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Preface

This concise guide to the differential geometry of curves and surfaces can be
recommended to first-year graduate students, strong senior students, and students
specializing in geometry. The material is given in two parallel streams.

The first stream contains the standard theoretical material on differential geom-
etry of curves and surfaces. It contains a small number of exercises and simple
problems of a local nature. It includes the whole of Chapter 1 except for the prob-
lems (Sections 1.5, 1.7, 1.10) and Section 1.11, about the phase length of a curve,
and the whole of Chapter 2 except for Section 2.6, about classes of surfaces, The-
orems 2.8.1-2.8.4, the problems (Sections 2.7.4, 2.8.3) and the appendix (Sec-
tion 2.9).

The second stream contains more difficult and additional material and formu-
lations of some complicated but important theorems, for example, a proof of A.D.
Aleksandrov’s comparison theorem about the angles of a triangle on a convex
surface,! formulations of A.V. Pogorelov’s theorem about rigidity of convex sur-
faces, and S.N. Bernstein’s theorem about saddle surfaces. In the last case, the
formulations are discussed in detail.

A distinctive feature of the book is a large collection (80 to 90) of nonstandard
and original problems that introduce the student into the real world of geometry.
Most of these problems are new and are not to be found in other textbooks or
books of problems. The solutions to them require inventiveness and geometrical
intuition. In this respect, this book is not far from W. Blaschke’s well-known

L\ generalization of Aleksandrov’s global angle comparison theorem to Riemannian spaces of ar-
bitrary dimension is known as Toponogov’s theorem.
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manuscript [Bl], but it contains a number of problems more contemporary in
theme. The key to these problems is the notion of curvature: the curvature of
a curve, principal curvatures, and the Gaussian curvature of a surface. Almost
all the problems are given with their solutions, although the hope of the author
is that an honest student will solve them without assistance, and only in excep-
tional cases will look at the text for a solution. Since the problems are given in
increasing order of difficulty, even the most difficult of them should be solvable
by a motivated reader. In some cases, only short instructions are given. In the au-
thor’s opinion, it is the large number of original problems that makes this textbook
interesting and useful.

Chapter 3, Intrinsic Geometry of a Surface, starts from the main notion of a
covariant derivative of a vector field along a curve. The definition is based on
extrinsic geometrical properties of a surface. Then it is proven that the covariant
derivative of a vector field is an object of the intrinsic geometry of a surface, and
the later training material is not related to an extrinsic geometry. So Chapter 3 can
be considered an introduction to n-dimensional Riemannian geometry that keeps
the simplicity and clarity of the 2-dimensional case.

The main theorems about geodesics and shortest paths are proven by methods
that can be easily extended to n-dimensional situations almost without alteration.
The Aleksandrov comparison theorem, Theorem 3.9.1, for the angles of a triangle
is the high point in Chapter 3.

The author is one of the founders of CAT(k)-spaces theory,”> where the com-
parison theorem for the angles of a triangle, or more exactly its generalization
by the author to multidimensional Riemannian manifolds, takes the place of the
basic property of CAT (k)-spaces.

Acknowledgments. The author gratefully thanks his student and colleagues who

have contributed to this volume. Essential help was given by E.D.Rodionov,
V.V. Slavski, V.Yu. Rovenski, V.V. Ivanov, V.A. Sharafutdinov, and V.K. Ionin.

2 The initials are in honor of E. Cartan, A.D. Aleksandrov, and V.A. Toponogov.
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Professor Victor Andreevich Toponogov, a well-known Russian geometer, was
born on March 6, 1930, and grew up in the city of Tomsk, in Russia. During To-
ponogov’s childhood, his father was subjected to Soviet repression. After finish-
ing school in 1948, Toponogov entered the Department of Mechanics and Math-
ematics at Tomsk University, and graduated in 1953 with honors.

In spite of an active social position and receiving high marks in his studies,
the stamp of “son of an enemy of the people” left Toponogov with little hope of
continuing his education at the postgraduate level. However, after Joseph Stalin’s
death in March 1953, the situation in the USSR changed, and Toponogov became
a postgraduate student at Tomsk University. Toponogov’s scientific interests were
influenced by his scientific advisor, Professor A.I. Fet (a recognized topologist
and specialist in variational calculus in the large, a pupil of L.A. Lusternik) and
by the works of Academician A.D. Aleksandrov.!

In 1956, V.A. Toponogov moved to Novosibirsk, where in April 1957 he be-
came a research scientist at the Institute of Radio-Physics and Electronics, then
directed by the well-known physicist Y.B. Rumer. In December 1958, Topono-
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1 Aleksandr Danilovich Aleksandrov (1912-1999).
2 Meyer, W.T. Toponogov’s Theorem and Applications. Lecture Notes, College on Differential Ge-
ometry, Trieste. 1989.
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Computer Center of the Siberian Branch of the Russian Academy of Sciences
at its inception. All his subsequent scientific activity is related to the Institute
of Mathematics. In 1968, at this institute he defended his doctoral thesis on the
theme “Extremal problems for Riemannian spaces with curvature bounded from
above.”

From 1980 to 1982, Toponogov was deputy director of the Institute of Math-
ematics, and from 1982 to 2000 he was head of one of the laboratories of the
institute. In 2001 he became Chief Scientist of the Department of Analysis and
Geometry.

The first thirty years of Toponogov’s scientific life were devoted to one of the
most important divisions of modern geometry: Riemannian geometry in the large.

From secondary-school mathematics, everybody has learned something about
synthetic methods in geometry, concerned with triangles, conditions of their
equality and similarity, etc. From the Archimedean era, analytical methods have
come to penetrate geometry: this is expressed most completely in the theory of
surfaces, created by Gauss. Since that time, these methods have played a lead-
ing part in differential geometry. In the fundamental works of A.D. Aleksandrov,
synthetic methods are again used, because the objects under study are not smooth
enough for applications of the methods of classical analysis. In the creative work
of V.A. Toponogov, both of these methods, synthetic and analytic, are in harmonic
correlation.

The classic result in this area is the Toponogov theorem about the angles of a
triangle composed of geodesics. This in-depth theorem is the basis of modern in-
vestigations of the relations between curvature properties, geodesic behavior, and
the topological structure of Riemannian spaces. In the proof of this theorem, some
ideas of A.D. Aleksandrov are combined with the in-depth analytical technique
related to the Jacobi differential equation.

The methods developed by V.A. Toponogov allowed him to obtain a sequence
of fundamental results such as characteristics of the multidimensional sphere by
estimates of the Riemannian curvature and diameter, the solution to the Rauch
problem for the even-dimensional case, and the theorem about the structure of
Riemannian space with nonnegative curvature containing a straight line (i.e., the
shortest path that may be limitlessly extended in both directions). This and other
theorems of V.A. Toponogov are included in monographs and textbooks written
by a number of authors. His methods have had a great influence on modern Rie-
mannian geometry.

During the last fifteen years of his life, V.A. Toponogov devoted himself to
differential geometry of two-dimensional surfaces in three-dimensional Euclidean
space. He made essential progress in a direction related to the Efimov theorem
about the nonexistence of isometric embedding of a complete Riemannian metric
with a separated-from-zero negative curvature into three-dimensional Euclidean
space, and with the Milnor conjecture declaring that an embedding with a sum
of absolute values of principal curvatures uniformly separated from zero does not
exist.
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Toponogov devoted much effort to the training of young mathematicians. He
was a lecturer at Novosibirsk State University and Novosibirsk State Pedagogical
University for more than forty-five years. More than ten of his pupils defended
their Ph.D. theses, and seven their doctoral degrees.

V.A. Toponogov passed away on November 21, 2004 and is survived by his
wife, Ljudmila Pavlovna Goncharova, and three sons.
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Theory of Curves in
Three-dimensional Euclidean Space
and in the Plane

1.1 Preliminaries

An example of a vector space is R”L the set of n-tuples (x1, ..., x,) of real num-
bers. Three vectors i = (1,0,0), j = (0,1,0), k = (0,0, 1) form a basis of
the space R®. A ball in R" with center P(x{, ..., x?) and radius ¢ > 0 is the set
B(P,&) = {(x1,...,x,) € R": Y7 (x; —x0)? < &?}. Aset U C R" is open if
for each P € R" there is a ball B(P,¢e) C U.

Definition 1.1.1. If a = all +612J + a3k and b = bll + bz_] + b3k are vectors in
IR3, then their scalar product (a, b) and vector product a x b are

. . i jk
(71, b) = a\b, + ayb, + azbs, a x b =det a) a as
by by bs

The triple product of vectors a, b, and ¢ = c(i + ¢ j + c3k is

. ay az as
(szE):det by by bs
C1 Cy C3

Definition 1.1.2. A linear transformation is a function 7 : V. — W of vector
spaces such that 7 (Aa + ub) = AT (a) + uT(b) forall A, u € R and a, beV.
An isomorphism is a one-to-one linear transformation. A real number X is an
eigenvalue of a linear transformation T : V — V if there is a nonzero vector @
(called an eigenvector) such that T (a) = Aa.
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Definition 1.1.3. If a map ¢: M — N is continuous and bijective, and if its
inverse map ¥ = ¢~': N — M is also continuous, then ¢ is a homeomorphism
and M and N are said to be homeomorphic. The Jacobi matrix of a differentiable
map ¢: R* — R" is

ik i

dx; T Ox,
J = .

Of fn

ax; T dxy

A differentiable map ¢ : M — N is a diffeomorphism if there is a differentiable
map ¢ : N — M suchthat poyy = I (where [ is the identity map) and rop = I.

Theorem 1.1.1 (Inverse function theorem). Ler U C R”" be an open set, P € U,
and ¢: U — R". If det J(P) # O, then there exist neighborhoods Vp of P and
Vocpy of @(P) such that ¢|y, : Vp — Vy(p) is a diffeomorphism.

For y = (y1,...,y.) and fixed integer i € [1,n], set y = (y1,..., Yi-1,
Vitls oy Va). TW C R then W = {w: w € W} C R” is a projection
along the ith coordinate axes.

Theorem 1.1.2 (Implicit function theorem). Let ¢ : R"*! — R be a C* (k > 1)
function, P € R", and (d¢/dx;)(P) # 0 for some fixed i. Then there is a
neighborhood W of P in R"*! and a C* function f: W — R such that for
Y=t Yar) €R™L fr, s yus) =0 ifand only if yi = f ().

Theorem 1.1.3 (Existence and uniqueness solution). Let a map f: R"*! — R”
be continuous in a region D = {||X—Xo|| < b, [t—ty| < a} and have bounded par-
tial derivatives with respect to the coordinates of ¥ € R". Let M = sup ||f(X, 1) ||
over D. Then the differential equation dx /dt = f(x, t) has a unique solution on
the interval |t — to| < min(T, b/ M) satisfying X (ty) = Xo.

1.2 Definition and Methods of Presentation of Curves

We assume that a rectangular Cartesian coordinate system (O; x, y, z) in three-
dimensional Euclidean space R3 has been introduced.

Definition 1.2.1. A connected set y in the space R? (in the plane R?) is a regular
k-fold continuously differentiable curve if there is a homeomorphism ¢: G — v,
where G is a line segment [a, b] or a circle of radius 1, satisfying the following
conditions:

(1) p e Ck(k=>1), (2) the rank of ¢ is maximal (equal to 1).

For k = 1 a curve y is said to be smooth. Note that a regular curve y of class
C* (k > 1) is diffeomorphic either to a line segment or to a circle. Since a rect-
angular Cartesian coordinate system x, y, z is given in the space R?, a map ¢ is
determined by a choice of the functions x(¢), y(¢), z(¢), where ¢t € [a, b]. The
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condition (1) means that these functions belong to class C¥, and the condition
(2) means that the derivatives x'(¢), y'(¢), z'(t) cannot simultaneously be zero for
any f.

Any regular curve in R? (R?) may be determined by one map ¢: x = x(t), y =
y(t),z = z(t), where t € [a, b], and the equations x = x(t), y = y(t), z = z(t)
are called parametric equations of a curve y. In the case that a regular curve is
diffeomorphic to a circle, the functions x(¢), y(¢), z(¢) are periodic on R with
period b — a, and the curve itself is called a closed curve. If ¢ is bijective, ¢ is
called simple.

The Jordan curve theorem says that a simple closed plane curve has an interior
and an exterior.

It is often convenient to use the veczor form of parametric equations of a curve:
F=r@ = x(t)t + y(t)] + z(t)k where i, j, k are unit vectors of the axes
0X, OY, OZ.If y is a plane curve, then suppose z(z) = 0.

The same curve (image) y can be given by different parameterizations:

F=Fi() =x (i + ()] +2(Ok, 1€ (a,b),
F=F(1) = @i+ m@) ]+ 2@k 1 e(cd).

Then these vector functions 7(z) and F,(t) are related by a strictly monotonic
transformation of parameters t = #(7): (¢, d) — (a, b) such that

(1) Fit() =ra(2),
2) t'(t) #0 forall t € (c,d).

The existence of a function ¢ = 7(7), its differentiability, and strong monotonic
character follow from the definition of a regular curve and from the inverse func-
tion theorem.

Example 1.2.1. The parameterized regular space curve x = acost, y = asint,
z = bt lies on a cylinder x> 4+ y?> = a? and is called a (right circular) helix of
pitch 2w b (Figure 2.17b). Here the parameter ¢ measures the angle between the
OX axis and the line joining the origin to the projection of the point 7 (¢) over the
X OY plane.

The parameterized space curve x = at cost, y = at sint, z = bt lies on a cone
b*(x* + y?) = a?z? and is called a (circular) conic helix.

Definition 1.2.2. A continuous curve y is called piecewise smooth (piecewise reg-
ular) if there exist a finite number of points P; (i = 1, ..., k) on y such that each
connected component of the set y \ [ P; is a smooth (regular) curve.
1

Example 1.2.2. The trajectory of a point on a circle of radius R rolling (without
sliding) in the plane along another circle of radius R’ is called a cycloidal curve.
If the circle moves along and inside of a fixed circle, then the curve is a hypocy-
cloid; if outside, then the curve is an epicycloid. Parameterizations of these plane
curves are
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x = R(m + 1) cos(mt) — Rm cos(mt + t),
y = R(m + 1) sin(mt) — Rm sin(mt + t) (1.1)

where m = R/R’ is the modulus. For m > 0 we have epicycloids, for m < 0,
hypocycloids.

All cycloidal curves are piecewise regular. They are closed (periodic) for m
rational only. A cardioid is an epicycloid with modulus m = 1; it has one sin-
gular point. An astroid is a hypocycloid with modulus m = —}1, see also Exer-
cise 1.12.19. It has four singular points.

R -

(a) cardioid (b) astroid

Figure 1.1. Cycloidal curves.

Besides the parametric presentation of a curve y in R3 (R?) there also exist
other presentations.

Explicitly given curve. A particular case of the parametric presentation of a
curve is an explicit presentation of a curve, when the part of a parameter ¢ is
played by either the variable x, y, or z; i.e., either x = x, y = fi(x), z =
L&) x = fiy),y = v,z = foaly)sorx = fiz), y = L(2), z = z.
An explicit presentation is especially convenient for a plane curve. In this case a
curve coincides with a graph of some function f, and then the equation of the
curve may be written either in the form y = f(x) or x = f(y).

Example 1.2.3. A tractrix (see Figure 2.12 a) can be presented as a graph x =

alp &V ”;lz_yz ++a? —y2, 0 < y < a. It has one singular point P(a, 0). For a
parameterization of this plane curve see Exercise 1.12.22.

Implicitly given curve. Let a differentiable map be given by
f:R >R, f=[fi(x,y.2), folx,y, 2.

Then from the implicit function theorem it follows that if (0, 0) is a regular value
of the map f, then each connected component of the set T = £~1(0, 0) is a smooth
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regular curve in R3. In other words, under the above given conditions a set of
points in R? whose coordinates satisfy the system of equations

fl(x,)’»Z)ZO, fZ(Xsyvz)ZO’ (12)

forms a smooth regular curve (more exactly, a finite number of smooth regular
curves). This method is called an implicit presentation of a curve, and the system
(1.2) is called the implicit equations of a curve. In the plane case, an implicit
presentation of a curve is based on a function f: R> — R with the property that
0 is a regular value.

Recall that the value (0, 0) of a map f = (fi, f»): R — R? is regular if the

rank of the Jacobi matrix
3fi afi Afr
J = dx dy 0z

dx dy 0z

is 2 (or detJ # 0) at every point of the solution set of (1.2) .

Obviously, an explicit presentation of a curve is at the same time a paramet-
ric presentation, where the role of a parameter ¢ is played by the x-coordinate,
say. Conversely, if a regular curve is given by parametric equations, then in some
neighborhood of an arbitrary point, as follows from the converse function the-
orem, there an its explicit presentation. Analogously, if a curve is presented by
implicit equations, then in some neighborhood of an arbitrary point it admits an
explicit presentation. The last statement can be deduced from the implicit function
theorem.

Example 1.2.4. (a) The intersection of a sphere x> 4+ y*> 4+ z> = R? of radius R

with a cylinder x*> 4+ y* = Rx of radius £ is a Viviani curve with one point of

0.5

-0.51

—14
T T eI
04 0 o471 o6 020

(a) curve (b) cylinder () sphere

Figure 1.2. Viviani window.

self-intersection. One can verify that 7 = [R cos?¢, Rcostsint, Rsint], 0 <
t < 2m, is a regular parameterization of the curve.
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(b) The intersection of two cylinders with orthogonal axes, x> + z2> = R? and
y2 +2 = R%, of radii Ry > R, is a bicylinder curve. One can verify that for
R, = R, it degenerates to a pair of ellipses, and that

F= [Rl cost, 4/ R? — R? sin’¢, R, sint], 0<t<2m,

is a regular parameterization of the two curve components.

(a) curve (b) cylinder () cylinder

Figure 1.3. Bicylinder curve.

1.3 Tangent Line and Osculating Plane

Let a smooth curve y be given by the parametric equations
F=F0) =x(0i+y0)] + z(0k.

The velocity vector of F(t) at t = ty is the derivative F(ty) = )C/(l‘());: + y’(to)} +
7/ (to)k. The velocity vector field is the vector function 7'(t). The speed of F(t) at
t = to is the length |F'(ty)| of the velocity vector.

Definition 1.3.1. The tangent line to a smooth curve y at the point P = F(f) is
the straight line through the point P = F(fp) € y in the direction of the velocity
vector 7' (ty).

One can easily deduce the equations of a tangent line directly from its defi-
nition. In the case of parametric equations of a curve we obtain ¥ = R(u) =
F(to) + ur (tp), or in detail,

x = x(to) + ux'(ty),
y = y(to) +uy'(to), (1.3)
z = z(tp) + uz' (1),
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or in canonical form,
x—x(ty) y—ylo) z—2z(lo)
x'(fo) y'(to) Z/(t)

In the case of explicit equations of a curve, y = ¢;(x), z = ¢,(x), the tangent
line is given by the following equations:

(1.4)

_y—=@ilxo)  z— ¢alxo)
X — X = 7 = 7 .
901()50) (Pz(xo)

(1.5)

Finally, if a curve y is given by implicit equations
Sfilx,y,2) =0, f(x,y,2) =0,
and P (xg, Yo, o) belongs to y, then the rank of the Jacobi matrix
o 3fi i
J = dx dy 0z
- <3f2 fr 3f2>

is 2 at P (i.e., rows and columns of J are each linearly independent). Assume for
definiteness that the determinant

dx dy
ap ap

i
dx dy

is nonzero. Then by the implicit function theorem there exist a real number ¢ > 0
and differentiable functions ¢ (x), ¢,(y) such that for |x — xo| < &,

J1(x, 91(x), 92(x)) =0, f2(x, 91(x), 92(x)) = 0.

Hence the equations of a tangent line to a curve y at the point P (xg, Yo, zo) are
presented by (1.5), where the numbers ¢|(xo) and ¢)(xo) are solutions of the
system of equations

L+ U ol (o) + 4L 9 (x0) =0,
W | A s T _ (1.6)
o T oy e1(xo) + 57 - ¢y(x0) =0.

In the case of an implicit presentation of a plane curve y : f(x, y) = 0, the equa-
tion of its tangent line can be written in the form

(af /9x) (x0, Yo)(x — x0) + (3f /9y)(x0, Y0)(y — yo) = 0. (1.7)

1.3.1 Geometric Characterization of a Tangent Line

Denote by d the length of a chord of a curve joining the points P = y(#) and
P, = y(t1), and by h the length of a perpendicular dropped from P; onto the
tangent line to y at the point P.
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h h
lim — = lim — =0.
d—0d ti—to d

Theorem 1.3.1.
Proof. From the definition of magnitudes d and & one may deduce their expres-

sions . - -
_ IF'(t0) x (F(11) — F(1))]

d = |F(n) —F(to)l, h =
7' (10)]
Then

. IF(10) x (F(t1) — F(t)]
im— = — = -

d—-0d  n—n [F(t)| - [F(t) — F(to)]

IF(0) x =0 2y x F (1)
= lim — = 7 =0. U
1= |7 (1)] - |M| | (t)|?

H—ty

Theorem 1.3.1 explains the geometric characterization of a tangent line.

First of all, the theorem shows us that the tangent line / to a curve y at the
point P = y (%) is the limit of secants to y that pass through P and an arbitrary
point Py = y(t;) for t; — #;. In fact, if we denote by « an angle between [ and
a secant P Py, then % = sin«, and from Theorem 1.3.1 it follows that sinae — 0
for t; — ty. From this our statement follows.

Secondly, Theorem 1.3.1 estimates an error that we obtain from replacing a
curve y by its tangent line /. Let Bp(d) = {x € R3: [x — P| < d} be a ball
with center P and radius d. Replace an arc y (1) Bp(d) of a curve y by the line
segment of / that belongs to Bp(d). Then Theorem 1.3.1 claims that under such
a change we make an error of higher order than the radius d of a ball. Also, this
theorem allows us to give a geometric definition of a tangent line to a curve.

Denote by 7 () a unit vector that is parallel to F'(tp) : T (fy) = |§$§§| . A straight
line through the point P = y (#;) that is orthogonal to the tangent line is called a

normal line.

1.3.2 Osculating Plane

It is convenient to give a geometric definition of the osculating plane. Let a plane
« with a unit normal B pass through a point P = F(fy) of a curve y. Denote by d
the length of the chord of y joining the points Py = F(#y) and P; = F(t;), and by
h the length of the perpendicular dropped from P; onto the plane «.

Definition 1.3.2. A plane « is called an osculating plane to a curve y at a point
P = ;(to) if
. . h
c%l—rf%)ﬁ _tlh—r}lloﬁ =0.
Theorem 1.3.2. At each point P = ¥ (ty) of a regular curve y of class C* (k > 2)
there is an osculating plane o, and the vectors ¥’ (ty) and ¥ (ty) are orthogonal to
its normal vector .
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\}/ //Plzf(f/)

e

a D=7 ()

Figure 1.4. Osculating plane.

Proof. First, we shall prove the second statement, assuming the existence of an
osculating plane to y at a point P = F(t). From the definition of the magnitudes
d and h it follows that

d=Ft) —F@w)l,  h=|{F@®) —Fo), B
By Taylor’s formula, F(t)) — F(ty) = F (to))(ty — to) + 37 (1)) (1 — 10)> +
o(|t; — 1|?). Hence

|(F'(10) (11 — 10) + 3F" (o) (t1 — 1) + 6((t1 — 10)?), B)|

lim — = lim = =
d»0d2 -1 |F (1) — F(10)]?
=/ "’ 1= - - 2 Y*
SR 5 ), B) + G
= lim

f1— 1o ’ F(1)—F (o) |2
th—t

Since the limit of the denominator for #; — ¢, is equal to |7 ()| and since by
the condition of the theorem it is nonzero, from the condition lim,, % =0it

follows firstly that (7' (fy), B) = 0, and then (" (to), B) = 0. To prove now the
existence of an osculating plane, consider two cases:

(1) F'(to) x 7' (1) # 0, 2) F(to) x7"(to) = 0.

In the first case define a vector f = %, and in the second case take for

B an arbitrary unit vector orthogonal to ¥'(f). In both cases we have
(F'(10), B) = (F"(t0), B) = 0.

Let o be the plane passing through the point P = F(tp) and orthogonal to the
vector 8. Then

h= o0 — 10, B),  d=IF{)t — 1) +o(n — ).

From this it follows that

@n—1).8) ; ol —1[») ﬂ>
. . (11—10)? ’ tlhirzlo < lti—t0l? 2 B

lim — = lim = = — -0
fh—to d? =10 | F 1) —7 (t0) |r (t0)|2

Hh—t
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Consequently, « is an osculating plane. Besides, as we see, in the first case the
osculating plane is unique, and in the second case any plane containing a tangent
line to ¥ at P = F(f) is an osculating plane. For a plane curve, the osculating
plane is the plane containing ¢. (]

We now deduce the equation of the osculating plane for the case that a curve
is given by parametric equations and the vectors 7 (ty) and 7" () at a given point
P=rF (fo) are linearly independent. In this case the normal vector to the osculating
plane, B, as follows from Theorem 1.3.2, may be taken as 7' (ty) x 7" (t),

B =7 -3+ EGx —F) )] + &5 — Tk,

and we obtain the equation of an osculating plane o:
A(x — x(10)) + B(y — y(t0)) + C(z — z(10)) =0,

where A = y'z" —y"7', B=27'x"—7"x', C = x'y"—x"y’ are derived for t = t,.
Projecting y orthogonally onto an osculating plane «, we obtain a plane curve
of “minimal deviation” from y . The value of this deviation has order slightly more
than d2. In detail, the lengths of the curves y and ¥ that belong to the ball Bp(d)
(with center P and radius d) differ from each other by a value whose order is
slightly greater than d?.

At a point P = F(¢) of a curve, where an osculating plane is unique, one may
select among all normal directions a unique normal vector ¥ by the conditions

(1) ¥ is orthogonal to 7' (ty),

(2) v is parallel to an osculating plane,

(3) ¥ forms an acute angle with the vector F” (),
(4) v has unit length: [¥| = 1.

Such a vector v is the principal normal vector to a curve y at a point P. It is
easy to see that ¥ can be expressed by the formula

(¥, 7" = 7l .,

= 4+ — -r". (18)

=/ =/ =/ =/ =/
[r'| - |r x r"| |r x r"|

<!

A principal normal vector b is defined invariantly in the sense that its direction
does not depend on the choice of a curve y parameterization. Let 7 = R (7) be
another parameteriza}ion of y. Then, as we know, there is a function r = #(t)
such that 7(¢ (7)) = R(z) and

-/ -

- " —»
R, =F,-1', R, =F,-(V+F 1.

From these formulas it follows that (v, i{/) — 0and (v, R L) = (U F) - (),
and consequently, the vector ¥ satisfies all four condltlons w1th respect to the

parameterization R(t) Using the vectors T = ‘_, and v, define a vector [3 by
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the formula B = 7 x ¥, and call it a binormal vector. The directions of 7 and B
depend on the orientation of the curve and should be replaced by their opposites
when the orientation is reversed. The vector v, as was shown before, does not
depend on the orientation of the curve.

In practice, it is convenient to derlve z, v and /3 in the following order first,

the vector T = L-, then the vector /3 = _, ””I’ and finally the vector v = /3 X T.

7

Figure 1.5. Tangent, principal normal, and binormal vectors.

1.4 Length of a Curve

Let y be a closed arc of some curve, and 7 = F(¢) its parameterization; a < t < b.
Note that a polygonal line is a curve in R* (R?) composed of line segments pass-
ing through adjacent points of some ordered finite set of points Py, P>, ..., P;. A
polygonal line o is a regularly inscribed polygon in a curve y if there is a partition
T of a line segment [a, b] by the points t; < t, < --- < t; such that O P, = F(¢;).
To each polygonal line there corresponds its length [(o) equal to Zf:ll PPy
Denote by I' (y) the set of all regularly inscribed polygonal lines in a curve y .

e

P,

Figure 1.6. Regularly inscribed polygonal lines in a curve.

Definition 1.4.1. A continuous curve y is called rectifiable if sup,.r,, (o) <
00.

Definition 1.4.2. The length of a rectifiable curve y is defined as the least up-
per bound of lengths of all regularly inscribed polygonal lines in a given curve
y:l(y) = supgd-(y)l(o).
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The next theorem gives us a sufficient condition for the existence of the length
of a curve and the formula to calculate it.

Theorem 1.4.1. A closed arc of any smooth curve is rectifiable, and its length is
b
1) = [ Faar

Proof. LetF = F(t) = x(t)i + y(t);' + z(t)l} (t € [a, b]) be a smooth param-
eterization of a closed arc y of a given curve. Take an arbitrary polygonal line
o: Py, Py, ..., P, from the set I'(y). The length of the ith segment of the polyg-
onal line o is equal to

PPy = |F(tip) — F(1)|
= VIx(tip1) — xW)P + [y(tis1) — Y P + [2(tin1) — 2()]2.

Applying Lagrange’s formula to each of the functions x(¢), y(¢) and z(¢), we
obtain

PPy =X EDP + [y )P + [2 ()] Ay, (1.9)

where t; < & < ti11, ti <0 < tix1, i <8 =< tiy1, At = tiy) — 1;. Since
the functions x’(¢), y'(¢) and 7'(¢) are continuous on a closed interval [a, b], by
Weierstrass’s first theorem they are bounded on this closed interval; i.e., there is
areal M such that |x' ()] < M, |y #)| < M, and |7/ (¢)| < M, forall ¢ € [a, b].
Using the last inequality we obtain

k—1 k—1
o)=Y PiPui=V3MY At =3M®b-a).
Since o is an arbitrary polygonal line from the set I"(y), it follows that

sup [(o) < \/§M(b—a) < 00.

o€l (y)

The proof of the first statement of the theorem is complete.
Now we shall prove the second statement of the theorem.
To each polygonal line o : Py, P,, ..., P, regularly inscribed in y there corre-
sponds some partition
TOo):hHh<b<---<ty

of a closed interval [a, b], and conversely, to each partition 7': t; <, < --- <t
of a closed interval [a, b] there corresponds a polygonal line o (T): Py, Ps, ...,
Py, where P; is the endpoint of the vector 7(z;). For each polygonal line o (r)
define a number §(7T) = max;—;._x—1 At;. We now prove that for any real ¢ > 0
there is a partition 7: #; < 1, < --- < f; of the line segment [a, b] for which the
following inequalities hold simultaneously:
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1) =1 (D) = 5. (1.10)
[ty = Y Fwlan] < 3. (1L11)

k=1 b, P
‘Z;ﬁVMMMn—flrmwtsg. (1.12)

Directly from the definition of the length of the curve y and that it is rectifiable
follows the existence of a partition 7} of the line segment [a, b] such that inequal-

ity (1.10) holds. The sum
NN

is a Riemann integral sum for the integral fab |F'(t)|dt. Thus there is a real number
8o > 0 such that for every partition 7 of a line segment [a, b] with the property
8(T) < &, the inequality (1.12) holds. Now take a partition 7, of the line segment
[a, b] refining the partition 7} and satisfying the inequality (1.12). For the partition
T», in view of the triangle inequality, the inequalities (1.10) and (1.12) hold. The
functions x’(¢), y'(¢), and 7'(¢) are continuous and hence uniformly continuous

n [a, b]. Thus for any real ¢; > 0 there is a real number §; > 0 such that for
[t” —t'| < 81, the inequalities

IX'@") = X' < e, YA =Y ) <e, 2@ - <e

hold. Now take a partition 73 of the line segment [a, b] refining the partition 7,
and satisfying the inequality §(73) < min{§y, 8;}. For the ith segment P; P; | of
such a partition we have

|Pi Py — |F' (1) - At
(J[x'(sl P+ 2P = VIV @) + [y @) + [2/ ()| At
< VIX'GE) =X )P+ 1) — Y )P + [2(@) — 2 @) PAL < 3e 1A,

where the next-to-last inequality holds in view of the triangle inequality. Summing
up these inequalities, we obtain

n(T3)—
Ho @) = 30T I @A < Vet - a),
where n(7T3) is the number of segments of the partition T3. Select ¢; satisfying the
inequality /3¢ (b — a) < 5+ Thus, if we take the partition T3 in the role of the
partition T of the line segment [a, b], then the inequalities (1.10)—(1.12) will be
satisfied simultaneously. Thus, summing up these inequalities, we obtain

< - - = 1.13
+3+3 (1.13)

‘l(y) f F'(1)| dt

Since ¢ > 0 is an arbitrary real number, the proof of second part of the theorem
is complete. O
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If a curve y is piecewise smooth, then its length can be calculated as a sum of
lengths of its smooth parts. However, any piecewise regular curve has a smooth
(nonregular!) parameterization (prove).

An arbitrary curve is called rectifiable if every one of its closed arcs is rectifi-
able. For rectifiable curves one can define the so-called arc length parameteriza-
tion, which is based on the existence of the length of each closed arc. Let y be an
oriented rectifiable curve. Take an arbitrary point Py € y and associate with Py
the zero value of a parameter s. To any other point P € y there corresponds the
value of the parameter s that is equal to the arc length PyP of the curve y taken
with the sign (4) if P follows Py, and with the sign (—) if P precedes of Py. If
y admits a smooth regular parameterization ¥ = F(t), then its arc length parame-
terization is also smooth and regular. Indeed, by taking into account the sign, we
derive an arc length PoP = s(t) = fo |F(¢)| dt. The function s(¢) is differentiable
and % = |F(¢)| > 0. Hence, there is an inverse function ¢ = ¢(s) and

dt 1
ds  |r(t(s))]
The arc length (or unit speed) parameterization of a curve y: F = F(s) is
defined by the formula

F(s) = F(t(s)). (1.15)
From (1.15) follows the differentiability of the vector function F(s) and
- N O]
! = ! t)  —| = = 116
IF ()| = |r (1) as| = Pl (1.16)

The last formula shows us that the given arc length parameterization is regular.
For the arc length parameterization 7 = 7(s), the formulas for a tangent vector 7,
a principal normal vector ¥, and a binormal vector B take the simplest form:

F(s) F'(s) x F'(s)

7" ()] F"(s)]

In fact, the first formula follows from (1.16) and the second from the equality

. Bs) =

T(s) =F(s), V()=

(1.17)

(F'(s), F'(5))" = 2(F'(5), 7" (s)) = 0.

From this it follows that " (s) is orthogonal to the vector ¥'(s), and finally, the
last formula follows from the definition of the vector S (s).

1.4.1 Formulas for Calculations

LIfy: F=7@) = x®)i +yt)j +z(@O)k, a <t < b, then

b b
I(y)= / |F'()| dt = / x?+y?+2dt.
a a
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2.Ify:y= filkx),z= fo(x), a <x < b, then
b
I(y) :/ L+ f* + fidx.
3.Ify(t): F = F(t) = x(1)i + y(t)], a plane curve, then

b
1(y) =/ X2+ y2dt. (1.18)
a

4. Ify:y= f(x), a <x <b,then

b
I(y) =/ V14 f2dx.

Example 1.4.1. (a) Consider a helix ¥ = [acost, asint, bt] with ¥’ = [—asint,

acost, b], which in view of Z(# (), O Z) = const is also called a curve of a con-

stant slope. The speed is |F'(t)| = v/a?+ b2 = c. Then s(t) = Ot ¥ ()| dt = ct.

So an arc length parameterization is given by 7i(s) = [acos®, asin?, b2].
21 =1

Finally, we compute the arc length of the helix period L = [~ [r (t)|dt =

27 +/a? + b%. The length of the circle L = 2ma is the particular case b = 0.
(b) For a parabola 7 = [¢, t?/2] (a very simple curve geometrically) we obtain
s(t) = [y VT+12dt = /T + 12 +1In(t++/1 + 12)) /2. However, it is a difficult

task to find ¢ = #(s) from this equation.

1.5 Problems: Convex Plane Curves

We review some notions from the theory of convex plane curves. Recall that a
closed region D C R? is convex if for every pair of its points A and B it contains
the entire line segment AB joining these points: A € D,B € D = AB C D.
A connected boundary component of a convex region is called a convex curve.
Another definition of a convex curve that is equivalent to above given can be
formulated as follows: a curve y is convex if each of its points has a support line.
A straight line a through a point P of a curve y is a support lineto y at P € y
if the curve is located entirely in one of the two half-planes determined by a.
A tangent line need not exist at each point of a convex curve, but for the points,
where the tangent line exists, it is also a support line.
Now we shall formulate and solve some problems about convex curves.

Problem 1.5.1. Every closed convex curve has length (i.e., it is a rectifiable
curve).

Solution. Leto: Py, Ps, ..., P = P; be an arbitrary closed polygonal line regu-
larly inscribed in a convex curve y. If we pass a support line to y through a point
P;, then the points P;_; and P;;; are located on one side of this straight line, and
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hence the inner angle of a polygonal line o at a vertex P; is not greater than 7.
Consequently, a polygonal line o is convex. Since y is a closed curve, then there
is a triangle A containing it, and hence containing o, and from this follows the
inequality /(o) < I(A). Since o is an arbitrary regularly inscribed polygonal line
iny, we have [(y) = sup,cr,) [(0) < (D). O

It turns out that the length of a closed convex curve can be calculated using
its orthogonal projections onto all straight lines through an arbitrary fixed point.
Denote by a(¢) the straight line through the coordinate system’s origin forming
an angle ¢ with the O X axis, and by d,, (¢) the length of the orthogonal projection
of the curve y onto the straight line a(gp).

Problem 1.5.2. Deduce the formula /(y) = fon dy,(p)do.

Solution. Take an arbitrary line segment p of length d. Without loss of generality
one may assume that it is located on the OY axis. Then d,,(¢) = d sin ¢ and

z T
0 0

Now let o: Py, P5,..., P = P; be an arbitrary convex closed polygonal line.
Then d, (¢) = 1 Yi=| dp,p., (¢) and

T 1 k=1 [T k—1
| a0 =3 ¥ [ dnni@rde =3 Pb = 1@,

By the way, we have proved our formula for polygonal lines. For an arbitrary
convex curve the formula of the problem follows from the previous formula and
from the definition of the length of a curve. (]

Problem 1.5.3. Let y;: 71 = 71(s) and y»: F» = F2(s) be smooth curves in R3, s
the arc length parameter. Denote by I(s) the length of a segment y; (s)y»(s). Then

we have the formula

dl
— =cosa;(s) + cosax(s),
ds

where o (s) and > (s) are the angles between the vector y»(s)y; (s) and the vec-

- G ————— - : .
tors T| = %, y1(8)y2(s), and T, = %, respectively.

Solution. If the equations of the curves y; and y, are written in the parametric
form x; = x1(s), y1 = yi(s), z1 = zi1(s) and x; = x2(s), Y2 = ya2(s), 22 =
22(s), respectively, then

1(s) = v/ (2 — x1)2 4+ (2 — y1)? + (22 — 21)?

and
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.
T

Figure 1.7. First variation of the distance I(s) = |y1(s)y2(s)].

dl (xo—x)(xy —x)) + (2 — y) (5 — ¥ + (22 — 21)(25 — 7))

ds Vo —x)2+ (2 — y)? + (22 — 21)?
(= x)xp+ (= )y + (21— 22)7)
- 1(s)
(x2 — x1)x5 + (2 — YD)y, + (22 — 21)2)
_l’_
1(s)

= < 72 , '?1> +< vivs , ?2> = cosa(s) + cosas(s).

lyavil lyi1yal

In the particular case that y, degenerates to a point, we have % = cosa(s). If
the curves y; and y, are parameterized by an arbitrary parameter ¢, and [(z) =

y1()y2(2), then
dl (t)dsl n (t)dsz
— = COS —_— COoS —_—
dt O NPT

where s1(1) = [y [F1(t)|dt and s;(t) = [y [F2(1)| dt. O

Problem 1.5.4. Let y be an arc of a smooth convex curve with endpoints A; and
A,. Denote by [(h) the length of a chord A;(h)A,(h) on y that is parallel to the
straight line A; A, and is located at distance 4 from it. Denote by « (k) and a» (h)
the angles that the chord A;(h)A;(h) forms with y. Then the following formula
holds:

dl
— =cota;(h) + cotay(h).

dh
e
Ai(h) . A:(h)
ﬂ] 061(/’!) h : ag(h) ﬂ:
A, A;

Figure 1.8. Derivative of the length of a chord A{(h)A3(h).
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Solution. Denote by B a point on y where the tangent line is parallel to the
straight line A;A,. The point B divides y onto two arcs: y; from A; to B and
y, from A, to B. Let 7| = F1(s) and 7, = F»(s) be the arc length parameteriza-
tions of these arcs. Define two functions /4 (s) and h,(s) on the curves y; and y,
equal to the distances from the points 7 (s) and F,(s), respectively, to the straight

line A{A,. Then from the formula of Problem 1.5.3 it follows that % = cos B (s)
dh;
ds
sin &p (s). From the formula of the same problem it follows that

dh

and <72 = cos By (s), where B; = o) — F and B = ay — 7 or
dhy _
ds —

= sina;(s),

dl ds ds cosa;  CoSwn
=CoOS|— +Ccosap— =

— - + — =cota; +cotar. [
dh dh, dh,  sina; | sina, : 2

In the rest of this section we will discuss the isoperimetric problem.

Problem 1.5.5 (Isoperimetric problem). Among all closed curves with fixed
length find one bounding a region of a maximal area.

This statement can be also reformulated in the following form: Let / be the
length of some closed curve y, and let S be the area of a region D(y) bounded
by y. Then any closed curve satisfies the isoperimetric inequality S < 1% /4w, and
equality holds if and only if y is a circle.

Solution. Solve this problem under the assumption that an extremal curve exists.
Let y be an extremal curve; i.e., a curve with length /, bounding a region of a
maximal area. Then it has the following properties:

(1) y is a convex curve;
(2) if the points A and A, divide y into two arcs of equal lengths, then the chord
A1 A, divides D(y) into two regions Dy and D, of equal areas.

Proof of the first statement. Assume that the curve y is not convex. Then there
exist two different points B; and B; on y such that y is entirely located on one
side of the straight line B; B, and the interior points of the line segment By B, do
not belong to y. The points B; and B, divide y into two arcs y; and y,. Together
with the line segment B; B, they form two closed curves o, and o7, one of which,
say o1, belongs to the region bounded by the other curve, 0. Take a curve ¥, that
is symmetric to y; with respect to the straight line B B,. Theny = ¥, U y» is
a closed curve with the same length / that bounds a region D(y) D D(y), and
S(D(y)) > S(D(y)) holds, which contradicts the extremality of y.

Proof of the second statement. Assume that the line segment A;A, divides
D(y) into two regions D; and D, with unequal areas. Suppose that S(D;) >
S(D;). Denote by D, the region that is symmetric to D, with respect to the
straight line A;A;. The area of the region D = D, + D, is greater than the
area of D(y), and the length of its boundary curve is /, which again contradicts
the extremal property of y.

We finish the solution of the problem with an elegant and beautiful argument
by E. Steinitz. Let A; and A, be two points dividing y into two arcs with equal
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Figure 1.9. Isoperimetric problem solution.

lengths. Take an arbitrary point B #= A}, B # A;. Then LA BA; = 90°. Actu-
ally, assume that there exists a point B € y such that ZA; BA; # 90°. Denote by
) the arc A| By of y, and by §, the arc BA,. The arc §; and the chord A; B bound
aregion K, and the arc §, together with the chord BA; bound a region K;.

Now construct a triangle AA BA2 for which A B = A B, Azé = A,B, and
/A1BA; = 90°. Then the inequality S(AAlBAz) > S(AA{BA5) holds. Now
construct a region D, placing the regions K, K», respectively, along the legs of
AA|BA,, and a region D, that is symmetric to it with respect to the straight line
A1 A,. The boundary of the region D = D; U D5 has the same length /, but its
area is greater than the area of D(y), which is a contradiction. Consequently, for
any point B € y with the property B # A, B # A, we have /A BA; = 90°,
but from this it follows that y is a circle. The radius R of this circle is [ /2, and
its areais S(D(y)) =1%/4m;ie., S =1?/4r. O

1.6 Curvature of a Curve

Let y be a smooth curve in R3. Take on it a point P and another point P;. Denote
by As the arc length PPy on y and by A6 the angle between tangent vectors T
and 7 to y at P and P;.

Definition 1.6.1. The limit

A VAN
Iim — = lim —,
PP As As—0 As

if it exists, is called the curvature of the curve y at the point P.
The curvature of a curve y at a point y (¢) will be denoted by k(z).

Example 1.6.1. (a) Let y be a straight line. Then A8 = 0, and k£ = 0 holds at all

points of y. (b) Let y be a circle of radius R. Then As = RA6 and lima,_,¢ % =

%> 1.e., the curvature of a circle is the same number — at any of its points.

Later on, we shall prove that there are no plane curves of constant curvature
other than circles and straight lines. Definition 1.6.1 and Example 1.6.1 show us
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that the curvature of a curve is the measure of its deviation from a straight line in
a neighborhood of a given point, and that the curvature is greater as this deviation
is greater. The following theorem gives us sufficient conditions for the existence
of the curvature and a formula for its derivation.

Theorem 1.6.1. Let y be a C?-regular curve. Then at each of its points there is a
|7 x7"|
I7?

curvature. If ¥ = F(t) is a regular parameterization of y, then k =

/)

s

7(s) 7(s)

7(s) = 7(s5)

Figure 1.10. Triangle composed from the vectors 7'(s1) and 7' (s7).

Proof. Let F = F(s) be the arc length parameterization of y, and let P; =

F(s1), P, = F(s2). Then As = |s, — 51|, and A6 is the angle between vectors
7'(s1) and F'(s;). Since |F'(s;)| = |#'(s2)| = 1, then 2 sin ATO = |F'(s1) = F'(s2)].
Thus ,
AD F -7 o
im 2 — tim Ir'(s1) (sl _ sl

s—0 As  £0—0 2gin AT" 5—0 As

By these arguments, the first part of the theorem has been proved. Moreover, we
have the formula

k= |F"(s)]| (1.19)

at a point y (s). Now let F = F(t) be an arbitrary regular parameterization of y.
Then

o o dt 1
Fi=F—=F)=—,
ds Ir(1)]
2 2 =/ /=14
P ﬂ ;;/dt_ Ty _;/(rn,rt)
ss =\ g ds? T FPRE T
and
= UA=1/ =1 22 S22
K= |~// |2_ (rmrn> _ 2(1‘”,7',) <rztvrr>
- - =/ =/ =/
* F|* | 1° 716
=112 22 =11 2/\2 =/ =112
_|rtt| '|r1| _<rtt’rt> _|rtxrrz|

=/ - =/
|F;1° 716



1.6 Curvature of a Curve 21

From this follows

=21 =/
|r,, xr

|
=0 O
|7

The last formula shows us that the noncollinearity condition of the vectors 7/
and 7, has a geometrical sense; i.e., it does not depend on the choice of a pa-
rameterization. If at some point of y the curvature is nonzero, then 7, and 7}, are
nonparallel and conversely.

This remark allows us to give a geometric condition for the uniqueness of the

osculating plane to a curve y at any of its points P, and to complete Theorem 1.3.2
by the following statement.

Theorem 1.6.2. A necessary and sufficient condition for the existence of a unique
osculating plane to a C*-regular curve y at any of its points is that the curvature
of v be nonzero at this point.

As we have just shown, a straight line has zero curvature at each of its points.
The converse statement is also true: if the curvature of a curve y at each of its
point is zero, then y is a straight line. Indeed, if k = 0, then 7, = 0, from which

follows F, = ¢, and ¥ = ¢;5 + ¢».

1.6.1 Formulas for Calculations

()Ify: 7 =7@t) =x®)i + y@t)j + z(1)k, then

_ \/(y’z” _ Z/y//)2 + (Z/x// _ x/Z//)z + (x/y// _ y/x//)z

k 3
(x/2 +y/2 +Z/2)§

(2) If y is a plane curve F = F(t) = x(t); + y(t);', then

"7

=y
(x/z + y/Z)% ’
(3)If y isa graph y = f(x), then

e e
(1 +x/2)§

1.6.2 Plane Curves

The curvature of plane curves can be provided with a sign in the following way.
Draw an arbitrary continuous normal vector field 7(¢) along a curve y. Then the
curvature of y at a point P = F(¢) is positive if the principal normal vector v ()
of y coincides with 7(z), and negative in the opposite case. For a closed simple
curve y, the normal vector field n(r) will be directed inside the region bounded
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o

@

Figure 1.11. The plane curve sign of curvature.

by y. In this case, the curvature of a curve y is positive at a point if the region is
convex “outwards,” and the curvature is negative if it is convex “inwards.”

In particular, by this definition of a curvature’s sign, a closed convex curve has
nonnegative curvature at each point. For oriented curves denote by o (¢) the angle
between the vector ¥ (t) and the direction of the OX axis, and define the cur-
vature’s sign as the rate at which the angle «(¢) is changing, where we assume
signk = sign‘;—‘;. The value of the angle «/(¢) is defined by the following method:

the angle «(0) is equal to the angle measured from i counterclockwise with sign
(4), or clockwise with sign (—). For other values of ¢ the angle «(¢) is defined
by continuity; it increases when the vector 7'(¢) turns counterclockwise, and de-
creases otherwise.

In particular, if a plane curve y is given explicitly as y = f(x), then it naturally
obtains an orientation (by increasing x-variable), and then the curvature’s sign
coincides with the sign of f”(x); i.e., in this case, k = W If a curve is
given by the arc length parameterization, then k(s) = %. If the curvature k of a
curve at any of its points is nonzero, then the real number 1/|k| is called the radius
of curvature of the curve at the given point and is denoted by R: R = 1/|k|. We
say that the radius of curvature is infinite if the curvature is zero; moreover, the
radius of curvature R can be is considered with the sign in correspondence with
the formula R = 1/k.

Plane curves are uniquely determined by their curvature k(s), given as a func-
tion of the arc length parameter s. But before we formulate this theorem, we shall
generalize the definition of a curve given above.

Due to Definition 1.2.1, we represent a regular curve as the differentiable im-
age of an open interval or a circle into R? (or R?). Such a definition was suf-
ficient for studying the local properties of a curve. However, when one studies
the properties of a curve as a whole, inevitably there appear curves with points of
self-intersection. Moreover, curves defined by their geometrical properties also of-
ten have points of self-intersection, for example, elongated cycloids and hypocy-
cloids, lemniscates of Bernoulli, etc.

Thus, we shall hereinafter define a curve as a locally diffeomorphic image of
an open interval [ or a circle S! into R? (or R?).

More precisely, two local diffeomorphisms ¢ (¢) and ¢, (¢) of an open interval
or a circle into R? (or R?) are equivalent if there is a diffeomorphism ¢ = () of
an open interval or a circle onto itself such that ¢;(z(7)) = ¢, (¢).



1.6 Curvature of a Curve 23

The equivalency class of local diffeomorphisms of I or S will be called a
smooth regular curve. We shall treat a point of self-intersection of a smooth reg-
ular curve as two different points having two corresponding tangent vectors, two
main normal vectors, two values of the curvature, etc. If a curve y has no points
of self-intersection, then it is simple.

Theorem 1.6.3. Let h(s) be an arbitrary continuous function on a line segment
[a, b]. Then there is a unique (up to a rigid motion) curve y for which h(s) is the
curvature function and s is the arc length parameter.

Proof. Let the functions x(s), y(s), and «(s) satisfy the system of equations
- ©. Losnaw, Lo
— =cosa(s), — =sina(s), — = h(s).
ds ds ds
Solving this system, we get
a(s) = ao—i—/ h(s)ds, x(s) = xo—l—/cosa(s) ds, y(s) = yo—i—/ sinc(s)ds.
0 0 0

The obtained curve y: x = x(s), y = y(s) satisfies all the conditions of the
theorem. Prove that s is the arc length parameter. By formula (1.18) we have

l:/s (x/)2+()")2ds=/s ds =s—a.

Further, by formula (1.19),

- - d
k@l = K ©)F +3" )] = V@ + (77 = VI P = | 22| = 1ho).

In view of the definition of the sign of curvature we obtain k(s) = fi—‘;‘ = h(s).
Finally, the coordinates of the initial point on the curve y (s) are actually (xo, yo),
and the direction of the tangent vector 7 (0) forms the angle g with the O X axis.
Hence, if there exist two curves with equal curvatures, then a rigid motion that
matches their initial points and initial tangent vectors at this point also maps one

curve to the other. O

From Theorem 1.6.3 it immediately follows that if the curvature of a curve is
constant, then the curve is either a line segment or an arc of a circle. The equation
k = k(s) is called a natural equation of a curve. A simple analysis of the proof
of Theorem 1.6.3 shows that its statement remains true if a function A (s) is only
integrable. In particular, Theorem 1.6.3 holds if /(s) is a piecewise continuous
function with a finite number of discontinuity points of the first order. In this
case, y with the above-mentioned function of curvature would be a smooth regular
curve having a finite number of arcs of class C2.

To a point at which two arcs of class C 2 meet, correspond two values k_ and
k. that are the left- and right-hand limits of the curvature function. We say that



24 1. Theory of Curves in Three-dimensional Euclidean Space and in the Plane

the curvature of a curve y at this point is not smaller than & (not greater than ko)
if min(k_, ky) > ko (max(k_, k) < ko).

In Section 1.7 if the opposite is not supposed, we shall refer to a curve y from
this class; i.e., a smooth regular curve with a piecewise continuous curvature func-
tion k(s).

1.7 Problems: Curvature of Plane Curves

Let two plane curves y; and y, touch each other at a common point M, and let the
curvature sign of y; and y» be defined using the same normal vector 7. Denote by
ki and k, the curvatures of the curves y; and y, at M.

Problem 1.7.1. If k; > k;, then there is a neighborhood U of a point M in which
a curve y; with the exception of the point M is located on one side of y, defined
by the direction of 7.

- Uy

—

Figure 1.12. Curves with curvatures k; > k.

Solution. Introduce a rectangular coordinate system (x, y) on R?, locating its ori-
gin at M, and such that the direction of the OY axis coincides with 7. Then
in some neighborhood V of a point M the equations of y; and y, can be re-
duced to the explicit form y = f(x) and y = f>(x). From the conditions of the
problem and the selection of a coordinate system it follows that f1(0) = f,(0),
f1(0) = £3(0) and k1 (0) = f{'(0), k2(0) = £,/(0). We apply Taylor’s formula to
the function f(x) = fi1(x) — f2(x). Since f(0) = f'(0) =0,

1 5(x2)
fx) = Exz[(kl —kp) + 2 ]

From the last formula follows the existence of a real £ > 0 such that for |x| < &,
0 2 . . .
"S‘z) is positive. O

the expression (ki — k) +

If a curve y is closed, then it divides the plane into two parts, one of which is
compact. Denote this compact region by D(y).
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Problem 1.7.2. Let y (s): F = F(s) be an arc length parameterized plane curve of
class C2, and £(s) = |F(s)|. Prove the formula
el cos’a
ds?|,_ €0) ’

where k = k(0) is the curvature of the curve at y (0), and « the angle between the

vector o = \:Eg;I and the main normal v = v(0).
0]
Figure 1.13. The second variation of [(s) = |F(s)|.
Solution. Since ¢ = £(s) = (F,F)2, then 4 7 = <;|’;;‘/> = (Fo, '). From this we
obtain

¢ d ((r,F) . ¥y (FFy  (F )
FZE( 7] >= 7] CIGE
1 cos’a
= m( — (Fo, YD) + k(Fo, ») = kcosa + 00
Note that the second variation formula is simplified if the origin of the coordi-
nate system is placed so that the vectors 7o and v coincide. Then cosa = 1 and

a2 _
=0 =k + 75y 5(0) O

Problem 1.7.3 (Frenet formulas for plane curves). Prove that the formulas

X dy . do
— =cosal(s), — =sina(s), — =k
ds ds ds
are equivalent to the equalities
dt - dv
— =k(s)v, = —k(s)T.
s (s) I ()T
Solution. Since T = 7(s) = cosai + sinej, but ¥ = v(s) = — sinai -+ cos Ol__]:,
then
dt T 3 e N
I =o' (—sina)i + o cosaj =a'v =k(s)v,
s
dv -

o= —a'cosai —o'sinaj = —a'T = —k(s)T. O
s
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Problem 1.7.4. If a curve y is closed, then there is a point on it where the curva-
ture is positive.

Solution. Let P be an arbitrary point in a region D(y). Take a sufficiently large
real R such that a disk with center at P and radius R contains y. Decrease the
radius of this disk until the circle with center P and radius Ry is for the first time
tangent to y at some point P;. The curvature of the circle is 1/ R, but at this point,
as follows from Problem 1.7.1, the curvature k(P;) of the curve y is not smaller
than 1/Ry. (]

Problem 1.7.5. The curvature of a closed convex curve is nonnegative at each of
its points.

Solution. Follows from Problem 1.7.1. O

Problem 1.7.6. If a simple closed curve has a nonnegative curvature at each of its
points, then it is convex.

Figure 1.14. The curvature of a plane curve, Problem 1.7.6.

Solution. Assume that y is not convex. Then there exist two points A and B on y
such that the line segment A B lies outside of D(y), and y is located on one side
of the straight line AB. The points A and B divide y onto two arcs, y; and ;.
One of the curves oy = y; U AB and 0, = >, U AB contains D(y). Assume that
this curve is 0. Find a point P on the arc y; with the maximal distance from the
straight line A B. Denote by Q the top of the perpendicular dropped from P onto
the straight line AB andlet h = PQ, b = max(QA, OB). Let C(Q, R) be the
disk with center Q and radius R such that the inequality

R> 1D , (1.20)

holds and is sufficiently large that C(Q, R) contains o;. Now move the cen-
ter O of this disk along the straight line PQ in the direction of the vector
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P—Q> until C(Q, R) touches the curve o; at some point M. We shall prove that
M e i) \{AUB}. Infact,if M = AorM = B,then OQ = OP—-PQ < R—h,
and consequently, O Q% + b*> < (R — h)?> + b* < R? in view of the inequality
(1.20). But O Q% 4+ b? = R?, which is a contradiction. Hence M € y \ {A U B}.
The curvature k; of y; relative to o at M, in view of Problem 1.7.1, is not smaller
than 1/R, but with respect to y itis equal to —R; < —1/k, contrary to the condi-
tion. O

Problem 1.7.7. If y is a simple closed curve, then
/ k(s)ds = 2m.
Y

Solution. Inscribe in a curve y a closed polygonal line o with the vertices
A, Asy ooty Any At (Aps1 = A))

such that the integral curvature of every arc y; = ml of y is not greater than
. On each arc y; take a point B; where the tangent line is parallel to the straight
line A; A; 4. Denote by «; the inner angle of the polygonal line o at the vertex A;.
Then f% k(s)ds = m —a;, where y; is the arc of y from B, to B;. Consequently,

/k(s)ds:i'[ k(s)ds:nn—ioz,-.
Y i=1

i=1 YV

On the other hand, ) ", o; = n(n — 2) = n — 2. Hence
/k(s)ds:nn—nn—i—2n=2n. O
y

Problem 1.7.8. If y is a closed curve whose curvature at each point is not smaller
than é > 0, then

(D I(y) <2ma, (2)thearea S(D(y)) < ma?, (3)the diameter d < 2a,

and equality holds for all the above cases if and only if y is a circle of radius a.

Solution. From Problem 1.7.6 it follows that y is convex. Let A B be the diameter
of y. Find on y two points C and D where the tangent lines are parallel to AB.
Drop perpendiculars C O, and D O, from the points C and D onto AB.

Prove statement (1). Take the arc BC and introduce the following coordinate
system: O; is the origin, O;C is the OX axis, and OB is the OY axis. The
integral curvature of the arc C B is /2, and hence fé” k(t)dt = /2, where [ is
the arc length of BC. Since k(¢) > 1/a, then %" < % or lp < mwa/2, and equality
holds if and only if k(t) = 1/a. Analogously, [(CA) < ma/2, I(AD) < ma/2,
and [(DB) < ma/2.Hence l(y) < 2ma.

The second statement of the problem follows from the isoperimetric inequality
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AY

B

Y

O, C X

A

Figure 1.15. Solution of Problem 1.7.8.
2 2.2

S(D())<l <471a
4 T 4r T 4m

Prove the third statement of the problem. Write down the equation of the arc
C B of the curve y in terms of its curvature k() (see Theorem 1.6.3) as

t s
x=x0+/ cos |:/ k(t)dt—oco] ds,
0 0
1o s
y = / sin [/ k(t)dt —ao] ds.
0 0

From the definition of the coordinate system it follows that

T lo N
o) = =, OB =yl = / cos |:/ k(t)dt} ds.
2 0 0

=T[a2.

Since s
/ k(tyde = >
0 a
and )
l 0
05—05/ k(t)dt:z,
a 0 2
then ; ;
cosizcos</ k(t)dt) and 0 <sin— <1.
a 0 a
Thus

]() s l(] s l()
01B=f cos(/ k(t)dt) dsf/ cos—ds =asin— < a.
0 0 0 a a

Analogously, O1A < aand AB = O1A + OB < 2a. Here equality is possible
if and only if k() = 1/a. O
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Formulate and solve the dual problem to Problem 1.7.8 for convex curves.

Problem 1.7.9 (Problem about a bent bow). Let the arcs of convex curves y;
and y, have the same length /. Assume that their curvatures k;(¢#) and k,(¢) obey
the inequality k() > ky(t) > 0 and let fé ki(t)dt < m. Then y;(0)y1(I) <
12(0)y» (1), and equality holds if and only if k; (¢) = k»(2).

Solution. Find a point y;(s9) on the curve y; where the tangent line to y; is paral-
lel to the chord y; (0)y; (/). Draw an orthogonal coordinate system in the following
way: v (so) is the origin, the O X axis coincides with a tangent line to y;, and the
OY axis is orthogonal to the O X axis and directed to the chord y;(0)y; (/). Trans-
late y, so that the point y,(sg) coincides with y; (s¢) and the tangent line to y» at a
point y»(sp) coincides with the O X axis. Denote by B the point of intersection of
the OY axis with the chord y;(0)y; (I). The equations of the curves y; and y, in
our coordinate system have the form

' {x =x1(s) = [. cos[ [ ki (1) dt]ds,
yl‘ 0 0
y = yi(s),

) {x =x(s) = [y cos[f;) ky(t)dt] ds,
v y = y(s).

Then x; (/) = By;(l), and x,(I) is equal to the orthogonal projection of the chord
y1(s0)y2 (1) onto the O X axis. Prove that x{(I) < x,(/). Since 0 < fsz k(t)ydt <m
for s < s < [, then

1 K 1 K
x1(1)=/ cos[/ kl(t)dt]dsgf cos[/ kz(t)dt]ds=x2(l).

So So So So

Analogously, x;(0) = |By(0)] is not greater than the projection of the chord
¥2(s0)x2(0) onto the O X axis. Thus y;(0)y;(!) is not greater than a sum of the
orthogonal projections of the chords y,(0)y2(so) and y»(s9)y2(l), which at the
same time is not greater than y,(0)y» (/). Equality holds if and only if k;(s) =
k> (s). O

Problem 1.7.10. If y is a closed curve whose curvature at each point is not
smaller than 1/a, then it can be rolled without sliding inside a disk of radius a.

Solution. First, consider the case k(¢) > 1/a. Locate a circle C(a) of radius a
so that the origin O belongs to C(a) and the O X axis (through the point O) is
tangent to C(a). Take an arbitrary point P on y and locate y so that P = O and
the tangent line to y at P coincides with the O X axis. Let P, be a point on y
such that the arcs y; and y, into which y is divided by the point P have integral
curvature .

Introduce the arc length parameter s (counted from P) on y; and C(a). Then
a(s) = f(; k(t) dt is not greater than . We show that y; N C(a) = @. If not, let
P, be the first point (starting from P) of intersection of y; with C(a). Write the
equations of the curves y and C(a):
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p=0 X
Figure 1.16. Solution of Problem 1.7.10.

x = [; cos(2)ds,

. {x = [y cosa(s)ds,
n: y = yn(s).

y = yi(s), Cla): {

Then there exist numbers s, and s; such that

52 §1

/ cosa(s)ds = / cos% ds, P, = y(s2) = C(a)(sy).
0 0

Since a(s) = fg k(t)dt > -, then cosa(s) < cos . Hence s, > si. But on

the other hand, the convex arc P P, of y; lies entirely inside the arc P P, of the

circle C(a) and the chord P P,. Thus s, < sy, which is a contradiction. Hence

y1NC(a) = 0.

Analogously, one can prove that y, N C(a) = . Now if k(¢) > 1/a, then from
the above, it follows that y N C(a 4 &) = ¥ for every ¢ > 0. From this we get that
y lies entirely inside of C(a). The problem is solved in view of the arbitrariness
of the point P. U

Formulate and solve the dual problem to Problem 1.7.10 for convex curves.

Problem 1.7.11. Let a curve y touch the circle C(a) with center O and radius a
at the points A and B and lie entirely inside of C(a), and suppose LZAOB < &.
Then the curvature at some point on y is smaller than 1/a.

Solution. Consider a curve ¥, composed from the greater circular arc of C(a) and
of a curve y. Assume that the curvature at all points of y is not smaller than 1/a.

Figure 1.17. Solution of Problem 1.7.11.

Let Py be a point on y nearest to the center O of a circle C(a). Then O Py, by
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conditions of the problem, is smaller than a. Denote by O, a center of a circle of
a radius a, which touches y at Py. Then this circle intersects ¥, in contradiction
to the statement of Problem 1.7.10. O

Problem 1.7.12. Let a curve y touch a circle C(a) of radius a at the points A and
B, located outside of C(a), and suppose ZAO B < m. Prove that there is a point
on y at which the curvature of y is greater than 1/a.

Prove this problem on your own.

()
C=
Figure 1.18. Solution of Problem 1.7.12.

In order to formulate the next problems, we give some definitions.

Let y be any smooth closed convex curve. Denote by C (P, y) the circle satis-
fying the following conditions:

(1) C(P,y) touches y at the point P,

(2) C(P,y) C D(y),
(3) C(P, y) has the maximal radius for which conditions (1) and (2) hold.

Denote by CT(y) a circle of maximal radius contained in D(y). Let C~(y)
be a circle of minimal radius satisfying the conditions (1)-(3) (for some P € y).
Denote by R(P, y) the radius of C(P, y), and then write the radii of the circles
C*(y) and C~(y), respectively, as

R*(y) = sup R(P, y), R™(y) = inf R(P, y).
Pey Pey

Problem 1.7.13. If C(P, y) Ny = P, then the curvatures of y and C(P, y) at
the point P are equal.

Solution. In view of Problem 1.7.1, the curvature k, (P) of the curve y at P is
not greater than 1/R(P, y). Assume that k, (P) < 1/R(P, y). Take a monotonic
sequence of numbers R, satisfying the conditions

1 1 .
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4
O 0y

Figure 1.19. Solution of Problem 1.7.13.

Denote by C(P, y, R,) the circle of radius R, that touches y at P, in view of the
definition of C(P, y). Then C(P, y, R,) intersects y at least at one more point
P, # P. Without loss of generality, assume that lim,,_, o, P, = P exists. In view
of Problem 1.7.1, the point P cannot coincide with P. Consequently, P # P and
Pc y N C(P, y), which contradicts the condition of the problem. O

Problem 1.7.14. On an arbitrary closed semicircle of a circle C*(y) there is a
point that belongs to y.

Solution. If not, let C be the closed semicircle of the circle C*(y) for which
C Ny = @ holds. Denote by O the center of C*(y), and by R its radius. Draw
the diameter a through the ends of C. Denote by A; and A, the intersection points
of the straight line containing the diameter a with y. The points A and A, divide
y into two arcs y; and y,. Denote by y; one of these arcs satisfying the property
YiNCH(y) = 0. Letdy = miny (e, (Oy(s) — RT) > 0. Drop the perpendicular

Figure 1.20. Solution of Problem 1.7.14.

to the line a from the center O inside of the semicircle C and then mark off the
line segment O O; = dy/2 = § on it. For y (s) € y.

d
O0,1y(s) — R™ > Oy(s)—EO—R+28>O.

For y (s) € y.

01y(s) — R = /(0y(s)>+ 82 —20y(s) - scosa — R+,

where «(s) is the angle in AO Oy (s) at the vertex O. From the definition of O,
it follows that «(s) > 7 /2. Hence



1.7 Problems: Curvature of Plane Curves 33

O1y(s) — R* = /(Oy ()2 + 8- R* = J/(RT2+8” — R*
2

5
 JRYHT+ 82+ Rt

But then the circle with center at O and radius R = Rt +0 > R lies entirely in-
side of D(y), in contradiction to the definition of C*(y). Here 0 = % min(d, 8;).
The reader should consider the case in which C*(y) N y consists of exactly two
points. (]

=51>0.

Problem 1.7.15. If y is a closed convex curve of class C?, then the set Cy =
C~(y) Ny is connected.

Solution. Cy is a closed set. Consequently, the set y \ Cj is the union of open
arcs. If Cj is not connected, the number of these arcs yy, ), . .., ¥ is not smaller
than 2.

Two cases are possible:

(1) The integral curvature of one of these arcs is smaller than 7.
(2) Cy consists of two diametrically opposite points P; and P, of the circle
C~ ().

In the first case there is a point P; on the arc y; at which the curvature k, (P;)
is greater than 1/R~(y), but then R(P;,y) < R~ (y), in contradiction to the
definition of C~(y).

In the second case, for any point P € y, P ¢ Cy, the value R(P, y) is not
greater than R™(y), because C(P, y) belongs, together with its curve y, to the
strip of width 2R~ (y) formed by the tangent lines to y at the points P, and P;.
Hence, in this case the equality R(P,y) = R~ (y) holds for all P. But then
y = C(y), in contradiction to the assumption of nonconnectedness. U

Formulate and solve the dual problems to Problems 1.7.14 and 1.7.15.

Problem 1.7.16 (The four-vertex theorem).' Prove that for any closed convex
curve of class C? the curvature function k(s) has at least two local minima and
two local maxima.

Note that a closed convex curve is sometimes called an oval. The converse of
the four-vertex theorem is also true (H. Gluck, 1971): a function on a circle can
be realized as the curvature of a closed plane curve exactly if it admits at least
two maxima separated by two minima.

Solution. If CT(y) # y, then C; = CT(y) Ny divides y \ C; into open arcs
Y1, Y2 - - - » Yk, kK = 2. Moreover, either the integral curvature of at least two arcs,

1 There are various recent generalizations of four vertex theorem. See, for example, Sedykh, V.D.,
The four-vertex theorem of a plane curve and its generalizations. (Russian. English summary).
Soros. Obraz. Zh., Vol. 6, No. 9, 122-127, 2000; Tabachnikov, S. A four vertex theorem for poly-
gons. Am. Math. Mon., vol. 107, No. 9, 830-833, 2000.
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Figure 1.21. Four vertices on an ellipse.

say y1 and y», is smaller than 7, or C; = { P}, P»}, where P; and P, are diametri-
cally opposite points on C*(y).

In the first case, on each of the arcs y; and y», in view of Problem 1.7.11, there
is at least one maximum, and between them there are at least two minima.

In the second case, consider the curve formed by the arc y; and the arc of
the circle C*(y). If for this curve C~(y) does not coincide with C*(y), then
at the point of tangency of C~(y) C y1, the curvature of y is greater than the
curvature of y at the points P; and P,. Consequently, there is a local maximum
of the curvature on the arc y;. An analogous statement holds for the arc y,. Again
we obtain at least two maxima and between them at least two minima. But if
Ct(y) = C~(y), then y is a circle. O

Another proof of the four-vertex theorem is based on Hurwitz’s theorem.

Theorem 1.7.1 (Hurwitz). Let a continuous function f(¢) have period 2w and
be orthogonal to cosine and sine in that

2 2
f(@)singdy =0, f(@)cospdy = 0.
0 0
Then on the closed interval [0, 2] it has at least two local minima and two local
maxima.

Proof (suggested by V.V. Ivanov). First, note that if on the interval of the period, a
function has, say, two points of local minimum, then it necessarily has two points
of local maximum. Indeed, two points of minimum marked on a circle divide it
into two arcs. Obviously, strictly inside of each of these arcs there is at least one
local maximum of f(¢). The same arguments provide that if a function has two
points of maximum, then it also has two points of minimum.

Owing to continuity and periodicity, the function f(¢) necessarily takes max-
imum and minimum values on this closed interval. Hence, we need to find in the
same interval only one more point of extremum. Assume the opposite; i.e., f(¢)
has no such points. Select the initial point on a circle so that for ¢ = 0, and
then also for ¢ = 2, the function f(¢) reaches its maximum, and find a point
¢o € (0, 2m) where our function has a minimum. Then, obviously, it monotoni-
cally increases on the closed interval 0 < ¢ < ¢, and strongly decreases on the
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closed interval ¢y < ¢ < 2m. It is easy to see that under these circumstances the
integrals are negative:

() 27
/f(fp)81n<¢—7)d<p<0 f(ﬁ f@ysin(p—22) do <o0.

0 0

Indeed, the sine term figured in them is symmetric on both intervals of integration
relative to their midpoints ¢y/2 and 7 + ¢y/2; furthermore, on the region, where
the sine is positive the values of a function f(¢) are smaller than on the region,
where the sine is negative.

It is not difficult to translate these “geometric” arguments into the exact lan-
guage of formulas. For example, the first of above integrals can be written in the

form w2
[ 6+ %) - o) smocte

and we see clearly that it is negative. The second of the above integrals is trans-
formed analogously. Thus, the sum of above two integrals is also negative;

" f@)sin (v= %) d¢ <o.

but by the condition it must be zero. O
Here is a second solution of Problem 1.7.16.

Proof (2). Assume without loss of generality that the curvature of the oval is
positive at each point. If L denotes the length of an oval and s is selected as an arc
length parameter, then in Cartesian coordinates (x, y) our curve can be described
by the equations

x=x(s), y=y(), 0<s<L.
From Theorem 1.6.3 it follows that
x'(s) = cos g(s), y'(s) = sin p(s), 0 < @(s) < 2m,

and let ¢ (0) = 0. The curvature of the oval is k(s) = ¢'(s) (see Theorem 1.6.3).
Since the curvature is positive, the angle ¢ = ¢(s) is an increasing function of the
variable s, and hence an inverse function s = s(¢) exists. Writing for simplicity
k(p) = k(s(p)), we see that the curvature k is a continuous 2 -periodic function
of ¢. Note also that a function s = s(¢) has a derivative at each point ¢, which is
calculated by the formula

s _ 1 1
dp ¢ (s(9)  k(p)

From this follows ds =
lem 1.7.16.

W Now we are ready to present the solution of Prob-
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The function 1/k(g) is orthogonal (in the integral sense) to both the cosine and
the sine of ¢. Indeed, an oval is a closed curve, and hence

L L
/ x'(s)ds = / y'(s)ds = 0.
0 0

But on the other hand, these integrals are

L 2 d(p L 2 d(p
cosp(s)ds = / cosp—— and / sing(s)ds = / sin g ——.
/0 Y 0 ko) 0o ¢ o k)

For finishing the proof, note that the functions k(¢) and 1/k(¢) have a common
extremum, and refer to Hurwitz’s theorem, Theorem 1.7.1. O

We shall formulate one more problem, whose solution (suggested by V.V.
Ivanov) is also based on Hurwitz’s theorem.

Imagine a convex polygon contained in a vertical plane. Call each of the sides
on which it can lean and remain on a horizontal straight line without overturning
under the action of gravity a base of the polygon. A base of a polygon is stable
if the polygon standing on it would not drop under small rotations in the vertical
plane in one or another direction. Clearly, at least one such base exists. But the
situation is much more interesting.

Problem 1.7.17 (The bases of a convex polygon). Any convex polygon has at
least two stable bases.

Proof. Introduce Cartesian coordinates (x, y) in the plane of a convex polygon
M, taking as origin the “center of mass” of our convex figure, which, obviously,
is located strictly inside of M. Note first that

// xdxdy =0, // ydxdy =0,
M M

and second, we may describe the boundary of M in terms of corresponding polar
coordinates (p, ¢) by an equation of the form p = p(¢), where the polar radius p
constitutes a positive continuous function of the angular variable ¢ running from
0 to 2. Recomputing the above double integrals in polar coordinates, we easily
obtain two new equalities,

2 2
/ 0> (9) cos pdyp = 0, / 0’ (¢) sin g dg = 0.
0 0

Hence, by Hurwitz’s theorem, the cube of the polar radius, and so the polar radius
itself, has two minima. From elementary geometrical considerations it is clear that
these two values of the polar radius show us in what directions the rays from the
origin to the sides of a polygon must be drawn in order to intersect the interiors of
these sides exactly in a right angle. Such sides of the polygon will be the required
stable bases. O
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As we see from the solution of the problem, it remains true for arbitrary
bounded convex regions if together with “bases” we speak about stable “points
of support.”

Problem 1.7.18. Prove that if there is a circle intersecting an oval at 2n points,
then there exist 2n vertices on this oval.

Hint. Use Problems 1.7.16 and 1.7.17.

Problem 1.7.19. Let y be a simple regular closed curve of class C2. Denote by
D(y) the region bounded by y. Prove that if the curvature k(P) of y at each point
P € y satisfies the inequality |k(P)| < 1/a, then there is a disk of radius a lying
entirely in D(y).

Problem 1.7.19 was formulated by A. Fet and solved by V. Ionin.

Hint. For solving the problem one needs to consider and study the properties of
the “central” set of a curve y. The central set M of the region D(y) (a curve y )
consists of the points defined in the following way: Let Q € y. Denote by C(Q)
the disk of a maximal radius that touches y at the point Q and inside D(y). The
set of the centers of the disks C(Q), when Q runs along the whole curve y, forms
the set M.

Problem 1.7.20. The integral curvature of an infinite convex curve y is not
greater than 7.

Solution. Let y (s) be the arc length parameterization of a curve y, counted from
one of its points. We show that for any s; and s,, the inequality fS 512 k(s)ds <m
holds.

If not, let s; and s, be numbers such that fs ,‘:2 k(s)ds = w; > m. Draw the
straight lines a; and a, that touch y at the points y (s;) and y (s,), respectively.
Since a; and a; are nonparallel, they intersect at some point A. Thus the region D
bounded by the line segments y (s2) A, Y (s1)A, and the arc y(msz) of y thatis
defined by the inequalities s; < s < s, is a convex compact region containing the
whole curve y, contradicts the condition of the problem. Consequently, for any s,
and sy, the inequality [;* k(s) ds < 7 holds. O

Problem 1.7.21. If the curvature function k(s) of a curve y(s) (—00 < s < 00)
is a positive strictly increasing function, then y has no points of self-intersection.
Here s is an arc length parameter starting from some point of y.

Solution. If not, let s; and s, be real numbers such that y (s;) = y (s2) and the arc
o = y(msz) of y (s) has no other points of self-intersection for s; < s < s,.
Then the curve ¢ bounds some convex region D. Let C(0, R) be a disk of a
maximal radius inscribed in D, the point O be its center, and R its radius.

From Problem 1.7.12 it follows that the circle C (0, R) touches o at least at two
points y (s3) and y (s4), where 51 < 53 < s; and 51 < 54 < 5o, and £y (s3) Oy (s4)
is not greater than . But then from Problems 1.7.1 and 1.7.10 it follows that at
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y (s3) and y (s4), the curvature of ¢ is not greater than 1/R, and there is an inner

point on the arc y (s3)y (s4) of the curve o for which the curvature is greater than
1/R. This is a contradiction, because k(s) is an increasing function. O

Problem 1.7.22. Under the conditions of Problem 1.7.19,
lim k(s) = a, lim k(s) =b
§—>00 §—>—00

(the cases a = 0 and b = oo are not excluded). Then there exist circles C;(1/b)
and C,(1/a) with radii 1/b and 1/a, respectively, such that a curve y winds in a
spiral onto C;(1/b) from outside, and onto C,(1/a) from inside.

Hint. Solve on your own. Note that for a = 0 the curve y has an asymptote,
and for b = oo it winds in a spiral onto a point.

1.7.1 Parallel Curves

Let y(t) be a smooth regular parameterization of a curve y, and let é(¢) be a
continuous vector field of unit normals along y, a < t < b. Draw a set y; by
marking from each point y (¢) the line segment of length |d| in the direction of
¢(t)ifd > 0, and in the direction —é(z) if d < 0. A set y, is called a parallel curve
corresponding to the curve y. This set is not necessarily a curve. For example, a
curve y, parallel to a circle of radius a is a point. Moreover, y, is not necessarily
a regular curve at all its points. The regularity conditions of y,; are formulated
below, in Theorem 1.7.2. It is easy to obtain the equations of y;, if the equations
of y are known. Let x = x(¢), y = y(¢) be the equations of y, and ¢ an arc length
parameter, a < t < b. Then the equations of y, are

x =xq(1) =x(t) £y (t)d,

(1.21)
Yy =ya(t) = y() Fx'(t)d,

where the signs (+, —) or (—, +) depend on the choice of direction of the vector
field é(¢). Define the curvature signs of ¥ and y,; with the help of the vector field
er).

Theorem 1.7.2. If a curve y with parameterization y(t), a <t < b (a = —o0,
b = oo allowed), is regular of class C?, and for all t € [a, b] the inequality
d # 1/k(t) holds, then the parallel curve y, is regular, and its curvature k;(t) is
related to the curvature k(t) of y by the formula

k(1)

ka® =T na

Proof. Let x = x(¢) and y = y(¢) be the equations of y and assume that ¢ is
the arc length parameter, and é(¢) coincides with the vector field (—y’(z), x'(z)).
Then the equations of y, take the form
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Figure 1.22. Parallel curves.

x =xq(1) =x(t) — y'()d,
y=yat) = y() +x'(t)d.

Consequently,
xy (1) = x'(1) = y"(0)d,
Ya@) =y (1) +x"(0)d.
From the rule for the choice of the sign of the curvature k(¢) of y, it follows that

x"(1) = —k(@)y', y' () = k(t)x'(1).

Indeed, if the components v;(¢) and v,(¢) of the principal normal vector ¥ of y
are given by the equalities ¥ = —y’, ¥, = x/, then the curvature k() of y at the
point y (¢) is positive, and from Frenet formulas we obtain

X" =—kly = —ky', v = |k|x' = kx'.

If ¥, = y', vo = —x’ hold, then the curvature k(¢) of y at the point y(¢) is
negative, and again from the Frenet formulas we obtain

x" = |kly' = —ky', y' = —lklx" = kx'.
Finally, we have

{x:, =X —y'd = x'(1 ~ kd). (1.22)

yy=Y +x"d =y —kd).
From this it follows that
D+ D=0 —kd)*(* +yH =1 —kd)* #0

in view of condition of the theorem. The first statement of the theorem is proven.

Now find the curvature k;(¢) of the parallel curve y; at a point y,(¢). Take a
point y, (¢ + At) and find the angle Ag(¢) between the tangent lines to y, at the
points y,(¢) and y,;(t + At). As is seen from formulas (1.22), the angle Ap(¢)
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is equal to the angle Af(t) between the tangent lines to y at the points y (¢) and
y(t+ At):

Ap(t) = AO(1). (1.23)

The arc length As of a curve y,; between the points y,(¢) and y, (¢ + At) is given
by the formula

t+At
As:/ Il — kd|dt. (1.24)
t

So from (1.23) and (1.24) it follows that

Ap(t) RANCL () REYAY, k()]
= lim - lim — = .
As At—0 At A—0 As |1 — kd|

lky(t)] = lim (1.25)
At—0

From the definition of the signs of the curvatures k(¢) and k4 () it is not difficult to
deduce that for 1 —kd > 0 the signs of k(¢) and k,(¢) coincide, but for 1 —kd < 0
these signs are opposite. Hence from (1.25) the second statement of the theorem
follows. U

Remark 1.7.1. If we define R(¢) and R, (¢) by the formulas
R(t) = ! R,(t) = !
Tk T k@

then the last statement of Theorem 1.7.2 takes the form R; = R — d.

Problem 1.7.23. Let y(¢) (—o0 < a <t < b < 00) be a regular parameteriza-
tion of a curve y of the class C2. Prove that if

|ld| < inf —,
refa,b] k(1)

then y; U y_, can be defined as a set of points whose distances from y are equal
to |d|.

Hint. If not, use Theorem 1.7.2 to obtain a contradiction.

Problem 1.7.24. Find a smooth regular curve, for which the parallel curves y,
have nonregular points for every d.

1.7.2 Evolutes and Evolvents

For regular curves of class C? one may define a curve called an evolute of a given
curve y.

Let y(¢) (@ <t < b) have the property k(¢) # O for all ¢t € [a, b]. Then at each
point of y the principal normal vector ¥(¢) is defined. Mark off the line segment
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evolute

Figure 1.23. Evolute of a curve.

of the length R(t) = 1/k(t) from each point y (¢) in the direction of ¥(¢). The
ends of these line segments form a set of points called the evolute of y.

The evolute of a curve is not necessarily a curve. So for example, the evolute
of a circle is a point. From Theorem 1.7.2 it follows that the locus of singular (not
regular) points for the parallel curves is the evolute.

In the general case, when the condition k(¢) # O is not satisfied at all points
of y, we may define the evolute of a curve y independently for each of its arcs
where the condition k(7) # 0 holds.

If the equations of a curve y are given by the arc length parameterization x =
x(t), y = y(t), then the equations of the evolute are written in the following form:

{x=f0>=xay+Raﬁmo,

. . (1.26)
y=y(@) =y@) + R(®)va2(2),

where ¥1(t) and ,(r) are the components of the principal normal vector ¥(z).
Find the condition for a given parameterization of an evolute to be regular. Dif-
ferentiating (1.26) with respect to ¢, we obtain

(1) = x'(t) + R(t)v (1) + R' (1), (1), 127
§'(t) = y' (1) + ROV, (1) + R ()v(0). '
By the Frenet formulas, v,'(f) = —kx'(r), v,(t) = ky'(r). Hence
)f/(t) = R/(l)fl(t)’ (1.28)
V') = R'(t)v,(2).

From (1.28) it follows that (¥')?> + (3')> = (R’)%. Consequently, if R'(t) # 0,
then (x (), y(¢)) is a regular point of the evolute. From equalities (1.28) the main
property of the evolute follows: a tangent line to the evolute at a point (x(t), y(t))
is a normal line to the curve y at the point (x(t), y(1)).

So, the following picture is obtained.

1. If along the arc y(¢) (@ <t < b), k() # 0 and k'(t) # 0 hold then an
evolute is a regular curve.

2. Atapoint y (fy) where k(fy) = 0, a normal line to y is the asymptote to both
branches of an evolute.
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3. If at a point y(fy) we have k() # 0, but k’(r) = 0 and k”(t) # 0, then
(x(t9), y(tp)) is a singular point of an evolute. At this point both regular arcs
of the evolute meet: they have a common tangent line and are located in op-
posite half-planes from it.

The case k'(t)) = k" (ty) = 0 requires further investigation and is not treated
here.

Now calculate the arc length s of the evolute between points with the parame-
ters ¢y and 7o,

%) 15}
s = / X%+ 32dr = / R'(t)dt = R(ty) — R(t);
I3 5]

i.e., the arc length is equal to the difference in the radii of curvature of y at the
points y (f;) and y (t;).

Example 1.7.1. The evolute of the parabola x = ¢, y = at? is the half-cubic

(Neil’s) parabola X, = —4a’t3, y., = 3at2+%. Its implicit equation is 27x? =
16a(y — £)°.

Definition 1.7.1. The evolvent of a curve y is a curve ¥ such that its evolute is y.

evolvent

Figure 1.24. Evolvent of a curve.

Let x = x(t), ¥y = y(¢) be the arc length parameterization of y. Then the
equations of the evolvent y may be written in the form

(1.29)

{x =x(t) = x(t) +a@®)x'(1),
y=y@) =y +a@)y(t).

Find the function a(¢) from the orthogonality of the vectors (x'(¢), y'(¢)) and
(x'(1), y'(y)). Since

(@) =x'()+a®x" () +d' (X' @), 3@ =y'@)+a@)y" () +a' )y @),

we obtain
(1 +a)+y*(1+d)=0,

or
a/(t) = _15
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from which it follows that a(t) = —t + C. So, the equations of an evolvent y (¢)
are the following:

() =x®) +x'((C —1), ¥y = y®) +y'O(C —1).

This means that for a given curve y there is a whole family of evolvents depend-
ing on a constant C. Visually, the construction of an evolvent can be described
by the following method. First, let a nontensional thread wind around on a part
of a curve. If then the thread is unwound (maintaining tension), its endpoint’s
trajectory forms an evolute.

1.7.3 Curves of Constant Width

Let y be a convex closed smooth curve. Draw a tangent line a to it through some
point Q € y. Since the curve y is convex and closed, there is a unique straight
line a that is parallel to @ but different from it and that is tangent to y. The whole
curve y is located between these straight lines. Thus a real number d(a) equal to
the distance between a and a is called the width of the curve y in the direction of
the straight line a.

A convex closed smooth curve y is called a curve of constant width d if its
width does not depend on the direction of the straight line a: d(a) = d. Here is
one example of a curve of constant width that differs from a circle.

Let AAjA;A3 be an equilateral triangle with a side a: AjAy; = AjA3 =
ArAs; = a. Draw two circles with centers at Ay, and radii » and r + a, and
then take their arcs o} and o located outside of AA;A, A3z between the straight
lines Aj A3 and A A;. Analogously, the arcs 07, 0, and o3, 03 are defined. The

W,=a+2r

Figure 1.25. Curve of constant width.

union 070,03610,063 of these arcs forms a smooth convex curve of constant width
a + 2r. It is also possible to define the notion of a curve of constant width for
piecewise smooth convex curves if the tangent lines are replaced by supported
lines. An example of such a curve is a Rello triangle.

2 For recent investigations about curves and bodies of constant width see V. Boltyanski, H. Martini
and P.S. Soltan, Excursions into Combinatorial Geometry. Universitext. Berlin: Springer, 1997.
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It may be constructed by the following method: draw a circle of radius a with
the center at the vertex A; of AA;A,Aj3, and take its smaller arc o; between A,
and Aj. Analogously the arcs o, and o3 are drawn. The union of arcs o,0,03
forms a convex closed curve of constant width a. The points A;, A, and A3z are
the vertices of this curve, see Figure 1.26.

Rello : _
| Triangle | W.=a
|

Figure 1.26. A Rello triangle.

Problem 1.7.25. Prove that the length of a curve of constant width a is wa.
Hint. Use the result of Problem 1.5.2.

Problem 1.7.26. Prove that if y is a smooth curve of constant width b, and Q;
and Q, are the points where the straight lines a; and a; touch y, then the line
segment Q; Q> is orthogonal to a; and a,, and consequently, O, Q» = b.

Solution. Let Py and P, be the points of y for which the length of the line segment
P, P, is equal to the diameter d of y. Then the tangent lines to y at the endpoints
of this diameter are orthogonal to the line segment P; P,. Consequently, d = b.
Now let the points Q; and Q, have the properties given in the conditions of the
problem. Then

010, <d=PP,=b,

but also

010, >b=d.
From these inequalities it follows that O, Q, = b, and hence Q; Q> is orthogonal
to a; and a;. O

From the statements of the last problem it follows that at each point Q € y there
is a unique point Q* such that the tangent lines to y at Q and Q* are parallel. The
points Q and Q* are called diametrically opposite points on the curve y.

Problem 1.7.27. If y is a curve of class C? of the constant width @ and the cur-
vatures of y at diametrically opposite points are equal, then y is a circle of diam-
eter a.

Hint. Use the result of Theorem 1.7.2.
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Problem 1.7.28. Find analytic functions 4 such that the curve defined by the
equations

= h(9) 0 dh in @ = h(09)sin6 + dh 0
x = cos 70 sinf, y = si 70 cos @,

is a curve of constant width.

Hint. One of these functions is #(8) = a + b cos(36) (0 < 8b < a), where a and
b are real constants.

1.8 Torsion of a Curve

Let a curve y be of class C 2 and have nonzero curvature at a point P;. Then,
by continuity, the curvature of y is nonzero on some neighborhood of P;. Take
an arbitrary point P in this neighborhood. By Theorem 1.6.2 there exist unique
osculating planes «; and «; at the points P; and P,. Denote by A8 the angle
between them, and by As the length of the arc Py P, of y.

Definition 1.8.1. The value

. A . A6
k= lim — = lim —,
P,—P AS As—0 As

if it exists, is called the absolute torsion of the curve y at the point P;.

If y is a plane curve, then A6 = 0 and the absolute torsion x = 0. Below,
we shall also prove the converse statement: if a curve y has nonzero curvature at
each of its points and it has zero torsion, then y is a plane curve.

The following theorem gives us sufficient conditions of the existence of torsion
and a formula to derive it.

Theorem 1.8.1. If y: 7 = F(¢) is a regular curve of class C3, then at each of its
points with nonzero curvature there is an absolute torsion «, and

|(;:/ A ;:H 3 ;:H/)|
P xF

Proof. Let ¥ = F(s) be the arc length parameterization of the curve. Assume that
the curvature of y at the point P; = F(s;) is nonzero. Then there is a real number
& > 0 such that for s € (s; — &, 51 + €) the curvature of y at the points F(s) is also
nonzero. The angle between the osculating planes at the points P = F(s;) and
P, = r(sz) for s, € (s1—& 81+ g) is equal to the angle between the binormal
vectors ﬁl(s) and ﬂz(s) Thus, |ﬁz(sz) — ﬁ(s1)| = Zsm =%. From this it follows
that . ~

po B0 80 [B(s2) = BGs)

im — = lim - lim
As—0 AS AO—0 2 sin A2<9 $2—> 81 |S2 — S1|

= 1B (1)l
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>/ > =1 =n

It remains to prove the existence of B (s1), where B(s) = %

The denominator of this expression for s = s; is nonzero, since k(s;)

‘;I’X’\i L £ 0. Thus from the conditions of the theorem and the differentiation rule

for quotients the existence of /3 (s1) follows. Transform the formula « = |/3 (s
toa more convenient form for calculations. By deﬁnltlon ﬂ(s) T(s) x v(s).

Hence,B =7 xv+4+7T xV.Since T’ —rs but v = -,,‘,thenr x ¥ = 0 and

[
>y

ﬂ = 7 x v'. From this it follows that 8 '17, and also that B/J_ﬁ. Hence ﬁ/ = AV,

>/ >/ >7 N 5 N
where || = |B]. So,k = |B| = [{B, )], ork = [(Tx ¥, %)| = |(Z-V V)|
Find v":

;//

V=

7]

Hence v' = ‘r‘“ +AF”, where A is some function of s. Substituting the expression
ol

for ¥’ into the formula for «, we obtain

B (_? . ‘-; . i;/) _ |(;:/ . ;:// . ;:///)|
|;://| |;://|

If 7 = F(t) is an arbitrary parameterization of class C3, then
=/ —>// =1 =/ —>//
o r, S = =1 | |rt ttl

- r
= —, Fl. = —="+AF,, Fl =L +Br,+CF, |F. i
f

5 -/,
SR T TP

’

where A, B, and C are some functions of ¢. Thus

” "
|(r _> : qn[)'

7] x ?” |2

O

One may define the sign of the torsion for curves y C ]R3 as we saw before,
| ,B | = | /3 v)|. Define the torsion by the formula x = ﬂ v). Geometrically,
this means that the torsion is positive if while moving along a curve the basis
{z, v, B} turns around T by the right-hand rule; i.e., clockwise as viewed from
the initial point of the vector 7.

Exercise 1.8.1. Find all curves of nonzero curvature and of zero torsion at all their
points.

Solution. Let k = 0. Since |B/| = k for the arc length parameterization then
B = O Consequently, ﬂ (s) = ﬂo Moreover, we already know that (}9 ) =0
or (F/, ﬂo> = 0, from which it follows that (r(s) — r(so) [30) = const. Hence the
curve y is located in a plane orthogonal to the vector /3 0; 1.e., y is a plane curve.
Note that the condition k& 7 0 is not superfluous. Consider a curve y, consisting
of two arcs y; and y»; ) is given by the equations y = x*, z =0 (0 < x <
00), and y, is given by the equations y = 0, z = x* (—o0 < x < 0). The
curvature of the obtained curve y is defined at all points and is zero only at the
point M (0, 0, 0); the torsion is zero at every point where it is defined. Meanwhile,
this y is not a plane curve. O
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1.8.1 Formulas for Calculations

(;‘v/ . ;:// . ;:///)

K= 7 for the arc length parameterization F = F(s),
(;:/ A =/ . —'///)
k = —————for an arbitrary parameterization F = F(t).
|7 x 7|2

1.9 The Frenet Formulas and the Natural Equation
of a Curve

For all points of a regular curve y of class C?, where the curvature is nonzero,
three mutually orthogonal unit vectors 7, v, and B (forming a basis) are uniquely
defined. Hence, any vector can be presented as their linear combination. In par-
ticular, the vectors 7', v', and B/ can be decomposed in terms of 7, v, and ﬁ If
a parameterization of a curve is natural, then the coefficients of the decomposi-
tion have a geometrical sense, and they are expressed using the curvature and the
torsion. Indeed,

=/
=d =/ |—>//| =

T(s) =F'(s), =7 =|F

e

’

-/ - . . . .
and B = MAv, but from the definition torsion sign it follows that A = —«. Hence,
=/

B = —«kv.

The three vectors {7, v, f}} form an orthogonal frame. Hence,

v=fx T, B=1xW, T=7x8,

-

E’:ﬁ/xi—'+ﬁx?’:—x(ﬁx?)—i—k(ﬁxﬁ):xﬁ—k?.

In such a way, we obtain formulas that are called the Frenet formulas:

T = kv,
v = —kT +xB, (1.30)
-/ N
B = —KV,
or in matrix form,

7 0 k O\ (7

vV | = -k 0 « v

g 0 —«0/) \B

Using the Frenet formulas, it is easy to find the orthogonal projections of a curve
onto the osculating plane (z,v), onto the normal plane (v, B), and onto the rec-
tifying plane (T, B). Introduce a Cartesian coordinate system with the origin at
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a given point P = (g ) and with the coordinate axes directed along 7, v, and
Biie,T=i,v=j, B = k. Apply Taylor’s formula to the vector function
F=r(s):

=11

1. 1
F(s) = TF(so)+7 (S)(S—So)+—r (50) (s — 50)* ter (50) (s = 50)* +0((s —50)").

Since
7(s0) =0, 7 (s0) = T(s0)i, 7 (s0) = kv = kJ, (1.31)
7" (s0) = k'V(s0) + kV'(s0) = k' (s0) + k(—kT (s0) + Kﬂ(So))
= —K% +kj + kick,
then

x(s) = —so — £k*(s — 50)* + 01((s — 50)),
y(s) = 3k(s — 50)* + £k'(s — 50)* 4 02((s — 50)*).
2(s) = ghic(s — 50)* + 33((s — 50)°).

From the last formulas we obtain the equations of the orthogonal projections

(1) onto the osculating plane y= lkx +o(x?),

_ 3
(2) onto the normal plane: z> = Ay® + 6(y?), where A = 9k ,

(3) onto the rectifying plane: z = Bx*® + o(x?), where B = ék/c.

From the deduced equations it follows that the curvature of the projection of a
curve onto the osculating plane is equal to the curvature of a given curve at this
point, and the curvature of the projection onto the normal plane (at this point) is
zero. This explains the notions of these planes.

For space curves there is a theorem analogous to the above theorem for the
plane curves.

Theorem 1.9.1 (Fundamental Theorem of Curves). Let k(s) be an arbitrary
continuous positive function, and k (s) an arbitrary continuous function, 0 < s <
a. Then there is a unique (up to position in space) oriented curve for which k(s)
is the curvature, and k (s) is the torsion at the point corresponding to the end of
the arc with arc length s.

Proof. If a curve y with the given functions of curvature k(s) and torsion «(s)
exists, then the Frenet formulas (1.30) are satisfied for it. Hence to deduce the
equations of y it is natural to consider the Frenet formulas as a linear system of
ODEs with the glven functions k(s) and « (s) as coefficients, in which we solve for
the vector functions 7 (s), ¥(s), and ﬂ (s). One should also find the vector function
F(s) using T (s).

Let the functions T (s), v(s) and ﬂ(s) be the solutlon of the system (1.30) with
the initial conditions 7(0) = T, v(0) = ¥, and ﬁ(O) ﬂo, and
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(Zo, To) = (¥o, o) = (B, Bo) = 1,
(Z0, Bo) = (F0, Bo) = (¥o, By) =0, (1.32)
(To - Vo - Bo) =1

We wish to prove that the equalities (1.32) hold for any s. Introduce six new
functions,

£ =(3(s),2(s)), & =(3(s), (), &= (B(s), B(s)),
£ = (T(5),9(s)), &= (3(s),B(s)), & = ((s), B(s)),

and find the first derivatives of the functions &; using the Frenet formulas:

§ = (3.7) =2(7. %) = 2%&,
E) =2(V, V) = 2(—kT + kB, ¥) = —2k&y + 2k,

L= 2B, B) = 2(—k¥, B) = —2«&,
2 = <%</’3, Bf >+ <*,<B’> - k§>2 — k& iﬁxss, (139
g = (T, B)+ (1. B) = ké — K&,

0= (V. B)+ (5. B) = —k&s + k&3 — kEs.

Consider the above system of equalities as a linear system of ODEs for unknown
functions &;, i = 1,..., 6, satisfying the initial conditions &, = & = & =
1, & = & = & = 0. From the uniqueness theorem for linear systems of ODEs it
follows that

§1(s) = &) =&@6) =1, £4(s) = &5(s) = &6(s) =0, (1.34)

and hence (T(s) - v(s) - B(s)) = 1 by continuity.
Now define the vector function 7(s) by the formula

F(s) =Fg+ / T(s)ds.
0

A curve y given by this parameterization is required. Indeed, |F'(s)| = |T(s)| = L.
Thus s is an arc length parameter counted from the point y (0) = 7(0). Hence, in
view of the Frenet formulas,

k(s) = 7" ()| = [T ()] = [k¥(s)| = k(s).

Finally, x = —(B/, ¥) = —(—kP, V) = k(s), again in view of the Frenet for-
mulas. Note that y, generally speaking, is not a curve of class C?, but only of
class C2. Nevertheless, it has torsion at each point. Thus, we obtain the following
result:

Corollary 1.9.1. If the curvature of a curve y is continuous, then y belongs to
class C?, but from the continuity of the torsion it does not follow that y belongs
to class C3.
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For example, an arbitrary plane curve of class C? has zero torsion, but need not
belong to class C*.

Now study the uniqueness problem for a curve y . As we just saw, y is uniquely
defined by the given vectors Fo, Tg, o, and B,,. Hence, if two curves y; and y, have
equal curvature and torsion, as functions of the arc length parameter s, then they
differ from each other only by initial conditions 7(0), F2(0) and initial direc-
tions of vectors from the triples {7(0), v;(0), B,(0)} and {7,(0), ¥,(0), B,(0)}.
Moving the point 7,(0) to the point 7;(0) by parallel displacement, we can then
match the bases {T2(0), ¥,(0), B,(0)} with the bases {7;(0), v1(0), B,(0)} bya
rotation around this point, and y; and y, would coincide. U

If one drops in this theorem the requirement £ > 0, and assumes only that
k(s) > 0 and k(s) = O at a finite number of points sy, s7, ..., S, then it is pos-
sible to prove the existence of a curve y whose curvature coincides with a given
function k(s), and the torsion coincides with the function « (s) at all points, expect
the points sy, s, ..., s¢. In fact, the torsion of y is not defined for these points.
The uniqueness of y does not hold in this case. The curve y consists of the “rigid”
arcs between the points y (s;) and y(s;4+1) (i = 1, ...,k — 1), but these arcs can
be rotated at the points y (s;) around the vectors T (s;).

Example 1.9.1. At the end, derive the curvature and the torsion of a helix x =
acost, y =asint, z = bt, where a > 0 and b are real numbers. We have

F=F(t) =acosti +asintj + btk,

F' = —asinti +acostj + bk,
=17 s o (135)
7' = —acosti —asintj,
7" =asinti —acostj,
and
7| = Va2 + b2,
i jok R ..
F x 7" =|—asint acost b|=absinti —abcostj + a’k,

—acost —asint 0

o ava? + b? a

_ 2 2 _ _
Fxr'l=ava*+b?> = k@)= = )
| @ (a2—|—b2)% a’ + b2

—asint acost b

F - F"y=|—acost —asinr 0| = a’b,
asint —acost 0
2
ab b
k(1)

- a?(a? + b?) BN



1.10 Problems: Space Curves 51

We thus see that the curvature and the torsion of a helix are constants; i.e., do
not depend on the parameter ¢. From Theorem 1.9.1 it follows that any curve of
constant curvature k and constant torsion k is a helix for which

k K
a= —/——, b:—
k2 + k2 k2 + k2

1.10 Problems: Space Curves

In Section 1.10.1 we consider two problems about curves on a sphere. Then in
Section 1.10.2 we shall formulate and solve some problems about space curves.

1.10.1 Spherical Curves

First we give some facts about spherical geometry. Let Sk be a sphere of radius R
in R3. If P is some point on Sk, denote by P* the point diametrically opposite P.
If P and Q are arbitrary points on the sphere and Q # P*, then there is a unique
great circle C(P, Q) containing P and Q (this circle C(P, Q) is the intersection
of Sg with the plane through the points P, Q and the center of the sphere Sg). The
points P and Q divide C (P, Q) onto two arcs, the smaller one (by arc length) is
denoted by P Q. The length of this arc is denoted by p(P, Q) or simply by P Q
and is called the distance between the points P and Q on the sphere Sg.

It turns out that the length of any other curve with endpoints P and Q is greater
than P Q. This statement will be proved in Chapter 3, but for now you should
accept it without proof. Thus a curve P Q is called a shortest path. Assume that
the distance between the points P and P* is equal to  R; we call any arc of the
great circle containing P and P* a shortest arc P P*. It is clear that P and P*
may be joined by a shortest arc not uniquely, but possibly by an infinite number
of such arcs. Clearly, a closed curve y on the sphere Sy divides it into two regions
D (y) and D,(y), each of them homeomorphic to a disk.

Definition 1.10.1. A region D on a sphere Sy is convex if for any two points P
and Q located in D there is the shortest path P Q that belongs to D. A curve y on
a sphere Sk is convex if one of the regions D;(y) or D,(y) is convex.

We now formulate a sequence of problems.

Problem 1.10.1. Prove that the length of any convex curve y on the sphere Sk is
not greater than 27 R, and that equality holds if and only if y is a great circle, or
a biangle (lune) formed by two shortest paths between some points P and P*.

Solution. Let D be a convex region bounded by the curve y.

Consider the case that on y there exist two diametrically opposite points P,
P* € y. Draw one of the shortest paths (P P*); that is located inside of D. The
existence of the shortest path (P P*); follows from the definition of a convex
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region. The shortest path (P P*); divides D into two regions D; and D,, and the
points P and P* divide the curve y into two arcs y; and y,. Let y; belong to
the boundary of D, and y, belong to the boundary of D5, and let [(y;) > [(y»).
Among all shortest paths between P and P* and containing Dy, take (P P*), that
forms a maximal angle with (P P*);. (It is not excluded that (P P*), = (P P*);.)

To prove that y; = (P P*),, assume that y; # (P P*),. Introduce on y; a
parameterization y;(¢), where ¢ is the arc length parameter, counting from the
point P, 0 <t <[l =I(y).

Define a function «(¢) on [0, /1] equal to the angle between the shortest paths
Py(t) and (P P*), at the point P fort # 0, and «(0) = lim,_,o « (). The last limit
exists in view of the monotonicity of «(¢). Analogously define the function B(¢) as
the angle between the shortest paths P*y (t) and (P* P), at the point P* fort < [
and B(l) = lim,_,; B(¢). Since 0 = B(0) < «(0) and B(I) > «(l) = 0, then there
is a fo such that a(fy) = B(tp) # 0. But this means that the curve P y (fp) Uy (ty) P*
is the shortest path joining P with P* located inside of D and differing from
(P P*),, which contradicts the definition of (P P*),. So, y1 = (P P*),, and hence
the length /; of the curve y is w R. But then the inequality

7R <I(yy) <l(y1) =7R

holds, from which it follows that y, is the shortest path joining P with P* and
that the length of y is 27 R.

In the second case draw a polygonal line p(y) inscribed in a curve y with
length different from the length of y by a sufficiently small value. Denote its
vertices by Aj, A,, ..., A,. In view of the convexity of y, the polygonal line
p(y) is also convex, and the inner angle of every vertex in not greater than r:

ZAI',A,'_HAH_ZST[, l=1,,7’l

Extend the side A;A; to a great circle C(A;, Ay). Since p(y) does not contain
the diametrically opposite points, there is a minimal natural number i; such that
A, & C(A1, Ay).

To prove that C(A|, A,) does not intersect the arc y; of a polygonal line p(y)
taken from A;,_; to the point A,+; = Aj, assume that C(A;, A2) N y1 # 0.
Denote by B the first point of the intersection, counting from A; _;, and by B»
the last point of intersection. Then the circular arcs A; _;B; and B,A; are lo-
cated outside of p(y). Neither of these arcs is the shortest path, and we obtain
contradiction with the convexity property of p(y). So, we have proved that the
polygonal line p(y) is located entirely inside a closed semisphere bounded by a
circle C(A1, Aj). From this, by standard methods, one can deduce that the length
of p(y) is smaller than the length of C(A;, A,), which is equal to 2w R. Hence
the length of y is also smaller than 27 R. (]

Problem 1.10.2. Prove that if y is a rectifiable closed curve on the sphere Sz and
there is a great circle C on the sphere Sk such that the intersection of any closed
semicircle C with y is nonempty, then the length of y is not smaller than 27 R.
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Solution. Let T = C N y. Take an arbitrary point A; € T. The points A; and
A7 divide C into two arcs, C; and C,. Take a point A, € T on the arc C; with
maximal distance from A;. In view of the conditions of the problem, such an A,
exists and differs from A;. If A, = A7, then the problem is solved, because the
length of each of the arcs y; and y, of y bounded by the points A; and A7 is not
smaller than w R. If A, # A7, then again in view of the conditions of our problem,
there is a point A3 € T on the arc ATD C C, of length m R — A,A7.

So, we have obtained three points A, Ay, A3 € T. Each of the arcs A|A;,
AyAs, and A3 A of C is a shortest one, and the sum of their lengths is 27 R. But
the same points A, Ay, Az divide y into 3 arcs y; (from A| to Ay), y» (from A,
to A3), and y;3 (from A3 to A), and their lengths are not smaller than the lengths
of certain arcs of C. Hence the length of y is not smaller than 27 R. t

Problem 1.10.3. Prove that if a simple closed curve divides a sphere Sy into two
regions with equal areas, then the length of y is not smaller than 27 R.

Solution. Denote by D; and D, two regions into which y divides Sg. By the
condition of the problem, their areas are

S(Dy) = S(Dy). (1.36)

Let J be the map from a sphere Sk onto itself transforming each point P into a
diametrically opposite point P*; i.e., J(P) = P*. We shall prove that the curves
y* = J(y) and y have nonempty intersection. Indeed, if y* Ny = @, then
either DY = J(Dy) C D, or D = J(D;,) C Dy, which is impossible in view of
equality (1.36). Hence, yNy* =T # (. Leta point P € T'; then the points P and
P* belong to y. Indeed, P € y and P € y*. Hence, P* = J(P) € J(y*) = y.
The points P and P* divide y into two arcs y; and y,, and each of them has length
smaller than 7w R. Thus the length of y is not smaller than 27 R. U

Problem 1.10.4. Prove that if the length of a simple closed curve y on the sphere
Sg is smaller than 27 R, then there is an open hemisphere S} of the sphere S that
contains y.

Solution. A curve y divides the sphere Sy into two regions D;(y) and D,(y).
One of these regions, in view of Problem 1.10.3, has area smaller than 27 RZ.
Let D;(y) be this region. Denote by K (P) the disk with center at a point P and
a radius 72/R. Denote by S(P) the area of the intersection of the disks D;(y)
and K (Pp) and let Sop = infpes, S(P). Let K (Pp) be the disk with the property
S(Py) = Sp. Let C(P) be a great circle, the boundary of the disk K (P), and let
M = yNC(Py).If M = (J, then y sits inside the open disk K (P}). If M # {, then
M e C’'(Py), where C’(Py) is some open semicircle C (Py); see Problem 1.10.2.

Denote by 0 and Q, the endpoints of C’(Py), and let a = min p(y, C(Py) \
C’(Py)). Now take a point P; satisfying the following conditions:

(1) P, is located in the region bounded by the arcs Q| Py U PyQ» and C(FP) \
C'(Po).
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(2) The disk K (P;) contains the points Q; and Q,,
(3) ZR— % < p(P,C(P)\ C'(Py) < TR+ 4.

Then the part of the disk K (P;) that is equal to K(P;) \ K(P) does not include
the points of D (y), and the part of the disk K (P;) that is equal to K (Py) \ K(Pr)
does not contain the points of D;(y), in view of the definition of the integer Sy
and of the disk K (Py), because in the opposite case the area of the intersection of
D (y) with K (P;) would be smaller than ;.

Consequently, Sy = 0 and D (y) N K(Py) = y N C(Py) = @. But then the disk
K (P;) has no common points with y. U

1.10.2 Space Curves

Let y (¢) be aregular space curve of class Ck (k > 1); let f be its arc length param-
eter, and let é be some unit vector. Draw a straight line @ through the point y (0)
in the direction of ¢, and define the function p(¢) as the length of the projection
of the vector y (0)y (f) onto the line a, by taking into account the sign; i.e., we

—
assume p(1) = (y (0)y (1), é).

dp -
Problem 1.10.5. Prove that I =(T1,e).

Solution. If ¥ = F(t) is a vector function that defines a curve y, then y (0)y () =
F(t) — F(0) and p(¢) = (F(t) — 7(0), é). From these we obtain fl—’; = (‘;—;, e)
(T, é).

o

Corollary 1.10.1. If y is closed curve with the length [, then

!
/ (t,é)dt =0foranye, |é|=1.
0

Corollary 1.10.2. Let d be the distance between the endpoints of a curve y of
length l. Then

YOy D)
ly Oy DI

Theorem 1.10.1 (Fenchel’s problem). The integral curvature of an arbitrary
closed space curve y is not smaller than 2w ; equality holds if and only if y is
a convex plane curve.

l
d =y Oy = / (7.3)d1. where § =
0

Proof. Let y(t) be an arc length parameterization of a curve y with# (0 < ¢t <
I = I(y)). Define a curve o(¢) on a sphere S| by associating with each point
y(¢) the end of the vector T(¢) = y(¢) whose origin coincides with the center
of the sphere S;. The curve y(¢) is called the indicatrix of a tangent line to y.
The integral curvature of y, defined by f(f k(t) dt, is equal to the length /; of the
indicatrix of the tangent line o (¢). Indeed,
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) 1 )
llzl(a(t))zf |‘?/|dt=/ |k|dt=/ k() dt
0 0 0

in view of the Frenet formulas. So, we must show that the length /; of the indi-
catrix o (¢) is not smaller than 2. Assume that /; < 2. Then, as was proven
in Problem 1.10.4, there is an open hemisphere S| of the sphere S; containing
o. Let P be the center of this hemisphere, and let € be the unit vector with
the origin at the center of S; and with endpoint at P. Then fol (T(r),e)dt > 0
holds, since (T,é) > O for all ¢, but on the other hand, from the corollary of
Problem 1.10.5 it follows that fé (T (1), €) dt = 0. This contradiction proves that

L =1o()) = fol k(t) dt is not smaller than 27, and equality holds if and only if
o () is a great circle on Sk and consequently, y is a convex plane curve. U

Consider two curves y (¢) and 7 (¢), of which the first one is an arc of a con-
vex plane curve, and the second one is an arbitrary space curve. Let y (¢) have
endpoints A and B, and ¥(¢) the endpoints A and B. Also assume that ¢ is an
arc length parameter on both curves, counting from the point A and the point A,
respectively. Solve the following problem; see [BI].

Problem 1.10.6 (The twist of a curve). If the lengths of the curves y () and y Y (1)
are equal and their curvatures k(¢) and k() satisfy the inequality k@) < k@),
then AB < AB, and equality holds if and only if y and 7 are identified by a rigid
motion of space. If k(t) = k(z), then this problem can be formulated thus: rwisting
a curve increases the distance between its endpoints. If y (¢) is also a plane curve,
then in this case our problem is equivalent to Problem 1.7.9 about a bent bow.

Solution. Take a point y (fp) on y at which the tangent line is parallel to AB.
Place a curve ¥ such that the point ¥ (¢y) coincides with y (¢), and '?(to) = T(tp).
Denote by o () and & (¢) the indicatrices of the tangent line of the curves y (¢) and
y (1), respectively. Then first, the length i (¢) of the arc 6 (p)o () of the curve &
is not greater than the length m(¢) of the arc o (f9)o (¢) of the curve o. Indeed,
from the Frenet formulas we obtain

T =kov@), T=k@¥0), [T]=k®]<k@) =%

Thus
m(t) :/ |‘?',(t)|dt 5/ 17| dt = m(t). (1.37)

Second, if we denote by «(¢) and & (t) the angles Zo (t)) Oo (t) and L6 (1)) Oo (),
respectively, then the functions «(f) and @(¢) should satisfy the inequality

at) < oa(r). (1.38)

Indeed, the distance between the points o (#)) and o (¢) on the sphere S; is equal
to m(t), and the distance between the points & (fp) and & (¢) on the same sphere
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S is not greater than m(¢), and moreover, in view of (1.37), it is not greater than
m(t). Thus, the central angle /& (fy) Oc (t) is not greater than Zo (fy) Oo (), and
hence the inequality (1.38) is proved.

Note also that by the choice of the point y (#;), the angle «(¢) for t < ty and for
t > to varies between the values 0 and 7. Hence, from the inequality (1.37) we
have

cosa@(r) = (2 (1), 2(10)) > cosa(t) = (T(1), T(1p)). (1.39)

Finally, as we already know (see Problem 1.10.5),

) 1
AB :/ cosoz(t)dt—}—/ cosa(t)dt,
0

fo

and the projection Xé of the line segment AB onto the direction 7 (fo) is

= fo l
AB:/ cosd(t)dt—}—/ cosa(t)dt.
0

fo

Hence, from the inequality (1.39) we obtain

AB > AB > AB,

and, as is seen from the text of the solution of the problem, equality in the last
inequalities holds if and only if the curves o (¢) and & (¢) coincide. But then y (¢)
and ¥ (t) also coincide. O

1.11 Phase Length of a Curve and the
Fenchel-Reshetnyak Inequality

It is interesting to understand the restrictions on the integral curvature of a non-
closed curve. Let a curve L join two different points A and B. Measure the angles
o and B formed by the chord AB with the tangent rays to our curve at its end-
points. If one closes the curve by adding a straight line segment almost parallel
to the chord, then the tangent vectors in neighborhoods of A and B are rotated
by the angles m — « and w — B, respectively. It is easy to ensure that practically
the whole integral curvature of a closed arc of a curve will be reduced to these
turnings, i.e., that it will be equal to 2m —a — 8 with arbitrary accuracy. Applying
Fenchel’s inequality, we now obtain an answer to the above question:

/ k(s)ds > a + B.
L

This inequality with the above elegant argument is due to Y.G. Reshetnyak. This
also contains the previous statement, since one may apply it to both parts of a
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closed curve supported by a common chord. Thus, each of the above inequalities
is easily deduced from the other. The direct proof of either is much more compli-
cated.

Below we give a new proof of these inequalities suggested by V.V. Ivanov. It is
based on the notion of a phase distance between two vectors attached to different
points of the space. The idea of the construction given below is actually contained
in the second of the inequalities under discussion. Indeed, the sum «+ g is defined
only by the two endpoints of the curve and by the two directions at which the curve
starts and finishes its movement; furthermore, the sum is not only a lower bound,
but also an exact lower bound for the integral curvatures of all curves satisfying
the same boundary conditions as the curve L; one may check this by repeating the
above arguments. From here it is clear that this sum, as a function of a pair related
vectors, must satisfy the triangle inequality, and thus the original notion of the
length of a smooth curve is naturally related to such a function; this is its phase
length. As we shall see, Reshetnyak’s inequality means that the phase length of a
curve is not smaller than the phase distance between its endpoints. But initially,
we prove that the integral curvature and the phase length are the same. This is a
matter of analysis.

1. The following discussion holds in Euclidean space of arbitrary dimension.

Definition 1.11.1. The phase distance from a vector a at a point A to a vector b
at a point B is the sum of the angles that the vector AB forms with the directions
of a and b.

Indeed, this definition makes sense only in the case that @ and b are both
nonzero, and the points A and B are different. The properties of the phase dis-
tance are a little unusual, though if one takes into account its geometrical sense,
they become quite natural.

Lemma 1.11.1. First, the values of the phase distance are bounded:
0 < ¢(@,b) < 27.
Second, instead of symmetry, the following identity holds:
p(a, l;) + go(l;, a) =2m.
And third, the triangle inequality can be written in the following form:
0@, b) + (b, + ¢, a) > 27.

Proof. Only the last statement requires a short discussion. The configuration con-
sisting of three related vectors, generally speaking, is located in a five-dimensional
space, but the inequality corresponding to it reflects elementary properties of
a usual trihedral angle in ordinary three-dimensional space. For the proof it is
enough to consider the nondegenerate case, in which the points A, B, C at which
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vectors a, I;, ¢ are attached do not lie on a straight line. Mark on the extensions
of the edges CA, AB, and BC of the triangle the points A’, B, and C’. The least
value of the sum of the angles formed by the vector @ with the rays AA’ and AB
is equal to the value of ZA’AB and is attained only in the case that & lies in the
plane of AABC and varies within its specified exterior angle. In the same way,
/B'BC and /C'C A bound from below the sums of the other angles with vertices
at B and C. From here it follows that the sum of the three phase distances under
discussion, which breaks up into the sum of six angles adjoining the vectors a, b,
¢, is not smaller than the sum of the exterior angles of AABC, which is equal to
double the sum of its interior angles. (]

Using the second statement of the lemma, the triangle inequality for phase dis-
tances can be written down by the usual method:

0(@,¢) < @, b)+ (b, ).

Moreover as we have seen, this inequality turns into an exact equality only in the
case that the vectors @, b, ¢ lie in the corresponding exterior angles of AABC.

2. Consider now a smooth curve L, determined by the arc length parameteriza-
tion7 =r(s) withO < s <[.Lets; <, < --- < §,, wheres; =0, s, =
and to the consecutive values of the parameter there correspond different points
on L. Draw at each of these points 7(s;) the tangent vector T; = 7'(s;). The chain
thus obtained 71, T», . .., T, is said to be a phase polygonal line inscribed in the
curve L, and its phase length is the sum

P(T1,T2) 4+ + @(Tuo1, Tn).

The phase length of the curve L should be defined as the infimum & (L) of the
phase lengths of phase polygonal lines inscribed in it.

Lemma 1.11.2. If a chord joining the endpoints of a nonclosed curve L forms
angles o and B with the tangent rays to the curve at its endpoints, then the phase
length of any phase polygonal line inscribed in L is not smaller than the sum of
the angles o and B. In particular,

(L) > a+p.

If the curve L is closed, then the phase length at any phase polygonal line in-
scribed in it is not smaller than 27, so

O(L) > 2m.

Proof. Indeed, in the first case, for every phase polygonal line 7, 7»,..., T,
inscribed in L, the phase distance from 7 up to 7, is obviously equal to the sum
of the specified angles, so by the triangle inequality,

(04 +ﬂ = (p(.?la ;n) S Qo('?l’ ;2) + e +(p(?n—la ;n)-
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In the case of a closed curve, when T; = T,, it is enough to apply the triangle
inequality to the pair of vectors 71, T,_; and to note that ¢(T, T,_) = 27 —
w(?n—l ’ ‘?n) O

By the way, if we take into account Section 1.9, it is easy to show that the
inequalities in Lemma 1.11.2 become exact if and only if the curve either is a line
segment or lies in some plane where the vertices of any polygonal line inscribed
in it serve as consecutive vertices of a convex polygon. This means that the curve
is convex as a whole.

3. For studying the relations between the integral curvature of a curve and its
phase length, we need some asymptotic formulas describing the local geometry
of a twice differentiable curve from the point of view of its curvature.

To simplify writing the expressions, use the symbol o(c™) as the general des-
ignation of any function possessing the property that after division by o™ it ap-
proaches zero as 0 — 0, uniformly with respect to other variables on which it
may depend.

For the arc length parameterization ¥ = F(s) of a three-times differentiable
curve L, the tangent vector T(s) = 7'(s) has unit length and is orthogonal to
7'(s), whose length, as was noted, is taken as a measure of the curvature k(s) of
the curve L at the point with coordinate s.

Lemma 1.11.3. The following formulas hold:
k2
(F(s +0) —F(s), 7)) = 0 — =0’ +0(0),

2

- k
lh(s)| =0 — ZU3 +o(c?),

2
. k (S)O'2

(T(s), T(s+0)) =1 +o0(a?),

where h(s) = 7(s + o) — F(s) and o > 0.
Proof. Applying Taylor’s formula and the Frenet formulas, we have

217

> > - 1—»/ 2 1 3 4
r(s+o)—r(s) = r(s)a—l—zr (s)o +ET (s)o” +o(c™)
= ?(s)a+%kl7(s)02+é[k/l7(s) — K23(s) + kB ()]0 + o(a™).

From this and from the properties of the Frenet frame the first formula of the
lemma follows. Assumg that h(s) = (s + o) — F(s). Applying the above decom-
position for the vector k(s), we have

> 1 1 1
lh(s))> =o% + Zk264 - §k204 +o(c*H =02 - Ek264 +o(o™).

Taking the square root, we obtain the second equality of the lemma. The last
equality of the lemma can be proved analogously. (|
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Remark 1.11.1. By elaborating the proof of the lemma, it is possible to obtain a
similar statement for a twice continuously differentiable curve.

4. Continuing considerations of a three-times differentiable curve, we return to
the question in which we are interested. First of all, write down the Taylor decom-
position of the cosine,

2
(Z(5), (s +0)) = cosw = 1 — “’7 + o(a?),

where w is the angle between the vectors T(s) and T(s + o), and compare it
with the decomposition specified in Lemma 1.11.3. Indeed, we shall come to the
well-known equality

o =k(s)o + o(o),

characterizing the curvature as the velocity at which the angle w grows as the
parameter o varies. As we shall now see, the phase distance, which generally
differs from the usual angle between the vectors, is calculated for small parts of a
curve by the same formula.

Lemma 1.11.4. The phase distance ¢ from a vector 7 (s) up to a vector 7(s + o)
for small o > 0 is almost proportional to the arc o

¢ =k(s)o +o(o).

Proof. By definition, ¢ is a sum of two angles ¢; and ¢, formed by the chord
h = 7(s + o) — F(o) with tangent vectors 7 (s) and 7 (s + o). For calculating the
cosine of the first of these angles, divide the decompositions in Lemma 1.11.3:

b)) _ KO

|iz| 2 + 0(02).

cos ¢ =

We have already seen how from here it is possible to obtain the asymptotic for-

mula
k(s)
g1 =—7-0 + o(0).

By reversing the direction of the curve (which was determined by the choice of
parameterization, but played a minor role) the previous equality will transform
to a similar expression for the cosine of the second angle ¢,. One needs only to
replace k(s) by k(s + o). However, it is possible to work without this replacement,
as the difference between the two values as a function of ¢ is infinitesimally small
uniformly with respect to s. Thus,

0 = @0 +0(0),

and it remains only to combine the two formulas into one. O
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The following theorem, an integral version of Lemma 1.11.4, summarizes the
discussion so far. Comparing it with Lemma 1.11.2 allows us to look at the
Fenchel-Reshetnyak inequality from a new point of view.

Theorem 1.11.1. The phase length of a twice differentiable curve is equal to its
integral curvature,

d(L) :fk(s)ds.
L

Proof. Selects; < s, < --- < s,, where s = 0 and s, = [, in a closed interval
0 < s <[.Ifall differences As; = s;1—s; are small enough, then the neighboring
points 7(s;) and 7(s; ) cannot coincide, and we have an opportunity to compose
the sum

n—1
S = Z@(?(Si), T(si41))-
i=1

The addition of new vertices to a phase polygonal line, in view of the triangle
inequality, does not decrease its phase length. Therefore, the phase length of the
initial curve is equal to the limit of the sums under discussion, provided that the
greatest of the arcs As; tends to zero. According to Lemma 1.11.4, the sum S is

expressed as
n—1 n—

1
S = Zk(si)ASi + ZS,‘AS,’,
i=1 i=1
where all &; uniformly tend to zero and simultaneously with As;. Thus, the second
term of the last expression vanishes in the limit, and the first, as the integral sum
for the curvature, approaches its integral. U

1.12 Exercises to Chapter 1

Exercise 1.12.1. Let O be a point on a circle of radius a, and a ray intersecting
the circle at a varying point A rotates around O. Mark off two line segments
AM; = AM; = 2a on this ray on two sides of A. Deduce the equation of a curve
traced by the points M and M.

Answer: a cardioid.

Exercise 1.12.2. A disk of radius a rolls along a straight line without sliding. De-
duce the parametric equations of the curve traced by the point M on the boundary
circle.

Answer: a cycloid.

Exercise 1.12.3. What curve is plotted by the parametric equations x = a log(?),
a 1
y=350+7,)?

Exercise 1.12.4. Find the projections of the curve x = ¢, y = t?, z = ¢ onto
the coordinate planes.
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Exercise 1.12.5. Prove that the projection onto the plane Y O Z of the intersection
curve of an elliptical paraboloid x = y* + z* with a plane x — 2y + 4z = Oisa
circle of radius R = 3 centered at M (0, 1, —2).

Exercise 1.12.6. Find conditions for the existence of an asymptote to the space
curve x = x(t), y = y(t), z = z(t) as t goes to infinity.

Exercise 1.12.7. Deduce the equations of the normal line and the tangent plane to
the helix x = 2cost, y =2sint, z = 4t at the point t = 0.

Exercise 1.12.8. Deduce the equation of the tangent line to the curve x =
cosht, y = sinht, z = ct.

Exercise 1.12.9. Deduce the equation of the main normal and binormal to the
curve

Exercise 1.12.10. Deduce the equation of the main normal and binormal to the
curve xy = 22 xr4 y2 =72+ 1 at the point M (1, 1, 1).

Exercise 1.12.11. Deduce the equation of an osculating plane to the intersection
curve of the sphere x? + y? + z2 = 9 and the hyperbolic cylinder x> — y? = 3 at
the point M (2, 1, 2).

Exercise 1.12.12. Deduce the equation of the tangent line to the curve defined by
the equations x2 4 y2 +722=1, x2+ y2 = x at the point M (0, 0, 1).

Exercise 1.12.13. Mark off the line segments of fixed length on the binormals to
a simple helix. Find the equation of a curve that is traced by the endpoints of these
line segments.

Exercise 1.12.14. Prove the following generalizations of the well-known La-
grange intermediate value theorem for the case of a smooth space curve.

1. Let A and B be the endpoints of a smooth space curve y (), and let IT be a
smooth family of tangent planes to y. Then there is a value of the parameter
to such that the plane I1(#) is parallel to the line segment AB.

2. Let A and B be the endpoints of a smooth space curve y (¢) that belongs to a
closed convex surface. Then there is a value of the parameter #y such that the
tangent plane at the point y (¢) is parallel to the line segment AB.

Exercise 1.12.15. Find the curvature and the torsion of the following curves:

(@) x=exp(t), y=exp(—t), z=1v2,

(b) x = cos’ 1, y= sin® ¢, z = cos(2t).

Exercise 1.12.16. At what points of the curve x = a(t —sint), y = a(l — cos?),
z = 4a cos % does the radius of curvature take its local maximum?
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A
Figure 1.27. Generalization of Lagrange’s intermediate value theorem.

Exercise 1.12.17. Prove that
M @-B-B)=x
ol oy - K\’
@ B BB =« (E) ,

3) @)=k (%)

Exercise 1.12.18. Find the length of the curve x = acosh?, y = asinht, z = at
between the points 0 and 7.

Exercise 1.12.19. Find the length of the astroid x = acos’t, y = asin’t.

Exercise 1.12.20. Find the length of the cycloid x = a(t —sint), y = a(l —cost)
(0 <t <2m).

Exercise 1.12.21. Find the curvature of the curve defined by the equations in im-
plicit form

x +sinhx =y + sinh Yy, z+expz=x+log(l+x)+1
at the point M (0, 0, 0).

Exercise 1.12.22. Find an evolute of the rractrix x = —a(logtan§ + cost),
y =asint.
Exercise 1.12.23. Find the evolvent of the circle x> 4+ y?> = R?.

Exercise 1.12.24. Prove the constancy of the ratio of curvature to the torsion of
the curve

t t
X = a/ sina(t)dt, y= a/ cosa(t)dt, z=bt.
0 fo
Exercise 1.12.25.* Prove that a smooth curve y(s) lies on a unit sphere if and
only if the following equality holds:
(k/)Z — k2K2(k2 _ 1)

and k > 1, where k = k(s), k = k(s) are the curvature and the torsion of the
curve y(s).



2

Extrinsic Geometry of Surfaces in
Three-dimensional Euclidean Space

2.1 Definition and Methods of Generating Surfaces

Definition 2.1.1. A connected set ® in R? is said to be a two-dimensional surface
if for an arbitrary point P € & there exist an open ball Up in R® with center at
P and a continuous injective map v : Up — R3 such that y maps W = ® N Up
onto an open disk D; of radius 1 on some plane « in the space R>.

In this definition, a “little” disk D; can be replaced by an arbitrary open set® of
a plane «, diffeomorphic to a disk. See Section 2.6 with further discussion of the
notion of a surface.

Introduce in the plane o Cartesian orthogonal coordinates u, v with the origin
at the center of the disk D;. Denote by ¢p the inverse of the restriction of the
map v to Dy. Then ¢p(D;) = W, and the map ¢p: D|_— R3 defines a vector
function 7 = 7(u,v) = x(u, v)i + y(u,v)j + z(u, v)k, where u> + v*> < 1.
We thereby obtain that a surface ® in some neighborhood of one of its (arbitrary)
points can be determined by three functions of two variables:

x=x(,v), y=y@wv), z=z@,0v).

These functions are called a parameterization of a surface. A parameterization
of a surface ® is said to be k-fold continuously differentiable if the functions
x(u,v), y(u, v), and z(u, v) are actually k-fold continuously differentiable. The

3 A subset U C R is open if for every point x € U there is a number ¢ > 0 such that y € U
whenever ||x — y|| < €.
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set W = @p(D,) is called a coordinate neighborhood of the point P on the
surface ®.

Definition 2.1.2. A surface ® is k-fold continuously differentiable if in some
neighborhood of each of its points there is a k-fold continuously differentiable
parameterization x = x(u, v), y = y(u, v), z = z(u, v). In this case, we say that
the surface @ is of class C*.

Definition 2.1.3. A surface ® of class C¥ (k > 1) is regular if for each of its
points P there is a parameterization p: D; — R? of class C* with maximal
rank.*

The last condition can be written in the form 7, x 7, # 0, where
Fu = X, 0+ 3 (1, 0) ] + 2, 0K, Fy = 2@, )i+ 3, (u, ) ] 420, 0K

There are other presentations of a surface besides the parametric ones.

Explicitly given surface. Let f: D; C R*> — R! be a function of class C*
(k = 1). Then the set of points

{C,y, fx, ) (x,y) € Dy},

the graph of a function f(x, y), forms a regular surface of class C¥. The equation
of the surface in this case is usually written as x = x, y = y,z = f(x,y) or
simply as z = f(x, y), (x,y) € D;.

Implicitly given surface. Let D be some open connected set of the space R,
let H: D — R! be a differentiable map of class C¥, and let zero be a regular
value of the map H. Then each connected component of the set ® = H~!(0) is a
regular surface of class C¥. The equation of the surface in this case can be written
in the form H (x, y, z) = 0; it is called an implicit equation of the surface ®.If a
regular surface @ is given by parametric equations

x=x(,v), y=y@,v), z=z,v),

then for each point P € @ there is a neighborhood in which & can be presented by
an explicit equation. Indeed, since the rank of the map ¢p at the point P is 2, then
by the inverse function theorem the variables # and v can be expressed through
x, y; through x, z; or through y, z; and then the equation of ® in a neighborhood
of P can be written in one of the following forms:

z=z(u(x,y),v(x,y) = filx,y),
y =y, 2),v(x,2) = frlx,2),
x=x(y, 2),v(y,2) = f3(y,2).

4 A Ck-coordinate patch for some k > 1 is a one-to-one Ck-map X: D — R3 with maximal rank.
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But if @ is defined by the implicit equation H(x, y, z) = 0, then since zero is a
regular value of the map H, we obtain that one of derivatives H,, H,, H, differs
from zero at every point P € &. If, for instance, H, # 0, then by the implicit
function theorem there is a function f (x, y) such that H(x, y, f(x, y)) = 0, and
consequently, a surface ® in some neighborhood of the point P can be defined by
the explicit equation z = f(x, y).

Example 2.1.1. The one-sheeted cone given by z = /x? + y? is not a regular
surface; (0, 0, 0) is its singular point. The ellipsoid ;‘—z + Z—z f—i = 1 is a regular
surface. This follows from the fact that O is a regular value of the function H =
2442
a? b2 2 .

Definition 2.1.4 (Local coordinate system). Let ¥ = F(u, v) be parametric
equations of a surface ® in some neighborhood of a point P € &. Then to each
point of this neighborhood corresponds an ordered pair of real numbers (u, v),
which are said to be local coordinates of the point. An arbitrary curve y on ® can
be defined by equations in local coordinates u = u(t), v = v(t) (a <t < b). The
equations of y in the space R? take the form

x=x(t),v@) =x@), y=yu@),v)) =yt), z=z@),v®) =z(@).

The curves u = ¢, v = const and u = const, v = ¢ are called the coordinate
curves, namely, u-curves and v-curves.

Figure 2.1. Local coordinate system.

2.1.1 Special Coordinate Systems

Let ¢;: D; — & be some regular parameterization of a surface ® of class C*
(k > 1), and leth: Dp — D; be an injective map of a disk Dp in D; of class
C* (k > 1) with nonzero Jacobian det J. Then composition of the maps ¢p =
@1 oh: Dp — @ is also a regular parameterization of ® of the same class C*.
Indeed, let ¢; be given by the functions x = x(u, v), y = y(u, v), z = z(u, v),
and h by the functions u = ¢(«, B), v = ¥ (a, B). Then ¢p is given by the
functions

x =x(u(a, f), v, B)), y=yulp), v p), z=zup), v, p)),
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and in view of well-known theorems from analysis, ¢ belongs to class C*.
To show the regularity of this parameterization, we have

;a:;u(pa+;v1//a» ;ﬂ:?u(pﬁ"f';vwﬂ
Thus
|Fo X ?5| = |F, X Fyl - |PaVg — @pV¥al = |F, x Fy| -detJ # 0,

which completes the proof.

Sometimes, it appears necessary to introduce new coordinates on a surface so
that the curves from a given family become the coordinate curves. Often, we arrive
at the following situation. In a given coordinate neighborhood W with coordinates
u, v, let two first-order differential equations are defined

Ai(u,v)du + By(u,v)dv =0, Ay(u,v)du+ Br(u,v)dv =0, (2.1)

and we wish to introduce a new coordinate system so that the integral curves of
equation (2.1) will become the coordinate curves. The following lemma gives us
a sufficient condition for the existence of such a parameterization.

Lemma 2.1.1. If at the point Py(uy, vy) the determinant

Aq(ug, vo) Bi(uo, vo)

detJ =
‘ Az (ug, vo) Ba(uo, vo)

is nonzero, then in some neighborhood of Py one can introduce coordinates such
that the integral curves of equation (2.1) will be the coordinate curves.

Proof. Rewrite (2.1) in the form of two systems of ordinary differential equations

i% =B v), 2.2)
L= A, v),
& = —Ba(u, v), 2.3)
= Ay(u,v).

Let yp be the integral curve of system (2.2) passing through Py, and let its equa-
tions be given by the functions u = ¢ (¢), v = ¥ (¢). Then the functions ¢ (1),
Y (¢) satisfy the equations

doi
{ - B (¢1, Y1), and ¢(0) =ug, Y1(0) = vy. 2.4)

W= Ay(pr, ¥,

Analogously, let oy be the integral curve of system (2.3) passing through the point
Py, and let u = ¢, (1) and v = (1) be its equations. Then
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12 — —By(g2. ¥2).

d and  ¢2(0) = ug, ¥2(0) = vy. (2.5)
T = A, )

Denote by y; («) the integral curve of (2.2) passing through the point oy(7), and
by o;(B) the integral curve of (2.3) passing through y;(¢). Let P(t, t) be the point
of intersection of y; («) and o, (8). Since the coordinates of P(z, t) in W are u, v,
then we obtain amap u = u(t, t), v = v(t, 7). First, we prove that for sufficiently
small ¢ and 7 the point P (¢, ) is uniquely defined. This means that we must prove
the existence and uniqueness of a solution of the system of equations

2.6)
Fy(a, B,t, 1) = hi(a, T) — ha(B,1) =0,

{Fl (@ B.1.7) = file. T) — fo(B.1) =0,
where u = fi(«, 1), v = h(, T) are the equations of the curve y;(«), and
u = f>(B,t), v = hy(B,t) are the equations of the curve o,(8). From the
definition of curves oy, Yy, v:(«), and o;(8) follow the equalities f;(0,0) =
up = £2(0,0), h1(0,0) = vy £ h2(0, 0). These equalities show us that the so-
lution of the system (2.6) exists for r = t = 0. We now calculate the determinant

detJ, = 11::1,01 ?”3‘ # 0 at the point (0, 0):
20 F2p
3 3 3
Fro= 220,00 = Y@, 0)lco = 2o = — By (g, vo).
oo oo oo
0 d d
Fipg= —2(0, 0) = —ﬁ(ﬁ, 0)|g=0 = ﬂhs:o = —B5(uo, vp),
B B B
2.7
ohy hy 31#1
Fo=—-—(0,0) = —(, 0)|o=0 = ——la=0 = A1(uo, o),
oo o da
ahz 8h2 3¢2
Prg=—22(0,0) = ——2(8,0) g0 = =250 = As(uo, vo).
2.8 8,3( ) o (B, 0)|s=0 op |s=0 2(ug, vo)
From (2.7) we obtain
detJ; = —detJ £ 0. 2.8)

From (2.8) and the implicit function theorem, we deduce the existence of a real
8 > 0 such that for > + 1% < 82 the functions @ = «(f, v) and 8 = B(¢, ) are
defined and differentiable. Note also that

a(t,0)=t, B@O,7)=r. 2.9)
The functions u = u(t, v) and v = v(¢, t) are determined by the formulas

u=u(t,t)= fila(, 1), 7) = L(BE, 1), 1),
v=uv(t,t)=h(x(t, 1), 7) =h(B(, T), 7).

(2.10)
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du du
Jar ot
v 6_1)
ot

—det J, and hence det J, # 0. In fact, from (2 10), (2.9), and (2.7) it follows that

The value of the determinant det J, = at the point t = 7 = 0 is equal to

w9 9 w9 9
Y002 =-s =00 P —op
ot Bt lizo 9t~ 9B 7 lezo

v ok 3 v ok 3
_v=_1(0 0- 2| —a, —”:—2(0 LA
at 3t li=o at ap 3T lr=0

We apply again the inverse function theorem and obtain that the map u = u(t, 7),
v = v(t, t) induces new coordinates ¢ and 7, for which t = const, T = 7 and
t =t, T = const are integral curves of equations (2.2) and (2.3). U

We prove one more lemma.

Lemma 2.1.2. Let X = MF, + A%F, and o = u'F, + u’r, be two nonparallel
vectors at the point Py(u, vg). Then there is a coordinate system &, n such that P
is the point (0, 0) and F¢ = A, F, = JL.

Proof. Let the functions u = u(€, n) and v = v(&, n) be defined by the formulas
u=2x1E+u'n+u, v=»rE+un+0.

Then the coordinates of the point P are (0, 0), and

8u av
r r AFu 4+ A2F, =X,
£ = $+ ”8§ + v
R R 8u+ ov n 0
Fp=F,— +Fy—=u'r Fo=[L.
n Lan 877 M u /L v ’L

2.2 The Tangent Plane

Let y(#): u = u(t), v = v() (@ <t < b) be some curve through the point
P = y(0) = (u(0), v(0)). A tangent vector y = T to y at P can be written in
the form y = ?; = F,u’ + F,v’. From this formula we see that the tangent vector
to any curve on the surface ® through the point P belongs to the plane of vectors

F,(P) and F,(P). This observation leads us to the following definition.

Definition 2.2.1. The plane through a point P of a regular surface ® of class C*
(k > 1) that is parallel to the vectors 7, (P) and 7, (P) is called the tangent plane
to the surface @ at P. The normal to the surface @ is an orthogonal vector to the
tangent plane of the surface at the point P.

The normal to the surface ® at the point P will be denoted by 7(P) and as-
sumed to be a unit vector: |[r(P)| = 1. In particular, the normal can be identified

with the vector M.
[ XTy
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Example 2.2.1. The Mobius strip is obtained when we twist a thin strip of paper
through a 180° angle and then glue its ends. Consider its regular parameterization

r(u,v) = |:(R — vsin ;) sinu, (R — vsin %) cos U, v COS g},
O<u<2m, |v<l,

where R > 1 and n = 1. The unit normal 7 will coincide with its opposite
vector when one twists the path u = ¢, v = 0 from O to 27. This surface is
nonorientable for odd n, and it has only one side. For even n we twist a thin
strip of paper through a 180°n angle, and the surface obtained is orientable, is
homeomorphic to the cylinder, and has two sides. In other words, a regular surface
® in R? is orientable if and only if there is a differentiable field of unit normals
n: ® — R3 on ®. A differentiable field of unit normals on ® is a differentiable
map 7: ® — R3 that associates with each Q € @ a unit normal vector 7(Q) to
d at Q.

Figure 2.2. Mobius-type strips.

Let P be some point on the regular surface ®, o the tangent plane to P at
P, and Q an arbitrary point on ®. Denote by d the distance between P and Q,
and by 4 the distance from Q to the plane «. The following theorem contains the
geometrical characteristic of the tangent plane.

Theorem 2.2.1. If a regular surface ® belongs to class C', then

lim — =1lim - =0.
Q—P d d—0d

Proof. Let F = F(u, v) be a parameterization of ®, and let P have local coordi-
nates (g, Vo). Then d = |F(u, v) — F(ug, vo)|, and h = (F(u, v) — F(ugp, vo), i).
Set Au = u — up, Av = v — vg. By Taylor’s formula we have

?(u, v) = ;:(u(), V) + ;u(u(), vo)Au + ;U(u(), vo)Av + 5(\/ Au? + sz).
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Figure 2.3. Geometrical characteristic of a tangent plane.
Thus,
d = |F,(uo, vo) Au + F, (g, vo) Av + o(v/ Au? + Av?)|,
h = (F,(uo, vo) Au + 7, (ug, vo) Av + 0(v/ Au? + Av?), n)
= 16(/Au2 + Av2), )| = 61(V Au? + Av?).

From the last formulas it follows that

h 61(vAuZ + Av?)
lim — = lim — - > .
d=>0d  d—0|F,(ug, vo) Au + Fy (o, V) Av + 8(x/ Au? + Av?)|

Divide the numerator and denominator of the above fraction by ~/Au? + AvZ.
We shall prove that the expression
|Fu (o, vo) Au + Fyy (o, v0) Av + 0(v/ Au? + Av?)]
v Au? + Av?

. .. . _ Au
is bounded from below by some positive number. For this, set & = TEa
n= ﬁ and note that £2 4+ %> = 1. We first estimate

[Fu€ +Funl® = (Fu, Fu)E + 2(Fu, Fo)EN + (Fu, F)°.
We shall introduce the notation
E=<;u9;u>v F=(;u’;v>: G=<;vy;v>

and calculate

- -

2 =2 2 2 72 2 =202 17 12 il = = 2
EG — F* =|r,|” - |ry|” — |F,|” - [Fy]” cos ¢:|ru| - |ry|” sin (,0:|ruer| .

Here ¢ represents the angle between the vectors 7, and 7. Since the surface ® is
regular, |F, x F,| # 0 and consequently, EG — F 2 > 0. Hence, the fundamental
form E&? 4+ 2F&n + Gn? is positive definite. But then

Ezrfip 1 |EE2 +2FEn+ Gn*| =d° > 0.
n-=

From the last inequality it follows that
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|FuAu + FyAv + 0(v Au? + Av?)| _a
VAu? + Av? -2
if «/Au? 4+ Av? is sufficiently small. Thus, we have that the denominator of the

fraction is bounded from below by a positive number, and the numerator tends to
zero. Hence, lim,_, ¢ s = 0, which completes the proof. O

Next, denote by T®p the tangent plane to ® at P. The vectors 7,, F, are
linearly independent and hence form a vector space basis of T® p called a local
basis of a surface ® at a point P.

Definition 2.2.2. Let o be some plane in the space R?, and ¢ be a unit vector
orthogonal to it. The pair (e, €) is called an orientable plane.

This definition is motivated by the fact that an orientation on a plane « is de-
termined by a given orientation on R® and a vector é. And conversely, from an
orientation on « and on R* we can reconstruct a vector é. Each orientable plane
in the space generates in R? a height function f, relative to a unit vector ¢, defined
by the formula

fu(P) = (PP, ),

where Py € « is an arbitrary point. Obviously, f, does not depend on the choice
of P().

Exercise 2.2.1. Prove that if Q is a critical point of the height function f, re-
stricted to a regular surface @, then the tangent plane T @ is parallel to the plane
a.

Exercise 2.2.2. Prove that for almost every plane « that intersects a regular sur-
face @ of class C¥, the intersection @ N @ is a regular curve of class C*.

2.2.1 Formulas for Calculations

The surface is given by parametric equations.
F=7Fu,v) = xu, v)i + y(u, v)j + z(u, k.

Then . . - . . .
Fuo=x,0+y.j+zk, F,=x0+y,J+ 2.k
Thus the equation of the tangent plane to a surface at the point (u¢, vo) is written
in the form
(yqu - Zuyv) : (X - x(”Os UO)) + (Zuxv - xuzu) : (Y - )’(Mo, UO))
+ (Xuyy — YuXy) - (Z — z(ug, v9)) =0,

where X, Y, Z are coordinates of an arbitrary point in the plane, and all derivatives
are calculated at the point (u¢, vg).
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Explicitly given surface. x =x,y=y,z= f(x,y).
Fe=i+fik, Fy=J+fik, FoxFy=—fi—f]+k.

Let the coordinates of the point of tangency be (x, Yo, z0) = f (X0, yo). Then the
equation of the tangent plane takes the form

Z —z0 = fx(x0, yo)(X — x0) + fy(x0, Yo)(¥ — yo).

Implicitly given surface. H(x,y,z) = 0. Let (xo, Yo, 20) be the point on a
surface. The equation of the tangent plane to the surface at this point has the form

H, (x0, yo, 20)(X — x0) + H,(x0, Y0, 20) (Y — yo) + H;(x0, yo, 20)(Z — z9) = 0.

2.3 First Fundamental Form of a Surface

Let P be an arbitrary point on a regular surface ®. In the tangent plane 7®p we
take two vectors A and . Let A', A% and u', ? be coordinates of these vectors A
and fi in a local basis 7, (P) and F, (P). Find a formula for calculation of a scalar
product of A and i in terms of coordinates of these vectors in a local basis. Using
our above notation E = (¥,,7,), F = (F,, ), G = (F,, F,), we obtain

(X, ) = EA'u' + FOM 2 + 221" + GA2 2.

In this way a scalar product generates on the surface @ (in each tangent plane to
®) a field of symmetric bilinear forms

TG R) = EXN ! + FO 2 +220Y + GaZpl.
In particular, the first fundamental form of a surface is defined as

IX) =TI, %) = EQGH? +2FA 22+ G2

2.3.1 Length of a Curve on a Surface

Now let some smooth curve y lie on a surface ®, and let u = u(t), v = v(¢)
(a <t < b) be its equations in local coordinates. Find a formula for the length
I(y) of y. By the formula for the length of a curve, see Section 1.4, we have

b b b
I(y) =/|7/| dt =/,/1(?/) dt :/ VEW)? + 2Fu'v + G()2dt. (2.11)

The formula (2.11) can be written in the form

b
I(y) =/ VEdu? +2F dudv + G dv?, (2.12)
a
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and the first fundamental form itself in the form
ds* = Edu® + 2F dudv + G dv*.

In this case, ds is said to be an element of arc length. This type of notation for the
first fundamental form is classical. The formula (2.11) shows us that knowledge
of the coefficients of the first fundamental form and the equations of a curve in
local coordinates allow us to calculate the length of a curve.

Remark 2.3.1. If the equations of a surface are given, then in principle, we possess
complete knowledge about the surface and its geometric properties. If the equa-
tion of a surface is unknown, but only the first fundamental form is given, then
we of course do not possess all the information about the geometric properties
of the surface. However, knowing the first fundamental form of a surface yields
information about some geometric properties of the surface: we can define and
study such geometric notions as length of a curve, area of a region, shortest paths
and geodesics, and Gaussian curvature of a surface. Those geometric properties
and objects that can be determined only in terms of the first fundamental form of
a surface are called the intrinsic geometric properties, and the collection of these
geometric properties and objects forms the subject of intrinsic geometry of a sur-
face. In other words, one can say that the intrinsic geometry of a surface studies
such of its properties that do not depend on the shape of the surface, but depend
only on measurements that we can carry out while staying on a surface itself. The
intrinsic geometry of a surface is the subject of Chapter 3. Now we shall define
and study only the simplest notions related to the first fundamental form.

2.3.2 Metric on a Surface

The formula (2.11) was deduced for the case that a curve y lies entirely in one
coordinate neighborhood. But if a curve y () does not lie entirely in one coordi-
nate neighborhood, then we divide it into a finite number of arcs, each of them
lying in one coordinate neighborhood. Calculating the length of each of the arcs
obtained by the formula (2.11) and summing their values, we obtain the length of
the whole curve.

Lemma 2.3.1. If a regular surface ® belongs to class C!, then every two of its
points can be joined by rectifiable (piecewise smooth) curve.

Proof. Let P and Q be two arbitrary points on the surface. In view of the con-
nectedness of &, there is a continuous curve o(¢) (0 < ¢t < 1) with end-
points 0(0) = P and o(1) = Q. Moreover, from the compactness of the
set 0(t) (0 < t < 1) there follows the existence of a finite number of arcs
ot <t <ty),i=1,...,n,t1 =0,1, = 1 of the curve o, and coordinate
neighborhoods W;,i =1, ..., n, such that o; C W;. Let (u;, v;) and (&;41, Vi+1)
be coordinates of the points o (#;) and o (¢;+1) in W;. Take the curve y; defined by
the equations
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r—t;

Liy1—ti
t—1;

tip1—li

u=u; + (i1 — u;),

t<t<ty, i=1...,n,

v=u; + Vig1 —vp),

and y, composed of the arcs y;. Then y is a piecewise smooth (rectifiable) curve
and y(0) =P,y(1) = Q. [l

Lemma 2.3.1 gives us the possibility to introduce the following definition.

Definition 2.3.1. The distance p on a surface ® between the points P and Q is
the greatest lower bound of the lengths of all curves on @ with endpoints P and

0.

In other words, if T'(P, Q) is the set of all rectifiable curves on a surface ®
with endpoints P and Q, then:
P, = inf  I(y).
p(P, Q) et p) )
Lemma 2.3.1 says that I'(P, Q) is nonempty, and that the nonnegative function

p(P, Q) is well-defined. The function p(P, Q) has all usual properties of the
distance function:

(1) p(P, Q) =p(Q, P),

2 p(P, Q)+ p(Q@,R) = p(P,R),
(3) p(P,Q)=0 ifandonlyif P = Q.

Note also that the topology induced by this metric coincides with the topology
induced from R?.

Introduction of such a metric on & allows us to give the following simple defi-
nitions.

Definition 2.3.2. A surface @ is called complete if (®, p) is a complete metric
space.

Definition 2.3.3. A surface & is called closed (compact) if (®, p) is a compact
metric space.

2.3.3 Isometric Surfaces

Definition 2.3.4. Two regular surfaces ®; and ®; of class C ! are called isometric
if there is a map h: &; — &, preserving the length of every rectifiable curve. In
other words, if y, is a rectifiable curve on a surface ®;, and y» = h(y,) is also
rectifiable and I(y;) = [(y») for every y; C &, the map h is called an isometry,
and the surfaces ®; and ®, are called isometric to each other.

Obviously, we can state this more simply: Two surfaces ©| and ®, are iso-
metric if they are isometric (to each other) as the metric spaces (P1, p1) and

(P2, p2).
For isometric surfaces we have the following theorem:



2.3 First Fundamental Form of a Surface 77

Theorem 2.3.1. If regular surfaces ®, and ®, can be parameterized so that their
first fundamental forms coincide, then these surfaces are isometric. The isometry
h is defined by a one-to-one correspondence of the points with equal coordinates.
Conversely, if ®, and ®, are isometric, then they can be parameterized so that
their first fundamental forms coincide.

Proof. The first part of the theorem’s statement is obvious, and its second part
will be proved in Chapter 3. D

Note also that isometric surfaces do not necessarily coincide under rigid mo-
tion. The simplest example is that a parabolic cylinder is isometric to a plane
(verify).

2.3.4 Angle between the Curves on a Surface

Letu = u (t), v = vi(¢) and u = u,(t), v = vy(¢) be equations of two regular
curves y| and y, on a surface ® of class C I and let y1 and y, have a common
point y; (o) = y2(7p)- Then at this point it is possible to define the angle between
the curves y; and y, as the angle between their tangent vectors T; = ', and
T, = y/,. Since the coordinates of a vector T are (u’1(f), v'1(%)), and those of
T, are (u'1 (1), v'1(70)), then

1(T1, T2)

VI@)YI(T2)

Eu\uy + F(u)v) + vius) + Gvivy

cosp =

\/E (u’l)2 + 2Fu v} + G(v’l)z\/E (u’2)2 + 2Fubv) + G(v§)2.

Note that the angle ¢, between coordinate curves is given by:
Fu\vj _F
VE@)YG(w) VEC

In particular, the equality F = 0 means that the coordinate curves are orthogonal.

cosgip =

2.3.5 Area of a Region on a Surface

Let D be some region on a surface & that lies entirely in some coordinate neigh-
borhood. Define its area S(D) by the following formula:

S(D) :// \/E(u,v)G(u,v)—Fz(u,v)dudv. (2.13)
D

The expression dS = \/E (u, v) G(u, v) — F2(u, v)dudv is called an area ele-
ment of the surface ®.
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It is very difficult to give a visual geometric definition of the area of a region,
and then, starting from it, to deduce (2.13), as was evidently done for the notion of
arc length. Thus we take (2.13) as the definition of area and make some remarks
explaining this formula. Take on the surface & the curvilinear “parallelogram”
o:ug < u < uy+ Au, vy < v < vo+ Av, and on a plane TP, ,, the
parallelogram & spanned by the vectors 7, (i, vo) Au and 7, (1, vo) Av. The area
o of the parallelogram is

S(6) = |Fy X ol AuAv = VEG — F2AuAv.

From visual considerations, it seems to be true that the area of the “parallelogram”
o is approximately equal to the area &, and the error, which we do, has a higher
order than AuAv. Thus, assuming

Figure 2.4. Area of a region on a surface.

S(D)=1im )" So) =lim ) . (\/EG — F2Au;Av; + 5,-(Au,-Av,-)> ,

where the limit is taken for smaller and smaller subdivisions, we obtain (2.13).
If the whole region D does not lie in one coordinate neighborhood, then we di-
vide it into sufficiently small parts so that each of them lies in one coordinate
neighborhood, and define the area of D to be the sum of areas of its parts.

Example 2.3.1. A sphere of radius r, where ¢ and 6 are geographical coordinates
u=¢,v=_0:

X =rcos¢gsind,
y =rsingsinf, 0<p<2m, 0<0<m.

Z =rcosb,
One can easily obtain
F. = —rsingsinfi +rcosgsinbJ,
F, = rcos¢cos 0i +r sin ¢ cos 9;’ — rsinbk,
E=r2sin?0, F=0, G=r>— IQ) =r>sin?00")2 + 202
Hence /EG — F? = r?| sinf/, and the area of the sphere is

S = 271r2/ |sinf|do = 4mr?.
0
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2.3.6 Formulas for Calculations

Surface given by the parametric equations. x = x(u,v), y = y(u,v),z =
z(u, v).

E=x5+y5+zi’ F =x,xy + Yuyo + 2uZvs G=x5+yf+zﬁ,

EG — F* = (xuyy — X00u)* + (o — %020)* + (2o — yo2u)?,

= / \/(xu)’v - xvyu)z + (xXuzo — xuzu)z + Yuzo — YUZM)Z dudv.
D

Explicitly given surface. z = f(x, y).

E=1+f, F=ffy, G=1+f}, EG-F =1+ fl+f]

S=//D‘/1+fx2+fy2dxdy.

2.4 Second Fundamental Form of a Surface

2.4.1 Normal curvature

Let P be some point on a regular surface & of class c* (k > 2). Consider the
plane IT(P, X) passing through a normal 72 to ® at P and a vector A € T®p. The
intersection of this plane with & in some neighborhood of P is a regular curve y
of class C* (see Exermse 2.2.2).

Denote by k(P, X) its curvature at P, and if k(P, X) # 0, then denote
by v(P x) the principal normal vector of y at P. Since y lies in the plane
TP, A) then v(P, k) +7(P). Define the real number k(P, X) (v(P, A)
n(P))k(P X) i.e., assume that

k(P,X) if»(P,X) = i(P),
k(P,X) = 0 ifk(P,X) =0,
—k(P,X) if%(P,X) = —#i(P).

Definition 2.4.1. The normal curvature of a surface ® at a point P and in the
direction A is the real number k(P, X).

Obviously, the sign of k(P, X) depends on the choice of the direction of the
normal n(P) and it changes generally with varying this direction. Thus the sign
of k(P, X) itself has no geometric meaning. However, whether the sign varies or
remains the same as the direction o fX changes does have geometric significance.
So, if k(P, l) has constant sign for all AeTd p, then ® in some neighborhood
of P lies entirely on one side of its tangent plane 7 ®p. But if k(P, L) changes
sign, then @ lies on both sides of T®p. In the first case, the point P is said to
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P

k(p. 2)>0 k(p. 1)<0
Figure 2.5. The sign of k(P, X).

be elliptic or a point of convexity, and in the second case, a hyperbolic (saddle)
point. Thus the values of all normal curvatures at a point P on & allow us to form
an opinion of the shape of the surface @ in a sufficiently small neighborhood of
P.Now let ¥ = F(u, v) be the equation of ®, let u = u(t), v = v(z) be equations
of a curve y, and let ¢ be a parameter, proportional to the arc length of the curve
y: F(t) = F(u(t), v(t)), with the properties

B} - d d
y(0) = P, 7(0) =X =A'F, + A%F,, M:d—i‘(O), /\2=d—;’(0).

We derive k(P, X):

- ~ > o d*r 1 . >
k(P,A) =k(P, )(v(P,L),n(P)) = £\ =—(((P,)),n(P)), (2.14)
dr>| |x2
DT 2O £ 2 A2 4 7oy 022 1 7 4 7, 2.15)
— =Fyuy 'y ryy ry——~ rv——=-. :
dt? dt? dt?
Substituting (2.15) in (2.14), we obtain
N 1 R R . R R R
k(P, 1) = e [Fuu, BYOD)? + 2(Fu, BYAI AP + (Fo, 1) (7))
Introducing the notation
L=<;Lluaﬁ)7 M=<;Ltv7’_i>a N=<;U‘Ua'—i)a
we have
- LD 42MANNZ+ NGB TIT (L
k(PR = A"+ +N@A5)  1I) 2.16)

EQD24+2FMA2+ G2 ()

where L, M, and N are derived at P. The quadratic form I/ (X) is called the
second fundamental form of the surface ®. Since P can be arbitrarily selected,
11 (X) is defined at each point on ®. More exactly, the second fundamental form
of @ is defined on each of its tangent planes. Note that 7/ (X) induces a field of
symmetric bilinear forms

TN ) = LA\ + MOM 4+ 221" + Na2u2.
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2.4.2 Formulas for Calculations

Surface given by the parametric equations. x = x(u,v), y = y(u,v),z =
z(u, v):

> 5 o X z
L_(;: '—i)_(ruu'ru'rv)_ 1 xuu);m Zuu
“ [Py X Ty VEG—F2| " "
Xo Vv 2o
N S5 o X z
L (Fuv - Fu - Fo) 1 uv Yuv Zuv
M =(r,,.n) = |; <7 | = m Xu Yu Zu |
" v - Xv Yo 2v
- s o X z
L. (Foo - T " Fo) 1 v You Zov
N =(ry,n) = |; <F | = m Xu Yu Zu
" v - Xv Yv 2o

Sometimes, for calculating L, M, and N it is more convenient to use the following
formulas:

L=_<;u»ﬁu>v M=_<;u’ﬁv>a N=_<;U7;iv>7 (2.17)
which are obtained from the previous formulas by differentiation of the identities
(Fu,n) =0, (F,,n)=0.

From (2.16) it is seen that the second fundamental form admits the invariant defi-
nition

> - dn
II(A) = —<l, ﬁ>
di
In classical notation, the second fundamental form is defined by the formula
11(dF) = —(dF, dn),

where the direction dF is defined by the ratio of differentials du: dv.
Explicitly given surface. z = f(x, y).
fXX M — fX}' N — f‘}'}"

1+ f2+ f? [T+ f2+ 12 [T+ f2+ 12

Example 2.4.1. We continue Example 2.3.1 with a sphere:

L=
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Fuu=—rcosesin@i —rsingsinfj,
Fuy = —rsing cosOi +r cospcosfj,
Foy = —rcosgsinfi —rsingsindj — r cos Ok,
—r sin @ (r? sin® @ sin? @ + r2 cos? ¢ sin® ) 2 .2
L = - = —r-sin“ 6,
2sin 6

M=0, N=—r2

1) = —r*[sin20(A")2 + 02)?].

X = rcosv _
Example 2.4.2. Cylinder: y=rsinv, IIQ)=1GH%
7= u
X = U COSV
Example 2.4.3. Helicoid: y=usinv , E=1, F=0, G= u?+c2,
z= cv
L=N=0, M= , IR = A2
Vu? 4 c? Vu? +c?

2.4.3 Meusnier’s Theorem

Let y; be an arbitrary C?-regular curve on a regular surface @ of class C? passing
through the point P in the direction of the vector A. If a curvature k; of y; at P
differs from zero, then denote by ¥; the principal normal vector of y; at P. Define
the sign of curvature k; analogously to previous considerations: the sign of k; is
assumed to be equal to the sign of (1, #(P)) if (¥1, #(P)) # 0, and denote by 0
the angle between the vectors 72 and V.

Theorem 2.4.1 (Meusnier). The curvatures k; and k(P, X) are related by the
formula
k(P,\) = ky -cosf.

Proof. Letu = u(t), v = v;(¢) be equations of the curve y; let t be a parameter
proportional to the arc length of y;: F(¢) = F(u(¢), v;(t)) such that

. dul 1 dU] 2 2> 1= 2>
O=P, —O)=x1r, —O)=xr", A=Ar,+Arr,.
y:10) dt() dt() F,+ AT

Since

d*r d*u d*v
— = Fu D+ 2P A A+ P O P — + Py —,
dt? 47+ R (7 dt? + dr?

then
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<d27 ﬁ> =110 = k(P, %) - I(X) 2.18)
a2’ - ’ '
On the other hand (see Section 1.6),
P (2.19)
— = . V. .
i 1 1
From (2.18), (2.19), and the definition of the sign of &, it follows that
k(P,X) = |ki| - (1, 7(P)) = ki - cos O (2.20)
and the theorem is proved. t

The forrpula (2.20) can be used to determine the normal curvature, as usual. In
fact, k(P, 1) does not depend on the choice of the curve y, but only on choices of
the vector A and the direction of the normal n2(P).

If k(P, X) # 0, then Meusnier’s theorem has a beautiful geometric interpre-
tation. Let TT(P, A Y , ) be the plane through P that is parallel to X and forms an
angle 6 (0 <6 < 7/2) w1th the plane IT(P, X) Denote by y(k 0) the curve of
the intersection of IT(P, X 0) and ®, and by k(l 0) 1ts curvature. From P in the
direction of the principal normal vector of the curve y (A 0), let us mark off a line
segment equal to the curvature radius R (X 0) =1/ k(i 0). Denote by C (i) the
geometric locus of the points obtained. From Meusnier’s theorem it follows that
C(X) is a circle with diameter d = 1/k; (P, i); see Figure 2.6. Note that C (X) lies

Figure 2.6. Meusnier’s theorem: geometrical interpretation.

in the plane orthogonal to I'I(P,q)i, 0), and the ends of its diameter are located at
the points 7(P) and F(P) + R(A, 0)v(P).

2.4.4 Principal Curvatures and Principal Vectors

Let P be an arbitrary point on a regular surface ® of class Cf. We shall study the
behavior of the normal curvature as a function of direction A:

LAD2 +2MAA2 + N(A2)?

k(P, %) = .
(P,4) EQDZ L 2FARZ + G(A2)?

Since all directions in a tangent plane 7®p form a compact set homeomorphic
to a circle, k(P, L) has at least one minimum and one maximum, i.e., at least two
extremal values.
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Definition 2.4.2. A principal curvature of a surface ® at a point P is an extremal
value of a normal curvature function k(P, X) at a given point P on ®. The direc-
tions (vectors) in T® p for which k(P, X) takes its extremal values are principal
vectors of the surface ® at the point P.

We now derive the equations for deriving the principal curvatures and the prin-
cipal vectors. Let g be a principal curvature, Xo the corresponding principal vec-
tor, XO = koru + )»Orv, and A = AP, 4+ A%F, an arbitrary vector in the plane 7®p.
Then the function

FO A% a0) = TTX) —ag - T(X)

and its derivatives 3f /0! and 9f /9A? take zero values for A! = A}, A = A3. In
this way, we obtain the following system of equations:

110»0) —ap - I(Xo) =0,
11 (Xo) —ag - I (Xo) =0, 2.21)
11,:(Ro) — ag - 1z (Xo) = 0,

or, in more detailed form,

{ (L —ayE)y+ (M —agF)A3 =0

(M — agF)A} + (N — apG)A} = 0. (2.22)

Since Xo # 0, the system (2.22) has nonzero solution A(l), A%, and hence

L—aoE M—CIQF

’M—aOFN—aoG =0,

or
(EG — FHa} — (EN + GL —2MF)ay+ LN — M* = 0. (2.23)

Thus, we see that there exist not more than two principal curvatures. But if (2.23)
has a umque solution, then mmk k(P, X) = max; k(P, X) and k(P, k) does not
depend on X. In this case any XeTd p 1s a principal vector. Denote by k; (P) and
ko (P) the principal curvatures of the surface ® at the point P; ki(P) < ky(P).
We now deduce the equation for deriving the principal vectors. The system (2.21)
has nonzero solution (1, —ag). Thus

11 () - L (Ro) — I L2(Xo) - Ty (Xg) = 0,
or in more detailed form,
(EA + FODH (ML + NAZ) — (FA) + GABH(LA) + MA2) = 0.

The last equation can be written in a form more convenient for applications and
memorization:
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—(A)? Agrg —(1p)?
E F G =0. (2.24)
L M N

We return to (2.23), which defines the principal curvatures k; and k»:
(EG — F))k* — (EN + GL —2MF)k + LN — M* = 0. (2.25)

In the theory of two-dimensional surfaces in three-dimensional Euclidean space
IR3, the following invariants of a point P on a surface & are of great importance.

Definition 2.4.3. The Gaussian (or complete) curvature of a surface, K (P), is
defined by the formula
K(P) =ki(P) - ka(P),

and the mean curvature of a surface, H(P), is defined by the formula
1
H(P) = z(kl(P) + k2 (P)).

Applying Viete’s theorem to (2.25), we obtain

LN — M? EN+GL —-2FM

KP) =% HP="7ZFc-m

(2.26)

From (2.26) we see that if the Gaussian curvature of a surface ® is positive at some
point P, then the second fundamental form at this point is positive or negative
deﬁnitg, and then the normal curvature k(P, L) of ® does not change its sign
when A varies. In this case, as we know, a surface ® in some neighborhood of P
lies entirely on one side of its tangent plane, and such a point is said to be elliptic
or a point of convexity. Examples are points on an ellipsoid or a sphere of radius
R: in the latter case, K = 1/R2.

If K(P) < 0, then k1(P) < 0 and k»(P) > 0, and P is called a hyperbolic
(saddle) point, and the surface lies on both sides of its tangent plane. The origin
of the terms elliptic or hyperbolic point is the fact that in a neighborhood of an
elliptic point the shape of the surface @ is similar, to a high order of accuracy, to
an elliptic paraboloid, and in a neighborhood of a hyperbolic point to a hyperbolic
paraboloid.

A point where K(P) = 0 is said to be parabolic (or cylindrical), since in
this case one of the principal curvatures is zero, which occurs at any point of a
cylinder.

Figure 2.7. Elliptic, hyperbolic, and parabolic points on a surface.
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The mean curvature of a surface plays a less important role in the theory of
surfaces than Gaussian curvature. We make only one remark.

A surface ® is minimal if the mean curvature vanishes at all points of ®.

A minimal surface is characterized locally by the property of having minimal
area among all surfaces with the same boundary contour.

2.4.5 Umbilics

Definition 2.4.4. A point P on a surface @ is called an umbilical point or umbilic
if the principal curvatures ki (P) and k,(P) are equal. If in addition the equality
ki1(P) = ko(P) = 0 holds, then P is called a planar point.

The notion of these points is explained by the fact that on a sphere of radius R
the equality k;(P) = k»(P) = £1/R holds at every point P, and at every point
on a plane, k1 (P) = ky(P) = 0 holds. Later, we shall prove a theorem that if all
points on a surface ® are umbilics, then ® is a (open) domain of a sphere or a
plane.

The normal curvature at an umbilic does not depend on the direction, and thus
the second fundamental form is proportional to the first fundamental form, and
the coefficient of proportionality is the principal curvature of the surface & at this
point: L =kE, M = kF, N = kG, where k = k| = k;. The opposite is also true:
if% = % = %, then P is an umbilic.

By the way, we have obtained the following theorem.

Theorem 2.4.2. A point P on a regular surface ® of class C* (k > 2) is umbilic

if and only if the equalities % = % = % hold, and P is a planar point if and only

if the equalities L = M = N = 0 hold.

It can be shown that a connected surface consisting only of umbilical points is
part of a sphere. The general ellipsoid has four umbilics; see also Problem 2.7.2.
The Carathéodory conjecture that a surface homeomorphic to a sphere has at
least two umbilics is still open.’

2.4.6 Orthogonality of Principal Vectors

If a point P on a surface & is not umbilic, then there exist exactly two principal
vectors in the tangent plane 7 ® p. It turns out that these directions are mutually
orthogonal, and adjoint with respect to the second fundamental form.

Theorem 2.4.3. If a point P on a regular surface ® is not umbilic, and two
vectors Ay, Ay € T®p are parallel to the principal vectors of ® at P, then
I, X)) =11(A1,22) =0.

5 A recent survey about umbilics on surfaces is Gutierrez, C. and Sotomayor, J., Lines of curvature,
umbilic points and Carathéodory conjecture. Resen. Inst. Mat. Estat. Univ. Sao Paulo, Vol. 3, No.
3, 291-322, 1998. The proof for the analytical case can be found in Ivanov, V.V., The analytic
conjecture of Carathéodory, Siberian Math. J., v. 43, 251-322, 2002.
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Proof. We write down (2.21), which defines the principal vectors:

1Ly (X)) = ky - Ly (X)) =0,

- . (2.27)
I1:(Xp) — ki - LX) =0,
11y (Xy) — ky - Iy (X2) = 0,

. 2 (2.28)
153 () —ky - L3 (k) = 0.

Multiplying the first equation of system (2.27) by A} and the second equation by
3 and summing them, we obtain

211Xy, %) — 2ky - I(A1, Xa) = O. (2.29)

Analogously, multiplying the first equation of system (2.28) by 4| and the second
equation by )L% and summing them, we obtain

211Xy, A2) — 2ks - [ (A1, Xa) = O. (2.30)

Now subtracting (2.30) from (2.29), and by taking into account that k, — k; # 0,
we obtain

I(X1, %) = (X1, Xy) = 0. 2.31)

From (2.29) and (2.31) follows 11 (X, X,) = 0. 0

2.4.7 Euler’s Formula

A formula first deduced by Euler allows us to derive the normal curvature of a
surface @ at a given point P and in an arbitrary direction from the known principal
curvatures k; and k; of the surface at this point. Denote by Xl = k}?u + A%i"v and
Xz = Aé?u + )%? » two mutually orthogonal unit vectors going along the principal
directions. The existence of such vectors follows from Theorem 2.4.3 and the
remark before Theorem 2.4.2. Denote by A(¢) the vector that forms an angle ¢
(0 < ¢ < 2m) with A;.

Theorem 2.4.4. For an arbitrary point P on a regular surface ® of class C*
(k = 2), the following equality (called Euler’s formula) holds:

k(P, ) = k(P,X(9)) = ki cos® ¢ + ky sin” ¢.

Proof. Introduce a coordinate system (u, v) in a neighborhood of P such that
P(0,0) and 7,(0,0) = A;, 7,(0,0) = X,. The existence of such coordinates
follows from Lemma 2.1.2. In this coordinate system we have

)\{:1, A%:O, )\;:O, A%:l, Al((p):cosgo, Az((p):singo,
E0,0) =G(0,00=1, F(@0,0)=M(0,0) =0.
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All these equalities follow from the dqﬁniﬁion of E, F, G, but the last equality
follows from Theorem 2.4.3, since 11 (A, A,) = M = 0. Furthermore,

Lcos®> ¢ 4 Nsin® ¢

k(P,¢) = = Lcos® ¢ + N sin® ¢.

cos? ¢ + sin ¢

On the other hand,
T
ki =k(P,0) =L, k =k(P, 5) —N.

Thus we obtain k(P, ¢) = k; cos? ¢ + kj sin” ¢. O

2.4.8 Rodrigues’s Theorem

Theorem 2.4.5 (Rodrigues). The derivative of a normal n(P) to a regular sur-
face @ of class C* (k > 2) along some direction is parallel to it if and only if
this direction is the principal vector of the surface at P and the coefficient of
proportionality is equal to —k, where k is the principal curvature of ® at P cor-
responding to this principal vector.

Proof. Let x= A7, 4+ A2F, be the vector that defines the direction under discus-
sion. The derivative of the vector field 72(P) along the direction A, in view of the
definition of directional derivative, is written in the following form:

di . _
P i, + 220, (2.32)
ax

Let X be a principal vector. Then by Theorem 2.4.3, there is a vector i = u'F, +
w?r, such that the following equalities are satisfied:

I, ) =TI, i) =0.

The scalar product of (2.32) by the vector ji gives us
<d7’ *> 11X, i) =0 (2.33)
=, M) =— » ) = V. .
di

Consequently, % is orthogonal to the vector i. Hence it is collinear with X, and

we have % = aX. We now find the value of a. The scalar product of the last

equation by the vector x gives us —II(X) =a- I(X), ora = —%%) = —k. Now
let the equality
dn x (2.34)
— =d .
d
be given. As before, we obtain @ = —k, and it remains to prove only that X is

parallel to the principal vector. From (2.32) and (2.34) follows the equality



2.4 Second Fundamental Form of a Surface 89
My + A2, = OW'Fy 4+ 227 (k).
Its scalar product, first by 7,,, and then by 7, gives us a system of equations

—LAY — M) = —kEM — kFA2,
—MM — NA?2 = —kFA — kGA2,

which coincides with the system (2.22), and hence Xisa principal vector. The
theorem is proved. O

Consider one application of Rodrigues’s theorem. Solve the following problem.

Problem 2.4.1. If the normal curvature k(P, X) of a regular surface ® of class C*
(k > 3) depends on neither P nor A, then @ is an open connected domain on
either a sphere or a plane.

Solution. Take an arbitrary point P € ®. Select the direction of a normal n at P
and on some neighborhood in such a way that the normal curvatures of the surface
are positive; i.e., assume that k(P, k) ko > 0. Take an arbitrary direction
XeTdpand denote by IT(P, k) the plane through a point P that is parallel to
the vectors 1 and k and by y (P, k) the curve that appears as the intersection of ®
and a plane IT(P, X) Introduce on y (P, k) the arc leng}h parameterization with
t counting from the point P. Denote by T(¢), ¥(¢), and B(¢) a tangent vector, the
principal normal vector and the binormal of y (P, X). The curve y (P, X) is a plane
curve, and its torsion is zero. Thus from the Frenet formulas (see Section 1.9) we
obtain

() = kv(t), V() =—ki(t), B () =0, (2.35)

where k(¢) is the curvature of y (P, X). On the other hand, from Rodrigues’s the-
orem we have

7 () = —koZ (1) (2.36)
Seta(t) = n(t) — v(¢). Then a(0) = 0, and since a(¢) is orthogonal to 7 (¢), then
i) = c1(B(1) + (v (0), (2.37)

where ¢;(¢) and c¢,(¢) are some differentiable functions. Thus, on the one hand,
we have

da dn dv h — ko)i (2.38)
— = —— — = (k —ko)T, .
dt dt dt 0
but on the other hand,
a - . -
— = c/1 "B+ c/z(t)v + 2 (t)(—kT). (2.39)

dt
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From (2.38) and (2.39) we obtain
(k — k)T = ¢, (1)B + 4(1)V — 2 (KT, (2.40)

or
k+ck—ko=0, c(t)=0, c(t)=0,

and using (2.37): ¢1(t) = c2(t) = 0. Henge k(t) = ko. Consequently, y (P, X) is
a circular arc of radius kio Since P and A are arbitrarily chosen, the problem is
solved. (|

D(a)
n(p)

ocq) P

Figure 2.8. Parallel surfaces.

The study of parallel surfaces in the next section is based in an essential way
on Rodrigues’s theorem.

2.4.9 Parallel Surfaces

Let @ be a regular surface of class Ck (k > 3), and 1(P) a normal vector field
on ®. For arbitrary real a we shall construct a surface ® (a) by marking off a line
segment of length |a| from each point P € ® in the direction of the normal 7 (P)
if a > 0, and in the direction —#(P) if a < 0. The surface ®(a) is said to be a
parallel surface to the surface ®. Obviously, the properties of a parallel surface
® (a) are determined by the properties of @ and by the value of the real number a.
Let us formulate the main theorem. Denote by ¢(P) the map from & to ®(a)
induced by the construction of ®(a), and by ki (P, a), k»(P, a), and #(P, a) the
principal curvatures and the normal to ® (a) at the point ¢(P) € ®(a), and set

Ri(P,a) = Ry(P,a) =

1
ki(P,a)’ ka(P,a)

Theorem 2.4.6. If 1 # k| (P) = k(P,0), 1 # ky(P) = k(P, 0), then a surface
®(a) is regular at the point ¢(P), the normal n(P, a) coincides with n(P), the
principal vectors of ® at P are transformed to the principal vectors of ®(a) at
the point ¢ (P), and the principal curvatures ki (P, a) and ko (P, a) are expressed
by the formulas

kl(P,a) = a—, kQ(P, a) = Tkz(f)) (241)
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or

R\(P,a) = Ri(P) —a, R»(P,a)= R:(P)—a. (2.42)

Proof. Introduce a parameterization 7 = p(u, v) of the surface ® in a neigh-
borhood of P such that P has nonzero coordinates and the vectors g, (0, 0) and
6,0, 0) are parallel to the principal vectors of ® at P. The equation of the surface
@ (a) can be written as

(u,v) = p(u,v) +an(u, v).

~NU

F=
We derive 7, x F, at P
F.=p,+an,, F,=p,+an,.
From Rodrigues’s theorem it follows that
Fo=(—ak)p,, F,=—ak)p,. (2.43)
From (2.43) and the conditions of the theorem we have
Fu x Py = (1 — ak))(1 = akp)[p, x p,] # 0.

From the last formula, the first and second statements of the theorem follow. Fur-
thermore, by Rodrigues’s theorem,

(’_i(P9 a))u = ﬁu = _klﬁuv (ﬁ(P5 a))v = ’_'iv = _k2ﬁu‘

From this and from (2.43) we obtain

- —ki . - —ky .
P,a)), = s P,a)), = . 2.44
P @)= =T PO = T 2-F (2.44)
From (2.44) and Rodrigues’s theorem we obtain
- —ki . —ky
—k P, u = us —k P, v = v O
1(P,a)r —ak” 2(P,a)r by

2.5 The Third Fundamental Form of a Surface

On a regular surface ® of class C* (k > 3) one more fundamental form can be
defined: the third fundamental form. Let . = A'F, + A>F, be an arbitrary vector.
Then suppose

by dn dn 1> 22 1> 2= 1,2 1,2 2,2
I11I(A) = iah = (A n,+2"n,, A r,+A"n,) =e(M) 2L A +g(A)7,

where e = (ﬁu, ﬁg}), f = <ﬁua ﬁv>’ 8= (ﬁva ﬁv)
Note that /117 ()X) induces a field of symmetric bilinear forms
IR, i) = ex'n! + fOI i +2%0Y) + ga% .

It turns out that the three fundamental forms of a surface are linearly dependent.
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Theorem 2.5.1. At each point on a regular surface ® of class C* (k > 3) the
following equality holds:

K-1(X)—2H-II(A) +I1I(X) = 0. (2.45)

Recall that K (P) is the Gaussian curvature of the surface at P, and H(P) the
mean curvature.

Proof. Let P be an arbitrary point on ®. Introduce coordinates (u, v) in some
neighborhood of this point such that the vectors 7, and 7, at P become parallel
to the principal vectors. Then from Rodrigues’s theorem and Theorem 2.4.3 we
obtain, at the point P,

(Fu, Ty) =0, (2.46)
M, = —k\F,, B,=—kF,. (2.47)
From (2.46) and (2.47) follow
IX) = EQH? + G2,
Y 3 dﬁ 1,2 252
II(X) = — (X, = =K EQY? + kGO, (2.48)

- dn dn
III(A) = <T, T> =IPEQH? + K2G(WH)%.
dx’ dx ! :

From (2.48) we obtain

K-1T(0) —2H -TI(X) + 11 (X)
= kika [EQD? + G(2)?]
— (k1 + k) [MEGQD? + ko GOD? + K EO)? + k3G (0D)?]
= EG))[kiky — ki (ki + ko) + &7
+ G0 kiky — ko (ki + ko) + k3] = 0. O
Remark 2.5.1. The equality (2.45) was proved for a special coordinate system,
but since all characteristics in (2.45) are invariant, the equality is valid in any

coordinate system. We write down (2.45) in more detailed form for an arbitrary
coordinate system:

KE—-2HL+e=0, KF-2HM+ f =0, KG—-2HN +g=0. (2.49)

From (2.45) it follows that the third fundamental form of a surface does not itself
play an essential role in the theory of surfaces. However, (2.45) or the equalities
(2.49) may be useful for solving some interesting problems.

We shall give one example where the equalities (2.49) are used for proving
Gauss’s theorem about the area of a spherical image. Let us introduce two new
notions.
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Definition 2.5.1. Let D be some region on a regular surface ® of class C2. To
each point on this surface we associate a point on the sphere S?(1) of unit radius
by the following rule. Take a normal 72(P) to ® at a point P, and translate it by
parallel displacement until the origin of the vector 7(P) coincides with the center
of the sphere S?(1). Then the endpoint of 72(P) will coincide with some point
@(P) on S2(1). The map ¢(P): D — S%(1) thus constructed is called a Gauss
(spherical) map of the region D on the surface ®.

i(p)

ip) ’/\
S'(1)

Figure 2.9. Gauss (spherical) map.

Definition 2.5.2. If D is some region on a surface &, then the real number
w(D) = [[, KdS is called the integral curvature of D. If D lies entirely in
some coordinate neighborhood (u, v), then

w(D) = // K (u, v)\/E(u, V)G, v) — F2(u, v)dudv. (2.50)
D

Example 2.5.1. The Gauss (spherical) map of a sphere is a similarity. The spher-
ical image of a cylindrical surface is a part of a great circle (i.e., an intersection
with a plane containing the center of the sphere) on S?(1). The spherical image of
a plane is a point.

Assume now that some region D on the surface @ is in one-to-one correspon-
dence with some region D* = ¢ (D) under the Gauss (spherical) map, and the
Gaussian curvature of @ has the same sign at each point of D. Then the following
theorem holds.

Theorem 2.5.2 (Gauss theorem for a spherical map). The modulus of the inte-
gral curvature of a region D is equal to the area of its spherical image

w0 (D)| = / / as,. 251)
N

where dS; is an area element on a sphere.

Proof. Without loss of generality, assume that D lies inside a coordinate neigh-
borhood; otherwise, divide it into parts, each of which lies in some coordinate
neighborhood. Then prove the theorem separately for each such point and, in
view of the additive nature of (2.51), deduce it for the entire region. Under this
assumption the map ¢ is determined by the formula 7 = 7{(u, v) = n(u, v).
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Consequently, for this parameterization the first fundamental form of a sphere
coincides with the third fundamental form of ®. But then

S(D*) =[ Ve(u, v)gu, v) — f2(u, v)dudv. (2.52)
D*

We find \/eg — f2, using (2.49), that
eg— f>=QHL—KE)QHN — KG) — 2QHM — KF)?
= K*(EG — F*) —2HK(LG — EN —2MF) + 4H*(LN — M?)
=K*(EG — F*) —2HK -2H(EG — F*) +4H? - K(EG — F?)
= K*(EG — F?).

Consequently,

S(D*):// \/eg—fzdudvsz IKIVEG — F?2dudv = |w(D)|. O
D D

Corollary 2.5.1. The ratio of the area of a spherical image of a region on a surface
to the area of this region tends to the modulus of the Gaussian curvature at a given
point P when a region ties up to this point and K (P) # O.

Proof. If the Gaussian curvature at P differs from zero, then there is a neigh-
borhood of P in which the Gaussian curvature has a fixed sign, and a Gauss
(spherical) map of this region onto a sphere is single-valued. Then

S(D*) o) |[ff,KdS| |KDI[[,dS

= = = = [K(Q)I,
S(D) S(D) S(D) [fpdS
where Q is some point in our region. If a region ties up to a point P, then Q — P;
thus lim% = |K(P)|. O

The Gauss theorem on the area of a spherical image has a perspective gener-
alization. It is possible to add a clear geometrical sense to the formula (2.51):
without the requirement of single-valuedness of a Gauss (spherical) map and con-
stancy of the sign of Gaussian curvature, it can be written in the following form:

w(D):// KdS:// ds;.
D D*

To prove this formula and give it a geometric meaning, one needs a generalization
of a notion of the area of a spherical image, which we omit for lack of space.

An application of the Gauss theorem on the area of a spherical image:

Let O be some point in R?. Denote by P(0) the set of all orientable planes in
the space R? passing through the point O. The set P(Q) can be parameterized by
the points of the unit sphere S;(O) with center at the point O, by corresponding
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to each point Q € S;(0) a pair: a plane « through the point O that is orthogonal
to the vector @, and the vector @ itself. Obviously, this map has an inverse.

Now let ® be a regular surface of class C* (k > 2). Denote by P(®, 0) a
subset of all orientable planes of the set P(O), for which the function f,(P) has
at least one degenerate critical point on ®.

Problem 2.5.1. Prove that the set P(®, O) is nowhere dense in the set P(O)
relative to the topology of the sphere S;(O).

Hint. Sketch of solution: It is not difficult to check that the point Py on @ is a
degenerate critical point of the function f, (P) if and only if 7 ® p belongs to the
set P(®, O). Now, using Gauss’s theorem on spherical images, we see that the
set P(®, O) has zero measure on the sphere S;(0O). From this, the statement of
the problem is deduced.

Problem 2.5.2. If the Gaussian curvature of a closed surface & is positive, then
lo(P)| = 4.

2.6 Classes of Surfaces

Before starting with the material of this section, let us return to a discussion of the
notion of a surface. The problem is that the definition given previously is rather
coarse; it excludes the surfaces with points of self-intersection, but such surfaces
often arise in natural geometric constructions, for instance, in the construction of
parallel surfaces.

A surface in the sense of Definition 2.1.1 is an embedded surface; the term
two-dimensional manifold embedded in R? is also used. We introduce now a new
class of surfaces: the immersed surfaces.

Definition 2.6.1. A set ® is the immersed surface in R3 if there is an embedded
surface ® and a map ¢ : & — & that is a local diffeomorphism.

The difference between embedded and immersed surfaces is not essential when
we study the local properties of a surface. Indeed, if a point P on an immersed
surface ® is a point of self-intersection, then we take the points P, and P, on ®
that are inverse images of P under the map ¢. Select on the surface ® the coor-
dinate neighborhoods W, and W, of these points, each taken sufficiently small so
that W, N W, = @ holds. Define W, = @(W;) and W, = @(W>).

Thus P has two coordinate neighborhoods on ®: a neighborhood Wi on one
“leaf” of a surface ® and a neighborhood W, on a second “leaf ,” and local study
of geometrical properties of ® is reduced to local study of geometrical properties
of first and second “leaves™ separately. It turns out that at a given point P € ® we
obtain two collections of geometric characteristics, which correspond to first and
second “leaf ,” for instance, two values of the Gaussian curvature or two tangent
planes. Thus, for local investigation of immersed surfaces, it is more convenient to
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imagine a point of self-intersection as two different points. Indeed, it may happen
that there are not two, but three or more, “leaves” through a given point P € ®.
During the study of the properties of surfaces in the large the difference be-
tween immersed and embedded surfaces can be essential. However, in most cases,
a fact that holds for embedded surfaces is also true for immersed surfaces, but the
proof in the latter case is often substantially more difficult.
We shall give one more notion that is useful for solving problems “in the large.”

Definition 2.6.2. An immersion of a two-dimensional manifold (surface) ¢ into
R3 is called proper if the intersection of any compact subset of the space R* with
® is compact with respect to the intrinsic metric on ®.

2.6.1 Surfaces of Revolution

Let a curve y lie in the plane (x, z) and let its equation have the form z = f(x).
Assume that the function f(x) € C? is monotonic — for simplicity, strongly
monotonic. Denote by @ the surface obtained by a rotation of y about the axis
O Z. The equation of this surface can be written in the following form:

e= FG/ATHy) = f(), 1=V E)n

Using the formulas of Section 2.3, we find that
2 2
E=1+ ()r‘cf) ,G=1+ (;f)  F= i—f(f’ﬁ EG—F>=1+(f).

Since our surface is a surface of revolution, it is sufficient to find these geometrical
characteristics at the points on some meridian of the surface, say y = 0. For points
of this meridian, F = 0,G = l,and E = 1 + (f/)2 hold. For the coefficients
L, M, N of the second fundamental form we obtain

S om0 N=— L
I+ () T+ (/)2

if a normal 72(P) of a surface ® is directed from the axis O Z of rotation. Hence,
the Gaussian curvature is
f//f/

Cox[L+ (2

From visual observations it follows that K must be negative if the convexity of
y is directed along the axis OZ, and positive in the opposite case. In fact, if the
convexity of y is directed along the axis OZ, then Zi; > 0, but % = —(JJ:—);
Consequently, — f” f' > 0 or — f” f’ < 0, and in the second case, — f” f" < 0 or
—f"f > 0; and since x > 0, our computations confirm the visual observations.

We now find the principal vectors and the principal curvatures. Hence the di-
rections that are tangent to the meridian and parallels are the principal vectors.
Moreover, from (2.25) we obtain




2.6 Classes of Surfaces 97

Lr__ M L _N__
E- U+UP? 276 xJit()r

So, we see that k; is simply the curvature of y, and the sign of k; is defined by the
sign of f”.

We now clear up the geometrical sense of the principal curvature k,. Draw a
straight line through a point P (x, f(x)), which is orthogonal to the curve y. The
equation of this straight line is written as (X —x) + f'(x)(Z — f(x)) = 0, where
X and Z are coordinates of a point on the straight line. We find the intersection
of this straight line with the axis O Z. The point Q of intersection has coordinates
x=0,z=(x+ ff")/f . Denote by R the distance between P and Q and obtain

R= \/xZ + <x +f/ff/ - f)2 = —XW

ky =

Consequently, |ky| = 1/R.

Remark 2.6.1. For a surface of revolution there often exists such a parameteriza-
tion 7(u, v) such that the coefficients of the first fundamental form are expressed
as E =1, F =0, G = G(u). In fact, if the parameter u is taken equal to
Vx2 + y2, and v equal to the rotation angle of the plane X O Z around the axis
0O Z, then
x=uwucosv, y=usinv, z= f(u)

are actually the parametric equations of our surface of revolution ®. For this pa-
rameterization we have

F,=cosvi +sinvj+ f'k, F,=—usinvi +ucosvj.

Thus
E=14+(f), F=0, G=u’

We introduce a new parameter
u(u) = f V14 (f)du
uoy

and let u = H (i) be the inverse function. Then r; = 7, H’, and hence we obtain

I (7.\2 N2 /2_1+(f/)2_ _ _ 2, -
E=@F)> =14+ ()] H) _—H(f,)z_l, F=0, G=H?),

which completes the proof of the remark.

Note finally that the parameter # has an obvious geometric sense: it is the arc
length of the curve y counting from a point P, f (1°)). In the case that y cannot
be defined by a monotonic function f(x), it is more convenient to determine the
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equation of y by a function of z: x = ¢(z). In this case we obtain the following
equation of ®:

-

F(u,v) = ¢(u) cos vi + @(u) sin v}' + uk.

We find the expression of the Gaussian curvature K of the surface ®, using the
geometric sense of the principal curvatures k; and k,. We have

4

¥
[+ ()PP

k=

if the normal 7(P) to ® is directed along the axis of rotation. In order to find k;,
we must find the length of the subnormal of y. The equation of the straight line
through the point P (¢(z), z) that is orthogonal to y has the form

oY(x—2)+Z—-z=0.

The coordinates of the point Q are x = 0, Z = z+¢'p, and R = \/¢? + (¢'¢)? =
o

V1+(¢).C tly k= = ———and K = — :
ov 1+ (¢")°. Consequently, k = e an T+ T

Problem 2.6.1. Find all surfaces of revolution with constant Gaussian curvature
equal to Kj.

Solution. Obviously, this problem can be reduced to integration of the differential
equation

Kp=——2% (2.53)

el + @)
Multiplying (2.53) by ¢¢’ and integrating, we obtain

1

—Kop? =———— +c.
(1% 1+((p,)2+c

(2.54)
To find the constant c it is necessary to know the initial conditions.

Consider the case of Ky > 0. In this case the initial conditions are assumed to
be

9(0) =x0, ¢'(0)=0. (2.55)

Then from (2.54) we obtain ¢ = 1 — Koxg. After this, we shall rewrite (2.54) in
the form

((p/)z _ _1(0((;02 - XS)

= 0 2.56
1+ Ko(¢? — x3) (2:30)

From (2.56) we see that its solution, the function ¢, is an even function of the
variable z, or in other words, the curve y is symmetric with respect to the axis
O X. Thus, consider (2.56) for z < 0, and then we can write it in the form
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) V Ko(x§ — %)
Y = s
J1+ Ko(g? — x3)

Generally, (2.57) is not integrable in elementary functions, but it is possible to
present a parameterization of its solution as

x(it) = xo cos(y/Koii),  z(it) = f M \/ 1 — x2Kqsin®(v/Kot)dt,
0

z<0. (2.57)

where the parameter i, introduced above, is the arc length of the meridian. Con-
sider three cases:
(1) xo =

(2) xo > (3) xo <

1 1 1
VKo VKo VKo

(1) In the first case the integral can be easily taken, and the solution has the
form

x(it) = xgcos(y/Koit),  z(i) = xosin(y/Koi).

Hence, y is a semicircle, and the surface @ is a sphere of radius ﬁ In the second

and third cases we can make some qualitative observations. From the positivity
of the expressions under the square roots in (2.57) we obtain a restriction on the
solution ¢ of this equation in the form of the following inequalities:

Ko(xZ — ¢ > 0, (2.58a)
1 — Ko(x3 —¢%) > 0. (2.58b)
From (2.58a) we obtain ¢(z) < xo, and from (2.58b) we obtain Ky¢? > Koxg —1.

These inequalities allow us to see the differences between the second and the third
cases on the one hand, and the first, on the other.

(2) xo > \/;KT In this case, Kox] — 1 = a* > 0 holds, and consequently, the
. . yo= . - 1 . 1 .
function ¢ satisfies ¢(z) > |a|, but z’'(u) at the point u; = g aresin = is

zero. Also, we obtain that there is a real number

i
7= / \/1 — x3Kosin®(y/ Kot) dt
0

such that the function ¢(z) is defined only in the interval (—z, z;), and in this
interval it satisfies the inequality 0 < |a| < ¢ < xo; see Figure 2.10. Thus, we
have obtained a nonclosed surface diffeomorphic to a cylinder.

3) xg < ﬁ In this case, from the inequality (2.58a) we obtain the same
estimate for the function ¢ < xp. The second inequality (2.58b), in view of the

condition Kox(% — 1 < 0, shows us that there is some real number
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l_Z

0.57

(=]

s X )

-

. 1
Figure 2.10. Case of xo > 5

o= /f \/1 — xj Ko sin® (v/Kot) dt
0

for which

A/ K())C()

9(22) =0, ¢'(22) = ——=
z/ 1-— Koxg

Hence, in this case the surface is homeomorphic to a sphere, but with two sin-
gular points (0, z5) and (0, z1); see Figure 2.11. The results obtained above are

> 0.

1.5 2

1

0.57

T

-0.54

-1.54

i L
Figure 2.11. Case of xo < NI

of course not fortuitous. We prove below that any regular complete surface of
constant positive Gaussian curvature is a sphere.
Now consider the case of Ky < 0. Assume ¢ = 1 in (2.54). Then we obtain

(¢)?
Kop® = _(p—/z‘
1+ (¢)

For integration of this equation we pass to the parameterization of y. Suppose
¢’ = tant. Then Ko@? = —sin’t, or
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1
0= sint. (2.59)
V=Ko
From (2.59) it follows that dz = é dx = cott. Consequently,
! ( { + logt t)+ (2.60)
z= cos ogtan — c. .
V=Ko ghany

So, the required curve y has the following parameterization:
1 1
v =Ko v —Ko

This curve is called a tractrix; see Figure 2.12. Its characteristic property is ex-

x = sint, z=

t
<cost + log tan 5) +c. (2.61)

Nz

Figure 2.12. Tractrix and pseudosphere (z > 0).

pressed in the fact that the length of a tangent line segment from a point of tan-
gency to the z-axis is constant. For ¢ = 0 the length of this line segment is J}“
The obtained surface of revolution is called a pseudosphere. Its equations are

1 . 1 . .
x = sinucosv, y= sinu sin v,
V=K V=K
1 u
z= cosu + lo tan—).
/=K, ( g 2

The region of the parameters’ values is determined by the inequalities
b4
0<u<5, 0<v<2m.

The equality z(u) = 0 holds if and only if u = 7, but then ¢(0) = ﬁ, and

lim, ,o¢'(z) = —oo. But if ¢(0) # \/+T<o’ which corresponds to the value of
the constant ¢ in (2.58b) not equal to 1, then (2.54) is not integrable in elemen-
tary functions. Note that a pseudosphere is diffeomorphic to a cylinder. But there
does not exist a complete surface in R? with constant negative curvature that is
diffeomorphic to a plane. This statement was proved by D. Hilbert at the end of
nineteenth century.
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Exercise 2.6.1. Find all minimal surfaces of revolution.

Another interesting subclass of surfaces of revolution is studied in Section 2.9.

2.6.2 Ruled and Developable Surfaces

Definition 2.6.3. A ruled surface is a one-parameter family of straight lines.

In general, the given definition of a ruled surface is not correct. It is not difficult
to find the cases in which only some part of this set of points forms a surface. It
is possible, of course, to assume in advance the regularity of a surface ® and to
call it ruled if it can be represented in the form of (or contains) a 1-parameter
family of straight lines, for instance, a hyperboloid of one sheet or a hyperbolic
paraboloid. However, such a definition is not always convenient for applications.
Sometimes, it is better to use the classical point of view, according to which we
always assume conditions that are necessary to us.

Any ruled surface can be obtained in the following way. Let y (¢) be an arbitrary
regular curve in R3 of class C* (k > 2) and let a(¢) be some vector field along
y (), also of class C* (k > 2), and a(t) # Ofor all t € (a, b). Construct a straight
line through every point y (¢) of the curve y (called the directrix or base curve)
in the direction of a(¢) (called the director curve). A family of these straight lines
(rulings), u — r(u) + va(u), generally forms some ruled surface ®. If 7{ () is
the parameterization of a base curve y, then the equation F(u, v) = 7 (u) +va(u)
determines ®. The answer to the question, what part of a set of points determined
by this equation forms a regular surface depends on the vector functions 7 (u)
and a(u). We shall not investigate this question in detail, but assume simply that
on some region in the plane (u, v) this equation defines a regular surface. In every
case, if [a(u)| = 1 and (@-a’-F) # O forall u € (a, b), the obtained ruled surface
® is regular at each of its points.

Definition 2.6.4. A ruled surface with the condition @' (u) # 0 is called noncylin-
drical. A noncylindrical ruled surface whose rulings are parallel to some fixed
directrix plane is a Catalan surface. A Catalan surface is a conoid if all of its
rulings intersect a constant straight line, called the axis of the conoid. A conoid is
right if its axis is orthogonal to the directix plane.

Note that a right conoid is formed by a straight line that moves, guided on
a fixed straight line orthogonal to it (the axis of conoid), and at the same time
rotates about this straight line. If the velocity of rotation is proportional to the
lifting velocity of the ruling, then the conoid is a right helicoid.

Example 2.6.1. The simplest conoid is the hyperbolic paraboloid. It is defined by
moving a straight line that is parallel to a fixed plane and is guided by two fixed
helices (two axes!). Conversely, every conoid that differs from a plane and has
two axes is a hyperbolic paraboloid. The more complicated examples, generalized



2.6 Classes of Surfaces 103

Pliicker’s conoids (having n > 2 folds; see Figure 2.13° with n = 2,5) are
obtained by rotation of a ray about the axis O Z and with simultaneous oscillatory
motion (with period 27rn) along the segment [—1, 1] of the axis:

7 =10, 0, sin(nu)] + v[cosu, sinu, 0] = [v cosu, vsinu, sin(nu)].

<6 ¥m

(ayn =2. (byn =5.

Figure 2.13. Generalized Pliicker’s conoids.

We now find an expression for the Gaussian curvature of a ruled surface
- > -/ - - - > -/ - -/
r,=r+av, r,=a, ry,=r +av, ry,=a, ry,=0

From the last equality it follows that the coefficient N of the second fundamental
form is zero. Thus the Gaussian curvature of @ is expressed by the formula

M2
" EG—F%
Formula (2.62) shows us that the Gaussian curvature of any ruled surface is non-
positive, which of course does not surprise us, because at each point P € & in the
direction of the vector a the normal curvature is zero, and consequently, either the
principal curvatures are of opposite signs or at least one of them is zero.

Consider in detail the case that the Gaussian curvature of a ruled surface is
identically zero. We calculate the coefficient M to be

K — (2.62)

(;u;v;uv) _ ((;1/+U&/)'a'&/)
VEG — F? JVEG — F?

and consequently, the equality K = 0 means that

M =

(Fi'(u) - a(u) -a@'(u)) = 0. (2.63)
Equality (2.63) holds in the following obvious cases:

6 For other examples of ruled surface modeling with Maple, see Figures 2.2, 2.14 and [Rov1].
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1. 7{'(u) = 0. Hence the base curve y is a point, and ® is a cone (without the
vertex).

2. a@'(u) = 0. Hence a(u) = const and ® is a cylinder.

3. 71'(u) x a(u) = 0. A surface ® is generated by lines tangent to the base
curve y.

Example 2.6.2. Consider a four-leafed rose curve y;: p = cos(2¢), or in Carte-
sian coordinates of the z = 1 plane, F1(u) = [cos(2u) sin(u), cos(2u) cos(u), 1].
Then the cylinder with base curve y = y; and the z-axis is given by F(u, v) =
71(u) +v[0,0, 1] = [cos(2u) cos(u), cos(2u) sin(u), 1]. The cone with director
curve @ = y; and vertex S(0, 0, 0) is given by F(u, v) = vF;(u). These surfaces,
drawn with Maple, are shown in Figure 2.14.

(a) Cylinder. (b) Cone.

Figure 2.14. Cylinder and cone over a four-leafed rose.

Consider now the general case. From equality (2.63) it follows that
Fi' () = A (w)au) + r(w)d' (u),

where A; and A, are some functions of the variable u. Note further that since
71'(u) x @' (u) # 0, the function A,(u) is nonzero and

axa #0. (2.64)

Take the curve 7 on a surface ® defined by the equation v = v(u) or Fo(u) =
71(u) + v(w)a(u). We can select the function v(u) such that 7,'(u) x @ = 0. We
obtain the equation for function v = v(u),

71/ () + V' (wa(u) + v(u)a' () x a(u) =0,

or
M(wa) + ro)a' ) + v'(wya(u) + v(ua' (u)) x a(u) =0,

or
(2 () +v(w)) - (@ u) x @) =0
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and from (2.64) it follows that v(u) = —A,(u). So for the curve y and the vector
field @(u) we obtain case 3. Consequently, for any ruled surface ® with zero
Gaussian curvature that is not a cone or a cylinder, there is a curve such that
® is generated by the family of tangent lines to this curve. Surfaces with zero
Gaussian curvature are called developable. In the next section we shall prove that
any developable surface is ruled.

We now study the behavior of a tangent plane along generators of a developable
surface ®. Let ## = n(u, v) be a normal to ®. Since the Gaussian curvature K is
zero, a generator at each of its points goes along the main direction. Consequently,
by Rodrigues’s theorem,

— =0. (2.65)

Equation (2.65) shows us that in fact the normal 72 («, v) depends on u only; conse-
quently, all tangent planes along a generator are parallel, and since they all contain
the same straight line, they all coincide. This property of tangent planes along a
generator is called the stationarity of a tangent plane.

Finally, we study in detail the structure of a developable surface in a neigh-
borhood of a base curve y: ¥ = F,(u). Divide ® onto two semisurfaces ®; and
@, by the inequalities v > 0 for ®; and v < 0 for ®,. We now calculate the
coefficients of the first fundamental form of the surface,

Fu = (F2)y +va' (), F,=a). (2.66)

If we assume u to be an arc length parameter of 7, and a(u) = 7,'(u) a vector
field, then from (2.66) it follows that

E=1+k, F=G-=1, (2.67)

where k(u) is the curvature of y. From (2.67) one can see that at the points
(u,v) € ®; and (u, —v) € P,, the coefficients E, F, and G coincide. Conse-
quently, the semisurfaces ®; and ®, are isometric. Thus ® is the union of two
isometric semisurfaces ®; and ®, that are “glued” to each other along the base
curve. Thus, we see that the surface @ is not regular at the points of the base curve
y. At its other points, @ is regular if the curvature k(u) of y is nonzero at each
point, because |F, x F,|> = EG — F? = k*v>.

The semisurfaces @, and ¥, often intersect with each other. Here is the sim-
plest example: Let y be a circle in R?, and suppose the field @(¢) is a tangent
vector field to y. Then ®; and ®, obviously coincide, and & consists of two
copies of the exterior of a circle, “glued” along a circle.

We now explain why a ruled surface ® with zero Gaussian curvature is called
a developable surface. Let Py(ug, vg) be a regular point of ®. Take on ® a neigh-
borhood U of P, defined by the inequalities |u — ug| < &, [v — vg| < €. Let € be
sufficiently small such that the curvature k() of the base curve differs from zero
if [u —ug| < e,andv # 0if |[v — vy| < e. Take acurve y : ¥ = p(u) on some
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plane « such that its curvature k(u) coincides with k («) for lu —ug| < e and a(u)
is the unit vector field tangent to 7. Then the region U of a plane « determined by
the condition ¥ = p(u) + va(u) for u, v € U is isometric to the region U on ®,
as is seen from (2.67). So, we can say that a neighborhood U of Py is developed
(unrolled) onto a plane.

Finally, note that if a complete regular surface @ is developable, then ® is a
cylinder (in particular, a plane).

2.6.3 Convex Surfaces

Recall that a region D C R is convex if together with each pair of its points P
and Q it contains the line segment P Q connecting these points. The boundary
dD of a convex region D is actually a surface (generally, a continuous surface),
and it is called a convex surface.

Theorem 2.6.1. If a convex region D contains a straight line, then the surface
® = 9D is homeomorphic to a cylinder; if D contains a ray but does not contain
any straight line, then ® = 9 D is homeomorphic to a plane; if D does not contain
any ray (D is compact), then the surface ® = 9D is homeomorphic to a sphere.

Proof. The statements of Theorem 2.6.1 are straightforward, and we shall prove
only the first of them. Let a be a straight line that lies entirely in D, and let P
be an arbitrary point on ®. Take two points P; and P, on the straight line a. In
view of the convexity of D, the line segments P P; and P P, belong to D. Let
points P; and P, tend to infinity along the straight line a, and let the length of
the line segment P; P, also tend to infinity. Then the line segments P P; and P P,
tend to some rays a; and a, lying on the straight line a(P) that is parallel to
a. Consequently, through each point P € @ there passes a straight line a(P)
that is parallel to a and lies entirely on ®. Bring the plane « through some point
Q € ® and orthogonally to a. Since @ N D is a convex region on the plane «, the
intersection o N P is a convex curve y. Let C be a cylinder whose directrix curve
is y and whose rulings are parallel to the straight line a. Since C is contained in
® and is an open and closed set, they coincide, which completes the proof. (]

The following obvious properties of convex surfaces are formulated as exer-
cises.

Exercise 2.6.2. A regular surface ® of class C* (k > 1) is convex if and only if it
lies entirely on one side of every one of its tangent planes.

Exercise 2.6.3. The Gaussian curvature of a regular convex surface of class C*
(k > 2) is nonnegative at every point.

Exercise 2.6.4. The integral curvature (see Section 2.5) of a closed regular convex
surface of class C? is 47.

Hint. Use Gauss’s Theorem 2.5.2 (about spherical images).
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Exercise 2.6.5. The exact upper bound of the integral curvature of any open, reg-
ular, convex surface of class C? is not greater than 2.

Hint. Use Gauss’s Theorem 2.5.2 (about spherical images).

Exercise 2.6.6. The exact lower bound of the Gaussian curvature K (P) of an
open, regular, convex surface of class C2 is zero.

Hint. Use the statement of the previous exercise.

Exercise 2.6.7. If the Gaussian curvature K (P) of a regular convex surface of
class C? is not smaller than a positive real number a, then the surface is closed
(compact).

Exercise 2.6.8. If a convex surface & is neither a cylinder nor a plane, then there
is a nondegenerate right circular cone containing ®.

2.6.4 Problems: Curvature of Convex Surfaces

Now we formulate some conditions under which a regular surface of class C2 has
points of positive Gaussian curvature.

Problem 2.6.2. On each closed (compact) regular surface ® of class C? there is
a point at which the Gaussian curvature is positive.

Solution. Let S(O, R) be a sphere with center at some point O and radius R so
large that the entire surface @ lies in this sphere. Decrease the radius of this sphere
until the sphere and ® touch each other for the first time, at which time the radius
of the sphere will be R; < R. Denote by P a point that belongs to ® N S(O, R;).
The tangent plane 7 ® p at P is also a tangent plane to the sphere S(O, R;). Direct
a normal 7#(P) inside of S(O, R;). The normal curvatures of S(O, R;) at this
point are equal to 1/ R, and the normal curvatures of @ are not smaller than 1/R;,
because & lies entirely inside the sphere S(O, R;). Consequently, the Gaussian
curvature K (P) of ® at P is not smaller than 1/ (R1)2. U

An analogous criterion for complete, noncompact (open) surfaces can be for-
mulated as follows:

Problem 2.6.3. If an open, regular surface ® of class C? lies entirely inside a
convex circular cone T, then there is a point on & at which the Gaussian curvature
is positive.

Solution. Write down the equation of the cone T in the form x2 + y*> — a?z> = 0,
and define a region containing the surface ® by the inequalities

¥ +y?—a’? <0, z>0.

Take another cone 77, defined by the equation
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x4y —b*(z4+¢)* =0 (where b>a,c>0). (2.68)

Let H be one (upper) sheet of the hyperboloid of revolution of two sheets given
by the equation

4p? ) 2 4 2 c
7(x +y9) — C—z(z+6) =-L zz-5.
This convex surface H lies entirely between the cones 7' and T, and the cone T
is asymptotic to H. Let

= inf PQ]|.
£0 PeDeryl )

From the condition » > a in (2.68), follows that p, exists and is finite, and that
there exist points Py and Qg on the surfaces ® and H such that py = |PyQy].
Now displace H parallel to itself by the vector m. Denote by Hj the result-
ing surface. The surfaces Hy and @ have a common tangent plane at Py, and ®
lies entirely inside the convex region bounded by Hj. Thus, as in the previous
problem, the Gaussian curvature of the surface ® at P, is not smaller than the
Gaussian curvature of the surface Hy at O, which is positive. [l

Remark 2.6.2. If a convex surface ® has a point at which the Gaussian curvature
is positive, then there is a right circular cone 7' containing ® (see Exercise 2.6.8).

Thus from Problem 2.6.3 we obtain the following corollary.

Corollary 2.6.1. If a complete, open regular surface @ lies entirely inside a con-
vex region bounded by a convex surface ®; whose Gaussian curvature is positive
at least at one point, then there is a point on ® at which the Gaussian curvature is
positive.

We now solve Hadamard’s problem.

Problem 2.6.4 (Hadamard). If the Gaussian curvature at each point of a closed
regular surface ® of class C? is positive, then ® is convex.

Hadamard’s problem is a particular case of Problem 2.6.5 given below. We shall
give another solution of this problem, different from but no less illuminating than
the solution of Problem 2.6.5.

Solution. The surface ® bounds some three-dimensional region, which will be
denoted by D. Take a point P on ®, and direct a normal #2(P) to ® at this point P
inside of D, and continue this direction of the normal by continuity to each point
on ®. Define the sign of the normal curvature at each point of ® by the direction
of the normal 7(P). In view of the statement of Problem 2.6.2, there is a point
Q on @ at which under the above definition of the sign of a normal curvature all
normal curvatures are positive. By the conditions of our problem, the Gaussian
curvature at all points P € @ is positive. It follows that the normal curvatures of
® are positive at all of its points. Now let Q be some point in int D. Denote by
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I' » the set of points int D that can be connected with Q by a line segment entirely
contained in int D. Obviously, I'p is an open set in int D.

We prove that I is closed in int D. Let Q € int D be a point such that there is
a sequence of points Q, € I'p tending to Q. Assume that Qy ¢ I' . That means
that the line segment Q Q touches ® at some point P that lies inside of the line
segment Q Qo (P € QQp, P # Q, P # Qo). Then P—>Qo belongs to the tangent
plane 7 ® p, and the normal curvature of @ at the point P and in the direction of
the vector P Q) is nonpositive, which is a contradiction. O

Problem 2.6.5. Let ® be a closed, regular surface of class C 2 immersed in R3.
Then if the Gaussian curvature of the surface ® at each of its points is nonnega-
tive, then @ is convex, and consequently, an embedded surface.

Solution. Assume the opposite and lead this assumption to a contradiction. If &
is a nonconvex surface, then there is a plane o such that the set « N @ is not
connected, because in the opposite case, ® will lie on one side of each of its
tangent planes and will be convex. Take a point Q on the plane « and a unit vector
¢ orthogonal to the plane «. Define a function f,, (P) on @, assuming it to be equal
to (@, ¢). Note that in view of Problem 2.5.1, we can assume that f,(P) has
no degenerate critical points on the surface ®. Let P; and P, be two points in the
set ® N« from its different connected components. Without loss of generality, we
may suppose that there is a continuous curve o (¢) (0 <t < 1) on ® connecting
P; and P, and belonging to the region defined by the inequality f,(P) > 0. Let
I'(P; P,) be the class of all continuous curves o on ® with endpoints P; and P,
that lie in the region f,(P) > 0. Take a point P, on each curve ¢ € T'(P; P,) at
which the function f, (o (¢)) for 0 < t < 1 reaches its maximum. Define a real
number a( by the equality

ap= inf f,(Py).
o€l (P Py)

Obviously, ap > 0. In view of the compactness of ® and the definition of ay, there
is a point Py on ® such that f,(Py) = Qo; and there exist points Q| # Py and
0, # Py in any neighborhood of Py on the surface ® such that

Ja(Q1) < ao, (2.69)
Ja(Q2) = ao. (2.70)

In view of the definition of ay and of the point Py, a plane T ®p, is parallel to
the plane «. Introduce a rectangular Cartesian coordinate system x, y, z with the
origin at Py; direct the axis O Z parallel to the vector ¢, and so the axes O X and
OY are located in the plane T ® p,. The equation of ® in some neighborhood of
Py can be written explicitly as

z=h(x,y).

The function h(x, y) satisfies the equations
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ah ah
h(0,0) =0, —(0,0)=—(0,0)=0;
dax ay

moreover, the axes O X and OY can be chosen so that

0%h
0x0dy

(0,0) = 0.

We introduce the notation

19%h 19%h

= -%"0,0, b=-""
“ 28x2(’)’ 2 9y?

(0, 0).

Write Taylor’s formula for the function 2 (x, y):
h(x,y) = ax®* +by* + o(x* + y?). (2.71)

Since the functions A(x, y) and f,(P) in a neighborhood of the point P, are
related by the equality f, (x, y) = h(x, y)+ag, and since f,(0) has no degenerate
critical points on ®, Py is a degenerate critical point of the function /(x, y). Thus
a - b # 0 holds. If we assume that a - b > 0, then in view of (2.71), this leads
to a contradiction either with the inequality (2.69) or with the inequality (2.70).
Consequently, a - b < 0. But then the Gaussian curvature K of @, equal to 4a - b,
would be negative, which contradicts the conditions of the problem. The problem
is solved. (]

Now we study open (i.e., complete noncompact) surfaces.

Problem 2.6.6. If the Gaussian curvature of an open regular surface ® of class
C? is everywhere positive, then ® is convex.

Hint. Repeat the considerations and constructions of Problem 2.6.4.

An analogue of Problem 2.6.5 appears to be more complicated. The following
statement holds.

Problem 2.6.7. Let ® be an open regular surface of class C?> immersed in R3.
Then if the Gaussian curvature of @ at each of its points is nonnegative and there
is a point of positive Gaussian curvature, then @ is convex and consequently, an
embedded surface.

The solution of this problem is difficult and long. It can be found in [Pog]. We
now give some tests that allow us to estimate from above the principal curvatures
of a surface at some points of this surface.

Problem 2.6.8. If a region D bounded by a convex surface ® of class C? con-
tains a ball C(R) of radius R, then there is a point P on & at which all normal
curvatures are not greater than 1/R.
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Solution. Increase the radius of the ball C (R) while its center is fixed until it (the
ball C(R;), R > R) touches the surface ® for the first time at some point Fy. So
we have obtained that ® touches the ball C(R;) at Pj and lies outside of the ball
C(R)). From this it follows that the absolute value of any normal curvature is not
greater than 1/R,, and consequently, than 1/R. (]

Remark 2.6.3. The convexity assumption for the surface & is not essential when
the sign of the normal curvature of @ is defined by the direction of its inner nor-
mal.

This test is essentially strengthened in the following problem.

Problem 2.6.9. Let ® be a convex, regular surface of class C? bounded by a con-
vex region D. Then, if one can place a circle with radius R entirely inside of
D, there is a point on @ at which all the normal curvatures are not greater than
1/R. (The sign of the normal curvature is determined by the direction of the inner
normals.)

Solution. Let Ky be a disk of radius R that lies entirely in D, and let « be the
plane containing this disk. Denote by C the right circular cylinder whose gener-
atrix is the boundary of the disk K, and the rulings are straight lines orthogonal
to the plane «. The following two cases are possible:

(1) the cylinder C does not intersect the surface @,
(2) the cylinder C cuts out from the surface ® at least one surface ;.

In the first case, as follows from Theorem 2.6.1, & itself is a cylinder C, and
the statement of the problem becomes obvious.

Consider the second case. Let D be the region bounded by the cylinder C and
®,. Let S(R — ¢) be the sphere of radius R — ¢ (0 < ¢ < R) with center on the
axis of the cylinder C that does not intersect ®;. Move the sphere S(R — ¢) in the
direction toward ®; until the first tangency of S(R — ¢) and @, appears, and let
P be a point of tangency. The surface &, as follows from our construction, lies
entirely on one side of S(R — ¢) and touches it at P, an interior point of ®;. Thus
all normal curvatures of ®; at P are not greater than RL_E. Since ¢ may be chosen
as close to zero as possible, the statement of the problem is proved. U

There are many books and surveys devoted to convex surfaces and bodies with-
out any smoothness assumptions; see [Kul], [Bus], [Sto], [Pog], [Hop].

2.6.5 Saddle Surfaces

Definition 2.6.5. A regular surface ® of class C? is called a saddle surface if the
Gaussian curvature at each point of ® is nonpositive.

Note that the class of saddle surfaces contains the well-studied class of minimal
surfaces, i.e., surfaces whose mean curvature H is identically zero,’

7 See, for example, [OG].



112 2. Extrinsic Geometry of Surfaces in Three-dimensional Euclidean Space

Generally speaking, there is another definition of a saddle surface that is also
applicable for a continuous surface and coincides with our definition in the regular
case.

If the Gaussian curvature of @ is negative at some point P € &, then the
tangent plane 7 ®p intersects @, and the surface lies on both sides of T® p. The
surface ® has a saddle-type shape in a neighborhood of such a point, which is the
reason for the name of these surfaces. One of the features of a complete saddle
surface is its unboundness in R3. So for instance, from Problem 2.6.2 it follows
that there does not exist a closed saddle surface in R?, and from Problem 2.6.3 (or
its Corollary 2.6.1) it follows that one cannot place a saddle surface entirely in
any strictly convex region. But a saddle surface can be entirely placed between two
parallel planes, for instance, a circular cylinder or, a more interesting example, the
surface obtained by rotation of the curve x = % (Jz] < 1) about the axis O Z.
The Gaussian curvature of this surface is negative at each point. But this procedure
is impossible for saddle surfaces homeomorphic to a plane.

Theorem 2.6.2 (S.N. Bernstein). If a saddle surface ® defined by the equation
z=fx,y) (00 <x, y<o00)
has points of negative Gaussian curvature, then

sup | f(x, y)| = oo.
Xy

The proof of this theorem is very difficult and cannot be given here. We now
study the behavior of the Gaussian curvature K (P) and the principal curvatures
ki(P) and k,(P) of saddle surfaces.

The strongest result concerning the behavior of the Gaussian curvature on a
saddle surface was obtained by N.V. Efimov.

Theorem 2.6.3 (N.V. Efimov ). The least upper bound of the Gaussian curvature
on a complete saddle surface in R3 is zero.

This theorem of N. V. Efimov is very deep and difficult to prove. It is an essential
generalization of the well-known theorem of Hilbert on the nonexistence in R? of
a complete regular surface with constant negative Gaussian curvature. In this
book we cannot give its proof. We restrict ourselves to only the proof of Hilbert’s
theorem given at the end of Section 2.8.

The statements of N.V. Efimov’s theorem and Exercise 2.6.6 can be formulated
in the form of a single theorem.

Theorem 2.6.4. The exact lower bound of the absolute value of the Gaussian cur-
vature of a complete open regular surface in R? is zero.

Let us now study the behavior of the principal curvatures k;(P) and k,(P) at
infinity for any complete saddle surface.
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Problem 2.6.10. Prove that if on a complete saddle surface ® C R?,
Igrelg ki (P)] + }22 lko(P)] =¢ >0
holds, then @ is a cylinder, i.e., k; (P) = 0 and k,(P) = const.

Solution. Assume for definiteness that k{(P) < 0 and k,(P) > 0 and that
infpee |ka(P)| = ¢; > 0. Assume that the Gaussian curvature K (P) is not iden-
tically zero, and show that this leads to a contradiction. Take a real number R,
satisfying the inequality

1
R> —. (2.72)
1

Then the Gaussian curvature of a parallel surface ®(R) is nonnegative. Indeed,
by Theorem 2.4.6 we have

ki(P) ky(P)
K(P,R)= ———~ — k(P,R) = ——— .
1P, R) 1 — Rk, (P) 2P R) 1 — Rky(P)
From this, we obtain
K(P
K(P,R) = (P)

(1 = Rki(P))(1 — Rka(P))

The numerator and denominator of this fraction are negative. Indeed, K (P) < 0
by the conditions of the problem, 1 — Rk;(P) > 0 because of k;(P) < 0, and
1 — Rky(P) < 0 in view of inequality (2.72). From the nonnegativity of the
Gaussian curvature of ®(R), it follows (see Exercise 2.6.8) that ®(R) can be
placed entirely inside of a strictly convex cone C. Take another strongly convex
cone C; such that it contains C and the distance from any point of C to C; is
greater than R. Then a saddle surface @ lies entirely in the cone C, which is
impossible (see Problem 2.6.3). Thus, the Gaussian curvature of & is identically
zZero. O

In 1966, J. Milnor enunciated a conjecture, which for saddle surfaces implies
that for statement 2.6.10 to hold, it suffices that:

inf (ki (P)] + 2 P)]) # 0.

This assertion is not yet been proved.
We solve one more problem, in which saddle and convex surfaces are closely
related.

Problem 2.6.11. Let ® be a regular convex surface of class C¥ (k > 2), and k; (P)
and k,(P) the principal curvatures of @ at a point P. Suppose that 0 < k;(P) <
ky(P). In this case, if supp.g ki1 (P) < infpee k2(P), then @ is a cylinder, and
consequently, k; = 0, but k&, = ¢9 > 0. The sign of the normal curvature is
determined by the direction of the inner normal.
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Solution. We assume that @ is not a cylinder, and show this leads to a contradic-
tion. The surface & cannot be homeomorphic to a sphere, because on any such
surface there is an umbilic at which k;(P) = k,(P), in contradiction to the con-
dition of the problem. Thus we need only study the case that  is homeomorphic
to a plane; in this case we may suppose that supp.q k1 (P) = ¢; > 0. Define
¢y = infpco kr(P), and denote by R a real number satisfying the inequality

l <R < i 2.73)
2 1
Take parallel surfaces ®(R) and ®(—R). The surface ®(—R) is convex and con-
tains @ (R) entirely. Prove that ® (R) is regular and a saddle surface. The regular-
ity of ®(R) follows from Theorem 2.4.6. We now calculate the principal curva-
tures of ®(R) at a point ¢ (P). (We use the notation introduced in Section 2.4.9).
By Theorem 2.4.6,

ki (P) ky(P)

kl(P,R):Tkl(P), kz(P, R):T](Z(P)

Thus the Gaussian curvature K (P, R) of ®(R) is expressed by the formula

K(P)

KPR = TR (P = Ra(PY)

(2.74)

The numerator of this fraction is nonnegative, and the denominator is negative. In
fact, in view of (2.73),

1 —Rki(P)>1—cR >0, (2.75)
but
1 — Rky(P) <1—cR <O. (2.76)
Thus, from (2.74) — (2.76) follows that
K(P,R) <O.

So a saddle surface @ (R) lies entirely inside of the convex surface ® (—R), which
is impossible. (]

2.7 Some Classes of Curves on a Surface

2.7.1 Lines of Curvature

Definition 2.7.1. A smooth curve y on a regular surface ® of class C? is called a
line of curvature if the tangent vector of y is a principal vector of & at all points
of y.
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Recall the equation determining the principal vectors

—()\2)2 )\‘1)\2 _()\‘1)2
E F G = 0.
L M N

If u = u(t), v = v(¢) are equations of some curve, then its tangent vector has in
a local base the coordinates u’(#) and v’(¢). Thus the problem of existence of the
lines of curvature is reduced to the problem of the existence of a solution to the
following differential equation:

(LF — EM) (i)’ — (EN — LGV + (MG — NF) (v))” = 0.

From Lemma 2.1.1 it follows that through each nonumbilical point of the surface
® it is possible to pass a line of curvature and then to extend it until we reach an
umbilic.

From the same lemma it follows that in a neighborhood of any nonumbilical
point one can construct a coordinate system such that the lines of curvature will
become the coordinate curves. The characteristic indication of such a coordinate
system is the fulfilment of the following equalities: M = F = 0. In fact, if
the coordinate curves are the lines of curvature, then FF = 0 in view of their
orthogonality, and M = 0, since the principal vectors are conjugate with respect
to the second fundamental form.

We now consider some geometric properties of the lines of curvature.

Theorem 2.7.1. A ruled surface C formed by the family of normal straight lines
to @ along the lines of curvature has nonzero Gaussian curvature.

Proof. Let ¥ = F(t) be the equation of a line of curvature y, and 7(¢) the di-
rections of the normals to ® along y. Then the equation of the surface C can be
written in the form

F=ru,v) =rw) +vin).

By Rodrigues’s theorem, #'(1) = —k¥ (1), and consequently, see (2.64), the
Gaussian curvature of the surface ® is zero. O

Theorem 2.7.2. If two surfaces | and ®, intersect with a constant angle and
the curve of intersection is a line of curvature on one of them, then it is also a line
of curvature on the other surface.

Proof. Let F = F(t) be the equation of the curve of intersection of the surfaces @,
and ®,. Denote by 7| and 71, the unit normals to ®; and ®, along y, respectively.
From the conditions of the theorem we obtain the equations

(my (1), ny(1)) = const, (2.77)
iy,
v —k(1)F (1), (2.78)

(F'(1), 1) = (F'(t), np) = 0. (2.79)
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From (2.77) follows
(dny/dt, iy) + (i, diip/dt) =0, (2.80)
and from (2.78) and (2.80) follows
(i), dny/dr) = 0. (2.81)
Moreover, we have
(ny, dny/dt) = 0. (2.82)

Thus, from the equalities (2.81) and (2.82) we see that the vector % is orthogonal

to n; and fiz, but then from the equality (2.79) follows the collinearity of 7" and
%, ie., dﬁ = ar, and now the theorem follows from Rodrigues’s theorem. [
Corollary 2.7.1. If a plane or a sphere intersects some surface with a constant

angle, then the curve of intersection is the line of curvature.

This statement follows from the fact that any curve on a plane and on a sphere
is the line of curvature. From this it follows that all parallels and meridians on a
surface of revolution are its lines of curvature.

Figure 2.15. Curvature lines (parallels) on a surface of revolution.

Finally, we study the properties of the lines of curvature on a surface ® with
zero Gaussian curvature. Let y () be the line of curvature that passes along the
principal vector corresponding to zero principal curvature. Then by Rodrigues’s
theorem, %’;’ = 0, and consequently, the field of normals to & along y (¢) is con-
stant: 71(t) = 1(0) = ¢é. But then (F'(¢), rg) = 0 and (F(t) — F(0), iig) = const.
The last equality means that y is a plane curve. We prove that in the case
H(P) # 0 acurve y is a line segment. Introduce in a neighborhood of y a
coordinate system (u#, v) whose coordinate curves are the lines of curvature. Let
the curves u = ¢, v = const be the lines of curvature passing along the principal
vectors corresponding to zero principal curvature. Then by Rodrigues’s theorem,
n, = 0, and hence, (11,), = 0. Changing the order of differentiation, we obtain
(1,), = 0. From the last equality it follows that the field 7, that is orthogonal
to the plane curve u = ¢, v = const is a field of parallel vectors. Hence, u = ¢,
v = const is a line segment.
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Theorem 2.7.3. A regular surface ® of class C* (k > 2) with zero Gaussian
curvature is a ruled surface, and hence is either a cone or a cylinder, or it is
formed by the family of tangent lines to some space curve.

If the surface has nonzero mean curvature, then the statement of Theorem 2.7.3
is proved, because in this case the second principal curvature differs from zero. In
the general case, the proof of Theorem 2.7.3 requires a more delicate approach,
which we omit.

2.7.2 Asymptotic Curves

Definition 2.7.2. A tangent vector xe T ®p at a point P is called an asymptotic
direction if 11 (L) = 0; i.e., the normal curvature of a surface ® in this direction
is zero.

Definition 2.7.3. An asymptotic curve is a smooth curve y on a surface ® whose
tangent vector is an asymptotic direction at each point.

From Euler’s formula one can see that asymptotic directions exist only at hy-
perbolic or parabolic points on a regular surface ®. Moreover, at hyperbolic points
there are two such directions, and at parabolic points, there is one.

Equations of asymptotic curves result directly from their definition. If u = u(¢),
v = v(¢) are parametric equations of an asymptotic curve, then the functions u(t)
and v(¢) must satisfy the differential equation

L (du/dt)* +2M(du/dt) - (dv/dt) + N (dv/dt)? = 0. (2.83)

From Lemma 2.1.1 it immediately follows that in a neighborhood of a hyperbolic
point there is a coordinate system in which the coordinate curves are the asymp-
totic curves.

From (2.83) it follows that coordinate curves are asymptotic curves if and only
if L = N = 0. Indeed, if u = ¢, v = const is an asymptotic curve, then L - 1 +
2M -0+ N -0 = 0or L = 0, analogously, if u = const, v = ¢ is an asymptotic
curve, then N = 0. Conversely, if L = N = 0, then (2.83) takes the form

M(du/dt) - (dv/dt) = 0. (2.84)

If M # 0, then (2.84) has two solutions: u = f(¢), v = const and ¥ = const,
v = f(t); i.e., the coordinate curves are the asymptotic curves. If M = 0, then a
surface ® in a neighborhood of the point under discussion is a plane, and each of
its curves is an asymptotic curve.

We now study the geometrical characteristic of asymptotic curves.

Theorem 2.7.4. If y is an asymptotic curve on a regular surface ® of class C*
(k > 3), then a tangent plane to ® is an osculating plane of a curve y at each
point y(t).
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Proof. Consider an arbitrary point y(¢) on the curve y. Since the normal cur-
vature of @ in the direction of the tangent vector T = p(¢) is zero, then by
Meusnier’s theorem, either the curvature of y is zero at this point, or the angle
between the principal normal ¥(¢) to y and the normal 72(¢) to @ at the point y (¢)
is 7. In the first case, any plane containing 7 (7) is an osculating plane, including
T ®p, and in the second case, the plane T®p contains both 7(¢) and v(z), and
hence it is again osculating.

Consider in detail a vector field 72(¢) along the asymptotic curve y (7). For those
points where the torsion of y (¢) exists, the vector 72(¢) equals £8(¢), and hence

i |2 . . .
k2= ’fl—'; ; and for those points where the curvature of y is zero and the torsion
. . - . . i |2 .
is not determined, we define it in addition, supposing that k> = ‘fi—'r'| . Here ¢ is
the arc length parameter of a curve. 0

Keeping in mind this remark, we formulate the Beltrami—Enneper theorem.

Theorem 2.7.5. The square of the torsion of an asymptotic curve on a regular
surface of class C* (k > 3) at each of its points is equal to the Gaussian curvature
of the surface at this point, considered with the opposite sign.

Proof. By definition,
k> =|din/dt)? = 111(%),

where T is the tangent vector to the asymptotic curve. By (2.45) we have I 11(T) =
—K -1(7)+2H - 11(%), but by the condition of the theorem, I1(7) = 0, in view
of the choice of parameter t: 1(7) = 1. Thus, we obtain x> = (%)2 =111(7) =
— K. The theorem is proved. (]

It is interesting to consider the particular case of the Beltrami—Enneper theorem
in which an asymptotic curve y is a straight line. Draw along y (#) on the surface
® the unit vector field A(¢) orthogonal to y(¢),

X(t) € T®,q). (A1), Z(1)) =0.

Here we again assume that ¢ is an arc length parameter on y. Write down the
equalities

. d -
<x(t), EA> =0, (2.85a)
(@), (1)) =0, (2.85b)
A1) = £7() x (D), (2.85¢)
i(t) = £7(1) x A1), (2.85d)
. (2.85¢)

dt

From (2.85c—e) we have
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d - . dn dn . d-
—A=£T X —, — =41 x —A, (2.86)
dt dt dt dt

and from this it follows that

dn
—.,7)=0. 2.87
(%) 8
From (2.85¢) and (2.86) we obtain
d - . ldn| . w dn
—A|l=|t| - |—|-sin— = |—].
dt dt 2 dt

Consequently,

d-\> (dn\* ,
—A) =(—) =« =—-K.
dt dt

We have thus proved the following theorem.

Theorem 2.7.6. Let a regular surface ® of class C* (k > 3) contain a straight
line y, and let X(t) be the field of unit vectors along the straight line y (t) that
are tangent to ® and orthogonal to y . Then the Gaussian curvature K is equal to
—|%l|2, where t is the arc length of y.

2.7.3 Geodesics on a Surface

Here we give the definition and study the simplest properties of the most beautiful
class of curves on a surface: the class of geodesics. We first define the notion of
geodesic curvature of a curve on a surface ®. Let y(¢) (a <t < b) be a regular
curve of class C? on a regular surface ® of class C2. Let ¢ be the arc length of the
curve y (t), counting from one of its points.

Denote, as usual, by k(¢) the curvature of y at the point y (¢), by T(¢) and v(¢)
the tangent vector and principal normal vector at the point y (z), and by ¢(¢) the
angle between v(r) and n(t). The geodesic curvature ky(t) of the curve y at the
point y (¢) is defined by the formula

ko(t) = k(1) - sing(t). (2.88)

In other words, the geodesic curvature k,(t) of y at the point y (¢) is the norm
of the projection of the vector k(¢)¥(¢) onto the tangent plane T®, ;) to ®. Recall
for comparison that the normal curvature of the curve y (the normal curvature of
® in the direction 7) is the projection of k(#)¥(¢) onto . Find the formula for
calculation of k,. From (2.88) and Theorem 1.6.1 it follows that

ko(t) = k(1) - sing(t) = k(1) - |(¥ x 1, E)| = (k()D - F - 1) = (7 - F - ).

It is not difficult to derive that if ¢ is an arbitrary parameter, then
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(1)

ko) = iz (2.89)

We give now the definition of a geodesic.

Definition 2.7.4. A regular curve y (¢) of class C? on a regular surface ® of class
C? is called a geodesic if its geodesic curvature at each point is zero.

From this definition it immediately follows that a normal 7 to a surface ® along
a geodesic y (¢) coincides with the principal normal v(¢) everywhere it is defined.
Note that this property can be considered as the definition of a geodesic.

We deduce the equation of a geodesic. From (2.89) it follows that for a
geodesic,

# -7 i) =0. (2.90)

We calculate 7' and 7”:

F=ru +r,

F' = FuuU)? + 2F 'V + F oy (V) + Futd + P (2.91)
Since the surface @ is regular, then at any of its points the vectors F,,, 7, 2 form a
basis, and hence the vectors F,,, ., Fy, can be expressed as linear combinations
of 7, ¥y, and 1. Let

- 1 = 2 = -
ry, = Fllru + Fllrv +ann,
- 1 =2 2 = -
Fup =T r, +Tr, +apnn,

- 1= 2= =
Fop = Do, +T5F, +ann.

The geometrical sense of the coefficients in the above expressions will become
clear later on, in Section 2.8 (and in Chapter 3), and there the expression of these
coefficients will be given through the coefficients of the first and the second fun-
damental forms. Substituting the last equations into (2.91), and then into (2.90),
we obtain

=11

=W+ AF, + @ + B)rF, +cn,

where
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A =T} @) +2rLu'v +T1,0)%
B =T} ) +2rLu'v +T3,)% (2.92)
From (2.92) and (2.90) it follows that
u'v' —uv" + Av' — Bu' = 0. (2.93)
We prove the following important local theorem.

Theorem 2.7.7. Through every point on a regular surface ® of class C? in any
direction one can pass one and only one geodesic.

Proof. Let Py(ug, vo) be any point on @, and let Xy = AFu+A3F, be any nonzero
vector at Py; hence Ay € T ®p,. Let for definiteness, A(l) # 0. If the equation of a
geodesic is given explicitly as u = u, v = v(u), then (2.93) takes the form

v+ AV — B =0,
where
A=T] +2ILW +T50)*, B=T}+2I0 +T50)%  (2.94)

The initial conditions for the function v(u) will be the following:

dv , r3
v(u) = vo, an =" (uo) = e (2.95)
0

From (2.85d) and (2.95), using the standard existence and uniqueness theorem
for a solution of ordinary differential equations, the statement of the theorem
follows. (]

We consider some examples.

Example 2.7.1 (Geodesics on a sphere). Directly from the definition it follows
that the great circles on a sphere are actually the geodesics, since a normal to
a sphere and the principal normal to a great circle at all points are parallel, and
from Theorem 2.7.7 it follows that there are no other geodesics, since we can pass
a great circle through each point on a sphere in any direction.

Figure 2.17. Geodesics on a sphere and a cylinder.
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Example 2.7.2 (Geodesics on a cylinder). The equation of a right circular cylin-
der C of radius a can be written in parametric form as

X =acosu, y=asinu, z=wv,

for —oco < u < 00, —00 < u < oo. Prove that any helix lying on C is a geodesic.
Let . . .
F=F({t)=acos(t —ty)i +asin(t — 1)) j +[b(t — 1) +clk

be the equation of a helix (the equation of a parallel for b = 0). Then

F(t) = —asin(t — to)lT + acos(t — to); + bl:’,,

F'(t) = —acos(t — 1p)i —asin(t — 1) J,
and
F, = —asinui +acosuj, F,=k,

but
Fu XF,=acosui +asinuj,

and we see that the vectors 7 (¢) and 7 (u, v) are parallel at points of a helix.
Consequently, (7" -7 -1) = 0, and hence a helix for every b, ¢, and 1 is a geodesic
on the cylinder C. Note that the rulings of the cylinder C (i.e., the straight lines
X = X9,y = Yo, 2 =t — ty) are also the geodesics.

We prove that there are no other geodesics on the cylinder C. In view of Theo-
rem 2.7.7, it is sufficient to show that through any point Py (u, vo) on the cylinder
C and in any direction X = A'F, + A%F, one can pass a helix if X # 0, and if
A= F,, then a ruling. Indeed, let

F(t) = acos(t — to)i + asin(t — 10)j + [b(t — to) + clk,

where
)\’2 )\2
fo=—ug, b= —uy, c=vy— v
Then . . .
F(0) = a cos(ug)i + racos(ug)j + Ak = A7, + A°F,,

which completes the proof.

Example 2.7.3 (Geodesics on a surface of revolution). Let @ be the regular sur-
face of class C? obtained by rotation of a curve y around the axis O Z (see Sec-
tion 2.6.1). Directly from the main property of geodesics it follows that all merid-
ians on @ are geodesics. Usually, one cannot find other geodesics in the form
of explicit equations. But it is possible to point out a property of geodesics that
allows us to give a qualitative view of their behavior on a surface of revolution.
Let 7 = 7(t) be the arc length parameterization of a geodesic o (t) on ®. Denote
by p(t) the distance from a point o (¢) to the axis of rotation, and by «/(#) the
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angle between o (¢) and a parallel at the point of their intersection, o (¢). Then the
equality

p(t) -cosa(t) =c (2.96)
(Clairaut’s theorem) is satisfied. First, we shall prove the equality
o(t) -cosa(t) = (F-7 - k), (2.97)

where  is a unit basis vector of the axis of rotation OZ. Denote by j1(t) a unit
vector tangent to a parallel of the surface ® at the point o (¢). Then

kX F(t) = p(O(), (), F' (1)) = cosa(r). (2.98)

From equalities (2.98) follows (2.97). Differentiating the right-hand side of (2.97)
with respect to ¢, we obtain

-7k =GF-F k). (2.99)

=/

Since ¢ is the arc length of o (¢), then F”(¢) is parallel to the principal normal v(z)
of the curve o (1), and since o (1) is a geodesic, then v(¢) is parallel to the normal
7n(t) of ® at the point o (). Consequently, 7" (¢) is parallel to 7(t). But on the
othgr hand, since @ is a surface of revohition, then 72(¢) lies in the plane spanned
by k and 7(¢). Consequently, the vectors k, 7(¢), and 7" (¢) are coplanar, and hence

F@)-7'(t) - k) = 0.

From this equality and equality (2.97) follows our statement, the equality (2.96).
The equality (2.96) gives us the possibility to describe the “qualitative” behavior
of a geodesic. Let ¢ # 0 (if ¢ = 0, then we obtain that o is a meridian). When we
move along a geodesic o (), passing from “wider” part of ® into its “thinner” part,
then the functions p(¢) and «(¢) decrease; i.e., the angle between the geodesic
o (t) and the parallels on ® becomes less and less. If for some ¢ the value of p(f)
becomes equal to ¢, then at this point o (¢) touches a parallel, and after this returns
into the “wider” part of ®. While passing from the “thinner” part on the surface
® into the “wider” part, the functions p(¢) and «(¢) increase, and consequently,
the angle between o (#) and the meridians becomes less and less. If the “wide”
part becomes limitlessly “wide,” then the direction of a geodesic limitlessly tends
to the direction of a meridian; see Figure 2.18.

Finally, if a tangent line to the curve y at some point is parallel to the axis
of rotation, then the parallel on ® corresponding to this point becomes a closed
geodesic, because in this case the normal to the surface @ is at the same time the
principal normal to this parallel.

2.7.4 Problems

The following two topological lemmas are necessary for us to solve a sequence
of problems.

Let D be some region homeomorphic to a disk on a regular surface ® with a
regular boundary 8D = y, and let é(P) be a continuous vector field in D.
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Figure 2.18. Geodesics on a surface of revolution.

Lemma 2.7.1. If for each point Q on the curve y the vector e(Q) forms a nonzero
angle with a tangent vector y at a point y (), then there is a point Q¢ € int D at
which €(Qg) = 0 holds.

Lemma 2.7.2. Let ® be a regular surface, homeomorphic to a sphere. Then for
any continuous field é(P) on @ (i.e., tangent) there is a point Q with the property

é(Q) =0.

Remark 2.7.1. Lemma 2.7.2 is a particular case of the Poincaré—Brouwer theo-
rem: If ® is a compact surface and X is a vector field on ® with only a finite
number of zeros, then the total index I (X) = Y, i,(X) is 21 x (®), where x ()
is the Euler characteristic of ®. Here i,(X) is the angular variation of X along
“small” circle on ® with center at P. The Euler characteristic of the sphere is 2.

Problem 2.7.1. Let ® be a regular surface of class C2. Prove that

(1) if a line of curvature is a geodesic, then it is a plane curve, or more exactly,
the torsion of this curve is zero at every point where it (the torsion) is defined;

(2) if an asymptotic curve is at the same time a geodesic, then it is a straight line;

(3) if a line of curvature is at the same time an asymptotic curve, then it is a plane
curve.

Hint. Use Rodrigues’s theorem 2.4.5, the properties of asymptotic curves and
geodesics, and the Frenet formulas from Chapter 1.

Problem 2.7.2. On any regular surface ® of class C?> homeomorphic to a sphere
there is at least one umbilic.

Solution. Assume the opposite. This means that we assume the inequality
ki(P) < ka(P), (2.100)

where as usual, k; (P), k(P) are the principal curvatures of ® at the point P. Let
Py € ® and let a unit vector é be parallel to a principal direction that corresponds
to the principal curvature k;(P). Build a vector field of unit vectors on the whole
surface @ by the following method: join the point Py with an arbitrary point P by
some continuous curve

o) O=r=1 oO)=h, o) =P),
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and let €(¢) be a unit continuous vector field along o (¢) with the condition
¢(0) = ¢(P), and e(t) for each ¢ is parallel to a principal direction. In view of
the inequality (2.100), a vector field é(¢) is uniquely determined by these condi-
tions. Now assume €é(P) = &(1). We prove that the definition of the vector &(P)
does not depend on the choice of curve o (¢) joining Py and P. Let

oit) 0=<t=<l1, o0)=PF, ol)=P)

be some other continuous curve relating Py with the point P. Repeating the previ-
ous construction for the curve o, we obtain a vector é,, (P), which is either equal
to é(P) or to é(P) = —é,, (P). But since ® is homeomorphic to a sphere, there is
on it a continuous deformation o,,(t) (0 < u < 1) of the path o} onto the path o,
0 (0,1) = 0y, o (1, ) = oy, for which the vector é,, (P) continuously depends on
u. Thus €, (1)(P) = €,y (P) = é(P). So, we have built a continuous unit vector
field é(P) on the whole surface @, which contradicts Lemma 2.7.2. O

Problem 2.7.3. If on a regular surface ® of class C? there is a closed line of
curvature bounding on ® a region D homeomorphic to a circle, then there is an
umbilic in D.

Hint. Repeat with obvious modifications the proof of Problem 2.7.2 and apply
Lemma 2.7.1.

Problem 2.7.4. On a regular surface ® of class C? with negative Gaussian curva-
ture there are no closed asymptotic curves.

Hint. The solution is analogous to the solution of Problem 2.7.3.

Problem 2.7.5.* If on a saddle surface homeomorphic to a plane there is a closed
asymptotic curve, then the region bounded by this curve, is a region on the plane.

This assertion was formulated by A.V. Pogorelov, but it has not yet been proved.

Problem 2.7.6. Let ® be a regular surface of class C> and y(¢) (¢ <t < b) a
line of curvature on ®. Then if the Gaussian curvature of @ is either negative or

positive,
1
/ k(1) dt
4]

holds for all #y, t; € (a, b), where « is the torsion and ¢ is the arc length of the
curve. Note that the case a = —oo and b = 00 is not excluded.

<7

Solution. From the restrictions given for the Gaussian curvature of @ it follows
that the principal curvatures k;(P) and k,(P) at each point P differ from zero,
and consequently, by Meusnier’s theorem the curvature k(¢) of the curve y (¢) is
everywhere positive:

k(t) >0 (a <t <b). (2.101)
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Let T(¢), v(¢), E(t), and 7(t) be four vector fields along y, where 7 (¢) is a tangent
vector field, ¥(¢) is the field of principal normal vectors, 8(¢) binormals, and 7(t)
is a field of normals to @ along y (7) such that k; () > 0. Compose n(t) as a linear
combination of ¥(¢) and B(¢):

n(t) =cosa(t)v(t) + sina(t)fi(t). (2.102)
Then, on the one hand, by Rodrigues’s theorem,
w (1) = —ki ()T (1), (2.103)

and on the other hand, from (2.102) and the Frenet formulas of Chapter 1, we
obtain
i (1) = —sina(t) - o' (O)B(t) + cosa(t)(—kT (1) — k B (1))
+ cos a(t) - o/(t)B(t) + sina(t)kv(t) = —kcosa(t)T(t)
—sina(t)(a'(t) — k)v(t) + cosa(t) (' (t) — K)B(Z‘). (2.104)

Comparing (2.103) with (2.104), we have the system

ki(t) =k -cosal(t),
sina(#)(a'(t) — k) =0, (2.105)
cosa(t)(a'(t) —k) =0.

From (2.105) it follows that
a'(t) = k(). (2.1006)

Let 7y be an arbitrary real number from the interval (a, b), and a(fy) = . Then
from (2.106) follows

a(t) :/ k(1) dt + . (2.107)

0]

Finally, from (2.101) and from the conditions k;(#) > 0 and (2.105) we obtain
that

cosa(t) =ki(t)/k() > 0.

Hence «/(t) satisfies the inequalities

—% <a() < % (2.108)

In particular, —7 < a9 < 5. From (2.107) and (2.108) the statement of the

problem follows. O
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Let y be a regular curve in R? of class C3, and y (1) its natural parameteri-
zation, ¢ < u < d (¢c < u < d). In the case ¢ < u < d, suppose that y is
closed, and in the first case, the equalities ¢ = oo and d = oo are not excluded.
In each normal plane to y at a point y () take the circle of radius a with center
at the point y (¢). The obtained one-parameter family of circles forms, generally
speaking, a regular surface of class C2, which we denote by ®(a) and call a gen-
eralized cylinder or if ® is closed, a generalized torus. Denote by k(u) and « (u)
the curvature and the torsion of y at the point y ().

Figure 2.19. Generalized cylinder.

Problem 2.7.7. Prove that a surface @ (a) is regular if and only if k(1) < ; holds.
Prove that there are no umbilics on a regular surface ®(a). Prove that the largest
principal curvature of a surface ® (a) is constant and equal to ; Find the equations
for the lines of curvature on ® (a).

Hint. The problem can be solved by direct computation if the parameterization of
®(a) is given in the following form:

F =7, v) = pu) + alcosau, v)v + sinau, v)B (1)),

where p(u) is the parameterization of y,

a(u,v) =v+ /ufc(u)du,

uo

c<u<d(c<u<d),and

fux(u)du <v§27r+/ufc(u)du.

uo 1Z0)

2.8 The Main Equations of Surface Theory

2.8.1 Derivational formulas

At each point P on a regular parameterized surface ®: ¥ = F(u, v) of class C*
(k > 2), the three vectors F,, F,, and n are defined. These three vectors, in view
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of the regularity of @, are linearly independent and consequently form a basis.
Thus, any other vector can be presented as a linear combination of 7,, 7,, and 7.
Find the coefficients of this decomposition by the basis of the vectors 7., Fuy,
F,p and i, 1,. Let

. 1 = 2 - -

ryy = Fllru + Fllrv + Ann,

- 1 = 2 - -

ryy =F]2ru+F]2rU+A12na

Foo = DooFu + D57, + Apii, (2.109)

’_iu = O[11;:u + 0[12;:1)»

Ny, = a1 Fy + apnfy.

It is easiest to find the coefficients A;; (i, j = 1, 2). We obtain the scalar product
of the first three equations of (2.109) on #:

Ay = (Fuu,n) =L, App = (Fyp, 1) =M, Ay = (Fyy,n) =N.  (2.110)

For coefficients o1, o2 and a1, app We obtain a system of equations by taking
the scalar product of the last two equations of (2.109) with ¥, and F,:

anE+apF =—L
{(X11F~I—(x12G=_M, (2111)
anE +apnF =-M
{Olle + oG = —N. (2.112)
From (2.111) and (2.112) we have
—LG+MF LF—ME
A =—————, Ap=——"H+,
EG - F? EG — F?
NF — MG ~NE + MF
T EG-F2 =— 2.113
(6531 EG — F2 (6 5)) EG — FZ ( )

It is interesting to note that for a coordinate system whose coordinate curves co-
incide with the lines of curvature, equations (2.113) can be rewritten in the form

app=—ki ap=oay =0, axn=—k,

where ki, and k; are the principal curvatures of ® at a given point. We shall obtain
a system of equations for the coefficients F; «» applying the scalar multiplication
of the first three equations of (2.109) on 7, and F,:

F111E+F%1F = <;uu,ru> = %Eu

- 2.114
F111F+F%1G=<ruu7rv):Fu_%Evv ( )
TLE +THF = (Fuy, Fu) = 3 E,

M 2.115
1_‘112F + F122G = <ruv, rv> = %Gu, ( )
TLE+T5F = (Fo.Fu) = F, — 3G,

LU 2.116
[, F 4+T2,G = (Fy, Fy) = 3G,. ( )
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By the way, we have used the identities

- o J - . - = - - J - . - -
(rumrv):_ (ruarv>_(ruruv>a (rvvsru>= (rvyru)_(rvruv>-
ou v

Solving the systems (2.114)—(2.116) we obtain

1E,G+ iE,F — FF, F,E—-3E,E—LE,F

1 _ 2
= EG — F? - Tu= EG — F? ’
1 1 1 1
1E,G —1G,F \G,E — 1E,F
1 _ 27V 2-u 2 _ 2-u 2=
Me="7%c"F o="%6—p > @7
1 1 1 1
L T3GuG 3G F 4 GF, L, SGE+ 3G ~ FF,
22 — 2 ’ 22 — 2
EG—F EG—F

If the coordinate system (u, v) is orthogonal, i.e., F(u, v) = 0, then the formulas
for F;k @i, j, k = 1,2) are essentially simplified:

1 Ey 2 E, 1 Ey
Fh=5% Thi=—5~ 2= 5>
2F 2G 2F (2.118)
2 Gu 1 Gy 2 Gy .

r, =—, =——, = —.

2755 22 2E 27 55
The geometrical sense of the coefficients F;k @i, j,k = 1,2) will be cleared up
below, in Chapter 3. Now note only that they are expressed through the coeffi-
cients of the first fundamental form and their first derivatives only. The coeffi-
cients themselves are called the Christoffel symbols of the second kind. Finally,

note that the derivational formulas (2.109) can be considered as a direct general-
ization of the Frenet formulas for the space curves (see Chapter 1).

2.8.2 Gauss—Peterson—Codazzi Formulas

If EQD24+2FAH WD) +GAH? and LAY +2M (AN (M%) + N (A?)? are the first
and the second fundamental forms of a surface, then they cannot be taken arbi-
trarily. There are definite relations between the coefficients of these fundamental
forms. These relations can be found based on the independence of the derivatives
from the order of derivation. If a regular surface ® belongs to class C* (k > 3)
and ¥ = F(u, v) is its vector equation, then the following equations hold:

(;uu)u = (;uv)uv (;vv)u = (;uu)m (ﬁu)v = (ﬁv)lt~

If we substitute in these formulas the expressions for 7., Fuy, Fyv, Ry, i, from
(2.109), then the three vector equalities

(T}\Fy + T3 7, + L), = (T,F, + THLF, + Mn),,
(CyoFy + T3, Fy + Nit)y = (T}yFy + Thfy + Mit),,

(all;:u + alZ;:v)v = (0521;:14 + 0522;:1))14- (2.119)
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are obtained. Differentiating them, we obtain

o) -

T, +F21rvv+L n+ L,

8F1 - ary, . - - -
lzru + Flzruu + o 27 + Flzzr,w + M,n + Mn,,
u

ark, _ ar? .
af wt Tofun + =22 —2F, + THFu + Nult + Nity,
3F112~ 1 3F%2a 2
«+T 2r,w—i-— +F2rvU+Mn+an,
ov v
dayi - das
——rytanry, +—r, +al2rvv
av ov
oo R 00y
= —21ru+a21ruu+—22r +oz22r,w (2]20)
ou ou

Substituting above the expressions for the vectors F,,, v, Iy, and i, i, from
(2.109) and collecting together the coefficients at 7, F,, i, we obtain equalities
of the following form:

AnF, + A, + Biii = 0,
Azlru + A22r,, + an = 0 (2121)
A7, + AyF, + Bsii = 0.

From this, in view of the linear independence of the vectors 7, F,, 1, it follows
that all coefficients in (2.121) are zero. Altogether, we have obtained nine scalar
equalities. But it turns out that only three of them are independent, and the others
become identities when these three are satisfied. We find an expression for 512:

3 oy ary, 2 2 1 2 2 2
=T + T T+ TH 0% — TRl = TR + Loz — Moy = 0
or
ar? ar?
May, — Lay = 8—1}1 - —2 4\, + 503, — T, — T

=T. (2.122)
Substituting in (2.122) the expressions for o1, and «,, we obtain

LF — ME —NE+MF LN — M?
—L =T, or E=¥—— =T.
EG — F? EG — F?

EG — F?

Finally, we obtain that the Gaussian curvature K of & is
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E

2 2

B A 1 A NN AT 9 B CRE)
av ou

The equality (2.123) was first obtained by Gauss and is called Gauss’s “Theo-

rema Egregium” which means remarkable. From this equality it is seen that the

Gaussian curvature of a surface can be calculated when only the coefficients of

the first fundamental form are given.® Hence Gaussian curvature is an object of

the intrinsic geometry of a surface.

I think that actually, differential geometry has been distinguished as an indepen-
dent subject only after the work of Gauss, and that Gauss’s “theorema egregium”
has played the main part in this process. As we shall see below, in Chapter 3,
Gaussian curvature determines the most essential properties of a surface from the
point of view of its intrinsic geometry. This theorem has also served as a start-
ing point for the development of n-dimensional Riemannian geometry. From the
remaining eight equations only two are linearly independent; the others are con-
sequences of these. The last two equations were obtained by K. Peterson and later
by D. Codazzi and G. Mainardi. They can be written in the following simple and
symmetric form (by A.V. Pogorelov):

2(EG — FH)(L, — M,)

E E, L
—(EN —2FM +GL)(E,— F)+|F F, M| =0, (2.124)
GG, N
2(EG — F*)(M, — N,)
EE, L
—(EN - 2FM +GL)(F,— G, +|F F, M| =0. (2.125)
GG, N

The formulas (2.124) and (2.125) are known as the Peterson—Codazzi formulas.
Finally, Gauss’s formula can be written in the form

[( ) ( v u > j|
2\/EG F2 \/EG F2 v vV EG F2 u
E Eu Ev

F F, F,|. (2.126)
G G, G,

1
 4(EG — F2)?

The Peterson—Codazzi formulas take a quite simple form if the coordinate system
(u, v) is such that the coordinate curves of this system are the lines of curvature.
In such a coordinate system, as we know, F = M = 0, and then (2.124) and
(2.125) can be simplified to

8 In other words, the Gaussian curvature of a surface is preserved by isometries.
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L, =L L+N N—G” L+N (2.127)
"2 \E G) " 2 \E G} '

The principal curvatures ki (u, v) and kp(u, v) in this coordinate system are
L N
ki(u,v) = E ko(u, v) = reh (2.128)

Thus (2.127) take the form

L,=k&)WwE+KkE,, N,=k),G+kG,. (2.129)
Substituting L, and N,, from (2.129) into (2.127), we obtain

(ky)y = (k k)E” (k) = (k k)G” (2.130)

1)v — 2 12Ev 2)u — 1 226’ .

and Gauss’s formula (2.126) takes the following form:

wml(we) (Fe) e

From the Gauss—Peterson—Codazzi equations follows the important Bonnet rigid-
ity theorem.

Theorem 2.8.1 (O. Bonnet). Let E du®> + 2F dudv + Gdv* and Ldu® +
2M du dv + N dv? be two arbitrary fundamental forms in a disk U of the (u, v)-
plane, the first one positive definite. If for the coefficients of these fundamental
forms the Gauss—Peterson—Codazzi equations are satisfied, then there is a unique,
up to a rigid motion of the space R, surface ® given by ¥: U — R? for which
these forms are the first and the second fundamental forms, respectively.

A proof of Bonnet’s theorem can be found, for example, in [K12]. In the sense
of ideas, this fundamental theorem of surfaces repeats the proof of Theorem 1.9.1,
but in technical details it is lengthy enough and related with many computations.

2.8.3 Problems

Problem 2.8.1. If all the points of a regular complete surface ® of class C3 are
umbilics, then @ is a connected open region on either a sphere or a plane.

Solution. From the conditions of the problem it follows that the normal curvature
k(P, L) of ® at each point does not depend on A; hence, in particular, the principal
curvatures k; (P) and k, (P) of the surface are equal to each other at every point P:

ki(P) = ka(P) = k(P). (2.132)

Let P be an arbitrary point on . Introduce an orthogonal coordinate system
(4, v) in some neighborhood of P. Then for such a coordinate system, F' = 0
holds, and since any curve on & is a line of curvature, M = 0 also holds. Then
from £2.130) and (2.132) we obtain (k), = (k), = 0, i.e., in this case the function
k(P, L) does not depend on either P or A; and now the assertion of the problem
follows from Problem 2.4.1. [l
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Problem 2.8.2. If the principal curvatures of a regular surface ® of class C? are
constants, then @ is a sphere, a plane, or a cylinder.

Solution. Let ki (P) = c1, ka(P) = ¢,. If ¢; = ¢, then as was just proved, ® is
either a sphere, or, in the case of ¢; = ¢, = 0, a plane. Thus it is left to prove
only that if ¢; # c;, then either c; = 0 or ¢c; = 0. Assume that the direction
of a normal 7z on ® is selected with the condition k,(P) > 0, and suppose that
c1 < cp. Let P be an arbitrary point on ®. Introduce in a neighborhood of P a
coordinate system (u, v) such that the coordinate curves are the lines of curvature.
In this case, the Peterson—Codazzi equations take the form of (2.130). From the
assumptions ki (P) = ¢y, kp(P) = ¢y, and ¢; — ¢; # Oitfollows that £, = G, =
0. Then Gauss’s formula gives us

1
ki ky =K = ——— (Eyy + Guy) = 0. 2.133
1 ko 2EG( v+ ) ( )

From this follows k; = 0. The problem is solved. U

Problem 2.8.3. Find all complete regular surfaces of class C* without umbilics
whose largest principal curvature is constant and equal to %

Solution. In a neighborhood of an arbitrary point P € & introduce a coordinate
system (i, v) whose coordinate curves coincide with the lines of curvature. The
Peterson—Codazzi equations take the form (2.130). From them and the condition
of the problem it follows that

G, =0, (2.134)

but then from (2.93) it follows that a curve 0,,: u = ¢, v = t is a geodesic. In fact,
it is enough to prove that the value A in (2.93) that is equal to T, is zero. From
(2.118) and (2.134) we have

Gy

rL=—=2=o. 2.135
2 7 ( )

So the curves o, are actually the lines of curvature, and at the same time the
geodesics. Consequently, they are all plane curves, and their curvature k,(¢) co-
incides with the principal curvature of ® in the directions of the tangent lines to
o,(t);i.e., k,(t) = al holds. Hence o, (¢) is a circle C, of radius a. Define now a
curve y, as the geometrical locus of centers of the circles C,,. Thus, ® is a gener-
alized cylinder or a generalized torus; see Problem 2.8.2. O

Now consider surfaces whose principal curvatures are dependent by the relation
h(ki(P), k2(P)) = 0.

If  is symmetric with respect to k; and k,, then & in this case is called a Wein-
garten surface. We consider the two most interesting and important cases’ of 7,
namely, k; + k, and &y - k».

9 Classical examples of the case k| + k; are minimal surfaces and surfaces of constant mean curva-
ture.
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Theorem 2.8.2 (H. Liebmann). If on a complete regular surface ® of class C3

the Gaussian curvature is constant and equal to some positive number Ky > 0,
. . 1

then ® is a sphere of radius Wit

Proof. If the principal curvatures of ® are equal to each other at all points of P,
then the statement of Theorem 2.8.2 follows from Problem 2.8.1. Thus assume
that there is a point P at which one of the principal curvatures, k;, takes its maxi-
mum. Then the other principal curvature, k,, takes its minimum at the same point;
and this assumption leads to a contradiction. Since at P we have k| (P) # ky(P),
then in some neighborhood it is possible to introduce the coordinates («, v) such
that the coordinate curves will be the lines of curvature, or, what is the same, the
equalities M = F = 0 hold. Moreover, at the origin P (0, 0) the equations

kDu = (k1)y = (k2)y, = (k2)y =0 (2.136)
and two inequalities
Ph 0 O 0 (2.137)
w2 — 7 Qur ~ ’

hold. We shall now use the Peterson—Codazzi equations in the form of (2.130).
From them and from (2.136) we obtain

E,(P) = G,(P) = 0. (2.138)

From (2.137) and (2.130) we have

2
[E”” (ks — kl)] = hipy <o,
P

2E 9v?
and hence
Ey(P) = 0. (2.139)
Analogously,
[gG (ky — kz)]P = %(P) >0, (2.140)
from which follows
Guu(P) = 0. (2.141)

We substitute (2.138), (2.139), and (2.141) in Gauss’s formula (2.131), and we
obtain

1
K(P) = - I:m (Evv + Guu):| <0,
P

contrary to our assumption. This contradiction completes the proof of the theo-
rem. (|
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The completeness condition of the surface ® in Theorem 2.8.2 is not superflu-
ous. It is known that if the Gaussian curvature of some surface ® is constant, then
® is not necessarily part of a sphere. In other words, one can say that a complete
sphere cannot be bent, but an arbitrary part of it can bend.

From Theorem 2.8.2 follows the following theorem of H. Liebmann.

Theorem 2.8.3. If on a closed regular surface ® the Gaussian curvature is posi-
tive and the mean curvature is constant and equal to H, then ® is part of a sphere

Lo
of radius o

Proof. A proof of the theorem can be given repeating scheme of the proof of
Theorem 2.8.2 word for word.

Another proof of this theorem is based on Bonnet’s method. Let ®(a) be a
parallel surface for ®. Then by Theorem 2.4.6 the principal curvatures k; (a) and
ko (a) of ®(a) are expressed by the following formulas:

ka
1— ak2'

k
ki(a) = 1_—1

. ka(a) =
i 2(a)

Hence the Gaussian curvature K (a) of the surface ®(a) is

k1k2 _ k1k2
1—alky +ky) + a’kiky T 1- 2Hpa + azkle.

K(a) =

Suppose that a = ﬁ Then K - 5-- = —L.. So we see that the Gaussian cur-

2H, m
vature of the surface CD(Z—II{O) is constant and equal to . Consequently, as was
0

proved in Theorem 2.8.2, @(%HO) is a sphere. But then ® is also a sphere of

. 1
radius I O

The condition of positivity of Gaussian curvature of a surface & in Theo-
rem 2.8.3 is not superfluous, because if one of the principal curvatures at some
point P of @ is zero, then the other principal curvature at the same point is 2 Hy,
and the point ¢(P) on CD(ZLHO) is not regular, as is seen from Theorem 2.4.6.

Finally, if we require in the conditions of Theorem 2.8.3 that the sum of the
principal curvature radii be constant, then the result would be the same. The sur-
face ® would be a sphere. This statement follows from a more general theorem
by E.B. Christoffel, and it can be proved following the scheme of the proof of
Theorem 2.8.2.

Finally, we shall prove Hilbert’s theorem, as promised earlier.

Theorem 2.8.4 (D. Hilbert). There does not exist a complete regular surface of
class C? in R? whose Gaussian curvature is a negative constant K.

Proof. We assume the existence of a surface ® C R? satisfying the conditions
of the theorem and obtain a contradiction. Take on a surface a coordinate sys-
tem (u, v) such that the coordinate curves are the lines of curvature. Then in the
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notation of Theorem 2.8.2 (Liebmann), we obtain the system of equations, see
(2.130),

E, G,
(k1) = (k2 — kl)ﬁ, ko), = (ky — kz)ﬁ. (2.142)

Assuming Ky = —1 and integrating system (2.142), we obtain

RAO) oo CW
1+ k3 u,v)’ 1+ k3(u,v)
The constants of integration C;(u), C»(v), without loss a generality, may be as-
sumed to be 1. For this purpose it is enough to require that E(u, 0) = 1+k+(0) and
1,

GO,v) = which one can always achieve. Thus, we obtain the equality

1
1+k2(0,0)°

1 1
E= 5 G= 2
1 + ki 1+ &5
But then, in view of k1ky = —1,
1 1 24ki+ki 24+ ki+k

E+G

)

= + = = =
1+ki  1+k  14+ki+k+kks 24k +k

and hence we obtain

VE = sino, VG = coso.

From this, using (2.128), we find that
L = +sinocoso, N = —sino coso.
Hence, a differential equation of asymptotic curves takes the form
(du + dv)(du — dv) = 0.
If we introduce new parameters p and g by the equalities
u=p—-—¢q, v=p-+gq,

then the new coordinate curves p = const and ¢ = const will be the asymptotic
curves of the surface. The linear element of the surface will thus be presented by
the following expression:

ds®> = du® sin’ o + dv? cos’ 0 = dp* + 2dp dg coso + dg°.

From here, by the way, one may conclude that the opposite sides in a quadrangle
formed from asymptotic curves are equal. Such nets of curves (for which E =
G = 1) on arbitrary surfaces were investigated by the Russian mathematician
P.L. Tchebyshev in 1878. Such figures are formed by pulling a fishnet over a bent
surface.
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If we apply Gauss’s formula (2.126) to the linear element expressed through
parameters p, g, then for an angle 20 = w formed by two asymptotic curves, we
obtain the differential equation

9w

dp dq

= sinw. (2.143)

From here it is easy to deduce some simple corollaries; for example, for the area

of a surface,
F://sinwdpdq.

For the area of a quadrangle bounded by asymptotic curves p; < p < pz,q1 <
q < q», we obtain

F=w(p1,q1) —o(p1, q) + o(p2, ¢2) — ©(p2, q1),

or if we denote the inner angles by o, (see Figure 2.20 a),
F=o1+um+a34+as—27 (0<ap <m). (2.144)

This formula was first given by J.N. Hazzidakis.!” All known surfaces of constant
negative curvature, as for example a helicoid found by F. Minding, have singular
lines. Therefore, Hilbert asked whether there exist unbounded and in any finite
area everywhere regular analytic surfaces with curvature K = —1. It turned out
that such surfaces cannot exist.

If such a surface existed, then its asymptotic curves would be in any finite area
everywhere regular analytic curves; two asymptotic curves would pass through
each of its points with two different tangent lines, so that we could subordinate an
angle between them to the condition 0 < w < . If we now accept that p and ¢
are rectangular coordinates of a point in a plane, then we can put the points of our
surface in one-to-one correspondence with the points of the plane.

Poqo

Figure 2.20. Tchebyshev net.

10 {iper einige Eigenschaften der Fldchen mit konstantem Kriimmungsmasz, Crelles J., v. 88, 68-73,
1880.
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A surface will thus be mapped to the plane injectively. It is impossible to say
in advance whether the inverse map will be also injective, since we did not yet
exclude the possibility of the existence of closed asymptotic curves. Since by
(2.143), w cannot be constant on any of the asymptotic curves, then it is possible
to select on the surface a reference mark, p and ¢, and a positive direction for
counting p, so that w(p, 0) will increase for

0<p=<po

Then we obtain
P rq
w(P,q)—w(O,q)=w(p,0)—w(0,0)+// sinw dp dq. (2.145)
0 Jo

From this it follows that w increases on each line segment ¢ = const > 0, 0 <
p < p2, at least as fast as on the line segment g = 0,0 < p < p, (since the
double integral is positive).

Now consider a quadrangle (see Figure 2.20b) 0 < p < p; < p2,0 < g < qi,
and suppose w(pz,0) — w(py,0) = ¢. In this quadrangle, for sufficiently large
q1, obviously, there obviously exists a point for which

€
=1 — -.
2

In fact, if w always remains smaller than 7 — %, then for sufficiently large ¢, the
integral in (2.145) could be made as large as possible, since, for example, for

&< <
) q < D1

the inequalities
a)(%,O) —w(0,0) <w(p,q)<m —%

always hold, and hence sin w surpasses some positive number. But then it would
be possible to make w (p, q) large enough, contrary to the assumption that w < 7.
Now let (po, qo) be a point such that

&
w(po,qo) <7 — 3

In view of (2.145), we obtain

P2 rqo
w(p2, q0) — w(po, o) = w(p2,0) —w(po,0)+/ / sinw dp dq
po JO

> w(p210) _w(plvo) =€,

and hence w(p2, qo) > 7 — 5. Thus the angle would be greater than 77 on the line
segment pp < p < p2; ¢ = qo, in contradiction to our assumption. O
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This simple proof was given by E. Holmgren.!!

Finally, we give in brief an idea of the first proof by Hilbert. From that fact
that the asymptotic curves form a Tchebyshev net, Hilbert concludes that on a
surface there is no closed asymptotic curve. Therefore, if a surface admits an
everywhere “regular” net, then it is in one-to-one correspondence with a plane.
From Hazzidakis’s formula (2.144) it is possible to deduce as a corollary that the
area of each quadrangle formed by the asymptotic curves is less than 27 and that
hence the area of the entire surface,

/‘/ dxdy
y>0 y2

is infinite. So, assuming that there is an unbounded and everywhere regular sur-
face with measure of curvature K = —1, we come to a contradiction.

It is necessary to note only that the existence of the needed coordinate system
on the entire surface was not proved.

2.9 Appendix: Indicatrix of a Surface of Revolution

Consider now the case of an arbitrary surface of revolution ®, see Section 2.6.1.
From the formulas

f/ f//

= X /l_l_(f/)Z’ 2= [l+(f/)2]3/2

itis clear that k| and k, depend on the same parameter. Hence, generally speaking,
k, and k, are functionally dependent: h(k;, k) = O or k, = @(k;). Surfaces
for which k; and k, are functionally related belong to the class of Weingarten
surfaces; see Section 2.8.3. Not all of these surfaces are surfaces of revolution.
The first question arising here is,

For what functions k, = @(ky) do there exist complete surfaces of revolution?

The full answer to this question is given below without a proof in the case that
the function ¢ is a bijection; that is, if k| (P) = k;(Q) then k,(P) = k»(Q) and
conversely; here P, Q € ®.12

Definition 2.9.1. The indicatrix of a surface of revolution ® is the set of all pairs
(k1, k») counted at all points of the surface.

Theorem 2.9.1. The indicatrix of a surface of revolution whose principal curva-
tures are related by a bijective functional dependence either reduces to a point or
is the graph of a continuous strictly monotonic function defined on some real line
segment.

T Comptes Rendus, v. 134, 740-743, 1902.
12 The results of Section 2.9 are due to V.V. Ivanov and were conveyed to the author in a personal
communication.
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Point-type indicatrices are of three kinds, a plane, a cylinder, or a sphere, by a
suitable choice of a scale of measurements and a side of a surface (Figure 2.21).
In each of these cases the corresponding complete surface is uniquely defined.

AR
(0,0) — plane;
(1,0) — cylinder;
(1,1) — sphere.
7 0 1 kl

Figure 2.21. Point-type indicatrices

(This statement coincides with Problem 2.8.2). Further, in speaking about the
uniqueness of this or that surface of revolution we shall mean uniqueness to within
the choice of an axis of rotation and a translation along it.

Theorem 2.9.2. (a) An increasing graph serves as indicatrix of an accordingly
oriented complete surface of revolution if and only if it belongs to one of the
classes 1-6 described below.

(b) A decreasing graph serves as indicatrix of an accordingly oriented complete
surface of revolution if and only if it belongs to one of the classes 7-9 described
below.

The proof of all these statements is long; it is based on the problem’s reduction
to studying of the following differential equation:

dv v
Ly <_) , (2.146)
dx X
where v = xk;. In what follows we only describe the above classes 1-9 of sur-
faces.

2.9.1 Increasing Indicatrices

In all six cases 1-6 described in this section, the indicatrix is the graph of a strictly
increasing continuous and bounded function k, = @(k;) defined on a finite line
segment with endpoints a and b, always located over the diagonal k; = k, and
resting on it by its left end.

Class 1. The domain of the function ¢ is a line segment ¢ < k; < b, where
0 <a < b. Thus p(a) = a and ¢(k;) > k; when a < k; < b. For each function
¢ possessing the specified properties (Figure 2.22 a) there is a unique complete
surface of revolution (Figure 2.22 b). This surface is closed, convex, and possesses
a plane of symmetry orthogonal to the axis of rotation. Details of its shape depend
on convergence of the integral
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/ b du

I = _

a <p(u) —u

having a unique singularity at the point a. If I = oo, then both curvatures decrease

as they tend to the axis of rotation. In the case of I < oo, spherical caps appear
on the surface (Figure 2.22 c).

k>

3

»

\ 1 1
_/] g | g

/b i et Jib
] )
ki

Figure 2.22. Increasing indicatrices: Class 1.

..

Class 2. A function ¢ is defined also on the line segment a < k; < b, but
now 0 = a < b. Moreover, ¢(0) = 0 and ¢(k;) > k;y when 0 < k; < b.
For each function ¢ possessing the specified properties (Figure 2.23 a) there is a
unique complete surface of revolution (Figure 2.23 b). It is also closed, convex,
and symmetric in the above-mentioned sense. For I = oo its shape does not
differ from that specified in Figure 2.22 a, in this case only umbilics on the axis
of rotation turn to planar points. If I < oo, then instead of a spherical cap we see
on the surface a flat circular region (Figure 2.23 c¢) whose radius decreases as the
integral [ increases.

k;

A

P
1, (]
\\ J/h ey Ju

Figure 2.23. Increasing indicatrices: Class 2.

Class 3. The line segment a < k; < b for which the function ¢ is defined now
contains both positive and negative numbers: a < 0 < b. As before, ¢(a) = a
and ¢(ky) > ky ifa < k; < b. In order that the graph (Figure 2.24 a) should serve
as indicatrix of a complete surface of revolution, it is necessary and sufficient to
fulfill an additional condition, namely, that the unique solution v = v(x) (Fig-
ure 2.24 b) of the differential equation (2.146) that is determined on the interval
0 < x < 1/b and takes the value of 1 at x = 1/b should satisfy the inequalities
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If desired, these requirements can be expressed directly in terms of the function ¢.

ksl

1/b

"

b

P4 k a
--0:] -------------

Figure 2.24. Increasing indicatrices: Class 3.

A complete surface of revolution in the case under discussion is also uniquely
determined by its indicatrix. It is closed and symmetric, but completely loses its
convexity, becoming similar to a sphere with “extended cheeks” (Figure 2.24 c).
The presence or absence of an umbilical cap — only here concave — is deter-
mined by the above convergence condition of the integral /. As one may note, the
three considered classes of bijective functional dependences between the princi-
pal curvatures and corresponding surfaces of revolution belong naturally to united
series: the right endpoint of the indicatrix is located in the region of positive cur-
vature, and the left endpoint passes from positive values through zero into the
region of negative curvatures.

Class 4. The following three classes also form (in some sense) a separate family
within the bounds of which a smooth transition from one case to other is possible.
First, we discuss the class for which the function ¢ is determined on the line
segment a < k; < b, wherea < b < 0, and ¢(a) = a and k; < ¢(ky) < O
if a < k; < b. For each function ¢ possessing these (and also those specified in
the beginning of the section) properties (Figure 2.25 a) there is a unique complete
surface of revolution (Figure 2.25 b). This surface is closed, convex, and possesses

k; S

ki

-1/b

Figure 2.25. Increasing indicatrices: Class 4.

a plane of symmetry orthogonal to the axis of rotation. But, in contrast to surfaces
of Class 1, the curvatures now decrease with increasing distance from the axis of
rotation: If the surfaces of the Class 1 were similar to a flattened ellipsoid, the
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new surfaces resemble an ellipsoid stretched along the axis of rotation. Note that
in this case the previous remarks concerning the influence of the integral / on
details of the shape of the surface near the axis of rotation remain valid.

Class 5. The first case of the lack of uniqueness arises when the function ¢,
defined on the same line segment a < k; < b, (a < b < 0), satisfies almost
the same conditions: ¢(a) = a and k; < ¢(k;) < Oifa < k; < b, but now
only ¢(b) = 0. The graph of any such function (Figure 2.26 a) is an indicatrix
of several complete surfaces of revolution. All of them are convex, but only one
of them is closed and symmetric, like a surface of the previous class. The only
difference here is that our new surface comes to a point maximally far from the
axis of rotation (incidentally, lying on the plane of symmetry), with zero curvature
along a meridian. For this reason, its further behavior is not so rigidly limited, as
before. The surface need not be reflected in the above-mentioned plane; it can

ﬁ

k, o d L

|
o

remain a cylinder for a while, even forever. Thus, we have four variants of a
surface’s behavior for a given indicatrix of the class under discussion; all of them
are shown in Figures 2.26 b—e.

ki

/AN

Figure 2.26. Increasing indicatrices: Class 5.

-1/

A
NEEEA

Class 6. The last case of increasing indicatrix is one more example of the lack
of uniqueness, but of absolutely another sort in comparison with the previous one.
Here the function ¢ is determined on the line segment a < k; < 0 and satisfies
the conditions ¢(a) = a and k; < ¢(k;) < 0, but also, at the point O it has a zero
left-hand limit.

For the existence of a complete surface of revolution whose indicatrix is the
graph of such a function ¢, it is necessary and sufficient that for some u, < 0 the

integral
0 u
dt
/ ﬂel(“) du where I(u) :/ _
Uy 90(“) —u Uy (P(f) —1

should converge. If one does not consider exotic (though quite possible) details
of the behavior of the function ¢ at zero, this condition has a simple sense. For
example, it is not satisfied for a function, whose graph has a nonzero inclination
at the coordinate center. If ¢ (1) = o(u), then the above condition is equivalent to
the integrability of the function ¢ (u)/u? at zero.
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The graph of the function satisfying the above-mentioned requirement (Fig-

ure 2.27 a) is an indicatrix of the entire family of complete surfaces of revolution
(Figure 2.27 b).

k> ~

—
RN

Figure 2.27. Increasing indicatrices: Class 6.
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All of them are convex and are reminiscent of paraboloids by their shape, which
by the way, belong to the class of surfaces under discussion. Each surface of
our family runs to infinity with the determined inclination along a meridian. The
inclination can be either infinite (and thus horizontal cross-sections of a surface
extend without bound), or a nonzero number. For each such inclination, there is
exactly one representative member in the family of surfaces corresponding to the
given indicatrix. It is curious to note that if at least one of the surfaces in the
family belongs to a cap (the presence of which for the above reasons depends on
the nature of the approach of the left end of the indicatrix to the diagonal), then
all the others also belong.

2.9.2 Decreasing Indicatrices

Quite a different picture is obtained, when an indicatrix is a decreasing line. In
the remaining examples it is the graph of the function ¢ that (besides what will be
told about it in each concrete case) is defined on the bounded line segment with
endpoints a < b < 0, always including the point a, and is continuous and strictly
decreasing on it. Thus the graph is located entirely above the umbilical diagonal,
sometimes intersecting it at one point.

Class 7. The domain of the function k; = ¢(k;) here is a line segment a <
ki < 0, soon it > 0 holds. Thus the left-hand limit of the function ¢ at the
point 0 should be zero. Any such function determines a unique complete saddle
surface of revolution, homeomorphic to a cylinder with symmetric convex profile
curve having a catenoid-like shape. But some important details depend on the
asymptotic character of the function ¢ at zero. To see this, consider the integrals

1) /” dt and  J /0 vdx
u) = _ n = _—
a (/)(I)—f 71/a«/1—v2
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The first of them is an increasing function on the line segment a < u < 0, and its
limit for u — —0 will be denoted by the letter /. In the second integral, which also
could be expressed explicitly through ¢, the function v = v(x) means a unique
solution of the differential equation (2.146), already familiar to us, existing on the
interval —1/a < x < oo and satisfying the initial condition v(—1/a) = —1. We
have three cases.

Case 1. Let I < oo and so J < oo. Then if one completes the graph of a func-
tion ¢ by one new point, attached to the origin (Figure 2.28 a), it serves as the
indicatrix of an interesting surface whose profile curve is shown in Figure 2.28 b.
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Figure 2.28. Decreasing indicatrices: Class 7, Case 1.

Case 2. Let I = oo, but still J < oo. In this case the indicatrix has no right
endpoint (Figure 2.29 a), and the surface is similar to the previous one, and differs
from it in that it no longer sticks to two infinite rings compressing it, though it
asymptotically tends to them (Figure 2.29 b).

Figure 2.29. Decreasing indicatrices: Class 7, Case 2.

Case 3. Let finally I = J = oo. This means that the indicatrix rapidly approaches
the k;-axis (Figure 2.30 a). In this case the distance between the branches of the
profile curve (Figure 2.30 b) increases without bound while increasing its distance
from the axis of rotation, but their inclination tends to a definite finite number. It
is expressed by the formula

L here Lz_l/()ﬂeuu)dw
vi@-1L) als o) —u

The values of the integral L fill the interval 0 < L < 1, so the asymptotic incli-
nation of the branches can be any number, starting from zero.
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Figure 2.30. Decreasing indicatrices: Class 7, Case 3.

Class 8. A surface with a decreasing indicatrix can be periodic. Here we con-
sider such a case. Let the function ¢ be determined on the line segment from a
to b, where a < b < 0, and in addition to the above-mentioned general require-
ments, the following conditions are satisfied: ¢(a) > 0 > ¢(b) > b. For the
existence of a complete surface of revolution whose indicatrix serves a graph of
such a function (Figure 2.31 a), it is necessary and sufficient for it to obey the

following equality:
b du a
I = — =In-.
a 9u)—u b

Then the surface (Figure 2.31 b) together with all its parameters is uniquely de-
fined by its indicatrix.
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Figure 2.31. Decreasing indicatrices: Class 8.

Class 9. The last case we should discuss is similar to the previous one in many
respects, but differs from it in the moment of principle: it provides one more ex-
ample of the lack of uniqueness. Here the function ¢ is determined on the same
line segment from a to b, where a < b < 0, but it now satisfies other conditions:
¢(a) > 0 > @(b) = b. The graph of such function a (Figure 2.32 a) serves as an
indicatrix of a complete surface of revolution if and only if / < In(a/b), where
I is the integral just considered. But now this surface is already not unique (Fig-
ures 2.32 b — f). The reason is the following. The parallel farthest from the axis of
rotation consists of umbilics, and in the case I < In(a/b), it appears as an entire
umbilic layer. But also its one circle is enough for that after its achievement a sur-
face could select the variant of further behavior. At each such moment it has two
variants — either to pass one more period repeating the previous form, or to curtail
by a sphere. Thus there appears an infinite series of closed surfaces (Figures 2.32
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b, ¢) similar to “pods of a peanut, containing some grains,” and their number can
be any natural number, but not smaller than two. If a surface once decides to stop,
then we obtain two paraboloidal-type surfaces (i.e., homeomorphic to a plane) as
shown in Figures 2.32 d, e. Finally, if a surface infinitely self-repeats the form,
then it remains the same periodically pulsing cylindrical surface (Figure 2.32 f)
that was seen in the previous class.
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Figure 2.32. Decreasing indicatrices: Class 9.
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2.10 Exercises to Chapter 2

Exercise 2.10.1. Write the parametric equations of (a) a twofold hyperbolic cylin-
der, (b) a circular cylinder, (c) a circular cone.

Exercise 2.10.2. Write the equations of a surface of revolution with the axis O Z:

(a) the torus obtained by a rotation of the circle x = a + bsinu, y = 0,
z=bsinu, 0<b<a,

(b) the pseudosphere obtained by rotation of the tractrix x = asinu,y =
0,z = a(logtan 5 + cosu),

(c) the catenoid obtained by rotation of the catenary x = acoshi, y =
0, z=u.

Exercise 2.10.3. Show that the equations x = 74—,y = = uz;_,_vz and

v
ul4v??
X =ucosv,y=usinv, z = u? define the same surface.

. _ a(uv+l) _ bu—v) — uv—1
Exercise 2.10.4. Prove that the surface x = ==, vy = =%, z = 5

is a onefold hyperboloid. What are the coordinate curves of the surface in this
parameterization?

Exercise 2.10.5. Given the surface x = a(u +v), y = b(u — v), z = u + a, find
an explicit equation of the surface and prove that it is a hyperbolic paraboloid.

Exercise 2.10.6. Prove that the equation x = u +sinv, y =u+cosv,z =u+a
is the equation of a cylinder.

Exercise 2.10.7. Write the equations of the tangent plane and a normal to the
surface (a) x2 4+ 2y> — 3z> — 4 = 0 at the point M(3,1,—1), (b) x = u + v,
y=u—v,z=uv atthe point M(2,1),(c)x =ucosv,y = usinv,z =av at
each point.
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Exercise 2.10.8. Write the equations of the tangent plane and a normal to the
pseudosphere

x =asinucosv, y=asinusinv, z =a<lntan§ +cosu>.

Exercise 2.10.9. Show that all tangent planes to the surface z = x3 + y> at the
points M (a, —c, 0) form a set of planes.

Exercise 2.10.10. Find the first fundamental form of (a) a sphere

x = Rcosucosuv,
y = Rcosusinv,
z= Rsinu,

(b) acircular conex = ucosv,y = usinv, z = u, (c) the catenoid x = a cosh g,
_ u o _
y = ucoszsinvz = u.

Exercise 2.10.11. Find the first fundamental form of each surface: (a) a cylinder,
(b) a helicoid, (c) a pseudosphere.

Exercise 2.10.12. Let v = In(u & ~/u2 + 1) + C be the curves given on the right
helicoid x = ucosv, y = usinv, z = 2v. Calculate the arc lengths of these
curves between the points M (1, 2) and M,;(3, 4).

Exercise 2.10.13. Find the area of the quadrangle on the right helicoid x =
ucosv, y = usinv, z = av formed by the curves u = 0, u = a, v = 0,
v=1.

Exercise 2.10.14. Find the perimeter, inner angles, and the area of the curvilinear
triangle
u= i%avr, v = 1 on the helicoid x = ucosv, y = usinv, z = —av.

Exercise 2.10.15. Find the second fundamental form of each surface: (a) cylinder,
(b) sphere, (c) circular cone, (d) helicoid, (e) catenoid, (f) pseudosphere

X = asinucosv,
y =asinusinv,
— u
Z _a(logtan2 +cosu).

Exercise 2.10.16. Find the principal curvatures (a) at the vertices of the twofold
hyperboloid ’;—i - i—z — % —1 =0, (b) of the surface z = xy at the point M (1, 1, 1).

Exercise 2.10.17. Find the principal curvatures and the principal vectors of each
surface:

(a) z = xy atthe point M (1, 1, 1), (b) ";2 + % = 2z at the point M (0, 0, 0),

(©) x =u®+v% y =u?—v% z=uv atthepoint M(1, 1).
y p
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Exercise 2.10.18. Find the Gaussian curvature of each surface: (a) a sphere, (b) a

2
(circular) cylinder, (c) a pseudosphere, (d) a catenoid, (e) a paraboloid ’;—2 + % =
2z, (f) a helicoid, (g) a torus.

Exercise 2.10.19. Calculate the mean curvature of a catenoid.

Exercise 2.10.20. Prove that the umbilics on the surface x = % +v,y=u+ %,

z=uvlieonthecurvesu =v,u +v+1=0.

Exercise 2.10.21. Find the lines of curvature on the following surfaces: (a) an
arbitrary surface of revolution, (b) the surface x = u”> 4+ v%, y = u?> — v, z = v.

Exercise 2.10.22. Find the lines of curvature on each surface: (a) x = u? + v?,
y=u’—v2z=v,(b)x =3u’—uP+3uv?, y = u*>—3u’v—3v, z = 3(u*—?).

Exercise 2.10.23. Prove that the curve x = 1%[’ y = ﬁ, Z =t is an asymptotic
1 i

curve on the surface z = 23

Exercise 2.10.24. Find the asymptotic curves of a right helicoid.

Exercise 2.10.25. Find the geodesic curvature of each curve:
(a) a circle of radius r on a sphere of radius R,

(b) ahelix u = c,v ="t onahelicoid x =ucosv,y =usinv, z = u.

Exercise 2.10.26. Find the geodesic curvature of the curves u = const and v =
const on a surface x = ucosv, y = ysinv, z = f(v).

Exercise 2.10.27. Prove that if no external forces act on a particle moving along
a surface, then it will move along a geodesic.

Exercise 2.10.28. Prove that every straight line on a surface is a geodesic.

Exercise 2.10.29. Prove that a geodesic is also a line of curvature if and only if it
is a straight line.

Exercise 2.10.30. Prove that a geodesic is also an asymptotic curve if and only if
it is a plane curve.

Exercise 2.10.31. Two surfaces touch each other along a curve L. Prove that if L
is a geodesic on one of the surfaces, then it is also a geodesic on the other surface.

Exercise 2.10.32. Find the geodesics of (1) a cylindrical surface, (2) a circular
cone, (3) a Mobius strip, (4) a flat torus, (5) a Klein bootle.

Hint. The surfaces (4), (5) are obtained from a square in the plane with the stan-
dard metric after gluing the pair(s) of its sides with corresponding orientation.

Exercise 2.10.33. Prove that the meridians of a surface of revolution are its
geodesics.
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Exercise 2.10.34. Prove that a parallel of a surface of revolution is also its
geodesic if and only if a tangent line to a meridian passing through a point is
parallel to the axis of rotation.

Exercise 2.10.35. Find the geodesics on (a) a right helicoid: x = ucosv, y =
u sinv, z = u, (b) a pseudosphere.

Exercise 2.10.36. Prove that the only minimal surfaces of revolution are a plane
and a catenoid.

Exercise 2.10.37. Prove that among all ruled surfaces, only a plane and a catenoid
are minimal.

Exercise 2.10.38."Let y be a closed geodesic without points of self-intersection
on a closed convex surface. Prove that the spherical image of y divides a sphere
into two parts with equal areas.
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Intrinsic Geometry of Surfaces

In this chapter the foundations of intrinsic geometry of a two-dimensional surface
are introduced. The material is presented in such a form that all statements other
than the Gauss—Bonnet theorem can be generalized almost word for word to the
multidimensional case. So, this chapter can be considered as an introduction to
the theory of n-dimensional Riemannian manifolds.

3.1 Introducing Notation

The local coordinates (u, v) of some parameterization of a surface ® will be writ-
tenas (u', u?), the vectors 7,1 (u', u®) and 7,2 (u', u?) by 7, and 7,. Denote the co-
efficients of the first fundamental form by g;; (i, k = 1, 2), where gix = (F;, Fi);
the elements of the inverse matrix to {g;;} by g'; the coordinates of the vector
A = A7) + A%F, in a local basis 7, F» by A!, A2. Introduce the magnitudes,
called the Christoffel symbols of the first kind,

1 (dgy 08w  0gjk .
M= (2L 4 =28 _ 2% ,J.k=1,2), 3.1
w0 <8uk T oW T ol EJ ) G-

and the Christoffel symbols of the second kind by the formula

2
M= Tig"  G.jk=12). (3.2)
=1

The derivational formulas (2.109) in this notation take the form
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.5 .
o5 =Tu =) Thfct Ayl (. =1,2), (3.3)
k=1

where 7 is a normal to ®, and A; ; are the coefficients of the second fundamental
form. The Gaussian curvature K of ® is expressed through the coefficients of the
first fundamental form by the formula, see (2.123),

K — R (ar%1 ar?,

2 22 2 2
e \ouz  ou! + T +THT, — FIIZFII_FIZFu)' 34

If the equations of a curve c(¢) in local coordinates (', u?) are given by the
functions (1! (¢), u?(t)), then the tangent vector to (), which is equal to @HY'r +
(u?)'F,, is denoted by ¢(¢). Later on, we will agree that if in any term the same
index is written twice, one time up and the second time downq, then it in fact occurs
as a summation with respect to this index. For example, (jt, ) = g;;A'u/, F; L=
g"'T'jx, and so on.

3.2 Covariant Derivative of a Vector Field

Let X(t) € T ®. ) be a differentiable vector field along a smooth curve c(f) on a
regular surface ® of class C3. Take the derivative %i of this vector field at a point
c(t). In the general case, %X does not belong to the tangent plane 7 ®.,. Define
the covariant derivative d—D,X of the vector field Y along c(t) as the orthogonal
projection of j—,i onto T ®.(;. From this definition it follows that

N d- _\.
—A=—A— <—X, n>n, 3.5)

where 7 is a normal to ® at c(z). To find an analytical expression for %X in
local coordinates, let A(f) = AL ()F 1 (t) + A2(t)F»(¢), and let c(¢) be given by the
equations u' = u'(¢), u> = u?(¢). From this notation we obtain

dx_d)ul_, +dA2 (7 du 1+ du? 42 du1+_, du?
a " A T Fus trey Fag tra g,

We now express 7; and F,; through 1, F» and r by derivational formulas (3.3),
obtaining

d - di! du/ dxr? du
Sl QY AT N3 L Rutidi - 2 Al Fr + An. 3.6
di (dt i dt>r1+<d +T dt)r2+ n. (6

From (3.6) it is seen that (%X, n) = A. Therefore,

Dy (P pideg d)\2+1" ) 3.7)
ar-~ \ar i g ) dt dr ) '
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and

D\ dik du’
=2 == r",v k=1,2). 3.8
(dt ) N (3.8)

Remark 3.2.1. Sometimes it is useful to use %XL.(,) instead of the notation %X,
indicating explicitly that the covariant derivative is taken along c(¢).

Remark 3.2.2. In the definition of covariant derivative of a vector field X(t) along
c(t) we have used the circumstance that the surface & lies in R3. However 3.7,
(3.8), and (3.3) show that for a given curve c(7) and the vector field X(t) the
coordinates of a vector field A are expressed only through the coefficients of
the first fundamental form, thelr first-order derivatives, and the coordinates of x.
Thus one can say that the covariant derivative of a vector field along a curve is
an object of intrinsic geometry.

3.3 Parallel Translation of a Vector along a
Curve on a Surface

Definition 3.3.1. A vector ﬁeld X(t) along a curve c(t) on a surface ® is called a
field of parallel vectors if £ X(t)lc(t) = 0.

Definition 3.3.2. We say that a vector X ata point ¢(t;) is obtained from a vector
ko at a point c(fy) by a pamllel translation along c(t) (fp <t < 1) if there is
a field of parallel vectors X(t) (to <t < 1)) along c(t) for which X(to) = Xo,
X(1) =X

If a curve ¢(¢) lies entirely in one coordinate neighborhood, then for expressing
the coordinates A%, Az of a vector )q through coordinates Ab /\2 of a vector Xo, in
view of Definition 3. 3 2, we need to solve the system, see (3. 8)

d—)‘k+r’<xid—“j—o k=1,2) (3.9)

dt VT odr T '
with initial conditions A!(f) = AL, A%2(zp) = A(z) and to set A{ = A1), )\% =
A%(t1). The existence and uniqueness of a solution of the system (3.9) for arbitrary
initial conditions and for any ¢ follow from a theorem about systems of ordinary
differential equations.

If c(#) does not lie entirely in one coordinate neighborhood, then we divide it
onto a finite number of arcs, each of which belongs to some coordinate neighbor-
hood, and then produce a parallel translation along each part in consecutive order.
Parallel translation of a vector can also be defined along a piecewise smooth curve
as consecutive parallel translations along each smooth part. Note that a parallel
displacement of a vector on a surface is defined as a parallel translation along a
given curve. Thus, in general, the result of a parallel translation depends on the
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curve along which it is considered. But if there is a region B on & for which the
result of a parallel displacement does not depend on the choice of curve, but de-
pends only on its endpoints, then one says that there is absolute parallelness on
the region B.

Obviously, the parallel translation together with the covariant derivative are ob-
jects of the intrinsic geometry. This circumstance allows us to produce the parallel
displacement in simple cases without writing and solving the system (3.9).

Example 3.3.1. Take a cone with vertex at the point O and with a solid angle ¢
(Figure 3.1). Let c be a curve connecting the _points Py and Py, and let Xo be any
vector at Py. Find a vector A; obtained from A by a parallel translation along c.
Since a cone is locally isometric to a plane, we act in the following way: “cuf” a
cone along a straight line, its ruling, and develop it onto the Euclidean plane R2,
Obtain on the plane a region inside of an angle. Construct a vector A; at the point
P that is parallel to Xo in the sense of parallel translation in R2. If XO forms an
angle o with a ruling O Py, then a vector Xl will form an angle « + B with a ruling
O Py, where § = /PyO P;. We thus see that on any simply connected region B
on a cone without the vertex O there is absolute parallelness. However, under
a parallel translation along a closed curve that envelops the vertex O, a vector
rotates through an angle §; thus absolute parallelness does not exist on the cone
as a whole.

Figure 3.1. Parallel translation along a cone and its envelope.

3.3.1 Properties of the Parallel Translation

Theorem 3.3.1. Parallel translation of vectors along a curve preserves the scalar
product of vectors and linear operations with them.

Proof. The second statement of the theorem follows directly from the definition,
and also from the linearity of the system (3.9). We prove the first statement. Let
Ai(1) and Ay (1) bei two fields of parallel vectors along some curve c(¢). We must
show that (XI (1), A2(t)) = const. This statement follows from the formula
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d(x X) D3 i)+ (5, 23 (3.10)
a7 Mo A2 2 Lol .

T3 3y =95, %)+ (5, 43
dt 1v2—dt1’2 1y 2/ -

Let us prove it:

dt

From the definition of covariant derivative it follows that (%Xl, Xz) = (%Xl, XZ)

and (Xl, %22) = (Xl, %Xz), from which follows (3.10). The statement of the the-
orem may be also proven by direct use of (3.9):

(X1, X)) = gij)»i)\é,
d

ag du* dx d)]
dt (g”)tllké) ” K dr M é"’gll dt LA+ gighi— =

dt

Substitute here % and % from (3.9), and then use (3.7) and (3.8). We obtain

d dgi; du . j pdu k du*
d—m,xz) aulfi ?,\’,,\ — gi Ay - A2—g,,r;kxgd—w

Bg,] du* j » jduk p.idu k

=k — A = Do jh Ay~ = Dpridd A — o

auk 172 dy uk  dur  dul
_ <agpt + agkj . agpk>)\i)\pduk

k
agij 08ij i, ) dut 1 <3gpi gk ag,,k>/\1pkéddut

172

2 \ ouk ouP ou’ d
(s 1 (s, dsy B\ 1 (Bay , ds  da
duk duk ou' dul 2 \ duk  Qul du'
du k
RPLPY iy}
dt

Thus based on the notion of covariant derivative of a vector field we can define
the notion of a parallel translation of a vector along a curve.

Conversely, we can define the covariant derivative of a vector field from the
notion of parallel translation of a vector along a curve. Indeed, let ¢(7) be a curve
and X(t) a vector field along ¢ (7). Take two vectors X(t) and A(r + Ar) ata point
¢(r) and assume that A (7 + A¢) is obtained from X(t + At) by a parallel translation
along the arc c(t + At)c(t) of a curve c(¢). Then define

D- At + A1) — X(t

—xl. = lim M (3.11)

dt A0 At
Note that if a parallel translation of a vector in a local coordinates is defined by
(3.9), then (3.8) can be deduced from (3.11). The proof of this statement is left to
the reader as an exercise. O
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3.4 Geodesics

In this section we continue the study the geodesics. It turns out that the properties
of geodesics imitate the properties of straight lines in a plane as far as possible.
One of the characteristic properties of a straight line in a plane is that a vector
tangent to it stays tangent under parallel translation. Define a geodesic on a surface
® as a curve with the same property.

3.4.1 Definition of Geodesics and Their Equations

Let y () be a twice continuously differentiable curve on a regular surface ® of
class C2.

Definition 3.4.1. A curve y(¢) is called a geodesic on a surface ® if the vector
field p (¢) is a field of parallel vectors along y (¢).

We deduce the equations of geodesics in local coordinates. If the equations of

y(t) are u' = u'(t), u> = u?(t), then the vector y(¢) has coordinates dd—”tl, %.
Consequently, from (3.8) follows
D . k_dzuk+ , du' du’ k=1.2)
a’) T ae Udt dt T
and we obtain the equations of geodesics
d*u* du’ du’
Lk g k=1,2). (3.12)

dr? U'dt dt

Note that from our definition of geodesic it follows that the parameter ¢ is the
canonical parameter, i.e., it is proportional to the arc length. In fact, since p (¢) is
a field of parallel vectors, then from Theorem 3.3.1 it follows that |y ()| = ¢ and

s=/ ly ()| dt = ct. (3.13)
0

Example 3.4.1. We find all geodesics on a cylinder with one more method. As
is seen from the definition of geodesics or directly from the system (3.12), the
geodesics under an isometric (or locally isometric) map of one surface onto other
also turn into geodesics. Use this property for finding the geodesics on a circular
cylinder of radius R. Cutting the cylinder along its ruling and developing it onto a
plane, we obtain in the plane a strip of width 27 R between parallel straight lines
a; and a,. However, it is more convenient to do the following. Denote by d a
vector orthogonal to a; and of length 27 R. Take an arbitrary point P inside the
strip and identify with it all points in the plane that can be obtained by parallel
displacement of P by a vector multiple of the vector d. This identification allows
us to build a local isometry of the plane onto the cylinder (a covering map). Under
this map any straight line in the plane will turn into some geodesic on the cylinder,
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and all geodesics on the cylinder can be thus obtained. This circumstance allows
us to find all geodesics on the cylinder. Straight lines that are parallel to a; turn
into rulings of the cylinder; straight lines that are orthogonal to a; turn into closed
geodesics (parallels on a cylinder); and straight lines that are oblique to a; turn
into helices on the cylinder. Thus, the geodesics on a cylinder are exactly the
rulings, parallels, and helices.

Problem 3.4.1. Study the behavior of geodesics on a circular cone.

We prove now that the definitions of geodesics given in Chapters 2 and 3 are
equivalent. Let y (s) be a length-parameterized curve. Then %;’; = 0 means that
%)’/ = V is a vector parallel to 7, and conversely, if the vector %}" is parallel to
i, then 2y = 0.

3.4.2 Exponential Map. Properties of an Exponential Map
and Local Properties of Geodesics

The system (3.12) is a system of second-order ordinary differential equations,
solved with respect to the highest derivatives. Therefore, the next lemma follows
from well-known theorems on the existence and uniqueness of solutions of sys-
tems of ordinary differential equations and the continuous dependence of their
solutions on initial values.

Lemma 3.4.1. For each point P on a surface ® there are a neighborhood U of
P and a real number €p > 0 such that for every point Q € U and an ar-
bitrary vector A e T®, whose length is smaller than €p there is a unique
geodesic y(QLi, t) (—1 < t < 1) satisfying the conditions y (Q, X,O) = 0,
y(Q,A,0)=A.

From our notation and from (3.13) follows the equality
y(Q,t-%, 1) =y(Q,%,1). (3.14)

For some point Q and some vector xe T @ let there be a geodesic y (Q, X, 1)
(0 <t < 1). Denote by exp,A the point y (Q, &, 1):

expok = ¥ (0, X, ). (3.15)

In view of Lemma 3.4.1, for each point Q € ® and each vector xe T ®, whose
length is not greater than € there is a geodesic y (Q, i, t) for0 <t < 1. Conse-
quently, (3.15) defines some map from an open disk of radius €, with center at Q
in the plane T'® into ®. This mapping is called an exponential map.

Problem 3.4.2. Describe the exponential map of a tangent plane on a sphere of
radius R. Find all critical points of this map.



158 3. Intrinsic Geometry of Surfaces

Lemma 3.4.2. The rank of the exponential map exp Qi at the point Q is 2.

Proof. Let the equations of geodesics y (Q, X, t) in local coordinates u', u> be
ul = F10 A% 0, ur = 200 0%,

Then the mapping eprX is given by the functions f'(A!, 1%, 1), f2(A!, A2, 1).
By the definition of a geodesic y(Q, X, 1),

af

=\ i =1.2). .1
77 o A (i ,2) (3.16)

But in view of (3.14), the following identity holds:
FloN A% 0 = fFiaat, 2 1) (i=102). (3.17)
Differentiating the identity (3.17) by ¢ and assuming ¢ = 0, we obtain

df 80,0, 1 8£7(0,0, 1
Yoz =¥00D,, 700D,
dr =0 ax] o2

(i=1,2). (3.18)

Now from (3.16) and (3.18) it follows that the Jacobian matrix of the mapping
exp, at the point Q is the unit matrix. (]

From Lemmas 3.4.1 and 3.4.2 we shall deduce the main lemma of this section.

Lemma 3.4.3. For each point Q € & there is a neighborhood Wy, and a real €
such that for any two points Q1 € Wy and Q> € Wy there is a unique geodesic
y(Qi, 02,1) (0 <t < 1) joining O and Q; and of length not greater than €.

Proof. Let Ugp and € be the neighborhood and real number obtained in Lemma
3.4.1. Denote by A(Uyg, €¢) the set of pairs (R, X), where R € Ug and X € Tdp.
Introduce coordinates on a set A by corresponding to each element (R, X) of the
set A(Ug, €p) the real numbers u', u?, A1, A2, where u', u? are local coordinates
of the point R, and A', A? are the coordinates of X in a local basis of the plane
T ®g. Then define the set B = Uy x Ugp. Also introduce coordinates in the
set B by corresponding to each element (Q;, Q,) of the set B the real numbers
x!, x2, yl, y2, where x!, x2 are local coordinates of the point O, and yl, y2 are
local coordinates of the point Q5. Define a map f: A — B in the following way:
correspond the pair (R, L) of A to the pair (R, expgA) of B.

(). Prove that the rank of the map f at the point (Q, 0) is maximal, i.e., equal
to 4. By the notation of the previous lemma, the map f can be rewritten in the
following form:

1 1 2 2 1 1 1 2 1 2
X'=u, x"=u, y=f@,u, 1,11,

(3.19)
yi= At u? A A% 0.
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From (3.19) it is seen that the value of the determinant of the Jacobi matrix of
aft/art af!/jaa?
af2/ont af2/oa?
derived for A! = A% = 0. The value 1 of the last determinant was calculated in
Lemma 3.4.2. The statement («) is proven.

Continuing, we deduce from the inverse function theorem the existence of a
neighborhood W, and a real €, such that the map f is a diffeomorphism of the
set A(Wg, €p) onto B. Let C = f(A). Take a neighborhood W, of the point
O such that Wy x Wy C C. Then the neighborhood Wy and € satisfy all the
requirements of the lemma. i

the map f at the point Q is equal to the value of the determinant

By the way, we have proved that the coordinates of the point y (Q1, O, t) and
the function I(Q, Q>), the length of the geodesic y (Q1, O, t), smoothly depend
on the coordinates of the points Q| and Q, for Q| # Q».

Example 3.4.2. For a sphere S% of radius R in R?, any circular neighborhood Wp
of radius € with center at an arbitrary point P has all the properties given in
Lemma 3.4.3 if ¢ < %nR. Indeed, recall that the geodesics on a sphere are the
arcs of great circles. If Py € Wp and P, € Wp, then for € < %nR the points
P, P, and the center O of the sphere lie on the same straight line. Pass a plane
through them. This plane intersects the sphere in a great circle, which, by the
construction, is uniquely defined by the points P; and P,, and the shortest arc of
this circle lies entirely in Wp and its length is smaller than €.

Problem 3.4.3. Prove that for a circular cylinder of radius R any circular neigh-
borhood Wp of radius € with center at the point P has all the properties from
Lemma 3.4.3if e < %nR.

3.4.3 Parallel Translation and Geodesic Curvature of a Curve

The geodesic curvature k, of an arbitrary curve on a surface was defined in Sec-
tion 2.7.3. Now we shall give another (equivalent) definition of k, using the notion
of parallel translation of a vector along a curve. Let c(7) be a parameterization of
a curve ¢, and ¢ an arc length parameter. Take two vectors ¢(¢) and & (t + At)
at a point ¢(¢), where the vector & (t + At) is obtained from ¢(t + At) by paral-
lel translation along the arc c(¢ 4+ At)c(t) of the curve c. Denote by Ay (At, t)
the angle between ¢(¢) and & (t + At). Define now the geodesic curvature by the
formula

Ay (At t
T ACL

2
At—0 At (3-20)

Theorem 3.4.1. For any regular curve c(t) of class C?, the geodesic curvature
exists and is

k —‘D' (3.21)
¢ =l '

where t is an arc length parameter.
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Proof. Since ¢(t) and & (t + At) are unit vectors, then 2 sin &% = 1¢'(t + A1) —
¢(t)|. Hence
A Ay e+ A —é)] D,
ke = lim — = lim - lim =|—c¢
At—>0 At Ar—02gin ATW At—0 At dt

by formula (3.11).

We prove now that (3.21) and (2.88) of Chapter 2 coincide. Indeed, from the
definition of covariant derivative of a vector field, c(t) is the projection of the
vector —c(t) on the tangent plane T ® ). Therefore

c(t)’ c(t)‘ sin g,

’dt ’d

where ¢ is the angle between the main normal to the curve c(¢) and the normal
to the surface, but |%L"| = k, and we have |d—Dté| = k sin ¢, which completes the
proof. (|

From Theorem 3.4.1 it follows that if k, = 0 at each point of c(¢), then c(¢) is
a geodesic.

For curves on a surface ® one can define the sign of geodesic curvature sim-
ilarly, as was done for the curvature of plane curves. Recall one particular case
that will be important for us in what follows. Let ¢ be a regular curve bounding a
region D homeomorphic to a disk. If a vector d—D[é at some point is directed inside
of D, then assume that the geodesic curvature of ¢ at this point is positive, and in
the opposite case, negative.

Example 3.4.3. Consider the intersection of the sphere x> 4+ y? + z> = R? with
the plane z = a (—R < a < R). This intersection is the circle S, on the sphere.
The radius of this circle in the plane is v/ R? — a?. Hence the curvature of S, is
1/+/R? — a2, and the vector %é is directed inside of the circle. The angle that %é
forms with the tangent plane to the sphere is equal to arccos %. Consequently, the
geodesic curvature with respect to the region D: z < a, depending on the sign, is
equal to ——=— Ji In particular, for a = 0 we obtain a great circle whose geodesic
curvature is zero, i.e., a geodesic on the sphere.

Problem 3.4.4. Find the geodesic curvature of the intersection of the paraboloid
7z = x> + y? with the plane z = a?. The sign of geodesic curvature should be

determined with respect to the region 0 < z < az.

3.4.4 Geodesics and Parallel Translation

Parallel translation along geodesics on a surface has an especially simple realiza-
tion. Indeed, the tangent vector to a geodesic stays tangent during parallel trans-
lation along it, and parallel translation of vectors keeps their scalar product. Thus
for drawing a field of parallel vectors along a geodesic it is sufficient to build a
vector of constant length at each point that forms a constant angle with the tangent
vector to the curve.
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Example 3.4.4. Consider again a two-dimensional sphere in R?. Construct two
meridians orthogonal to each other from the north pole O of the sphere. Denote
by A; and A, their intersections with the equator. Consider a closed piecewise
smooth curve y composed of geodesic arcs 01 = OAj, 0, = A A, and 03 =
A>0. Let A be a unit vector tangent to oy at the point O. Find the vector A,
obtained from A by parallel translation along o;. Since o7 is a geodesic arc, then
Xl is a vector of the same length and again tangent to o, but just at the point
A1. Furthermore, Xl is orthogonal to o,. Consequently, Xz obtained from Xl by a
parallel translation along o, is again a vector orthogonal to o,, but just at the point
142. Further, A| is tangent to o3, but o3 is a geodesic, thus a vector A3 obtained from
A by parallel translation along o3 is also tangent to o3, but at O. Finally, we see
that A turns through the angle 7 /2 under parallel translation along y .

Figure 3.2. Parallel translation along geodesics on a sphere.

3.5 Shortest Paths and Geodesics

3.5.1 Metric on a Surface and the Shortest Paths

Recall the definition of the distance between two points on a surface ®. Let P
and Q be two points on ®. Denote by Lp the set of all curves on the surface ®
with endpoints at P and Q. The distance pe (P, Q) between the points P and Q
is defined by the formula

po(P, Q) = inf I1(c). (3.22)

ceLpg

It is not difficult to show that on a connected differentiable surface ® the distance
is well-defined for any pair of points. To prove this, it is sufficient to show that
any two points on such a surface can be joined by a curve of finite length. The
function pg > 0 has all the usual properties of a metric (see Section 2.3.2):
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ey po(P, Q) = po(Q, P),
@) po (P, Q) + pa(Q. R) = pa(P, R), (3.23)
3 po(P, Q) =0 = P=0.

Further, in the cases in which it would not lead to a contradiction, the distance
po (P, Q) between the points P and Q is denoted by P Q.

Definition 3.5.1. The shortest path joining two points P and Q is a curve, whose
length is P Q.

3.5.2 Stationary Curves of the Length Functional

Let y be a twice continuously differentiable curve on ® located in some coordi-
nate neighborhood U; u' = u'(t) (i = 1,2) its equations, ¢ a canonical parame-
ter, a <t < b. Find necessary conditions for y to be a shortest path. Consider the
curve y, () given by the equations
1_ 1 Ty — o1
{u2 =@ +en'()=i'e.e), 24
us=u(t) +en (1) =u (e,

and require that the curve y,(¢) have the same endpoints as a curve y (¢). For this
it is sufficient to assume that the following equations hold:

n@=n®=0 (i=1,2). (3.25)

From (3.24) it follows that yy = y. If we now fix the functions n' and 52, then
I(¢) = l(y.), and the length of y, is a function of & only. Thus for y to be a
shortest path, it is necessary that it satisfy

dl
=0

dele=o o (3.26)
1(8)=/ FG i) dt,

a

where
ﬁi/ — d_ﬁl F(ftl ﬁi/) — /g“(ﬂi)ﬁi/ﬁj/
dt 9 9 lj 9
_/b OF o OF 0\ gp = 2E i fb OF d 3F\
e J, \oam T g “oa ), \oa " araar )

The nonintegral term is zero in view of the conditions (3.25). Thus from (3.26)

we obtain
b
oF d OF .
/ — ———|n'dt=0. (3.27)
« \ou' dt ouV

dl
de
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Recall now that ' (¢) and n'(¢) are arbitrary functions satisfying the conditions
(3.25) only. Set

I BF d 0F ) oF d oF
~ oul  drou Cu? drou?’
and assume that
7(t —a) w(t —a)
77 —f s1n2ﬁ, —f 51n2 b P .

Substituting 1! (¢) and 7% (¢) into (3.27), we obtain

b
t_
[ T2+ s U9 gy,
p b—a
from which follows f! = f2 =0, or
d9F OF .

The system of equations (3.28) is called an Euler system, and the curves that
are the solutions of this system are called the stationary curves of the length
Sfunctional. Writing down the equations (3.28) for the length functional FF =

v/ 8iju’u’’, we have

oF gp,-u’” 1

[’
- = - —8pilt
au'’ giju”uJ/ C P

and because ¢ is a canonical parameter, we have /g; jui/u/'/ = C. Therefore,

d (OF ngkdu”du n d*u”
dr \ du®’ _C oui dr dr P ar )

Moreover,
oF 1 0gpk du? du* 1 (0gpk du? du*
ou' 2 /guui \ dul dt dt ) 2Cc \ dui dr dt )’

Substituting the expressions for 2£ and £ (££) in (3.28), we obtain

d*u?  dg,; du* du? 10 du? du*
iy B CLEH TS T TR, (3.29)
dt? duk dt dt 2 oul dt dt

Note that

duk dt dt duk  dur ) dt dt’

Therefore, (3.29) can be rewritten in the following form:

38 pi du® du? 1 (8gpi 8gki) du? du*
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d*uP 1 /0g, 08ui 0 du? du*
u Spi 08k _ O8pk ) AW AW _ (i =1,2),
duk  Qur ou'

T ar dr
or, using expressions for Christoffel symbols of the first kind,

d*u? du? du*

ip~— 5 i——=0 i =1,2). 3.30
8+ Tpki—— (=12 (3.30)

Multiply (3.30) by g’/ and sum it over i. Then (3.2) gives us in final form,

2w g du? dut
dr? Pk dr dr
Thus, we see that stationary curves of the length functional coincide with geodes-
ics, as they were defined in Section 3.4.
It is necessary to note that from this result it does not follow that any geodesic is
a shortest path, because only necessary conditions for the minimum of the length
functional were found. Moreover, it is easy to give an example when an arc of a
geodesic is not a shortest path. For this, it is sufficient to take an arc of a great cir-
cle on a sphere whose length is greater than the semiperimeter of the whole circle.
Also it does not follow from our result that a shortest path is a geodesic, because
we have assumed in our deducing of equations (3.31) that a shortest path y is
twice continuously differentiable curve, which does not follow from the above
text.

=0 (G =12). (3.31)

3.5.3 Geodesics as Shortest Paths

Here we prove that sufficiently small arcs of geodesics are shortest paths. Hence
the curves realizing the distance between their endpoints, i.e., the shortest paths,
are sometimes called segments or minimal geodesics.

Let P be a point on ® and let Wp be a neighborhood in which any two
points can be joined by a unique geodesic with length not greater than ¢p (see
Lemma 3.4.3). Suppose that two length-parameterized curves y;(s) and y»(s) are
given in the neighborhood Wp. Join the points y;(s) and y»(s) by the geodesic
y(s,t) = y(i(s), y2(s), t), where ¢ is a canonical parameter, counting from
the point y;(s). Denote by a(s) the angle between y, and —p at the point
yi(s), and by B(s) the angle between y, and p at a point y»(s). The function
I(s) = I(y(s, 1)) is differentiable with respect to s, in view of the remark to
Lemma 3.4.3.

Lemma 3.5.1 (The derivative of the length of a family of geodesics).

dl
P cosa(s) + cos B(s). (3.32)
s
Proof. Let the equations of the curves y;(s) and y»(s) be presented by the func-
tions f (s); let ut = fi(s) (k = 1,2), and let the equations of geodesics y (s, t)
be the functions ¢’ (s, t). Then the functions ¢’ (s, t) satisfy the conditions
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Figure 3.3. Derivative of the length of a family of geodesics.

95,00 = fi(s), @', )= fis) (=12, (3.33)
o .d<p/ 0
cosa(s) = 8iias .9
\/g,-_,-‘;i;<s,0> 40 (5,0)
(3.34)
8y D)
cos B(s) = Jds __di

JerL oD -4

Set F = ,/gij¢'¢/ and obtain
dl L(OF 9% 9F 9
= =/ — e + — ('0 dt
ds 0 B(p’ dsdt ¢! 35

+f JdIF d oF dr
0 8(pl dt 8§01

The subintegral expression in parentheses is zero, because all the curves y (s, t)
are geodesics. Thus

8<p.8s

dl Ay oF oF
C=en ——( 0)-
ds as @ lr=1 8(p
and since 3(5 = % then from (3.33) and (3.34) we obtain (3.32). O

Remark 3.5.1. If one of the curves, say y;, degenerates to a point, then 4 —S =

cos B(s).
‘We now prove an important lemma.

Lemma 3.5.2. For each point P there is a neighborhood such that any two points
from this neighborhood can be joined by a unique shortest path, and this shortest
path is a geodesic.

Proof. Let Wp be a neighborhood defined in Lemma 3.4.3. Choose a neighbor-
hood Vp of the point P such that for any two points @ and Q, from this neigh-
borhood an arc y(Q1, Q) of a geodesic connecting them lies in Wp.
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(). Prove that Iy = I(y(Q1, Q2)), the length of the geodesic y(Q1, Q) is
not greater than the length sy of any other curve c(s) connecting the same points
0, and O, and located in Wp; and sy = [y if and only if c¢(s) = y. Here s is
the arc length of c(s) counting from Q. Join Q; with a point c(s) by a geodesic
o (s). Denote by I(s) the length of o (s) and apply to this function the remark of
Lemma 3.5.1. Then % = cos B(s), where S(s) is the angle between o (s, t) and
¢(s) at a point of their intersection. From this follows

S0 dl S0 S0
Iy = / —ds = / cos B(s)ds < / ds = 5o = 1(c(s)).
o d 0 0

N

The statement () is completely proved.

Further, take a disk K; in a plane 7®p with center at a point P and with
radius £, so small that V,i = expp(Kj) C \7p holds. Consider, finally, a circular
neighborhood V}% of radius %81. Prove that a neighborhood V% can be taken in
a part of a neighborhood Vp. Indeed, let Q; and Q, be arbitrary points in Vp
and y (Q1, Q) a geodesic joining them. Prove that y (Q, Q») is a shortest path.
Let c(¢) be an arbitrary curve on ® with endpoints Q; and Q,. If this curve

Figure 3.4. Any two points from a neighborhood can be joined by a unique shortest path.

lies entirely in Wp and does not coincide with y (Q1, Q»), then its length /(c) is
greater than the length of y (Q;, Q») by the statement (c) just proven.

Therefore, assume that c(¢) does not lie entirely in Wp. Then it does not lie
entirely in the neighborhood V}. Denote by R; (Ry) the first point of intersection
of c(¢) with the boundary of V}, counting from Q; (from Q5). The length of the
radius P R; is equal to €1, the length of the radius P Q; is not greater than %8] , and
the length of the curve composed from the radius P Q and the arc QR of the
curve c(t), by statement («), is not smaller than the length of P R,. Consequently,
the length Q R, of the curve c(t) is not smaller than & — 5 = %81. Analogously,
the length of the arc R, Q; of the curve c¢(¢) is not smaller than %sl. Hence the
length of the whole curve c(¢) in the case under discussion is not smaller than
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%51. On the other hand, the length of the geodesic ¥y (Q1, O»), again in view of
statement («), is not greater than the sum of the lengths of radii PO and P Q»,
which is equal to %81. Comparing these two results, we obtain the statement of
the lemma. O

A neighborhood where the statements of Lemma 3.5.2 hold is called canonical.

Problem 3.5.1. Prove that the neighborhoods mentioned in Example 3.4.2 and
Problem 3.4.3 are canonical neighborhoods.

From Lemma 3.5.2 we can deduce some important theorems.

Theorem 3.5.1. For each inner point P on a geodesic y there is an arc QR such
that P € QR and the arc QR is a shortest path.

Proof. Let Vp be a canonical neighborhood of a point P. Since P is an inner point
of y, then there exist two points Q and R on the geodesic such that P belongs to
the arc O R and both points lie inside of Vp. Then by Lemma 3.5.2, the arc QR is
a shortest path. (|

The statement of Theorem 3.5.1 can also be reformulated in the following form:
any sufficiently small arc of a geodesic is a shortest path.

Indeed, sufficiently large arcs of geodesics can also be shortest paths. For ex-
ample, any arc of a geodesic with length not greater than 7 R on a sphere of radius
R and on a circular cylinder of radius R is a shortest path.

The following theorem about convex surfaces was formulated by A.D. Alek-
sandrov and proved by A.V. Pogorelov [Pog].

Theorem 3.5.2. On a convex surface whose Gaussian curvature is not greater
than ko, any arc of a geodesic of length not greater than 1 //ko is a shortest path.

Theorem 3.5.3. Any shortest path is a geodesic.

Proof. Let Vp be a canonical neighborhood of an arbitrary point P located on
some shortest path y. Take two arbitrary points O € y and Q, € y in Vp and
join them by a geodesic y (Q;, Q»). By Lemma 3.5.2, this geodesic is the unique
shortest path joining Q; and Q,. Consequently, y(Q1, Q2) C y. Since Q;, Q>
were chosen arbitrarily, then our theorem is completely proved. ]

Theorem 3.5.4. For each compact set F there is a real d > 0 such that any two
points from F whose mutual distance is smaller than d, can be joined by a unique
shortest path."3

Proof. Let {Vp} be a system of canonical neighborhoods that are constructed for
all P € F. This system covers the whole of F. Since F is a compact set, one
can select a finite cover V; = Vp, ..., V, = Vp . Consider a real d (Lebesgue
number) so small that any two points whose mutual distance is smaller than d
belong to one of the above neighborhoods {V;}1<i<,. Then the statement of the
theorem follows from Lemma 3.5.2. O

13 gisan elementary length of the compact set F .
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Theorem 3.5.5. If two different shortest paths y; and y, have two common points
Py and Py, then these points are the ends of yi, and so of y».

Proof. Assume the contrary. Let, for instance, P, be an inner point of y,. Denote

by P, P, the arc of a shortest path y;, and by P; P, the arc of a shortest path y;.
Take a point Q1 € Py P, Q1 # P, in a canonical neighborhood Vp, of P, and a

point Oy # P, Qs € y», Q> ¢ P; P,. By the triangle inequality we have

0102 01P+ P0s. (3.35)

But by Lemma 3.5.2, the equality in (3.35) is possible if and only if the arc QO P,
lies on y», and from this it would follow by Theorem 3.5.3 that the shortest paths
y1 and y, coincide. Hence

0102 < 01P+ P20s. (3.36)

Now consider a shortest path P; 0>, an arc of a shortest path y,. From the defini-
tion of shortest path and (3.36) it follows that

010 =PP,+P,0=1(PP)+ P0»
=PO1+ 0P+ P0>,> P01+ 010,

which contradicts the triangle inequality. U

3.5.4 Complete Surfaces

Definition 3.5.2. A surface ® is geodesically complete if each its geodesic seg-
ments can be extended limitlessly.

Theorem 3.5.6 (Hopf-Rinow). If a surface ® is geodesically complete, then any
two of its points can be joined by a shortest path.

Proof (see [Miln] ). Let P and Q be points on ®, P # Q, PQ = a. Take a circle
I's in a canonical neighborhood Vp of a point P with radius §. Since the set I's
is compact, there is a point Ps on I's for which PsQ is equal to the distance from
0 to the set I's. Draw a geodesic y (¢) through the points P and Q, where ¢ is
an arc length parameter counting from P. Prove that y(a) = Q and that an arc
of y(t) for 0 < t < a is a shortest path joining P and Q. Since any curve with
endpoints P and Q intersects ['s, then by definition of the distance and in view of
Lemma 3.5.2, the following equality is true:

S+ PsQ=PQ =a. (3.37)
Let F be the set of real ¢ € (0, a] satisfying the equality

t+y@®Q=PO. (3.38)
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The set F is nonempty, as is seen from (3.37); it is closed in view of continuity
of metrical function pg; and it is connected in view of the triangle inequality.
Suppose that fy = sup,.p t. If fp = a, then the theorem is proved.

Thus we suppose that #y < a, and this will lead to a contradiction. Take a circle
'y of radius d; in a canonical neighborhood V, ;) = Vp of the point y (#), and
select §; such that §; < min(#, a — #y) holds. Take a point Ps, = P; on I'} such
that

Si+ PO =y)0. (3.39)

The existence of the above point P; can be proved similarly to how the existence
of Ps was proved. Now two cases are possible:

I Pey, 2 Py

In the first case, from (3.38) and (3.39) it follows that 7y + §; € F, contrary to
the definition of #,. So, one needs to study only the second case. In this case, by

Figure 3.5. Geodesically complete surface.

Lemma 3.5.2,
y(ty — 8) P < 26, (3.40)
and from (3.38)—(3.40) follows

PO < QP + Piy(ty—961) +y{to—38)P
< QP +251+t9—861 =1+ 8 +y(t)Q = PQ,

ie., PO < PQ. This contradiction implies that 7, = a, and the theorem is
proved. O

Remark 3.5.2. The assumption of geodesic completeness in Theorem 3.5.6 is nec-
essary. Indeed, if we delete at least one point O from the Euclidean plane R?, then
the points P; and P,, which lie on a same straight line with O, cannot be joined
by a shortest path if O is located between P; and P;. In addition to the geodesic
completeness of a surface one can also define metrical completeness, i.e., com-
pleteness with respect to the metrical function pg (P, Q). It turns out that both
these notions of completeness are equivalent.
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Theorem 3.5.7. A surface ® is geodesically complete if and only if it is metrically
complete.

Proof. Assume that ® is metrically complete. Then the property of geodesic com-
pleteness follows from well-known theorems of the theory of ordinary differential
equations. Conversely, let ® be a geodesically complete surface. Take a bounded
and closed set F on & in the sense of the metric pg (P, Q). We prove that F is
compact. Denote by d the diameter of F. Let Q € F. Construct a closed disk K
of radius d in the plane T ® . Since ® is geodesically complete, exp,, is defined
on the whole of K. The set exp, K, as the continuous image of a compact set,
is also a compact set. In view of Theorem 3.5.6, the set F belongs to exp, K;
consequently, it is also compact. (]

Note that from Theorems 3.5.6 and 3.5.7 it follows that for any point Q on a
complete surface ® the mapping exp,, is defined on the whole plane 7®o and
maps it onto all of .

3.5.5 Convex Regions on a Complete Surface

Consider the form taken by the well-known notion of a convex region in Euclidean
geometry. Let D be some closed region. For simplicity, assume it to be homeo-
morphic to a disk. Define the distance between points P and Q of a region D with
respect to D by the rule

pp(P, Q)= inf I(c), (3.41)
ceLpg(D)
where Lpo (D) is the set of all curves in D joining P with Q. A curve joining
P and Q whose length is pp (P, Q) is called a shortest path in the region D.
A region D on a surface ® is geodesically convex if any shortest path in D is a
geodesic on @. It turns out that geodesically convex regions, similarly to convex
regions in the Euclidean plane R?, can be characterized locally.

Theorem 3.5.8. A region D is geodesically convex if and only if the geodesic
curvature of its boundary at each point is nonnegative (in the direction of D).

We leave it to reader as an exercise to find a proof of this theorem.

Definition 3.5.3. A region D on a surface is called convex if each shortest path in
D is at the same time a shortest path on ®.

Theorem 3.5.9. Find an example of a surface and a region on it that is geodesi-
cally convex, but not convex.

Definition 3.5.4. A region D on a surface & is called rotally convex if any shortest
path on ® with ends in D lies entirely in D.

Problem 3.5.2. Find an example of a surface and a region on it that is convex but
not totally convex.
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Finally, we shall present the notion of an absolutely convex region on a surface.

Definition 3.5.5. A region D is called absolutely convex if any arc of a geodesic
y with ends in D lies entirely in D.

Problem 3.5.3. Prove that on a compact surface no absolutely convex region ex-
ists.

Definition 3.5.6. A half-geodesic with initial point at P is called a ray with vertex
P if any of its arcs is a shortest path.

Problem 3.5.4. Prove that on any complete open surface ® of class C? through
any point P € & there passes at least one ray.

Definition 3.5.7. Let r; be some ray on a complete open surface ® of class C2.
We say that a ray r, with the vertex P is a co-ray for r if it is the limit of the
shortest paths P P, as P, € r; tends to infinity.

Problem 3.5.5. Prove that through every point P € @ there exists a co-ray for a
given ray ry.

Problem 3.5.6. Let r, be the co-ray for some ray r;, and Q the inner point on the
ray r,. Prove that through the point Q there is a unique co-ray for the ray r;.

Example 3.5.1. Consider the paraboloid of revolution ®: z = x>4y? in R3. Prove
that each region D(a) C ®, defined by the inequality 0 < z < a, is an absolutely
convex region. A paraboloid ® divides R? into two regions, one of which, namely
the one containing the positive axis OZ, is a convex region. Denote this region
by B. Let n(P) be a normal to ® at the point P. Assume that it is directed inside
of B. Then n(P) forms an acute angle with the positive axis O Z.

Take an arc of an arbitrary geodesic, y(¢) (@ < t < b), on . We study the
behavior of a function z on the arc y (¢). It turns out that a maximum of z on y is
reached only at the endpoints (or at one of the endpoints). Assume the opposite.
Let the function z(¢) take its maximum at a point y (#p). Pass the plane z = z (%) =
zo through y (fp). Then the curve y (¢) in some neighborhood of y (#)) does not lie
entirely above the plane z = zo. Thus the main normal ¥(zy) to y at the point
y (tp) forms an angle not smaller than 7 /2 with the positive semiaxis O Z, and the
normal 7 (y (ty)) forms an acute angle with the same semiaxis. Hence, the normal
n(y(tp)) to ® and the main normal ¥(zy) to y at y(ty) are not parallel, which
contradicts the definition of a geodesic.

Now we can prove the absolutely convexity of the region D(a) for any a > 0.
Let P € D(a) and Q € D(a). Denote by y(¢) an arc of an arbitrary geodesic
with endpoints P and Q. Assume that y (#) does not lie entirely in D(a). Then,
since z is not greater than @ at P and Q by definition of D(a), the function z
takes its maximal value at some inner point of the arc of the geodesic y (¢), which
contradicts the above statement. Hence, D(a) is an absolutely convex region for
any a > 0.
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3.6 Special Coordinate Systems

3.6.1 Riemannian Normal Coordinate System

Let P be an arbitrary point on the surface ®. Consider the rectangular coordinate
system u', u? in the plane T®p. In view of Lemma 3.4.3, there is § such that
the disk B(P, &) with center at P and radius § is uniquely mapped onto some
neighborhood W of P on ® under the exponential map. Let Q; € B(P, §) and
0 =exp P(P—)Ql). Introduce a coordinate system u', u? in W, letting the coordi-
nates of the point Q be equal to the coordinates of the point P. Then P has zero
coordinates, and 71 (0, 0) and 7,(0, 0) are unit and mutually orthogonal vectors.
Thus

811(0,0) = g(0,0) =1, 812(0,0) = 0.

The equations of geodesics on @ passing through P will be written in the form

u' = a't, u> = a’t, where ¢ is proportional to an arc length parameter and is

equal to it when (a')? + (a')? = 1. Substituting these functions in the equations
of geodesics, we obtain

Mt o’/ =0 (=1,2). (3.42)
Multiplying (3.42) by g;, and summing over i, we obtain
i pla't,a’Haladd =0  (p=1,2). (3.43)
Let r = 0. Then
I, p(0, 0’k =0 (p=12). (3.44)
From (3.44), in view of the arbitrariness of the real &' and «?, we have
Iijx=0 @ j, k=172). (3.45)

For calculating the second derivatives of the metric tensor components, differen-
tiate (3.43) with respect to ¢ and assume that ¢+ = 0. Then

ok,

—LBP yigigk =0 (p=1,2). (3.46)
dul

Write down (3.46) in detail:

ar or aT ar ar
1.3 llp > 2( 11,p 12,,;) 1, 2 ( 22p 12,]))
(") + @) (St 5 ) el @) + =

+ (@ 2)38 22”=0 (p=1,2). (3.47)

From (3.47) we obtain eight equations:
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ol p g, 1 g .
ot OO = Guly T Zauwtowr = P=12. G4
BF” P 8F12p 82g1p 1 32g11
= (0,0) +2——=(0,0) = - =
ou? ©.0) + du! ©.0 ouldu? 2 0udur

82glp 82g2p 82ng
— =0 =1,2), 3.49
dulouw? " (9u)?  oulour (P ) (3-49)

2, a2, 3222, 1 9%g»
2.0, 0) +2—=2(0,0) = !
oul 0,0) + o 0,0) on o 2 omlonr
8’81y 982 3’812
+ (8142)2 + aulau2 - 8u28up =0 (p = lv 2), (350)
8F22 )4 3232[) 1 82g22
- 0.0 = -5 =0 —1,2. @33l
TR (Qu®? 2 dulour (p ) (351

We add to these equations the expression for the Gaussian curvature K of a surface
@ at P. In view of (3.45), we obtain

K=3(2 8?{21;,;1;2 - (832;1)12 - ngf;)- (352)
Solving the system (3.48)—(3.52), we obtain
(?’itg‘l)12 0.0= 88:‘%1;2 ©.0)= (Ej;lil)zz ©.0)
- 8121%2;2 0,0) = (%Z‘i‘; 0.0) =0,
%(0, 0) = %(0, 0) = —%K(O, 0),
%(0, 0) = %K(O, 0.  (3.53)

From (3.53) it follows that
gu=1- %K(o, 0)@h)? +a(")? + @),
g = %K(O, O)u'u® +o((u")? + (u?)?), (3.54)
gn=1- %K(o, 0" +a(")? + ).

The formulas (3.54) give us the possibility to compare the length of an arbitrary

curve y; on a tangent plane 7 ® p with the length of its image y under the expo-
nential map.

3.6.2 Comparison Theorem for Metrics

Let a curve y; lie inside a disk B(P, §) in a plane T ®p, and let y be its image
under the exponential map. Denote by /; the length of y;, and by / the length of y.
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Theorem 3.6.1. There exists §; such that for all 5§ < &y the inequality |l — ;]| <
C1,8% holds, where the constant C does not depend on the value of the Gaussian
curvature at a point P.

Proof. Let the equations of the curve y,; in Cartesian rectangular coordinates on
T®p be presented by the functions fi(z) and f£o(t); u' = fi(t), u> = fo(t).
Then the equations of the curve y in Riemannian normal coordinates are given
by the same functions. Let ¢ be the arc length of the curve y; counting from its
initial point. Then

LAOF + 40P = 1. (3.55)
Calculate the length [ of the curve y:

I
l =/0 D>+ () + 3K 0,021 fof f5 — FEUD? = fF(f)] + 0(8%) dt.

(3.56)
Set
_l el p20 N2 20 N2 92
A= 3K(0, 0OCfifafifa — LD = ()7 +0(8).
Then . )
! ! Adt
| 1 ; W1+ )dt N pry

We estimate | A| from above:

1
Al < S 1K(0,0)] 2LEUD + (D2 +6(8%).

Since | f{| < 1 and | f;] < I, for a sufficiently small § we obtain
1
Al = 31K, 0)128% + 6(8%) < |K (0,08,

We estimate +/1 + A + 1 from below. In view of the previous inequality, we have
Vvi+A+1> % We thus obtain

2 h 2
-1 < 3|1r<(0, 0)|52/ dt = §|1<(o, 0)[7,8%. O
0

In particular, let y; be the circle of radius § with center at P in the plane 7 ®p,
and y the circle of radius § with center at P on ®. Then from Theorem 3.6.1
follows [ = 278 + 6(82), and if y is an arc of a circle with a central angle «, then

[ = ad + 0(8%). (3.57)

Corollary 3.6.1. Let A € B(P,8), B € B(P,$), A = exp,'(A), and B =
expp'(B). Then AB = AB + 0(5).

Proof. Let y = expP(/if?), and y = exp;l(AB). Then, in view of Theo-
rem 3.6.1, we have [ = I(y) = AB 4+ 4(8),1 = I(y) = AB + o(8). But since
AB <1, AB <[, then AB < AB + 5(8), AB < AB + 6(8). From the two last
inequalities it follows that AB = AB + (8). O
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3.6.3 Geodesic Polar Coordinates on a Surface

Let P be an arbitrary point on a surface ®. Introduce a polar coordinate sys-
tem with the center at a point P in the plane 7®p. In view of Lemma 3.4.3,
there is §o > O such that for all § (0 < § < &p) the exponential map expp is
a diffeomorphism of a disk B(P, 8) C Tdp onto some neighborhood W C &.
Introduce coordinates (p, ¢) in W, assuming coordinates of a point Q equal to
the coordinates of its inverse image under the exponential map expp. This coordi-
nate system is called a geodesic polar coordinate system with the origin at P, and
a neighborhood W itself is called a disk, which we denote by the same symbol
B(P, 8). The point P is a singular point of this coordinate system: |F,(0, 0)| = 1,
and |F,(0, 0)| = 0. Therefore,

211(0,0) = (F,,7,) =1, g0(0,0) = (F,,7y) =0,
812(0,0) = (F,, 7y) = 0. (3.58)

In view of Lemma 3.5.1 about the derivative of the length of a family of geodesics,
we see that the coordinate curves p = const and ¢ = const are orthogonal. Thus

g12(p, ) =0. (3.59)
Set f = /g2 (p, ¢). Then from (3.58) it follows that
£, ) =0. (3.60)

We prove that f /; (0,¢9) = 1. Let I(p, o) be an arc length parameter of the circle
of radius p and center at P and with central angle & on ®. Then

1. a) = / Jen(o.9) do.

Hence from (3.57) follows the identity

/ g2(p, 9)de = ap + o(p).
0
Differentiating the last equality with respect to p and «, assuming then p = 0, we
get
d
%(822(/0, <P))|p=0 =1,
or

£,0,9) =1. (3.61)

We now calculate the Gaussian curvature K of the surface ®. In view of equalities
(3.58) and (3.59), we obtain

K(p. @) =—f,(p, )/ f(p, 9. (3.62)
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We rewrite (3.62) in the following form:

L0 9) + K (o, 9) f(p, ) =0, (3.63a)
f0,9) =0, f,0,9)=1. (3.63b)

Equation (3.63a) and initial conditions (3.63b) show us that if K (p, ¢) is a known
function of coordinates (p, ¢), then g2:(p, ¢) is uniquely defined and all coeffi-
cients of the metric tensor can be obtained. For instance, let K (p, ¢) = +a’.
Then g1y =1, 812 =0, goo = a]—zsinz(a,o) or gy = alzsinh2(a,0) in the case of
K = —ad*.

3.6.4 Semigeodesic Coordinate System on a Surface

Take on a surface @ a closed arc of a geodesic y without points of self-intersection.
Introduce on y an arc length parameterization y (¢) (0 < t < b), counting from
some point. Pass a geodesic o (¢, s) through every point y(¢) orthogonal to y,
where s is an arc length parameter on o (¢, 5), starting from the point y (¢). Prove
that there is §o > O such that for |s| < J§p none of the geodesics o (¢, s) inter-
sect for a sufficiently small extension. First, prove that two sufficiently nearby
geodesics o (¢, s) do not intersect on a sufficiently small extension.

Take some point y(¢), and let any coordinates u', u? be defined in its neighbor-
hood. Let y(¢) have the equations u’ = u(¢) (i = 1,2), and let o (¢, 5) have the
equations u’ = hi(t, s). Then

Rit,s)=u'(t)y (i=1,2). (3.64)

. ol a2y C o
Prove that the determinant A = | % % | is nonzero for s = 0. Set A’ = <~ =0
and u' = %iv +—o- Then A" are coordinates of a unit vector A that is tangent to

y(t) at the point y(¢), and u' are coordinates of a unit vector jt that is tangent
to the geodesic o (¢, s) at the point o (t,0) = y (). Since A and i are mutually
orthogonal vectors by their construction, then A % 0. From this and the implicit
function theorem it follows that for each ¢, there exist real numbers §(¢;) and e(¢;)
such that for r; — e(t;) < t < t; + &(#;) the arcs of the geodesics o (¢, s) do not
intersect. Moreover, all points o (¢, s) for t; — e(t)) <t < t; + &(t)), |s| < §(t1)
form a region on ®. Since the closed arc y is compact, there exist real numbers §;
and & such that the arcs of geodesics o (¢1, s) and o (,, s) do not intersect when
|s| < & and |t — 1] < €.

Now let 8, = min{p(y (), y( +t")): t,t' € [a,b], t' > &'}. Define §y =
% min{d;, &;}. It is not difficult to check that & is the required real number. Con-
sider the region on the surface ® consisting of the points o (¢, s) fora <t < b.
Introduce coordinates in this region, assuming u' = s, u? = t. The obtained
coordinates are called semigeodesic coordinates.

Remark 3.6.1. In the construction of semigeodesic coordinates one can, generally
speaking, take an arbitrary regular curve instead of a geodesic y.
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Figure 3.6. Semigeodesic coordinates on a surface.

We now study the structure of the coefficients of the first fundamental form
of a surface in a semigeodesic coordinate system. The coordinate curves u! =
const and u?> = const intersect in a right angle. This statement follows from the
construction of the coordinate system and from Lemma 3.5.1 about the derivative

of the length of a family of geodesics. Therefore,

gu(u', u®) =0. (3.65)
Furthermore, since u! is the length of the curve u? = const, then
gu@',u’) =1. (3.66)
Thus,
ds® = (du')* + gn(u', u?)(du?)’. (3.67)

Assuming f(u', u*) = /g2, we obtain, as in Section 3.6.3

’f 12 12
W-I—K(u,u)f(u,u):o. (3.68)

However, the initial conditions are different. Since for u! = 0, u? is the length of
y, then

Vgn0,u?) = f(0,u) = 1. (3.69)
Finally, u' = 0, u? = ¢ is a geodesic; consequently,

[, (0, u?) = I'3,(0,u*) = 0. (3.70)
Using the expressions of Christoffel symbols of the first kind, we obtain

— (0, u%i(o, u?) =0,
ou!

and from this follows



178 3. Intrinsic Geometry of Surfaces

;—li(o, u?) = 0. (3.71)

So the function f (u', u?) satisfies (3.68) with the initial conditions (3.69) and
(3.71). We calculate Christoffel symbols of the second kind for a semigeodesic
coordinate system. We have

gn =G, u*) = f2u', u?), g2 =81 =0, gu =1

Thus
1 2 1 1 1 1
Fp=T,=Tp=0 =0, Iy =T, Z_EGu‘ = —ffu
) s | fa (3.72)
F%l = F122 = Fffu‘ = %’ F%z = FFZH = %
Furthermore, we obtain a formula for the geodesic curvature k, of an arbitrary
curve c. Let u' = u'(t), u?> = u®(t) be the equations of c, and ¢ an arc length
parameter on ¢, counting from some point. Then we have the equalities
. . D,
6] = 1, <c(t), Ec(t)) =0 (3.73)

If we denote by pu! and u? the coordinates of the vector %é(t) in a local basis,
then the system (3.73) in semigeodesic coordinates is written in the following
form:

BN L G(EEY 2 3.74
(ar) +6(G) =1 G749
du! du?®

1 2
— +Gu— =0. 3.75
Wt G (3.75)
Lemma 3.6.1. The geodesic curvature k, of a curve c is expressed by the formula
du?® du'
ke =G | — — p*—|. 3.76
3 W T (3.76)

Proof. Raise the right-hand side to the second power. In view of (3.74), (3.75),
and (3.21) we obtain

o[(n ) + () -2ttt
=6 [(w 4y + (e

1.1 1 2 2

' du ( 1du ) ,du ,du

BT (o) 2 — ot
G dt H dt H” dt( H dt>

o o ) () o)

D 2
= W+ 6N = | ew| =K. 0
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Now substitute the expressions for u! and u?, see (3.8), in (3.76). Then the
geodesic curvature is

du? d*u' du\2
ke = Hw—dﬂ =110 (%7) ]
du' [ d*u? v du' du? du®\?2
u|: M+2fu u u_i_g(u)]

dr f dr dr

—-f

dt

dr? f dr dt f

Simplifying the sums of the above terms yields
d 24\ 3 d 1\ 2 d 2
— e (2L —p (2R) £E
dt dt dt
du? du? : du' : du?
=——fu| (5 ) + (=) |=—fu=n
dt dt dt dt

r — (dzuldu2 dzuzdul)
& dr? dt dr? dt

s () 1) B gy

3.7 Gauss—Bonnet Theorem and Comparison Theorem
for the Angles of a Triangle

Consequently,

(3.77)

Consider a region W on a complete surface & that is homeomorphic to a disk and
that lies in some coordinate neighborhood U with coordinates (u', u?). Introduce
an orientation in W, induced by coordinates (u', u?); i.e., define a basis 7| = T,
F» = F,2 at each point of W. Assume that the boundary of W is a curve ¢ of
class C2. Take a field of normals a along c, directed inside of W. Introduce a
parameterization on ¢ such that the ordered pair of vectors {a, ¢(¢)} forms a basis
equivalent to the basis {7, F,}. Define the sign of the geodesic curvature kg of the
curve c(t) in the following way.

If the basis {%é(t), c"(t)} is equivalent to the basis {a, ¢(¢)}, then suppose k, >
0, and k, < O for the opposite case. If u!, u? are the components of %c"(t) in this
basis {F1, 7,2}, and (c', c®) are the components of ¢(¢) in the same basis, then the

. . 1,2 . .
signs of the curvature k, and the determinant ‘ mow ‘ = u'c? — u?c! coincide. So,
c C

signk, = sign(lec2 — u2ch. (3.78)

From the geometrical point of view, the definition of signk, is equivalent to the
condition that if k, is positive at each point on c(t), then W is a geodesically
convex region.
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We move now to the formulation of the Gauss—Bonnet theorem. Let the bound-
ary of a region W be a piecewise smooth curve with a finite number of angular

points Ay, ..., A, joined in consecutive order by regular curves cy, ..., c, of
class C2. Denote by «; an interior angle from the side of the region W at the
vertex A; (i = 1, ..., n). Then the following theorem holds.

Theorem 3.7.1. (Gauss—-Bonnet.) The following equality is satisfied:

Z/kgdt+2(n—ai)+// K dS =2n, (3.79)
i=1 i i=1 w

where t is an arc length parameter, dS an element of the area on ®, and K the
Gaussian curvature.

Figure 3.7. Gauss—Bonnet theorem.

Proof. First consider the case that the boundary dW of W does not contain an-
gular points and it is possible to introduce semigeodesic coordinates in the whole
region W. The magnitude k,(¢), in view of the definition of the sign of k, in
(3.78), the equality JG = f,and (3.77), can be written in the following form:

ke dt = —d(arctanf( 1;,)—(#)/(«/5)”15“.

Thus

1)/
Since arctan is a multivalued function, its values corresponding to the same value
of an argument differ by a multiple of 7. Hence

/kd— [( N 2) / 2
odt = — arctan — | (NG du®.

2/
/ (arctan\/_( 1;/)—71111 (3.80)

where m is some integer. The second term fc (\/E)ul du?, by Green’s formula and
(3.63a), is transformed to the following form:
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/(\/E)ulduZ:// (VG) i du' du®
c w

= //W &\/gl”l«/adulduz = —f/WKdS.

/kgdt:mn—// KdsS.
c w

It remains now only to derive the value of m. If the function f(u'u?) were iden-
tically 1, then the magnitude mm would be equal to the angle of rotation of the
tangent to the curve c(¢) vector while moving around this curve. Obviously, this
angle is 27, i.e., the value of m is then equal to 2. Consider the integral

a(ulu2)(u2)/
—d|( arctan —— ).
IR )

So we obtain

'y

This integral continuously depends on a(u'u?) and is equal to 27 when a(u'u?)
= 1. Consequently, this integral is 27t for any function a(u'u?) satisfying the
positivity condition, in particular, for a = f. We thus obtain that fc ko dt
+ /[ fw K dS = 2r. The Gauss—Bonnet theorem for this case is proved.

Now consider the case that 9W = c(¢) contains angular points. At each angular
point A; the tangent vector c(¢) turns through the angle (7 — «;) (see Section 3.4).
Hence in this case, instead of the integral f( kg dt, we must write

2":/ kgdt+i(ﬂ — ),
im1 Y i=1

and again we obtain the Gauss—Bonnet formula (3.79).

Finally, we need not assume the existence of a global semigeodesic coordinate
system on W: Consider the particular case that W can be divided into two regions
W, and W, for which the Gauss—Bonnet formula holds. Assume for simplicity
that the boundary of W is a regular curve c(¢) of class C?, but a curve y; dividing
W onto W; and W,, is also a regular curve of class C2. Denote by A and B
the endpoints of the curve y;, and by «y, «; and B, B, the interior angles of the
regions W, and W, at the points A and B, respectively, and by c; and c; the arcs
of the curve c. Then by our assumption, we have

/kgdt+[k;dt+n—a1+n—a2+// KdS =2n,
c b2 wi

fkgdt+/k§dt+n—ﬂl+n—ﬂ2+// KdS =2n.
2 Y1 2

Here k; is the geodesic curvature of the curve y; whose sign is determined by Wi,
and k; is the geodesic curvature of the same curve y; whose sign is defined by
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W,. Obviously, k;, + k; = 0. Taking the sum of left and right terms of the two last
two equalities, we obtain

/kgdt+/ kgdt+4n—(a1+ot2+ﬂ1+ﬂ2)+/f de+// K dS = 4r.
¢ e 14 W2

Since o + o + By + B2 = 27, we have [ ko dt + [, KdS = 2. O

In the general case, the proof of the Gauss—Bonnet theorem can be obtained by
induction on the number of regions dividing W.
We now deduce some corollaries of the Gauss—Bonnet theorem.

Corollary 3.7.1. Take on a surface @ a triangle A, composed of geodesics, and
assume that a region D bounded by A is homeomorphic to a disk. Denote by «/,
oy, and a3 the interior angles of the triangle. Apply the Gauss—Bonnet formula
to D:

[/ KdS+ (@ —o)+ (r —ap) + (7 —a3) =27,
D

or
Ot1+0lz+0[3=7‘[-‘rf/ KdsS. (3.81)
D

If K = 0, then we obtain a well-known theorem from elementary geometry. For
K > 0 we see that the sum of angles of the triangle is greater than 7, and for
K < 0 the sum is smaller than 7.

Corollary 3.7.2. If a surface @ is homeomorphic to a sphere, then its integral
curvature is 4.

Proof. Transfer a closed smooth curve y onto ®, dividing it into two regions
D, and D;, each of them is homeomorphic to a disk. Apply the Gauss—Bonnet
formula to D, and D,:

/f de+/k;dt=zn, // de+fk§dt=zn. (3.82)
D, Y Dy Y

Here we denote by kél, the geodesic curvature of the curve y whose sign is deter-
mined with respect to the region D, and by k; the geodesic curvature of the same
curve y, but with the sign of kf, determined with respect to D,. Therefore,

ky + kg =0. (3.83)

Summing the two formulas of (3.82), in view of (3.83), we obtain

// KdS—i—// KdSzf/ KdS =4nm. O
D, D, P
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Problem 3.7.1. Prove that the integral curvature of any surface homeomorphic to
atorus is 0.

Remark 3.7.1. The total Gaussian curvature of a compact surface ® is

// KdS =2mx(d),
[0}

where x (®) is the Euler characteristic (see Remark 2.7.1).

Problem 3.7.2 (Sine theorem for small triangles). Let AABC be a triangle on
the regular surface of class C2, and AC = §. Then

BC =sina - §/sin(a + y) + 0(3), AB =siny - §/sin(a + y) + 0(6),
where « and y are the angles of AABC at the vertices A and C, respectively.

Solution. Introduce on AC the arc length parameterization c(s), counting from
the point A, 0 < s < 4. Bring a geodesic o (s) through the point c(s) forming an
angle y with AC, and denote by B(s) the point of intersection of o (s) with AB.
Lett(s) = AB(s), I(s) = A(s)B(s) and denote by B(s) the angle of AABC at
the vertex B(s). Then, in view of Lemma 3.5.1, we have

dl dt

P cos y + cos ﬂ(s)ds .

From Corollary 3.7.1 and the Gauss—Bonnet theorem follows B(s) = 7 — «a —
y + o(s). Therefore,

dl dt  _

— =cosy —cos(a + y)— + o(s).

ds ds
Integrating the last equality with respect to s from 0O to §, we obtain

() = BC =cosy -8 —cos(a + y)AB + 0(9).
Analogously, we obtain
AB =cosa -8 —cos(a + y)BC + 0(§).

So,

BC 4 cos(e + y)AB =cosy -8 + 0(3),
BCcos(e+y)+ AB =cosa - § + 0(3).

From these equalities follows

AB — cosoz—.C(z)sycos(oz—Fy)a_l_a(a): Qsiny'(S L 50).
sin“(a + y) sin(e + y)

BC = cosy —.C(;sozcos(oz+y)5+5(8) _ 'sina-(S L5,
sin“(a + ) sin(e + y)

Finally, the formula @ + 8 + y = 7w + 0(§) follows from (3.81). O
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Consider a simply connected complete surface of nonpositive Gaussian curva-
ture. Denote such a surface by ®_. Recall that a surface ® is simply connected if
any simple closed curve divides & into two regions, one of which is homeomor-
phic to a disk.

Theorem 3.7.2. There exists no more than one geodesic through any two points
on a surface ® _.

Proof. Assume the contrary. Let two different geodesics y; and y, pass through
the points Py and P». Let Q; be the first point of intersection of y; with y» count-
ing from P;. Consider a piecewise smooth curve (a bi-angle) y, composed of
the arcs y, y, that join P; and Q;. Let D be homeomorphic to the disk region
bounded by y. Apply the Gauss—Bonnet formula to D:

// KdS+mn—a+m— B =2nm, (3.84)
D
where o and B are the angles at the vertices P; and Q1, respectively. From (3.84)
we obtain
a—i—ﬂ:// KdS <0,
D
which is impossible. O

Corollary 3.7.3. There are no closed geodesics on a surface ®_.
Some other theorems can be deduced from Theorem 3.7.2.
Theorem 3.7.3. Any two points on ®_ can be joined by a unique shortest path.

Proof. The existence of a shortest path follows from the completeness of ®_ (see
Theorem 3.5.6), and the uniqueness follows from Theorem 3.7.2. O

Theorem 3.7.4. Any arc of a geodesic on ®_ is a shortest path.

Proof. Indeed, if an arc P Q of some geodesic y is not a shortest path, then joining
its endpoints by a shortest path, we obtain two different geodesics joining two
points, contrary to Theorem 3.7.2. (]

3.8 Local Comparison Theorems for Triangles

If a geodesic triangle (i.e., composed of geodesics) lies on a convex surface (i.e.,
on a surface of nonnegative Gaussian curvature), then the sum of its inner angles
is at least 7, which follows from (3.80). This property of geodesic triangle can
be determined more exactly in the following sense. Let AABC be a triangle on
a complete convex surface ®, composed of the shortest paths AB, AC, and BC.
The angle of the triangle AABC at some vertex is the angle between the shortest



3.8 Local Comparison Theorems for Triangles 185

paths starting at this vertex. Thus the angles of any triangle AABC are not greater
than 7.

We introduce standard notation: denote by «,  and y the angles at the vertices
A, B, and C, respectively. The lengths of the shortest paths AB, BC, and AC will
be denoted by the same symbols. Note that AABC is not uniquely defined by its
vertices. Take on the plane R? a triangle AA’B’C’ whose sides are A’B’ = AB,

B

C
A

Figure 3.8. A small (geodesic) triangle on a surface.

A'C’ = AC, B'C’ = BC. The triangle AA’B’C’ is called a comparison triangle

for AABC, and its angles are denoted by o', 8/, and y’. Then it turns out that

each angle of AABC is not smaller than the corresponding angle of AA'B'C’.
In this section we prove the last statement for “small” triangles. We first prove

B B’
[> ' N
o>a
p>p
> '
Q\ C =t B C’
A A’

Figure 3.9. Comparison triangle on a plane for a small triangle on a convex surface.

an auxiliary comparison lemma on solutions y(x) and z(x) of the differential
equations

' +ki(x)y =0, "+ k(x)z=0 (3.85)
with initial conditions
y(0) = z(0) =0, y'(0) =7'(0) = 1. (3.86)

Lemma 3.8.1. If k;(x) > kp(x) and y(x) > O for x € (0, xp), then z(x)/y(x) >
1 is an increasing function on the interval (0, xg).

Remark 3.8.1. For the multidimensional case, the statement analogous to Lemma
3.8.1 is called Rauch’s comparison theorem; see [KI13].
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Proof. Multiply (3.85:a) by z(x), and (3.85:b) by y(x), and then take their differ-
ence. We obtain

y'z—7"y+ (ki —k)yz = 0. (3.87)
Integrating (3.87) from O to x, we obtain

Y (0)z(x) — 2 (0)y(x) = /O (ky — k1) yzdx.

Divide the last equality by zy and then integrate from O to x. We have

X 1 X
log 2 = f [—/ (ks — kl)yzdxi| dx = —h(x). (3.88)
< o LYZJo
From (3.88) follows % = exp(h(x)). The function i(x), in view of the condi-
tions of the lemma, is increasing, and 4 (x) > O for x > 0. O

From Lemma 3.8.1 some corollaries follow by a natural way.
Corollary 3.8.1. The inequality y(x) < z(x) is satisfied for x € (0, xo].

Corollary 3.8.2. If x; € (0, xo] and y(x1) = z(x1), then k1 (x) = ka(x), y(x) =
z(x) for x € (0, x1].

Corollary 3.8.3. If z(xg) = 1, then y(x) = z(x) and k;(x) = kp(x) for x €
(0, xol.

Now we give the definition of a “small ” triangle.

Definition 3.8.1. The real number 7; (P) is called the injectivity radius of a com-
plete surface ® at a point P if any arc of a geodesic with initial point P whose
length [ is smaller than r; (P) is a shortest path and for any r > r;(P) there is an
arc of a geodesic with the length r and initial point P that is not a shortest path.
If the real number r; = inf{r; (P): P € &} differs from zero, then it is called the
injectivity radius of a surface ®.

From the definition of r; (P) and Theorem 3.5.6 it follows that the exponential
map on an open disk K (r;(P)) in the plane T ®p with center at P and radius
r; (P) is a bijection of K (r;(P)) onto aregion W(P) = expp (K (r;(P))) of d.

Definition 3.8.2. A triangle AABC is called admissible for the vertex A if the
distance from A to any point on the side BC is not greater than r; (P).

Take a triangle AABC on R? whose sides are AB = AB, AC = AC, and

[BAC = «.

Theorem 3.8.1. If a triangle AABC on a convex complete surface ® of class C 2
is admissible for the vertex A, then BC < BC.
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Proof. Take two rays on the plane T ® 4 tangent to the shortest paths AC and AB,
and then mark off along them the line segments AC and AB whose lengths are
equal to AC and AB, respectively. The triangle AABC is equal to AABC. In
particular,

BC = BC. (3.89)

Define geodesic polar coordinates (4, @) and (p, ¢) in the disk K (r;(A)) with
center A and radius r;(A) in the plane T®, and in the region W(A) =
expy K (r;i(A)), respectively. Let the equations of the line segment BC in coor-
dinates (5, ¢) be written in parametric form:

p =h(), ¢ =1y O0O<t=<1.

Set y = expy (BC). Then the equations of y in coordinates (o, ¢) are given by
the same functions p = h(1), ¢ = ¥ (¢). Compare the length /(y) of y with the
length of the line segment BC:

1
BC = f VIR O + 20y (1)1 dt, (3.90)
0

1
ly) = /0 VIR OF + £2(h(), ¥ ) ()] dt, (3.91)

where the function f(p, ¢) satisfies (3.85:a) with the initial conditions f(0, ¢) =
0, f p’ (0, ¢) = 1. Then from Lemma 3.8.1 and the conditions of the theorem fol-
lows

fh(), o)) < h(). (3.92)

From (3.90)—(3.92) follows I(y) < BC , but the lengt~h ~of the_ s_hortest path BC is
not greater than /(y). Hence we have BC < [(y) < BC = BC. O

From Theorem 3.8.1 we obtain the comparison theorem for the angles of ad-
missible triangles.

Theorem 3.8.2. Under the conditions of Theorem 3.8.1 the inequality o > o’
holds, where o' is the angle of the comparison triangle AA’B'C’ at the vertex A'.

Proof. Since BC = B'C’ < BC, then by a well-known theorem of elementary
geometry, o’ < «. O

Corollary 3.8.4. If a triangle AABC on a complete convex surface ® is admissi-
ble for each of its vertices, then the inequalities « > o/, 8 > ', ¥y > y' hold.

The statements analogous to Theorems 3.8.1, 3.8.2 (with opposite signs in the
inequalities) are true for saddle surfaces.
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Problem 3.8.1. If AABC on a complete saddle surface ® of class C? is admissi-
ble for its vertex A, then the angle « is not greater than the angle «’ of a compari-
son triangle AA'B'C’.

Hint. It is sufficient to show that BC > BC (under the notation of Theorem 3.8.1).
For this it is sufficient to compare the length of the shortest path BC with the
length of the curve y = exp;1 (BC) and then to apply Lemma 3.8.1.00

Problem 3.8.2. The angles of an arbitrary triangle AABC on a complete simply
connected saddle surface @ of class C? are not greater than the corresponding
angles of a comparison triangle AA'B'C';a <o/, < B,y <y’

If the Gaussian curvature of some surface & is not smaller than some real num-
ber kg, then it is natural to compare the angles of AABC on & with the an-
gles of a comparison triangle on a plane Ry, of constant curvature ky. Denote by
(AA'B'C")y, acomparison triangle on Ry, and a surface ® itself whose Gaussian
curvature is not smaller than k¢, denote by ®y,.

If ko < 0, then Ry, is actually a Lobachevski (hyperbolic) plane, and if kg > 0,
then Ry, is a sphere of radius 1/4/ko. In the last case the comparison triangle
(AA'B'C')y, exists if and only if the perimeter of AABC is not greater than
27 //ko. Repeating the proof of Theorems 3.8.1 almost word for word and 3.8.2,
we can deduce the following Theorem 3.8.3.

Theorem 3.8.3. If a triangle AABC on ®y, is admissible for all its vertices, then
its angles are not smaller than the corresponding angles of a comparison triangle
(AA'B'Cyy. If ko > 0O, then the perimeter of AABC is assumed not greater than

2 //ko .

Remark 3.8.2 (of the editor). Let (X, dx) be a metric space. For a continuous path
y: [0, L] — X, we define the length I(y) of y by I(y) = sup{Zf:_1 dx(y (),
y(tiy1)): 0 =1 < --- < t, = L}, where the supremum is taken over all se-
quences {#; }o<i<n as above, and all n € N. A continuous path y: [0, L] - X isa

geodesic if it has a constant speed and is locally minimizing, that is,

LY la.pp) = (16 —al/L) - I(y),

and if for every a € [0, L], there is some ¢ > 0 such that

17 lla.a) = dx(y (@), y(@"))

holds, where a’ = max{a — ¢, 0} and a” = min{a + ¢, L}.
A metric space (X, dx) is called a CAT (k)-space if it satisfies the following
conditions:

(i) Every two points x,y € X (with dx(x,y) < w/k if k > 0) are joined
by a minimizing geodesic; that is, y: [0, L] — X, which satisfies y(0) =
x,y(L) =y, and l(y) = dx(x, y).
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(i1) (CAT (k)-property). For an arbitrary geodesic triangle A(A, B,C) C X
(with perimeter < 2m/\/k if k > 0) we have the comparison triangle
A(A’, B', C") C Ry (with the same side lengths as A(A, B, C)) such that
dx(x,y) <dg,(x',Y) for every pair x € AB, y € AC and the correspond-
ing points x’ € A'B’, y' € A'C’.

The notion of CAT (k)-spaces (named for Cartan, Aleksandrov, and Topono-
gov), introduced by M. Gromov,'* is based on Aleksandrov’s original notion, i.e.,
spaces with curvature bounded above by k € R. Two-dimensional examples of
CAT(1)-spaces are spheres of radius > 1. More generally, complete smooth sur-
faces with Gaussian curvature uniformly bounded above by 1 and of injectivity
radii bounded below by 7 are CAT(1)-spaces. Examples of CAT(0)-spaces are
saddle surfaces in R? and generalizations of Hadamard manifolds, which are sim-
ply connected complete Riemannian manifolds such that the sectional curvature
is nonpositive.

A basic property of CAT(k)-spaces is that between any two geodesic segments
AB and AC in X starting from one point there is an angle /BAC.

(iii) (Angle comparison theorem). The angles «, B, vy of an arbitrary triangle T in
X are not greater than the corresponding angles o', B', y’ of the comparison
triangle Ty, on Ry.

According to Reshetnyak’s gluing lemma,'” the space constructed by gluing

CAT (k)-spaces isometrically along proper convex subsets is again a CAT(k)-
space.

3.9 Aleksandrov Comparison Theorem for the
Angles of a Triangle

The following comparison theorem for the angles of triangles by A.D. Aleksan-
drov holds (see proof below, in Section 3.9.1).

Theorem 3.9.1. The angles of a triangle AABC on a surface ®y, of class C* are
not smaller than the corresponding angles of a comparison triangle (AA'B'C')y,:
a>a, Bp=pLy >y

First we shall prove three lemmas.

Lemma 3.9.1 (about convex quadrilaterals, A.D. Aleksandrov). Let ABCD
and A’B’'C’'D’ be two given convex quadrilaterals in the plane Ry, whose cor-
responding sides are equal: AB = A'B’, BC = B'C',CD =C'D', DA =D'A’.

14 M. Gromov, Geometric Group Theory, Essays in Group Theory (S.M. Gersten, ed.), M.S.R.I. Publ.
8, Springer-Verlag, Berlin-Heidelberg-New York, 1987, 75-264.

15 yu. G. Reshetnyak, On the theory of spaces of curvature not greater than K, Mat. Sb., 52 (1960),
789-798.
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Figure 3.10. Comparison triangle (AA’B’C’)y, for a triangle on a surface.

Then if the angle ZADC is not smaller (greater) than ZA’D’C’, then ZBAD and
/BC D are not greater (smaller) than /B’A’D’" and /B’'C’D’, respectively. For the
case ko > 0 we assume that the perimeter of ABC D is smaller than 27 //ko. The
case that ZADC is equal to 7 also is not excluded.

Proof. Let ky = 0. The conditions of the lemma implies that inequality AC >
A'C' (AC > A'C’), from which it follows that /A BC is not smaller (greater) than
LA’B’C’. But the sum of all angles of the quadrilaterals ABCD and A’B’'C'D’
is 2. Therefore, at least one of the angles /ZBAD or /BC D does not exceed (is
smaller than) /ZB’A’D’ or /B’C’'D’. In both cases we have BD < B'D’ (BD <
B’'D’), whence the statement of the lemma follows.

In the case of ky # 0 consider a quadrilateral A” B”C” D" for which LA”" D"C”
= LA'D'C’', /B"C"D" = /BCD, and the sides A”D"”, D"C” and C"B" are
equal, respectively, to AD, DC, and CB. Comparing this quadrilateral with
ABCD and A’B’C'D’, one can see that /BC D does not exceed (is smaller than)
/B'C'D'.'® Similarly for the second inequality, whence it follows that ZBAD
does not exceed (is smaller than) ZB’A’D’. O

Remark 3.9.1. From the law of cosines of spherical and hyperbolic trigonometry
(ko = £1),

cosa = cosbcosc + sinasinbcos A,
cosha

cosh b cosh ¢ — sinh a sinh b cos A

it follows that in all cases that @ = a(A) is a monotonic increasing function of
the angle A € [0, 7] when b, ¢ are given. This simple fact on the monotonicity
relation between angle and length of the closing edge of a geodesic hinge in Ry,
can be used in the proof of Lemma 3.9.1, case ko # 0. (A geodesic hinge in ® is
a figure consisting of a point A € ® called the vertex and minimal geodesics y, T
emanating from A called sides. The angle between the tangent vectors to y, T at
A is called the angle of the geodesic hinge.)

16 AB”C” D" = ABCD; hence B”D” = BD and LA”D"B" > /ADB. Comparing AA” D" B"
with AADB, we get A”B” < AB (see Remark 3.9.1 by editor). Comparing AA” B”C" with
AA'B'C’, from A’'B" > A”B" we get LA'C'B" > LA”"C"B”. Then /LD"C"B"” < /LD'C'B'.
Comparing AB’C'D’ with ABCD, we get D'B’ > DB.
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Let D be an open region on ® whose closure is compact, with a triangle AABC
in its interior, and d an elementary length of D (see Theorem 3.5.4).

Definition 3.9.1. A triangle AABC is a thin triangle if the distance from any
point on the side AB up to the side AC does not exceed § = d /4.

Lemma 3.9.2. (about thin triangles.) If a triangle AABC on a surface @, is
thin, then its angles at the vertices B and C are not smaller than the corresponding
angles of a comparison triangle (AA’B'C")y,: B > B’, ¥y = y’. In the case ko > 0,
the perimeter of AABC is supposed to be not greater than 27 /y/ko.

Proof. Introduce the parameterizations B(x) and C(y) on the shortest paths AB
and AC, where x and y are the lengths of the arcs AB(x) and AC(y) of the short-
est paths AB and AC. Denote by B(x, y) and y (x, y) the angles of AAB(x)C(y)
at the vertices B(x) and C(y), respectively. Define the set T of ordered pairs
(x, y) by the following conditions:

(1) The angles B(x, y) and y (x, y) are not smaller than the corresponding angles
B’ (x,y) and y’(x, y) of a comparison triangle (AA’B’C’);,, where k; is an
arbitrary real number smaller than k.

@ |x -yl <8/2.

(3) Ifapair (x, y;)isin T, then (x3, y;) is also in T when x, < x1, y» < y;, and
lx2 — y2| < 8/2.

From Corollary 3.8.4 it follows that the pairs (x, y) forx < §/2and y < §/2
belong to T. Consequently, the set T is nonempty. Define on 7' the function
fx,y) = x4+ y. Let Ty = max{f(x,y): (x,y) € T} If Ty, = AB + AC,
then the statement of the lemma has been proved. Assume that 7y = xp + yp <
AB + AC and derive a contradiction. Let, for definiteness, xo > yo. Then prove
that the angle S(x, y) is greater than the angle 8'(x, y). Indeed, all the angles
of AB(xo — §/2)B(x0)C(yp) are greater than the corresponding angles of the
triangle (AB’(xo — §/2)B’(x0)C’(y0))x, (see Corollary 3.8.4 and the condition
for ki). Therefore, the angle at the vertex B’(xo — §/2) of the convex quadri-
lateral A”B”(xo — 8/2)B” (x0)C"(yo) in the plane R, obtained by gluing tri-
angles (AA'B’(xo — 8/2)C'(yo))x, and (AB(xo — 8/2)B(x0)C(y0))x, to each
other along their common side B’(xq — §/2) B'(xo) is smaller than 7. Applying
Lemma 3.9.1 to the quadrilateral A”B”(xg — §/2)B” (x9)C” (y) and the trian-
gle (AA’B’(x0)C’'(yo))k,» we obtain our statement B(xo, yo) > B’(xo, o). From
the last inequality and continuity follows the existence of §; > 0 such that for
0 <t < §; the angle B(xo, yo + t) is not smaller than 8’ (xq, yo + 7).

We prove that the pair (xg, yo+t) for 0 < ¢t < min{d;, §, AC—yy} = J, belongs
to T'. Indeed, all angles of A B(xy)C (yo+1)C(yo) are greater than the correspond-
ing angles of the triangle (A B’ (x0)C’(x0+1)C’(0))«, - Therefore, arguments sim-
ilar to those stated above show us that the angle y (xo, yo + ) is greater than
y'(x9, yo+1) for0 <t < §,. Butthen f(xg, yo+1t) = xo+yo+1t > x0+yo = Tp
for t > 0, contrary to the definition of 7j. The statement of the lemma now fol-
lows from the arbitrariness of k;. O
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Lemma 3.9.3 (about a limit angle). Let the shortest paths AB, BC, CX,, be
given, and C ¢ AB, X, # B, AX, < AB. Denote by « the angle between
BA and BC, by B, the angle between X,,C and X, A. If lim,_,», X,, = B, then
lim, .00 B, = Band B < «.

Proof. Obviously, it is sufficient to prove that if a sequence of shortest paths C X,
converges to some shortest path CB, then 8 < «. Suppose that 8 > « and obtain
a contradiction. Draw through a point X,, a geodesic o, under the angle & — §,, to
the shortest path X, B, so that o, intersects the shortest path C B at some point C,,,
and from the point C draw a geodesic ¢, forming an angle « with the shortest path
CX,, so that it intersects the shortest path C X,, at some point C,. For sufficiently

Figure 3.11. A limit angle.

large n, the existence of geodesics o, and o, with the above-mentioned properties
results from the assumption § > «. From the statement of Problem 3.7.2 we
obtain the equalities

[BCyX, = LBC,X, = Bp —a +0(BX,),

BC, = BC, = — P py B, (3.93)
sin(B, — )
- sin o _
Can = Can = —BX,, =+ O(BXn)
sin(8, — )

Furthermore, from the triangle inequality we obtain

BC,+ C,C > BC =CC, + C,B,

. _ (3.94)
X,C,+C,C>X,C=X,C,+CC,.
From (3.93) and (3.94) follows the equality
CC, =CC, +0(BX,). (3.95)

T_ake now a point E, on the shortest path CX, such that C,E, = C,X, and
E, # X,. Then from the statement of Problem 3.7.2 it is easy to deduce that
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:3n -
2

) +6(BX,).

CE, =2C,X, sin (% — ) +6(BX,)

.Bn_a

= 2C_',, X, cos (
From this equality and from (3.95) follows

cC,+C,B=CB<CE,+E,C
ﬂn_a
2

—=2C, X, cos ( ) + E,C +6(BX,)

=2C,X, cos (ﬂ" 2_ ¢

) 4+ CC, = CoX, +3(BX,).  (3.96)

Further on, from (3.93), (3.95), and (3.96) we obtain the inequality

20C, < 2C, X, cos (’3" 2_ O‘) +6(BX,)
b —a (3.97)
—2CC, cos ( " ) + 6(BX,).
Divide (3.97) by 2CC,, and pass to the limit for n — oo. Then we obtain 1 <
cos (ﬁ%"‘), which is impossible, since 8 — o > 0. [l

3.9.1 Proof of the Comparison Theorem for the
Angles of a Triangle

Let AABC be an arbitrary triangle on a surface ®y,. In the case of kg > 0 we
assume temporarily that the perimeter of AABC is smaller than 27 //ky. We
prove the theorem for the angle «. Introduce on AC a parameterization C(x),
where x is the length of an arc AC(x) of shortest path. Denote by y (x) the angle
LAC (x)B of the triangle AABC. Define the set of real numbers 7" of x satisfying
the following inequalities:

!

o>, y =y (3.98)
The set T is not empty, since by virtue of the lemma about thin triangles and
the lemma about a limit angle, the inequalities (3.98) are satisfied for sufficiently
small x. Let xo = supT. If xp = AC, then Theorem 3.8.1 is proven for the
angle «.

Assume xyg < AC, and obtain a contradiction. Note that xo € T by the lemma
about a /imit angle. Take a sequence of points C, = C(x,), C, # C(xy) =
Co, x, > xo such that lim,_, ., C, = Cy. Also assume, without loss of general-
ity, that the sequence of the shortest paths BC,, converges to some shortest path
BCy. For sufficiently large n (n > ng) the triangle AC,,BCj is thin. Therefore,
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the angle at the vertex Cy” of the quadrilateral A”B”C,,”C,” obtained by glu-
ing (AA'B’C,, )k, and (AC,,’B’'Cy')y, along their common side B’'Cy’ does not
exceed 7. Hence, from Lemma 3.9.1 it follows that x,,, € T, contrary to the defi-
nition of xy. So, Theorem 3.9.1 is proven for the angle «. For the other angles of
AABC, Theorem 3.9.1 can be proved similarly.

We are left to consider the case of ky > 0 and remove from the assumption that
the perimeter of AABC is smaller than 27 //ko. Assume that on the surface @,
there is a triangle AA BC whose perimeter is greater than 27 /+/ko, and obtain a
contradiction. Suppose that at least one of the angles of AABC, say the vertex
A, differs from . Take the points By and Cy on the sides AB and AC such that
ABy + ByCy + CoA = 27 //ky. Assume, without loss of generality, that the sum
of the lengths of the two smallest sides of AAByC is equal to the length of the
third. Let B, and C, be the sequences of points on AB and AC; moreover, B, #
By, C, #Cy, AB, < ABy, AC, < ACy, and lim,,_, B, = By, lim, o, C, =
Co. Then for every ¢ it is true that AB, + B,C, + C,A < 21 /+/kq, for otherwise,
the perimeter of AABC would be 27 /+/ky. Applying Theorem 3.9.1 to triangles
AAB,C, , we obtain 8 > B,y > y’. But as is easy to see, lim, .o 8/, =
lim, , ¥'n = 7, and hence lim, ,, 8, = lim, , ¥, = 7. But then ByBCC)
would be the shortest path of length 27 /+/k¢, and consequently, the perimeter of
AABC would be 27 /\/kg, contrary to the assumption.

So we have proved that if the perimeter of AABC is greater than 27 //ko, then
all its angles are 7, which means that the line ABU BC U CA is a closed geodesic
y. But then the perimeter of AA;BC, where A; € y and A; also is close to A,
is larger than 27 /+/ko, and its angles at the vertices B and C differ from 7. The
obtained contradiction proves an absence on @y, of a triangle whose perimeter is
greater than 27 //ko.

Now let the perimeter of AABC be 21 /+/ko. If the triangle is nondegenerate,
then reasoning as above, we can prove that AABC is a closed geodesic, and
consequently, all its angles are 77, and then the statements of Theorem 3.9.1 are
obviously true. If it is degenerate, that is, composed of two shortest paths (a bi-
angle (or lune)), then in this case the surface @y, is a sphere (see Problem 3.10.1),
and AABC can be compared with itself.

The comparison theorem for the angles can formulated in a different form, us-
ing the convexity condition of A.D. Aleksandrov. Let AB and AC be two shortest
paths starting from the point A, and also suppose B(x) € AB, C(y) € AC,
x = AB(x), y = AC(y). Denote by ¢(x, y) the angle at the vertex A" of a
comparison triangle (AA’B’(x)C’(y))x,. We say that the Aleksandrov convexity
condition is satisfied on a surface ® with respect to a plane Ry, if the function
¢(x, y) is decreasing.

Theorem 3.9.2. A surface ®y, satisfies the Aleksandrov convexity condition with
respect to Ry,.

Proof. This theorem easily follows from Theorem 3.9.1 and Lemma 3.9.1. O
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Problem 3.10.1. The diameter d of a surface @y, (ko > 0) is not greater than
7 /~/ko. If d = 7 /</ko, then @, coincides with a sphere of radius 1/+/ko.

Solution. The first statement of Problem 3.10.1 obviously follows from Theo-
rem 3.9.1. Consider the case d = m/+/ko. Let A and B be the endpoints of
a diameter, and P an arbitrary point on ®;,. Then, by the triangle inequality,
AP 4+ PB > 7/+/ko, but on the other hand, 7//kg + AP + PB < 2n//ko.
Therefore, AP + PB = m/+/ko. From the last equality it follows that the polyg-
onal line AP U PB is a shortest path of length 7 /+/ko. Thus we have obtained
that any geodesic starting from A comes to B, and the length of an arc A B of this
geodesic is 7w /+/ko. Introduce the geodesic polar coordinates (o, ¢) with the ori-
ginat A. Then ds? = dp*+ f2(p, ¢)dp?, where the function f(p, @) satisfies the
equation f”,,+K (p, ¢) f = 0 with initial conditions f (0, ¢) = 0, f,(0,¢) = 1.
From what we have proved it follows that f(p, @) > 0 for 0 < p < m/+/kg, and
since sin(v/kgp)//ko is zero at p = 7/+/ko, then from the third corollary of
Lemma 3.8.1 it follows that K (p, ¢) = ko for 0 < ¢ < 2m;i.e., we have proved
that the Gaussian curvature at each point of the surface ®y, is the constant ky. The
statement of Problem 3.10.1 now follows from Theorem 2.8.2 of Liebmann. [

Remark 3.10.1. In the conditions of Problem 3.10.1 it is possible to construct an
isometry ¥ : ®;, — S(1/+/ko) and not use Liebmann’s theorem. So this problem
is solved for the multidimensional case. The reader is asked to prove that exp, is
the required isometry .

Recall that a straight line on a surface is a complete geodesic y such that every
one of its arcs is a shortest path.

Problem 3.10.2 (S. Cohn-Vossen). Prove that if on a complete convex surface
of class C? there is a straight line y, then & is a cylinder.

Solution. Take an arbitrary point P € ®, P € y. Let yp be a point on y, the
nearest to P. Then the shortest path Pyp is either orthogonal to y, or P can be
joined with a point yp at least by two shortest paths, each of which forms with
y an angle not greater than 7 /2 (see Lemma 3.5.1). Let y () be a parameteri-
zation of y and t = xypy(t),yp = y(0), —00 < t < 00, t, be a sequence
of positive numbers tending to infinity, and 7, a sequence of negative numbers
tending to minus infinity. Without loss of generality, assume that the limit of the
shortest paths Py (¢,) for n — oo is some ray o; with vertex at P, and the limit
of the shortest paths Py (t,) for c is some ray o, with the same vertex P. Place
the triangles AP'y’(t,)y’(t,) on R? so that the sides y'(t,)y’(t,) lie on the same
straight line a. From Theorem 3.9.1 and Lemma 3.9.1 it follows that the dis-
tance from the vertex P’ of triangle AP’y’(t,)y’(t,) up to a straight line a does
not exceed Pyp for any n. Therefore, the limit of the angle Zy’(¢,) P'y’(z,) for
n — 00 is m; i.e., the rays o} and o, lie on the same geodesic y. But then from
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Theorem 3.9.1 it follows that the angle between o, and o, is also m, since the
rays o) and o, lie on the same geodesic y. Furthermore, the sum of the angles
LP'y'(0)y'(t,) and Ly'(0)P'y’(t,) of Ay’ (0)P'y’(t,) for n — oo is equal to 7,
and since £P’y’(0)y'(t,) does not exceed 7 /2 (by Theorem 3.9.1) for any n, the
limit of the angle /y’(0) P'y’(t,) for n — oo is not smaller than 77 /2. Then again
by Theorem 3.9.1, an angle between the ray o) and the shortest path Py (0) is not
smaller than 7 /2. It can be proved similarly that the angle between o, and Py (0)
is not smaller than 77 /2. But since their sum is 7r, we obtain that Py (0) intersects
y in a right angle. From here it follows that a shortest path Py (0) also intersects
the geodesic y in a right angle.

Now let P, € y and P; # P. Repeating all the previous constructions and
reasoning, we obtain that the shortest path P;yp, intersects the geodesics y and
y also in a right angle. So, we have obtained that in the region D bounded by
the quadrilateral P P, yp, yp, all internal angles are /2. Applying to region D the
Gauss—Bonnet formula, we obtain that the integral curvature of D is zero. But the
Gaussian curvature of the surface ® is nonnegative; consequently, it is identically
zero at each point of D. In particular, the Gaussian curvature of @ is zero at P.
But the point P has been selected arbitrarily. Hence the Gaussian curvature of ®
is zero at every point. (|

Remark 3.10.2. In Problem 3.10.2 as well as in Problem 3.10.1 it is possible
to construct an isometry ¥ of & onto the plane R, without referring to the
Gauss—Bonnet theorem. Namely, these arguments solve this problem in the n-
dimensional case. To construct a map ¥, one needs to introduce a semigeodesic
coordinate system on ® and Ry and to compare points with identical coordinates.

Problem 3.10.3. For a triangle AABC on a surface ®y, let the shortest path AB
be a unique shortest path connecting points A and B, and let the angle y be equal
to the angle y’. Prove that then all angles of AA BC are equal to the corresponding
angles of (AABC)y,.

Hint. Tt is sufficient to prove that for any point P on the shortest path AC the
angle /B PC is equal to ZB'P'C’ of triangle (AB’P'C"),, which follows easily
from Theorem 3.9.1 and Lemma 3.9.1. After this, it is easy to prove that @ = «'.
The equality 8 = B’ is proved analogously.

Problem 3.10.4. Prove that in the conditions of Problem 3.10.3, AABC bounds
aregion such that at every one of its points the Gaussian curvature is k.

Hint. Use the results of Problem 3.10.3, Lemma 3.5.1, and Lemma 3.8.1.

Problem 3.10.5. Let AABC be composed of the shortest paths AB, BC, and an
arc AC of a geodesic whose length is smaller than AB + BC. Prove that @ > o’
andy > y’.

Hint. Divide a geodesic AC into a finite number of arcs, each of them a shortest
path, and take advantage of Theorem 3.9.1 and Lemma 3.9.1.
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Problem 3.10.6. Prove that on a surface @, for ky > 0 each arc of a geodesic
whose length is greater than 47 /y/kq has points of self-intersection.

Hint. Assume the opposite and with the help of Theorem 3.9.1 reduce this as-
sumption to a contradiction.

Problem 3.10.7. For AABC on a surface @y, with ky > 0 construct a triangle
(AA”"B"C”");, whose angles are equal to the corresponding angles of AABC.
Prove that then AB < A”B”, AC < AC”, BC < B”(C”. Consider the case in
which AB = A” B” and the angles of AABC at the vertices A and B are equal to
the angles of AA”B”C” at the vertices A” and B”.

Problem 3.10.8. Formulate and solve the problems for saddle surfaces analogous
to Problems 3.10.3 and 3.10.4.

Problem 3.10.9. Let K, be a disk of radius » with center at a point O on a convex
surface @, and let AB be a chord of this disk. Prove that if /OAB = /OBA =
45°, then AB > +/2r.

Problem 3.10.10. Let r be some ray with vertex at a point P on a complete
convex surface ® of class C2. Introduce on r a parameterization r(¢), where 7 is
the arc length parameter counted from P. Let B(t) = {Q € ®: p(Q, r(t)) < t}.
Prove that D(r) = @\ U?io B(t) is an absolutely convex set on @ for any ray r.

Problem 3.10.11. Let ® be a complete regular surface of class C> whose Gaus-
sian curvature satisfies the inequality alz < K < 1. Prove that there is a diffeo-
morphism ¢ of ® onto a unit sphere S; such that for any points P and Q on &,
the following inequalities satisfied:

P1(@(P), p(Q)) < pa(P, Q) < api(p(P), p(Q)).
Here p, is a metric on Sy, and pg is a metric on ®.

Remark 3.10.3. The construction of diffeomorphisms satisfying the first and sec-
ond inequality separately is simple enough. But it is not known whether there
exists a diffeomorphism ¢ satisfying both these inequalities.

Note that all theorems and problems of Sections 3.9, 3.10 can be formulated
and proved for any geodesically convex region on a regular surface of class C2.
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base of a polygon, 36
bi-angle (lune), 51, 184, 194
Bonnet rigidity theorem, 132

canonical parameter (on a
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of the first kind, 151
of the second kind, 129, 151
Clairaut’s theorem, 123
comparison triangle, 185
on the plane Ry, 188
convex
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region on a sphere, 51
Coordinates
geodesic polar (on a surface), 175
geographical, 78
local (on a surface), 151
Riemannian normal (on a
surface), 174
semigeodesic (on a surface), 176

cosines, law of, 190
covering map, 156
Curve, 22
absolute torsion, 45
arc length parameterization, 14
astroid, 4, 63
bicylinder, 6
binormal vector, 11
cardioid, 4
catenary, 147
central set, 37
closed, 3
conic helix, 3
convex, 15
convex on a sphere, 51
convex, plane, 15
curvature, 19
cycloid, 3, 63
diametrically opposite points, 44
epicycloid, 3
explicit presentation, 4
graph, 4
half-cubic (Neil’s) parabola, 42
helix, 3, 15, 50, 51, 62, 122
hypocycloid, 3
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implicit equations, 5
implicit presentation, 5
integral curvature, 54
length, 11

natural equation, 23
normal line, 8

parallel, 38

parametric equations, 3
parametric presentation, 4
piecewise smooth (regular), 3
principal normal vector, 10
radius of curvature, 22
rectifiable, 11, 14

regular of class ck. 2
simple, 23

smooth, 2

smooth regular, 23
tangent line, 6

tractrix, 4, 63, 101, 147
vector form equation, 3
velocity vector, 6

Viviani, 5

width, 43

derivational formulas, 129

differentiable field of unit normals,
71

directrix plane, 102

distance between the points, 51

element of arc length, 75

equivalent local diffeomorphisms,
22

Euler characteristic, 124, 183

Euler system, 163

Euler’s equations, 163

Euler’s formula, 87

evolute, 41

evolvent, 42

exponential map, 157

flat torus, 149
Frenet formulas, 47

Gauss (spherical) map, 93

Gauss’s formula, 131
geodesic, 120
equations, 156
minimal, 164
geodesic curvature, 119, 159
sign, 160
great circle, 93, 121

height function relative to the unit
vector, 73

immersion, 96
proper, 96
indicatrix of a tangent line, 54
injectivity radius
at a point, 186
of a surface, 186
interior angle from the side of a
region, 180
isometry, 76
isoperimetric inequality, 18

Klein bootle, 149

Lobachevskii (hyperbolic) plane,
188

Mbbius strip, 71, 149
normal plane of a curve, 47

orientable plane, 73

orientation of a region, induced by
coordinates, 179

osculating plane of a curve, 8, 47

parallel of a surface of revolution,
122

parallel translation along a curve,
153

Peterson—Codazzi formulas, 131

phase distance of two vectors, 57

phase length, 58

phase polygonal line inscribed in a
curve, 58



Point
elliptic (of convexity), 80, 85
hyperbolic (saddle), 80, 85
parabolic (cylindrical), 85
planar, 86
umbilic, 86, 114

polygonal line, 11

rectifying plane of a curve, 47

regular value of a map, 5

regularly inscribed polygon in a
curve, 11

Rello’s triangle, 43

right-hand rule, 46

ruling (of a ruled surface), 106, 122

secant, 8
set of all curves in a region joining
two points, 170
set of all regularly inscribed
polygonal lines in a curve, 11
shortest path (on a sphere), 51
sign of principal curvature, 82
stationarity of a tangent plane, 105
Surface, 65, 95
absolute parallelness, 154
absolute parallelness on a region,
154
absolutely convex region, 171
angle of a triangle, 184
area element, 77
asymptotic curve, 117
asymptotic direction, 117
base curve, 105
canonical neighborhood, 167
catenoid, 148
closed (compact), 76
co-ray, 171
complete, 76
conoid, 102
convex, 106
convex region, 170
coordinate curves, 67
coordinate neighborhood, 66
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covariant derivative of a vector
field, 152

cylinder, 82, 122

developable, 105

disk, 175

distance between points of a
region, 170

distance between two points, 76,
161

embedded, 95

first fundamental form, 74

Gaussian curvature, 85

generalized cylinder, 127, 133

generalized Pliicker’s conoid,
103

generalized torus, 127, 133

geodesic, 156

geodesic triangle, 184

geodesically complete, 168

geodesically convex region, 170

helicoid, 102

immersed, 95

implicit equation, 66

integral curvature of a region, 93

intrinsic geometry, 75

isometric, 76

k-fold continuously
differentiable, 66

parameterization, 65

line of curvature, 114

local basis at a point, 73

local coordinates of a point, 67

mean curvature, 85

metrical completeness, 169

minimal, 86

noncylindrical, 102

nonorientable, 71

normal, 70

normal curvature, 79

of nonpositive Gaussian
curvature, 184

of revolution

indicatrix, 139
orientable, 71
parallel, 90
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parallel vector field along a
curve, 153

parameterization, 65

parametric equations, 66

principal curvature at the point,
84

principal vectors at the point, 84

pseudosphere, 101, 148

ray, 171

regular, 66

right helicoid, 82, 148, 150

ruled, 102

saddle, 111

second fundamental form, 80

set of all rectifiable curves with
given endpoints, 76

shortest path, 162

shortest path in a region, 170

simply connected, 184

small triangle, 186

straight line, 195

tangent plane, 70

Tchebyshev net, 139

thin triangle, 191

third fundamental form, 91

totally convex region, 170

triangle admissible for the vertex,
186

Weingarten, 133, 139

two-dimensional manifold, 95
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