we want Bz = 0 (so Dkx - Bky = 0, again leaving only one amplitude
undetermined, since Bkx + Dky + Fkz = 0). In ether case (TEImn or TM1mn), the frequency is given by

()2 c2(k; + k~+ k) = c2[(m7r/a)2+ (n7r/b)2+ (17r/d)23,0r 13 c7rv(mia)2 + ()2 + (I/d)2.1
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Potentials and Fidds

Problem 10.1

2 oL 2 o2v 0 o2v 2 0

1

0 V+T7ft = 'VV- 1000t2+ ot (V .A) +3.060t2 ="VV + ot (V . A) = - 1op. (

2 2 02A
0 AVL 'V A-JLOfO Ot2 -V (V.A+J.LOf°{jt ):-J.LOJ.,(

Problem 10.2

(@ W =~/ (foE2 + :0 B2) dr. At tl —dJc, X;::d =ctl, soE=0, B =0,andhence W(td =0.1

At T2=(d + h)Jc, ct2= d + h:
E =-JL~0O:(d+h-x)z, B = ~J.L~O:(d+h-x)y,

(OEZ + ~B2 ) o (EZ + ~1.E2 ) = 2¢0E2.
J.LO J.L080C2

(d+h) ),
W(t2) :ai(2€0)-J-'tj-0'2 / (d+h-x)2dx(lw) = folLpaw [—(d+h‘x)33
d

Therefore

(b) S(x) =3i% X E) :ngEz x (fy)]= :fﬂl%% X = :f:JZJEq«mz Ixl)2X
(plus sign for x > 0, as here). For IxI> ct, S= o.
So the energy per unit time entering the box in this time interval is

dw =p = = f".00: -
W =p / ) -da = fi-g02et - )2

Note that no energy flowsout the top, since Sd + h) = o.
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t2 (d+h)le
f f (ct- d)3 gnpe =
() W= 1 Pdt =/LO~IW (ct - d)2dt =/LO~:IW|[ ]
dix 3c die

Since 1/c2 = /LoEo, this agrees with the answer to (a).

Problem 10.3

E=-W_aA at= B=VXA=@J

This isafunny set of potentials for a. stationary point charge. g at the origin. (V = 71 A = 0woul dyf

course, be the customary choice) Evidently .p=qJ3(r); J =0.1
Problem IOA

E = -VV - ~=-Ao cos(kx- wt)y(-w) = Aowcos(kx - wt)y,

B VXA=Z:X [Aosin(kx-wt)] =lAokcos(kx-wt)z.1
Hence V.E =0,,(, V.B =0..(.

VXE = z:x [Aowcos(kx - wi)] = -Aowksin(kx - wt)Z, - ~~ =- Aowk sin(kx - wt) Z,
—_aB
sOVXE = af (-
VXB = -y :x [Aokcos(kx- wi)]= Aok2sin(kx- wt)y, ~~ = Aow2sin(kx- wt)y.

SOV XxB = oko  provided .k = /LOEOWZlor, since C2= 1/ /LoEo, w = ck1
Problem 105

V' =V--=0- (—-- ! q) = b A zpAbySpr DA ql ) ( )—Egla
at 41TEor 41’rEOr 41TEOr2 47rE0

This gauge function transforms the "funny" potentials of Frob. 10.3 into the "ordinary" potentials of a sta-
tionary point charge.

Problem 10.6

Ex. 101: VA =0, — =0. Both Coulomb and Lorentz.!
Frob. 10.3: V.A = mEo ( ) ~453(1); @&V=0. INeither. |

Frob. 10.4:V.A =0; at =0. ~
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Problem 10.7
8Vv 8V

Suppose VA it -JLOEFt, (Let VA + JL.QESFt = cl>-some known function) We want to pick A such
that A' and V' (Eq. 10.7) do obey V.A' —-J.OE08t .

| W 2 w ~A 2
V.A +j.toEO8t =V.A+V A+JI.QE°Ft-J.QEO8t2 =cI>+0 A,

Thiswill be zero provided we pick for Athe solution to 02 A = -cl>whichby hypothesis (and in fact) weknow
howto solve,

We could always find a gauge in which V' = 0, simply by pickingA= J; V dt". We cannotin general pick
A =0O-this wouldmake B =0. [Findingsuch a gauge function would amount to expressing A as - V A,and
weknow that vector functions cannot in general be written as gradients-only  if they happen to have curl
zero, which A (ordinarily) does not.]
Problem 10.8

[.From the product rule:

V.(7) =~(v.)+J (v =, V. (~) =~(V.I)+d, (VI~).
ButV-1~_ = -V/~1,_ sinced=r-r/, So

V.(7) =~(v.9)-3. VI~ =~v) +~v .3 - V. (~) ,

But
= 0, = 0,
Vo =gl 8y - 7 T RIS B T B
and
i_3tr: _1& 8tr - __181- 8tr - 181-
8X c8x 8y c8y 8- -~8
0
V.J=-~ 8I%& +8ly& +8lz& =-~ -
C[8tl‘08X 8try8y 8tr 8z] c 8tr -(V15).
Similarly,

VI3 = - gp - T8l - (VIL).

[Thefirst term arises when we differentiate with respect to the explicit r/, and use the continuity equation.]

thus " (:)::["th]r ,(V/l-)] +~ '%P gy (V/l) - V. O—-~ 8p - V. (I)

(the other two terms cancel, since V1-= -V/1-), Therefore:

' o P | 8 1 J. J
VA= 111[ 8t f -ar- fV (]) dr] -J|.0E8— [:111"E(f £1)dr] "41;)"f -11da'

Thast term isover the sufaceat "infinity", whereJ = 0, soit's zero. Therefore V.A = -J.oEe—~. ./
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Problem 109
(@ Asin Ex. 10.2, fort <riG, A = OJort > riG,

Art) = (Jrz

K(t-vr 2+ 22/c)dz= J.tokz t dz -~ dz
411"

vr2 + 22 211" v + 22 C

V(c)2-r2 v(ct)2-r2 v(ct)2-r2
?)? j
{ }

J.tok Tot+ye)2 -2 1
( 2112) [tin r ) - ~y(c)2 - r2] . Accordingly,

= -8A=_Jfog In GFYCEH2 -T2 4
SURY g — o1l r
{ ( )
r 1 2c2t 1 2c2t
t(ct+y(ct)2 - r2) () (c+ 2y(ct)2 - r2) - 2cy(ct)2 - r2}
. Jtokz In CtFY(E)2-r12 L 4 L g
- 211" { ( r ) yeh2 -2 ye2 - r2}
Jiok  ct+ y(ct)2 - r2
= 1-211"In( r ) zl (or zero, for t <rlc).
8Az .
B(r,t) = (@Z
. t t 2
- J.tok r [r21V(cgc)23—r2 € - y(c) -] 1 (-2
- - 211'%t (ct + y(ct)2 - r2) r2 - 2cy(cH)2 - r2} cf>
= -Jitok o2 + ' p.- --Jtok (-c2t2 +r2) .- -J.toky((:t)2 c s
211" ry(ct)2 - r2  cy(ct)2 - r2} 211teyl(ct)2 - r2 211"rc .

(b) A(r, t) = ﬂltle(o>(§>q005(t- [J¢) dz. But 1J=vr2 + Z2, so the integrand iseven in z

A(r, t) = (Jt~02) 2100 c5(t~1Ic) dz

2¢h  _ 1%h

1
Now z =32 = r2 =>dz = SVII2 12— VIJ-2 r2,and z=0=>1J=1r, Z= 00 =>1J= 00. So:

134z,

A(r, 1) = 349002 100 165 (( c) VIF2 2.
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. —JL .
Now8(t - ,zjc)=c8(z- cf) (Ex. 1.15); therefore A —-Zﬁfmzc ~ 8(1

A(rY) = JLogoc 1
’ 2n V(ct)2 -2 Z (or zero, if ct < r);

E(r, t)

- aA =- JLquC 2c2t Z- JLoqoc3t
[(ct)2 r233/2 = 2n[(ct)2 - 21’2 z | (or zero, for t < Tic);

- aA1 (f3= _JLogoc _' .- -JLoqoCT
& 2n: 2 [(Ct)2' a2 43-  2n[(ct)2- r232 43l (or zero, for t < Tic).

B(r,t)

Problem 10.10

. — I
A = I(tr) dl = JLok - = da _.
Z]rlfo\] (|5? yr \] ( l%’,JC) d J4IF1:0k{t\] 13, "¢ \] dl}

J JLokt | 1 - {bdx ¢
Butfor the completeloop, “dl = 0, soA = 4n: {a o1dl + b J2d + 2x Ja -;; }- Here 1dl = 2ax (mner
circle),J2dl = -2bx (outer circle), so

JLokt 1 ) JLokt aA = ,
A= 4n: [a(2a)+b(—2b)+2ln(bja) ]x:? ' A=2;""In(bja)x, =_ gt  -JLpKn(bja)x.

The changing magnetic field induces the electric field. Since we only know A at one point (the center), we
can't compute V x A to get B.

Problem 10.11
In this case p(r,t) = p(r,0) and j(r,t) = 0, so Eq. 10.29 =?

E(rt) = ;::fo J [p(r--o) (Ot + p(r",p) ~dT", but tr =t - E(Eq.10.18)so

o J [p(r"O) + p(r Ot = p(r' O)(Ich) + p(r"O) ~dT' = e J p(r,D) ~dT". ged

Problem 10.12

In this approximation  were dropping the higher derivatives of J, so j(tr) = j(t), and Eqg. 10.31 =7
JLO 1J,. 1

B(rt) = 4n J 1J L2J(r' )+ (tr-t)J(r' t)+cJ(r t) 1 x~dT",buttr-t=-c(Eqg.10.18),s0
Jloo J(r't) x~ 4
A I J'Z dT. qed

Problem 10.13

Attime t the charge isat r(t) = a[cos(wt) X+ sin(wtly], sov(t) = wa[-sin(wt)x + cos(wt)y]. Therefore
4=7z - a[cos(wtr) x + sin(wtr) y], and hence 1J,2 22 + a2 (of course), and 1J= VZ2+ a2.

~ V= |g}i' V) = |J{-wa2[- sin(wtr) cos(wtr) + sin(wtr) cos(wtr)]} = 0, so (1' '“-é’) =1
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Therefore

1

CHAPTER 10. POTENTIALS AND FIELDS

q

b I~
Viz t) = 1411"IM@2 + a2 (z, 1) = |srrogeamt a2[- smcvr) X+ cos(c.viry),  where (tr =t - . I

Problem  10.14
Term under square root in (Eg. 9.98) is:

but

Therefore

Hence

cat2 - 2c2t(r .v) + (r .v)2 + c2r2- cAt2- v2r2 + v2c2tZ
(r. V)2 + (c2- v2)r2 + c2(w)2 - 2c2(r. vi). put invt —=r - R2.
(. )2+ @2- v2r2 +c2r2 +R2- 2r. R) - 2c2r2- r. R) = (r. V)2- r2v2 + CR2.

r. V)2 -r22 — ((R+Vi) .v2 = (R + w)2V2

~— (R Vv)2+vde + 2(R. V)V2t- RV2 - 2(R.V)tvZ v2t2v2
T (R V)2- R2V2=rav2 cos2() - rRev2 —_R2v2 (1- COSD)

= R22 sin2 ().
1= _R2v2 sin2()+ c2R2 = ¢2R2 (1 - ~: sin2()).
t) 1 q .+ ged
VCr, = 411"RO 1- van »

Problem 10.15

Once seen,

X, the particle

from a given point
will forever remain

in view-to  disappear it would
have to travel faster than light.

ILight rays in + x direction I

A person at point
:rfirst sees the
particle when this point is reached

ie a x
t = -xlc

= _octor

Region below wavy line represents space-time
points from which the particle isinvisible
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Problem 10.16
First calculatetr: tr = t-Ir - w(tr)l/c ~

-c(tr - t) =x- Jb2 +c2t~~ c(tr - t) + X =ylb2 + c2t~; ( 4
C2t; - 2C2trt + C22+ 2xclr - 2xct + X2= b2+ c2t; I w(t,J p
2ctr(x- ct) + (X2- 2xct + c2t2) = b2j X
2 2 e - (X- ct)2
2ctr(x- ct)=b - (x-ct) ,ortr = 20&Ct )
NowV(x,t)=- . x
(x0)= 411"€p- - Ji.V) and~c-Ji'v=~(c-v); ~=c(t-tr).

V=~ 1 2c2tr = c2tr = c2tr ; C v =cdr+c(x- ct)- c2tr=  c(x- ct) ;
2Jb2 + c2t~ ctr - ) +x ctr+ (x-ct) () ctr + (x - ct) ctr + (X - ct)
13.CJIV = cft - tr)e(x - ct) — C2(t- tr)(x - ct); ofr + (x - ct) = b2- (x - ct)2 . of) = b2+ (x - ct)2;

! otr + (x - ct) otr + (x - cf) T M L APV,
t-tr — 2Ct(x - ct) - b2+ (X - ct)2 = (x- ct)(Xx + ct) - b2 = (x2- c2t2- bz),eré'h fore
2c(x - ct) 2c(x - ct) 2c(x - ct)
1 b2 + (X - ct)2 1 2c(x - ct) b2+ (x - ct)2
13, w v = 2x =c) ] CaX-ct)[2ct(x=ct)=-b2+ (X=ct)2] =c(X = ct) [2ct(x - ct) - b2+ (x - ct)2],

Theterm in square brackets simplifiesto (2ct+ x- ct)(x - ct) - b2=(x + ct)(x - ct) - b2=x2 - c2e - b2

oV ) = e - BESFE. by,

Meanwhile
A = Vv=  cr  Vx= RTXTa2 ooy g b2+ (x - ct)2 X
Cc2 ctr + (X = ct) c2 [ 2c(x = ct) | b2+ (x - ct)2 411"§X - ct)(x2 - c2t2- b2)
_q b2- (x- ct)2 2

411"€0(x - CH(X2 - C22- b2)

Problem 10.17
FromEqg. 10,33,c(t - tr) = ~~ C2(t = tr)2 = ~2= Ji' Ji. Differentiate with respect to t:

2 atr aji atr ali
2c(t-tr) 6~at )=2Ji, at' or 02(I-at )=Ji. at' Nowdi=r-w(tr), SO

ai_ ow _ .owatr _ _ atr atry _ .., atr 2&5 N azi .

- "at - atrat - Vat 02(1- ot ) Ji Ly 02= -(02- -Ji' v) = - IEI u) (Eq.10.64)
atr 02-

and hence U S I uU Qed
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\%
Now Eg. 10.40 says A(r, t) = ' VCr,t), so

oA = -l.fovV vO =-L.fovorv vov
ot (ot + otrot + t)
1 otr Igc
= 2 EFt 41TfO"u +v 41TfO(" u)20t(1 -€. v)]
1 qc a otr 0"
= Cc241TfP .uFt - (" u)2 (Cbt- ot .V-". ot)]
01- otr o" otr
Butl=c(t- tr) =>ot =c (1 " =r- w(tr) =>0t =-Vat (asabove)and

ov OV otr a otr

ot - otr ot - of
= q a'("u )EJ_t\I’/ otr +v ZQI_“"'a_ otr
41TFOC ()2 { ot F ( ) ot ot ]}
'l 1] n .
_ grmioe -u)z {-c2v+[( U)a+(c2-v2+". a]0:r . }
. 02 { c2v+[(".u)a+(c2-v2+".a)v]~ "

1
=  41TfOC .U)3 [-c2V(" u) t~(',. ua *-c2 - v2 +". a)V]

- 4iCTfo(zc V)3 [(ZC-"V) (v+a ) §:C v a)v] Qed

Problem 10.18

- 211(11f0 (- W)3 [(c2_v2)u+"x(uxa)]. Here v = -R0O4 0 X
v X, a ==X, and, for pointsto theright,.i = X. Sou = < ,
(c-v)x, uxa=0, and"'u=1-(c-v).
E = IL c2- v2)(C- V)X = -IL~ (c+ c-v X=-IL~ X;
41T01- :ec - )3( v2)(C- ) 41TfO1- 2( V)( 2 41ch1 ZC: v)
B = E.ixE:O. Qed
For field points to the left, Jd= x andu = -(c +v) X,s0",. u=1-(ctv), and

N U N NN I W S A
Aimiadc+ v)3(C v )(ctvx= |, Aot \c+ V)x, B=0.

Problem 10.19

A 2/ dx
(@ E = -(1 c) 32
41TfO R (v/C)2 sin28] /
The horizontal components cancel; the vertical com- y
ponent of R is sin8 (seediagram). Hered = Rsin8, so .
1 sin2 8 X Xl
R2 = --yh-; - g = cot8, sodx = -de- csc 8)d8 = g; 8d8] ' X
dg=>.dx
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1 d sn20 do

R2dx =gr o ¢ dO=_g4 Thus
E = _(i _ VZJGZ) J 1w sinO o -2 2
d ]o =7 3/2dO. Let z==c0sO, so sm 0= 1-z .
411"£0 [1- (vje)2 sin20]
_ (- Viey 1
T M1'god +1[1- (2 + (e "
>(1- viey 1 / "
411"€od [ (vi€)3 (e2jv2 - v(gv)2 - 1+ 72 -1
= >'(1- v2e2) e 1 2 -~ 2>

A1 v@a- v vEv2 - 1+ 1Y— 411 I Y. (same as for a hue charge at rest).

(b) B"; e (v x E) for each segment dg = >'dx. Since v is constant, it comes outside the integral, and the
same formula holds for the total field:

B =év x E) = ~v~  25(XXY) = Jtofov~ 2>7 = J-102>"\Z.
€2 411"£ 411"£0d 211"d

But>v=1ss B = 61-1,0"29 (j9 (the same as we got in magnetostatics,  Eg. 5.36 and Ex. 5.7).
Problem 10.20

wt) = R[cos((,)t)X + sin((.)t) YIj y

v(t) = &[- sin((,)t) x + cos(()) Y]]

a(t) = -R()ZCOS()tx + sn((.))y] = _()2w(D)j

"= -w(tr); X
1J=R;
tr=t- Rjeg

= -[cos((,)tr) x + sin((,)tr)y];

u = c4- v(tr) = -gfcos(()tr)X+ sin((,)tr)y] - ()R- sin((,)tr)x + cos((,)tr)y]
= - ([ecos(()tr)- (,)RsIn((,)tr)]x + [esin((,)tr)+ (,)Recos(()tr)ly} |
"Xuxa = ("Mau- (",ua ".a=-w .()2W) = ()R
.U = R [ecos2((,)tr) - (,)Rsin((,)tr) cos((,)tr) + esin2((,)tr) + (,)Rsin((,)tr) cos((,)tr)] = Ry

V2= (()R)2. So (Eq. 10.65):
q 2 2 2 g eu- Ra

411" ﬂthe)B [u( ()R ). u(()R) - a(Re)] = 411"£0(Re)2

411" £0(Re)2{ [€2 cog((,)tr) - ()Resin((,)tr)]x - [e2sin((,)tr) + (,)Recos((,)tr)] Y

+ R2(,)Zoos((,)tr) x + R2(,)2sin((,)tr) Y}

!
areo(Rey {1 (OR2 - €2) cos()r) + (JResin(()] x + [(VR2 - €2) sin(()tr) - (JReCOS((HIN} .

m
I 1l
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L 1
B = ~XE=--X By Bz
_ —_ I
= " Cani®o? (COSw) [W2R2 - C2)sinwt) - wRecos(wtr)]

- sin(wtr) [(W2R2 - C2)cos(wtr) + wRc sin(wtr)] } Z

—-aq . - a . - g4 w
4y~ R- -~ [-WRecos2(wtr) - WResin2(Wtr)] Z= 4, R:3WRd = 4V%ECR62

Notice that B is constant in time.

To obtain the field at the center of a circular ring of charge, let g -t A(2wR) | for this ring to carry current
2 1.

|, weneed | =Av= AWR,s0A= I/WR, andhenceg-t (I/WR)(2wR) =2wi/w. Thus B = 27, or,

AWEdRC

since I/c2 = EolLo,B = —~ Z,. the same as Eq. 5.38, in the case z = O.
Problem 10.21

A(t/3t) = Aolsin(O/2) |, where 0= t/J wt. Sothe (retarded) scalar potential at the center is (Eg. 10.19)

Vi) = =2- 1-d' = -2 (1Al sin (t/J-wir)/2] adt/] g
AWEQJ 1- AWEQ a
— A 21< _ A 5 o/2 21<
wd, ], SN(O2) dO=y oo[- cos( )1J §

= WWEO [2- (-2)] =, RS

(Note: at fixed tr, dt/J= dO, and it goes through one full cycle of t/Jor 0.)

Meanwhile [(/Jt) = AV = Aowalsin[(t/} wt)/2]1 4>.From Eg. 10.19 (again)

A = Z’lLv‘\’/\] i_dl' = i.\|,_v01621<A0wa Isin[(t/Ja: wir)/2] 14> adt/J.

But tr =t - alcis agan constant, for the t/Jintegration, and 4>= - sint/X + cost/y.

= JLo—waz2l<lsin[(t/F wtr) /2] I1(- sint/X + cost/y) dt/J. Again, switch variables to 0 = t/J wir,
and integrate from 0= 0to 0= 2w (so we don't have to worry about the absolute value).

— J.Lo~~wadl21< sin(O/2)[-sin(O+witr)x+cos(O+witr)y] dO. Now



f27r
10 sin(0/2) sin(O+ wtr)diJ

f27r
10 sin(O/2)cos(O+witr)diJ

At = Jlo~—~wgd~) [sin(wtrk -

Problem 10.22

189

1 f27r
210 [cos(O/2+ witr) - cos(30/2 + witr)] diJ
1 2 27

= 2 [2sin(0/2 +wtr) - 3sin(30/2 + wtr)] 10

= gn(le wtr)- sin(wtr)- ~sin(31r+ wtr) + ~ sin(wtr)

= -29in(wtr) + ~sin(wtr) = =7 sin(wtr).

1 f27r
= 210 [- sin(0/2 +wtr) + sin(30/2 + wtr)] dO
1 2 27

= 2[2c0S(O/2+Wtr} 3cos@oi2+wtr) 1.0
1 1
= cos(Ir + wir) = cos(wtr) - 3cos(31r + Wtr) + 3 cos(wtr}
2 4

= -2cos(wtr) + 3cos(wtr) = -3 cos(wir).

cos(wtr}:v] = Jo—wa {sinfw(t - a/Cc)] X - cogw(t - a/c)] y}.

_ 0
~ L= .
X
Stz ~~ XE:
I~ /yuv-g .0 gﬂ\,
. B } ':~ gb— ."r>~,—/
_é (~ ( y.::U ~V: -
™ W ~ -
~ =il Eb- ~(:J [~
Yt~| - ll~!
~ V. ¢ X.<
~ <~ -
10 =
Q [ 1 ~valuate at the retarded

time.t.

E=-VV- Ii'fA:!3=VXA
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Problem  10.23

Using Product Rule #5, Eq. 10.43 =}
v .A = {imgev.V [(e2t- r. V)2+ (e2- v2)(r2- (h2)] -1/2

= oy (2 [(€2 1 V)2+ (2- V2)(r2- e22)]-32V [(e2t- 1. V)2+ (€2- v2)(r2- e2t2)}

--{'é?lﬁe[(ezt—r‘v. o+ (& AP e Xy 82y, (2 v Vv )+ (@ AV Py,

Product Rule #4 =}

V(. v) = vx((Vxr+(v.V)r, butVxr=0,
(v. V)r = (vxax +vYay +vzaz )(xx+yy+zz )=vxx+Vyy+vzz=v, anOI
V(r2) = V(r.rn)=2rx(Vxr)+2(r.V)r=2r.So
VA = --{'éolql‘?, @rv Y+ (@ v At -e? Py [e-fwv+ ) (€ v 2]

= {kpod(e2t- r. v)2+ (€2- v2)(r2- e2t2)]-3/2{(e2t- r. v)v2- (e2- v2)(r.v)} .
But the term in curly brackets is: €2tv2 - v2(r. v) - €2(r. v) + Vv2(r. v) —e2(v2t - r. v).
- {Loge3 V2t- r. v)
-~ [(e2t- r. V)2 + (e2- V2)(r2- e2t2)]3/2
Meanwhile, from Eq. 10.42,

-{Lofo- z\t/ = '{LOan(ilE--fO (—-;)[(ezt-r.v )+ (€ v )’ -e )] 32 X

?3 [(e2t- 1. v)2+ (e2- v2)(r2- e2t2)]
= - {kegel(e2t- r. V)2 + (e2- V2)(r2 - e2t2)]-3/2 [2(e2t- r. Vv)e2 + (e2- V2)(-2e2t)]

= - {Log 2=V .A./

e3 -r.Vv.- e2t+ vt 3
411" [(e2t - r.(ezvSZ + (e2- v23(r2 -)e2t2)] /
Problem 10.24
a;(t)

@ F2 = 819 12 +Yeat2) x. , *

(This isjust Coulomb's law, since glis at rest.)
— qlg2 * oo 1 gqlqg2 1 -1 o = _qlq2
b) 12— _ tan et
(®) 4-1|"ch-00 (b2 + e2p) dt — 4_1|"fd be ( )] .00 Aule

glg2 [121 w qlg2 11"
= 4nobe |2"- ( 29 = a1vone

[tan '1(00) -tan -1 (-00 N



_ g2 1 /L7 Vy-
(c) From Praob. 10.18,E = ATTIGE {C + v) X. Herex
and v are to be evaluated at the retarded “time 1r, which is
given by c(t - tr) = x(tr) = Vb2 + c2t~:::}c2t2- 2cttr +c2t; =

2 22 _c2t2 - b2 .
b+ctr=tr = o902t . Note: Aswefound In Prob. 10.15,

g2first "comes into view" (for gl) at time t = O. Before that it
can exert no force on g1, and there is no retarded time. From

the graph of tr versus t we seethat tr ranges all the way from
-00 to 00 whilet > O.

2c2t2 - 02t2+ b2 b2+ c2t2 1 2c2t c2t
x(tr) = c(t - tr) = = Zq  (fort>0). vet)= oyipo+ 22 = -x SO
22 - b2 2t2
v(tr) = ( ) (b2+ 02t2) C:2t2+ b2 (for t > 0). Therefore
c-v (c22+ b2) - (c2t2 - b2) 2b2 q2 4c2t2 b2
c+V = (C2t2+ b2)+ (c2t2- b2) = 2c2t2 = c2t2 (for t > 0). = - 47TfO(b2 + c2t2)2 c2t2 x::}
0, t<O
F1 = qlg2  4b2 '

{ - armfome + c2t2)2X, t> O.

(d) h = - gaEab2 Jawo (b2 + £2t2)2 dt. The integral is

1 roo 1 t roo 1 1
C4Jo [(blc)2 + t2X2dt = 2b2) [(b/c)2 + 2. 0 +Jo [(b/IC)2Z t2)] dif] = 2Cc2h2 (2b = 4cb3
80 11 == qglg2 7T

47TtObC

t,.(t)
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() F1 "I -F2, so Newton's third law is not obeyed. On the other hand, h = -12 in this instance, which
suggeststhat the net momentum delivered from (1) to (2) isequal and opposite to the net momentum delivered
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might
carry off some momentum, leaving the mechanical momentum altered; but that doesn't happen in the present

case)

Problem 10.25

1 1
S={E xB); B=2(v xE) (Eq. 10.69).

1
So8 :Eoc [Ex (v X E)] =fOo[E2v - (v. E)E]. -

Thepower crossing the plane isP = J S.dR,



192 CHAPTER 10. POTENTIALS AND FIELDS

and da = 27rrdr x (see diagram). 80

p = folEv - ENv27rrdr;  Ex = EcosB, soE2- E; = E2sin2B.

27rf0Y E*sm Brdr. FromEq. 10.68,Erq‘l], o _ i_t 32 where, = - 1_ .
7rfO'R2[ 1-(vje)2sin2B] V 1-v2jcz

2 1 0 rsin2B C0s0

2rrfov ( ) ]E) dr. Now r =atanB =}dr = a—Z gdB; R =
4uo R4[1- (vie)2s nEBJ cos a
v " sin3BcosB
12 ]o 3dB. Let u ==sin2B, so du = 2sinBcosBdB.

2, 47rfOa [1- (vje)2 sin2 BJ

Vg2 {1 U
167rfoa2,4Jo [1- (vie)2u]3du = 167rfoa24 ( = ~a2

Problem 10.26

- - z
(8  F12(t) A;%f o gﬂ& Z |
(b) From Eq. 10.68,with B= 180~,R = vi, and it = -z
Fu@ o -- 1 dla21-vZer) 5
47rfO (vt)2 y

.No, . Newton's third law does not hold: F12 f:.F21,
because of the extra factor (1 - v2je2).

(c) From Eg. 8.29, p = fOJ(ExB) dT. HereE = E1+E2, whereas B = B2, sosExB = (E1xB2)+(E2 xB2z).
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part:

p(®) = | (EL x B2) dT. Now EL = 4 1. g~r, while, from Eq. 1069, B2 = s (v X E2), and (Eq. 10.68)

£ = g2 @ - Vje) R 2 2 22 .1 rsnB gy
47rfO(1- V2sm2Blje232 R2 But R =r- vi; R =r +vt - 2rvtcosB; sma =- R
£ = _02 (1-v2je2) (r-vt) _ _ o _ _ .
47rf0[1— (rsinBjRe)Z] 32 R3 . Findly, noting that v x (r - vi) —v X r —vr sin B4>we get
Bo: G2(1V2ie2) vrsinB 380 p(t - fo.91 (122 I 1 rsnB(r xcb)
47rfoe2 [R2- (vrsinB/e)2]3/2 ) 47rfO 47rfoe2 r2 [R2- (vr sin Bje)2]3/2
But r x cb= - {j = - (cosBcos<pl + cosBsin <jpJ - sinBz), and the x and y components integrate to zero, so:
py = - Viez sn2B r2sin Bdr dBd<;J
(47re)2fo r[r2+ (vt)2 - 2rvt cosB- (vr sin Bj €)2]3/2
- Qlg2V(1- W2je2) Z rsin3B ,d dB

87re2fo (r2 + (vt)2 - 2rvtcosB - (vr sinBje)2] /
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Il do the r integral first. According to the CRC Tables,

2 b 2a
2(bx + 2a) )
- (4ac- b2)vatbx+cx2.0 = - 4ac- b2 [.jC - Va]

2 2 (2vaC-b) 2
- .jC(4ac-b2) (b-2vac) JC(2vaC-b) (2vaC+b) = .jC(2vac+b).

roo X d
Jo (a+bx+cx2)3/2 x

Inthiscasex =T, a= (\/t22,b: -2vtcosO, andc= 1- (v/c)2sin20.Sother ilntegralis

VI- (V/c)2sin20 [2vtyh - (V/c)2sin20- 2vtcoSO] - viVI-  (VIC)Zin20 [VI - (VIC)&in; 0- -:SO]

[VI-(V/C)2Sin20+cos0] 1 COO
govtVI-(v/c)ZSin20[1-(v/c)25in20-00520] =vtsin20(1-v2/c2) [1+ VI-(v/c)2sin20 1.
o) = QeRvi~v2Icaz 1 1 + Coso o 0dO

1 |
87fC2E0  wi(l - vac2) 6 sn2o [1 V- (vic)2sinzol

= qq Z rSinOdO+ ~ r cosOsin0  dO

g7fclOot Jo vJo V(ch)2 - sin20 }
But fo"sin0dO= 2. In the second integral let u ==0s0, so du = - sin0dO:
I cos0sino o= 11 U du =0 (the integrand isodd, and the interval is even).
Jo v(c)2 - sin20 "1 .j(CN)2 - 1+ U2

Conclusion: . p(t) = JIglg2z  (plus aterm constant in time).
(d)

F1tF 21 = - J.dla2A 1 go2(-v2c2A . dg2 S 2L A da2 A JIDQIQRA
47fEOV2t2 47fEO v2t2 47fEoV2t2 (1 C2) 47fE0C2t2 47ft2
-=dp = JloQIQ2. __

Since Ql is a rest, and Q2is moving at constant velocity, there must be another force (Fmech)acting on
them, to balance F12 + F21; what we have found is that Fmech = dPem/dt, which means that the impulse
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of
thisproblemsee J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).]
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Radiation
Problem 11.1
From Eq. 11.17, A = - IL&:?]U Fsnfut - ric)](cos(r - sinB8), so
_ _ILopouy | a o] _ a
VA = 47r {P2ar [r rsm[UJ(tr o) coB? +'r'§FnB aB[" -Slh BrsmLIJ(t ric)] 1}
— _dLoPouJ | U 2sin Bcos B .

a4 (Sm[UJ(t riG)]- -c cogUJi riG)]) coBB- r2sm() sm[UJt riG)]}

— |LOf oul 1 . uJ
- i 7rfo(? sm[UJ(t-rIc)]+-CQ§[UJ(t-rIc)] ) cosB} .
Meanwhile, from Eqg. 11.12,

av PoCO uR : Ul i
% = dntorg~ c CSUKIIG] ¢ SUKLIG)

PoUJ . , uJ av
= - {?" st - MG)]+ f{ cofuat - riG)]} cosB. SoV. A =-ILOfO-g - Qed

Problem 11.2
Eq.l1.14: V(rt) = -- s UJ(t-rlc)]. Eq.l1.17: A(rt) = ---sm[UJ(t-rIc)].
q | (r,t) 47J;CPOS’F‘[]¢ .( )] | q | (r,H |L‘ou[}ul}o(. )]
NowPo x f =posinBcP and f x (Po x f) =posinB(f x cP)= -posinB8, so
Eq. 11.18: |E(r, 1) = ”‘OUUZ( (POXf) cofUJt- riG)].Eq.11.19: B(r,t) = __||£7(2:U023rx N cos[UJ(t- riG)].

— ILOUJ4Po x )2 .
Eq 11.2L |(8) —327@04 r2) r.

Problem 11.3
=[2R =g5UJaN2(UINR (Eq. 11.15) =AP) = ~gsur2R. Equate this to Eq. 11.22:

122 ILOQSflUJ4 ILoffluJ2 27rc
2QocvR =  127rc =? R= 67rc | or, SI nceJx A'

ffl47r2C2

2 2 2 2
R=~c~ = 37r|Lo€:) = 37r(47x 10-7)(3X 108(2) :807r2(2) N=. 780.6(dl A)2n.1
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For the wires in an ordinary radio, with d = 5X 10-2 m and (say) >.= 103m, R = 790(5 X 10-5)2 = 2 X 10-60,
which is negligible compared to the Ohmic resistance.

Problem 11.4

By the superposition principle, wecan add the potentials of the two dipoles. Let's first express V (Eq. 11.14)
. . , ) _ POW . . R
in Cartesian coordinates: V(X, Y,z t) = Mreod x? + );2+ Zzc)sm[w(t-r Ic)]. That's for an oscillatingdipole
along the z axis. For one along x or y, wejust change z to x of y. In the present case,
P = Po[cos(wt) X+ cos(wt - 1f12) y], so the one along y is delayed by a phase angle 1f12:

sinw(t - TIG)] -+ sin(w(t - TIc) -1f/2] =-cos{w(t - TIc)] (just let wt -+ wt -1f/2). Thus

-- Pow X. y
MFEOE X2 + y2 + z2 Smiwt = IO - 24 (24 Z2cosw(t - Tic)] )

T - ReMLsnO {coscPsinfw(t - TIc)] - sincPcosfw(t - ric)]}.  Similarly,
A = '/'IQEpWsin[w(t- TI)] x - cogw(t - TIc)] y}.
We could get the fields by differentiating these potentials, but | prefer to work with Egs. 11.18 and 11.19,
using superposition. Since z = cosOf - sinOn, and cosO = zT, Eg. 11.18 can be written
2

E =/-LO:::cogw(t - Tlc)] (Z— ~f). In the case of the rotating dipole, therefore,

2
J-L~  {cogw(t TIo)J(x - ~f) +sin[fw( TIo)|(y - ; )} ,

1~(fXE).1
s = /~_L(OE xB) = /~_LoC[Ex (fxE)]= /~_LOC[E2c - (EDE] = )_ELng (noticethat E. f = 0). Now

=T (L(If?rz )2 {a2 coqwit - TIg)] + b2sin2w(t - TIC)] + 2(a b) sin[w(t- Tic)lcosw(t- TIc)]},

wherea==x - (XIr)f and b ==Y- (yIr)f. Notingthat x. r =x and Y. r =Y, we have
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2 X2 X2 — X2 —_ y2 b = __\_(X X_Y + Xy — Xy

a =1+:,- 2, =1- 4, p2=1-4, a rroorro 2 2

=T (Lo2) 2{(1- 1) COSAWHQ)] + (1- ~) Sn2[w(ETIC)]
- 2;; sinfw(t-rle)] cogw(t-rle)]}

(/Lo::;2) 2{1- rlAx2CO2[wit TIc)] + 2xysinfw(t - Tic)]cogw(t- TIc)] + y2sin2[w(t- TIc)])}

(/Lo:;2r  {1- rlZxcogw(t- TIc)] + ysinfw(t- rle)])2}
But X =r sin Bcos </&nd y = r sin Bsin </J.

(/lLo:;2)  2{I - sin2B(cos</ogw(t - rle)] + sin</dn[w(t - rle)])2}

(lLo:;2) 2{1- (sinBcogw(t - TIc) - </J}2}.

z
Intensity profile

(1~ sin26)

y

|~ (~r {1-(sinBos[w(t-rle)-</J]} 2}

8 = /%0(941”_) 1- ~S|nZB r.
| |

P = (8 .da=:0(p~:2r . ri2a1 - ~sin2B) r2sinBdBd</J

0
[

/LOP5W4271" 1<xSiINBdB= ~4 « sn3 BdB = /LoP5W4 -
671'2¢ [D 2 B7l"e 2 3

Thisis twicethe power radiated by either oscillatingdipolealone (Eq. 11.22). In general, 8 = /L(E xB) =

1
O[(E1+ E2) x (B1+B2)] =7 [(ELxBI) + (E2x B2) + (E1 x B2) + (E2 x BI)] =81 + 82+ crossterms.

In this particular case, the f|elds of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time
averaging, and the total power radiated isjust the sum of the two individual powers.

Problem 115
Go back to Eq. 11.33:

a ’Lﬁ”?i"(s ){ Feogw(t-rie)]-  esin[w(t-rle)] y
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Since V =0 here,
8A J.

= 2 :;’f"‘o(-s‘ r”e) {Fl'(-"'-l)sn["'-l(t-rIC)] -‘-é'l'-ICOS["'-I(t-rI}c)@p

J.Lomo™-l,Sine 1. "l "
_ (.S_‘-;;;.){;:sm["'-l(-t riG)]+ ~ coy"-Ktrlc)] ; cp.

_ _ 1 8 : A 18 A

B = VXA = ryve8e (A.pSine) r - ¥ 8r (rAp) (O
- Jlomo 1 Z2sinecose 1 _ "] _ .
—21f {Féﬁ{e r ['r cog["-I(t riG)] - —Csm['"—l(t r|G)]] r

sine

Ty [“?193["'-I(t-rlc)]+-sm[|:r"§|('t-rIC)]-- mc_l(—-”é)cos["'-l(t-rlc)]] (}}

J.Lomo 2CO0s 1 ) "ol ) A
a1t {~r 1 cod"I@riG)- ¢S riG) ¢
sn€ 1 1y 2 :
5= -r2cod -1 (t-rlc)] +resin[™-I(t-rlc)] + (~) cog "'-I(t-ric)]; O
2

These are precisely the fields we studied in Frob. 9.33, with A -t JLaf@"-l. The Poynting vector (quoting
the solution to that problem) is

JLoms"-135iN€y 2COSe 2\ . c 2 L2
8 = 2 |-, )2 [(1 "-12r}smucosu + "-Icos u - sm u); (
sine [(-7 + ---;4,3)~inucosu + zcou +z; (sin2u- cosz) r} ,

JLm2"-14 sin2 €

where u ==""-let- riG). The intensity is|(8) = 302~ r2 r, lthe same as Eq. 11.39.
Problem 116
2 2 2 12 JLm5"-14 J.L01416™-14 JLO1fb4™-14 . 21fc

1 R=10Rcos ("-ItF} (P) = iloR = 121fC3=  121fC3 'so.R= 6C3 j or, Since"-F T'

4
R= JQaIeffs = gmiLoc (,‘A) = 3(1f5)(41f x 10-7)(3 X 108)(blA)4 =13.08 X 105(hIA)40.1

Because b« A, and R goes like the fourth power of this small number, R istypically much smaller than the

electric radiative resistance (Prob. 11.3). For the dimensions we used in Frob. 11.3 (b =—5cm and A = 103ill),
R = 3 x 105(5 X 10-5)4 = 2 X 10-120, which is a millionth of the comparable electrical radiative resistance.
Problem 11.7

with Q = 90° Eq. 7.68=} E' = cB, B' = -E/c, g~ = -cge =} mo==g~d = -cged = -cpo. So

E = J.Lo¢molc)™-12

Sine .. 3 Lomo™- j ..
— o A1fc ('r )co{;'{t- rlc)]’r‘i =‘ 41fc|2 (—arne)cos[---..(t- rlc)]ia

- i -2 SINe
B' = -~ - JLofmolg)"-I12 ne 3LomO™12 e
C{ 41f (gr cos["-I(t- riG)] O} = 41fC2 ( r )COS[ It - riG)] O.
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These are identical to the fields of an Ampere dipole (Egs. 11.36 and 11.37), which is consistent with our
general experience that the two models generate identical fields except right at the dipole (not relevant here,
since we're in the radiation zone).

Problem 11.8

pet) = Po[cos(wt) X + sin(wt) y] 2 pet) = -W2pO[COSWX + sin(wt) Y] =
.2 fiop2w4 sin2 ©-. .
[pet)] = wWAp6[co2(wty sm2(wt)] =p~WA4.So Eq. 11.59says S= 1g92c ~r [- (ThIS appears to disagree
with the answer to Prob. 11.4. The reason isthat in Egq. 11.59 the polar axis is along the direction of p(to);
as the dipole rotates, 302 dg ~he axes. Thus the angle e here is not the same as in Prob. 11.4.) Meanwhile,

Eg. 11.60 says L = fiO:::  .1(This does agree with Prob. 11.4, because wehave now integrated over all angles,
and the orientation of the polar axis irrelevant.)
Problem 11.9

At t = 0 the dipole moment of the ring is

Po = J >.rdl =J(>“osn 4»(bsin 4>y + bcos 4x)b d4>= >"on2 (y127r sn2 4>dd> + x 12Ir sin 4>cos 4>d4>)
>"p2(7Ty+0X)=7rb2>..0Y.

Asit rotates (counterclockwise,say) pet) = Pd cos(wt)Y - sin(wt) x], so p = -W2p, and hence (p)2 = w4p6.
_ fi 7Tfi wab4 >..2

Therefore (Egq. 11.60) P = BT QU2 >0 = 06C O

Problem  11.10
p=-ey, Y=-~0t2,s0P=-~get2y; p=-gey. ThereforgEq.11.60):P = gip.(ge)2. Now, the time
it takes to fall a distance h isgiven by h = ~gt2 .3 t = V2h/(, so the energy radiated in falling a distance h

isUrad= Pt = fig{gg)2 V2h/g. Meanwhile, the potential energy lost is Upot = mgh. So the fraction is

f = Urad= fiog2e2 (2h~ = fioe2 {20 = u7rx 10906 x 10192  (2(9.8) _
Upot 6rc VI mgh o 67meV ho. 67r(9.11 X 10-31)(3 X 108)  (0.02) =1276 X 10-22.1

Evidently almost al the energy goes into kinetic form (as indeed | assumed in saying y = ~gt2).
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Problem 11.11

. _ _PoW gcosof y . " _
@ Vi: = _Ellf#toc(-:r:f: )Sm[w(t- rf/c)]. Viot= V++ V.
rif: = wvr2 +(d2)2 =F2r(d2) cosO ~ rvl =Fd/r) cosO ~ r (1 =F2~ COS0).
1o :1:-9:030 :
r:f: r 2r
= dy1 d d d
cosoif; = COSOTFA2) _ o foosop V- (1L cosO =C08011:-0qS20=F-
r:f: 2r )r % r 2r
= ¢0sO=F2~(1- cos20) = cosO=F~ sin20.
sinfw(t - r:if:/c)] = sin{w [t- ~ (1 =F2~C0OS0]} =sin (wto:l: ~: coso) , where to ==t - TiC.

= sin(wto) COB("": cosO):I:cos(wto)sin (~ COSO)!:'kin(wto) :I: ~: cos0cos(Wto).

Vi = =H~ea { (L1 2~COSO)(COSC=F2~sin20) [sin(wto):l: ~: COSOCOSwto)]}
s4i;er {(cosO= ~ sin20:: =~ cos20) [sin(wto):l: ~. cas0COSwto)]}
POW q ] ] - H . .
* 41f€0er [COBOS'H(WIO) -\ COSD cos(wto) :I: 5] (COSR - sin20) Sm(wtoJ
— _ Pow . )
Vtot — A1feoer [V%d COS20cos(wto)  + (CO20- sin20) Sn(wto)]

= - QB [COSQCOS(WtO) + o (coz 0- sin2 0) Sin(wto] .

In the radiation zone (r» wi/c) the second term is negligible, so IV =- .avenc cosDeosw(t - TIC)].

Meanwhile

A = =RjgPowsiniw(t - r:f:/c)] Z
= =FJ1~w{ (1 :I: 2~ COB) [sin(wto):l: ~: COB COS(wto)]} Z
= =FJ1-~~~-\Min(wto):l: ~: cosOcos(wto) :l: ~ cosOSn(wto)] Z.
Atot = A+ + A= - ‘]i'l?rw [V}I:d cosOcos(wto)  + 'r"cosOSin(wto)] z
= e e Jookuo) + wr smlwo)]
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In the radiation zone, |A = _J.Larer2desocoguat - Tic)] Z.

(b) Tosimplify the notation, let 0:== J.LOP;;2dThen

COSD
V. = 0-, cosUJt Tic);
VvV = ~~f+ ~~~0=0:C0S20{- :2 cogUJ(t-rle)] + ~sin[UJ(t-rle)]}
- 2CO@sin 0 3 Udcos2 O . Cr -
+a (2 cofudt - rle)]( =0p- r smfuft- rle)]r  (m the radiation zone)
A = ~c0;0coqUXtTic)](cosOf- sSinO0). ~~ =-0; co; 0sinfUJt- Tic)] (cosOf - sinOO).
E = -VV -~ =-~ dnuxt- Tig] (COSBf - COS2f + sin0cos00)

= 1-0g4JsinOcosOsin[UJ(t-rlc)] O.

_ _1s8 8Ar -
B = VXA—F[Br(rAO)"8O]4

0. 8 ) 8 coso »
— er { 8r(cosOcos UJ(t-rlc)] (-smO»- 80 -:-coUJ(t-rlc)] 1y 4>

= (- sin0CO@)e sinfUJt- rle)];P (in the radiation zone) = 1-or: sin 0 COPsin[UJ(t = rle)];P.

Noticethat B = L(f x E) and E.f =O.

8 = 2(E xB) =1|§: x (fxE) =7 [E2f - (E.N)E] = E2 f

.LoC

= 7 OUdinOcososin[UJt - rlQ)] }Zf- 1=-,* (Qsnoc0 )2
- {re 2 \re
-

. 2 . 2
P = J(8) .da :E_ioe(g'cw) Jsin2 OCOSDsSNOdOdep = ZJioc(géuj) 2rr]J (1I- COSR) cos20sinOdO.
cos® » cossOw 2 2 4
The integrd is - ~ 0o+S o0=3-5=15
1 v a- 2 4 4 Lo 2 6
= 2nLoc £ 216rr2(Pod) UJ2rr15 = 60rrc3 (Pod) UJ.

Notice that it goes like UJ6,whereas dipole radiation goes like UJ4.
Problem  11.12
Here V = 0 (since the ring is neutral), and the current depends only ont (not on position), so the retarded

vectorpotential (Eq. 11.52)isA(r, t) = lHrf I(t -}§-Ic) dI'. But in this case it does not suffice to replace 1Jby
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r in the denominator-that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use Eq. 11.30:

2. r(1+ ;"sin()caS4>-). Meanwhile, dI' = bd4>'$ = b(- sin 4>x + cas 4>y) d4>',and

J(t - 124c) ~ J(t - ric+ (blc)sin (Jcas 4>') = J(to + (blc) sin (Jcas 4>) ~ J(to) + j (to)g‘sin () cas (i

(carrying al terms to first order in b). As always, to =t - rico (From now on I'll suppress the argument: I,
j, etc. are al to be evaluated at to.) Then

~; f ~ (@1 + ~singcas4>") (J +] ~sin (Jcas 4>) b(- sin 4>x + cas 4>Y) d4>'

- Jtb {27r

AMh |
{27r {27r {27r {27r

But 10 Sin 4>04>= 10 cas4>ti4>= 10 sin4d>tas4>04>= 0, while 10 COsZ>U4>= 'If.

- Jtob 0. — Jtob2. r- A
21rr IrQ)[\] _csm()+ r Sm()] T 42smpg * EJ) y.

A(r, t)

I+ T Qs e+ I (o 4>'] (- sin 4>X + cas 4>Y) d4>'.

In general (Le. for points not on the xz plane) Y -t $;, moreover, in the radiation zone we are not interested

sin () .
interms that go likel/r2, so' A(r, t) = A2 [J(t - TIc)] 1= CpO

Ery = -2 --J;gb?p(t- o) ]
B(r,t) = VxA= rsm 0 a) (A</sin () f - “'@ (ra<i {j
— J4tgb2rsm()2§hocosor - -J ( )Sm()(J - A’bZ usin ()

s = 2. (E x B) = toc (JtobZSm() ) (.$ XO) = s (b2| 25|n2() r.

Js da= 1~~3(b2) 2J s~ 0r2 sn0dodas = 1—3 (b2i) 2211)(~) =~~ (bd) 2

2
e . u
= e&wc3 (Note tha m = J'lrb2soin= Jlirb2.)
Problem 11.13
22

@ P = Jya, and the time it takes to come to rest ist = vola, so the energy radiated is Urad=Pt =

togza2 VO - L . . , . — Urad — _JtOg2
M -. The Initial kinetlc energy was Ukin= ~mv5, so the fractlOn radiated 1Sf — d( - 7 aa
IrC in 3'1rmvoc

1 2 1v5 V5 V5
(b) d= '2at = '2aa2 = 2a' sopa= 2d° Then

i = 33iRE3R = SAtaY® sl %A X 18:j3%(108) =12 x 1010
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80radiative losses due to collisions in an ordinary wire are negligible.
Problem 11.14

1 g2 _ V2 1 @

=10 —MA =M=V 4. At the beginning (ro =0.5A),

V- (1.6 X 10-19)2 -1/2 1

~ - [411"(8.8% 10-12)(9.11 x 10-31)(5 X 10-11)] 3 X 108 = 0.0075,
and when the radius is one hundredth of this v/ic isonly 10 times greater (0.075), so for most of the trip the
velocity is safely nonrelativistic.

|,Fromthe Larmor formula, P = Ez I ’ _.Jek;(:z 11-'I[ €61r ) (since a = v2/r), and P = -dU/dt,

where U is the (total) energy of the electron:

o _ 73
U= uin +Up Zom2 - 702 =7 (Zil%‘,(]) aved  aren

1 2 1
go-W = 1l @d_p- @ (1 @ andhence =-- © Y. or
dt 811"€R dt 611"€oc3y 411"€ar2 3c \211"€omc) 2

3 11" €omc 2 2 d 11" €omc 211"€omc\ 2 3
=- C( ) r=>t=—- ( ) r—c( q2 )ro

211"(8.8% 10-12)(9.11 x 10-31)(3 x 108) 11
108 107 — 13 10 |
(3x ) (16 x 10-19)2 1 ©x 3= T (N very ong.’)
Problem 11.15

According to Eq. 1174, the maximum occurs at ~ [(I-S~::S9)5] = O.Thus

2sin9cos9 - 5sn29({3sn9 =0 2 ot~ R 9):5R . 29—5R(1 29)
(1-{ 3cos9)5 (1-{ 3cos9)6 => CO0S .,Cos .,Sm cos
2cas0- 2{Zos29 =5{35{3 cos29, or 3{3COS;9+ 2c0s9- 5{3:O So
- 2:1../4+ 60{32 .
cosO — 6{3 = 3i3 (1:.../1+ 15{32- 1). We want the plus Slgn, Since 9m ~ 900(cos9m = 0) when

. 4 .1+ 15(32-1
st 0 (Flg. 11.12): |9max= cos ( 3 ).

For v~ ¢ {3~ 1, write {3=1- € (where €« 1), an'd expand to first order in €

(VI +~i2 - 1) = 31~€ [.J1+15(1-¢2-1] ~ ~(1+ €) [../1+ 15(1 - 2€) - 1]

= ~(1+€)[V'16-30€-1] =~(1+€)[4../1-(15€/8)-1]]  =~(1+€) [4(1- ~~€)-1]
_ 1 15 Sf 5 _ J€
= §1+€)(3- -g)—(1+€)(1- )~ 1+e- £=1- 5

Evidently 9max ~ 0, so cos9max ~ 1- !9~ax=1- t€ =>9~ax = €, or 9max~ JET2 = 1../(1- {3)/2.1
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Letf = @Pdoy ) - 2B
T (@Pido €M) T (-0 5 )5 - Now sm2 Bmax~ €2, and
(1- BeasBmax)~ 1- (1- €)(1- t§) ~ 1- (L- €- i§) =2€ Sof = €2 (L)S 2- put
(= - 1 c:" 1 48 (5€/4)5

-~ J1- (1 €2- )1 (1- 2€) - y2€6 =>€-= 2(2 Therefore

f = ("‘r ~2'(4 =1 ~ ("‘r 6 =2.62'(8.

Problem 11.16
. P - 92 |~ (uxai12 -
Equation 117258 4o, ~ L8 )5 . Let(3=Vie.
U=Ci-v=Ci- VZ=>~.u=e- v(~. 2) =e- vcasB=e(1- ~casB) =¢(1 - (3casB);
a u=aex .~) - av(Xx. z) —aesin Bcas4>;, U2 =u. U=e2 - 2ev(~' 2) + V2=e2 +v2 - 2evcasB.

~Xuxa = (~au- (~ug
I~x (ux aw (~ @2u2 - 2(u. a)(~ a(~ u) + (- u)2a2
(e2 + V2- 2cv cas B)(asin Bcas 4»2 - 2(aesinBcas.)(a sin Bcas » )(e - v casB) + a2e2(1- f3oss)2
a2 [e1 - (3casB)2+ (sin2BCOS2}e2 + V2,--2cvcasB- 2e2+ 2cv casB|
a2e2 [(1- (3coSB)2 (1- (32)(sinBcosd»2).
dP /Log2a2 [(1- (3coSB)2 - (1- (32)sin2 BCOS2>]
do = 1611"2e (1- (3casB)5

The total power radiated (in al directions) is:

P = | dPdo= ; dP. BdBdA.=/LOga2 [(1-(3COSB)2-(1-(32)Sin2Bcos24>]
do do sm 1" 1611" 2“ (1- (3casB)5 sm BdBd4>.

{21r {21r
But Jo d4>=211"and Jo COS2>d4>=— 11

nogaz I [2(—1(3casB)2- (1- (32)sin2 B] .
1611"260b (1- (XasB)5 SMBdB.

Let w==(1- (3casB). Then (1- w)1(3=casBj sn2B=[(32- (1 - W)2] 1(32,and the numerator becomes

w2 - (1~f2) (32 1+2w- W2) = ;2 [2w2(32 (1- (32)2 2(1- (32)W w2(1- (32)]

= 2 [(1- (322 2(1- (32W (1+ (32w2],
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dw ={3sin0dO=} sin0dO= ~ dw. When 0= 0, w= (1- (3); when 0= 7r, W= (1 + (3),

2a2 1 « (1+{3) 1

P = = %33(1_{3) W [(1- {32)2- 2(1 - {32W+ (1 + {32)w2]dw, The integral is

Int = (1- {32)20:50W - 2(1- (32) :4 dw+ (1+(32) :3 dw

= [(1- {32) 4~4) - 2"(1-(32)- 3~3) + (1+(32X- 2~2)] I::..

~ o 1 - 1 - (1- A3 (32 (1+23(32)- —~

wees - (1+{3)2 (1- {3)2 (1+{3)2(x {3)2 - (1- {322

~ B3 1 - 1 - (1- 3{33{32 (33)- (1+3{3r3(32 (33)- - 233 (32

w s - (1+{3)3 (1- {3)3 (1+ {3)3(1- {3)3 - (1- {323

~ M3 1 1 - (1- 4{3-6{32 4{33 (34)F (1+ 4{3 6{32 4{33 (34)- 8{3(1 (32
wa 3 - (1+{3)4 (1- {34 (1+{3)4( {3)4 - - (1- {324

22 4 1\ -8{(3(1 + (32) 2 7 I\ 2333+ (32 2 71\ 43
Int = (1-{3) (—4 (1-{32)4 -2(1-{3) (3) (1{32)3 +(1+{3) (-2 ) (1-{32)2
A3 2 2

2 2 8 {33
= (1-{322[(1+B)- 38+ @)+ (1+(@)] =3@1- {322

P = pogra2~~ (33 = where = 1 .
167rc {38 (1 - {32)2 I V|- (=

Isthis consistent with the LiE~nardformula (Eq. 11.73)? Here v x a =va(z X X) = vay, SO

v 2 2y 1 p,q2"f6a2
a2- (—C X a) =a2 (1- e ) = (1- {32)a2= 2'az, so the Lh~nardformulasaysP = “65c 7 A
Problem 11.17 5

(8) To counteract the radiation reaction (Eq, 11.80), you must exert a force Fe = - fGQ,%a
For circular motion, r(t) =R [cos(wt) X + Sin(wt)y], vet)=r = & [- sin(wt)x + cos(wt)y];
a0y =V =-&2 [cos(Wt)x +sin(wt)y] =-wzr; a= -w2r = -w2V. So Fe= fdJgaWv.

2
Pe= Fe¢ V= ~w2V2 || Thisisthe power youmust su%plél.

Meanwhile, the power radiated is (Eq. 11.70) Prad = f.joga , and a2 =wdr2 =w4rR2 = W2V2,s0
2
Prad= fé]}gCWZVZ, and the two expressions agree.

(b) For simple harmonic motion, r(t) = Acos(Wt)z; v = r = -Aw sin(wt)z; a=v = _Aw2 cos(wWt)Z =

-w2r; a = -w2r = -W2V. SOIFe = fg@paw2v; Pe = fdOp@2V2.1But this time a2 = w2z = WAA2CO2(Wt),
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whereas  cv2V2 = c.v4A2sin2(c.vt), sO

2 2
Prad = 18 cwir2 COR(ew) - Pe = Iog CVAA2SIN2(C.w)j

the power you deliver is not equal to the power radiated. However, since the time averages of sin2(wt) and
COX(c.vigre equa (to wit: 1/2), over afull cyclethe energy radiated isthe same as the energy input. (Inthe
mean time energy is evidently being stored temporarily in the nearby fields.)

(©) In free fall, v(t) = ~gt2y] V=gty; a=9y; li= O. SolFe= 0; Ithe radiation reaction is zero, and
2

hence . Pe= 0.1But there isradiation: Prad= lgtgqg2. Evidently energy isbeing continuously extracted from

the nearby fields. This paradox persists even in the exact solution (where we do not assume Vv « ¢, asin the
Larmor formula and the Abraham-Lorentz  formula)-see Prob. 11.31.

Problem 11.18

@ 'Y= cv2T,and T = 6 X 10-24 s (for electrons). Is 'Y« cwv(i.e. isT « Lcv)? If cvis in the optica region,
cv= 2~v = 2~(5 X 1014) = 3 X 1015} l/lw = (/3) X 10-15 = 3 X 10-16, which is much greater than T, sothe
damping isindeed "smal". f

(b) Problem 924 gave ~w 2:!'Y —wsr = [2~(7 x 1015W(6 x 10-24) =11 X 1010 rad/s!  Since were in the
region of c.vo- 4 X 1016rad/s, the width of the anomalous dispersion zone is very narrow.

Problem 11.19
F dv da F dv

[v(to + E)- v(to - E)] = T[a(to+ E)- a(to - E)]+ rﬁave where Fave is the average force during the inter-

val. But v is continuous, so as long as F is not a delta function, we are left (in the limit 10-+ 0) with
[a(to+ E)- a(to - E)]—0O.Thus a, too, is contmuous ged
: da da 1 da

/
(b) (1)a—Ta Srdt 5 ~ = -5dty ~ = -;f dt5 Ina =1 +constant 5 .a(t) =Aed T, whereA
is a constant.
.. . F da _ F da 1 _t F _
MMa=Ta+- a3 T =—a-- =z —-dt 3 In(a- F/m) =- + constant =} a- - —
m dt m a- F/m T T m

Bd/T = .a(t) = — + Bd/T, .where B is some other constant.

(iii) Sameas (i): . a(t) = Cel/T, where C isathird constant.
© Att=0,A=F/m+B;at=T, F/m+Bel/T=Cel/T=}C= (F/meT/T+B. S0

[(F/m) +BJel/T, t 11,03
at) =< [(F/m) + Be/T] , a:stsT,
t? T.

[(Fim)eT/T +B] &,

To eliminate the runaway in region (iii), wed need B = -(F/m)e-T/T;  to avoid preacceleration in region
(i), we'd need B = -(F/m).  Obviously, we cannot do both at once.
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(d) If we choose to eliminate the runaway, then

()= (F/m)[I -

(F/m) [I - eT/T] et/T, t:50J

a(t): (F/m) [I—e(t—T)/T] , 0:5t 15T;

0, t~T.

eT/T] . et/Tdt = (Fr/m) [I - eT/T] et/T+ D, whereD isa constant determined

by the condition v(-00) —0=>D =
(@it) v = (F/m) [t- re(t-T)l'Fl- E, where E isa constant determined by the continuity of v at t =—0:

Frm  [I- eT/T] =

(€)

F/m
e-'IT)

(F/m) [-re-T/T] +E =>E = (Fr/m).

(Hi)v is a constant determined by the continuity of vat t =T: v =(F/m)[T +r = r] =F/mT.

a(f)

Problem
_ Jlo(a/2)2 int  or>end Jlog2. J1.0g2.
(&) From Eq'” 0, Ffegg - euc 4 ) Ffad Ffad+ 2rrad = 6116[2 + ( )] = 6lla ./

(Fr/m) [1- eT/T] &t/r, t:50;

v(t) = { (FIm) [t+r-re(tT)T] , O:5t5T]
(FIm)T, t~T.

ullchar!(.d particle:
vet)
charged particle

(N2 wmyy

chargoo particle
(with radiation rcaction)

(b) Frad = 16. o ) 2AdYI" (Running the Y2

integral up to Yl insures that Yl ~ Y2, so we don't count the dvl
samepair twice. Alternatively, run bothintegralsfromOto L-

intentionally double-counting-and divide the result by 2.) )dY2
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Ffad = f..Lc;a(4A2) - vl dy| = f..Lda(4A%l:2 = f--L(G\L)%.Z f L(ZJQ. J
12 rre L e 2 6byrc 6-rrc
Problem 1121

(@ This is an oscillating eectric dipole, with amgliaude Po= gd and freqguency W= vk/m. The (averaged)

2(3
Poynting vector is given by Eqg. 11.21: (8) — (f..L;::~) si;2 I, so the power per unit area of floor is

and r2 =R2 + h2.

_ _ filopswa \ SN2 (Jcos(J . _R _ h
|, = (8).z= (32-rr2C) o But sn(J=x, cosJ=r,

— .LOg2d2W4 Rzh
( 32-rr2c ) (R2 + h2)5/2.

dl, d R2 2R 5 R2
dR =0= dR [(R2 + h2)52] =0= (R + h2)52 - 2 (R2+ h2)1/22R =0 =>

(R2+h2) - ~R2 =0=>h2= ~R2 => R = V2/3h, for maximumintensity.

(b)
p = J J -.Lo(qd)2w4 rx> R3 e x ==R2 :
I,(R) da=VI,(R) 2-rrRdR= 2-rA, 32-rr2c Jh10 (R2+ h2)5/2dR.
roo R3 1 roo X 1 r(2Qr(1/2) 2

10 (R2+h2)52dR =210 (x+h2)5/2x=2h r(5/2) = 3h

which should be (and is) half the total radiated power (Eg. 11.22)-the rest hits the ceiling, of course.
(c) The amplitude is xo(t), so U = ~kx5 isthe energy, at time t, and dU/dt = -2P isthe power radiated:

d = f.lowq, _ d — _fLOWAGR2 — 2 U2 2. _
¥ dt (X%) pa, = o (%) W %;g) - -/I,X0 =X, = d&i  or xo(t) = de-1<A2.

2 —1:2=rrcq 0 6-rrkc
T=-2-.m 12rrkc 2 12-rrcm2
I, f..Log2k2 f..Log2k

Problem 11.22 ” 4 )
.Lomowy sm (I~

(@ From Eq. 11.39,(8) = { 32-rr2C3-;:2 r. Heres'm(J:

Rir, r = yR2 +h2, 9ng the total radiated power (E- '
g 11400 is P = f.{xnpe~ So the intensity is I(R) = R
12P R2 3P R2

32—rr) (R2 + h2)2 = &;:"(R2+h2)2.

(b) The intensity directly below the antenna (R = 0) would (idedlly) have been zero. The engineer should
have measured it at the position of maximum intensity:

d - 3P 2R 2R2 3P 2R
dR - 8-rr[(R2+ h2)2- (R2+ h2)32R = 8-rR2+ h2)3(R2+ h2- 2R2)=0=>IR=h.1
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tt IS ocatlOn t e Intensity IS = 81112n2)2 =7
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(©) Imax= 3~::(~0~~) = 0.026W/m2 = 12.6-LMm2.1 . Yes, KRUD is in compliance.!

Problem 11.23

(@ met) =M cosl/¥ + M sin/J[cos(""tx + sin(""t) y]. Asin Prob. 11.4, the power radiated will be twice
that of an oscillating magnetic d~pole with dipole moment of amplitude mo — M sin 1/J. Therefore (quoting

[-LM2",,4 sin21/J

Eqg. 11.40): /P = 0 611"c3 .1(Alternatively, you can get this from the answer to Prob. 11.12.)

/-LoM
(b) From Eq. 5.86, wlthr ~ Rm~ M, and ()= 11"/2B = 41R3' s0

M= -B

(411% 10-7)(1.3  x 1023)2sin2(11°)

411R3  1- 411"(6.4"1166)]§fg x 10-5) =11.3X 1023Am2.1

211
©P= 611"(X 108)3 (24 X 60 X 60)4 =14 x 10-5WI (ot much).

(d P - /_LO(MIIR:B(giLc?) 25A21/ > EJLOCS

811".
P - 3(411% 10-7)(3 X 108)3 [( 10- 3)2(104)3(108) 2+712X 1036w (dlot).
Problem 11.24
(@A 1) =~ a K~r) da

=soz| kar  211°rer
411 wi2 ¥ X2

= }Lozl K(t- vr2 + x2/e) r dr.
2 vr2 + X2

The maximum r isgiven by t - V'r2 + x2/e =0,
Tmax Je2t2 - x2 (since K(tf) =0fort <0).

(i)

A(X, t)

E(x,t) -THn =, -v4,0k0e  fOret>x, andO, foret < x.

B(x,t) = VXA=-aa~% = JLOOy, Ifor et > x, and 0, for et < x.

rm r
/-LoKo =/ = /L
2 10 V2 + der /L%Oz‘]rz * XZAE)m g (‘J rh

(",,R3B sin 1/Jp. Using the average value (1/2) for sin21/J,

- x) :/—LoKoéet- X) :
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(if)

Ax t) = Loa gm (Eyr2ex) g —ploaz p om o T g ] rdr
K , 2 Y2 o+ X2 2 [ Y2 o+ X2 ch 1
= /"an[t(ct S %) - JelC22- X2) = ger (2 20x + c2) = LoaQ )2z
aA  /-Loa(x ct
Ex, ) = -~y = ( ) , forct>x, and O, for ct < x.
B(xt) = vxA=_aa-Zy=Il-~(x-ct)y,lforct>X, and 0, forct<x.
11 1 1
(b) Let u == (\/I’Z +x2 - X) sodu = [zyrz +X2 2rdr] = Cyr2 +x2 dr, and
yr2 + X2 X /-Lod [~o0
t- c =t- ~-u,andasr :0-* 00,u: 0-* 00. ThenA(X,t) =~ Jo K \t- ~- u)au ged
a X X
E X, t /-Lod  roo a X
.9 = at ~ Jo atK(t-~-u)au ButatK(t- ):-au<(t-~-u).

/-LoC

a
= 2 LK (t---lé ) du=-z, [K (t---léoz) * = [K{t-x/c)-K(-00)] z

= |-yK(t-x/c)Z, [if K(-00) =0].

Note that (i) and (ii) are consistent with this result. Meanwhile

B(x, 1)

T ax cau

A _  Ioc ~ 0 a X X _ X
V=31 -K (t--c-u)au. Buté% (--C-u)—-l-lg (t--c-u).

/-Lo 00

a X /-Lo . X 00 Lo
= % LK (o )dmyg (T = KEXo-Keooly

= ~K(t - Xc)y, [ifK(-00) =0].

S = :0O(ExB)=:0 (/-Lt) (<O)K(t - x/c) [-Z xy] = /-L~K(t - X/c)]2X.
This isthe power per unit area that reaches x at time tj it left the surface at time (t - x/c). Moreoveran

equal amount of energy is radiated downward, so the total power leaving the surface at time t is y [K(D)]2.
Problem 11.25

- B 9y E= e 1 92,._ 1 -92 /-Loc2q2:. /-Loc2q$
p()=2q2(0iP=2q2 F=mz= 47rE0(22|Z_" A7echmz 2=-16  7rmz 2iIP=--  87rmz 2
- 23 2
UsmgEq.11.60,thepowerradiatedisP= Sac é;;’c(é;‘;% qzz) _ 6(455;“”(121_ W) &n 2

Problem 11.26
With a = 90°, Eq. 7.68givesE' = cB, B' = -~E, g~ = -cge. Usethisto "trandate" Egs. 10.65,10.66,



and 11.70:

E = e(~XE) =x(-eB")=-&(~xB)).

B = E_ 1 ge 1-
= TETTTT earr £03i..1)3 [(e -V2)U+Ji x(uxa)]
1( g /¢ I- Jogt.  1-
= --e -4mreo (Ju u)3 [(e2- v2)u+Ji x(uxa)] = 411 (.. u)3 [(E2Vurix(a)].

PN () e

Or, dropping the primes,

B(r,t) = JGM -(Ji.f-u)3 [ = vau +ax (Uxa) .
E(r,t) = -c(~ xB).
P =

MSites

Problem 11.27

(@ Wext = /F dx =F IT vet)dt. FromProb. 11.19yvet) = ~ [t+r - ret-T)/T]. So

F2 T T T F2 t2 T
Wext = ;. [10 tdt+r 10 dt- re-T/T 10 et/Tdt] = [2"+rt - reT/Tret/T] .0
F2 1

1
= 5t (2T2+rT- r2eTT(€TT- 1)) = g (2T2+1T - r2+ rZeT/T).

(b) From Prob. 11.19, the fina velocity isvi = (F/m)T, soWkKir g@m\] = -fnZ'f_l'g = om

JLog2a2
(c) Wrad= JPut. Accordingto the Larmor formula, P = ,601ql . and (again from Prob. 11.19)

- (Fim) [1- eT/T] &t/T, (t::; 0);
aCt=

{ (F/m) [1- etT)/T], (OtsT),

211
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2 F2 2,0 1’ 2

Wrad Bagh ((1- €T J_oertIr dt + |a [1- et dty

F2 2 T 0 (T (T (T
T-50y (1- eTIr) (2e2tly  .-00 +JO dt- 2eTIr Jo etlr dt + e2TIr Jo e2tlr dt}

T2 [~ (- eTr) 2+ T- 2eTIr (Tetlr) I~+ e2TIT (~e2tlr) I~}

= T2 [~«(1- 2eTIr +e2Tlr) +T - 2Te-TIr (eTlr -1) + ~e-2TIr (e2TlIr -1)]

TF2 1 Tir T 2Tyt Tir T T 2Tr

T|r
2
i [r2 - Te- + "2e- + - T+ 2Te + "2- "2e- I = g2 (T -1+ Te

Energy conservation requires that the work done by the external force equal the final kinetic energy plus
the energy radiated:

F2T2 TF2 F2 41
wkin + Wrad = ~ + ---;:;:;:(T- T+ Te-Tlr) = - ('2T2+'|_|' - T2+ T2e-TIr ) = Wext. ./

Problem 11.28

f

_ k . _ et da K o _ k
(@) a=To'+ -8(1) =>J_f a(t) dt =v(€) - v(-E) —TJ_f G dt + -mJ_f 8(t) dt =Tae) - a(-E)] +;ﬁ

If the velocity is continuous, so v(€) = v(-E), then . a(€) - a(-E) — /;;;.1
k
Whent <0, a= To'=>a(t) = Aetlr; whent>0, a= To'=>a(t) = Betlr;, ga=B- A=-mT
k .. Aetlr, (t<0);
=>B = A- mT" sothe genera solutlOnIS a(t) ={ [A- (KmT)] etlr, (t>0).

To eliminate the runaway we'd need A = k/mT; to eliminate preaccelerationwe'd need A = O. Obviously,
(KmTetlr (< 0)

you cant do both. If you choose to eliminate the runaway, then .a(t) = { O, , (t>0):
-t k o«t k L o
V(t) :J_OO a(t) dt = mT J—OO etlr dt = T (Tetlr )‘_00 - ;netl’ (Ort < )’
_ _ o —  (kKmyetlr, (t<0);
fort > 0,v(t) = v(O)+ ﬁ a(t) dt = v(O)= = So V() { (Km), (t>0).
_ _ - - 0 (t<0);
For an uncharged particle we would have a(t) = 'ﬁ_ﬁ(t), V(1) _J—E)O at) dt = { kM), (t>0)

The graphs:
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a(t)
v(t)

neutral neutral

(b)

Wet = / Fdx =/ Fvdt :k/ 8(t)v(t)dt =kv(0) = .

win = bay==Im ()2 2
k2
Wext = /Praddt- Jto%/[a(tht- rm ( ) 100 e2t/Tdt = (GZUT ) B r-r:r 5 _-2.m

Clearly, Wext = Wkin + Wrad. ,f
Problem 11.29
Our task isto solve the equation a =ra + |Jo[-8(x) + 8(x - L)], subject to the boundary conditions

(1) x continuous at x —0 and x —Lj
(2) v continuous a x —0and X = Lj
(3) ~a =-3:Uo/mrv (plus at x =0, minusat x = L).

Thethird of these followsfrom integrating the equation of motion:

dv da Uo
ddt = rf dtdt+ m [ [-1500+80L)]dk,
Uo dt
~v = r~a+m/J [-8X) +8(x- L) dxdx =0,
o = =50 1809+ 80c- L)l dx=-3ge

In each of the three regions the force is zero (it acts only at x =0 and x = L), and the genera solutionis

a(t) = Aet/Tj vt) = Aret/T +Bj x(t) = Ar2et/T + Bt + C.

(I' put subscripts on the constants A, B, and C, to distinguish the three regions.)

Region Hi (x >L): To avoid the runaway wepick A3 =Olhen a(t) =0, v(t) = B3, x(t) = B3t+ C3.Let
thefinal velocitybe vi (= B3), set the clocksothat t = Owhenthe particleisat x = 0, and let T be thetime
it takesto traverse the barrier, sox(T) = L = vIT + C3,and henceC3=L - viTo Then

at) =03 VO =VIZ x®) =L+t - T, 1 (t<T).

>
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Region ii (0 <x <L): a= A2et/T, v= A2ret/T + B2, x = A2r2et/T + B2t + C2.

Uo Uo

@ 3 0A2 VT= -} A=-e “TT
mrvi mrvi
2 B — al =" + . = - -
(2 o v e +B2=- FB2yg B2 =V - -
- 2 T/T — Uor UoT — o]
1 o — — - - — - - I
) =2 L=A2r"e  +B2T+C2 iy +VIT oy + C2 VIT+nQ\JA T) +C24
CZZL-VIT+-n{‘:\If|) - ).
cy = ~et-NHIT
aCt) mrevﬁ T) i
ve) = v+ Up SEDT - 1]; O<t<T).
= - ret-T)/T - t+T-r.:
.x(t) L + viet T)+rrl1{/|0[e(T) K

[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we're
interested here in the regime where it doestunnel through.]
In particular, for t =0 (when x =0):

=L- + 1 - - = - +71-
0o=L vIT+nl#/p[reT/T T oy L= o [T T r . Qed

Regioni (x <0): a= Alet/T,v = Alret/T+ B1, x = Alr2et/T+ Blt + C1.L et Vibethe incidentvel ocity
(a t -+ -00); then Bl =Vi. Condition (3) says

_er T/ A1~ Uo

mrvi " mrvo

where Vo is the speed of the particle as it passes x — O. From the solution in region (ii) it followsthat

Vo=vl + nl{/? (e-T/T -1 ) But we can also express it in terms of the solution in region (i): Vo= Alr+vi.
Therefore

—_ Uo -T/T Uo -T/T Uo Uo -T/T
P = - - 1\- Alr=vi+- - -
vi VI+- (e 1)- Alr=vi+- - (e 1)+-—e
Uo Uo Uo Vi Uo Y
= vi-ml +mo=VI- mv ( Vo)=v| -mv {1 vl + (Uo/mM) [eT/T-1] }
Uo |

- V- - 1- Qed
- m ¢ 1+ (Uo/mvd)[e-T/T- 1]} .

If 'mvd = 1Uo,then

L=VT -Vl [reT/T+T-r] =VvI[T-reT/T-T+r] =rvl (1-eT/T);
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=Vf -VI [1- 1+e/T -1 =vf (1-1 +€TT) = vieT/To
Putting these together,

~ =1-eTT :}eTT =1- =~ :}ellT= 1 2P Vi= vf . Qed
™ Tvf 1- (L/TVA) 1- (LWFT)
Vi 4 KE-
In particular, for L = VIT/4, Vi= 1- 1/4 = '3Vf'so KE;, = ~mv} ( ) ="9:}
16 161 8
KEi = -gEf = -990 = éJo.
Problem 11.30

-
(&) From Eq. 10.65,El = (g/2) . )3 [(c2- V2U+ (Ji.au - (Ji.ud. Here u Zoi - V,Ji= Ix+dy,

V=Vx, a=ax, 0Jd.V=1y, J.a=la J.u=0Il-J.V=0Il- tv. We want only the x component. Noting
that Ux = (C/lI-} v = (- VII-)/llwe have:

q I- 1 2 2
El. = 81r€o0l- IV)3 [He - V||-()c SV 41 - a0l )]

= 8lreqm-11\V)3 [(e- VII-)(G2V2)+ el2a- vil-Laam2+ aim] . But 11-2 12+ d2.

Biyeqm -11 Y3 [(d- VII-)(G2V2)- acd?].

Fself = Iilr€0(0'|—|l)8 [(el- VII-)(c2 V2)- acd?] x. (This generalizes Eq. 11.90.)

NowxCi)- x(tr) =1 =vT + !aT2 + !'aT3 :+"', whereT = t- iT>and v, a, and a are al evaluated at the
retarded time tr.

CN2 =1-2 12+ d2=d2+ (VT + EaTZ + gaT3? = d2+ v2T2 + val3 + §VaT4 + Za2T4;

C2T2(1- v2/C2)=c2T2/'l =d2+val3 + (~va + ~a2) T4. Solvefor T as a power seriesin d:

"Yd 2 'Y 2~ "(3d3 a a2y
T=- (1+Ad+Bd2+.) 4 %6‘ (1+ 2Ad + 2Bd2 + A2d2) = d2+va~(d+3Ad)+ 3 -4r) 4d4.

1 "3 3va'(3

Comparing like powers of d: A =2va C3; 2B + A2= ~A + G/'3+ 4") c4'

— WA A N ! " A= " : -2 ~ .
28 dval(3pva - Jvee2 yo+ v c&“ A= e e (" CZ) Ty
— @ va _ a2y v2 V2 _ 'Y4 Va _ 'Y2a2 2

- C4[3+-4 (1 +6; )] _-204[3+-4 (1+4-c2)]'

"(d va @ v4 Va o "(2a2
T = ~{l+2@d+a s +4 (1« 4c2) ] d2} + ()d4+ ... (generdizing Eq. 11.93).
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vT+-;aT2+-é1T3

CHAPTER 11. RADIATION

= W g @l 0 Y%y 42 d2 + 222 1+ vl R
(7 2¢3 2c4[ 3 4 c2)] Z c2 [ 6 C3
= ) ays g _ V2 2 vy )4 Va _)2a2 \ '3
(/)d+2C2( " C2 o+ {2cC4;3 4 1 4 ]a\%% C+
, V2 V)42l V2 v
('(':)d+ (azcz)d2 263 (3 (1+ )202) 2Tt ) d3
vy a 5v)2a2
('c )d+ (azcz) a2+ 2c3 [3+ 4 d3+(jad+...
_ e va,')'3 )4 Va
It = cT= )d{1+ chg * Sea 3 )a (4 CZ) +()d4+...
- L 2 a’y4 2 'ysv a, b5v)2a2
ctlv. = c)yd+-d, 203 f)a (4 cz) dgj 2c2 T 23 (374 (:2]‘]'3+
g vy s Va va 5v2)2a2
- C)d(l" cz) +‘2c3['§)2‘32 (21+' cz) 3 4 C2 ]d3+"'
= ,-)Cq+'-);af:§';2 + () da+ ...
ay 5v)'2 2
d- Vit = vyd+ % + 2’C52 (a+ 4V)Caz)d3 v)d - V-Zﬁ“cs - \;)c54 ot )2a2( 02)]
_Ya)4 a 5v)2a2 v2a v)za2 1 V2
- ( )d2 202[3 2 c3 @ (77 ) ¢ +(d
- 2 vz 5 1 V2 &+0d 4
(a ) 2c2[3)2 c2 (4 4 cz)]
\/')32
( )d2+-202(i‘ )d3+()d4+
-3
a2 _
@3 = 5 (1+-38254 N - (&d) (1-3-dg 9 )+

Fself

= .92 1-- a )6a2 gc V) 2
87onc3d ( ) (a d]
- @ )31 V') 2
- é?on'csd'z[' )(3 OI+()dZ+--.]X
- yaoa. v') .
- 47on [—) acd T aca ( st o )T 0d 1 (generalizingEq.

Switching to t: v(tr) =wv(t) + v(t)(tr - t) + ...

doesn't matter-to  this order-whether ~ we evaluate at t or at tr.)

L (1 )3 1 3)6a2c2 D2 Vg + L f~+ vy22 Y& o - acd2. X
g7tEo\cd {[ 2c2\3 @ 1 )2 }

11.95).

= V(1) - a®)T = v(t) - a)'dfc. (When multipliedby d, it
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1 [V(n]2= 1~ [V()2-C;Va'(dick [1- V~—2] (1 + 2a~td), 0
-1/2

« [1-(v(ir)) ="((tX1-Va;: d); a(tr)=a(t)-Tit=a(t)_a;d.

Evaluating everything now at time t:

Fself

S LR @0 3EEY @- it 4 @ (;‘+Y'(232 + ()P +o X

411"€q 4c2d 4c3 3 c2 ...]
I "G @3 it" va2"'(2 "(4 it V'(2a2

= Jireq Ad 42 ('5" T3 ) T acs ('3+' ) +()d+,.. 1
_ 02 "(3a "4 . it va2'(2  V'(2a2
= a11vep A 4c3 (2T 33+, @2 )+Od+ 1*

"(3a "(4 va2"'(2

= lel"ﬁo Zcdt 3¢ (|t+ 3-& ) +()d+.. ] X (generalizingEq. 11.96).
The firsl2 term is the glezctromagnetic mass; the radiation reaction itself isthe second term:

Fi~j = ~~c "4 (t + 3va02"() (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is

va2"'2
Frag= JéLOq2 4 (t + 31, )
11" c2

3"(2a2v JLg2
(b) Frad = A"(4 (t + ~ ),where A==6:.c P = Aa2"(6 (Eq. 11.75). What we must show is that

12 2 @ v2a2"(2
It' Fradv dt = - o Pdt, or Ih "(4 (tv + 3"' )dt - t az'(6 dt

(except for boundary terms-see  Sect. 1122)
2

e d
Rewrite the first term: ItJ "(ditvdt —I ((4v) d dt = (ava., - Iﬂ d, ("(4v)adt.

t!

d 4 3d'( 4  d( d 1 1 1 2va va'(3
Nowdt("(V)=4"( dtv+"(aj  dt =dt (y1 v2e2 ) =-2( v2Jc2)3/2 ( =~So0
d va'(3 V2
dt("(a) =4"@v~ + "4a ="(ea (1' c2 +4c2) =6a (1+ 3(:2)

t2 t©2 t2
[ "(ditvdt =r(ava |, - Itl "ea2 1+ 32" dt, and hence
(12 3'(2a2:12 I V2 a2 _ i 2

_ dt = @va - I "(6a2dt. Qed
it "4 \itv + c2 )dt—"(4va 'w +0h [6a2 \1+ 3—;;2)+ 3'(67 1 ! h
Problem 11.31
226 2t
(@ P =siom'c (Eq. 1L75). w =yb2 + 212 (Eq. 1045); V =tV = yp2 G c2t2;

. 2 c2t(C2Y) 2 2 22 ) b2c2
a=v=yb2 +c2t2- (b2+ c2t2)3/2= (b2+ 02t2)3/2(b +ct - ct = (b2+ c2t2)3/2;
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2 1 1 b2+ c2t2 1
, = 1- w2 = 1- [c2t2)(b2+ c2t2)] = b2+ c2t2 - c22 = b2 (b2 + C2t2). So
- J10g2 b4c4 (b2 + c2t2)3 g2c
P - 611"¢b2+ c2t2)3 1:2:(25 =~ ‘Yeﬁ, it radiates . (in fact, at a constant rate).
24

— 3 H j—
() Frad = JL0Q, (a+ T2 )J T2 28 G2 - 02 ¥)5/7 é* 3,202y )

- 3b2c4t 3 (b2+ c2t2)  bach c2t.
(b2+ c2t2)5/2+ C2 b2 (b2+ c2t2)3../b2+ c2t2 = 0.1Frad= 0.1 . No, the radiation reactl oniszerol



Chapter 12

Electrodynamics and Reativity

Problem 12.1
Let u be the velocity of a particle in S u its velocity in 5, and v the velocity of 5 with respect to S
Galileo's velocity addition rule says that u = U+v. For a free particle, u is constant (that's Newton's first
lawin S).
(@) If v isconstant, then u = u-v isalsoconstant, so Newton'sfirst law holdsin 5, and henceS isinertial.
(b) If S isinertial, then u isaso constant, sov = u - u isconstant.
Problem 12.2
(@ MAUA + mBUB —mcuc + mDuDi Ui =Ui+v.
MAUA + V) + mB(uB +v) =mc(uc +v) + mD(uD + v),
mMAnA + mBUB + (mA + mB)v = mcuc + mDuD + (mc + mD)v.
Assumingmassis conserved, (mMA + mE) = (mc + mD), it followsthat
mMAUA+ mBuB =mcuc + mDuD, so momentum isconservedin 5.

1 2 1 2- 1 2 1 2

(b) 2mAUA + 2mBUB - ZmcuC + ZmDub  =>
IMA(U~ + 2UA" v + V2)+ ImB(U~ + 2UB' v +Vv2) = Imc(ub + 2uc' v + V2)+ ~mD(ub + 2UD'v + V2)

ImAU~ + ~mBU~ + 2v. (MAUA + mBuB) + IV2(mA + mE)

= ~mcub + !ImDub + 2v. (mcuc + mDuD) + ~v2(mc + mD)'

But the middle terrys are equ?I by cons%"vation of momentum, and the last terms are equal by conservation
£ P N A N A AN A
0' mass, so Z2mAuA T 2mBuB = 2mcuC 2mDuD' g€ ~

Problem 123
(@ Va =vaB + vBC JVE T LVABRRG - Va -~ )=~,. ="
In mi/h, c¢= (186,000 mi/s) x (3600sec/hr) —6.7 x 108mi/hr.
. ~va = (6@ien)2 =67 X 1016 =>167 x 10-14% eror , | (P y Smalll)
[10].
(b) (‘c+ic)/ (1+~.i) = (~¢)/ en =1..!rJ (stllliessthan c).

(c) Tosimplify the notation, let /3=2/AC/C/31=2VAB/e, /32==vBcle. Then Eq. 12.3says. /3= {~%~;@r:

2= AP Y Y G T Mg T A
219
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where ~ ==(1-, 8f) (1~ ,8~)/(1+ ,81,82)s clearly a positive number. S0 ,82< 1, and hence IvVAGI< ¢c. ged
Problem 124

(8 Velocity of bullet relative to ground: ~c+ Ic = ~C= ~(C.
Velocityof getawaycar: ~C= 192CSince Vb=>vB' . bullet does reach target.!
ac+
(b) Velodity of bullet relative to ground: 1, = T = Tc= 28c.

Velocity of getaway car: ~C= ¥Bc. Since Vg > vb, . bullet does not reach target. .
Problem 125

(& Light from the 90th clock took i~~~8°:'/S= 300s —5 min to reach me, so the time | see on the clockis
111:55 am. .

(b) 1 observe 112 noon. |
Problem 126

light signal leaves a at time t; arrives at earth at time ta = t~+ dalc,
{ light signal leaves bat time t~; arrives at earth at time tb = t~+dblc.

~t=thta  =t—t~+ (dbgda) =~t+ (v-t'osO) =-t [1- ECOSO] :
(Here daisthe distance from a to earth, and dbisthe distance from bto earth.)

y - vsinO ~t vsinO.. )
~s =v~t Slo=(1- VMccos0); U= (1- €cos0) 1isthe the apparent veloCity.

fey= V(- ~cosg)(cos),sinO(~ sinO)] = O} (1~ FcosO) cosO = ~ sin20
-3 c0sO= {8 0+ co$0) -VC

0 -1( I): A h ©a W1-v2/c2 v
- max=COS 'Vt © tt 1SmaxIm ange u= 1v2/c2 = V1-v2/c2
Asv ~ C, U~ 00, becausethe denominator ~ 0, eventhoughv < c.
Problem 127
The student has not taken into account time dilation of the muon's "internal clock™. In the laboratory, the

muon lasts 'YT=...; 1-vP/c2 , where T isthe "proper" lifetime, 2 x 10-6 s. Thus
d

d
v= = -vl-v2/c2, whered= 800m.
TLA- V22 T

2 1
(Ij)z V2 =1 \;22; V2 [(;Zl) + ez] =1 v2 = (rld)2 -:il- (Ve)2
1

Ve Te- (2x 10-6)(3 x 108)- ~-~. 2 - 1 - 16
c2= 1+ (Tcd)2; d - 8.00 -8-4 2-1+916- 25 |v=~el
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Problem 12.8

() Rocket clock runs slow; so earth clock reads 'Yt — Vivizic2 . 1hr. Here « = Vivi.ic2o = “Tozs =_

.. According to earth clocks signal was sent 11 hr and 15 min | after take-off.
(b) By earth observer, rocket isnow a distance ac) (~) (1 hr) = ~c hr (three-quarters of a light hour) away.
Light signal will therefore take ~ hr to return to earth. Since it [eft 1 hr and 15 min after departure, light
signal reaches earth 12 hrs after takeoff.!

(c) Earth clocksrun slow: trocket= -+ (2hrs) =~ . (2 hrs) =12.5hrs.1
Problem 129

1
c=2vab The 0=l = Ve Glozviiy 1210 5 =8, =g gy = VS
Problem 1210

Say length of mast (at rest) is 1. To an observer on the boat, he|ght of mast is[sin O, horizontal projection
is [cosO. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to I cosO.
Therefore:

[sh 0 . -tan 0
tan 0= 1 =.atan0, or tan0=
:ycosO | VI - v

Problem 1211

Naively, circumference/diameter — ~(27rR)/(2R) —trh =7rVI- ((;JR/C)2- but this is nonsense. Point
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a
specific model for the internal forces holding the disk together.

Problem 12.12

(iv) =>t =~ + ~. Put this into (i), and solve for x:

X ="YX ‘Yv(::y+ e2) = ‘Y>(1- e2) Svi="wlh2 vi= Xy VE X = 'Yex i), .
Similarly, (i) =>x = i§+ vt. Put thisinto (iv) and solvefor t:

t='Vt- -eZ(X+Vt) = Yt(l' . ) ‘85 :-'-tl' _c)é;- 1t="Y(1+~x).1..(

Problem 12.13 -—~
Let brother's accident occur at origin, time zero, in both frames. In system S (Sophie's), the coordinates

of Sophie's cry are x = 5X 105m, t = O. In system .5(scientist's), ='Y(t - ~x) = -'YVX/C2. Since
. S0

this is negative, Sophie's cry occurred beforethe accident, in5. - = V1-(12/132 = v'16~344 = f3

f=- (') (He) (5x 105)/c2 =-12 X 105/3 X 108 = -4 X 10-3. 14 X 10-3 s ealier.

Problem 12.14

(& In S it moves a distance dy in time dt. In.5, meanwhile, it moves a distance dy = dy in time d =
"((dt - ~dx).
dy dy (dy/dt) - uy - Uz
d =Y(dt- ~dx) ="l ~~-) jor.Uy= "1(1- 7) ;Uz="11- 7y
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By teny == = - Q))( (1) 1= RO

In this case U = -ccos{}' U =csin{}=}taniJ = 1( -wno )

1 sin {} - 0
tan {}—v (cos{}+vc/ . [Compare tan {}—'Y~<Din Prob. 12.10. The point isthat velocities are sensitive
not only to the transformation of distances, but also of times. That's why there is no universal rule for

trandating anglesyou have to know whether it's an angle made by a velocity vector or a position vector.]
Problem 12.15

) 5 ) ) ~c— I — (V4 =2¢
Bullet relative to ground: -¢, Outlaws relative to policee 4 321 — 5/ .
7 a7 o8 5
2c- ~cC -(1/28)c 1
Bullet relative to outlaws. 17 ~~i = (13/28) = - 13c. [Veocity of A relative to B is minus the velocity

of B relative to A, so al entries below the diagona are trivial. Note that in every case Vhbullet< Voutlawsso no
matter how you look at it, the bad guys get away.]

speed of -+
relative to j.  Ground Police  Outlaws Bullet pgo they escape?
Ground 0 e ie ¥Ye Yes
Police -e 0 e le Yes 'l-
Outlaws -ie -e 0 —he Yes
Bullet ¥Ye -le -he 0 Yes

Problem 12.16

(@ Moving clock runs slow, by a factor 'Y= V1@52 = 3 Since 18 years elapsed on the moving  clock,

~ X 18= 30 years elapsed on the stationary clock. 151yearsold.
(b) By earth clock, it took 15 years to get there, at tc, sod = tC x 15years = 112cyears | (12 light years).
(c) It = 15years, x = 12cyears..

(d) |t=9 years, X = 0.1 [She got on at the origin in 5, and rode aong with 5 so she's still at the origin. If
you doubt these values, use the Lorentz transformations, with x and t from (c).]

(e) Lorentz transformations: ~="Y(x+ wvt) (note that v is negative, since Sis going to the left).
{ t="Y({i+ ~x) }
. X =~(12cyrs+ tc. 15yrs) =~ .24c yrs = 140c years. |

| = ~(15yrs+ t2r .12c yrs) =~ (15+ ~8)yrs = (25+ 16) yrs = 141years. .

(f) Set her clock . ahead 32 years, . from 9to 41 (t -+ i). Return trip takes 9 years (moving time), so her clock

will now read @QJyears at her arrival. Note that this is ~.30 years-precisely what she would caculate if the
stay-at-home had been the traveler, for 30 years of his own time.

(@) () t=9yrs, x=0.What ist? t = ~x + f =-~.9= x7=54 years, and he started at age 21, so he's
126.4 years old. | (Younger than the traveler (!) because to the traveler it's the stay-at-home whao's moving.)

(i) i =41 yrs, X = O. What ist? t = f = -~ .41 = 13 = 246 years, and he stated a 21, so he's
145.6 years old. |
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(h) It will take another 15.4 years |of earth time for the return, so when she gets back, she will say her

twin's ageis45.6 + 5.4= = yearswhich is what we found in (3). But note that to make it work from
traveler's point of viewgou must take into account the jump in perceivedage of stay-at-home when she changes
coordinates from Sto S.

Problem 12.17
-a,°rp+ a lfjl + a,2fj2 a,3fj3 -"I(a0 - {3al)(bO {3bh)+-l(al - {3a0)(bl - {3a0)+ a2b2 + a3b3

= -"-?(aobo- {3/bl - {3jI'b° +{32albl - abl +{3jI'b°+{3/bl - {32a0bo¥} a2b2 + a3b3
-72aobo(1- {32} 72albl(1- {32} a2b2 a~b3

-aobo + albl + a2b2+ a3b3. qged [Note: 72(1 - /32) = 1]

Problem 12.18
1 000 ct
C~
(a) I (g) - ('{ ~ | ~) (~) |(usmg the notation of Eq. 12.24, 10' best compadson).

7 0 -3 0

o la= .
bl

YO -Y~ 0 7 73 00 7Y -TY{3 'Y~ 0
. . 0 1 0 0 -3 7 00 713 7 0 0
(c) Multlply the matricess A= -'Y~0 'Y 0 0 10

( 00010001 ) ( ° ) - (_'Yo7~ 7|\c§331~ Y (3

. Yes, the order does matter. In the other order, "bars' and "no-bars’ would be switched, and this would give
a different matrix.

Problem 1219 -
(a) Since tanh 0 = ~~~~~and cosh20- sinh20 = 1, wehave:
1 1 sh 0 . :
7= .= = 0 _ = coshQj 7{ 3= cosiDtanh0 = smhO.
y'1l- v2je2 y'l- tanh20 y'cosh20 sinh2D
cosh0O -snh0 O O

A- ~-sSnhO coshO 0 O cas<jl sin <jJ 0

AN 0 0 1 0 . Compaer R= - sin <jJcas <jJo
(0 0o 0] (o 0 1)
- u-v fi (uje)-(vje) - tanh<jJ-tanhO

b)u=1wcz:e=1- (U)W 3 tanh<jJ= 1- tanh<jlanhO' where tanh<jJ= uje, tanhO = vje;
tanh4)=fije. But a "trig" formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:

fenhghly JPRBHHO= tanh«jd- 0). . tanh<jFtanh«jd - 0), or: K&jz <j3 O.
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Problem 12.20

@ ()1 =-C2bt2+bx2+by2+bz2=-(5 - 152+ (10- 5)2+ (8- 3)2+ (0- 0)2=-100 + 25+ 25=1-50.1
(i) INo.1 (In such asysem & = 0,501 would have to be positive, which it isn't.)

(ii))  Yes. .1 B S travels in the direction from B toward A,
6 making the trip in time 10/c.
5
4
I . v =-50/c5Y=I-~x - ~y.1
2 e 5 e - 1 1-1 N "
Note that C2- 4"+ 4"- 2 sov - Vic, %\Ie%
X less than c.

2 4 6 8 10
(b) () 1= (3 - D2+ (5- 22+ 0+0=-4 +9= [[]
(i) Yes. By Lorentztransformation: b.(d) =, [b.(ct)- ,8(b.x)]. Wewant b.£= 0, so b.(ct) = ,8(b.x);or
v b(t) @B-1 2 . "
c=-nx =(5-2=3 SoE}zJi’c, [11the +x dlrectlOn.
(i) =  (Insuchasystem b.x = b.y = b.z= 0so| wouldbe negative, whichit isn't.)
Problem 12.21 },

Using Eq. 1218 (iv): b£=,(bt - ~bx) =0=}bt=~bX, orv=~tc2= 4B - 1A c2

Problem 1222

@ ct. Truth is, you never do communicate with
the other person right now-you communicate
with the person he/she will bewhen the mes-
sage gets there; and the response comes back
to and older and wiser you.

world line
of player 1

(b) . No way. . It istrue that a moving observ-
er might say she arrived at B before she left

world line of A, but for the round trip everyone must agree
the ball that she arrives back after she set oui.
ct
B
X



Problem 1223
@ L ! o 41||| N41/ SR e i
i I 1A, Iff(fJ/ o ?
* A 33 BN "o
S LA | .- o5\
I - I| I S | !/- I --71 o 1ot N
T+ VWl ez -1 77 ot A,
I | VJ PJ/ ! ! / ! C; '/ill_
fT v-: rlt/,f,-f % #
s VIOV, A ) Loy
A v ] r r C—r t"}‘ 1 ! / ! X
sV ouviaawv n.d !
iV L-ViEIL-fT fT 1/ +9-LL |
1LJIA'LL... X101/} JLLLI--1 i |
&fTIId i il i i U
Problem 1224
@@ Hry'=u; (L +~) =ry;u=n +nec 111

() VI-uﬂ7(:2
Problem 12.25

~ Vi-tarh21J

(b) » =sope =H
~ v=~;c=,09c.1

(€ v =tC,s0V = nG&ds
- stk r35J

- \377251 = @ = 0.95¢. .(

= Veog@A U= coshOd 1=, ., u=coshOctanhO=IcsinhO.1

(@u. =u, =uco,45° =}, Joe= Ael

(b) VI-~2/C2= R
(©1]0: ,c = JSca

(d) Eq. 12.45~

{

(@ ijx = ,(1]x- (31]°F VI -

® VI-fj,12/c2 ct

Problem 12.26
/- ° 2
1] 1]/ -(1])

+1]

ax -

== =) y=wvaoc
Py - fiTepfi7se - Q
=)t

2 -

- V3

- - Va3ii
"1}_

1 2

- (l-u2jc2)(-c

() =/

+u )--C

= ViToo=[IE]

iix =V3ux = 0. (

~ { ijy=V3uy=vac.(

2(1- uzjc2)
(I-u2jc2)-~

2

}

- r:2

~ 1x =gy =V'2c0l

~ (V2c- ~J5 C)=[QJ iy =y = V'Zol

225
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Problem  12.27
(@ From Frob. 1131 we have - = tvb2 +e2t2. :. T= J~dt =bJ~™ = _In(et + Vb2 + e2t2) + k; a

et + Vb2 +e2t2) -
t=owewant T=0: 0=£Inb+k,sok=_£lnbj IT= e‘1n[B( ]

(b)) VX2 - b2+ X = beeT/hi VX2 - b2 = beCT/b Xj X2- b2= b2e2cT/b- 2xbeCT/b+ X2; 2xbeCT/b= b2(1+ e2CT/b);
X = b(ecr/b+2e-cr/b} Ibcosh(eTjb).1 Also from Frob. 11.31: v —e2tlvb2 + e2t2.

. eT
vz xViz- 127 bopscT2 cor(c?? . b2 o costRED)-1- egEh@M -l etan h (o)

© 11= "((e, V,0,0)i "(= { Zcosh T' 0 1]1= cosh T (e,etanh T' 0,0) = le(coshT' sinhT' 0,0) .
Problem 12.28 )
(d mAUA + mBUB =moUe + mDUD; Ui = U'TV "
1+ (uivie2)
UA+ v + UB+ v ue +v UD+ v

ml = -
1+ (UAM &) 1+ (UBM &) ~ ™ 14 evle 3 T™ 1+ (uDvied)
This time, because the denominators are al different, we cannot conclude that

mAfiA + mBUB —moUe + mDuD.

As an explicit counterexample, suppose all the masses are equal, and UA= -UB = VjUe = UD = O. This
is a symmetric "completely inelastic" collision in 5, and momentum is clearly conserved (0 — 0). But the
Einstein velocity addition rule gives UA= 0,uB = -2uj(1 + u2je2),ue = UD= -U, soin S the Olfcorrectly
defined) momentum is not conserved:

-2U
m (1+ u2/e2 ) # -2mu.

(o) mALJA + mB1]B = melle + mD1]Dj 1]i="((ih +'3ij?). (The inverse Lorentz transformation.)

mA"((ijA+ 13ij~)+ mB"((ijB+ !3ij~)=me"((ije + !3ij~)+ mD"((ijD+ !3ijC];J.he gamma's cancel:

mAfiA + mBijB + !3(mAij~ + mBij~) =meje + mDijD + /3(meij~ + mDijC];).
But mi1]? = p?= Ede, s0if energyisconserved in S (EA+ EB = Ee + ED), then sotoo isthe momentum
(correctly defined):

mAfiA + mBijB —meije + mDijD. qed
Problem  12.29

"(me2 - me2 =nmme2 =>. =n+ 1= |2/§ :>1-'C“: 1

VI-u2/c

o= 1o nan2: nZhdneb = Tilem)2 U= VN4 e,
Problem  12.30

Er =E1 +E2 +7 pr =Pl + P2+..; fir ="((pr - /3Erle) =0=>!3=vie=prelEr.

v=eprlEr = eF +P2+ .. )IEl+E2+ ...)1
Problem 1231

(m +m~) 2 2 (m; + m~) 1 V2_ 1
EJL= e = "(mlLe=>"(= = . 1- 2" =2
2mr1" 2m7l'mlL VI - VZe2 e o
2 1 4m2m2 m4 +2m2m2 + md - dm2m2 (M2 - m2)2 m2 - m2
~=1-=1- o= 7t 71 I 71" 1= 71" 17 jv=
€2 "(2 (m~ + m~)2 (m~ + m~)2 (m~ + m~)2 (M~ +m~) e
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Problem 12.32
Initial  momentum: E2 - p2e2 —m2e4 =* p2e2 = (2me2)2 - m2e4 — 3mM2e4 =* p = V3me.

Initial energy: 2me2 + me2 = 3me2.
Each is conserved, so final energy is 3me2, fina momentum is V3 me.

E2 - p2e2 = (3me2)2 - (V3me)2e2 —6m2e4d —M2e4 =* . M =V6m .~ 2.5m.
(In this process some kinetic energy was converted into rest energy, so M > 2m)
v=pge2= VIRRC2= VS 1
Problem 12.33
First calculate p,ioQ.'€nergy: E2 = p2e2 + m2ed = 196m2ed m2ed = ~m2ed =* E = ~me2.
2me2 —EA + EB 2E -2 2

Conservation of energy:
Conservation  of momentum: tme2 =PA+PB="- " =*tme2=EA-EBB } A- mMme

=* EA —me2j . EB =-~-me2.1l

Problem 12.34
Classically, E = ~nv2. In a colliding beam experiment,
velocity of either one, so the relative energy is 4E.

the relative velocity (classically) is twice the

Let .5e the system in which <p is at rest. Its
speed v, relative to S isjust the speed of <D

P~ r in
1 oo S CD ,E -~ S

po = ,(pO- (3pl=*£.=, (g, - (39, where p is the momentum of @ in S
C= Me2, so, = ~2; P=-Mv =-M(3¢ E=, (-f+(38M(3ee=,E +,Me2(32).
R € T Al oy e T Pt [(MEZ)Z_1 e

E=ng g - Me,iE = bigh - Mey

ForE =30GeV and Me2 =1GeV,wehaveE="" -1 =1800-1 =11799GeV . = 160E.1

Problem 12.35
A
One photon is impossible, because in the "center of mo- - 0
mentum” frame (Prob. 12.30) we'd be left with a photon m m 0
at rest, whereas photons have to travel at speed e. EB
(before) (after)

Cons. of energy: vpoe2 + m2e4 + me2 —EA + EB.
horizontal:  PO=& COS500+IilLcgsO=*EBCoso=poe-~EA' } square and add:

Cons.  of mom.: —_ i . . . .
0 = & sin600- ligsinO =* EB snO = ~BEA

{ { vertical:
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222 2 1232
EB(cos ()+ sm () =Pac - POCEA+ 4"EA+ 4"EA

=> E1 =poc2 - POCEA+ E~ = [VP5C2+ m2c4 + mc2 - EA] 2
=POC2 m2c4 + 2VP5c2 + m2c4(me2 - EA) + m2c4 - 2EAMc2+ E~. Or:
-POCEA =2m2c4 + 2mc2vp5c2 + m2c4 - 2EAVP5C2 + m2c4 - 2EAMC2;

EA(mc2 + Vp5C2 + m2c4 - poc/2) = m2e4 + mc2Jpoc2 + m2c4;
2 (mc2 + VP5C2+ m2c4) (mc2 - VP5C2-t-m2c4 - poc/2)

EA =mc .
(mc2 + VP5C2+ m2c4 - poc/2) (mc2 - VP5C2+ m2c4 - Poc/2)

— mc2 2 2 = - 0
(,2¢ -(BBE - a3 4RAME psch./ RBE+MC) my (me + sqchumpoyt MIC)
Problem  12.36
du 1 du
1 2
F - dP - d mu - at -<:2"u. dt .
- dt - dtVI- u2C2- m{VI- u2C2+U\2 J(1- u2/c2)3/2} &
— + uu .a) . e
VI-u2ic2 | (c2-u2) }
Problem 12.37

At constant force you go in "hyperbolic® mo-
tion. Photon A, which left the origin at t < 0,
catches up with you, but photon B, which

passes the origin at t > 0, never does. ot

Problem 12.38
0 dijo dijodt d c 1

@ a =da =ill a = [dt (VI- uvac2 )] ~U2/c2

c IN ((H2ua - 1 ua
- VI - u2/cz(-2 ) (1- U2c2)32- C(1- u2C2)2

u —_

a=d1]=dtd1]= 1 d - 1 a +u(-~ -~2u'a
dr dr dt VI - UC2dt (V| - u2/c2) VI - U2/C2{ VI - U2/C2 2 (1- U2/C2)3/2
-1 1 o+ UU .3

(1- w2 [ (c2- u2)]
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(b) J.k: 02 - 1 (u a)2
alla - - ( a) +a:.a:--e2(l-u2/e2)4 + (I u2/e2)4 E ( - e2) + e2u(u a) ]
T - u2/e2)4{ %J ) +a ( P ) o2 (1' e2)(Ul a)” + u “(u. a)}

(u.a)2 u2 u2
(I-u2/e2)4 {a (1- e2) + e2 (-1+2-2;2%:2) }

(1--)

r 1 2 4 (u. a)2
(1 - u2/e2)2 E (e2 - u2) 3.

(€) mormi= -2, so iT (TP.LTH.Bumort matal= 2a0maL= 0, SO aLTaL= 0.1

(d) Kd.l= ¥ = rmipJ.p= =~ LTpL= mal.LTJ3.10.1
Problem  12.39

KJLKJE (KO)2 + K. K. From Eq. 12.70, K. K = (1-~/C2) From Eq. 12.71:

KO_~dE- 1 d mez. - me [~ (le2) 2ua M  (ud)
- edr - evil - u2/e2 dt (vil - u2/e2) - vil - u2/e2 2 (1- u2/e2)3/2 J - e (- u2le2)2
m U2(u .a) m(u .a)
But (Eq.12.73): u.F=uFcosO= vil - u2/e2 |(u.a)+ 2(1- u2/d = (1- y2/3/2'so
F2 u2F2 COSD B
KO = uFcosO K KJ.L= ; = (u2/e2) COSD 1y hed
evil - u2/C2; J.L (l-u2/e2) e2(l-u2/e2) (l-u2/e2) J
Problem 12.40
m u(u.a) u(u . a) q /
W= . uze2la+ 2. 12d =q(E+uxXB)=}a+(2 ¢ . y2)=-Wnu2/e2(E+uXB).
. u2(u .a) u.a q 2 2
Dotmu:(u.a)+ eg(-u  2/®=( U 2/B=-vIl-WTe[u.E+.u.(UvXB~;
=0
u(u.a) u(u .E) 1
=-VIl- . =-vll- --u(u. . d
©(e2- U2) \rlj‘ll u2/e2 2 Soa: vIIerZ/GZ { E+uxB--u(u.E) o2 ] ge

Problem 1241

One way to see it isto look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of
charge, moving at constant velocity in the plane, j = 0 and p = 0, whilep (or rather, a) is independent of t
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except
that a itself is atered by Lorentz contraction).

A more elegant argument exploits the fact that E isa vector (whereas B isa pseudovector). This means that
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction.
But in Fig. 12.35(b), if wereflect in the x y plane the configuration is unaltered, so the z component of E would
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have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should
reverse its sign.)
Problem  12.42

(a) Field is ao/Eo, and it points perpendicular to the positive plate, so:

Eo= aE%(cos45 X+sn45°y) = 9l ).

(b) From Eq. 12.108, Ex = Ex0 = -~; Ey = "IEyO= "I)i~0' So. E = ~(-X +"ly).1
(c) From Frob. 12.10: tan 0 = "l,s010 =tan-l "1.1 y
(d) Let ii be a unit vector perpendicular to the plates in S-evidently
i = - siNnOx + cosOy; IElI= ;°'0 ;1 +"12. X
So the angle 4>between ii and E is:
E .ii 1. cosO 2'1
TEl = cost>= ~(amos2c050) = V-ftenQ2'l) = ~cbsO'12

But" =tan 0= sny = V'l-cos21]= \) 1 -1 =>..L20=",2+ 1=>c0s0 = 1 .
[ cosld cosld cos21J cas [ vI+Y2  So lcoss = C 112

Evidently the field is™  perpendicular to the platesin S
Problem 12.43

()E ~ g1 - v/c) R (E 1292)

4o (- 2 sm20 )32 R2

I E. da=q1 - v2ic2) I R2 sin20 dO d4>
47rEO R(L - ~ sin2 0)3/2

_aa - vaey " sinO doO. _ .2 2
= 47rEO 27r]® (1- .25m20)3/'2 Le u =cos0,sodu= - sm0dO,sm 0=1- u.

q(l-v2/c2) (I du q(l-v2/c2) 3l
= 2E0  1-1[1- ~+-weB2 = 2EO (V) J- € -1 + u2)
+1 2 vV, 3 2

The integrdl is (¢ 7D jus - 1Tv21 = (2- hg.= () (1- v2/e) .

o1 - v2IC2) (C : 3 2 = .
So IE.da= 2EO (\b @ (I-v2/c2) q (

1 -.2..~/Log2(1-v2/c2)2vsinO Rx(fi);
(b) Using Eq. 12.111 and Eq. 12.92, S= /LoE X B) - /Lo47rE(Zl7r R4(1 - ~~sin20)3 (~ o
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g2 (I-v2je2)2vsinOA
1611250 R4(1- £ sin 2 0)3
Problem 12.44

(8) Fields of A a B: E = 4f0O~Y] B = 0. So force on gB is IF = 420 ~BY.

>
-L y (b) (i) From Eqg. 12.68: IF — ~Ty 1 (Note: here the part|cle isat rest in S)
W
Fran Eq. 1292 0290-E: -1 qA(l-VJe
(i) Frem Eq. 1292, Wik T duep - V3 &) &u”y Allﬁghy
V gA (this aso follows from Eq. 12.108).
B i- 0, but sinceVB= 0in S, there isno magnetic forceanyway,and IF = ~TY . (as before).

Problem 1245
Here 0= 90°,~=y, |lb= Z,Iz= r, s0 (using e2= 1jJ-10£0):

E=~ Y. B=-—~ v'. !
411"£Q2 vy, 411"€0 C2 12 7z, where 'Y= VI - v2je2.
Note that (E2 - BZe2)_ (~)2'Y2(1-~) =2 isinvariant, because it doesn't depend on v. We can
use this as a chec
1
sem A: VA=V, S0E=- 1. B_. .
¥ ater y, - 4Jqlf@2%l Z,wherel= VI- v2jc2

2 2 2- 2
F=qE+(w xB]= ‘Ll y-=xxz1= ‘LI (1+y.

System B:  VB=

I+\\//J§j\éz - (1+\%¥jc2)

- = (14 i Levicn) =  GQVBYB=2V2
TTu T @822 vi-2~+<x’/51)c4 Lo =% (14
o AB- 27127
B 1%11"&02 ) - --41?"£0e2 r2
2
[CheCk E2 - B2 = (41rfor) y/é1+ V + &4 (4lrf0r) 14¥ = (41TfOr /]

F=0qE = 411 502(1 + 2)Y (+q at rest = no magnetic force). [Check: Eq. 12.68 =>FA = L1FB. /]

SystemC:  ve=0. =-~~\ﬂl"£02 B=0O; F=qE= L-«y411 02

[The relative velocity of Band C is 2vj(1 + v2jc2), and the corresponding 'Yis 12(1 + v2je2). So Eq. 12.68
= Fe = -y2(t+~2/c2)FH]
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Summary:
(-),y (-).y2(1 + )Y (- 47r,0r2)Y
(- 47rfQoy2 = Z (- o )2V 2A 0
(- 472 (1 + )Y O amtor «2(1+ )Y (- 4oy}~ My~
Problem 12.46

(@) From Eq. 12.108:

- - - - 2 Vi
E. B=ExBx +EyBy +EzBz =ExBx ++ (Ey- vBz)(By + gEJ +,/(Ez+ vBy)(Bz - gEy)

V2 V-~ V2
= BExBx + ,/EyBy + CI/ yEz - vP(Bz - CEzBz + EzBz - ci/'yEz + VvP(Bz - c2EyBy}

= ExBx + ,/2[EyBy (1- ~) +EB: (1- ~)] = ExBx + EyBy + EzBz = E .B. qed

() P2- CIp =[E + J2AEy- vBg2 + j2aez +vByz - c2[B; + ,/ABy + 5 E22 + ,/2(Bz - 4 Ey)2]

=E2 +-2 (E2 -2E£B +wB2 +E2+ 2E£B +w2B2 - CB2 - 022vk E
X / Y v, z z z v,y y y i Uy z

V2 V2
-c2-E£;§3282+C22 ~~ E -c2-E2 )-CZBZ

z 7y cAY X

=E? 2 B 2+"/2 E2(1-- )+E (1-- CZ) -cB 2(1-- )-cB2 2(l-- ]
= (B3 +E2, + E3) - c2(BZ + B2 +B2) =E2 - B2C2  qged

(¢) . No.1For if B =0 in one system, then (E2 - CB2) ispositive. Since it isinvariant, it must be positive in
any system. Therefore E -. 0in all systems.
Problem 12.47

(8 Making the appropriate  modifications in Eq. 9.48 (and picking 8 — 0O for convenience),
E(x, v,z 1) = Eocos(kx - w) Y, B(x y,z 1) = Eocos(kx- wt)z, wherek ==
(b) Using Eg. 12.108 to transform the fields:
Ex =Ez=0, Ey=,/(Ey vBz) =,/Eqcos(kx- wt) - ~cos(kx- Wi)] =o:Eocos(kx - wi),
1 \% Eo

- \%
Bx=By=0, Bz=,/(Bz- gEy) = ,,/Eo[tcos(kx- wt) - g cos(lx - wt), =0:-¢ cos(ix - wi),

1- vic

here "
W 0:=="/(1-~)= l+vic.
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Now the inverse Lorentz transformations (Eqg. 12.19) =*x = "Y(x+ V) and t ="Y(f + 4 X), 0

ocwt="YKOCH VR + X)) =V (k~)x-(wk)t]  =locw,

where (recallingthat k =wie): k==v(k - ~ ) ='Yk(1- vie) =ak and W==Yw(l- ViC) =aw..
E(x, y,zf) = Eocos(kx - wf)y, B(x, y,zf) = Eocos(kx - wf)z,
Conclusion:
whereEo=aFo, k=ak, w=aw, anda= 1/jllvV|E'

— 1- vic - o~ -
@Iw=w This isthe  Doppler shift . for light. 5 = 41~ 231= 7~ The velocity of the

- W-  w
waveinSisV=3A =v =@)] vup, . this isexactly what | expected (the velocity of a light wave is the
same in any inertia system).

(d) Since intensity goes like E2, the ratio is I

~ Z@2 = e~

Dear Al,

The amplitude, frequency, and intensity of the light wave will al  decrease to zero. as you
run faster and faster. It'll get so faint you won't be able to see it, and so red-shifted even your

night-vision goggles won't help. But it'll still be going 3 x 108mls relative to you. Sorry about
that.

Sincerely,
David
Problem 12.48
02 = A~AjtA<7= ABA~tO2+ A~A~t12 = 'YtO (-'Y{3)t12 = 'Y(tO2 {3t12).

~3 = A~A~tA<7= ABA~tO3 + A~A~t13 = 'YIO3+ (-Y{3)t13 = 'Y(tO3- {3t13) = 'Y(tO3+ {3t31).
~f23= A-A-tA<7= A-A-123 = t23.

fH = ALA-tA<7 = A-AAt30 + A-At3l = (-'Y{3)t30 + 'Yt31 = "Y(t31 + {3tO3).

f12 = AIATA<7 = AAA~tO2+ AtA~t12 = (-'Y{3)tO2+ "Yt12= "Y(t12- {3tO2).

Problem 12.49
Suppose t'lI-'= :HI-" (+ for symmetric, - for antisymmetric).
fl<A = A |§A Atl-"
fAl< AAt-" = AAT- [Because J.land v are both summed from 0 -+ 3,
it doesn't matter which we call J.land and which call v.]

A=A (Fitl-") [I used the symmetry of tI-"',and wrote the A's in the other order.]
f:fI<A. ged
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Problem 12.50

p'VP"V = pO°pOO0- pol pol - pO2 pO2 - pO3 pO3 - plO plO = p20 p20 =~ p30 p30
+pH pH +p2 pi2 +p13 p13 +p21 p21 +p22 p22 +p23 p23 +p31 par +p32 p32 + p33 p33

= -(ExXC)2- (Ey/CO)2 (EZC)2= (EX/C)2- (Ey/C)2 (EZIC)2+B; +B; +B; +B; +B; +B;
= - 222/c2 =12 (Bz - ~),
which, apart from the constant factor -~, isthe invariant wefound in Prob. 12.46(b).

 G"vG"" =2(E2/c2 - B2) . (the same invariant).

P'VG'V ~ -2 (pOIGOI + p02GO2+ pO3GO3)+ 2 (P12G12 + pl3G13 + p23G23)
1 1 1
- -2 (-(!ExBx + :EyBy + EzBz )Z[Bz(-Ez/c) + (-By)(Ey/c) + Bx(-Ex/c)]

~E. B) - »(E. B) = -+4E. B),,

which, apart from the factor -4/ c, is the invariant of Prob. 12.46(a). [These are, incidentally, the only
fundamental invariants you can construct from E and B.]

Problem 12.51
2 0 COO
E- L.2\ix- l12=X:
- 41" - 2/1% p'v=JA -c 0 0 -v .
B- a8y - U2l ) 21TX(8 08 8)

Problem 12.52

8vP"'v = JLoJ'. Differentiate: 8,,8vP"" = JL0o8"J".

But 8'8,, = 8v8" (the combination is symmetric) whilepv' = -P"v (antisymmetric).

.. 88, P = 0. [Why? WEell, these indices are both summed from 0 ~ 3, soit doesn't matter whichwe
call JLwhichv: 8'8,P'v = 8v8"pv" = 8,8,,(- P"") = -8,,8vP"v. But if a quantity isequal to minusitself,
it must be zero.] Conclusion: 8'J" =0. ged
Problem 12.53

Weknowthat 8'G"" = Qisequivaentto the two homogeneousMaxwellequations, V.B = Oand VXE =
- ~~. All we have to show, then, isthat 8\P"v+ 8'Pv\+ 8'P\" = 0is also equivalent to them. Nowthis
equation stands for 64 separate equations (JL—=0-~ 3,v=0-~ 3,A=0- 3, and 4 x 4x 4= 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, JL= v). Then 8\P"" + 8"P,\ + 8'P\" = O. But P"" = 0 and
P, \= - P\", sothisistrivia: 0= O. Toget anything significant, then, JLv, A must al be different. They
could be all spatial (JLy,A= 1,2,3 = X,y,Z- or some permutation thereof), or one temporal and two spatial
J=0,v,A= 120r 2,3, or 1,3- or somepermutation). Let's examinethese two cases separately.

All spatial: say, JI= 1,v = 2, A= 3 (other permutations yield the same equation, or minusit).
8 8 8
83PI2 + 81P23+ 82P31=0=> 8z(B2z) + 8x(B:z} 8y(By)=0=>V .B = O.
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One temporal: say, J1=0,v = 1,A=2 (other permutations of these indices yield the same result, or minus

it).
~FOl + 80FI2 + 8IF20 =0~ Y (— ~:r:)+ 8(~) (B%)+ :x (~y) =0,

or -l fft+ (§: - 8ff:r:¥ 0, whichisthe z component of -~~ =vxe. (f 31=0,v = 1,A=2,weget they
component; for v =2,A=3 weget the x component.)
Conclusion: 8>.Fp.¥ 8p.Fv>+ 8vF>.p= O isequivdentto V.B = 0and ~~ = - V X E, and hence to

8vGp.v= 0. qed
Problem 1254

Ko = gfivFov= q('f/IFol+ 'f/2Fo2 'f/I3FO3} q(TJ.E)je — ~1u, E.! Now from Eqg. 12.71 we know that
Ko = ~dd;,where W isthe energy of the particle. Since dr = "'dt,we have:

Fiy :-&1'(u. E) ~ = ~au B

This says the power delivered to the particle is force (qE) times velocity (u) - which isas it should be.
Problem 12.55

W2 = = G B S §i)
8t 8x 8 8z
From Eg 1219, we have 8t =1, 8t =1'V, 8t = 8t =0O.
81jJ- v81jJ

- 181 1jJ. -
So 8°1j3= --;L (B{J‘J'r Vng) or (smceet =xo = -xo): 8"1jJ—1(8_XD e8)(|) =I' [(8dljg) - ~(811jJ)].

oo =g = i+ BB BB ¢ BYE T It BT IE - S8 1 (619 ~E1I).

~1jJ=~=~ +~~t~Q =~~~
8y 8t 8x 8y 8y8y 8z8y 8y
4= ~ézp‘mk& zw 8x&82 8y 8 8z8z 8z

1-(conclusion: 8p.Lxransforms in the same way as ap. (Eg. 12.27)-and hence is a contravariant 4-vector. ged
Problem 12.56

According to Prob. 1253, 8ff;"~= 0 is equivalent to Eg. 12.129. Using Eqg. 12.132, we find (in the notation
of Prob. 12.55):

8Fp.v , 8Fv>., 8F>.p.
&0t Byp T .vap: 8> Fp.+ 8p.Fv>+ 8vF> p.

= 8>.(8p.Av - 8vAp.) + 8p.(8vA>. - 8>.Av) + 8v(8>.Ap. - 8p.A>))
= (8>.8p.Av- 8p.8>.Av) + (8p.8vA>. - 8v8p.A>) + (8v8>.Ap. - 8>.8vAp.) = O. ¢ed

[Note that 8>.8p.Av= 8&-vxp. = 88~vx>.= 8p.8>.Av,by equality of cross-derivatives.]
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Problem 12.57

Sep 1: rotate from xy to XY, using Eg. 1.29:

X
Y

cosifX + sinify <
- sinifx + cosifly

Sep 2: Lorentz-transform  from XY to XY, using X
Eq. 12.18:
X Z1(X - w) =1[cosifx+ sinifly - .Be] (P
Y =Y =- siniux + cosif¥
Z=7=7
et = 1'(et- .BX) = I'[et- .B(cosfix+ sinifly)]
Sep 3. Rotate from XY to xii, using Eq. 1.29 with negative ifJ:

X = cosifIX - sin ifly = 1'cosifJcosifix+ sinifly - .Bet]- sinifJ- sind>x + cos4>Y]
= CcYCOoS2ifd+ sin2 ifdx + CY.. 1) sin ifXkos ifly - ,.B cos i (et)

Il =sin ifX + cosifly =1 sin ifJcos ifXk + sin ify = .Bet) + cosifJ- sin ifl + cosiny)
= cv- 1) snifiosifx + CYsin2if# COS2»y - ,.Bsin 4>ct)

c I' -1'.B cosits -1'Bsinitu

In matrix form: = -1'Bc~sis CYCOS2ifJ+ sn2 if)) CY= 1) sin 4>cos 4>
( % ( 1'Bsmif] C'Y-1)sind>cos4> CYsm245+cosZ|fJ) ) m.
Problem 12.58

In center-of-momentum system, threshold occurs when incident ener- i --0 before (CM)
gy isjust sufficient to cover the rest energy of the resulting particles,

with none "wasted" as kinetic energy. Thus, in lab system, we want KOI(EJ after (CM)
the outgoing K and E to have the same velocity, a threshold:

0-- 0 X)---+-
1f P KSE )
Before After

Initial  momentum:  P7T;initid energy of 1f: E2 - p2e2 =m2e4 3 E; = mM~C4+ p"'CZ.

Tota initial energy: mpe2 + vm;c4 + p;e2. These are aso the fina energy and momentum: E2 - p2e2 —
(mK + m~:Yed.

(mpe2 + vm;cd + p;c2) 2- p;C2— (MK + miYca
2m e2

m;!, + -;f-vm;e2 +p;e+m!" +rlc2- 12 = (MK + mE)2,

2:p vme2 +p; =(mK + mE)2 m;-m;
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4

2 2 2.4m; 4 2 2 2 4 2 2
(m".c +p" )~ = (MK +ml; )" - 2(mp+m"." )(mK +ml; ) +mp+m". ~ + Zmpm",

4m2
-EP; = (MK + ml)4 - 2(m; + m;)(mMK + ml;))2 + (m; - m)2

pP".= 2~pv(mK + ml))4 - 2(m~+ m~)(mK + ml;)2 + (m~- m~)2

(2m~c2)dmKc2 + ml;c2)4- 2[(mpc2)2+ (m".c2)2](mKc2 + ml;c2)2+ [(mpc2)2- (m".c2)2]2

2C(~0®)1700)4 - 2[(900)2 + (150)2](1700)2+ [(900)2- (150)2]2
~V(8.35 X 1012) (4.81X 1012}+ (0.62x 1012)= ~(2.04 X 106)= 11133MeMc.!

Problem 12.59
rP
PR (P=magnitude of 3-
In CM: o—- -0 L x [p= magnitude of 3-momentum
in CM, » = CM scattering angle)
u;;;~u
Before
)
After
Outgoingd-momenta: P = (~,pcos4>,psind>,0)jsP= (~,-pcos4>,-psind>,0)o
TP
In Lab: O---+ 0 Problem: calculate O, in terms of p, 4.
Before ~" g

Lorentz transformation: Tx= -y(rx = {3r0)j Ty = rvj Bx= -y(sx - {3s0)jBy= By.

Now E = -ymc2jP = --ynv (v here isto the left); E2 - p2c2 = m2c4, so {3= -1jfo
.. Tx= -y(pcos+ + 1jf~) =-yp(1+ coga»j Tv =psin 4>Bx= -yp(1- cog4»; By = -psin 4>,
cosO = L.S— -y2p2(1 = cos2 4» = p2Sin2 s
B Vh2p2(1 + COg»2 + p2 sin2 4>][-y2p2(1 - cos4»2 + p2Sin2 4]
= (-y2 = |) SN2 &

Vh2(1 + cosA»2 + Sin24>]h2(1-  cosA»2 + sin2 4]

- (-y2 1) - (-y2 1)
[-y2e;i~0:<py2] [-y2e~i~0:<p)2] - V (-yRot2~+ ) (-y2an2~+ 1)
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_ w
cos () — (where w ==.,2- 1)

V(1 + cot2~+ wecot2 ~)(1 + tan2 ~ + wtan2~)

W w sin E.cos 1.

- V(CSc2~ + weot2 ~)(sec2 ~ + wtan2~) - V (1+wcos2 ~)(1+wsin2)

- ~wsin</> - sin</>
- V[1 + ~w(1+ cos</»[1+ ~w(l- cos</»]- V[(~ + 1)+ cos</>(~ + 1) - cos</>]
- sin</> - sin</> - 1 whe r2: 444
V (~+1)2-cos2</> V~+t+sin2</> VI + (rj sin</»2 W2 w
, - r2 - 4 - 4 2 - - /$
- snmr - 2@ty ~( ,SOtan 0: (?g/"z-l)sin"" <o
<Y rjsin</>
ST () T L
Or,since ("(2- 1)="(\1-2 ) ="(22 tan(Q = "v26R <= 1
Problem _  12.60 d dt dt - 1 '= mu
=K (aconstant)y =>'lfdT=k, But o - Vi-uc2 P viwe
.. u — , ,
ot (VI_uZ,02 ) = Kyl-uzjc2, Multiply by ~; =~
dt~( u ?):!E ! =K-/1- wjc2 Letw=~
dxdt \VI - U3C dx \VI - U2c2 m u VI - U2C2

dy =Ko Wy = 3lEW2 = L- dw2) = 2K = dw2) = 2K (dx),

W2 = 2Kx+ constant. But at t = 0,x=0and u= 0 (sow = 0), and hencethe constant is O.

2K u2 2 2Kx  2Kx 2. _

w =R Zauogc YTTH me2 v w20+ o) T 2R
2 2Kym - 2 . mc2

o ¢ a=d 1+ (2Kx dx.

—_ 2\ )
u =1+ %2 - 1+ (rZTC(X) dt — VI + (~;~)

Let g =% o= J7 oy Let x==y2 ok T2y ix .

ct =J -Iy2y+ a2 2ydy :2JVy2 + a2dy = [YWy2 + a2+ a2ln(y + Vy2 + a2)] + constant,

Att=0,x=0=>y =0,s00= a2lnat constant =>constant = -a2 Ina.
Lct= YVy2+ a2+ a2nGja +vyjd2 + 1) =a2((~) V(~) 2+ 1+ in(~+ (=)} + 1],

Let: z==yja = ..;xv-21b= V~'lj, Then . ¥!d =z~ +In(z+ ~),l
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Problem 12.61

@@ x(t) = f;[VI + (a)2-1], wherea = ::¢ Theforceof +qon 77
-q will be the mirror image of the force of -q on +q (in the x axis), X
so the net force isin the x direction (the net magnetic force is zero).
All we need is the x component of E. g g T
The field a +q due to -q is. (Eq. 10.65) -1

g Z
E=--( 47f/00~ Ujs [u(c2 v2)+u(~'a)-a(~'u)].

U=Cot v~ Ux=c - v=t(cl- v,2j~.U=0Lk~ v=(0Hv);, ~.a=la So

,Z ~(dl- - + ~(d - a0k
ATHONOL- )3 [,z(d m)(c2 - V2) "z(d )4)Ia~ a(Ol—jAJ&)

tca(12 - ~2) =-carP/~

476/00(01- 1V1)3[ (cl-m)(c2-v2)-cacP.]
The force on +q is gEx, and there is an equal force on -g, so the net force on the dipole is:

292 1 It remains to determine ,z,1,
F = - 47f/Odc,z-lv)3  [(cl - V,2(C2- V2) - cad2]x. v, and a, and plug these in.
—dx =cl 1 2 cat catr ,

.
O T8 a2Vir @2zat= Vi- @2 v=y) =-1  WEET Y @z

dv ca

1\ 2a2tr ca 2 2 ca
atry =dtr=T +catr(—2) -~ =131+ (atr) - (atr)] =f3
Now calculate tr: c2(t - tr)2 =,22= 12+ rP; 1= x(t) - x(tr) = f;[VI + (at)2 - VI + (atr)2], so
y - 2ttr +Yr= ~ [1+ (=2 + 1+ (&{)2- 2Vl + (a)2vl + (atr)2] + (d/C)2
(*) VI + (a)2vl + (atr)2 = 1+ a2ttr + ~ (:,d)2. Square both sides:
4h4h 1 A\ ad | 2 ad | 2
x + (at)2+ (atr)2+a t, = X+da t; +:1(~ ) + 2a2ttr+ (~ ) +a2ttr(~ )
2 2 ad |2 d.2 a ,d.4
t+tr- 2tr - ttr(~) - (~) -4 (~) =o

At this point we could solve for tr in terms of t, but since v and a are aready expressed in terms of tr it is
simpler to solve for t (in terms of tr), and express everything in terms of tr:

t2-ttr[ 2+ (:d)2] +[t;_(~)2 _~2(~)4] =0~
t=~{tr[2+ (:dr] ~ t~ +4(acdr+ (:df] -~ +4(~r +a2(~f}

=tr[1+ ~(Cdr] ~ [1+(an2](~r [1+ (~r1]
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Which sign? For small a wewant t ~ tr + die, so we need the + sign:

1 ad |
t=tr1+" 2(; ) ?-TD, whereD ==VI + (Ze) .

Sol=¢g(t- tr) =?1= ~(Q:)2 + dTD. Nowgo back to Eq. (*) and solvefor 0+ (at)2:
VI + (a)2=~{1+ ~ (aedf +a2tr[tr(1+~(d f) +~TD]}
=~{ ||+T~2atr)2J[1+ ~(aedf] + a2~rdTD} = [1+ ~(aedf] T + a2~rD.
aztrd d.

| =alvi + (at2)- VI + (atr)i.: a{ iy+"12(7 ) 1T+ --5;-D -t} =ad(2eT + trD).

Putting all this in, the numerator in square brackets in F becomes:

[ ]= {cad(:eT+trD) - e~r [e~r(:df +dTD]}(e2 - €2;:t~) -e~~d2

d d(atr)2 2 2 2. ea-
=cad[2eT + VD - 21 - VD1 T2[1+ (¥r) - (¥r) |- '3
e2a~ 1 e2ad?2 c2a~
='f3 |"2T2 "2(atr)2 1] = 2T3 [1+ (atr)2- (atr)2- 2] - 2T3 .

g2 c2ad2
47r€0[ (el-IV)T]

3x. It remains to compute the denominator:

d
(€1--v)T= {e[Ctr (7 ) +dTD | -ad (2eT+trD )jT'atr 3T

=[~¥d2 +cdTD- ~¥d2 - Cd(~r)D]T=edD[ ™ ] = dep.
1+H%)2 (%)2
q2 e2d2a ~ n
o a X @a= J

. F = 47re0c3d3D3 X =' 47"€ad[| + (adl2€)2]3/2
Energy must come from the "reservoir" of energy stored in the electromagnetic fields.
(b) F =mea :_]-_qz a 9[1_'_ ( ) ]3/2 - q2 - Jloq2
-E47r€m:d [I + (adl2€)2] 3/2 2e 81fcomc2d  87rmd

(force on one end only)

- 28 Jog2 \o3 - - 2mc2 JOa2 o3 -
87rmd 1, 0o F - 87rmd
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Problem 12.62

(@ Al'= (Vie, Ax,Ay,Az) is a 4-vector (likex!' = (et, x,y,2)), so (using Eq. 12.19): V = (if + vAX). But
if =0, and

Ac dim g

Now (m X f)x =myz = mzdj —myz - mzY. So

V= Whplnyz 34

Now X = ,(X - vt) =,RX, i =y = Ry,z =z = Rz, whereR isthe vector (in S) from the (instantaneous)
location of the dipole to the point of observation. Thus

V2
12= 2R; + R~+ R~= 2(R +R~+R-)+ (1- 2)(R- + R~)=,2 (R2- C2R2sin2B)

(where Bis the angle between R and the x axis, so that R~+ R~ —R2sin2B).

. V=Jlov(myRz - mzRy) . butv. (mx R) =v(m XR)x = v(myRz - mzRy), SO
411" 3R3(1- ~sin2B)3/2'

V=JLo.im XR(A - ).
411" R3((1_ :|-:‘IZL(T]2[1‘I 3/2)

or,usingJLe ~ andv.m XR) =R.@wXxm): v= 1 li. (vXxm) (- ~)
411'fAC2R2 (1 - ~sn2 B)3 2.

(b) In the nonrelativistic limit (V2« €2):

V= ~lj.(vx m) = ~li. ith p = m
411"f§) e2R2 ) 411"1’[C))’R2 P v é '
which is the potential of an electric dipole.

Problem 12.63

(@ B =-EfKy (Eq.5.56);N =m X B (Eq. 6.1), so N=-EfmK(z XYy).

IN = TmMKX, = ~Avi2) (U)X = Efauv2i2x.

) vIT7 Charge density on the front side: AQA =,AQ);
LJv Charge density on the back side: X= 7AOwherai = 1+;~/c2 =>
- 1 (1+v2/c2) l+v2/c2 (1+v2/c2) ( v2
= VI - (42 = VI +2112 €44 4312 VI - 2v2+ M4 (1- v2/e2)= 2 1+ e2)

Length of front and back sides in this frame: IIT. So the net charge on the back side is:

q+= A’I. =, 2(:|_+ \_/e29¢| = (1+ \-/engl
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Net charge on front side is:

1 _ =l 1
O =0 =i T

So the dipole moment (note: charges on sides are equal):

1 12v2

_ I _— vay o N V2 V2 .,
Py Y- @Y= (1) Zy Y= (el +5)Y=)

>"I2v2 a
E =217 were a="(ao.soN =p x E=- Y X zy = HLO\ Aq1 24 .
{0 , (a0, p @ Zo (Y X 2 (2

So apart from the relativistic factor of - the torque isthe same in both systems-but in S it isthe torque

exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerte<;lby an electric field on
an electricdipole.

Problem 12.64

Choose axes sothat E points in the z direction and B inthe yz plane: E = (0,0, E); B = (0, B cos</8 sin </J).
Go to a frame moving at speed v in the x direction:

fit= (0, -"(vB sin</J((E + vBcos</J)); B = (0, "((B cos </4 ¢ B), "(B sin <N).

(Lused Eq. 12.108.) Parallel provided -"(vB sin</J - "((E + vBcos</J)
"((Bcos<fd ?E) - "(Bsin</J 'or
v Y ~
-vB2 sin2</3 (B cos<A QE) (E + vB cos</J-EB cos<it vB2 cos2 </3 E2 + Z2EB cos</],

2 VvV 2 V2 \Y; EBcos</J
O=vB +26  +EBcos</J (1+2c ); l+v 210 =-B2+ E2[c?

Xy Z
NwEXB= 0 O E  =EBcos</iix S v = Ex B
0 B cos</JB sin</J 1+l B2 + E2/c2. qed

.No, . there can be no frame in which E ..LB, for (E. B) isinvariant, and since it isnot zero in S it can't
be zero in S

Problem 12.65

Just before:
Field lines emanate

X from present position
of particle.
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Just after: Field lines outside sphere of radius ct emanate from
position particle would have reached, had it kept going on its
original "flight plan". Inside the sphere E = O. On the sur-
face the lines connect up (since they cannot simply terminate
in empty space), as suggested in the figure.

X This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of electromagnetic
radiation.

Problem 12.66
Equia\tion 12.68 assumes the particle is (instantaneously) at rest in S Here the particle isat rest in5. So

Fl.=-Fl.,  Fli=Fli. UsingF=qE,then,

1- 1-
Fx = Fx = q&z, Fy = Fy = iny, Fz= in = inz.

Invoking Eqg. 12.108:

1 1
Fx = OEX, Fy= [l(Ey - vB2) =q(Ey- VB2, Fz= dl(Ez +vBy) = q(Ez + vBy).

But vxB=-vBzx+vByz, so F=q(E+vxB). Qed
Problerzn|12.67

.z RewriteEq. 12.108vithx -+y, y -+ Z, Z-+X:
v Ey=Ey Ez=I(Ez-VvEx). Ex=I(Ex+VB2)
1E fi By = B
y Y=5BY  Bz=I(Bz+ EX) Bx=1(Bx- ; E2
~- X
X This gives the fields in system 5 moving in the y direction at speed v.

Now E = (0,0, E0); B = (B0,0,0), so Ey = 0, Ez = I(Eo - vBo), Ex = O.

If wewant E = 0, we must pick v sothat Eo- vBo =0;i.e. Iv=Eo/Bo.l
(The condition Eo/Bo < ¢ guarantees that there is no problem getting to such a system.)

Withthis,By=0,Bz= 0,Bx=IeBo- .z.EorIBo(I-~) =I1Bo~ = ~Bo; 1123 ~Box.1

The trajectory in 5: Since the particle started out at rest at the origin
in § it started out with velocity -vy in 5. According to Eq. 12.72
it will move in a circle of radius R, given by
fi

1
P:qBR, orlmv:q ('ZI’BC)R:}~ )

The actual trajectory isgiven by X=0; fi =-RSinWl; Z=R(1 - coswt); . where lw = ~ .1
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The trajectory in S The Lorentz transformations Egs. 12.18 and 12.19, for the case of relative motion in
the y direction, read:

X=X X=X

y=.(y - vt Y=,(f)+ vi)
=z =z
t=,(t-~y) t=,(t+~y)

So the trgjectory in S is given by:

x=0; y=,(-RInwt+vi)={-Rsin[w,(t- W] V(- 5y}, or
Y(1+,2- VZ) = ""?Vt-,RSinW,[ (t--yv)]

Y2y (1 - ~+~) =" Y2y 2} (y-vth=-Rsin[w,(t-~y)];

zZ=R(1- coszw) =R I[1- cOsw, (t - 1Y)]

So: Ix=0; y=vt-~sin[w,(t-~y)]; Z=R-Rcog[ w,(t- )]
We can get rid of the trigonometric terms by the usual trick:

, - =~ -Rg (t - ~
Z(y_ R\i)-RCOS ?WFef[v.( -..y)]y)] } o 12(y- w2+ (2- R2=R2.1

Absent the ,2, this would be the cycloid we found back in Ch. 5 (Eg. 5.9). The2 makes it, as it were, an
elliptical cycloid - same picture as p. 206, but with the horizontal axis stretched out.

Problem 12.68

(@ D = foE + P suggests E -+ I.D . . . .
H_ j@. M suggests B+ mpH } but 1t'Sa httle cleaner 1fwe dlvldeby Po while we're at 1t, so that

E -+ 38ofo = C2D B -+ H. Then: cD., cDy
0 Hz _Hy
-CDy 'HZ 0 H'l
D™ ={-BDz Hy -Hz b}

Then (following the derivation on p. 539):

8 — — _ 8 18 ) 8DJlov
Dov =cV.D =CPt=Jo; -PIv = J5"(-cD.)+ (VxH)x = (J)x j s0 ~ = Jgio,

uxVv

where Jj = (CPtJ+).1Meanwhile, the homogeneous Maxwell equations (V.B = 0, E = - 0::)are unchanged,

L
and hence . =01
H., Hy Hz
®) low = 0 ez  cDy
=~. Dbz 0

{-Hz Dy cD., -CODjy
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(c) If the materia isat rest, T« (-c, 0,0,0), and the sum over v collapsesto a singleterm:

E
D/JoTJ® C2€p/JOTIOD/Jo= C2€plIG- -cD = -C2&-, ~ D = €E (Eq. 432). (

1 1 1 1
H/JOTJ® GJoTlo~ Hido= Gldo~ H =-B ~H=B (Eq 63L). (

(d) In general, T+ ")'(-c, u), so, for JL= 0:
DOVTIdv = DOITJ + pozri2 + Do3ti3 = cDx()'ux) + cDy()uy) + cDz()uz) = ')'c(D .u),
povTIv= pOITJl+ pO21J2 pO3TIF Ex (Yux) + B¢ (Yuy) + Ez()'uz= L(E. u), s0
DovTI¥ ~€povTdv )e(D .u) =cze (~) (E. U) ~ b0 u =€(E.U). [1]

HOVTA\= HOITJI+ HO2TJ2 HO3TJIF Hx(')'ux) + Hy()'uy) + Hz()'uz) =")'(H on),
GovTdv= GOITIH GO2TJI2 GO3TIZFBX()'ux) + By ()'Uy)+ Bz(')'uz) ='")'(B. u), SO
1 1 _
HovTJaw« :]%ovTJv~ Y(H .U) =06 o - H ou= :]{_B. u). [2]
Similarly,for JL—1:

DIvilv = DIO1J@ DI2TJ2+ DI31J3= (-cDx)( -')'c) + Hz()'uy)+ (-Hy)()'u2) ="y(2bx + uyHz = uzHy)
= Y[e2D + (u x H)Jz
pvTdv = plOTIG pl2TJ2+ pI3TI3= . =.(-)'c) + BZ(')'uy) + (-By)(')'uz) =")'(Ex+ uyBz - uzBy)
= y[E+ (uxB)]X soDIvTdv= C2€plV1v
1
Y Ic2D + (u x H)Jz =C26())[E + (U X B)]x~ D + CXu x H) =¢[E+ (U x B)]. [3]
HIVTdv = HIOTJ® HI2TJ2+ HI3TI3= (-Hx)( -')'c) +(-cDzH')Ywy) + (cDy)()'uz)
= ")'c(Hx uyDz+ uzDy)=")'qH- (uxD)]x,
GVIv = GIOTJo+ G212+ GI3TI3= (-BxH -)'c) + ( ~z)(-)-Uy) + (~y) ()'uz)
= %I(CBX - wEz + uzEy) 2% [cZB - (ux E)]X, s0 HIVTv = J.ll_..GIVL]v
YAH- (uxD)Ix= 4 Ac2B- (uxE)], ~ H=- (uxD)= jL[B - dau x E)] : (4]

Use Eq. [4] as an expression for H, plug this into Eg. [3],and solve for D:

D+ :2UX {(UXD)+~  [B- c~(UXE)]} =€[E+(uxB)];

1 1 1
D+ 2 [(u D)u- u2D] Z¢[E+ UxB)- fu xB)+:gu x(uxE)
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Using Eq. [1] to rewrite u .D:

€ 1 1
D(~) T & 9ureEr@xBl- gy, xB) e [E U w2
= 1-~ E-2-1-~ 1- ~ :
€{ [ etlcd] 2 [ €Lc?] (B wu + (UxB) [ eLc]}
! , v= 1
Let 'Y= VI - u2JC2 - j€i" Then

D=Y2§d (1- u~2 E+ (1- ~) [(uxB)- :2(E. uwu] }.

Now use Eg. [3] as an expression for D, plug this into Eq. [4], and solve for H:

H-ux {- c~(UXH)+€E+(UXB)]} :t[B- :2(U x B)] |

1 1 1
H+ 2 [(u Hu - u2H] =B - 2'(uxE); + &ux E) +€[ux (uxB)].

Using Eq. [2]to rewrite u . H:

1 1 1
H(l-~) = T#Buuwe | (BZ@E) ) +EWE)EEU-U2E]

t{ [1- fLW2B + (6l CY [(UXE) + (B. u)-]} .

H=~{(1-:) B+(2-~) [(uxE)+ (B.u)U]}.

Problem 12.69

We know that (proper) power transfcz)rrzns as the zeroth component of a 4-vector: Ko = ~dd~ The Larmor
formula says that for v = 0, ddi = 1JO6~: (Eq. 11.70). Can we think of a 4-vector whose zeroth component
reduces to this when the velocity is zero? (-,

Well, a2 smells like (aVav), but how do we get a 4-vector in here? How about r/", whose zeroth component

isjust ¢, when v = O? Try, then: )

KIJ = Hogg(avall)1]1J.

This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v -t O:

dw = 1dw — ° — 1oz dW =tLog . .
dt y dT‘Y_ 'JCK - 'Jﬁ?r (aVaV)1]°,but 1]0: C'Y,s0 -dt _67?C(avaV) [lnCIdenta”y, this tells

us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we
could simply have looked for a Lorentz scalar that generalizes the Larmor formula]
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In Frob. 12.38(b) we calculated (0YO:v)in terms of the ordinary velocity and acceleration:

ovOne Y42 + (((2/2 a)z)] =76 (@2)-2 + 2fv. 2]

=")'6[a2(1- ~) + c~(v.a2 =")'6{a2- cl2[v2a2-(v.a)2J}.
Now v. a = vacosB, where Bisthe angle between v and a, so:

v2a2 - (v .@)2 =v2a2(1 - COSB) =v2a2sin2B= |V X a12.

0:vO=')'6(a2l~n.
d:; = ~q)'Ga2-l v~an, lwhichisLienard's formula (Eq. 11.73).
Problem 12.70
(@ It's inconsistent with the constraint "I"K" =0 (Prob. 12.38(d)).
(b[We want to find a 4-vector b" with the property that (d:::+b")"I" =0O. How about b" = "'(d:::"lv)"l"? Then
(d:: +b")"1"=dime +"MdrCML,). But "It = -C2, so this becomes (d:::"l,,)- C2"(d:::"Iv), which is zero,

do:" 1 do:v

If we plck”, =l/c2. This suggests  K~ad= (~ + C2~"|v" I") Notethat "|"= (c,vb, sothe spatlal
components of b" vanish |n the nonrelatlwstlc limit, Vv« and hence thIS still reduces to the Abraham-Lorgntz

formu'a [Inci9entally,o:""iv: O dr(@’ - O Mv +0¥ ar - 0 o (Miv- -0 ov,and hence © can
just as well be written -c\(o:vO:v)"I™]
Problem 12.71

Define the electric current 4-vector as before: Jf = (cPeJe), and the magnetic current the same way:
Jf:;,= (cPmJm). The fundamental laws are then

Oy =0sf,  8CV= UL = (gerv+ g G'Y) MIv

The first of these reproduces V.E = (1/€0)Peand V xB = /loJet+/10€00E/ot, just as before (p. 539); the second
yields V .B = (/10/c)(cPm)= /10Prand -(I/c)(oB/ot + V x E) = (/10/c)JJm,or V X E = -/1oJm - oB/ot

(generalizing page 540). These are Maxwell's equations with magnetic charge (Eq. 7.43). The third (following
the argument on p. 540) says

K1 * [E+uxp)] + ° -B )+ Uy B2y + vz By
VI - Ude2 x ¢ [VI- u2/c2 x VI-uwla\ . VI-wle \c )1

1
K- [E+ (uxB)] +am B - (uxE)

vl - wicA® [ 1}’

ge[ E+ (uxB)]+gm [B- c~(UXE)],

which isthe generalized Lorentz force law (Eqg. 7.69).





